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Abstract. Algorithms on multivariate polynomials represented by straight-line programs are developed.
First, it is shown that most algebraic algorithms can be probabilistically applied to data that are given
by a straight-line computation. Testing such rational numeric data for zero, for instance, is facilitated
by random evaluations modulo random prime numbers. Then, auxiliary algorithms that determine the
coefficients of a multivariate polynomial in a single variable are constructed. The first main result is an
algorithm that produces the greatest common divisor of the input polynomials, all in straight-line
representation. The second result shows how to find a straight-line program for the reduced numerator
and denominator from one for the corresponding rational function. Both the algorithm for that
construction and the greatest common divisor algorithm are in random polynomial time for the usual
coefficient fields and output a straight-line program, which with controllably high probability correctly
determines the requested answer. The running times are polynemial functions in the binary input size,
the input degrees as unary numbers, and the logarithm of the inverse of the failure probability. The
algorithm for straight-line programs for the numerators and denominators of rational functions implies
that every degree-bounded rational function can be computed fast in parallel, that is, in polynomial size
and polylogarithmic depth.
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1. Introduction

This study is concerned with complexity questions about performing opera-
tions, such as greatest common divisor (GCD) computation and factorization,
on multivariate polynomials. Several models for representing multivariate
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polynomials have been suggested:

—the dense representation, which requires that all coefficients be written down;

—the sparse representation, which requires that all nonzero coefficients and the
corresponding monomial exponent vectors be written down;

—formulas, denoted by expressions similar to those from higher programming
languages;

—straight-line programs, such as the Gaussian elimination sequence on a deter-
minant of polynomials.

We perceive these representations from a macroscopic point of view, which is
that polynomial time or space differences within each class are not so important
to us as the exponential differences between the classes. We remark, however, that
the microscopic point of view is important to consider for pragmatic reasons (see,
e.g., Stoutemyer’s [41] comparison of different sparse representations). One easily
realizes that the four models form a hierarchy; that is, within a polynomial extent
of space we can represent more and more polynomials going from the dense to the
straight-line representation. Therefore, the latter is (from a macroscopic point of
view) the most powerful one. This is nicely illustrated by the famous example of
symbolic determinants that have exponentially many terms when converted to
“sparse” representation, but that can be represented by straight-line programs of
length proportional to at most the cube of the dimension.

The question is, of course, whether polynomials given by straight-line programs,
a notion that we shall make precise, can be manipulated at all. Arithmetic
operations trivially become additional assignments and the first problem of interest
is the GCD. Since even for univariate sparse polynomials this operation is
NP-hard [35], a restriction necessarily has to be made. One natural additional
parameter to bound polynomially, other than representation size, is the total degree
of the input polynomial. Valiant [45] calls such families of polynomials of poly-
nomially bounded degree and straight-line computation length p-computable.
Several important transformations on p-computable polynomials are already
known, for example, Strassen’s elimination of divisions [43] or the parallelization
technique by Valiant et al. [46]. Another such transformation by Baur and Strassen
[3] allows the computation of all first partial derivatives with growth in length by
only a constant factor and without even the need for a degree bound. There are
also known negative results in [45] that show, for example, that general permanents
can appear as coefficients of single monomials and as multiple partial derivatives
(see also Section 5). It should be noticed, however, that all these algorithms are
interpreted as program transformations and not as polynomial manipulation
routines. Von zur Gathen [11] obtained a probabilistic algorithm that determines
the factor degree pattern, that is, the total degrees and multiplicities of the factors,
of polynomials given by straight-line programs. Schwartz’s [37] evaluation tech-
nique at random points and modulo large random pseudoprimes (see also [18] and
Section 3) play an important role in that and our new results. In the context of
representing polynomials by straight-line programs, Heintz’s result [15] also de-
serves to be mentioned.

The theory for polynomial manipulation on straight-line representation should
deal with the computation of straight-line results whenever possible, for example,
produce a straight-line program for the GCD of two determinants of polynomial
matrices. In Valiant’s language, it is the question of closure properties of
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p-computable families of polynomials. It is this theory we begin to develop here.
In this paper we show how a straight-line program for the GCD of many polyno-
mials can be constructed in random polynomial time from their straight-line
representations, as well as a bound for their total degrees (Section 6). This proba-
bilistic result is of the Monte-Carlo kind, which means that the algorithm always
takes polynomial time, but may with controllably small probability return an
incorrect answer. Our algorithm is polynomial time even for coefficient domains
such as rational numbers. This is surprising because the coefficients of the input
polynomials can be exponentially large. In general, the growth of the exponential
size of the intermediately calculated rational numbers during most algorithms,
such as Strassen’s elimination of divisions, causes additional complications.

For various reasons, we chose to carefully develop the theory of straight-line
program manipulation here (Sections 2-5) before discussing the concrete applica-
tions. For one reason, the running time of our algorithms must be estimated. One
can consider polynomial-time complexity bounds as our uniformity requirement
for the straight-line program transformations. No such requirement is needed or
enforced in the lower-bound applications of the elimination of divisions transfor-
mation or the computation of derivatives. We use as our model of computation
that of a probabilistic algebraic random-access machine (RAM), whose instruction
set and binary complexity measures we define (Section 2). Since we strive to obtain
random polynomial-time complexity, the execution of arithmetic operations will
cost as many time units as are needed to perform these operations in binary. Under
this “logarithmic cost criterion,” the needed straight-line program transformations
are established to be of polynomial-time complexity by the use of what we call the
simulation principle. This principle shows that the usual RAM programs can be
converted into RAMs of polynomially related binary asymptotic complexity
that generate the straight-line programs corresponding to these computations
{Section 4).

The GCD problem for dense multivariate polynomials was first made feasible
by the work of Collins [8] and Brown [5]. Moses and Yun [34] showed how
to apply the Hensel lemma to GCD computations. Zippel [47] invented an
important technique to preserve sparsity of the multivariate GCD during Brown’s
interpolation scheme, though it should be noted that Zippel’s approach is not
random polynomial time. The reason is that the content and primitive part of the
inputs can not be separated because some sparse polynomials have dense primitive
parts; cf. [13] and Section 5. We also mention the heuristic GCD algorithm in [7],
which may be practically a faster algorithm if the inputs have few variables.

Our algorithm for computing the GCD as a straight-line program requires several
innovations. For one, we remove the need for the content computation by substi-
tuting linear forms of the main variable into minor variables. These substitutions
lead with high probability to monic polynomials in the main variable and thus
allow a single Euclidean sequence over the field of rational functions in the minor
variables. We compute the coefficients in the main variable by determining these
coefficients (now rational functions in the minor variables) for each assignment in
the straight-line program. Finally, we encode a polynomial remainder sequence
computation on the coefficient vectors by determining the degrees of the remainders .
through probabilistic evaluation of their coefficients. The GCD problem for many
polynomials is reduced to that of two polynomials via a theorem stating that two
random linear combinations of the set of input polynomials yield the same GCD
with high probability.
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We now turn to the computation of numerator and denominator of rational
functions. Strassen [43] raised the question whether the reduced numerators, and
therefore the denominators of rational functions, could be computed by straight-
line programs of length polynomial in the length of straight-line programs for
the functions themselves and the degrees of the relatively prime’ numerator—
denominator pairs. Here we answer this question affirmatively by showing
that such straight-line programs can be also found in random polynomial time
(Section 8). The construction is closely related to the straight-line GCD algorithm
put together with computing Padé approximants via the extended Euclidean
algorithm. Our solution requires an algorithm for finding a straight-line program
for the Taylor series coefficients to a given order of the rational functions with
respect to a single variable. In Section 7, we present a solution to this problem
following the approach by Strassen [43], and it comes as no surprise that we obtain
the result on eliminating divisions from straight-line programs for polynomials as
a consequence (Theorem 7.1).

The resolution of the numerator and denominator complexity of rational func-
tions has an important consequence in the theory of polylogarithmic parallel
computations. First, we note that Hyafil [17] and Valiant et al. [46] established
that families of p-computable polynomials can be evaluated in parallel in polynom-
ial size and polylogarithmic depth. We now can apply this result to the straight-
line programs for the numerators and denominators of rational functions and
therefore can conclude that every family of rational functions of polynomial
complexity and reduced numerator-denominator degrees can also be computed in
parallel in polylogarithmic time with polynomially many processing elements
(Corollary 8.3).

Notation. Let Z denote the integers, Q the rationals, and F, the finite field with
g elements. Let QF(D) denote the field of quotients of an integral domain D. Let
num(a) denote the numerator and den(a) the denominator of a € QF(D). The
coefficient of the highest power of x, in f € (D[xs, ..., x,])[x:] is referred to as
the leading coefficient of fin x;, Idcf, (/).

Let M(d) denote a function dominating the time for multiplying polynomials in
D[x] of maximum degree d. Note that M(d) depends on the multiplication
algorithm used, and the best known asymptotic result is d log d log log d [39].

The cardinality of a set R is denoted by card(R). All logarithms in this paper are
to base 2 unless otherwise indicated.

2. Straight-Line Programs and Algebraic RAMs

We first present the precise definition of what we understand by (algebraic) straight-
line programs.

Definition. Let D be an integral domain. The P = (X, V, C, S) is an algebraic
straight-line program over D if

SLPY) X =f{x, ..., x,J C D, S=1{s1, ..., i €D, V= {vyp, ..., g},
VN D=@. X denotes the set of inputs, V the set of ( program) variables,
S the set of scalars. If S = &, then P is scalar-free.

(SLP2) C = (vy « 0} 0 0! )rer..s With 0y € {+, —, X, +}, v}, v/ ESU X U
{oi, ..., o1} forall A =1, ..., [ C denotes the computation sequence
and [ the length of P, [ = len(P). If all o, # +, then P is division free.
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(SLP3) Forall A = 1, ..., /, there exists sem(v\) € D, the semantics of v,, such
that
sem(a) =a if aeSULJX,
sem(v,) = sem(v}) + sem(vy if oy=4=,
sem(v,) = sem(v})sem(vy if on=X,

sem(vy) # 0 and sem(v,)sem(vy) = sem(vy) = sem(vy) if oy =+,
The set of elements computed by P is sem(P) = Ui, {sem(vy)}. O

We observe that the integrality of D guarantees the uniqueness of sem(v,). If D
is a field, then the last case in axiom (SLP3) simplifies to sem(vy) # 0 if o, = +,
since then sem(v,) can be determined as sem(v, )(sem(vy))~'. Our definition is
more general than Strassen’s [42], who always insists on the invertibility of
sem(vy ) in case o, = +. That our generalization is useful can be seen from the
straight-line programs computing determinants and subresultants over D by exact
division.

Our main application is for programs P = ({xi, ..., x,}, ¥V, C, S) over D =
F(xy, ..., x,), where S C F, F a field, and which determine certain polynomials
JE Flx,, ..., x,] with f € sem(P). In such a case we say fis given by the straight-
line program P. Note that we use the notation f € sem(P) with the implied
understanding that we also know the v\ € V with f'€ sem(v, ). However, sometimes
our more general formulation is needed. One example would be to find the shortest
straight-line program that computes the Newton polynomials Y7, x!, i=2, ...,
n, from the symmetric functions in the indeterminates. For lower bound consid-
erations, one usually adds the condition in (SLP1) that {x,, . .., x,} is algebraically
independent over the field generated by S. For polynomials given by straight-line
programs, this restriction is satisfied, but for ease in the formulation of later
definitions and theorems, we do not adopt it in our main definition.

Algebraic computations over abstract domains D are usually formulated in terms
of programs to be executed on an algebraic RAM over D. Let us describe this
model of computation more precisely. An algebraic RAM over D has a CPU that
is controlled by a finite sequence of labeled instructions and that has access to an
infinite address and data memory (see Figure 1).

The split into two memories, one that facilitates pointer manipulation for array
processing and maintains a stack for recursive procedures, and another in which
the algebraic arithmetic is carried out, is also reflected in other models for algebraic
computations, such as the parallel arithmetic networks in [12], or by the omnipres-
ence of the built-in type Integer for indexing in the Scratchpad II language [20].
Each word in address memory can hold an integral address, and each word in data
memory can store an element in D. The CPU also has access to an input and an
output medium. The instructions in the CPU may have one or two operands that
typically are integers. The operands refer to words in address or data memory,
depending on whether the instruction is an address or a data instruction. Indirect
addressing is indicated by a negative operand. For completeness, the microcode for
a full instruction set is given in Figure 2.

The arithmetic time and space complexity of an algebraic RAM for a given input
are defined as the number of instructions executed and the highest memory address
referenced, respectively. It is not always realistic to charge one time unit for each
arithmetic operation in D. We consider encoding data in binary and define as
size(a), a € D, where D is a concrete domain, such as Z or F,, the number of bits
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L3 [v-1] <

Input Medium Address Data
d Memory Memory
CPU 1: READADDR 2 f—->11]5 1 ?
2: READ -2 213 2 ?
3: CONSTADDR 1,2 3|7 3| V2-1
4: ADDADDR 1,2 4 1? 4 ?
5:  CONST -1,V2 5072 F—s5]2+V2
6: DIV 5, -2 6 (? 6 ?
7:  PRINT -1
8: HALT /\J /\\1
1
[2+v2 | EOT | q
Output Medium
F1G. 1. Algebraic RAM over Z[v2].
Instruction Description
ADD{ADDR} i,j | Opi< Op;+ Op; (see below)
SUB{ADDR} ij Op; « Op,; — Op;.
MULT{ADDR} ij Op; < Op,; X Op;.
DIVADDR i,j | Opi«—LOp/Op;l.
DIV i,j | Op; « Op/Op;. The division over D must be exact, otherwise

an interrupt occurs.
CONST{ADDR} i,¢ | Op;—c.

MOVE{ADDR} i,j | Opi< Op;.

JMP ! Execution continues at program label /.

JMPZ{ADDR} i,1 | If Op; = 0, then execution continues at program label /.
JMPGZADDR i, | If Op;> 0, then execution continues at program label /.
READ{ADDR} i The input medium is advanced and the next item is read into Op;.
PRINT{ADDR} i The output medium is advanced and Op; is written onto the medium.
HALT An EOT marker is written onto the output tape and execution
terminates.
AM(i] N {address]r ) .
Op = DM[i]} if i >0 and data instruction
7 ) AM[AM[—{]] o address | . .
DM[AM[~i]] if i <0 and data instruction

AM = address memory, DM = data memory
AM[—i] must be positive, otherwise an interrrupt occurs.

FiG. 2. Summary of algebraic RAM instructions.

needed to represent a. Then, the cost and space of an arithmetic instruction
depends on the size of its operands. The binary time and space complexity of an
algebraic RAM over D is derived by charging for each arithmetic step in D as many
units as are needed to carry out the computation on a multitape Turing machine.
Note that we generally assume that the domain arithmetic can be carried out in
polynomial binary complexity with respect to the size of the operands. What that
implies, in particular, is that elements in F,, say, always require O(log(q)) repre-
sentation size, whether or not the elements are residues of small integral value. For
READ, PRINT, CONST, MOVE, or JMPZ instructions, we charge as many units
as is the size of the transferred or tested element.
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We also apply this “logarithmic cost criterion” to the address computations and
assume that every address is represented as a binary integer. The binary cost for
performing address arithmetic is again the Turing machine cost. For indirect
addressing, we add the size of the final address to the binary time and space cost
of the corresponding instruction. We note that, in most circumstances, the binary
cost for performing address arithmetic is largely dominated by the binary cost of
the algebraic operations and that, for all practical purposes, the largest storage
location is of constant size. But our more precise measure has its advantages. First,
all binary polynomial-time algorithms on algebraic RAMs are also polynomial-
time algorithms in the Turing machine model. Second, the true binary complexity
is measured if we can use the address memory for more than address computations,
for example, for hashing with sophisticated signatures. Another such example is
that of selecting random domain elements.

A probabilistic algebraic RAM is endowed with the additional instruction

RANDOM{ADDRY}i, j,

with the following meaning. Into Op; an element of D (or an address) is stored that
was uniformly and randomly polled from a set R of elements (or integers) with
card(R) equal to the address operand Op; (see Figure 2 for the definition of Op).
The selection of R is unknown, except that all its elements a € R have size(a) =
O(log Op;). This model of randomized algebraic computation overcomes the
problem of how to actually generate a “random” rational number, say, and (as we
show later) the failure probabilities can in our circumstances be fully analyzed.

Most of our algorithms read as input, produce as intermediate results, and print
as output straight-line programs. In this paper, we do not describe a concrete data
structure that can be used to represent straight-line programs on an algebraic RAM.
It is fairly easy to conceive of suitable ones (e.g., labeled directed acyclic graphs
(DAGSs) could be used). A more intricate data structure was used for the first
implementation of our algorithms and is described in [10].

At this point it is convenient to define the element size of a straight-line program

el-size(P) = Y  size(v¥).

VR EXUS,
et

Notice that the actual size of P is in bits
O(len(P)log len(P) + el-size(P)),

since it takes size(v,) = O(log (A)) bits to represent v, in address memory.

3. Evaluation and Size Growth

Classically, the inputs to a straight-line program are indeterminates that are
evaluated at concrete values during execution of the program. Two problems
arising with the evaluation process need to be discussed. The first is that evaluation
may lead to a division by zero, which we must declare illegal. The second is that
the binary complexity of evaluation can turn out to be exponential in the length
of the program. In this section we address both problems. Let us formally define
evaluation.

_ Definition. Let P = (X, V, C, S) be a straight-line program of length / over D,
D be another integral domain, and ¢(a) = @ be a mapping from X U S into D.
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We extend ¢ to ¥V = {iy, ..., 0y}, VN D = @, by setting ¢(vx) =0, | S A =,
and define

X={p(x)Ix€X}, S={s()Is€S}, C=(Ore0®)on bVt
We call P defined at ¢, if $(P) = (X, V, C, 5) is a straight-line program over D. O

It is clear that only condition (SLP3) of the straight-line program definition for
¢(P) must be verified. If ¢ can be extended to a ring homomorphism from D into
D, it suffices to require ¢(sem(vy)) # 0 for o, = +, 1 < A </, because then exact
division is guaranteed. But more general evaluations do occur, as in the following
example:

Example. Let D = Q(x), D = GF(2), ¢(x) = ¢G3) =1, ¢(2) =0, and P =
(Ix}, fv1, v2}, (U «— x + 3, 12 « 2 + v)), {2, 3}). P is not defined at ¢, since
sem(v,) = 0mod 2. Note also that ¢ cannot be extended to a ring homomorphism
from Q(x) into GF(2).

It is easy to see that, given the encoding of a straight-line program P =
(X, V, C, S) over D, we can compute sem(v;) in O(/) steps on an algebraic RAM
over D. If we assume that D is a field or that ¢ is a ring homomorphism, we
can also decide in O(/) steps on an algebraic RAM over D whether the encoding
of ¢(P) represents a straight-line program. All we need to do is test whether
sem(¢(v})) # 0, o, = +, before performing the division. Controlling the binary
complexity of evaluation is, however, a much more difficult matter because the
straight-line programs may generate exponentially sized elements.

Example. Let P= ({x}, V, C, @) over Q(x), where

C=(v1<—x><x,vz<—-—x><vl,
U3(—U|xvl,l)4(—l)2xl)3,
U5(—U3XU3,U6(—U4XU5,

Uzj—1 € Uz—3 X Uzy-3, Uy «— U2p—2 X Uzp-1,
Dass1  Ugm1 X Uziet, Varsz < Uy + Uag).

A1y

We remark that sem(vax—;) = x2, sem(vay) = x> 1, 1 < A < [, sem(vysy) =
xzm, and sem(v,.42) = x. The test of whether P is defined at ¢ (x) = 2 would require
on an arithmetic RAM over Q exponential binary running time. Notice also that
the last element computed by P is again small in size.

In what follows, we combat the size blowup by a modular technique, an idea
first suggested by Schwartz [37] and Ibarra and Moran [18]. A generalization of
what follows to algebraic extensions of Q can be found in [11]. For completeness,
we shall give the proof of the next lemma.

LeMMA 3.1. Let P = (§x1, ..., Xa}, Vi C, {81, ..., sm}) be a straight-line
program of length [ over Q(x), ..., X»), . € Q, ¢(x,) =a,, l =v =<n, b, €Q,
&(s,) =b,, 1 <u =< m. Assume that P is defined at ¢, and that n + m < 2l, which
is satisfied if all inputs and scalars actually occur in the computation sequence. Let
B, = 2 be an integer bound such that

| num(a,)|, | den(a,)|, | num(b,)|, | den(b,)| < B,,

l<v=n l<p=<m
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Then there exists an integer Nypy < Bi’” such that for all prime integers p that do
not divide Ny, the following is true:

(i) den(a,), den(b,) #Omodp foralll =v=n,1<pu=<m.
(i) If we define y:{x,} U {s,} — F, by ¥(x,) = a,modp, ¥(s,) = b,modp,
l<v=<n,1=<u=<m,then P is defined at .

PrROOF. Let ¢(P) = ({a.}, {ir}, C, {b,}). We must estimate
wu, = num(sem(?,)), t, = den(sem(d,)), l=a=l

By induction, we can prove that

2B,)*
|ux|,|tx|5(_l;b)—533, 5 l=Aa=sl n
Consider 0, « ¢(vy) o\ ¢(vy ). By induction hypothesis,
2B 2)\—1
luXl, 1Y =< @By uy = num(¢(vy)), X =den(¢(v})), *=",".

2 b
In case o, = +, we thus get

(2B¢ )2)\—l+2>\—1
—
The treatment of ¢, and the cases o, = —, X, and + are similar. Thus, (1) is

established.
Now we observe that

M,= 1[I |den(a)l II |den(b,)| =< BY.

1=sv=<n Ilspsm

lan] = Jugel + ulel ] < Ju |10+ Jul |5 <2

We set

l
Ny =M, I1 |6| < B¥B3” < B3".
A=1
Clearly, if a prime p does not divide Ny, (i) and (ii) are satisfied. O

Although our bound for N, in the above lemma is of exponential size, we can
pick a suitable prime probabilistically quite efficiently. Let

k = 2"5log(B,) = 4 log(Ny)

and consider the first k primes p,, . . ., p.. Since for each subset K of {1, ..., k} of
cardinality =k/4,

I p.> 24 =z 20%Werr) = N, p),
€K

we conclude that fewer than k/4 of the primes p;, . . ., pi can be divisors of N,.
Now

D < k(log.k + log.log.k) < k log k, k=6
(cf. Rosser-Schoenfeld [36, sect. 3.13]). Therefore, if we randomly pick a prime p,
p<klogk < Cypy= (I +5 + loglog(B,))2"**1og(B,), )
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with probability greater than 3 this prime will certify that P is defined at ¢. We
have the following algorithm:

Algorithm Zero-Division Test

Input: A straight-line program P = ({x1, ..., Xa}, V, C, {51, ..., sm}) of length /
over Q(xy, ..., Xn), a., b, €Q, 1 =v=<n, 1 = u=<m,and a failure probability
ek 1.

Output: An integer p such that Pis defined at ¢(x,) = g, mod p, ¢(s..) = b, mod p,
or “failure”. In case P is defined at ¢, failure occurs with probability <e.

Step L (Loop on trials). Repeat steps P and E llog 1/¢1 times. Then return
“failure”.

Step P (Pick a prime). Let B, be as defined in Lemma 3.1 and set C,(p) according
to (2).

fori—1,...,j=T021/10log Cd,(p)] do
Select a random postive integer p < C,(r). Perform a probabilistic primality test
on p, for example, Solovay and Strassen’s [40], such that p is either certified
composite or is probably prime with chance =1 — 1/(8 j). In the latter case goto
step E.

At this point no prime was found, so go back to step L.

Step E (Evaluation). Evaluate ¥ (P) on an algebraic RAM over F,. If a division
by zero or a zero divisor occurs, go back to step L. Otherwise return p. O

We note that the bound C, is only of theoretical interest. In practice word-
sized primes are already likely to certify that P is defined at ¢. Clearly, the
Zero-Division Test Algorithm runs in binary polynomial-time and requires poly-
nomially many random-bit choices. We do not state explicit polynomial upper
bounds for this or any of the subsequent algorithms, although the original version
of this paper [21] contains several of them. Instead, we now refer to [10] for the
actual performance of our algorithms, which would not be captured by those crude
upper bounds. However, the theoretical failure probability of the Zero-Division
Test Algorithm shall be analyzed in the following theorem.

THEOREM 3.1. Algorithm Zero-Division Test requires (llog(B,)log(1/e€))°®
binary steps on a probabilistic algebraic RAM over Z. In case P is defined
at ¢, it returns “failure” with probability <e.

PrOOF. There are three circumstances under with steps P and E do not find
the prime p even if P is defined at ¢. First, a prime may never be picked in Step P.
There are

T Cop
C > Cory = 17,
T(Co(py) 10 1o8(Coy) +(P)
primes < Cy(p); cf. [36, sect. 3.5]. Thus, the probability that we select a composite
p in all iterations of step P is no more than

1 3.(7/10)log Cy(py 1
]l - < =<
( 10/7log C¢(P)) e

OO | o=
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Second, the chance that all composite p’s selected in step P are recognized as
such is certainly not less than (1 — 1/(8 j))’/ > 7, because (1 — 3)"/ < 1 — 1/(87).
Thus, we pass a composite p on to step E with chance <3. Third, by the previous
discussion we have selected a prime with p | N, with chance <j. Therefore, the
total probability of things going wrong is less than ; + § + § = 3. Now, steps P and
E are repeated at least log 1/¢ times. Therefore, the probability of failing at all these
trials is <)t = ¢. O

We can use the Zero-Division Test Algorithm to determine whether an element
in sem(¢ (P)) is zero. Let us briefly write down the algorithm.

Algorithm Zero Test
Input: Asin Algorithm Zero-Division Test. Furthermore, an index A, l = A < /.

Output: Let e, = sem(¢(v))). We return either “e, is definitely not equal to zero”
or “e, is probably 0”. The latter happens if P is defined at ¢ and e, # 0 with
probability <e.

Step Z (Zero Test): Run Algorithm Zero-Division Test on P’ = ({x1, ..., X.},
V' U {vu.1}, C concatenated with (v;4; <« 1 + vy), S) and ¢. If no failure occurs
return “e, is definitely # 0”; otherwise, return “e, is probably 0. O

Another application of Algorithm Zero-Division Test is, in fact, to compute
e, = sem(¢(vr)), 1 = X < [ Since e, can be of exponential size in /, polynomial-
time complexity can only be expected if we know an a priori bound B, =
| num(e,)|, | den(e\)|. We again explicitly present the algorithm.

Algorithm Evaluation
Input: As in Algorithm Zero-Division Test. Furthermore, an index \, 1 < A </,
and a bound B,.

Output: Either “failure” (that with probability less than ¢ in case P is defined
at ¢) or e, = sem(¢(vy)), provided that

| num(ey)|, | den(er)| < Bh.
Step T (Zero-Division Test). Call Algorithm Zero-Division Test. If it fails, return
“failure”.

Step M (Modular Image Evaluation). Let p be the integer returned by the call
to the Zero-Division Test algorithm. Compute & = sem(¢ (v)))mod p* where
pk=2B%, 0 < & < p* This is possible because p must be relatively prime to all
denominators computed.

Step C (Continued Fraction Recovery). Find the continued fraction approxima-
tion to &/p,
u i u
'l,---,_’,'_ﬂ, L < B\, tlis1 =B,
L Ll
Return e, = (&:xt; — p*w)/t;. O

For B = max(B,, B,), the algorithm takes (/ log(B)log(1/¢))°V binary steps. The
correctness of Step C follows from the theory of continued fractions [14, chap. 10].
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The idea of working modulo p* is sometimes referred to as Hensel-code arithmetic
[29]. If individual bounds for | num(e,)| and | den(e,)| are known, as they often
are, then the approach is subject to improvement; cf. [26, theorem 4.1].

4. Probabilistic Simulation

We now turn to our uniformity considerations, that is, the complexity of performing
the needed straight-line program manipulations on algebraic RAMs. We first
demonstrate the issue on an example. Let

J&X) = yax"+ oo + o,

g(X) = X"+ Zp X"+ oo+ 2, n>m,
and let D= E[y,, ..., Yo, Zm-1, - . . » Z0], Where E is an abstract integral domain
of characteristic #2. We want to design an algebraic RAM over D that, upon input
n, M, Yo, ..., Vn, Zo, - - - » Zm—1 OUtputs (the encoding of) a straight-line program

P=({ylv=0,....,nfU{z|p=0,...,m= 1}, ¥, C {2}),
such that ¢, € sem(P), 0 < « < n — m, for the polynomial quotient of f(x) and
8(x),
q(X) = Cr-mX"™™+ -+« + 0 € D[x], deg(f(x) — q(x)g(x)) < m,

and len(P) = O(n log m log(log m)). The existence of such a program follows from
several sophisticated results on polynomial multiplication [39] and power series
inversion [30]. Our question is: What is the binary complexity of the algorithm
that generates such a straight-line program?

Fortunately, the answer is not difficult. An algebraic RAM over D that actually
computes the ¢, by the asymptotically fast polynomial division algorithm performs
only arithmetic on elements in D and tests only addresses. The problem is that
such an algebraic RAM has high binary complexity owing to the fact that the
calculated elements in D are dense multivariate polynomials. However, if we
represent all calculated elements implicitly as the semantics of the variables of a
certain straight-line program, this exponential growth does not occur. The algebraic
RAM over D that generates the straight-line answer now “simulates” the arithmetic
operations in D in the following way. Assume the elements

a = sem(v,) and b =sem(v\) € D

need to be multiplied in the course of the polynomial division algorithm. At this
point we already have a straight-line program

Q=({y.|v=0,...,nU{z,|pu=0,..., m=—1},V,,C, {2}),

such that v,, vy, € V;,. We now merely need to append the assignment v, <«
U« X vy to C; and obtain a program Q. with ab € sem(Q;,,). The binary cost of
such a simulated multiplication is O(log(/) + size(v, ) + size(v, )). It is this cheapness
for arithmetic that makes the straight-line representation for multivariate polyno-
mials so efficient. For later reference we formulate our observations as a theorem.

THEOREM 4.1 (SIMULATION PRINCIPLE). Assume an algebraic RAM M over D
oninputn =1, x,, ..., X, € D computes y,, ..., Yym € D in T(n) steps without
testing an element in D for zero. Then we can construct an algebraic RAM M’ over
D that on the same input computes the encoding of a straight-line program P
over D with

len(P) = T(n) and {(Vis ..., Ym) C sem(P),
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such that M’ has binary complexity

O(T(n)log T(n) + ; size(x,)).

PrOOF. By simulating arithmetic instructions as above. The additional factor
of log T'(n) in the binary complexity arises from the binary cost of each individual
simulation step. The cost Y /-, size(x,) enters because we must initialize certain
program variables to x,. Other program variables will be initialized to constants
from the program, but since the number of such constants is fixed, the binary cost
of those initializations takes constant time. [

The polynomial division algorithm was special because no elements in D needed
to be tested for zero. This is also true for polynomial or matrix multiplication, but
for other important algebraic algorithms, such as computing the rank of a matrix
polynomial, such tests cannot be entirely avoided. However, Algorithm Zero Test,
together with choosing the evaluation points randomly, allows us to extend the
simulation principle to certain algebraic RAM programs on data represented by
straight-line programs, even when those RAMs also test domain elements for zero.
We first justify the failure probabilities by the following two lemmas:

LEMMA 4.1 [37,lemma 1]. Let 0% f€ E[x,, ..., x.], E an integral domain,
R C E. Then for randomly selected a,, . . ., a, € R, the probability
_ deg(f)
Pr(flas, ..., a,)=0) < card(R)’

(We also refer to [16] for an interesting characterization of a suitable set of n-tuples
that distinguishes all nonzero polynomials given by short straight-line programs
Jfrom the zero polynomial.)

LEMMA 4.2. Let P = ({xi, ..., Xa}, V, C, S) be a straight-line program
of length | over F(x,, ..., x,), F a field, S C F. Furthermore, assume that
a4, ..., ay € R C F were randomly selected. Then, the probability that P is

defined at ¢(x,) = a,, | < v =< n, is not less than 1 — 2'*'/card(R).
ProoF. It follows by induction on A that
deg(num(sem v,)), deg(den(sem v,)) = 2%, l=x=l
Thus

] I
deg(H den(sem(vx))> = ¥ 2*< 2,
A=t =l

and the lemma follows from the previous one. [

We now can demonstrate our probabilistic simulation principle on the example
of computing a determinant with sparse polynomial entries in F[x,, . . ., x,]. If we
perform Gaussian elimination or the asymptotically faster algorithm by Bunch and
Hopcroft [6], certain elements in F[x,, ..., x,] need to be tested for nonzero
before one can divide by them. At that point, these elements are computed by a
straight-line program and we can probabilistically test them by picking a random
evaluation and applying the Zero-Test Algorithm. The latter only needs to be called
if size growth over F = Q is to be controlled. If we choose our evaluation points
from a sufficiently large set, then, by Lemma 4.2 and the Zero-Test Algorithm, the
chance that we miss a nonzero element can be made arbitrarily small. We point
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1 NNTOT 1 - PR de Cua o ek PR JEVIRSE |

1 CUNO 1 1, /7 \/UIIllllClll. ILOICT I 1HLO Udld gl StEr 1

2: JMPZ 1, 4 Comment: If data register 1 contains 0, goto label 4
3: HALT —_ -

A TRAD A MNammant: Infinita lasnm

4. IMI 4 Comment: Infinite loop

FiG. 3. RAM with unbounded computation tree.

out that it is here where we can make full use of our RANDOM instruction
introduced in Section 2. If F = F,, we may have to evaluate over an algebraic
extension F,« in order to poll from a large enough set. The produced straight-line
program is always correct, provided we know in advance that the determinant is
nonzero. Otherwise, we might with conirollably smail probability ouiput a program
computing 0, even if the determinant is not, instead of returning “failure”.

The probabilistic computation of a straight-line program of an m X m determi-
nant over F[x,, ..., X,] takes binary polynomial-time in m, n, the coefficient size

of the sparse polynomial entries, and log 1/¢, where the resulting program is

guarantppd to be correct with nrobabilitv ereater than 1 — ¢, Thig is true even if we

QLG W0 UU DURING e Walld PAVUUVRVILLY BAvawwl iidil 2 A 2daS A3 saet LUVIIL L2

miss a nonzero “pivot” element. The reason is that the Gaussian elimination or
the Bunch and Hopcroft algorithms always terminate in O(m?) steps, whether or
not the zero tests are decided correctly. General algebraic RAMs can be pro-
grammed in such a way that an impossible branch of the computation leads to an
infinite loop. A section of a program with that property is shown in Figure 3.

In order to formulate the next theorem, we need, therefore, to introduce the
computation tree complexity of an algebraic RAM, which is the maximum depth

Ny mad hhna ~Anssrsasidats ignnring whathae tha Aaniciane alang tha math Ann

~F . !
[0)1 aiy pdlll lll I,llC uuulpubauuu, 151101 1HE WHLLLIVL LU UCLIDIVLILD mu115 uiv patlil vai

actually be taken. We then have the following theorem:

THEOREM 4.2 (PROBABILISTIC SIMULATION PRINCIPLE). Assume that an alge-

THEOREM (PROBABILISTIC SIMULAT JINCIPLE). A 1 alge
braic RAM M over D = F(x,, ..., X,) on input n = 1, x,, ..., X, computes
Yis. .- Ym € D in T(n) computation tree steps. Then we can construct a probabilistic

aigebraic RAM M’ over D that computes the encoding of a straight-iine program
P over D with len(P) < T(n) on the same input, such that with probability not less
than 1 — ¢, {y1, ..., Vm} C sem(P). Furthermore, M’ requests random elements
from a set R C F with

|_ (n)2T(n)+2-|
W=

and has arithmetic complexity T(n)°V. For F = Q and F = F,, M’ has binary
complexity (T(n)log(1/¢))°™.

PrOOF. All instructions of M except JMPZ instructions are treated as in
Theorem 4.1. In order to decide which branch to select on simulation of a zero
test, we randomly select elements in R and perform the Zero-Test Algorithm on
the current straight-line program defining the element to be tested. The length of
that intermediate program is no more than T(n), and, by Lemma 4.2, an incorrect
answer is returned with probability less than 2T("’+2/card(R) because the program

in ctoan '7 nf tha Zara Tact Alg, thm 1ot 1~ Manely at maat
111 Ovpy L Ul LIV L0107 1 VoL nlsull‘rlllll lD Ull\l llla‘-l u\illull lulls\/l \/lcally, atl H1uUdtL

T(n) such tests arise, and we do not decide any of them wrongly—even using one
and the same evaluation for sake of efficiency—with probability less than

T(n )2 T(n)+2

card(R) =€ -
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For special problems, such as the symbolic determinant computation, the ran-
domizations introduced in the above theorem are not essential. If we remove the
divisions from the generic determinant computation by Strassen’s method (see
Theorem 7.1), we can deterministically produce in polynomial time a straight-line
program for a symbolic determinant. However, the length of this program is
O(M(m)m?), where m is the dimension of the input matrix. It is an open question
whether an improvement to O(m?) is possible. We remark also that Ibarra et al.
[19] observed a similar trade-off for removing decisions in the matrix rank problem.

5. Polynomial Coefficients

We now describe an important utility algorithm for our theory. Assume that f €
Fl[x,, ..., xx], F afield, is given by a straight-line program P over F(x,, ..., X,)
and that we know a bound d such that

d
=3 (s ooy xa)xt,  Colxz, ...y Xn) € Flxa, ..., Xl 3)
8=0

We want to produce a straight-line program Q over F(x,, ..., x,) such that
Co, - .., Ca € sem(Q@). The solution we present in this section is based on the
idea of computing the ¢; by interpolating at different points. In Section 7, we give
our original solution to this problem [21], which is based on the then needed
Taylor Series algorithm, and which is not only more complicated but which also
leads to an asymptotically longer result. Here now is the algorithm.

Algorithm Polynomial Coefficients 1

Input: f € Fl[x,, ..., x,] given by a straight-line program P = ({x,, ..., x,},
V, C, S) over F(xi, ..., x») of length /, a failure probability ¢ < 1, and a bound
d = deg,,(f).

Output: Either “failure”, this with probability less than e, or a straight-line program
Q=(x2, ..., X}, Vo, Co, Sg) over F(xz, ..., x,) such that

{co, ..., ca} C sem(Q) and len(Q) = O(ld + M(d)log d),
where ¢; is defined in (3).
Step E (Good Evaluation Points). From a set R C F with
8 max((d + 1) 2"

€

card(R) >

randomly select elements a,, ..., a,. If F = F, and q is too small, we can work
over an algebraic extension F,; with j sufficiently large.

Test whether P is defined at ¢(x,) = a,, 1 < v < n. For F = Q we call Algorithm
Zero-Division Test of Section 3, such that the probability of “failure” even if P
were defined at ¢ is less than ¢/4. If P turns out to be (probably) undefined at ¢,
we return “failure”. Otherwise, P is (definitely) defined at ¢.

Step P (Interpolation Points). B« {a,}.

repeat the following at most (d + 1)? times until card(B) = d + 1.
From set R, select a random point b. If b was chosen in previous iterations or is
equal to a,, we continue with the next repetition. Otherwise, test whether P is
defined at y(x;) = b, ¥(x;) = a;, 2 = i < n. If P is defined at ¢, adjoin the
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element b to B. For F = Q, we make the probability that we do not recognize
this fact properly by calling the Zero-Division Test Algorithm of Section 3 less
than ¢/(4d + 4).

If at this point card(B) < we return “failure”.
Step I (Int ”p olation Construction). At this point we have B = {b,, ..., bau},
such that P is defined at all x;(x;) = b;. We first build programs Q; over

F(xa, ..., X») such that
fbi, X2, ..., X)) Esem(Qi), 1=<i=sd+ 1.

This is done by simply replacing each occurrence of x; on the right side of
an assignment in the computation sequence of P by b;. Then, we build a pro-
gram Qo that from the symbolic values w; of a d-degree polynomial evaluated at
b; finds the coefficients of that polynomial. This is the interpolation problem,
which can be solved classically in len(Qy) = O(d?), or asymptotically faster in
len(Qo) = O(M(d)log(d)) [1]. Notice that the algebraic RAM performing interpo-
lation does not require zero tests of field elements. Finally, we link the programs
O, ..., Qu1, Qo properly together making sure that there is no naming conflict
and that the w; are the corresponding variables in ;. O

The following theorem summarizes the complexity of our algorithm.

THEOREM 5.1. Algorithm Polynomial Coefficients 1 does not fail with proba-
bility greater than 1 — e. It requires polynomially many arithmetic steps in d and |
on a probabilistic algebraic RAM over F, For F = Q and F = F,, its binary
complexity is also polynomial in el-size(P) and log(1/e).

Proor. The algorithm can fail under four different circumstances. First, in
Step E, P may be undefined at ¢, that by Lemma 4.2 with probability less than
2+ /card(R) < ¢/4. Second, for F = Q, we might fail to recognize that P is defined
at ¢, but we make this possibility happen with probability less than ¢/4. Third, the
loop in step P may not generate d + 1 distinct b such that P is defined at the
corresponding y. Since we try (d + 1)? points, we can estimate this particular failure
possibility as follows. A newly selected b was not chosen earlier with probability
greater than or equal to 1 — (d + 1)?/card(R) > 1 — ¢/8. Then, again by
Lemma 4.2, P is not defined at ¥ for that individual point with probability less
than 2*!'/card(R) < ¢/8. Therefore, a suitable evaluation point can be found in a
block of d + 1 points with probability greater than

*
* =

€ £
d+1° ¢ " @
because (1/e*)? > 2¢ = d + 1 for ¢* < 3. Now the probability that a good point
occurs in all of the d + 1 blocks of points is greater than

ox \!
<l—d+1> > 1~ e*,

and hence failure happens for the third case with probability less than ¢/4. Fourth
- and last, for F = Q, we again may not recognize that P is defined at ¢, even if there
were sufficiently many points. A good point is not missed with probability greater

1 —(e*)*'>1-—
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than 1 — ¢/(4d + 4) and hence the first 4 + 1 such points are rec

probability

[
»

l ¢ \d+l
\ ad+ 1)

This concludes the argument for failure probability. The statements on the
arithmetic and binary running times are a direct consequence of Theorems 3.1
and4.1. O

The Polynomial Coefficients 1 Algorithm requires the knowledge of a bound
d= degx, (). If no such bound is given, we can probabilistically guess the degree
by running our algorithm for

d=1,2,4,...,25....

At .

Let fi(xi, ..., x,) be the interpolation polynomial that is produced for the kth
run. We then choose a4, ..., a, € R randomly and probabilistically test whether

>1i d
4"

\ — fifn ) =
J

JAHLy o 0oy Up JE\H]ly « s oy YUnj

If the Zero-Test Algorithm called with a failure chance ¢/2 returns “probably 07,
then by Lemma 4.1 with probability greater than 1 — ¢, f, = fand 2* = deg, (f).
Of course, by further testing ¢;(x», . . . , X,) for zero, 6 = 2¥, 2 — 1, ..., we can get
a probabilistic estimate for the actual degree, deg,, (). This procedure has expected
polynomial running time in deg,, (/) and can be made quite efficient by compuiing
the fi(x1, a2, ..., a,) incrementally without even constructing a straight-line
program for any f; [10]. The total degree of f can be similarly estimated using
the translations that we introduce in Section 6, or by computing the degree
of f(nz, ..., ynz) in z. A more general degree test is discussed in Section 8
(cf. Corollary 8.1).

One may question whether it is possible to find a program of length polynomial
in [ only for a selected ¢;(x2, ..., X,), 1 <& = 2" This is most likely not the case,

ne Wallnmado avasala TACT avlilies Mol dan
ad Vdllalil > CAAINPIC {40 ] CAILDIW. LUIHIUCL

n n
8ty s Vs Zits < v o Znm) = 11 (Z ){fz,-,,,-\l. C))
=1 \j=1 /
Then the coefficient of the monomial y, . y,, in g is the permanent of the
- i—1
matrix {z;;]i<ij<.. Performing a Kronecker substitution u1 x&07 for y; this
permanent appears as the coefficient of ¢;(z;,1, . . . , Za,) Of x° for
S=14+na+Ntin+ 1. ...+(n+1y1
d=14+m+D+n+1)YH4 F(n+ 1),
in
{ A+l (n+1)"! 3
gx, X s esesy X T 21ty e e ey Znn).

Therefore, the degree-unrestricted coefficients problem is #P-hard [44].
Tha avanenla ahava alon alhagig that Aamtnin Anaratinne nn otraioht lina saragrana
1110 CAAQLLIIPITU AUU VO AldU JLIUVWD LLAL Ll ldlll Upulauiuin Ul stlalglittliiue pluglaiiln
most likely cannot be iterated without increasing the length of the output program
exponentially. Take, for example, computing partial derivatives. Clearly, by our
Polynomial Coefficients 1 Algorithm, we can find a program Q with

k
o Esem(Q) and len(Q) = O(d?).
axl XD/ \x/ \ 7
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In order to obtain multiple partial derivatives in different variables, we could
iterate this process on the distinct variables. However, every iteration increases the
length of the previous program by at least a constant factor, and the final program
turns out to be of exponential length in the number of different variables. This
blow-up also appears to be inherent, because from (4) we get

_ 9%
0 Yoo ayn
It came as a surprise to us that certain iterations causing a similar exponential

growth, such as the variable-by-variable Hensel lifting [22], do not constitute
inherent complexity and can be avoided [23].

= perm([z;; )1 sij=n)-

6. Polynomial Greatest Common Divisors

We now come to the first application of our theory, that of computing polynomial
GCDs. Our goal is to produce for r polynomials f, € F[x,, ..., x,], 1 =p =,
given by a straight-line program P, a straight-line program Q with GCD,<,=(f,) €
sem(Q). For simplicity, we are assuming that all f, are computed by a single
program P. Clearly, this can be enforced by merging any possibly different input
programs. We also assume that we know an a priori bound d = deg(f,), 1 =p=r.
Our algorithm is a probabilistic one, and the returned Q may not determine the
correct GCD, that with probability less than e. The difficulty is, of course, to
accomplish the construction in binary polynomial time in

. 1
len(P), el-size(P), d, log<—>.
€
Note that the parameters » and r are dominated by len(P). We do not know how
the approach of repeated GCD computations,

GCD(/1, f2), GED(GCD(f;, £2), f5), - - -5

or of extracting cont,, (f,), 1 < p < r(cf. Brown [5]) can lead to a polynomial-time
solution.

We first restrict ourselves to r = 2, that is, the GCD problem for two polynomials.
We later show that the GCD problem for many polynomials can be probabilistically
reduced to that for two. In order to avoid the content computation, we work with
the translated polynomials

i;: =f;;(xl, y2 + ble, ..y yn + bnxl) e F[xl, ,V2, sy yn]9 p= 19 29

where b, € F are randomly selected elements, 2 < » < n. Since the mapping f— f
is a ring isomorphism from F[x,, ..., x,] into F[x, y2, ..., ¥}, we must have
& = GCD(f1, f»), where g = GCD(/;, f5). The reason for performing this trans-
lation is that with high probability 1dcf; ( f,) € F, p = 1 or 2. The following easy
lemma can be formulated.

LEMMA 6.1. Let f€ Flxi, ..., Xx), b, ..., b, € F. Then there exists a non-
zero polynomial 7(B2, ..., Bs) € FlB2, ..., Bu), deg(r) < deg(f), such that
(b2, ..., b,) # 0 implies

ldefo (f(xX1, Y2 + baxy, ..., Yo + baxy)) € F over Flxy, y2, ..., Yul.
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PROOF. Let
0% 7 =1Mdcf, (f(x1, y2 + B2X1y oo, Yu + BaX1)) € FlBa, ..., Bal,
over Flxi, ¥2, ..., Yu, B2, . - -, Bn] and apply Lemma 4.1 to 7. O

The trick is now to perform the Euclidean algorithm (i.e., compute a poly-
nomial remainder sequence) on the translated polynomials over the coefficient
field F(),, ..., y.) in the variable x;. Let

&= GCD(f,, f2) over F(ys, ..., ya)lxi], Idef (8) = 1.
The point is that, if Lemma 6.1 applies to f; or f>, that is,

Idcf,, (fi) or Idcf,(f>) € F, 5)
then g will actually be the GCD of f; and f> over F[)s, ..., ¥u, x;]. This is a

consequence of Gauss’s lemma [28, sect. 4.6.1, lemma G], which states that
products of prrmrtrve polynomrals must be primitive. The claim about g can be
b[lOWIl lrUIl’l Ullb, as IOuOWb Asbumc lﬂdl (J} lb true lUr jl, dIlu lCI g = Jl/g
Furthermore, let ¢ and ¢* € F[)», ..., ¥.] be the least common denominators of
£ and g*, respectively. Now

(cB)(c*8*) = (cc*) i,

where ¢g and ¢*g* are primitive in F[x, )», . . ., y»] with respect to x;. Therefore,
cc* € F and hence g € F[x,, )., ..., V.]. Since ¢ is monic with respect to x;, &

also divides f> over F[xi, ¥z, . .. , Va], irrespective of whether 1dcf ( f>) € F. Since
£ is computed in a larger domain, our claim is immediate. 5 5
Our algorithm constructs the polynomial remainder sequence for f; and f,. We
shall work on the coefficient vectors with respect to x;, which we can obtain
initially in straight-line representation by the polynomral coefficients algorithm.
During this process we must, however, compute the degrees of the remainders in
B PUVR. g P U, PR Ny PR P

x;. We do this ‘pluoaolubuuauy by evaluating y, randomly at a,, as was done also
for the probabilistic simulation principle. The algorithm now follows in detail.

Algorithm Polynomial GCD
Input: fo, h € F [xl, .oy Xn] of degree =d given by the straight-line program

on o1 =

P={{x1, ..., x.}, V, C, S) of length /, and a failure allowance ¢ << 1.

Output: Either “failure”, with probability less than ¢, or a straight-line program
N {§+ 1 V. f" C N\ Avar Efy. v Y aflanath N4 4 ,]2\ cnich that

YO T (WA v 00y An,, Y0y L0y 0) UVCL L ALy ¢ 0 oy .A,n/ Ul Wl Ul & sulil wuial

with probability greater than or equalto 1 — e
GCD(fo, f3) € sem(Qo).
Step R (Random Points Selection). From a subset R C F with

max{2™*
card(R) > = 2 )
€
select randomly a, ..., @, b2, ..., b,. In case F = F, where ¢ is too small, we
can work in F,; instead. Since the GCD can be computed by coefficient arithmetic
alone, it remains invariant under field extensions.

Step T (Translation). Set C= (o —x; X bo, Ko — Vo + Uz, .. ., Uy — X1 X by,
X, < yn + u,) concatenated with the modified computation sequence of P in which
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all occurrences of x, are replaced by %,. Thus

f’=({x1,yz,...,y,,}, vu U {u,%},C Su {bz,...,b,,}),

2=ysn

is a straight-line program over F(x, ), ..., y») that computes
d
fo= ZO Cos(V2s o oo YIXS € Flx1, Y2y oo, Y, p=0, 1.7
s=

Step C (Coefficient Determination). Test whether P is defined at ¢(x;) = a,
¢o(y.)=a,, 2 <v=n Ifnot, return “failure”. For F = Q, we call Algorithm Zero-
Division Test with failure probability /3.

Call Algorithm Polynomial Coefficients 1 with input program P, degree bound
d, failure probability ¢/3, and the indices A, such that f, = sem(v,)) for p = 0
and 1. We obtain

Ql = ({.VZ, e J/n}, Wl? Cl: Tl))

such that all ¢, ; € sem(Q, ). Notice that, in the Polynomial Coefficients 1 algorithm,
we only need to evaluate on one set of points, even though O, encodes the
calculation of two interpolation polynomials. This shortens len(Q,) considerably.
We also share a,, ..., a, with that algorithm instead of selecting new points in
step E there. This guarantees that Q, is defined at ¢ restricted to y,, ..., y.. We
could have tested for this condition after constructing Q;, but the error analysis
would be a little more involved.

Step D (Degree Determination). In this step we probabilistically find do =
deg.,(fo) and d, = deg,,(f1).

forde—d d—1,...,0do
Call Algorithm Zero Test with Q;, ¢(».) = a., A such that ¢ ; = sem(w; ),
w; » € W), and failure probability ¢/(4d). If “definitely # 0” is returned, exit the
loop with dy = 8. Notice then that
€

Pr(do = deg,,(fo)) = 1 = .

Here we dropped through the loop, that is, with high probability f”o = (. By
convention, we set dp = —1.
Similarly, compute d;. Without loss of generality we now assume that d, = d;.

Step E (Euclidean Loop). for k< 1,2,..., do Step R.
Step R (Polynomial Remaindering). At this point we have a straight-line program

Qk = ({yZ’ ey yn}’ Wka Ck, Tl),

such that for the ith polynomial remainder in the Euclidean remainder sequence
of fo and f; over F(y2, ..., y)lxi]

d;
f;'= Z C,',st?, C,',,;EF[yz,...,yn], 1 SiSk,
=0

with high probability
¢, € sem(Q;) forall 0<dé=d, 1=sj=<i
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Now we update O to the straight-line program Qk.,, which also simulates the
polynomial division of fi_; and f; over F(»,, ..., ¥»)[x1]. Provided Q was correct,
the program exactly determines the next remainder f;.,, whose degree di.\ < ds
we determine as shown in step D.

if disr =—1 (e, fk+ , = 0), then proceed to step G.

Step G (GCD Generatlon) O« now determmes, with high probability, the coef-
ﬁcxents of a remainder fk = Y% cr.sx%, which corresponds to the GCD of fo and
jl over F(y, ..., V.)[x1]- Append assignments to C, that compute

j k % Cks s
——————— — x .
Idcf ( fi) Eo Cd, '

This makes the computed GCD monic in x; and by the discussion previous
to the algorithm we have, with high probability, the GCD of f, and f, over
Flys, ..., Vs, x1]. Finally, put assignments computing the back-translation
Yo =Xy — X102, . .., Yo« Xn — X1 b, in front of C; and output Oy = ({x1, . . ., X},
W, Ci, Ty), where W and C, are the updated W and C;. 0O

The follo

no
ne¢ 1010wl 44524

Algorithm.

THEOREM 6.1. Algorithm Polynomial GCD does not fail with probability greater
than 1 — ¢. In that case, its output correctly determines the GCD of its inputs with
probability greater than | — ¢. It requires polynomially many arithmetic steps in d
and [l on a probabilistic algebraic RAM over F. For F = Q and F = F,, its binary
complexity is also polynomial in el-size(P) and log(1/¢).

PrOOF. Polynomial running time follows from Theorems 3.1, 4.1, and 5.1.
“Failure” can only be returned in step C. There are three possibilities that can
cause such an event. First, the program P may not be defined at ¢. By Lemma 4.2,
this happens with probability less than 2”*!/card(R) < 1/(3¢). Second, for F = Q,
we might fail to recognize that P is defined at ¢, but we make this possibility
happen with probability less than /3. Third, the Polynomial Coefficients 1 Algo-
rithm may fail, that with probabiltiy less than ¢/3.

We now establish the estimates for the probability that O, determines the GCD.
Let 7, by the polynomial from Lemma 6.1 corresponding to fi. The degree

deg(n) < dand by Lemma 4.1

€
Pr(ldcfxl(f.) EF)=1- 8d2 >1 - 7 6)
If this is the case, step G is justified. Now we consider under which circumstances
we obtain the correct degrees di.. In order to obtain a sharp estimate, we appeal to
the theory of subresultants (cf. [28, sect. 4.6.1 and the references there]). A reader

unfamiliar with that theorv can refer back to the nrobabilistic simulation nrincinle

SAAACAIIAREACAR YVARAL LIIGRE VAIVWE Y VAL INAVE VRV W oMLV pPIAVUGRULALISMY Diiiivwalivalsas l.ll.al‘vlyav,

but then card(R) would be much larger than what we can prove. By ¢ €
F [yz, ..+, Y] we denote the leading coefficient of the d; degree subresultant
of f, and f, with respect to x;, 0 < i < k. Then deg(é;) = 2d2, and for each ¢;,
there exist integers e; ; such that

cia =l ¢+, O0<i=<k @)



252 ERICH KALTOFEN

Furthermore, let ¢ = [[%0 & € F[y3, .. ., yu]. Since deg(s) < 2d°3,
Pr(a(az,...,a,,);éOlaz,...,a,,ER)z1—i. (8)

Assume now that this is the case, which means by (7) that no legdigg coefficient
of f; evaluates to zero. We test overall at most 2d coefficients of fo, fi, . . ., fx for
zero. For F = Q, none of these tests misses a nonzero evaluation with probability-
greater than or equal to

2d ]
(1—4—‘}) >1—-2-. &)

Notice that all programs O, remain defined at ¢(y,) = a.,, 2 < v < n. Therefore, all
events (6), (8), and (9) occur with probability greater than 1 — (¢/4 + ¢/4 + ¢/2) >
1 — e In that case C; is a straight-line program for the GCD. [O

We used the theory of subresultants only in our proof, but we could as well have
used the more involved subresultant pseudodivisions in step R of our algorithm.
Then the evaluations over Q would stay better bounded in size and we would be
even less likely to miss a nonzero leading coefficient of a remainder. Instead of the
classical Euclidean algorithm, we could also have used the asymptotically faster
Knuth-Schénhage algorithm [33]. This would shorten the length of Q, asymptot-
ically to O(ld + M(d)log(d)) with a different bound for the cardinality of R; see
Algorithm Rational Numerator and Denominator in Section 8 for more details.

We now consider the case of more than two input polynomials. For this case we
use a probabilistic trick that reduces the problem of computing g = GCD,<;<,(f),
fi€ Flxi, ..., x,], to that of computing the GCD of two polynomials. All one has
to do is take two random linear combinations Y/, a;f;, X/ b.f;, a;, b, ERC F,
and with high probability their GCD coincides with g. The relevant theorem
follows:

THEOREM 6.2, Let f; € F[x:, ..., x,), F a field, deg(f) = d for l =i =,
R C F. Then for randomly chosen a;, , ER, 1 = i<,

’ r 2d
PV(GCDlsisr(ﬁ) - GCD(E, aiﬁ, igl blﬁ)) =1- card(R) '

PrROOF, We first show this theorem for n = 1. Let

r

fl = 'Zl aiﬁ,fZ = 2 Bxﬁe E[X], E= F[ala ceey Oy 61, ceny 67]5
g = GCD;xi=(f). Clearly, g|f|, g| f>. The first claim is that g = ¢ where & =
GCD( £, fz) We observe that § € F[x], since the sets of the other indeterminates
in f; and f; are disjoint. Now write f, = 2f¥, where f¥ € E[x]. If we evaluate this
equation at ;= 1 and o; = 0, j # i, then we get g|f;, | = i = r. Therefore,
£ g, which proves the claim. Now let ¢ € E be the leading coefficient of the sub-

resultant of f, and f, with respect to x that corresponds to g Ifo(ay, ..., a,
bls---, ,);50 then
GCD(f‘l(al, -;- ,Aar, bl, e vy br, X), j-Z(ab ele sy ar, bl, tees br» x))
= GCD(f;, foa)ay, ..., a, by, ..., b, X),

which implies the asserted event. Since deg(s) < 2d, Lemma 4.1 establishes the
stated probability.
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We now reduce the multivariate to the univariate case by using the translation
of Lemma 6.1 generically. Consider for f € F[x;, ..., Xx]

F=fO, 2+ 2%, ..., Ynt 2oX1) € F(z2, .. -5 Za)[X1, Y2y <o o s Vul-

Now g = GCD, <</ fi), where the latter can be computed over F(zs, ..., zn,
y2’ ce e yn)[-xl] Since

1dct,(f) € F(za, . .., za).
From the univariate case, it follows then that

2d
card(R) "

Pl'[(g = GCD(E aiﬁ, 2 b,f,) a;, b,‘ (S R):' =1-
i=1 i=1
However, the mapping ® defined by ®(x;) = x;, ®(¥:) = Xx; — z;x, is a ring-
isomorphism from F(zz, ..., z,)[X1, ¥2, ..., yn] into F(zy, ..., Z)[X1, ..., Xa).
Applying this mapping to the above event, we therefore obtain the theorem. (See
Note Added in Proof) O

7. Taylor Series Coefficients

We now present a different approach to finding the coefficients of a polynomial.
The idea is similar to Strassen’s elimination of divisions [43] and has also been
mentioned by Valiant [45, end of sect. 4]. Its essence is to compute the Taylor
series coefficients over F(x,, ..., x,)[[x:1]] to a given order for the functions
computed in all program variables. For a particular variable, these coefficients are
computed from the coefficients of previous variables by Taylor series arithmetic.
As we note later, Strassen’s results can be reduced to our algorithm by an
appropriate substitution. We first formulate the general procedure under the
assumption that the rational functions computed in the variables can be expanded
into Taylor series at the point x; = 0. Then we apply this procedure to the
coefficients problem, as well as to eliminating divisions.

Algorithm Taylor Series Coefficients

Input: f€ F(x, ..., x,) given by a straight-line program P = ({x;, ..., X,}, V, C,
S) of length / that is defined at ¢(x;) = 0. From this it follows that f can be
expanded as a Taylor series

[, oo, X)) =Y G0,y vy xa)XS, (X2, oo vy Xn) €E F(Xa, ..., Xn).
5=0

Furthermore, the desired order d is given.

Output: A straight-line program Q = ({x,, . .., X.}, Vo, Co, S) over F(xa, ..., Xx)
such that

{Co, ..., ca} Csem(Q) and len(Q) = O( M(d)).
Step L (Loop through instruction sequence). Cp <« Q.
for\—1,...,/doStep T.

Finally, set Vo = {wrs} U {u]u is any of the intermediate variables}. Return
Q = ({X2, ERI ] xn}, VQ9 CQ9 S)
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Step T (Taylor series arithmetic). Let v\ < v3 o, vy be the Ath assignment in C.
Instead of computing sem(v, ), we compute the first d + 1 coefficients of x; in its

power series expansion over F(x, . .., x,)[[x1]], which we store in wy g, ..., Wy 4.
Caseo,=%x. Ford«O0,...,d append wr; — w}, + wy, to Co. If v¥ = v,,
then w¥, = w,;for* =", 7. If v} € XU S, we use
- .
* — IO if 6=0 . -
wrs {O i 5>0 and if o¥feXCI\{x},
_ 1 if e=1 . .
—{0 i 6520 and if uf¥ =x.

Case o, = X. Construct a straight-line program which, on input w),, ...,
WS 4, Waos - -« » Wy g, COmMputes in the variable w5, 0 < 6 < d, the convolution

4 n
) Wy iWa»
i+j=8
0=i,j=d

making sure that all temporary variables are new. Now append this straight-line
program to Cp. Notice that the increase in length depends on which multiplication
algorithm is used.

Case o, = +. We first append to C,, assignments for u, ;, 0 < 6 < d, such that

1 1
sem(vy) B 220 Sem(W;',s)x?

= ¥ sem(us)x},  sem(ir;) € F(xa, ..., Xn).
820

The fastest method uses Newton iteration. We shall briefly present the algorithm
for an algebraic RAM over F(x;, ..., X,).

ap « 1/sem(wy ).
forie—1,...,I1 +logdlde

At this point «;_, is the (2! — 1)st order approximation of 1/sem(v7).
ol € 2a,~_1 - a%_l (Z§=o SCm(W;i;)x?)mde%l.

Two points should be made. First, sem(wy ;) # 0 since P is defined at ¢. Second,
the total number of steps is O( T i<iogaa) M(2')), or again O(M(d)).

Once the u,; are introduced we proceed as in the previous case to obtain the
convolutions ¥ i+j=s wy ;1. ;. O

The binary complexity of this algorithm follows from Theorem 4.1, and is on
an algebraic RAM over F of order O(/ M(d)tog(IM(d)) + el-size(P)). We wish to
point out that in case many divisions occur in the computation sequence of P we
can reduce the number of power series divisions to just a single one by the following
idea. Instead of computing the power series approximations to order d of all
sem(v,), we compute the approximations of num(sem(uv,)) and den(sem(v,))
separately by polynomial multiplication. Thus, the only power series division
necessary is that for num(sem(v;))/den(sem(v;)). .

We now apply the Taylor Series Coefficients Algorithm to the coefficients
problem. The trick is to translate x; = y, + «; for a randomly chosen a, such that
P is defined at ¢(y,) = 0, which is the same as ¢(x;) = a,. To unravel this
translation, however, will require a bit of work.
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Algorithm Polynomial Coefficients 2
Input: The same as in the Polynomial Coefficients 1 algorithm.

Output: Again the same as in Algorithm Polynomial Coefficients 1, except that
len(Q) = O(IM(d)).

Step FT (Forward Translation). From a set R C F with card(R) > 2/*!/e randomly
select elements a;, ..., a,. If F = F, and q is too small, we can work over an
algebraic extension F,; with j sufficiently large.

Test whether P is defined at ¢(x,) = a,, | < v < n. For F = Q; we call Algorithm
Zero-Division Test of Section 3 such that the probability of “failure” even if P
were defined at ¢ is less than ¢/2. If P turns out to be (probably) undefined at ¢,
we return “failure”. Otherwise, P is (definitely) defined at ¢.

Set C = (%, « y, + a;) concatenated with C in which all occurrences of x, are
replaced by %;. Now P= (X, V, €, S) with X = {31, x2, ..., X}, V=V U (%},
and § = S U {a,} is a straight-line program that computes f(y, + a\, X2, . .., X»)
over F(y1, X2, . .., Xx), and which is defined at ¢(y,) = 0.

Step C. Call Algorithm Taylor Series Coefficients with program P and order d. A
program Q is returned that computes ¢; € F[x,, . . ., Xx), 0 < & < d, such that

d
Z Z%y? =f(J’1 + ay, X2, °",xn)

=0

or

d
f(xl, ey x,,) = 5§0 Z';(xl - a.)‘s.

Step BT (Back-Transformation). We compute ¢; € F[x;, ..., x»], 0 < 6 < 4,
from a, and the é; such that

d

[, oo, Xa) = 3 Gxi,
5=0
by a fast “radix conversion” method [28, sect. 4.4, exercise 14], which we briefly
present as an algebraic RAM algorithm.

Split = fo + (x; — a))"¥*' f; with
rd/21—-1 Ld/21

fo= 2 Gy — a1)6, fi= 2 Corrar(Xi — a1)6-
5=0 5=0

Convert f; and f; by recursive application of the algorithm.
Compute f, = (x; — a;)"¥? by repeated squaring.

Compute f; /> + fo by polynomial multiplication and addition.

The complexity T(d) of this algorithm satisfies T(d) < 27(d/2) + yM(d), v a
constant, and hence is T(d) = O(log(d)M(d)). We note that for coefficient fields
F of characteristic 0 this conversion can be accomplished in even O(M(d))
arithmetic steps [2]. The program Q to be returned is built from O by appending
‘instructions for the conversion. Therefore, len(Q) = O(I M(d) + log(d)M(d)), but
since log(d) = O(l), the first term already dominates the asymptotic output
length. O

It should be clear that Theorem 5.1 applies to Algorithm Polynomial Coeffi-
cients 2 as well. It is somewhat surprising that we are not able to remove the
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restriction in the Taylor Series Coefficients Algorithm that P be defined at ¢ (x;) =
0 by a translation similar to the above. In fact, we know of no strategy of polynomial
length in / that would compute Idcf, (f), f € F[x, ..., x,], but that does not

-depend polynomially on deg,, (/). Note that ldcf,, (f) is the constant Taylor series
coefficient of

X1

1
x‘l’e"xl‘”f<—, Xay o on, Xl

Although Algorithm Polynomial Coefficients 2 produces a program of asymp-
totically longer length than Algorithm Polynomial Coefficients 1, there exist
circumstances under which the second algorithm is better in practice. One such
situation arises when there are many input and scalar operands in the straight-line
assignments. In our implementation of the coefficients algorithm [10], we therefore
first estimate the length of the output program for either method and then perform
the one that led to the smaller estimate. Length estimates for both algorithms can
be computed quickly and fairly accurately, that is, within 1 percent of the actual
lengths.

We finally remark how Algorithm Polynomial Coefficients 2 can be used to
remove divisions from a program P, of length / for a polynomial f€ F[x, ..., x]
of degree d. First, we need a,, . .., a, € F such that P; is defined at ¢(x;) = a;, 1
=< i < n, as they are found in Step FT of the above algorithm. Then, we apply the
Taylor Series Coefficient Algorithm to a straight-line program P, for the polynomial

gz v, ...y =fnz+ay, ...,z + a),

with respect to the variable z and to the order d. The point is now that the only
divisions necessary are those to compute ap «— 1/sem(w; ;) in the Newton reciprocal
procedure. It is easy to see that the constant terms in the Taylor expansions at
z = 0 for the rational functions computed by the program variables in P, are, in
fact, elements in F; that is, ap can be encoded as a new scalar. Our division-free
resulting program Q, now computes ¢; € F[y, ..., y.] such that
d
gz Y1, .., V)= 620 (Vs oo vy Yn)Z°
Putting the proper translations for y; = x; — a;, | < i < n, in front of Q, we obtain
the division-free program Q, for fas
d
[, oo, xn) = 620 (0 — @iy ey Xn — an).
The length of Q, is O(I M(d)). It should be noted that this particular transformation
cannot be carried out in binary random polynomial time, since the new scalars «,
might be of exponential size, but other formulations without that drawback are, of
course, possible. We also note that the coefficient of z% in f(x,z, ..., x,z) is the
homogeneous part of degree 8 in f(xy, . . ., x,). Strassen [43] describes this method
with the homogeneous parts taking the place of coefficients, but then the compu-
tation of the reciprocal by Newton iteration needs some extra thought. For the
record, let us state the following theorem.

THEOREM 7.1. Let f€ Flxi, ..., x.] be given by a straight-line program P of
length | over F(x,, ..., x,), F a field with card(F) = 2"*'. There exists a universal
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constant v and a division-free straight-line program Q = ({xi, . . ., Xa}, Vo, Cg, So)
such that

f € sem(Q), So C F, and len(Q) = vIM(deg())).

8. Numerators and Denominators of Rational Functions

In this section we describe an algorithm that transforms a straight-line computation
for a rational function of known degree to one for its (reduced) numerator and
denominator. A major application of this algorithm will be to parallelize compu-
tations for rational functions (cf. Corollary 8.3). But first we review some needed
properties of Padé approximants. However, we do not prove any of these properties
and instead refer to [4] for an in-depth discussion and the references to the literature.
Let

f)=c+cax+ax?+ . -.- €EF[[x]]l, «w#0, de=0,

be given. Going back to Frobenius (1881), a rational function p(x)/q(x) is called a
(d, e)-Padé approximant to f if

deg(p) =d, deg(q) <e,

10
f(X)g(x) — p(x) = Omod x“**', (10)

It turns out that, for any pair (d, e), there always exists a solution to (10), and,
furthermore, that the ratio p/q is unique. This ratio forms the entry in row d and
column e of an infinite matrix referred to as Padé table. Kronecker (1881) had
already realized that the entries in the d + e antidiagonal of the Padé table are
closely related to the Euclidean remainder sequence of

fax) = xTe fix) =co+ ax + o0 F Carex?te
Consider the extended Euclidean scheme [28, sect. 4.6.1, exercise 3]

si(x) 41 (x) + :(x) fo(x) = fi(x),
fix) = fio()mod fii(x), i=1.

Then for the smallest index i with deg(f;) < d we have deg(t;) < e, and f/¢; is the
(d, e)-Padé approximant to f. Furthermore, GCD(f;, ;) = x* for some k = 0. Thus,
any algorithm for computing the extended Euclidean scheme results in one for the
(d, e)-Padé approximant. Note that the assumption ¢, # 0 is unessential by changing
the lower bound for d.

The classical Euclidean algorithm gives a O((d + €)*) method for computing the
(d, e)-Padé approximant. The ingenious algorithm by Knuth [27], which was
improved by Schonhage [38] and applied to polynomial GCDs by Moenck [33],
allows us to compute the triple (f;, s;, ;) with deg(f) = d, deg(f-\) > d, in
O(M(d + e)log(d + e)) operations in F.

We are now prepared to describe the algorithm. The key idea is that by
substituting x, + b,x; for x,, 2 < » < n, we can make the problem a univariate
problem in x; over the field F(x,, ..., X,), as was already done in the Polynomial
GCD Algorithm. We then recover the fraction from its Taylor series approximation
by computing the Padé approximant in F(xa, . . . , x,)[[x:]]. Since that approximant
is unique, it must be the reduced numerator and denominator.
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Algorithm Rational Numerator and Denominator

Input: A straight-line program P over F(x, ..., x,) of length / that computes f/g,
f, & € F[x, ..., x,] relatively prime, and d = deg(f), e = deg(g), and a failure
allowance ¢ < 1. We make the assumption that d, e = 2/, since the latter is always
a bound.

Output: Either “failure” (with probability < €), or a straight-line program Q over
F(x,, ..., x,) of length O(I M(d + e)) such that Q computes fand g correctly with
probability greater than 1 — e.

Step FT (Forward Translation). From a set R C F with

923 +2)M(d+e)

card(R) > —

select random elements ay, ..., a, ba, ..., b,. In this case constant v; depends
on the polynomial multiplication algorithm used and can be computed once an
algorithm is selected. If F is a finite field with too small a cardinality, we can work
in an algebraic extension of F instead. Since the results can be computed by rational
operations in F, they remain invariant with respect to field extensions.

Test whether P is defined at ¢(x,) = a,, 1 < v < n. For F = Q, we call Algorithm
Zero-Division Test in Section 3, such that the probability of “failure” occurring
even if P is defined at ¢ is less than e. If in this test P turns out to be (probably)
undefined at ¢, we return “failure™.

Now we translate the inputsof Pas x, e~y + a1, X, <y, + b,y;,2 <v=n. Let
P be the straight-line program computing f/g where

Ay, ...,y =h(h+a,y+ by, ..., Yot b))
for h € Flx,, ..., xu.
Now P is defined at ¢(y,) = 0. Also with high probability
deg, (f) = deg(f),  implying that 1dcf, (f) € F. (11)
Step S (Power Series Approximations). Compute a straight-line program Q,
over F(y, ..., yn) such that for the coefficients of the power series
Z= (Y2, ooes V) ¥ C(V2y oo s V) VL + -1
g (12)
+ Cd+e(.V2, csey yn)y‘li.“" + .- *s

the ¢; are computed by Q, for all 0 = i < d + e. This can be done by directly
applying the Taylor Series Coefficients Algorithm in Section 7. Notice that len(Q;)
=< v,IM(d + e), where v, is a constant solely depending on the multiplication
algorithm used.

Step P (Padé Approximation). Construct a straight-line program . over
F(y, ..., y,) that with high probability computes the (d, e)-Padé approximation
p/qto (12), p, g € F(ys, ..., y»)[» }. From the preceding remarks, we know that
this can be accomplished by an extended Euclidean algorithm. Essentially, we
perform such an algorithm on the coefficient vectors (¢;)o<i<s+ and that of
y§*e*! In order to test elements in F()», . . ., y,) for zero we evaluate the program
computing these elements at ¥ (y,) = a,, 2 < v < n, as we do in Theorem 4.2 or
step D in the Polynomial GCD algorithm. If we use the asymptotically faster
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v __ ol o1 J NP SUPUDEEN DRI 7o S T o SUSSURSY o0 | | S I . ') I
RAnutn—->cn nage proceaure (s€€ aiso |¥] 10r a ruu GCSCHDHOH of the algo mm),
then

k:n(Qz) = ‘y’]l}vﬁ’(d + e} + ‘yzzlu"(d + é’)lc"{d + e) = ‘le}rﬁ’{d + e), {13)

where v, and «; are again constants solely depending on the polynomial multipli-
cation procedure used. Notice that the produced straight-line program may be
incorrect (that with small probability), since we may have incorrectly certified an
element to be zero.

Once we have a straight-line program for polynomials f; and # €
F(y2, ..., yo)[1] in the extended Euclidean scheme, we must find £ = 0 such
that GCD(f;, ;) = y% over F()a, ..., y.)[»] This we can again accomplish
probabilistically by evaluating the coefficients in y, of f; and ¢,.

If we make ldcf,,(p) = 1, then with high probability p is an associate of fin

qu

FI v, , ¥.). This is because of (11) and because Padé approximants are unique

EAR I 4 PRI - 2223 I3 IRLRNIY VL (2 1) QL URNAwSh I 8GY RALAAGAAWS Qi

Step BT (Back-translate). The program Q is obtained by putting assignments for
the back-translations

Vx| —a, Yo — X, — b(x; — ay), 2=yv=n,
tan Lermnd LN m
i ITont O1 {7, LI

We now analyze the overall failure probability of the Rational Numerator and

i 5 “Lnd ” 3 - A if D t Aafinad 1 +
Denominator Algorithm. “Failure” is only returned if P is not defined or is not

recognized to be defined at ¢. However, several events must take place in order
that the correct answer is returned. First, 1dcf,,( /') € F that justifies the normali-
zation of p in step P. By Lemma 6.1, this happens with probability greater than or
equal to

d o -5
card(R) 4’
Second, ail zero-tests performed by evaluating at y(v,) = a,, 2 < v < n, must give
the correct answer. This is true if the Knuth-Schénhage algorithm performed over
F(y,, ..., y.) takes the same course as the algorithm performed over F on the
elements obtained by evaluating at ¢. In other words, no nonzero element that is

tested or by which is divided must evaluate to 0. Since the algorithm takes no more
than

y2M(d + e)log(d + e)
steps, the degree of any unreduced numerator and denominator of these elements
is, by (13), no more than

2 vsiM(d+e)

A (pessimistic) estimate for the number of elements to be tested and to be divided

hy inchidineg datarmination of L ic
VY, LLIVIMALLLE ULV IMUEEIAUIULRL VL vy 1D

vilM(d + e) + (d + e) < (vs + DIM(d + e).

Therefore, the probability that all tests lead to the same result at ¢ and that all
divisions are possible at ¢ is no less than

DI M( N5 3/ Mid+e)

{vs + 1) M{d + e)27
card(R)

T e s T I N . . Tt % e, A .1 . 3
Hence, a correct program  is output with probability greater than 1 — 3e.

|

€
>1-=.
2
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In case F = Q one additional possibility of returning an incorrect result must be
accounted for, namely, that the Zero Test Algorithm in Section 3 might not
recognize a nonzero evaluation at ¢ properly. However, the probability of such an
event can be controlled—say we allow it to happen only with probability no greater
than

4(vs + DM + e)log(d + e)°

Then all tests succeed with probability greater than 1 — ¢/4, and a correct program
is output with probability greater than 1 — e. In summary, we have the following
theorem:

THEOREM 8.1. Algorithm Rational Numerator and Denominator does not fail
and outputs a program Q that computes f and g with probability greater than
1 — 2e. It requires polynomially many arithmetic steps as a function of len(P), d,
and e. For F = Q this is also true for its binary complexity, which also depends
on el-size(P). The algorithm needs polynomially many randomly selected field
elements (bits for F = Q).

We now formulate three corollaries to the theorem. The first corollary deals with
distinguishing straight-line programs that compute polynomials from those that do
not. It is clear that, if we have the bounds 4 and e, we only need to probabilistically
inspect the degree of g after we have a straight-line program for it. But what if we
do not have a priori degree bounds? We then run our algorithm for

d=e=2% k=1,23,....

Let f, and g, be the numerator and denominator whose computation is produced.

For randomly chosen a,, . . ., a, € F, we then probabilistically test whether
I(al, e, ) =M
g glay, ..., an)

If the test is positive, with high probability /= f; and g = g,. We have the following
corollary.

COROLLARY 8.1. Let f/g be given by a straight-line program P over
F(x,, ..., x,). Then we can in random polynomial time in len(P) and deg(fg)
determine deg(f) and deg(g) such that with probability greater than 1 — ¢ no
failure occurs and the answer is correct. In particular, we can decide whether

flg € Flx, ..., Xl

For simplicity we state the next corollaries over infinite fields, although this can
be avoided, as mentioned in step D. The next one resolves Strassen’s question
on computing the numerator and denominator of a rational function without
divisions. By

LD(rl,...,rmlsl,...,s,,), ti, SjED,

we denote the nonscalar or total complexity of computing r; from s; over D; see,
for example, [43].

COROLLARY 8.2. Let F be an infinite field. Then
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where M(d) is the corresponding complexity of multiplying d-degree polynomials.
In the nonscalar case M(d) = O(d).

The third corollary concerns the parallelization of a straight-line computation
for a rational function. From [46], we get

COROLLARY 8.3. Let P be a straight-line program of length | over F(x,, ...,
x,), F infinite, that computes f/g where deg(f), deg(g) < d. Then there exists a
straight-line program Q of parallel depth O(log(d)log(dl)) and size(Id)°" that
also computes f/g.

There is an open problem related to this corollary. The question is whether there
is a parallel algorithm that takes P as input and evaluates it at given points. For
division-free input programs such an algorithm has been constructed [31]. For
formulas as inputs, divisions do not cause additional difficulty [32]. However, the
proof of the above corollary is tied to knowing the evaluation of the input program
at a random point, and we do not know how the methods in [31] and [32] can be
used to solve the problem.

Finally, we remark that, if instead of degree bounds the exact degree d = deg(f),
e = deg(g) are input, the Numerator and Denominator Algorithm can be made
“Las Vegas”; that is, if it does not fail the returned program Q will be guaranteed
to be correct. An obvious condition to check would be whether deg, (p) = d and
deg,,(g) = e, where p/q is the reduced Padé approximation to (12). However, this
check is not sufficient, since, during the extended Euclidean algorithm, a leading
coefficient of a remainder might have been dropped owing to incorrect zero testing,
with the resulting incorrect quotient still satisfying the degree requirements. Instead,
we compute p and ¢ by setting up a linear system with undetermined coefficients
for (10), that is,

(Co+ -+ + Ccamedi™ )L+ @y + -+ +qY5) = (Do + -+ + payi)

d+e+1

= Omod y§

If the a, are selected such that ¢, % 0 in (12), which can be verified by random
evaluation, then the above system has a solution with

pd(st e yn), Qe(J’z, ey yn) #0

if and only if (11) is satisfied. In that case the linear system that arises is nonsingular,
which can be verified, and a straight-line program for its solution can be determin-
istically constructed. It then remains to verify the just-mentioned nonzero condi-
tions for p; and g, by random evaluation to make sure that (11) has been satisfied.

9. Conclusion

We have formulated our arithmetic complexities for arbitrary fields and our binary
complexities for finite fields and the rational numbers. It is not difficult to extend
the polynomial-time results to algebraic number fields. The main obstacle to binary
polynomial-time complexity is the need for zero and zero-division testing. It should
be clear that the corresponding algorithms generalize by working modulo a ran-
domly chosen prime ideal. A more straightforward approach to evaluating straight-
line programs over algebraic number fields can also be found in {11].

Straight-line results can be useful for further manipulation, but as the final result
they are quite incomprehensible. Fortunately, there is always the possibility of
probabilistically converting them to sparse representation. Zippel’s algorithm [47]
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can be shown to accomplish this conversion in expected polynomial time in the
input size, degree, and the number of nonzero monomials of the sparse answer
[21, sect. 6]. In another formulation, given a bound 7, one can probabilistically
determine in polynomial time in ¢ either the sparse representation of a polynomial
with no more than ; monomials given by a straight-line program, or, with control-
ably high probability, that a polynomial has more than ¢ nonzero monomials [23].
Since sparse inputs can always be represented as straight-line programs of polynom-
ially related size, by the conversion algorithm all our results apply to sparse
polynomials as well. For example, we have a random polynomial-time algorithm
for computing the sparse greatest common divisor of sparse polynomials.

This work began as the pilot for a series that consists of four papers. Our second
paper [23] shows how to compute in random polynomial-time the full factorization
of a polynomial, with input and outputs in straight-line representation. As men-
tioned before, that paper also contains a discussion on the sparse conversion
question. We also refer to [24] for a detailed outline of the main results of the
factoring paper. Our third and most recent article [25] discusses an approach to
replacing the input degree bound d in the Polynomial GCD Algorithm, for instance,
by a degree bound for the output polynomial. Also in that paper a completely
different proof for Corollary 8.2, based on the factorization results, is given.
Although it appears that our results are already of theoretical significance, we
believe that the straight-line representation of multivariate polynomials is an
important tool in computer algebra systems. Therefore, we have implemented our
algorithms in LISP with an interface to MACSYMA. The details of this first
implementation and our experience with test cases are reported in the fourth paper
of this series [10].

Note Added in Proof. Theorem 6.2 remains valid if we replace Y/, b.f; by fi,
which is a slight improvement in the length of the generated straight-line program.
In step P of Algorithm Rational Numerator and Denominator the computation of
GCD(f;, t) = y% can be skipped, since it can be shown that under the given
circumstances one always has k = 0. Finally, with B. Trager we have found a
different solution to the numerator and denominator problem, such that the length
of the produced program is O(/d + M(d)log(d)).
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