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GREEN FUNCTION ESTIMATES FOR SUBORDINATE
BROWNIAN MOTIONS: STABLE AND BEYOND

PANKI KIM AND ANTE MIMICA

ABSTRACT. A subordinate Brownian motion X is a Lévy process which can
be obtained by replacing the time of the Brownian motion by an independent
subordinator. In this paper, when the Laplace exponent ¢ of the corresponding
subordinator satisfies some mild conditions, we first prove the scale invariant
boundary Harnack inequality for X on arbitrary open sets. Then we give an
explicit form of sharp two-sided estimates of the Green functions of these sub-
ordinate Brownian motions in any bounded C'>! open set. As a consequence,
we prove the boundary Harnack inequality for X on any C':1 open set with
explicit decay rate. Unlike previous work of Kim, Song and Vondracek, our re-
sults cover geometric stable processes and relativistic geometric stable process,
i.e. the cases when the subordinator has the Laplace exponent

d(A) =log(1+A*?) (0<a<2,d>a)
and

d(N) =log(1+(A+m¥*)*/2 —m) (O0<a<2, m>0,d>2).

1. INTRODUCTION

Let d be a positive integer, let W = (W;,P,) be a Brownian motion in R?
starting at = and let S = (S;: t > 0) be a subordinator independent of W, i.e. a
Lévy process taking values in [0, 00) and starting at 0.

The Laplace exponent of a subordinator is a Bernstein function and hence has
the representation

(L.1) s =t [ (1= e ),
(0,00)

where b > 0 and p is a measure on (0, 00) satisfying [ (1 A¢) pu(dt) < oo, usually
(0,00)
called the Lévy measure of ¢. If the measure p has a completely monotone density,
the Laplace exponent ¢ is called a complete Bernstein function.
We define the subordinate Brownian motion X = (Xy,P,) by X; = W,.
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The aim of this paper is to obtain the following two-sided estimates of the Green
function G p(x,%) of X in a bounded C'! open set D C R? in terms of the Laplace
exponent ¢ of the subordinator:

¢(lz —yl™?) ¢'(lz —yl™?)
Vo(0p(@)2)e(n(y)2) ) o=yl 2e(le —y[=2)?
where dp(z) denotes the distance of the point x to D and a Ab := min{a, b}. Here
and in the sequel, f < ¢ means that the quotient § stays bounded between two
positive numbers on their common domain of definition.

The process X is, in particular, a rotationally symmetric Lévy process. Recently
there has been huge interest in studying the potential theory of such processes. See,
for example, [KMRLKSV12al[KSVI2D[KSV12dRSV06] and the references therein.
The purpose of this paper is to extend recent results in [KSV12bl[KSV12d by
covering geometric stable processes and much more.

Estimates of the Green function for discontinuous Markov processes were first
studied for rotationally symmetric a-stable processes in [CS9§] and in [Kul97] inde-
pendently. These results were later extended to relativistic a-stable processes and
to sums of two independent stable processes in [Ryz02] and [CKS10] respectively.
Recently, the first named author with R. Song and Z. Vondracek succeeded to ob-
tain such estimates for a large class of subordinate Brownian motions in [KSV12b].

Still, the class considered in [KSV12b] does not include some interesting cases
like geometric stable processes or, more generally, the class of subordinate Brownian
motions with a Laplace exponent that varies slowly at infinity. Our approach covers
a large class of such processes.

Another feature of our approach is that it is unifying in the following sense:
the sharp estimates of the Green function are given only in terms of the Laplace
exponent ¢ and its derivative.

Let us give a few examples of transient processes that are covered by our ap-
proach.

Gp(z,y) < <1 A

Example 1 (Geometric stable processes).
d(\) =log(1+ X% (0<B<2,d>p).
Example 2 (Tterated geometric stable processes).
$1(A) =log(1+A/?) (0 < B <2),
Pny1=¢10¢, neN,
with an additional condition d > 2'~"3".

Example 3 (Relativistic geometric stable processes).
/2 2/8
$(\) = log 1+()\+m ) —m) (m>0,0<B<2d>?2).

In order to obtain the sharp Green function estimates we first obtain the uniform
boundary Harnack principle, with its constant not depending on the open set itself.
Such a uniform boundary Harnack principle was first proved in [BKKO08| and very
recently generalized to a larger class of rotationally symmetric Lévy processes in
[KSV12c]. We adapt the approach in the latter paper in order to cover the class
of subordinate Brownian motions with slowly varying Laplace exponents. Unlike

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



GREEN FUNCTION ESTIMATES FOR SBM 4385

the approach in [KSV12c|, instead of the use of the Harnack inequality, we use
estimates of the Green function of balls near boundary obtained in [KMI2].

Further, our uniform boundary Harnack principle can be used to prove sharp
Green function estimates for bounded C'™! open sets by adapting the method in
[KSV12Dh]. Even though we follow the roadmap in [KSVI2b], we needed to make
significant changes due to the fact that now we do not have necessarily regularly
varying Laplace exponents.

To overcome such difficulties we use new types of estimates (not only in terms
of the Laplace exponent itself, but also in terms of its derivative) of the jumping
kernel and the potential kernel of the subordinate Brownian motions, which were
obtained for the first time in [KM12]. This type of estimate is essential in our
approach.

Let us be more precise now. In this paper we will always assume the following
three conditions on the Laplace exponent ¢ of the subordinator S:

(A-1) ¢ is a complete Bernstein function;

(A-2) the Lévy density p of ¢ is infinite, i.e. p(0,00) = oo;

(A-3) there exist constants o > 0, A\g > 0 and J € (0, 1] such that

¢ () _
oA~

Either in the case d < 2 and § > 1—d/20rinthecased22and0<(5§%We
will sometimes further assume two technical conditions below. Note that (A-4),
related to transience of the corresponding subordinate Brownian motion, is used in
[KM12] to obtain the asymptotic of the jumping kernel and the Green function of
the subordinate Brownian motion. Unlike [KM12] we state (A-4) for d = 2 and

d = 1 separately to make it clear.
(A-4) If d = 2, we assume that there are og > 0 and dy € (0,2) such that

/
o)
¢'(A)
If d = 1, we assume that the constant § in (A-3) satisfies § > 1 and that there are
09 >0 and &y € (3,26 — 3) such that (L3) holds.

(A-5) If d > 2 and the constant & in (A-3) satisfies 0 < § < 1, then we assume
that there exist constants oy > 0 and §; € [d, 1) such that

(M) 1-6
> tforall x>1 d A>)X.
500 >0 orall z>1 an > Ao

Remark 1.1. (a) Note that (A-3) implies b = 0 in (1), by letting A — oc.
(b) The condition (A-3) is implied by the following stronger condition:

P(Ax) ey

=X

(1.2) ox® forall z>1 and A > )\g.

(1.3) ooz % forall z>1 and A\ > ).

(1.4)

(1.5) Vo >0 Alirlgo 70

0<a<?2).

In other words, (LH) says that ¢’ varies regularly at infinity with index
5 — 1. A novelty here is the case a = 0.

(¢) The condition (A-4) is used only to obtain Green function estimates.

Now we state the main result of this paper. By diam(D) we denote the diameter
of D.
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Theorem 1.2. Suppose that X = (X;,P, : t > 0,2 € RY) is a transient subordinate
Brownian motion whose characteristic exponent is given by ®(0) = ¢(|0]%), 6 € RY,
with ¢ satisfying (A-1)—(A-5).

Then for every bounded C** open set D (see Definition [3.4]) in RY with char-
acteristics (R, \), there exists ¢ = c(diam(D), R, A, ¢,d) > 1 such that the Green
function Gp(x,y) of X in D satisfies

(1.6) ¢ 'gp(z,y) < Gp(z,y) < cgp(z,y)
with

(L.7)  gp(z,y) = (1 A ol —yI™*) ) ¢ (lz —y|™?)

Vo(p(x)2)e(0p(y)2) ) Iz —yl2é(le —y[72)*
Before we discuss a corollary of Theorem [I.2] we record a simple fact.

Lemma 1.3. If 6. € (0,1) and ¢ is a Bernstein function satisfying
Y(Az) >
P(A)

for some o, Ax > 0, then there exists a constant ¢ > 0 such that Y(\) < cAp’'(N)
for all X > \,.

(1.8) o, 0 forall x>1 and \> A\,

Proof. Let a; =2V (Ul) 5, Since 9" is decreasing,

CL1)\

(1.9) (a1 — DAY () > / ¥ ()dt = p(ar)) — ().

A
Let A > A,. Since ¢(a1)) > o, al =% (N) by (L), we get from (LJ)
(a1 = DX (V) = (ouar™" = 1) = ¥ ().
O
Now we consider the following upper and lower scaling conditions on the Laplace

exponent ¢ with exponents in the range (0,1): there exist constants ¢y, ca, A1 > 0,
a, B € (0,2) and a < 8 such that

(1.10) clxa/2<M§02xﬁ/2 forall >1 and A > ).

~ 9N
Define

- o(le —yI?) !
(1.11) 9p(,y) (1/\ \/¢(5D(x)2)¢(5p(y)2)> lz =yl (|l —y|~2)

If ¢ is a complete Bernstein function such that (ILI0) holds, then

Hminf ¢(z) > c1A; *2p(A1) lim inf 2°/% = .
Tr—r00 T—r0o0

Thus (A-1)-(A-2) hold. Moreover, applying Lemma [[3] and (23] below, (LI0)

implies that A/ (A) < ¢(N) < cA@'(A) for all A > Ag, and so (A-3) and (A-5) hold

and (L6]) is equivalent to (L12]). Furthermore, (A-4) holds when d = 2. Therefore

Theorem [[.2] gives the following extension of the main result in [KSV12b].
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Corollary 1.4. Suppose that X = (X : t > 0) is a transient subordinate Brownian
motion whose characteristic exponent is given by ®(0) = ¢(|0|?), 6 € R?, where
¢ : (0,00) = [0,00) is a complete Bernstein function such that (LIQ) holds. We
further assume that (A-4) holds with 5o =1 — 3/2 when d = 1.

Then for every bounded CY' open set D in RY with characteristics (R, A), there
exists ¢ = c(diam(D), R, A, ¢,d) > 1 such that the Green function Gp(z,y) of X
in D satisfies the following estimates:

(1.12) ¢ 'gp(z,y) < Gp(z,y) < cgp(z,y),
where gp(z,y) is defined in (III).
In [KSV12b], the above result is proved when, instead of (ILI0)), ¢ satisfies
(1.13) d(N) = XU, A5 0 (0<a<?2),
where ¢ varies slowly at infinity, i.e.
LAz
V>0 AILIIOIO é((/\)) =1

By Potter’s theorem (see [BGT8T7, Theorem 1.5.6(i)]), (LI3)) clearly implies (TI0).

Using Green function estimates in Theorem for d > 3 and a dimension
reduction argument (see the proof of Theorem [5.6]), we prove the boundary Harnack
principle for subordinate Brownian motions satisfying (A-1), (A-2), (A-3) and
(A-5) in a C1! open set. We emphasize that in the next theorem we do not assume
either the transience or (A-4).

Theorem 1.5. Suppose that X = (X;,P, : t > 0,2 € R?) is a (not necessarily
transient) subordinate Brownian motion satisfying (A-1), (A-2), (A-3) and (A-
5) and that D is a (possibly unbounded) C** open set in RY with characteristics
(R,A). Then there exists ¢ = ¢(R,A,¢) > 0 such that for every r € (0, %],
z € OD and any nonnegative function u in R that is harmonic in D N B(z,r) with
respect to X and vanishes continuously on D¢ N B(z,r), we have

u(z) . ?(0p(y)—2)
L 2w =\ oo

We remark that Theorem covers the processes in Examples 1-3 without the
assumptions on transience.

By the same argument used to obtain Corollary [[L4] from Theorem [[.2] Theorem
gives the following extension of the boundary Harnack principle in [KSV12b].

for every x,y € DN B(z, 5).

Corollary 1.6. Suppose that X = (X, P, : t > 0,2 € R?) is a subordinate
Brownian motion whose characteristic exponent is given by ®(0) = ¢(|0]?), 6 € R,
where ¢ : (0,00) — [0,00) is a complete Bernstein function such that (LIQ) holds,
and that D is a CY' open set in R? with characteristics (R, A). Then there exists
¢ = c(R,A,¢) > 0 such that for every r € (0, %], z € 0D and any monnegative
function u in RY that is harmonic in D N B(z,r) with respect to X and vanishes
continuously on DN B(z,r), we have ([L14).

Our paper is organized as follows. In SectionPlwe record some preliminary results
concerning subordinate Brownian motions obtained in [KM12]. We start Section
Bl by analyzing special harmonic functions in half-space and use these results to
obtain key probabilistic estimates on C''! open sets. Section [ contains estimates
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of a Poisson kernel on balls which are used in Section [B] to obtain the uniform
boundary Harnack principle on arbitrary open sets. After proving sharp Green
function estimates in Lipschitz domains in Section [l we finally obtain in Section [
the boundary Harnack principle and sharp Green function estimates in C''! open
sets.

Notation. Throughout the paper we use the notation f(r) < g(r), r — a to denote

that fE:g stays between two positive constants as r — a. We say that f: R — R is
increasing if s < t implies f(s) < f(t), and analogously for a decreasing function.
For a,b € R, we set a A b := min{a,b}, a V b := max{a, b}. For a Borel set A C R¢,
we also use |A| to denote its Lebesgue measure. We will use “:=” to denote a
definition, which is read as “is defined to be”.

We will use the following conventions in this paper. The values of the constants
C1,C5,C3, C4 and €7 will remain the same throughout this paper, while ¢, ¢1, co, . . .
stand for constants whose values are unimportant and which may change from one
appearance to another. All constants are positive finite numbers. The labeling of
the constants c1, ca, ... starts anew in the proof of each result. The dependence of
the constants ¢, c1, co, ... on the dimension d will not be mentioned explicitly.

2. PRELIMINARIES

By concavity, we see that every Bernstein function v satisfies

(2.1) G(EN) < Mp(t)  forall A > 1,t> 0.
Thus
(2.2) A @ is decreasing,

which implies
(2.3) AP (N) < Pp(N) for all A > 0.
We first recall the following results from [KMI12].

Lemma 2.1 ([KM12, Lemma 4.1]). Suppose that 1 is a special Bernstein function,
i.e., X\ ﬁ is also a Bernstein function. Then the functions n1,m2: (0,00) —
(0,00) given by

P'(A)

2,/ an o — )2

are Increasing .

The next result is a simple consequence of Lemma 2.T] and we will use it several
times in this paper.

Corollary 2.2. Suppose that ¥ is a special Bernstein function. For every d > 1,
a>1,A>0andbe (0,1) we have

2
badBAA2 U < a2 V) < pmdiz 2 U e oA, a)].

Proof. We use the fact that ¢t — t_4$(§ zyz is decreasing (by Lemma 21]) and

t ¥ (> 3 is increasing. When d > 2 for all 0 < bA <t < al,

P(E=32)

—d2—d2w( ) —d—29'(t72 —d—2y—d—2¢'(A"%)
AR <R e <0 R
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If d =1, then for every 0 < bA <t < a),
seE) (t-w( ))) <a/\(b 4\ =4 2N 2))

P(t=2)2 P(t P((bA)=2)2
4y -3 (N7 4,392 %)
<ab™*A” PO <ab A" PO

and similarly

-3 —4y -39’ (A%
t (,E 72 >ba A" (g\ nZ-

O

Recall that we will always assume that the Laplace exponent ¢ of S satisfies
(A-1)-(A-3). We also recall the following elementary fact from [KMI12] which
says that (A-3) controls the growth of ¢.

Lemma 2.3 ([KMI12, Lemma 3.2 (ii)]). For every € > 0 there exists c¢(e,0) > 1
such that

p(Az)
o(N)

The analysis of one-dimensional subordinate Brownian motions will be crucial
in our approach in this paper. Therefore we now consider a one-dimensional sub-

ordinate Brownian motion (Z;,P,) with the characteristic exponent ¢(62), 6 € R.
Let

(2.4) < cpl™ote forall ©>1 and A> ).

Zy=sup{0V Z,:0< s <t}

be the supremum process of Z and let L = (L, : t > 0) be a local time of Z — Z
at 0. The right continuous inverse Li of L is a subordinator and it is called the
ladder time process of Z. The process Z Lt is also a subordinator, called the ladder
height process of Z. (For the basic propertles of the ladder time and ladder height
processes, we refer the reader to [Ber96, Chapter 6].)

Let x be the Laplace exponent of the ladder height process of Z. It follows from
[Eri74] Corollary 9.7] that

1 [log(¢(A\*0?))
(2.5) K(A) = exp 71-/ L+ 6 g ; , YA>0.
0

By our assumptions and [KSV12al Proposition 13.3.7] or [KMRI Proposition
2.1] we see that the ladder height process of Z has no drift and is not compound
Poisson, and so the process Z does not creep upwards. Since Z is symmetric, we
know that Z also does not creep downwards.

Denote by V the potential measure of the ladder height process of Z. We will
slightly abuse notation and use the same letter V to denote the renewal function
of the ladder height process of Z, that is, V(¢) = V((0,t)). V is a smooth function
by [KSV12al Corollary 13.3.8].

Combining [KSV12al, Proposition 13.3.7] and [Ber96l Proposition III.1] the fol-
lowing result holds.

Proposition 2.4. There exists a constant ¢ > 1 such that for all r > 0,

-1
C < V < C X
s = V0 S 5=
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We next consider multi-dimensional subordinate Brownian motions. Let W =
(Wi = (W},...,W&) :t > 0) be a Brownian motion in R? with
E [eie'(w‘7W0)] = (37”9'27 voeRt>0,

and let S be a subordinator independent of W with Laplace exponent ¢. In the

remainder of this paper, we always assume that X = (X;,P,) is a subordinate

process defined by X; = Wg,. This process is a pure-jump symmetric Lévy process
with the characteristic exponent ®(&) = ¢(|¢]?), i.e.

Eg [eig.Xt] = eitq)(g) = e*t¢(‘§|2) .
Moreover, ® has the representation
2(©) = [ (1= cos(€ - )ilel) da

Rd
with the Lévy measure of the form II(dz) = j(|x|) dx, where

J(r) = /(0700)(4“)—(1/2 exp (—%)u(dt), r>0.

For any open set D, let us denote by 7p the first exit time of D, i.e.
p =inf{t >0: X, ¢ D}.

Using Proposition[24] the proof of the next result is the same as the one of [KSV12c|
Proposition 3.2]. So we skip the proof.

Lemma 2.5. There ezists ¢ > 0 such that for any r € (0,00) and xo € RY,

Eo[TB(z0,m)] < cV(r)V(r — |z — x0]) < \/¢(T72)¢((57‘17IO‘)72) for x € B(xg,T).

The process X has a transition density p(t, z,y) given by

oo

(2.6) p(t,z,y) = /(47rt)_d/2 exp (—%)P(S} € ds).
0

When X is transient, we can define the Green function (potential) by

o0

Ga.9) =glly - ) = [ pit.z.)de.
0
Note that g and j are decreasing.
The following result is proved in [KM12]. Note that there is an error in the state-

ment in [KM12l Proposition 4.2]. It is clear from the proof of [KM12, Proposition
4.2] that [KM12] Proposition 4.2] holds under the conditions (A-1), (A-3) and (B)

in [KM12].
Proposition 2.6. Suppose ¢ satisfies (A-1)—(A-4). Then we have
(2.7) o)y =r74 72/ (r7%), r =04 .
If X is transient, then
a8
(2.8) g(r) =<r¢ 2¢(r*2)2’ r—0+.
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As a consequence of (2.7) it follows that if ¢ satisfies (A-1)—(A-4), then for any
K > 0, there exists ¢ = ¢(K) > 1 such that
(2.9) j(r) <cj2r), vr e (0, K).
Since ¢ is a complete Bernstein function, there exists a constant ¢ > 0 such that
w(t) < cp(t+1) for all t > 1 (see [KSVI2b, Lemma 2.1]). Thus, using this and
[KM12] Proposition 3.3|, by the proof of [KSVI12al, Proposition 13.3.5] we see that
the function j also enjoys the following property: if ¢ satisfies (A-1)—(A-4), then
there is a constant ¢ > 0 such that
(2.10) Jjir+1)<j(r)<cj(r+1) forall r>1.

Let D C R? be an open subset. The killed process X is defined by

XtD =X; if t<7p and XtD = A otherwise,

where A is an extra point adjoined to D (usually called a cemetery).
The transition density of X P is given by

pD(tv €T, y) = p(ta €, y) - ]Ez [p(t — TD;, XTD ) y)7 ™D < t] .
A subset D of R? is said to be Greenian (for X) if X? is transient. When d > 3,

any nonempty open set D C R? is Greenian. An open set D C R? is Greenian if
and only if D¢ is nonpolar for X (or equivalently, has positive capacity with respect

to X). For any Greenian open set D in R let Gp(z,y) = [ pp(t,x,y)dt be the
0

Green function of X”. Gp(x,y) is symmetric and, for fixed y € D, Gp(-,y) is
harmonic (with respect to X) in D\ {y}.
The next two results are the key estimates in [KM12].

Proposition 2.7. Suppose X is transient and ¢ satisfies (A-1)—(A-4). There
exist constants c1,co > 0 and by, by € (0, %), 2b; < by such that for all xo € R and
r € (0,1) we have

—d—2 4/ —d—2 1/ . —2

r r? i i
(211) et By < Gaaon (@,9) < 2™ 08— By (e,
for all x € B(xo,b17) and y € B(xzg,r) \ B(zo, bar).
Proposition 2.8. Suppose X is transient and ¢ satisfies (A-1)—(A-4). There
exist constants ¢; >0 and a € (0, 1) so that for zo € R? and r € (0,1) we have
Ee[TB(z0,r)] = ﬁ for any x € B(xp,ar).

Before we state the Harnack inequality, we recall the definition of harmonic
functions.

Definition 2.9. Let D be an open subset of R?. A function u defined on R? is
said to be
(i) harmonic in D with respect to X if

E, [|u(X:p)]] <oo and wu(z) =E, [u(X,,)], x € B,

for every open set B whose closure is a compact subset of D;
(ii) regular harmonic in D with respect to X if it is harmonic in D with respect
to X and
u(z) =E; [u(X,,)] forany ze€D.

The following Harnack inequality is the main result of [KM12].
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Theorem 2.10 (Harnack inequality). Suppose that ¢ satisfies (A-1)—-(A-3). There
exists a constant ¢ > 0 such that for all xo € R? and r € (0,1) we have

h(z1) < ch(za) for all xy,x9 € B(xg,7/2)
and for every nonnegative function h: R? — [0, 00) which is harmonic in B(xq,r).
Using Theorem [Z10] and the standard chain argument to (ZI1]), we have

Corollary 2.11. Under the assumptions of Proposition 21 there exist constants
c1,c2 > 0 so that for any r € (0,1) and xo € RY,

T7d72¢/ T‘72 —d72¢/(r—2

1 L By o) < GBiaen (@9) < 2 r L By Tha, 1)
for all x € B(xo,7/2) and y € B(xo,r) \ B(zo,3r/4).

By the result of Tkeda and Watanabe (see [IW62, Theorem 1]) the following
formula is true:

(2.12) Py (Xr, € F) = Gp(x,y)j(lz — yl) dy dz
/]

for any F' C D°. We define the Poisson kernel of the set D by
(213) Ko(e.2) = [ Gola,)illz = vl) dy,
D
so that P,(X,,, € F) = [ Kp(z,2)dz for any F C D"
F

Proposition 2.12. Suppose X is transient and ¢ satisfies (A-1)—(A-4). There
exists ¢ = c1(¢) > 0 and ca = c2(¢) > 0 such that for every r € (0,1) and xo € RY,

2.14 K < J(y—xo|—7)
(2:14) Ban(®Y) S a g
(2.15) < o dl)

for all (z,y) € B(xzg,r) X B(xo,r)c and

(2.16) KB(zo,r) (T0,y) > c2 % for all y € B(zg,r) -

Proof. First using (Z9)) and (ZI0) to 213), then applying Lemma 2.5 and Propo-
sition 28 ([ZTI4)) and (2I6) follow easily (see the proof of [KSVI12al Proposition
13.4.10] for the details). (ZI5) follows from ([2I4) and the fact that ¢ is increas-
ing. O

3. ANALYSIS ON HALF-SPACE AND C'! OPEN SETS

In this section we establish key estimates which will be used in sections later in
this paper.

Recall that X = (X, : ¢ > 0) is the d-dimensional subordinate Brownian motion
defined by X; = Wg, where W = (W', ..., W%) is a (not necessarily transient)
d-dimensional Brownian motion and S = (S; : ¢ > 0) an independent subordinator
with the Laplace exponent ¢ satisfying (A-1)-(A-3). In this section, we further
assume that (A-4) holds.

Let Z = (Z; : t > 0) be the one-dimensional subordinate Brownian motion
defined by Z; := W‘S’lt.
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Recall that V' denotes the renewal function of the ladder height process of Z.
We use the notation

RY = {z = (z1,...,24-1,7q) := (F,24) € R : 24 > 0}
for the half-space.
Set w(z) := V((zq)™). Since Z; = Wgt has a transition density, by using [Sil80,
Theorem 2], the proof of the next result is the same as the one of [KSV12b, Theorem
4.1]. We omit the proof.

Theorem 3.1. The function w is harmonic in Ri with respect to X and, for any
r > 0, regular harmonic in R¥~1 x (0,r) for X.

Using Theorem Bl (Z9)) and (210), the proof of the next result is the same as
the one of [KSV| Proposition 3.3].

Proposition 3.2. For all positive constants ro and L, we have

sup / w(y)i(lz — yl) dy < oo.
z€R: 0<xy<L

B(av,?"o)cr'ﬂRd+

Define an operator (A, D(A)) by
Af(e) = pv. [ (F6) = 1)) i(ly ~ al) dy

Rd

— lim / (F@) — F()) (v — 2]) dy

el0
{yeR4:|z—y|>e}

D(A) = { [R5 R:lim / (F(w) — (@) 3y — ) dy

el0
{yeRd:|z—y|>e}

(3.1) exists and it is finite

Let C2 be the collection of C2? functions in R? vanishing at infinity. It is well
known that CZ C D(A) and that by the rotational symmetry of X, A restricted to
CZ coincides with the infinitesimal generator £ of the process X (see e.g. [Sat99,
Theorem 31.5]).

Since V' is smooth by [KSV12al Corollary 13.3.8], using our Theorem B (2.9])
and (ZI0Q), the proof of the next result is the same as [KSV] Proposition 3.3] or
[KSV12Dhl Proposition 4.2], so we skip the proof.

Theorem 3.3. Aw(z) is well defined and Aw(z) =0 for all x € RY.

In the rest of this section we aim to prove two key estimates of the exit probability
and the exit time for C™! open sets. Let us recall the definition of a C''! open set.

Definition 3.4. An open set D in R¢ (d > 2) is said to be a C*! open set if
there exist a localization radius R > 0 and a constant A > 0 such that for every
z € 0D, there exist a C™!-function v = ¢, : R¥~! — R satisfying 1(0) = 0,
V¢ (0) = (0,...,0),

IVillo <A, |Vi(z) = Vip(w)| < Az —w|, z,weR"!
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and an orthonormal coordinate system CS.: y = (y1,...,Y%d—-1,Yd) := (Y, ya) with
origin at z such that

B(z,R)ND ={y=(y, ya) € B(0,R) in CS,, : yq > ¢¥(y)}.

The pair (R, A) is called the characteristic of the C*! open set D. By a C'*! open
set in R we mean an open set which can be expressed as the union of disjoint
intervals so that the minimum of the lengths of all these intervals is positive and
the minimum of the distances between these intervals is positive.

Remark 3.5. In some literature, the C>! open set defined above is called a uniform
C11 open set since (R, A) is universal for all z € dD.

For x € R4, let d5p () denote the Euclidean distance between z and dD. Recall
that for any = € R%, 6p(z) is the Euclidean distance between z and D¢. Tt is well
known that any C1'! open set D with characteristics (R, A) there exists 71 > 0 so
that the following holds true:

(1) wniform interior ball condition, i.e. for every x € D with dp(x) < ry there
exists z, € 0D so that
|z — 2zz| = dop(x) and B(zg,7m1) C D,

for zg = 25 + rl—‘i:jw‘ ;
(ii) uniform exterior ball condition, i.e. for every y € R%\ D with dgp(y) < 71
there exists z, € 9D so that

ly — 2yl = dap(y) and B(yo,r) C R\ D,
for yO:zy—l—rlﬁ.

Assume for the rest of this section that D is a C''! open set with characteristics
(R, A) satisfying the uniform interior ball condition and the uniform exterior ball
condition with the radius R < 1 (by choosing R smaller if necessary).

Before we prove our technical Lemma [3.7] below, we need some preparation.

Lemma 3.6. Suppose that d > 2 and the constant & in (A-3) satisfies 0 < § < 3.
If (A-5) holds, then for every M > 0,

M M
sup /0(5/6) ¢(|S—I|72)|S—I|—|— / gb(r*z)dr ds = c(M, ¢) < 0.
w€lo,M/4] ) W
Proof. For x € [0, M/4], let
z/2 M
I := /v(s/G) (s — x| 72)|s — x| + / é(r=2)dr | ds,
0 |s—z|
2x M
II = /U(s/ﬁ) (s — x| )]s — x| + / o(r=2)dr | ds,
z/2 [s—x|
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and
M M
117 ::/0(3/6) o(|s — x| 72)|s — x| + / o(r~2)dr | ds.
2z [s—=|

We consider these three parts separately.
First, for s € (0,2/2), we have > & — s = |x — 8| > /2. Thus using (1)) and

Proposition 2]
/2 )2 M
I§x¢(4x72)/v(s/6)ds+ /U(S/G)ds/¢(r72)dr
0 0 z/2
M M
<6 | 4zp(z™2) + /qb(r*Q)dr V(m/12)§clx¢(ac72)1/2+cl/qs((i(fi;;)/zdr.
z/2 ©/2

By [22), the first term is uniformly bounded by c;(M/4)p((M/4)=2)'/2 for x €
[0, M/4]. On the other hand, by Lemma 23 with ¢ = §/2,

M M M
/ ¢((i—(f;)21)/2 dr < co / P(r2)? < ey / r= (1704 dp < ey MO < o0
z/2 z/2 z/2

Applying Proposition [Z4 we deduce

s/6

1
/v(t)dt _ EV(S/a) Sesto(s)7 forall 50,
0

(32)  wv(s/6) <

» |

By @) and 3.2,

2x
IT §05x_1¢(:ﬁ_2)_1/2/¢(|s—x|_2)|s—x|d5

z/2
2 M
+C5x_1¢(x_2)_1/2/ /¢(r‘2)drds
z/2|s—z|

—2
<cgxLp(zT2)Y/? /t%dt
0

2x M
_ s—z|—2)1/2 2172 -
e / ¢(‘¢(I_I2)122 / ¢((|2§S(7z|22)1/2 o(r 2)1/2drds.

z/2 |s—z|
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Applying Lemma 23] twice with € = §/2 to g((;iz)) and ¢(z=2)Y/2, we get
x—1¢(x—2)1/2/t_$((;:22)) dt < cpp~ta®7e7! /t (%)_2+2(6_5) dt
0 0

xr
= crz—(079) /fl“(‘s*s)dt < g < g MPF < .
0

On the other hand, since |s — z| < 3z for s < 2z, [2]]), Lemma 23 with ¢ = §/2
and (A-5) imply

2x M
ot [ | [ e | ds
©/2 s—z
2x M
Sngil/&% /(@)17&17‘7(17‘”6)&“ ds
©/2 s—z|
2x M
:ng75+e/|s_x|fal+5fe / p—2tot6—e g | gs
z/2 s—zl
x M
< 610x75+s/t751+575 /T72+51+575dr di —: A
0 t

If2—(51—(5—|—€>1,

T
A< ez 0te /t_H'Q(‘S_E)ds < 012207 < 019 M07F < 0.
0

If 2—9; — 0 + e =1, integration by parts yields

A < ¢pgrote /t_‘;ﬁ‘s_E In(M/t)dt < cyqa 0 et =0H0=¢ In(M /)
0

<ecy sup 2% In(M/z) < co.
z€[0,M /4]

If2—6, —6+e<1,

x M
A< crpr0te /t_‘sﬁ"s_E /7‘_2+51+5_5dr dt < c152' 0 < s M0 < o
0

0

Thus I < oco.
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For I1I, we note that s > s —z = |s — x| > s/2 for s > 2z. Using this, 2.1)),
B2), Lemma 23 with ¢ = 6/2 and (A-5), we get

M M
IIIS/v(s/6)s¢(4s—2)ds+/v(3/6)/¢(r 2)drds

o S o2

M M Y
S016‘/‘15(572)1/2&9‘f'Clﬁ/871 / ﬁg::—z;i;z (r=2)Y2drds

% S o2

M M M
< C17/571+(576)ds + 017/871 /(S/T)1751¢(T72)1/2d7"d$,

0 2 s/2

Clearly the first term is finite. Using Lemma 23] with £ = §/2, the second term is
bounded by

M M
B = 018/5751 /r*2+51+5*5drd$.
/2

Thusif2—61 —d+¢e>1,

M M
B < 019/57(17‘;+5)ds < 019/57(175+5)ds < 0.
2x 0

If 2—6; — 6 + & = 1, using integration by parts we obtain

M
B < 020/5_51 In(M/s)ds < co1z' ' In(M/x) < co1  sup ' 7% In(M/x) < oco.
5 z€[0,M/4]
Finally, If 2 — 61 —d + e < 1,
M M M M
B < 618/8751 /7“7(275175+5)drds < 022/3*51d8 < 022/5751613 < 00.
2w 0 2z 0

Thus I11 < oo, and so we have proved the lemma. O

Lemma 3.7. Assume additionally that (A-5) holds. Fiz Q € 0D and let
V(0p(y), vyeB@Q R)ND,
0, otherwise .

There exists C1 = C1(A, R, ¢) > 0 independent of the point Q € OD such that Ah
is well defined in DN B(Q, £) and

(3.3) |Ah(z)] < C1  forallz € DNB(Q,%).

Proof. We first note that when d = 1, the lemma follows from Proposition and
Theorem [33] by following the same proof as the one in [KSV12bl Lemma 4.4].

Assume now that d > 2. Fix x € DN B(Q, %) and let 29 € 9D such that
Op(z) = |x — x0].
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Denote by 1 a Cb! function and by C'S = CS,, an orthonormal coordinate
system with xg chosen so that x = (0,z4) and

B(zo, R)ND ={y = (y,ya) in CS:y € B(0,R), ya>p(y)}-

We fix such ¢ and the coordinate system C'S.
Define two auxiliary functions ¢1,v9: B(0, R) — R by

(@) = R—VRE=TGE and 1(f) = — (R- VEZ—[5F) .
By the interior/exterior uniform ball conditions (with radius R) it follows that
(3.4) Ua(§) S ¢(y) <a(y) forany ye DNB(x, ).
Now we define a function h,(y) = V(dg+(y)), where
H'" ={y=(y,ya) in CS:ys>0}

denotes the half-space in C'S.
Since dy+(y) = (ya)* in C'S, we can use Theorem B3 to deduce that

Ah.(y) =0, Vye HT.
Now the idea is to show that A(h — hy)(x) is well defined and that there exists
a constant C; = C1(A, R, ¢) > 0 so that
(3.5) Ih(y) = ha(y)]i(ly — z[)dy < Cy for any € >0.
{yeDUH: |y—z|>e}

To do this we estimate the integral in ([BA]) by the sum of the following three

integrals:
L= [ )+ )il -y
B(z,&)e
o= [ () + halw))i(ly = ol) dy where
’ Ai={y e (DUH*) N B, B): (7)< ya < 1@},
I - /\h Wiy — 2l)dy, where E = {y € B(z, B): ya > 1)},

and prove that I; + Io + I3 < C7 .
To estimate I; note that, by definition of A, h = 0 on B(Q, R)¢, which gives

neoseo [ Veit-hdee [ iy <o
R
0<Zd < R B(z%)nH* B(0,&)e

Here we have used Proposition and the fact that the Lévy measure is a finite
measure away from the origin.
Now we estimate . Denoting by mg_1(dy) the surface measure, we obtain

/ [ a0t + )3 (VP g = 7))

0 |g|=r
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Since V is increasing and

~ 712 ~
R— VR —|jP < - < g1,
we can use ([3.4]) to deduce

he(y) + h(y) <2V (1 (y) — ¥2(y)) < 2V (2]y]) -
Then, by the fact that j decreases, Proposition 24] and [27), we get

/_ / V(2113 () mas (dy) dr

IN

191
/ a2 ¥ %)
020/7‘ 2D ma-1({y € A: [y] =r})dr

. m 2 ~ .
Noting that |1 (%) — 1 (7)| < 2‘;’%‘ = 2= for || = r, we obtain

ma1({y: 7l =r, ¥2(y) <ya <1(H)}) <esr? for r< .

Thus, by the previous observation and integration by parts we get
4 R
F /(7“_2) ; /
I, < 04/r_2\q;ﬁ dr = 04/7“ (—\/qb(r—Q)) dr
—
0 0

<e¢4 |limr
rl0

—+
S il

By Lemma 23] applied to a fixed ¢ < § we see that there is a constant c5 =
¢s5(g) > 0 so that

¢(T—2) < 057,—2(1—6—‘,-5)7

which gives

R R
kY Y

I, < 64/\/q5(1"*2) dr < 04@/7‘*1%75 dr < oo.
0 0

In order to estimate I3, we consider two cases. First, if0 <y =4, (y) < dp(y),

(3.6)
ya+R7?
h(y) = ha(y) < V(ya+ R7HGP*) = Viya) = / v(z)dz < R g[*v(ya),

since v is decreasing.
Ifys =0, (y) > dp(y) and y € E, using the fact that dp(y) is greater than or
equal to the distance between y and the graph of v; and

— ~2 ~12 ~12
ya— R+ VP + (R—ya = ———1L < il <

VG2 +(R—ya)?+(R—ya)
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we obtain

(3.7)

mw b < [ @< RGP (R VP R0,
R—/|y1?+(R—-ya)?
By @B.0) and B.7),

L <R / F120(va) (| — wl)dy

En{y:ya<ép(y)}

st [ gl (R VP R wa?) e - udy
En{y:ya>dp(y)}
=R YL + Ly).

Since

~ -, R R
EC{z= (3 2) € R%: |z|<z/\\/2de—z§ and0<zd§5},

changing to polar coordinates for § and using 21I), (Z3), (27) and Proposition

24 yields
7R EAV 2Ry d /(( 2 | |2) 1)
e’ ((r* + lya — xal*)~
0
R
2 [ 196/(r + lya — al) ) .
< ¢ [ v(yq/6) 0 + [ya — 2212 dr | dyg =: c7L1.
0

If § # %, by (A-3)

/Rgzs'«r tlya =) )
S a = za)?

R
- ey [t ) dr
=¢'((R+ |yq al) )0/¢’((R+|yd—$d|)2) (r + [yq — 242

R s .
gc8¢’<<R+yd—xdr%o/((”yd‘“) ) —

(R+ |ya — xql)~2 T+ |ya — zal)?
R
=cs¢'((R+ |ya — zal) 2)(R+ |ya — zal) > /(7“ + |ya — xal) > dr
0

(38)  <cod'(R+ lya — wal) )R+ lya — zal) ™y — wa 172+,
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Thus, in the case § > %, B8) implies

(3.9) v(ya/6)dya < c12V (&) < oo,
0/ 4

For the case § < 1, we first note that by using ([Z3) we obtain

R
[,

(r+ |ya — xq])d+2

[s—zal R
d _ -2 d _ -2
¢ [ eerbos?, [ o)),
(r+1s — zal) = (r+1s — zal)
S—XIq
= |s—zql R
< ¢(s —za| %) / rédr + / o(r—2)dr
|s — zq]d
0 ls—zal
R
— @) (s = Dl —mal [ ol dr
[s—zql
Thus, by Lemma B.6]
Z R
L, < 013/ (5/6) | o(|s — za|™2)|s — xa| + / d(r~Hdr | ds < .
0 |s—xql
Let us estimate Lo. Switching to polar coordinates for g, and by the use of (27,
we get
md+§ 2Ryd*y§
b2 = e / / V(R=V/r2+(R = ya)?)ri((r* + lya — za*)/?)dr | dya
0 0
zg+8 2Rya—y}
<c / / V(R = r?+ (R —ya))¢'(( + |ya — zal*) ") 4 dy
- (r2 + [ya — 2a?) 22 ’
0 0
IdJr% \/ 2Rya— Ud
<o [ | M VI B y?)0 (o lya =2 ™) g | o
=e= 7+ Jua — 2al) 77

Since, for 0 < r < R,

<\/2Ryd7y§+r) (\/QRydfygfr)

Rt++/m2+(R—ya)?

R— /1?2 +(R—-yq)? =

>

3 y; (\/2Ryd —y2 —T)
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and \/ZRyd —y2 < \/R/Z\/2R —yg < Rfor 0 <yg <xq+ %, we have

zq+ 2 \/2Rya—y}

Ly <o /

0 0

o (VEI(V2Ry = 3 = 1)/ BVR)) ¢/ ((r + lwa — al) )

(r + [ya — zq])>+4
Using ([2.3), we see that with a := \/2Ryq — y2 and b := |yg — 24|,

/a o(Fala=1)/BVENS (r+5)7) ,
0

rédrdyq .

(r + b)2+

(r & b2 rdr

. a//ZvW_(a—r)/(?»\/_ D ((r+8)2)
0

. / o(yFala =)/ BVR)((r+b)2) ,

(r+b)d
a/2

a

< v(y/faa/ (6VR)) / % Udr+((b+a/2)"?) / v(Viala—r)/(3VR))dr
a/2
&' ((r+b) o 1
< v(yiiaa/ (6VE)) / TM) “dr -+ exs((6-+0/2)7%) =V (Vi (6VF)

:= B1(ya) + B2(yd)-
First, note that \/ydR <V2Ryqs—yi=a< VYaVv2R. Thus

5
O ((r +1ya —za)™?) 4 7
Ydya < c 6) drdyq = coaL; < oo.
/ (Ya)dya 24/ (ya/6) / (r + [ya — zq]) 2 Yd 24 L1
0

Since v/yaR < a < \/yaV2R, by Proposition 24 and (ZI)),
Ba(ya) < a5y 6(([ya — wal + vya) (a2 "1/,
Using the inequality y4/vR < Vid < |ya — xa| + \/ya, we have
¢((|ya — zal + va) %) < d((ya/VR) ) oy, )2
Thus, by (1)) and Lemma 23 with ¢ = §/2 we have
Bs(ya) < Ca6y 1/2 oy 71)1/2 < cary -1/2 El 1+6—¢)/2 = cory +(6— s)/2
Thus

R

/ (ya)dya < 027/ Oy, < o

0 0
Therefore Lo < 0.
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Now we see that A(h — hy)(z) is well defined. Indeed, since h,(z) = h(z) and

Liyepun+: [y—o|>e}|P(Y) — ha(y)]i(ly — )
< Lyupe,a)e (M) + ha(9)i(ly — 2]) + 15[h(y) = he(y)]i(ly — 2]) € L' (RY),

we can use the dominated convergence theorem to deduce that the limit
o[ () - b))y - 2 dy
{yEDUHT: [y—z|>e}

exists. Moreover, Ah(z) is then also well defined and satisfies |Ah(z)| < C; . O
For a,b > 0, we define Dg(a,b) :={y € D :a > pg(y) >0, |y| < b}.

Lemma 3.8. Assume additionally that (A-5) holds. There are constants Ry =
- R o o -

Ri(R,A,9) € (0, 16\/m) and ¢; = ¢;(R,A,¢) > 0, i = 1,2, such that for

every r < Ry, Q € 9D and x € Dg(r,r),

(3.10) P, (XTDQW> = D) > eV (6p(x))
and
(3.11) Ee [Tog ()] < 2V (6p(x)).

Proof. Without loss of generality we may assume that Q = 0 and that 1»: R~! = R
is a C1'! function such that in the coordinate system CSy,

B(0,R)N D ={(y,ya) € B(0,R) in CSo: ya > ¢(y)}-
The function p defined by p(y) = yq — ¥(y) satisfies

(3.12) % <dp(y) < p(y) forall ye B(0,R)ND.

Define for a > 0,
D,={y € D:0<p(y) <a,ly|l <a}

and the function
~ JV(ép(y)), ye B(0,R)ND,
h(y) = .
0, otherwise .

Using the Dynkin formula and the same approximation argument as in the proof
of Lemma 4.5 in [KSV12D], from our Lemma [B7] we have the following estimate for
any open set U C B(0, %) N D:

(3.13) h(z) — C1E,7u < Eoh(X7,) < h(z) + C1Eq 7y,
where C7 > 0 is the constant from Lemma 3.7
By choosing A := ﬁ we obtain
D, CDaCD0,2)nD forall r<A.
Indeed, for y € D, and r > 0 the following is true:
(3.14)  [yI* = (7 + lyal® <7° + (lya — @)+ [w@D* < (1 + (1 +A)%)r?.

In particular, for r < A,

ly < V1+(1+A2A=2.
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The idea is to choose Ay > 1 large enough so that ([B.I0) and (B.II]) hold for
rg)\;lA and x € D,..

We are going to show that there are constants ¢1, co > 0 such that for any A > 4
and x € Dy-14 the following two inequalities hold:

(3.15) Eo[h(Xrp , )] =1 (\/¢(16A2R*2) - x/aﬁ(R*Q)) Ex7p, 4,

(3.16) P (XTDHA e D) > ¢3 (J(16X°R) — 6(R~2)) Eorp

A—1la’

Once we prove this, we can choose Ay > 4 so that

VO(16A3R=2) > \/$(R~2) + 2.

Then, for any A > Ao and x € Dy-14 we can use
e1 (VOBVR) = Vo(R2)) = €1 >

on BIH) and BI3) to get
V(@) = h(e) > Balb(Xs, )] - CiEurp,_,, > CiEu7o

A—1la?

which proves [BII) with Ry = A\, 1A .
Similarly, by B13) and BI6), for any A > X2 and « € Dy-14 we have

V(ép(z)) = h(z) < EI[h(XTDrlA)] +CiEx7p,

< V(R)P, (XTDNA eD) +Ciey " ($(16MZR72) — p(R72)) ' P, (XTD e D) :

A—la
where the first term is obtained by estimating h by V(R) and noting that h(z) =0
unless x € D. This yields

P, (XTD . € D) > _ Fop(c) -t
A=1a V(R) + Ciey ' (6(16A3R~2) — p(R~2))

This proves (B10) with B; = A\; A .
Now we prove ([B.I5). Note that for 2 € Dy-14 and y & B(O,)ﬁlﬁ),
(3.17) |z < VI+(L+A)A A= 2"1E <yl
implies
i1z =yl) = 3 2lyl) = esi((y)) -
Then the Ikeda-Watanabe formula implies

B, )2 [ | 6o @2l =y 6ol dzdy
B(0,r)ND\D, -1, Dy-14
ca| [ Goad [ vesuitshdy
D/\flA B(O>R)QD\D,\*1A
sabn [ a0V (SEER) d,

B(0,R)ND\D, 1 ,
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On the set E := {(J,ya): 2A[y] < ya, A1 £ < |y| < R} we have
ly|

and  ya —Y(y) = ya — Aly| > 2V/1+dAZ

lyl < V1 + 4A2 4
Since E C B(0, R) \ Dy-14 because of the first inequality in (8I7), changing to

polar coordinates gives

R
Bulh(Xro, ) 2 esBafro, 1] | 9OV (i) e
an

with constant ¢4 > 0 depending on A and d.

Then (7)) and Proposition [Z4] imply
R

-3 9'(r" %)
)] 2 C5Em[TD/\,1A] T W dT’

—1R
ALY

Elh(X,,
— osEu[rp, ] (\/¢(16/\2R—2) - ¢¢(R—2)) .

We prove ([B10) similarly by the same computation as above without V:

P, (X, , €D) =P (X, €BOR)ND\BO "))
R

> cBe[mp, ] / G(r)rd=tdr
Y
R
> ¢rBqmp, _, ] / 3¢ (r2) dr
A-1E
4

=27 erBolrp, ] (A(16X°R7?) — ¢(R7?)) .

4. ANALYSIS OF THE POISSON KERNEL

In this section we always assume that the Laplace exponent ¢ of the subordinator
S = (S¢: t > 0) satisfies (A-1)—(A-4) and the corresponding subordinate Brownian

motion X = (X;,P,) is transient.
First we record an inequality.

Lemma 4.1. For every Ry > 0, there exists a constant ¢(Ry, ) > 0 such that

ATt Ry
)\2/r_1¢’(r_2)dr+ /r_3¢’(7°_2)d7" < cp(N?), VA= g

(4.1)
A1

0
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4406 PANKI KIM AND ANTE MIMICA

Proof. Assume A > AoV Rio. By ([L2), ¢'(r—2) < c1r?°A2°¢/(\2) for r < A~!. Thus

ATt Ro
N e (e dr + | T3¢ (r ) dr
[
e, 1
24712 19 \r 4 —2yy/
w(mo/r o zk_/lw )

)\—1
< o (AP)APT20 / P dr 4+ e(A?) < es(¢/(A)AT + d(A?)) < 2e30(N?),
0

where we have used ([23) in the last inequality.
If R%) > Ao and RLO < A < Ao, then clearly the left hand side of (1)) is bounded
above by

Ro RO
A /r_1¢'(r_2)dr + / 3¢ (r72)dr = cq4 < c5p(N?).
0 )\81

Recall that the infinitesimal generator £ of X is given by

@) i@ = [ (fet ) - f@) -y VE@Lyica) Ju)dy

R
for every ¢ > 0 and f € CZ(RY), where CZ(R?) is the collection of bounded C?
functions in R?.

Using Lemma 1] we now prove [KSV12c, Lemma 4.2] under a weaker assump-
tion.

Lemma 4.2. There exists a constant ¢ = c(¢) > 0 such that for every f € CZ(R?)
with0 < f <1,

|Lfr(z)] < cop(r?) l—i—supz ‘g—afm(y)’ +by, for every t€R? and r€(0,1],
v Th

where fr(y) == f(%) and by :=2 [ j(|z])dz < 0.

|z|>1

2
Proof. Set L1 = supycpa D 1 |gy,f8(;12 |. Then

[f(z+y) = f(2) =y V()] < 5Ly,

which implies the following estimate:

‘ 2

ezt y) = £o(2) =y V(D] < B 81,2 +2- 150 -
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Now, ([2Z1) and (1) yield
L1 (2)]

< [l +0) = 1) = v VAL n | Sy
R4
2 . . .
< %/l{wlﬁr}hﬂ_lzﬂﬂdey‘F2/1{r§\y|51}3(|y|)dy+2/1{|y\21}3(|y|)dy
R4 Rd R
< ot e i) ez [ iy,
{lyl>1}
where the constant c is independent of r € (0, 1]. O

Lemma 4.3. For every a € (0,1), there exists a positive constant ¢ = c(a, ) > 0
such that for any r € (0,1) and any open set D with D C B(0,r),

P, (X,, € B(0,7)°) < co(r ?)E.[rp] forall x€ DN B(0,ar).

Proof. Using Lemma 2] the proof of the lemma is similar to that of [KSV12al
Lemma 13.4.15]. We omit the details. O

Let A(z,a,b) := {y € R%: a < |y — 2| < b} and recall that the Poisson kernel
Kp(z,z) of X in D is defined in (ZI3)).

Unlike [KSV12c], instead of the Harnack inequality we use Corollary 21Tl (which
is a combination of Proposition 227 and the Harnack inequality) in the next propo-
sition.

Proposition 4.4. Letp € (0,1). Then there exists a constant c(¢p,p) > 0 such that
for any r € (0,1) we have

2]
[ Knoale2)ds < et (e
14p

for all z € B(0,pr) and z € A(0, HTP T, T).
Proof. We split the Poisson kernel into two parts:
Kp(o,s)(x,2) = / Go,s)(7,9)i(lz —yl) dy = L1 (s) + I2(s),
B(0,s)

where

I(s) = / G o) (@ )12 — y1) dy,
B(0,3s/4)

I(s) = / G0 (@ )12 — y1) dy.
A(0,3s/4,s)
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First we consider I;(s). Since |z — y| > 1|z|, we conclude from (ZI) and (ZX)
that

nw<i(f) [ cewwzi(d) [ cwwa

B(0,3s/4) B(z,2s)
2s 2s
. _ 1p—2 Cl . !/ .
0 0

Then, since |z| < r,

E]
/ s)ds < c27(]2]) / (S,Q)
Lip

< C2](|2D ¢(r 2) - < CZ](|Z|)¢(T—2) .
On the other hand, by Corollary 2.11] and Lemma 2.5]

/3—2
Iy(s) < g4 ELD) / E, [75(0,6)] 31 — ) dy
A(0,3s/4,s)

< cys™

J(lz—yl) d
/ Vo Dals—la-D) Y
A(0,3s/4,s)

—d—2_9'( _ddz—yl)
< ¢ys ¢(372)3/2 / \/W y7
A(0,3s/4,s)
since s — |y| < |z — y.
Observing that A(z,3s/4,s) C B(z,s) C A0, |z] — s

2r) we arrive at

—d—2_¢'(s_?) (lvD
IQ(S) S Cy4S W \/;Ozﬁ d
A(0| |—s,27)
s 2 — t2
- Cil / A g,

2
§063d2¢(—s2332\/ |Z|—S

Then using the fact that s — ¢’(s72) and s +— ¢(s2

2|
/ IQ(S
1z,
|2|—L42r

Her) (2% e
(43) <cs ( ¢)(‘z|72)3/2 / ¢(t 2) dt.
0

)~! are increasing, we obtain

\ /\

2]

—d—2 —2
/ e N (EEDRL
1p,
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By Lemma 23] with ¢ = % > 0 for any a € (0,1) we have
a

a

[ vats i = [ e /)

0

(4.4) < 07a1_6/2\/¢(a*2)/3_1+5/2ds < cgar/Pp(a=2).
0

Since 1%7‘ < |z| <7, @3)-EA) together with [Z2) and (Z71) give

—d—2
HE) e

||
oy 1/2
/ 12(5) ds < cg o([z]-2)372 (|Z| - I#T) ¢ ((|Z| o 1#7”) )
Lo,

14p ) 7472 4142
r) (1) — —ae P
< e T G2 < eolel ™20 (1217) iy

< c10(12]) 3=

5. UNIFORM BOUNDARY HARNACK PRINCIPLE

In this section we give a proof of the uniform boundary Harnack principle for X
in an arbitrary open set with the constant not depending on the open set itself. This
type of boundary Harnack principle was first obtained in [BKKOS§| for rotationally
symmetric stable processes. Since, using results of the previous section, the proofs
in this section are almost identical to the one in [KSV12d, Section 5], we give details
only on parts that require extra explanation.

Recall that X = (X, P,) is a subordinate process defined by X; = Wg, where
W = (W, P,) is a Brownian motion in R¢ independent of the subordinator S and
the Laplace exponent ¢ of the subordinator S satisfies (A-1)—(A-3).

Using (2.9), (210), Proposition[Z12] Proposition @4 and the fact that for U C D

(5.1) Kp(z,2z) = Ky(z,2) + E; [Kp(X+,, 2)], (z,2z) € U x D¢,
the proof of the next result is the same as the one of [KSVI12c¢, Lemma 5.2].

Lemma 5.1. Assume that X is transient and satisfies (A-1)—(A-4). For every
p € (0,1), there ewists ¢ = c(¢,p) > 0 such that for every r € (0,1), zo € RY,
U C B(zg,r) and for any (z,y) € (U N B(zp,pr)) x B(zo,7)°,

Ky (z,y) Scﬁ / Iz = 20)Ku (2,9)dz + §(|ly — 20|)

U\B(zo, 142"

The process X satisfies the hypothesis H in [Szt00]. Therefore, by [Szt00, The-
orem 1], for a Lipschitz open set V C R? and an open subset U C V/,

(5.2) Pu(X,, €9V)=0 and P,(X,, €dz) = Ky(x,2)dz on V-

Using (£.2) and Lemma [5.1] the proof of the next result is the same as the one of
[KSV12d, Lemma 5.3].
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Lemma 5.2. Assume that X is transient and satisfies (A-1)—(A-4). For every
€ (0,1), there exists ¢ = c(¢,p) > 0 such that for every r € (0,1), for every

20 € R, U C B(zo,7) and any nonnegative function u in R which is regular

harmonic in U with respect to X and vanishes in U° N B(zp, 1), we have

u(z) <c ¢(r172) / iy — zo))u(y)dy, =« € UnN B(zg,pr).

(U\B(20,422"))UB (20,7)°
We give a detailed proof of the next result.

Lemma 5.3. Assume that X is transient and satisfies (A-1)—(A-4). There exists
Cy = Cy(d, ¢) > 1 such that for every r € (0,1), for every zo € RY, U C B(z,7)
and for any (x,y) € UN B(zo, §) X B(20,7)°,

Cy By ] (/ 317 — ) Ku (2, w)dz + 5(ly — 7o)
U\B(z0,%)

< Ky(z,y) < C2Eglry] / iz = 20)) Kv (2, y)dz + j(|ly — 20)
U\B(z0,%)
Proof. Without loss of generality, we assume zp = 0. Fix r € (0,1) and let U; :=

UnNB(0,3r), Uy :=UNB(0,2r) and Us := U N B(0,3r). Let z € U N B(0, %),
y € B(0,7)°. By .0,

KU($>y) = KU(XTU 7y)]+KU2(x7y)

Py (Xry, € d2) + Ky, (z,y)

I
=
S
w
@

)P (X, € d2)

|
—
=
S
0N
N3

Us\U2
+ / KU(Zvy)KUz(xaz)dZ + KU2(xay)
U\Us
- / Ky (2,4)Po(X, € d2)
Us\Uz
+ / KU(Z,y)/GUQ(aJ,w)j(\z—w\)dwdz
U\Us Us
+ [ Gu@w)illy = whdw =+ B+ I
Uz
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From Lemma [£.3] and Lemma [5.1] we see that there exist ¢; and ¢, such that

< esEqfru,] / J(2) Ko (= 9)dz + 5(ly))
U\Us

Now using ([Z.9)) and (ZI0) one can check as in [KSV12c| that there exists c5 =
¢s5(d, ¢) > 1 such that

(5.4) ¢ Eulr,] / J(NKo (2, y)dz < I < esEalms] / J(12) Koz, y)dz
U\Us U\Us

and
(5.5) ¢ 'Balr,)i(lyl) < Is < csEulru,]i(lyl) -

The upper bound follows from (E3)—(E5H).
Using the strong Markov property, we get

Eofro] = o) +Ee [Ex,, [w]]
< Eufrl+ <st€1[p]> Ez[m]> P, (X,,, € B(0,2))
< Eulro,) 4 c6o(r™2) 7 o((2) ) Ealru,] < crBalrus),

where in the second inequality we have used Lemma and Lemma .3 and in last
inequality we have used (21]).
Since

/ () Ko (zy)dz = / J(2) Ko (2, y)ds + / J(12) Koz y)dz

U\U, U\Us Us\U1

/ J(1A) Ko (2, y)dz

U\Us

+(supKU<z,y>) [ itha
z€Us
A(0,r/2,3r/4)

IN
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by 27) and Lemma [5.1]
JECI e

U\U,
C8 / ) . .
< (1o [ | | ] 0Ktz + i)
5 U\Us
= |12y feeyas || [ 0K+ i)
3 U\Us
-2
5o < (1+a2)) U [ 3000 Gz + (o)
Combining (21 and (B4)—(E8), we finish the proof of the lower bound. O

Using Lemmas and 53] the proof of the next result is the same as the one
of [KSV12c, Lemma 5.5].

Lemma 5.4. Assume that X is transient and satisfies (A-1)—(A-4). For every
20 € R?, every open set U C B(zp,r) and for any nonnegative function u in R?
which is regular harmonic in U with respect to X and vanishes a.e. on U°NB(zq,1),

C5 By / i1y — 2ol)u(y)dy < u(z) < CoEqlry] / 31y — zol)u(y)dy,
B(z0,%)¢ B(z0,%)¢

for every x € U N Bz, 5) (where Cy is the constant from Lemma [B.3)).

As in [KSV12c, Corollary 5.6], the last two lemmas immediately imply the fol-
lowing approximate factorization of the Poisson kernel.

Corollary 5.5. Assume that X is transient and satisfies (A-1)—(A-4). Let zy €
R% and D C R be open. Then for every r € (0,1) and all (z,y) € (DN B(z0, %)) X
(D° N B(z,7)°) it holds that

(5.7) Cy'E, [TDAB(20,m))AD (20,7, y) < Kp(2,y) < C2Be[TpaB(z0,m)]AD(20, 7, ) 5
where

Ap(zo,ry) = / 3012 — 20D K praseu (2:3) dz
(DNB(z0,m))\B(20,%)

wily =D+ [ 02— 20DE: [Ko(Xrpopee 000 de.
B(ZOag)C

Lemma [54 and (E7) imply the following uniform boundary Harnack principle.
Note that the constants in the following theorem do not depend on the open set
itself. That is why this type of result is called the uniform boundary Harnack
principle.
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Theorem 5.6. Suppose that ¢ satisfies (A-1)—-(A-3). There exists a constant
¢ = c(¢) > 0 such that

(i) For every zy € R%, every open set D C R?, every r € (0,1) and for any
nonnegative functions u,v in R% which are regular harmonic in DN B(zo,r)
with respect to X and vanish a.e. on DN B(zg,r), we have

<e—L

for all x,y € DN B(z, 5).
(ii) If X is, additionally, transient and satisfies (A-4), then for every zy € R?,
every Greenian open set D C R, and every r € (0,1), we have

Kp(x1,y1)Kp(22,y2) < cKp(x1,y2)Kp(w2,1)
for all x1,29 € DN B(zo,5) and all y1,y2 € D°n B(zp,7)°.

Proof. Under the assumption of transience and (A-1)—(A-4) the result follows
from Lemma [54] and Corollary (see the proof of [KSV12c¢, Theorem 1.1]).

If the process X is not transient, we can use an argument similar to the proof of
[KM12l Theorem 1.2, p. 17], where it is shown how to deduce Harnack inequality
in dimensions d = 1,2 from Harnack inequality in dimension d > 3 (since in the
latter case the process is always transient). Since we will use the argument in the
proof of Theorem again, here we provide the detail for the readers’ convenience.

We use the notation & = (x!,...,297!) for x = (2!,..., 2971 29) € R? and
X = ((thXg),P(g,xd)). As in the proof of [KM12, Theorem 1.2, p. 17], we have
that for every 2% € R, X = (X;,P;) is a (d — 1)-dimensional subordinate Brownian
motion with characteristic exponent ®(&) = ¢(|¢[2) for £ € R4,

Suppose (i) is true for for some d > 2 and let D be an open subset of R4~ and
u,v: R4 — [0,00) be functions that are regular harmonic in D N B(Zg,r) with
respect to X and vanish on D°NB(Z,r) a.e. with respect to the (d—1)-dimensional

Lebesgue measure.
Let f and g : R? — [0, 00) be defined by

f@E ) =@ and  g(Fa%) = (@),
Since
T(B(Zo,s)ND)xR = inf{t >0: )th ¢ B(fo,s) N D},

by the strong Markov property, f and g are regular harmonic in B(Zg,r) X R with
respect to X. Clearly f and g vanish on (B(Zg,7) x R)N (D x R)¢ a.e. with respect
to the d-dimensional Lebesgue measure. Thus, by applying the result to f and g,
we see that there exists a constant ¢ > 0 such that for all Z, € R%!, open set
D c Rt and r e (0,1),

u@) _ f(EL0) - f(@2.0)  ul@)

@) 9(@,0) = 9((@20)  © u@)

Applying this argument first to d = 3 and then to d = 2, we finish the proof of
the theorem. (]

<c for all 51,?1726DOB(50,§).
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6. GREEN FUNCTION ESTIMATES ON BOUNDED LIPSCHITZ DOMAIN

The purpose of this section is to establish sharp two-sided Green function esti-
mates for X in any bounded Lipschitz domain D of R?.

Recall that we have assumed that X = (X;,P.) is the subordinate process
defined by X; = Ws, where W = (W}, P,) is a Brownian motion in R? independent
of the subordinator S and the Laplace exponent ¢ of the subordinator S satisfies
(A-1)—(A-3). In this section we further assume that X is transient and that (A-4)
also holds.

We will first establish the interior estimates using Proposition and Theorem
210 As in [KSV12b], once we have the interior estimates, we can apply Theorem
210/ and the boundary Harnack principle (Theorem [5.0]), and use the arguments of
[Bog00LHan05] to get the full estimates for bounded Lipschitz domain D.

Lemma 6.1. For every bounded domain D C RY, there exists a constant C3 =
Cs(d, ¢, diam(D)) > 0 such that

z—y| "2 |z —y[7?)
ol —y~2)?
and for all x,y € D with by |z —y| < 5p(x) Adp(y),
Lz =yl 2 (je —y7?)
o(lx —yl=2)? ’
where be € (0, %) is the constant from Proposition 2.1

(6.1) Gp(z,y) < Cg‘ forall x,y € D,

(6.2) Gp(z,y) = C5

Proof. Since Gp(z,y) < g(|z —y|) and D is bounded, (@1 is an immediate conse-
quence of Proposition
Now we show ([6.2]). We have two cases:

Case 1: |z —y| < by. Since B(z,by |z —y|) C D and y € A(z, |z — y|, by |z — yl),
we can use Proposition 2.7] to get

bd+2‘x_ ‘7d72¢/(b2|:1;_‘ ‘72)
Gp(@,y) 2 G oy (@) 2 =St — Bl 010y

\w y| T2 (Jz—y|72)
(=) L

where in the last inequality we have used Proposition 2.8 (A-3) and the facts that
by € (0, %) and that the function r — ¢(  is decreasing.

Case 2: |z —y| > by. In this case it follows that dp(x) Adp(y) > 1. Let o €
0B(y, b2). Then

by Hwo —yl =1 < bp(z) Adp(y),
and so, by the Case 1, we obtain

b—d—? ’ b—2
(6.3) Gp(0,y) > e gt
Since Gp(, ) is harmonic in B(zo, %) U B(z, %) (with respect to X), we can

use Theorem [2.10] to deduce

GD(x,y) = ]Ez[GD(XTB(z,bQ/AL)’y)} > Eg [GD( TB(a, b2/4)’y); XTB(z,bz/AL) € B(xO, 1)42”
(6‘4) > CSGD(:EO7y)PI(XTB(m,b2/4) € B(‘TOv 1 ))
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By Proposition 2121 (212) and 2.13) we get

]P)w(XTB(z,bQ/4) € B(zo, 4 / K by (x,2)dz
B(xo, Z)
(6.5) > e / (|2 — |) dz
B(0,2)

Since |z — x| < diam(D), by the monotonicity of j we deduce
b b3 j(diam(D
]P)x(XTB(w,bQM) € B(IO’ ZQ)) > C5Z{¢((TE(2))) :
Therefore, using ([63)—(63) we conclude that

—d—2 4/ _2
Gp(x,y) > cs > cr lz—y| ¢’ (lz—yl %)

o(Jz—y[~?)?
In the last inequality we use the fact that b < |x — y| < diam(D) and Corollary
O

An open set D is said to be a Lipschitz domain if there is a localization radius
Ry > 0 and a constant A > 0 such that for every z € 9D, there is a Lipschitz
function ¢, : R9~1 — R satisfying

|¢=(2) = ¢=(w)| < Alw — wl,
and an orthonormal coordinate system C'S, with origin at z such that
B(ZaRl) nD= B(Z,Rl) N {y = (ﬂayd) in CSZ 1 Yd > ¢z(g)}
The pair (Ry, A) is called the characteristic of the Lipschitz domain D.

Unlike [KSV12b] we will assume that D is a bounded Lipschitz domain instead
of a k-fat open set. The main reason we assume that D is a bounded Lipschitz
domain is Theorem [ZT0l and the Harnack chain argument. Note that in [KSV12b],
[KSV12b, Theorem 2.14] is used instead of Theorem and the Harnack chain
argument. Unfortunately, it seems that, under our assumptions, such a result is
not true for certain harmonic functions like u(z) := P, (X € B(xg,r)) when
the distance between zy and z; is large and r is small.

TB(xq.r)

Lemma 6.2. For every L > 0 and bounded Lipschitz domain D with the charac-
teristics (R, ), there exists ¢ = ¢(L,d, ¢, Ry, A, diam(D)) > 0 such that for every
x,y € D with |z —y| < L(ép(x) Adp(y)),

|z —y[~ 9% (Jx —y|?)

oz —y|=2)? '
Proof. By symmetry of Gp we may assume dp(x) < dp(y). Moreover, by Lemma
[61] we can assume that L > by and so we only need to show (G6) for badp(x) <
o — | < Lip(z).

Choose a point w € 0B(x,b2dp(x)). Then Lemma [6.1] gives
(b20p ()~ *2¢ ((b2dp(2))~?)
¢((b20p(x))~2)? '

Since [y—w| < |z —y|+|z—w| < (L+1)dp(z) and Gp(z, -) = Gp(-,x) is harmonic
with respect to X in B(y,b2dp(z)) U B(w, bedp(x)), using the assumption that D

(6.6) Gp(z,y) > ¢

GD(I7w) > C1
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is a bounded Lipschitz domain, Theorem [2.10] and the Harnack chain argument we
obtain

(b2dp ()~ 2¢((b2dp())~*)
¢((b20p(x))~2)? '

Gp(z,y) > coGp(z,w) > c3

By Corollary

(b20p () =" %¢ ((b2dp())~*)
¢ ((b20p(x))~2)?
Jr—ulo 2 (e —yl™?)
oz —yl=?)?

Gp(z,y) > cGp(r,w) > c3

Y

O

For the remainder of this section, we assume that D is a bounded Lipschitz
domain with characteristics (R, A).

Without loss of generality we may assume that Ry < 2. Since D is Lipschitz,
there exists £ = r(A) € (0, 3) such that for each Q € 8D and r € (0, Ry), there
exists a point

A.(Q) e DN B(Q,r) satistying B(4,(Q),xr) C DN B(Q,r).

Recall that Gp(-,y) is regular harmonic in D \ B(y,¢) for every ¢ > 0 and
vanishes outside D.
Fix 2o € D with kR; < dp

0) < Ry and set g1 := ”21}

(2
r(z,y) = op(x) Vop(y) Ve —yl, z,y € D,

and
(6.7)

{AeD: 6p(A)>Er(z,y), |v —A|V|y —A|<br(z,y)} if r(z,y)<er,
B(z,y) = .

{20} if r(z,y) >e1.
Note that for every (x,y) € D x D with r(z,y) < &1,
(6.8) 15p(A) < r(z,y) < 267 '0p(A), A € B(z,y).
Set

i ¢/( Sp 0))—2)

Cy := Cydiam(D)(22{0))~

B((°25)2)7
By (61)) and Corollary (with @ = 2diam(D)/dp(z9) and b = 1) we see that
GD(J?,ZQ) <Cy for ze€ D\B(Zo, M)
Now we define
(69) gD(JJ) = GD(:L‘, Zo) A Cy.
We note that for dp(z) < 6ey,
gD(Z) = GD(Za ZO)&

since 6e1 < M and thus |z — zg| > dp(z0) — 61 > %.
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The following lemma follows from Theorem 2. 10l and the standard Harnack chain

argument:
Lemma 6.3. There exists ¢ > 1 such that for every x € D satisfying dp(x) > ”;Zl
we have

c ' <gpx)<ec.

Theorem 6.4. Suppose X is transient and ¢ satisfies (A-1)—(A-4). If D is
a bounded Lipschitz domain with characteristics (Ry,\), then there exists ¢ =
c(diam(D), Ry, A, ¢) > 1 such that for every x,y € D and A € B(x,y),

-1 __gp()gp@)¢’ (z—y| ") gp(z)gp (y)¢' (lx—y|~?)
(6.10) ¢ i remrr < Go(@y) < ¢ e i e

where gp and B(z,y) are defined by (69) and [@71) respectively.

Proof. Since the proof is an adaptation of the proofs of [Bog00, Proposition 6] and
[Han05, Theorem 2.4}, we only give the proof when dp(z) < dp(y) < 4lz —y[. In
this case, we have r(z,y) = |z — y|.

By Theorem 210 we see that for all ,y € D and A;, As € B(z,y),

gp(A1) is comparable to gp(As).
Set r = % and choose
Qz,Qy € 0D with |Q; —2z|=6dp(z) and |Qy—y|=6dp(y).
Pick points 21 = A, /2(Qz) and y; = A, /2(Q,) so that
z,21 € B(Qg,kr/2) and y,y1 € B(Qy,kr/2).

Then one can easily check that |z9 — Q.| > xr and |y — Q.| > r.
Then Theorem implies

_1 Gp(z1,9) Gp(z,y) Gp(z1,y)
T @) - @ = an(m)

for some ¢; > 1.
Also, since |zg — Qy| > r and |21 — Q4| > r, by Theorem again,
ol Gp(z1,y1) < Gp(z1,y) < ClGD(xl,yl).
9p(y1) 9p(y) 9p(y1)

Therefore

—o Gp(x1,1) < Gp(z,y) 2 Gp(r1,y1) '
gp(@1)gp(y1) ~ gp(@)gp(y) ~—  gp(z1)gp(y1)
Now we can use Lemma for the lower and Lemma for the upper bound

to get
el Jmen| % (oY) o _Gp(@y)
gD(xl)gD(yl) ¢(‘$1_91|72)2 - gD(x)gD(y)
cac? lz1—yi| =420 (z1—31]~3)
(6.11) S ) HE—nlD?

for some cy > 1.
Since @ < |z1 — 1] < 2]z — y|, Corollary 22 yields

o1 =312 (-1 1) o ad43le—yl " 2E Ole—y1"2) _ o ad+3lz—yl~ 2 (lz—yl )
ST |2 <2-3 FOm—yz =23 Fa—yT- )7
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and
ly—y1| =% ¢ (|l —y1[™?) -1 9—d—3lz—y|" ¢’ (4" a—y|"?)
ooz = 3 2 S TTo—y2)2
1. 9—d-3lz—y| " ?¢' (lz—y|?)
=32 P L
Therefore,
(6.12)
27" Py ey ? ey "2 (lz—y| ™) ~ _Gp(zw) 2300} |o—y| "2 (Jla—y|~*)
39p(z1)9p(y1) (lz—yl=2) — gp(@)gp(y) — gp(z1)gp(y1) (lz—y|=2) ’

Ifr =g, then r(z,y) = [z — y| > &1, and so

2

gD(A) = gD(ZO) = 04 and (5D(Jc1) /\(5D(y1) Z NTZ)T = ﬁfl .
Thus, in this case, Lemma [6.3] yields

-1 gD(A)2
<6.13) G = gp(r1)gp (Y1)

<cs3

for some c3 > 1.
In the case r < 5 we have r(z,y) = |z — y| < &1 and r = 1r(z,y). Hence

2
p(x1) ANop(yr) > 5r = rlew).

Since |1 — A|V |[y1 — A| < 5r(x,y)+ |1 — x|+ |y1 —y| < 5r(z,y)+2kr < 6r(x,y),
Theorem 2.10] applied to gp gives

_ A) _ gp(A)
6.14 cl<—gD( <e¢4 and ¢t < 22 < ¢
(6.14) Y7 gp(a) T ! YT gp(n) T !

for some constant ¢4 > 0. Combining ([.12)-(6I4), we get

—1 gp(@)gp ) lz—y|~*2¢'(lz—y|~?) 9o (@)gp (W) |z—y|~*?¢'(z—y|~?)
I s — < Op(,y) < o eyl 2)?

for all A € B(z,y). O

7. EXPLICIT GREEN FUNCTION ESTIMATES ON BOUNDED C''! OPEN SETS

The purpose of this section is to establish the explicit Green function estimates
from Theorem in the case of bounded C*! open sets.

Theorem 7.1. Suppose that X = (X, : t > 0) is a transient d-dimensional sub-
ordinate Brownian motion where the corresponding subordinator S has the Laplace
exponent ¢ satisfying (A-1)—(A-5). If D is a bounded CY' domain in R? with
CUY characteristics (R, A), then there exists ¢ = ¢(R, A, ¢, diam(D)) > 0 such that

(7.1) L (V(sp(x)) A1) < gp(z) < ¢ (V(Sp(x)) A1) forall z€D.

Proof. The proof follows the proof of [KSV12b, Theorem 4.6] by using our Propo-
sition [2.6] Lemma [3.8] and Theorem [B.6]. O

Proof of Theorem [[2. Only using the fact that V is increasing and subadditive,
the following is proved in [KSVI12bl (4.38)]:

(V@) ANV EpW) AL V(ép(@)V(énly)
(V(dp(z) Vop(y) VI —y) A1)? — V2(p(x) Vip(y) Ve —yl)
Thus, when D is connected, Theorem [[2] follows from (Z.2)) and our Theorems
and [T1]

(7.2)
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Next we assume that D is not connected. The proof below is similar to the one
in [CKSVI0, Theorem 3.4].

Let (R, A) be the C1! characteristics of D. Note that D has only finitely many
components and the distance between any two distinct components of D is at least
R>0.

Assume first that  and y are in two distinct components of D. Let D(x) be the
component of D that contains . Then by the strong Markov property and (2.12)

we obtain
TD(x)
GD(x,y) =E, [GD(XTD(I)ay)] =E, / / ](‘XS _Zl)GD(Z’y)dZ ds
0 \D\D(z)
Consequently,
jdinn(D) Exlro] [ Goly. 21z < Gp(a.y)
D\D(z)
(7.3) < J(R) Ex[Tp(a)] / Gp(y, 2

D\D(z)

Applying the two-sided estimates (6] established in the first part of this proof to
D(x), after integrating out the second variable we get

-1 —1 —1 1
7.4 1 = ©1 <E 1
(7.4) Vop()=2)  \/¢(6p@)(x)2) — [TD ””)] Vo( 5D<1><m) 2) \/¢ 6p()-2)

By (4]) we get
/ GD(y7z)dz > / GD(y) (y,z)dz = Ey[TD(y)] > m-

D\D(x) D(y)
On the other hand, (ZI2) and (Z4) imply
/ Gpl(y,z < Ey [TD] =E, {TD(y)} +E, [EXTD(y) [TD]}
D\D(z)
TD(y)
N — E ] Xs - ]EZ d d
0 D\D(y)
< W + J(R)Ey [Tp () | ID| Eo[T5(0,diam(D))]
< —s E < 75,
< Vo Tablrel < 75
We conclude from the last three displays and (Z3) that there is a constant ¢g > 1
such that
(7.5) % < Gplw,y) < <

V¢ (z)"2)é(dp(y)~2) —
Noting that

Vé(6p(2)=2)é(p(y)~2)

R < |z —y| < diam(D)
when z and y are in different components of D, by Corollary we obtain (L6l
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Now we assume that x,y are in the same component U of D. Applying (L6]) to

U we get
> > 1 d(lz—yl~?) lz—yl~*~2¢"(Jz—y|~*)
GD($7y) = GU(l',y) ZCr < A \/¢(5u(1)_2)¢(6U(y)_2) o(lz—y]—2)2
_ 1 o(lz—y|~*) 2=y~ "2 (Jz—y|7?)
C7< : V630 (2)2)6(3p (y)~2) P(jz—y[~*)?
For the upper bound, we use the strong Markov property, (2.12)) and (Z4)—(Z3) to
get
GD(x7 y)
= Gu(z,y) + Ex [Gp(X7,, )]
< 1 P(lz—yl~*) lz—y| =29’ (lz—y|~*)
- N oo @ 660w ) ¢(lz=yl=2)*

+E, /U/j(|Xs_Z|)GD(Z7y)dZd5

0 D\U
$(lz—yl~%) o=y~ 2¢' (Jo—y| =)
“ <1 " \/¢(5D($)_2)¢'(5D(y)_2)> ¢(lz=yl=2)*

Ero] [ Goly,2)ds

IN

D\U
< 1 d(lz—y|~?) lz—y| = 72¢' (Jz—y|~2)
- CS( : Vé(on(2)=2)6(0p (y)~2) ¢(lz—y[~)*
co f d4zdz
(7 6) i p\v V¢(0p(2)~2)
' Vo(0p(2)=2)p(0p () 2)
Since D is bounded, we get
1 / dz < D]
V(6 ()2 (p(y) ) Vé©p(2)72) T \/6(6p(2) )¢ (b (y)~?)¢(diam(D)2)

D\U

IN

Ln ooyl 7
c1o ( V#G0@)2)@0 w2
which together with (Z.6]) and Corollary gives

Gp(z, < 1A eyl *)
p(z,y) < C”( Voo (@) 2)6(6n(y) 2)

() ¢’ (lz—y|~?)
s az <1A Voo () -2)6(0n (y) - 2)) EELEr (i R

Proof of Theorem [Ll. When d = 1, the theorem follows from Proposition 2.4]
Theorem [3.1] and Theorem (i).

Note that the result in [CKSVI2l Lemma 4.2] is true in our case too. By this
result, Theorem .10l Theorem (i) and Theorem [[.2] the proof of Theorem
is the same as the proof of [KSV12bh, Theorem 1.3] when d > 3.
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Note that if D is a C1'! open set in R?~! with characteristics (R, A), then D x R
is clearly a C'™! open set in R? with the same characteristics (R, A). Thus the case
d = 2 can be handled in the same way as in the proof of Theorem 5.6 (i) . (]
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