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The shift of plasmon energy due to the electron exchange is calculated. Our result is the 
same as that obtained by Nozieres and Pines. The analysis of the experimental values of 
l.i'i1atanabe referring to Bohm-Pines' values is made and the agreement between our theory 
and the experiment seems to be good at high densities. 

Several authorsl) attempted to improve Bohm-Pines' dispersion relation of plas
mons by including the effect of electron exchange and reached the conclusions that 
the exchange effect gives a certain correction to the term of order 1~2 (k is the 

wave number of a plasmon). The corrections, however, vary considerably with 
the authors and the characters of the approximations in their theories are not quite 
obvious. Recently DuI30isZ

) has calculated the shift of plasmon energy due to the 
electron exchange, using the Feynman-Dyson techniques of field theory. In the 
present paper we obtain the dispersion relation by the method described in I.3

) 

The correction to the term of order P is the same as that obtained by Nozieres 
and Pines,4) who derived the shift of the plasmon frequency by Bohm-Pines' theory. 

~ 2. Dispcrsim:n 

The two-particle Green function: l
)", 

G(Xl' X2; X3, x 4 ) =iC'jJ~, T{su(xl) S6(xz) ¢*(X:l) ¢*(X4) } (flo) (2 ·1) 

satisfies the Bethe-Salpeter equation; 

G(Xl' Xz; X3, Xej) =iG(Xl) Xa)G(X2' x 4 ) -iG(xl' X'1)G(X2 ) xs) 

+i I··· i G(XI' xu) G(X6' x 3 ) ['(xu, x 6 ; x 7 , Xp,) G(X7' X2; Xs, X'l) dX5dx6dx7dx8. 

(2·2) 
Let tr, t3 '> t 2, t 4• Then, we have 

G(X1' X2; X3, x4)=-i2~Xs(xI' x 3)XS(X2 , x 4), (2·3) 
S 

* Throughout this paper the atomic unit, m=h=l, is used and the notations in I are followed. 
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where 

(2·4) 

Applying Gell-Mann and Low's procedure to (2·2), we have the following equation 
for the bound state amplitude XS(Xh xs) of an electron and a hole, 

XS(Xl, .173) =iJ G(Xl, X!l)G(X(j, XS)r(X5, XG; X7, ~TIl)X8(X7' :Ts)dx5dxodx7dxs. 

(2·5) 

The interaction part r is given by the diagrams shown in Fig. 1 in lowest order; 
Then we get 

Xs (x'], X3) = -2i.f G(:1:1' Xii) G (x", XB) V (:1:5- XG) X (Xn, X'G) dx"dxr, 

~ 9 +i.\ G(Xl' Xil)G(XG, X3)V(Xij-XO)XS(:1:5, x(l)dxr,dxn, (2·6) 

t-----{ 
b) 

where 'V (X- x') = lJ (1"-.,.') (~(t_t'). 

The first and the second tenns on the 
right-hand side in (2·6) correspond 
to the diagrams shown in Fig. 1 (a) 
and Fig. 1 (b) respectively. The 
factor 2 of the first term is due to the 

a) 
Fig. 1. First order interaction part 

fact that in exciting a new pair an electron of either spin is available. The Fourier 
transform of (2·6) is given by* 

X"'w (jy) = iG (j) + .~. -) G (jy -. ~ ... ) -( - 2·u (k) .\ Xk,o (j») (~~).1 

+ f lJ (q) Xl.·.., (p+q)--ct!)-4L (2·7) 

which was first derived by Galickij and Migdal. 5) If we neglect the second term 
in parentheses in (2·7), substitute the non-interacting one-particle Green function 
Go(j)) for G(p) and integrate the both sides over jy, we get the Bohm-Pines dis
perSIOn relation6

) 

1=-2iv(J~) JGo(j)+ ~ )Go(j)--~)-(~~)-4 

= -2'V (If-) r ._no(p_+.l~/2)-no(p-lf-/2) 
J w-co(p+lf,/2) +co(p---k/2) 

clP._. 
(21l') 3 

(2 ·8) 

* Hereafter p, q and k denote the four-dimensional energy· momentum vectors, while the bold
faced p, q and k represent the ordinary momenta, for instance, P=(pE), k=(k(i), dp=dpdE, etc. 
Confusion of the four-dimensional vector with the magnitude of the momentum will not occur, 
because the four-dimensional vector always appears in the argument of G or X, 
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428 1-1. ](anazaWLl, S. Ivlisawa and E. Fujita 

In order to improve the dispersion relation we must take into account (i) the 
exchange energy and (ii) the ladder type diagram. The Green function G(p, c) may 
be written as 

G (p, c) = Go (p, c) + Go (p, c) l' (p, c) G (p, c), (2·9) 

or 

G(p, c)=1/{Go1 (p, E)-1'(p, E)}=I/{Eo(p)-c-l'(p, c)}, (2·10) 

where 2' (p, c) is the irreducible self-energy part. The first order self-energy which 
is represented by the diagram shown in Fig. 2 is given by 

(p) = l'U (10- p') no (101) (~~; 3 • 

If we substitute Eo(p) - (p) for co(p) in (2·8), we find that a 
term of In I;;, appears in the dispersion relation. This logarithmic 
divergence is cancelled by the second term in parentheses in (2· '1) , 
which represents the effect of the ladder type diagram. The ladder 
type diagrams give, in general, contributions of higher order in 1"s 

than the pair diagrams and may be regarded as a small perturbation. 
Then we may solve (2· '1) by successive approximation. Taking 
the first approximation, we get 

(2·11) 

Fig. 2. .1'(1) 

(2 ·12) 

\Vithin our approximation (to the order of Ts In T8 or r 8 ) it is permitted to sub
stitute Go (p, c) for G(p, c) in the second term in parentheses of (2 ·12). Then 
we have the dispersion relation 

1=-2'U(k)1 i jG(i)+ ~ )G(iy-1--) (:~4 +i
2
JJGo(P+ ~ ) Go(p- ~) 

X'U(q)Go(iy+q+ ~) Go (IY +Q- ~ ) (:~)4 --(:t~4j-

= -2v(.!&:) ,I, r no(p+k/2) =no(p-1I£/2) 
J w-k'p+2'(1)(p+l£/2) - (p-k/2) 

instead of (2·8). 

\ r no (p-+l;/2) -no (p __ k/2) 

J J (v-If' P 

X v(q) no(e±q+k/22~no~p+ -kL2) 
(v-k· (p+q) 

c!IL __ 
(2rc) 3 

dq !. 

(2rc)3 J 

(2 ·13) 
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Expanding the terms in parentheses in (2 ·13) in powers of e2 and }?,2 and 
retaining terms up to orders e2 and k\ we get 

elp 
(2n)i\ 

(2 ·14) 

If we compare the above equation with (2·8), we see that the second term in the 
bracket is just the correction term to the dispersion relation of BP. Using the 
following relation, 

(k p) 1::2 \'\ 
no(p) --noCp-f.:) = - . o(p- Po) o (j)-jyo) 

p 2p 

- .-.(k2:P,?-~ ((~(p-Po) - po! (p- Po» + "', 
jJ" 

and performing the integrations over p and q, we find that the correction term m 
(2 ·14) yields - 3/20· w p

4/o}. k2
/ j)02 up to order k2

• The dispersion relation now 

reads 

(2 ·15) 

which IS to be compared with that of BP; 

2 2 3 2 l2 C) (k4) (/) = (Op +-----j)o I? + . 
5 

(2 ·16) 

Thus the correction factor due to the electron exchange is* 

1 2 
1----- ~1)-p-=I-~- rs=1-0.0553 r s, 

4 jY o4 3n 
(2 ·17) 

which agrees with that of NP.4) 

§ 3. Further remarks 

As mentioned in § 2, when the ladder type diagram is ignored the exchange 
energy gives a In k term to the plasnlon frequency. To avoid this difficulty we 
may as well include the electron correlation, which means here the action of the 
polarization cloud back on the electron. '\Ve consider the contributions to the self 
energy from the diagrams shown in Fig. 3. Then we have 

(3 ·1) 

* The correction factor obtained by DuBois is 1- a:;. rs. He has taken into account the same 
12n 

diagrams as ours. The discrepancy might be due to his trivial mistake. 
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Fig. 3. 2(2) 

where 

E (1£ (;) = 1 + 2iv (k) r ~~_cJE __ Go (jy + l!_) Go (jy _ Jz~~) 
, J (2rr) 4 2 2 

=1+2v(k) \ dp 
J (2rr) 3 

J10 (p ~~ If/2) - no (p~1f/2) ... 
(0- P ·If+id(no (p +1-./2) -no (p-li/2» 

(3·2) 

is the complex dielectric constant. Since we are concerned with the self energy 

up to order r s , we may replace E (lff, (I) in (3 ·1) by static dielectric constant 
E (1£, 0) ;7) 

E 0) =1 2D.' T 8 /)0
2 

{ 1-1- 4P{=J:z.~~ In}jYo+.k } 
rr 1:::

2 4jYo lz 2po-lz 
(3·3) 

Then the sum of and yields 

where use has been made of the relation 

The first term in (3·4) is simply an additive constant which has no ef-fect on the 
plasmon frequency and the second one may be interpreted as the exchange energy 

of the screened Coulomb potential v (If) / E (k, 0). This interpretation is most easily 
understood by the language of diagrams; the neglect of retardation corresponds to 

th8.t the times t1 and t2 of the vertices 1 and 2 in Fig. 3 are set equal as shown 

in Fig. 4. This diagram just corresponds to the first one in Fig. 3 in NP, where 
they evaluated the shift of the plasmon frequency caused by Hsr in the BP theory. 

(+ 
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Green Function Method for Electron Gas. II 431 

Our screened potential is essentially (at least, up to order rs) equivalent to I-Isr. 
If we substitute J' (p) for ,2(1) (p) in (2 ·13), we find that the logarithmic divergence 
disappears, as anticipated at the start. 

At the same time, we must consider the effect of the ladder type diagrams, 
the second term in parentheses in (2 ·13). Here using" bare" Coulomb potential 
in the ladder is, also, the origin of the logarithmic divergence, which is, however, 
eliminated by introduction of the screening of the potential. This means, within 
our a pproxima tion, 'V ( q) must be replaced by 'V ( q) / E ( q, 0) . The ladder type diagram 
corresponds to the second one in Fig. 3 in NP. After these modifications are 
both taken into account, we again get the correction factor (2 ·17). 

It can be shown that the contribution from the plasmon state to the correlation 
energy is not of the simple form -i! ~ [nO) - (n(l) e2=o]dk/ (27f) 3 in our case. This 
might be due to the fact that the seperation of the bound state from the scattering 
state is not clear near the cut-off mornentum owing to the damping of plasmons. 
In the theory of BP the damping of plasmons arises mainly through the short 
range collisions of electrons (NP). Therefore the damping is associated with the 
non-RPAcorrections to the plasmon frequency. DuBois has calculated the dam
pmg and discussed the determination of l::,c. 

1.8 

1.6 

1.4 

Correction factor of dispersioJl coefficient 

c.xjJerimental value 
theoretical val1!e 
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Fig. 5 

Finally we add some comments on the comparison with experiment (Fig. 5). 

First we plot the ratios of Watanabe's experimental values8
) of the dispersion co-
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432 1-1. Kanazawa, S. JIIlisawa and E. Fujita 

efficients to BP's theoretical values as a function of rs. Because of very singular 
structure of the Brillouin zone, Ge is put out of consideration. On the other hand, 
for Be, Al and Mg the effective mass is nearly equal to the true mass and 
we may regard the effect of the positive ion lattice as comparably small. In 
fact, the above-mentioned ratios stand in a straight line within experimental error 
and we entertain a hope that this curve can be approximately described by the 
function of rs alone. Then we plot the theoretical correction curve (2 ·17). At 
high densities such as in Be the agreement between theory and experiment seems 
to be rather good, whereas at lower densities the discrepancy becomes large and 
we will have to proceed to the evaluation of corrections up to higher orders. 
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