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The Green function method is applied to the calculation of the diamagnetic susceptibility
of a dense electron gas. The exact high density value for the correction to the Landau
diamagnetism is calculated.

§ 1. Introduction

The influence of Coulomb interaction between electrons on the diamagnetism
was treated by March and Donovan,” and Kanazawa.” March and Donovan, and
Fletcher and Larson® inserted one-electron energy spectrum, which was obtained
by Bohm-Pines theory, into the formula for the diamagnetic susceptibility for the

quasi-bound electrons :*

- 62@ [ 2 d'E 1 a,’E]
k - rICO.

12(zfic)® L 3 cZ/e2+ (1-1)

3k dk
The effect of the long-range part of the Coulomb interactions including the effect
of subsidiary conditions was investigated by Kanazawa in the scheme of Bohm-Pines
theory. All these works show that there is a small correction to the diamagnetic
susceptibility due to the Coulomb interactions.

Wentzel” used an equivalent Hamiltonian which gives the correct high density
value for the correlation energy and calculated the diamagnetic susceptibility. His
conclusion is that there is no correction to the Landau value of non-interacting
electron gas. His argument, however, is valid only in so far as the exchange
effects are omitted. If we take the exchange effects into account, there remains a
finite correction,” and in this case the equivalent Hamiltonian formalism of Wentzel
cannot be applied. The diagrams which were taken into account by Wentzel are
shown in Fig. la and Fig. 1b. The contribution from the process shown in Fig.
la gives the Landau diamagnetism and the contributions from the processes shown
in IFig. 1b vanish. Wentzel did not consider the contributions from other processes
which are shown, for example, by Fig. 1c or Fig. 3c. In this paper we investigate
the contributions from these processes and derive the exact high density formula
for the correction to the Landau diamagnetism, using the Green function method.
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434 H. Kanazawa and N. Matsudaira

(a) ) (©)
Fig. 1. Diagrams contributing to susceptibility
Wavy line and dotted line represent magnetic per-
turbations and Coulomb interactions respectively.
In §2 we express the diamagnetic susceptibility in terms of the two-particle
Green function, which is calculated in a consistent approximation in §3 and § 4.
Since temperature dependence of the diamagnetism is expected to be small,
we calculate the susceptibility at zero temperature. The interaction Hamiltonian with
the magnetic field is treated as a small perturbation, and consequently our formu-
lation is not applicable to the case of strong magnetic field (de-Haas van Alphen
effect).

§ 2. Magnetic susceptibility in terms of Green funciiom

We consider an N-electron system in a box of unit volume. As usual it is
embedded in the uniform positive charge. We apply a static magnetic field, which
is expressed in terms of the vector potential 4 (r)=>14(q) exp (ig-r). Then

q
the Hamiltonian and the current operators are: (Zi=1)

H=H,+H,+ '+ H" (2-1)
Hy=>&a}a,, &=7p*/2m (2-2a)
b
Hc:%:).l V</€) a;a—ka;r*igap/(lp (2 : 2b)
A
H— —'E.Sdrjo (r) - A (r) (2-2¢)
C
H'=— —flw-jdrjl ) - A(r) (2-24)
2¢
o) =— 2; FP )o@ — ¢ @I ()} (2-3)
2
A== A@) ¢ )¢ @) (2-4)
e

where ¢ (rr) =>la,exp (ip-r), V(k)=4n*/%*, a, and a; are the annihilation and
»

creation operators of electrons. We have omitted spin indices for simplicity. The

expectation value of the current fj(q) +j(¢), which are the Fourier components
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of the current operators (2-3) and (2-4), is written in the form:
ia(@) =V |ju(q, )7 () >:%ZK“‘J(II)A,9 (q) +0O(A%) (2-5)

where we have referred to the interaction representation with H’/+I7” as the

interaction Hamiltonian which is switched on adiabatically in the infinite past.
#(t) is the Schroedinger function in this representation which is obtained adiabatical-
ly from %, the ground state of I1,+ I, and

Jq, t) =exp [{(H,+H)t|j(q) exp | —i(IH,+ )]
Gauge invariance and the condition of continuity require that”
K (q) = (¢"0ap— quqs) K(q) . (2-6)
Then the susceptibility is given by

2="1 1im K(q). 2-7)

Thus our problem is to calculate the expectation value of the current of our system.

As is seen from (2-5) and (2-7), we need to calculate i(g) only to the
first order of A. Therefore in the calculation of & (q) =¥ () |j(q, t)|F&)) we
may replace ¥ (z) by ¥, and we have

i (r, £) =0y (e, ) | V)= — S A ) (T ) P () | Ty = —-TE A (r).
Hc Y/ re
Therefore

2
ir(q, 1) =— jj‘ A(q), Kf=— "0, (2-8)

wmec

This is the so-called London diamagnetic term, which is almost cancelled by the
paramagnetic part.
Next we consider the paramagnetic current i :

W ) = (U)o (e, 1T
zjlzwp o (e, £, ET ()]0
= ﬁdr/) ar'{ o\ jo" (e, 1), 75 G, ) 1) Ag ('), (2-9)
C

since

V()y=T exp

-
— i\ e (1 @y + B @) |7,
and higher order terms in A are neglected. From (2-3),

(@) Jo(a) =-C (=T (2) ()P (27 (')
4dm

— ()P ()P (')
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+7 ¢ (o) () ¢ (2P ' (x)
FE@TH DT (@) (D), (2-10)
(z=(r, ).
Introducing the two-particle Green function
Gy (1, 23 3, ) =i( LT )P (2) ¢ (3) P+ (D | y)
where ¢ (1) =¢(ry, t,), we get (h=1t>1=t,)
(o] jo* (1) 7o (22) | Fo)

- 2

—e .

:Zz lim (7,%—F"%) (’726“"’7/2/8) Gy, 205 2/, ) (2-11)
dm 71,2772
1,971,910

and
<Wo!joﬁ (sz)].od(xl) ’{[70>:<»’170[j0“ <xl)jOB (2s) ’QTO>W (2- 12)

From (2-9) to (2-12) we get the final expression of i, in terms of G;:

2 ¢
7o” (rls tl) = 4;26"56{332 lim (!71a”“i7/1a) (1726”“[7/2'8) G2 (xh Zoy Xy, xz’)

— CO

X Ay () +e.c (2-13)

Thus the whole information of diamagnetism is contained in the two-particle Green
function for the system.

§ 3. Pair theory approximation

For a high-density electron gas the two-particle Green function, which gives
the correct high density value for thecorrelation energy, has been obtained in I:

—vmm@mm@@@v@&@@ma@@

~

+jdx5dx6Go(1, 5)Gy(2, 6) V(5, 6)Gy(5, 4)Gy(6, 3), (3:1)

where U (z, ) is the effective interaction, the Fourier transform of which is
Uk, w)=V(k)/E(k, w), E(k, w) being the complex dielectric constant and
Viz, ") =V{@—r)o@—1t). G, is the unperturbed one-particle Green function
and is given by

Go(, ) =32

; 5 Go(p, &) expi(p-r—Et), (3-2)
P T
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Gy(p, &) =—[E—E+i0(1—22,°) " (3-3)
(a) (b) ()

Fig. 2. Diagrams for correlation energy
Helical line repesents the effective interaction.

where »,° is the occupation number of the unperturbed state. The contribution of
each term of (3-1) to the correlation energy is shown graphically in Fig. 2a, 2b and
2¢c. In this section we will use (3-1) for G,. Inserting (3-2) and (3-3) into
(3-1) we get

lim (,7104_“,7/101) (V2B*V/2ﬂ> G, (rltb roty; 74107, "'/2t2+>
715277152

=47i>)

PyPo

5 d&,d&,

'GO 181 GO 282
(2m? (p&1) Gy (pSs)

X (P1 +P2)a(/)1+])2>,e €XPp [i(i’l‘“Pz) : (7'1‘“"2) ”i(81“52) (tl""['é)]

S (Zéidé\’d_(u

+ 3 **7{’**-Ga(plé)Go(pQE’)?f (4, @) Go(pr—q, E—w)

PPl
XGo(p:t+q, &+0) Cpi—q) o (2Pr+q) s exp [iq- (ri—r,) —iw(h—1) ]

S j ded&dw

(27;)3 Go(pi8) Go(ps') V(@ Go(pr—q, &' +w)

PyPa

XGo(prt+q, E—) (Pr+Pot@) o (Prt P2~ s
Xexp [i([’lﬁpz"‘fl) - (r—ry) “i‘U([l“‘tz)]- (3-4)
From (3-4) and (2-13) we obtain

i () =% j do_

C

o ,,1_..,..,_.Fa/9 (q, (p)) A:@ (q) “+c.c. . (3 ° 5)

2n  w—10

Therefore

2 J (3-6)

Ko (q) :"*‘j d(‘f-v[PlRe F (q, @) —m8(w) TmF (q, )
cJ 27 w

Here
F**(q, ) =F**(q, o) + F,**(q, o) +F,"*(q, ©) (3-7)

with
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2

Fi (g o) = 3125 2p—0) . 2p—0)Gop. OGu(p—g, E=0)  (3-8)

2
a,@ ) — — (3 \> d((}CZb w . Y .
(% ()) 4771 3‘7],717} (2 )2 (% U) (Z[)l Q)a<2P2+Q)K9
XGO(ph E)Go<p1”‘*(§, 6“(’)) Go(pza 8/)(}0(532"}‘% &+ w) (3-9)
a - CZ(/CZ(,
Fo (q, o) =i 4;72 %,Jnj (omy PP D Coim@) (2t
X Gy (pr, ) Go(pr—q, E—w)Gy(ps, &) Go(prt+q, &+w). (3-10)

Here we notice that the terms £,*%, I, and F,*® come from the first, the second
and the third term of (3-1) respectively, and so it is evident that their contributions
to K,* are represented diagramatically as in Fig. 3a, 3b and 3c.* We write
K,*? as

K (q) = Kg+ K&+ K. (3-11)
— 3 (}'5‘6"@\
2\
( i . ) PPN ot
) (©)

Fig. 3. Contribution from (3-1) or (3-11)

If we put V(&) —0 for the moment, then the second and the third terms (){
(8-11) vanish. Therefore K must give, when combined with K,“? of (2-8), t
usual Landau diamagnetism. This is actually the case, as is shown in Appendix }I

7 al

Next we consider K&. Comparing Fig. 3b with Fig. 1b, we see at once that

this is the term investigated by Wentzel. In other words, to take into account
only the first and the second terms in (3-1) corresponds to Wentzel’s approximation,
in which 7’ is reduced to the parts involving only pair creation and annihilation
terms. In our formulation the proof that K& vanishes is quite easy, if we rewrite
(3-9) as follows:

Fer (q, w)= —iV (g, w)L.(q, »)Ls(q, ) (6/2'}71) ?

\/. CZE ~ ~ e
L.(q, a)):l%;j'—é; 2P+ Go(p, ©)Go(ptq, E+w). (3-12)
Using
r & i ; 0 . . 0 7
j"'d Go(p, 8) Go(p—}—q, 6+(!)) :Z{ i _»Zp-v (/(1 np.Z — Tl (1 7: r([z j (313>
7 et 02 ek 1) Wy, = W10

*i(q) =— (1/c)0E(A)[0A(—q), where E(A)=E;+2(@xA(@)-(gxXA(—q)). Fig. 3 repre-
sents the diagrams which contribute to the second term.
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we get

La(q; o) ZZ'Zi’l,,O(l“n%,_q) (2P+Q)a’7 —“1 ~+- —1 e —_i'
p

]
L Wy, ,—w—10 Wy, 4+ 10

where w,, ,=¢&5.,—¢&,". Thus L(q, w)=L(q, —®). Returning to (3-12) and
changing the integration varlables as p>—p—q, E->E—w, we find that L(q, w)
=—L(q, —w)=—L(q, )=

Therefore in our approx1mation (3-1), the term which gives a correction to
the Landau diamagnetism is only K3, which corresponds to the diagram shown
in Fig. 3c. The calculation is performed in Appendix II and the result is:

0 __ .. 0 0 __ 0
=1() SIV(p—p) (p+30) o (p/ ) e e S

C pp! (l)p, q (’)pl,q .

(3-14)

Here we encounter with two difficulties. Firstly, (3-14) is not gauge-invariant.
From the form of (2-6), gauge-invariance is guaranteed if }_;qaq,@K“B(q) =0, which
does not hold. Secondly the integral of (3-14) diverges.a“)

These difficulties indicate clearly that our approximation of G, is not sufficient
for the problem of diamagnetism. We must improve the two-particle Green function
(3-1) by taking into account the higher order effects. This, however, is not
surprising. The difficulty of gauge-invariance is rather evident at the beginning,
because in the case of diamagnetism there is another term besides (3-14) which
is linear in V(k). From perturbation theoretic point of view, they together form
the correct first order correction to the ideal gas value. Therefore it is not sur-
prising that a part thereof alone, (3-14), is not gauge-invariant. In the case of
correlation energy, in contrast to our case, all terms which are in the same order
in the 7, expansion are all contained in (3-1). But now this is not the case. Thus
we must include, besides (3-14), all terms that are of the same order in »,. To
this purpose we first replace G, in the first term of (3-1) by G,, which we define
as the one-particle Green function including exchange self-energy

(;1([’, 5)_1:(;0(13, (9) ! ~u(P)
‘.G,(p)—-\‘V(f’)n,,L,c (3-15)
In other words, we replace, in the expression for the Landau diamagnetism (A2),

&Y by E,=&'—2,,(p). Next we expand it in V(k) and retain only the first
order. Then we get

[

(:)7,,1
(3-16)
Combining (3-14) and (3-16) we obtain
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2
K, =K% + K= 1 (e ) SW(p—p) (g ) (= 0r)
i (724

¢ Wy g

AL 1 i ' S
X (prdq) K TADe_ (2D | (3-17)
N Wy, \
This expression is evidently gauge-invariant as expected and thus the first difficulty
has been removed. But the second difficulty still remains. We will investigate it
in the next section.

§ 4. Elimination of divergence

In the preceding section we have looked for the correction which is linear in
V (k) and we have found it to be divergent. This is rather an expected result,
since if we calculate the diamagnetic susceptibility in a simple manner using (1-1),
it diverges in the Hartree-Fock approximation. As is well known in the calculation
of the correlation energy, these divergences are removed by replacing V (k) by
the effective interaction ' (k, »). Physically it means to take into account the
correlation effect, or the screening of Coulomb potential, which removes the un-
natural distribution of the energy level on the Fermi surface. In our calculation
this effect is taken into account by replacing G,(x—a’) in the first term of (3-1)
by G(x—xz’), which includes the polarization part besides the exchange energy,
and replacing V(x—x’) in the third term of (3-1) by U (z—2') : i.e

Gy(1, 2: 8, 4) = —iG(1, )G(2, 3) (4-1a)
+§dx5dxﬁ(;o<1, 5)Gy (2, 6) 1 (5, 6)Gy (5, 4) G,y (6, 3), (4-1b)

where we have omitted the second term of (3-1) which gives no contribution.
The Fourier transform of G(x—zx’) in our case is, as is well known,

G(p, &) 7'=G"(p, &) =2 (p) —2e(p, &). (4-2)
2,.(p) is given in (3-15), and
da) y Ok, »)
2Zeolp, & ——V(k) G, k, E&+w 4-3
P, &)= %Jj (8 Golp+ )y 14+Q (k, w) (4-3)

where Q (/6, (I)) :6(]\’, (/)) — 1.
Here we make a symplifying assumption :

B (k) —— T (k, 0), (4-4)
then (4-3) is integrated straightforwardly and we get
= & :S“ 5 0 . ._M__QA('IE?_,O#),- A : .
(P 2o(p, O =RV R L= T =3V O (45

which is independent of &, Comparing (4-2) with (3-15) we see at once that
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Green Funciion Method for Electron Gas. II1 441

the contribution of the first term of (4-1) is K+ (3-16), except that V(p—p")
is replaced by U} (p—p’, 0). Contribution of (4-1b) is calculated in the same
fashion as Appendix II, and the result is just (3-14) where also V(p—p’) is
replaced by U (p—p’, 0). Thus we come to the final result:

K (q) =K,** (q) + K" (q), (4-6)

o 1 2
Kot (@) =15 ) 330 (=P, ) Gy =) (=)

m

X # '*“%le‘(* (24395 _ (P+30) BJ (4-7)

Wy g L Wy, W, ,
Expression (4-7) is gauge-invariant and finite. Its calculation is elementary but
somewhat lengthy, which we give in Appendix III.

In Appendix III we use a further approximation of replacing U (%, 0) by
U’ (k), where (q=1Fk/k))

v =1

\ . \ i
U (k, 0 _ Ame’| 2,‘?“[’1%_{1_\,‘1 O J 4-8
(k, 0) =g+ 12%@)}, (4-8a)
.
vy =g rze) T, 6= O (4-8b)
/‘ZU T
Then the result is:
K& (q)= (0ap—4.98) Ko (@), (4-9a)
et | 1,
Kolg)y= "7 . |qg[—>-J 4-9b
(@) (2m) % lq 5 ] ( )
where I vanishes independent of &, and
J=Alog é+B+Célog é+ -+, (4-9¢)
2 3 '
A:-—gg ., B= 8; (4— log 2). (4-9d)

§ 5. Discussion

In our calculation we have made four approximations :

(i) approximation (4-1)

(ii) the approximation made in deriving the second term of (4-7) which

originates from (4-1la)

(iii) neglect of retardation, i.e. the approximation (4-4)

(iv) replacement of U by U’.
These approximations are justified as follows.

(i) In §3 and §4 we considered the processes that are represented dia-
gramatically in Fig. 4. In other words, we considered the correction to Fig. 3a,
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which are of first order in Fl, and replaced V' (k) by the effective interaction
(elimination of divergence). All other corrections may in principle be calculated
by the prescription : '

(a) write down the processes in diagrams (e.g. Fig. 5)

(b) construct the Green function G, which contribute to that diagram

(c) insert it into (2-13) and perform the calculation

(d) if divergences appear, they are always treated by the principle of

elimination of divergence.
2
?'tq
Y
3
4

1
(a) (b (a) (b)
Fig. 4. Processes representing each term of (4-2) Fig. 5. Diagrams representing higher
Double line is the propagator of electron order corrections

and hole including self energy.

For example, we will briefly investigate the processes represented in Fig. 5.
Fig. ba gives no contribution, just as in the case of Fig. 3b. This is the consequence
of the situation that the matrix element at the point (1) or (2) in Fig. 5a is of
the form (p-+34q)A(q), which changes sign by the replacement p—>—p—gq, and
the integration variables p and p’ are independent of each other. Thus in general
diagrams of this type, i.e., diagrams which are composed of two parts each of
which has one perturbation line FH’ and which are both connected -by single
interaction line I1,, give no contribution. The contribution from Fig. 5b does not
vanish. However, it is of second order in H,, and if we compare the result with
that of Fig. 4b, it contains a factor ¢’, or »,. Thus the contribution is of higher
order.

(11) Approximation (ii) is justified in the same fashion. The contribution
from (4-1a) (Fig. 4a) is just (A2), except that w,, is replaced by W(p, q) =
E(p+q) —E(p), where E(p) is the energy of the quasi-particle

E(p) :8790—2‘(?>-

Our approximation is to replace

. L 2(ptg —2(p)
19,74 — =\PTY) T <= \P) 5.1
(0 “rn W(p, q) Wp,g ( )
b
’ (pta) ~2(p)
W"hﬁ“-‘mT_W ————— M, (5 - 2)

so the correction to our approximation is
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_ X+ =)
5:1)—(5:-2)= ’
( ) ( ) W(]), Q) (”zw,'/

which is also of the higher order in 7.

" (iii) Properties of the approximations of (iii) and (iv) are also of the same
type as before, because U (b, w)— U (k, 0) and U (k, 0)— U¥/(k) are proportional
to €’ times integrals which do not diverge.

Finally we note that / in (4-9b) vanishes independent of & as is seen in
(A9). This means that our original form (3-17) does not contain the constant
term, although the coefficient of ¢* is infinite. Therefore, our procedure of § 4,
that is, the approximation mentioned above, does not affect the vanishing of I in
(4-9b). |

Thus we conclude that our result (4-9) is exact up to the second term of
(4-90).

It is interesting to compare our result with that obtained by Donovan and
March. They give

/%) =1 ~|——62:' [log ri+2(2+4+log 0.417—log 2) + -]

while (4.9) gives
/7)) =1 _‘?7}..[ 4] 0‘)
X/ %) =1+ o ~_log rs+4-+log 27TJ
Numerically,
2(2+log 0.417 —log 2) =1.12
4+log (a/27) =1.51.
We find that the correction is finite but very small.
We are indebted to Prof. T. Usui, Miss E. Fujita and other members of the
group of many-body problem for helpful discussions.

Appendix 1
Landau diamagnetism
(3-8) can be readily integrated with respect to &, using (3-3) :

e (g, ) =—i( © ) Sp+30)u(p+30) s (1—1.)
»

€
m

x( 1 41 J » (A1)

N ) .\-
Ly, w0 —10 Wyt —10

(A1) is put in (3-6), where we notice that (Al) is symmetrical with respect
to @, so that
K(%‘r;: - (1/C> Imﬁ‘oaﬂ (q, O)
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:*‘2‘1§~§§<z)+%q>a<z)+%q) M (Ar). (A2)

mc ()q

Now we transform the coordinate system from (afy) to (xyz), where we take
z-axis pararell to g. Thus .

Pa=p a=>\p,a, etc.,
€
then the integration of (A2) over p is straightforward and yields

e 62 | Q o 5 1 )
K(OQZ'JQaQﬁ‘F( ag ™ 9as > J = ko

¢ ) dntme STRIT

¢\ ket )
oL (kim0 g At
4q 4 g: f

Expanding logarithm in power series of ¢ and adding (2-8),

2
K. (q) =K + K= — (QQaaB*“%Qﬁ)[*n‘e#‘ 1 + j
mec 4k,

So that

fo=— SR 1 1137y (A3)

127" mc’ 127%ar,

where we have put n=4%,"/3%" taking spin into consideration.

Appendix I
Derivation of (3-14)

From (3-10) and (3-13),
[ dede
Fe=il ¢ Y[ XA G102 3904V (p—p)
m [ votd (2m)
XGo(P, E)Go(p+q, E—f—u))Go(P/, 5’)G0(P’+q, &+ w)
[nz’w(l "7y )A

(UM w410

Q) (o[ g A) b Aie) | ag)

(UT):’I w—10 Wprg— W + Zf) Wprg— W— 25

:—,,( £ ) SUp+39) o (P +19) s V(p—p)

op!

Here we note that F,** (g, —o) =F,"*(q, »), because in (A4) if we change the
variable from p, p’ to —p—q, —p’—¢q, nothing is changed except the sign of .
Thus in (3-6) the first term of the integrand vanishes. So that

g=—11mF(q, 0), Y

which gives at once the result (3-14), since &(w,,) =0 everywhere in the range
of integration.
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Appendix III
Calculation of K (q)

In the calculation of (4-7) we can choose, because of gauge-invariance, a
special coordinate system where the z-axis is parallel to q. As was stated in § 4,
we make an approximation of replacing (4-8a) by (4-8b). (4-7) then becomes

K& (q) =q'Ke(q)

or

1 1
K@= _(-£) 30/t Oheymm?) Oy

« Pe ‘.[P’-r _ Pr,.]_ (A6)

Wp,q Wpty  Wpy

Since we seek for the value of K¢(g) in the limit of small ¢, we expand (n),,—n,’)
and (7%, ,,—n%) in power series of ¢g. Changing the variable in (A6) from p, p’
to p—4q, p'—+q for convenience, we get

ng{q/z——ng_q/“):—.,(p,q) 6(15#]30) -;-717,”‘ qz(P‘I) __(P‘l)s ;l(;(p__/\,o)
. p 8 LR 3 Pﬁ
,<P~q>3_,q2<P-q>J (PO 5yl io .
o P P (k) — D7 (k) |0, (AT
thus
4 N2 1
K jd dp' | dedz' | deder
olq) = (myied pz))lxx) ‘P‘P(P e
x YO0 YO8 YOSP NGt pk)d(p'~ k)
X X x
_q xﬁ(/)——Lo)[ y/20(1)/ /‘,O)wv y’2f)’(,'b’—~/€)~—%f(?”(])/—k)]
8 ko P’ - Y 3 con
‘é 23 (p —/’eo){-o-y“’k)‘(p*—/eo)———;—y 0’(])-—/‘0)—~.ﬂ‘,’3( 1 (p— o)]}
= (4-9b), (A8)
where x=cos ¥, x'=cos,

y=1—27 y’zv—-;l,-x’z;

/

dpdp’—— X% ..
= Jdpdp (p—p/)*+ 26k

XO(p—re)0(p'—ky),

J=\apap 1. 2cose [-zi_c_o;se’“* y cossfi_]
( p p)’ + 28k, x x x

-,_yM.,Cg%,,,se-_[ﬁy’}cos ¢’ ycos SDQJ
/

X
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. 4 3 i
x{d(p—ta| F a4 k) ~ Y k) = (k) |
N L 30

5 'g 1l
+x/a(p>/eo>gr~ VO (p—ke) — Ty (p—ke) — L ’3"(1"’%‘”%'
Ly P 3

In order to compute the integrals I and J, we use the following formulas :

(p__p/)2+28k02:])2+P/2+28k02_2])1)/(xx/+yy/ cos Sp,/>> 90//:50__95/

2 / /o ! i
[ Aol aycosy] YO yeose |
0 a—3cos ¢ o x

*27 p ! ve on!!
:ﬁ‘ do’’ xzy !7 y cosgr Yy ]
Jo ' a—3cos ¢’ L x’ X

Then the integrations over p, p’ and ¢’ are performed to obtain

I=(=/2) ke’ ],

’52

(1. 7) J:Jf—%(]lq_&]ﬁ—%(; -«8) J, — ;

Jy

where

1 M2 ! e . / 2
Jo=\dadat| dp 7V 20~ (1)
J-1 0 (a—73 cos )"
rl 227 . _ / 2
J,) :j dchxJS do yy' cosg— (@ 2)y (2 + "),
-1 0 (a— 3 cos @)”
a=1+E—xx!, [B=yy.
Integrations over ¢, x and 2’ are calculated straightforwardly. Here we write only
the result : ‘
J1:J2:O ‘
J/=87/3)[—3—26(2+&E) +E(A+E) (2+8)7]
Jy = (87/3)[6(1+E&) — (2664367

where
r=log ((2+¢)/8),
and
EJy—>0 as 0.
Thus we finally get
I=0, (A9)
J=(87"/9)|log (£/2) +4]+terms which vanish with &.
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