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Summary

The complete solution to the three-dimensional Lamb’s problem, the
problem of determining the elastic disturbance resulting from a point
force in a half space, is derived using the Cagniard-de Hoop method.
In addition, spatial derivatives of this solution with respect to both the
source co-ordinates and the receiver co-ordinates are derived. The
solutions are quite amenable to numerical calculations and a few results
of such calculations are given.

1. Introduction

Since the classic paper of Lamb (1904) the problem of the elastic displacements
resulting from a point force in a half space has been the subject of numerous studies.
A partial list of authors who have treated the three-dimensional problem includes
Cagniard (1939), Dix (1954), Pinney (1954), Pekeris (1955a, b), Pekeris & Lifson
(1957), de Hoop (1961) ,and Aggarwal & Ablow (1967). More recently, Kawasaki.
Suzuki & Sato (1972a, b) and Sato (1972) have solved for the surface displacements
resulting from a double-couple source in a half space. Solutions, or at least clear
outlines of how the solutions are to be obtained, can be found in the literature for
most of the various cases which comprise the general problem. However, it seems
that nowhere are all of these solutions collected together with a uniform notation
and in a form suitable for numerical calculations. This is one of the purposes of this
paper.

The solutions of Lamb’s problem can be thought of as the Green’s function for
the elastic wave equation in a uniform half space, and as such it is the starting point
for the consideration of sources more complicated than the simple point force. For
instance, such a Green’s function is a basic ingredient in the Knopoff-de Hoop
representation theorem (Burridge & Knopoft 1964), which is one of the more elegant
approaches to the problem of modelling an earthquake. However, in most cases
the boundary conditions at an earthquake source are specified in terms of displace-
ments, and we find that it is not the Green’s function itself but rather the spatial
derivatives of the Green’s function which are required. Thus a second purpose of
this paper is to present formulas for these spatial derivatives.

In this paper we consider only the three-dimensional problem. The solution to
the two-dimensional problem can be obtained by integrating the three-dimensional
solution over one spatial dimension, although it is just as easy to derive it from first
principles using the methods outlined in this paper.
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100 L. R. Johnsen
2. Statement of the problem

For a uniform elastic material and a Cartesian co-ordinate system the equation
for the conservation of linear momentum can be written

2
P (%; ux, 1) = f(x, )+ (A+ ) V(Vu(x, )+ V2 u(x, 1) )

where ¢ is time, x is the location vector, u is the displacement, f is the force which is
the source of the elastic disturbance, p is the density, and A and yu are the Lamé
constants. The vector equation (1) can be separated into three scalar equations, and
thus we actually have three independent problems to solve. In what follows it will
be convenient to derive the solutions to these three problems simultaneously, but it
should be kept in mind that we are actually doing three independent problems at the
same time.

We consider a half space with x; = 0 defining the free surface and positive x;
pointing into the half space (Fig. 1). Initially we will formulate the problem in
Cartesian co-ordinates but later on the cylindrical and spherical co-ordinates which
are also shown in Fig. 1 will be useful.

The stresses on any plane of constant x, are

0 d

Tiate 1) = i (5 0 0+ 5 usx,0))
0 d

Toat, 1) = 1 (5160, 0+ - s ) @

i) 0 0 i)
T, 1) = & (5 0 0+ 5 a6 0+ 5 10, )) 205 s, )

The basic problem is to solve equation (1) subject to the condition that the stresses
of equation (2) vanish when x; = 0.

We will consider the case where the source function is localized in both time and
space.

f(x, 1) = (1 & +2R2+f383) 00, —x'1) 6(x, = x'5) (x5 —x"3) 6(1~1').  (3)

For such a source we will refer to the displacement solution as a Green’s function and
use the standard notation

u(x, 1) = g(x, ; X', t')
=g:(x, 65X, )R, +8,(X, X, 1) R, +g3(x, £; X', ') R Q)
For the problem being considered there is no loss in generality if we take x', = x', =
t'= 0 as implied by Fig. 1.
3. The solution in the transform domain

We now proceed to solve equation (1) with the particular source given by equation
(3). This differential equation can be reduced to the following set of algebraic equa-
tions (written in matrix form) by taking Laplace transforms with respect to ¢, x,,
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Green’s function for Lamb’s problem 101

Fi1G. 1. The geometry of the problem. The displacement u at the position
(x1, X2, X3) resulting from the force f at the position (0, 0, x’3) is to be determined.
The plane x; = 0 is a free surface.

x,, and x;. The corresponding transform variables are s, &, &,, and &;.

T P O &ids
¢ & 522‘*' ﬁ(fsz—"/jz) &6
] £ & £, ¢ £+ I;ﬂ‘; (32— v5?) |

e (=6 ¢ o)

X G(gy S5 0, 0, x,35 O) =

At
where G and F are the column matrices
£:(,5;,0,0,x'3,0) i
G,5;0,0,x3,0) = {£2(8,5 0,0, x5, 0) F={/f}. ©)
83,5, 0,0,x'5,0) VE

Note that the Laplace transform with respect to ¢ is the ordinary one-sided Laplace
transform while those with respect to x,, x,, and x5 are the generalized two-sided
Laplace transforms. In the above equations we have used the following definitions.

A+2u\t +
gy
K, = s/a kg = s/B
Re{(x,*~¢,*)*} =0 Re{(x*=¢)) 20
Ve = (16, =&, 2 =&, Re{v,} =0
Vg = (sz—ff"{zz)i Re{Vﬁ} 20 )

™)
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102 L. R. Johnson

The following conditions insure convergence of the transforms and thus define the
region of the transform space in which our solutions are valid.
(a) s is positive real
(b) [Re{& }| < x, g
© Re{Z:}] < Re{(x,2—&,9%) ®
(d) [Re{S3} < Re{v,}
Obtaining the solution of equation (5) is simply a matter of algebra. Doing this

and also performing the inverse transform of the (x,, £;) pair leads to the general
solution,

G(fly 629 X3, S, 09 0: x’3’ 0)
¢,? $1¢2 &1 Ve 580 (x'3—x;3)
= ¢162 7% ¢2 Vq 580 (X3 — X3)

§1vesgn (x'3—x3) &y v, 580 (X'3—x3) Vo

L SR (—vlx's—xs))

Ve

‘522'*"’;2 -¢,¢ —&; vpsgn (x'3—x3)
+ | =&&; 512'*'"#2 —¢&, vpsgn (x'3—X3)
—§yvpsgn (x'y3—x;3) —&,vpsgn (x'3—x3) &2+¢,°
e (—ylYamx)

Vs
a;§, a$1 as¢,
+ a,§, a$; as ¢,
“al v¢ —az v, —03 Va
exp (—vo(x'3+x3)) F
vl
byv, b, vy by v,
+ Cy Vg €3 Vg C3 Vg
bilited; by¢1+c2 ;s by&i+c38;
. SXP —(v,,fx 3+x3)) E. ©)
B

The first two terms represent the solution to the inhomogeneous problem while the
last two terms with the nine arbitrary constants a,, a,, ..., ¢; are solutions to the
homogeneous problem that remain bounded as x; goes to positive infinity.

The next step is to apply the stress boundary conditions at the free surface. Trans-
forming equations (2) into the (£, &,, x3, s) domain, substituting in the solution of
equation (9) for u, and requiring that the stresses vanish when x; = 0 leads to a set
of algebraic equations which can be solved for the nine constants a,, a,, ..., ¢;.
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Green’s function for Lamb’s problem 103

a, = (—fl/d)[h2—4va Va(flz +&,%)—4, vg h exp ((Va"vp) x'3)]

by = (/v d)[hz("pz"flz)*“wa Vp(ézz sz—flz sz)
+4¢ 2 vg? hexp ((vp—vy) x'3)]

¢y = (=& & vy ) F? +4v, vp(ig® +v2) —4vp? hexp ((vg—v,) x'3)]
a, = (—fz/d)[h2 —4v, Vﬂ(fxz +fzz)—4"a Vg hexp ((Va—"p) xls)]

b = (10)
2 =0y
c; = (1/vg d)[hz(xﬁz_£22)+4v1 Vp(éxz sz—ézz Vﬂz)
+4E,% vg2 hexp (vp—v,) X'3)]
ay = (= v Jd)[h2—4v, vp(E 2 +E,7) +4(E 2 +E2) hexp ((ve—vp) X'5)]
by = (‘"é1/d)[h2 —4v, Vﬂ(fxz +&,) -4y, vg h exp ((Vﬁ — V) x,s)]
€3 = ("fz/d)[,72‘"4va Vp(§12+€22)—4"a Vg hexp ((V/i —v) x'3)]
where
B g =& ()

and

d = R +4v,v,(E* +&57). (12)

Now if the expressions of equation (10) are substituted into equation (9) we have
the complete solution to the problem in the transform domain. It is convenient to
write the results in the form

G(éla 623 X3, S5 09 0’ x,3, 0) = P(él, 62’ X3, S, x,3) F+s(él’ 62’ X35 S, x,3) F
+PP(,,¢,, x3,5, X'3) F+8S(&y, &,, x5, 5, x3) F
+PS(¢y, &2 x5, 5, X'3) FHSP(Ey, &5, x5, 5, X'3) F (13)

[ H
'933 1

1 2 t, sec 3 4

FiG. 2. The components of @¥(2,0,0, ¢; 0,0, 10, 0). All components not shown
are identically zero. For a force of 1 dyne a division on the vertical scale is equal
to 10~ °cm.
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104 L. R. Johnson

where
P(éla 629 X3, S, x,3)
&2 $1¢2 $1 v, 580 (x'3—x3)
=|¢:¢; &? $2 Ve 880 (X' 3—X3)

&y v sgn (x'3—x3) & v, 580 (X'3—x3) v’

eXp (—Va|X'3 —X3)

2ps v,

S(¢15 82, X3, 5, X'3)
522‘*‘%2 -¢1¢8; =&y vpsgn (x'3—x3)
= | =¢,¢; &2+t —&; vpsgn (X'3—x3)

=& vpsgn (X'3—x3) —&,vgs8n (x'3—x3) E24E,?

exp (—vgx'3—x3))
2ps% vy

PP(&y, 2, X3, 8, X'3)
—&,? —&& v

o I (R RN RS L)
$1 Y, 2V, v,?

8$8(¢&y, &2, x3, 5, X'3)

i (Vﬂz'*'fzz)d"sva vﬂsilz —flfz(d+8v,vﬁ3) .
—¢ Vﬁ(hz —4v, Vﬂ(512+522))

—61 62(d+8v¢ vﬂ3) (v,,2+§12)d—-8va Vﬂs 622
-¢, Vp(hz —4v, Vp(flz +522))

& Vp(hz ~4vy, Vﬂ(512 +§22)) ¢ Vﬁ(hz —4v, Vp(512 +522))
| _(512*‘522)(}12"4"1 Vﬂ(flz'f'fzz))J

< exp (— ve(x'3 +x3))

exp (— v (x'3+x3))
2psv,d

(14)

2ps?vpd
PS(y, &2s X3, 5, X'3)
ﬁf12"p 6162";1 élvzvp
=& & v &2 v &2 Ve Vg " exp(—vayzc’s—vpx3)
| 6(E2HED HERHEY vE2HED) ps-d

SP(¢y, &8s, X3, 8, X'3)

512"11 fxéz"p _51(612"‘622)

= $iéavp fzzvﬂ =& (¢ 248D 2% exp(—vpx’3—vax3).
| =Gy Gy GG ps*d

As the notation indicates, the six different terms of the solution in equation (13)
consist of the direct P wave, the direct S wave, the reflected PP wave, the reflected
SS wave, the reflected PS wave, and the reflected SP wave.
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Green’s function for Lamb’s problem 105

4. The solution at the free surface

For most seismological problems we require only the solution at the free surface,
and in that case the solution is a little more compact than in the general case. We
will carry through the details for this particular case in the present section, and in
the following section the results for the more general case will be presented.

Upon setting x; = 0 in equation (13) the solution simplifies to the extent that
it can be written in the form

eXP (— ¥y X'3)

G(éh 62) Os S, O, 0’ x'3, 0) = M(gl’ 52’ 0, S, x’3) F

ud
+ PRI NG, 6,05, X9 F (19
where
2512"5 28,82V 261V
M(él, 62, Oa s, xIS) = 251 62 Vﬂ 2622 Vﬁ 262 Va v”
Eih Erh v, h
N(él’ 521 05 S, x'3)
vp)(h(vs? —E:2) +4v, v, 652) (£, Eafvg)(h—4v, vp) y (16)
- h
(4 fz/vp)(h—“wa Vﬂ) (I/Vp)(h("pz "512) +4v, Vg 512)
—62
~2¢ v, v =28, v, v 2"1(512'*‘522)

The next step is to perform the inverse x, and x, transforms.

—1 e exp (—v, x'3)
,%5,0,5; 0,0, x'3,0) = ” M., &5 0,5, X
G(xy, 32, 0,5 0,0, %'5,0) 4”2”-.~w[ 25 M), ,0,5, X' F

+ M%VL’C_Q N(¢,¢,5,0,5 x'3) F] exp ($y xy +&3 x)d¢  d,. (17)

By a series of substitutions it is possible to transform the right-hand side of this
equation into a form such that the inverse s transform can be solved by inspection.
This general approach is commonly referred to as the Cagniard method, but the
particular method to be followed here is a modification of the Cagniard method due
to de Hoop (1960, 1961). The method is thoroughly expounded in the papers by
de Hoop so we will only list the essential steps of the method as applied to the present
problem.

(1) Make the following substitutions (see Fig. 1):
x; = R cos (¢) X, = R sin (¢) R = (x%+x%)*
(18)
R = rsin () x'y = rcos (0) r= (R*+x'3%)%
(2) Change the variables of integration from £, and &, to ¢ and p through the
substitutions:
&1 = sq cos (¢)—isp sin (¢)
(19)

G2 = sq sin (¢)+isp cos (¢)
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106 L. R. Johnson

(3) Note that only the terms of the integrand which are even in p will contribute
so discard the odd parts.

(4) Note that the integrand is symmetric about the real g axis so only the imaginary
part of the integration with respect to ¢ has to be retained.

(5) In the first term of the integrand of equation (17) let

1, = —qr sin (6) +n, r cos (0) 20)
where
n, =@ *+p*—q¢*)* Re{n} >0 (21
and in the second term let
15 = —qrsin (0)+ng r cos (0) (22)
where
ng=(B2+p*—q")*  Re{n} =0. (23)

(6) Handling the two terms of the integrand of equation (17) separately, deform
the path of integration in the g plane onto paths such that 7, and 1, are positive real.

(7) Change the variable of integration from g to 1, in the first term and from g to
7, in the second term.

(8) Interchange the order of the 7, or 7, integration with the p integration.
At this point the integral of equation (17) has been manoeuvred into the general form

G(xh X2, Oa S5 09 0’ x’3’ O) = f wa(q’ p, 0, Tas x,3) S exp (_Sta) dru
0

+ f W;(q, p, 0, 74, x'3) s exp (—s15) d1y (24)
0
and from this it is clear that

a 0
G(xl’xbo t 0 O X3, O) a(q psO t x3)+ wﬂ(q p,O t X3) (25)

In the present case the actual results are
(W/in2=a=-21/2

! H(t—rla)

n®ur ot

x Re [naa_l((t/r)z_a-z_ 2)_* M(qs b, 09 L x'3)] de

G(xla x29 03 t; 0, 0’ x’3’ 0) =

H(t—1¢
+nurc?tJ- (t=12)

xRe[n; o~ ((t/r)* =B *—p*) *N(q,p,0,t, X’ )] Fdp (26)
where H(t) is the unit step function and
(@/r)?*—p72)* sin (0) < Bl

= thr— (B 2=a " H¥cos(O)\2 _,1+ .
" [( sin(0) ) —a 2] sin (0) > B/ 27

{r/ﬂ sin (0) < fla
t, = (28)

rlasin (0)+r(B~2—a~2)* cos (6) sin (0) > B/«
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Green’s function for Lamb’s prcblem
y=ng’+p*—q°
o =y’ +4n,n5(q* —p’).
In the first integral of equation (26) g is given by the expression
q = —t/rsin (O)+i((t/r)> —a~2—p?)* cos (6)
while in the second integral it is given by

q = —t/rsin (0)+i((¢/r)* — B~2—p?)* cos (9).

107
(29)

(30)

(€D

(32)

Finally, the expressions for the individual elements of the three-by-three matrices

M and N are as follows:

M = 2'];:((‘12 +P2) Cosz(d’)"l’z)
M, = 2'1p(‘12+P2) sin (¢) cos (¢)
M5 = 2qn,n, cos (¢)

My =M,

M,, = 2’7/1((‘12 +p?) Sinz(d’)—PZ)

My3 = 2qn, 1, sin (¢)

M3, = qy cos (¢)

M3, = qysin (@)

M3 =1,y
[ H 1
Qu ]
93 — ;

. A . R . A -
L 2 t, sec 3

FiG. 3. The components of @#(10,0,0,¢; 0,0, 2, 0). All components not shown
are identically zero. For a force of 1 dyne a division on the vertical scale is equal
to 10~ % cm.

(33)
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108 L. R. Johnson

Nyy = 1y~ [ns* y— (v = 4n,np)((g* + p?) sin®(¢) — p*)]
Ny = 17" (g% +p?)(y—4n, 1) sin (¢) cos (¢)

N3 = —qy cos (¢)

N21 = N12

N,; =157 15" v— (v —4n,n5)((q*> +p*) cos? (¢)— p?)] (34)
N,3 = —qysin(¢)

Ni = —2qn,ng cos (¢)
N3, = —2qn,ng sin (¢)
N33 = 2n,(¢> —p?).

The physical interpretation of the various parts of equation (26) is straight-
forward. The first integral represents that part of the solution which results from the
compressional waves generated at the source, while the second integral is that part
which results from the shear waves generated at the source. The time ¢, (equation
(28)) is the arrival time of the direct shear wave when sin (0) < f/a and when
sin (f) > f/a it is the arrival time of the diffracted SP wave which was first pointed
out for the two-dimensional case by Nakano (1925). The expression denoted by o
(equation (30)) is the equivalent of Rayleigh’s equation in this problem.

As written in equation (26) the Green’s function G consists of the three com-
ponents of displacement (equations (6) and (4)) which result from the application
of the three components of force represented by F (equations (6) and (3)). Viewed
in a less compact form, each component of F by itself gives rise to three components
of displacement and thus there are a total of nine such displacements which add up
to give G. These nine displacements have a one-to-one correspondence with the
elements of the matrices M and N (equations (33) and (34)). If we follow the usual
convention and let g;;(x,, x,,0, ¢ 0,0, x’5,0) denote the displacement in the i
direction at the receiver (x,, x,, 0, ¢) due to a unit force in the j direction at the
source (0, 0, x5, 0), then g;; is the result of equation (26) when only the M;; and N;
terms are included in the integrals. While representing the Green’s function as a
matrix G is convenient for illustrating the development of the solution, a representa-
tion in terms of the individual components g;; is usually more convenient when it
comes to computing and using the Green’s function.

As mentioned earlier, the fact that we have obtained a solution for x;, = x, =
t =0 is no restriction upon the generality of the results. Because the problem is
invariant with respect to a translation in either the x or y direction it is obvious that

8ij(x1, X2,0, 85 X'y, X' 3, X3, t") = gi(xy — X"y, X, —X%'5,0,¢—=1"; 0,0, x'3, 0). (35)

In this section we have solved the problem of a source at depth and a receiver at
the free surface, but the same solution can be used for the problem of a source at the
free surface and a receiver at depth. Starting with the general reciprocal relation for
Green’s functions (Burridge & Knopoff 1964)

gi(x, ;X 1) = g;;(X', —1'; x, —1) (36)
we can use equation (35) to show that
gij(xla X35 X35 1} 0’ 0’ Oa 0) = gji(_xl’ — X2 0’ N 0, 0’ X35 0)‘ (37)

Finally, note that equation (26) is the Green’s function for a source which is a
delta function in time (equation (3)). Should we prefer the solution corresponding
to a source which is a step function in time, then the result is identical to equation
(26) except that the differentiation with respect to time is omitted.
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Green’s function for Lamb’s problem 109

5. The solution within the half space

In the previous section the solution at the free surface due to a source at depth
was derived. By reciprocity arguments it was shown that this is equivalent to the
problem where the source is at the surface and the receiver is at depth. While this
solution is sufficient for many seismological problems, on occasions it is necessary
to consider the problem where both the source and receiver are at depth. The solution
to this problem is presented in the present section.

We begin with the general solution in the transform domain given by equations
(13) and (14). The present task is to transform this solution back to the physical
domain where it can be written in the form

G(Xl, XZ’ X3, t; 0, 0, x’3, 0) = P(xl, X2, x3, t, X’3) F+S(x1, x2, X3 t, x’3) F
+PP(x, x3, X3, 1, x'3) F+SS(xy, x5, X3, 1, x'3) F
+PS(x,, x5, X3, t, x'3) F+ SP(x,, x5, x5, 1, Xx'3) F. (38)

The six individual terms of this solution will be derived in turn in the remainder of
this section. All of the terms can be obtained using the Cagniard—de Hoop method
which was outlined in the previous section, so, aside from pointing out a couple of
slight modifications in the method, we will only list the final results.

For the direct P and S waves the solutions are easily obtained using the method
outlined in section (4). Moreover, the final integrals with respect to the variable p
(see for example equation (26)) can be evaluated analytically to yield the following
solutions.

1 0
P(xb X25 X35 t x’3) = _8—7;[)_7' 57H(t_r/a) D(xls X2, X3, Z, x,3) (39)
’ 1 d ’
s(xl’ X2y X35 t,X3) = 87rpr EH(t—r/ﬂ) E(xl’x2s X3, I,X3). (40)

The quantities r and 6 now have the more general definitions

r = (R2+(x'3— x3)?)!
) (41)

’

0 = tan ’1(-
X3—X3

whereas R and ¢ remain the same as defined earlier in equation (18). D and E are
three-by-three matrices with the following individual elements.

Dy, = (3(t/r)* —a~ ) sin®(0) cos* () — ((1/r)* —a™?)

D, = (3(1/r)* —a~?) sin?(0) sin (¢) cos (¢)

D3 = —(3(t/r)>—a~?) sin (0) cos (6) cos (¢)

Dy, = Dy,

D,; = (3(t/r)* —a~?) sin*(0) sin® ()~ ((¢/r)* —a~?) 42)
Dy3 = —(3(t/r)* — ™ ?) sin (6) cos (6) sin (¢)

Dy, = Dy3

Dy, = Ds;

Dyy = (3(/rY¥ —a ) cos?(0)—((¢/r)* —a™?)
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110 L. R. Johnson
E,y = —(3(1/r)* ~ B~7) sin(0) cos*(§) + (t/r)* + B

Eyz = —(3(t/r)*— B~2) sin*(8) sin (¢) cos (¢)
E,3 = (3(1/r)*— B~2) sin (8) cos (6) cos (¢)
E21 =Ey,
= —(3(t/r)2 =) sin?(0) sin?*(¢p)+ (¢/r)* + B2 (43)
E 23 = (3(1/r)* = B~%) sin (6) cos () sin (¢)
Ey = Ey;
Eyp = Eps

Ess = (30/r) = B%) sin® ()= 2((t/r)* - B~%).

It is worth noticing that these solutions for the direct P and S waves taken
together represent the Green’s function for a homogeneous elastic whole space.
The reflected PP and SS waves can also be obtained by a straightforward applica-
tion of the method of Section 4. The results for the PP wave follow.
(t/r')2—a=-2)1/2
1 0 )

PP ) , X3, 1, ! =02 7 A f H(—r'
(%15 X2, X3, 1, X'3) 202 pr Gt . (t—r'ja)

xRe{oc ™ ((t/r')* —a~?=p*)"*1(q, p, x3, 1, x'3)} dp. 44)
We have introduced the new variables
== (R2 + (x'3 +X3)2)*

6’—tan"( R ) @)
- x’3+X3

but R and ¢ are the same as defined in equation (18). For g we have the expression
q = —1t/r'sin (0)+i((1/r')* —a~2—p?)* cos (0') (46)

while the expressions for #,, 4, 7 ,and o are the same as defined in equations (21),
(23), (27) and (30). The individual elements of the three-by-three matrix | are listed
below.

1, = —(y* =4, ng(a* — pH)N(g* +p?) cos* () — p?)

I, = —(y*—4n,15(q* — p*))(g* +p?) sin (¢) cos (¢)

I3 = —(y*—4n,np(q* — p*))qn, cos (¢)

I, =1,

Iz = —(y* —4n,ns(q* —p*))(q* + p*) sin®(¢) — p?) (47
I3 = —(y>—4n,nz(q*> —p*))qn, sin (¢)

131 = 113

I, =1,

I3 = (y*—4n,ny(4* - p?) ..

The results for the reflected SS wave are obtained in a similar manner.

SS(xi, 13 X, 6 ¥3) = 3 o f H(t—1")

xRe{a™ ' ((t/r')*— B 2—p*) 2 d(q, p, x3, 1, x'3)}dp.  (48)
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The definitions and remarks following equation (44) apply here also except that now
g = —t/r'sin (0")+i((t/r')* — B~2—p*)* cos (¢") (49)

and we have the two additional definitions

((t/r’)z— /)’_2)* sin (0") < fla
p.= ' (B — 2t ' (50)
r'[B sin (0') < Bl
t, = (5D
r'jasin (0)+r' (B~ 2—a~2)* cos (0) sin (0') > f/a.
The individual elements of the three-by-three matrix J follow.
Ji = — (0 —4n.15(a> - pH))((a* +p?) cos’(¢) - p?)
+ B Hy* — 4, ng(q® +p*)(2 cos’ () 1))
Ji2 = —(@*+p*)y* —4n,np(q* —p*)+ 8872 n,mp) sin (¢) cos ()
Jiz = —qng(y* —4n,ns(q* — p*)) cos (¢)
J21 =J;
Jy2 = —(¥2—4n,n5(a* - PN (4> +p?) sm2(¢) -p?) (52)

+B72(y* —4n,ns(q> + p*) (2 sin*(¢) - 1))
Ja3 = —qng(y* —4n,ns(g* —p?)) sin (¢)
-]31 =-J;s
Jsz = —J;
J33 = —(@* =¥ — . ng(q* —p?)).

For the cases of the reflected PS and SP waves we can once again follow the
general method of solution outlined in Section 4. An additional complication is
encountered with regard to determining the point where the reflection occurs, but
Cagniard (1962, Chapter 5 and Appendix I) gives a technique for handling this
difficulty. The results for the PS wave are

f H(r—1,)

PS(Xl, X2, X3,t x3) 2 P 6[

x Re{ic T{(R+q(x"3/n,+ x3/np)) ' K(q, p, x3, 1, x'3)}dp.  (53)

The quantities R, ¢, 1,, 115, 7, and o are the same as defined earlier, and we now intro-
duce R, and R, which are defined as the pair of quantities that satisfy the two
relations

Ra+Rﬁ = R

(54
(R+x'3%/Ry+x2/Rg)m = t
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E %
o _
922 \Ir -
933

R

t, sec 3 4

FiG. 4. The components of @#(10,0,0, 7; 0,0, -2, 0). All components not shown
are identically zero. For a force of 1 dyne a division on the vertical scale is equal
to 10-*?cm,

+p? . (55)

The expression for g is now
a %+p?

— _ : 2__ T F
7= ”’*’[’" 1+ (<R

+
] *'yIR.. (56)

The upper limit of integration p; is defined as the value of p for which

-2 2
TN ] 57)
I+ (¥3/R,)
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and t, is the value of ¢ for which p, = 0. The individual terms of the three-by-three

matrix K are listed below.
K,y = 4yns((4* +p*) cos*(¢)—p?)
K, = 4yn4(q* +p?) sin (@) cos (¢)
K3 = 4qyn,ng cos (§)
K; =Ky,
K32 = 4yng((g*+p?) sin’(¢)—p?) (38)
K3 = 49y, Ng sin (¢)
K3, = 4qy(g*—p*) cos (¢)
K3, = 4qy(q>—p?) sin (§)
K33 = 4yn.(a*—p?).

For the reflected SP wave we proceed similarly and obtain the result

1 a P3
SP(xl’ X2, X3, t x’3) = —2_7;2_;; EI- f H(t_tS)
o

Re {io™!(R+q(xa/n,+x'3/mp)) ™" L(q, p, X3, £, x'3)}dp.  (59)
In this integral we use relations identical to equations (54) through (57) except that
the positions of x; and x’, are interchanged. The individual terms of L follow.

Ly = 4yns((q* +p?) cos’(¢)—p?)

L,, = 4yns(q® +p?) sin () cos (¢)

Lys = —4qy(g*—p?) cos (¢)

L21 = L12
L,, = 4yny((g*+p?) sin®(¢)— p?)
L,3 = —4qy(¢*>—p?) sin (¢) (60)

L3, = —4qyn,ng cos (¢)
Ly, = —4qyn. 1, sin (¢)
Lj; = 4yn,(¢>—p*).

6. Spatial derivatives of the solutions

As mentioned in the introduction, there are many situations in seismology where
we need the spatial derivatives of the Green’s function. For instance, if the Knopoff-
de Hoop representation theorem (Burridge & Knopoff 1964) is applied to the case
of a simple shear dislocation in a uniform elastic medium it can be shown that the
resulting displacement at any point can be written in the form '

o

ui(x,t) = f f un(x") [uy(x’, f’](gu. e, 5 X )+ gn (X, 1 X, f’)) dx’dt’
—® X
(61)
where [4] is the dislocation in displacement which is specified over the surface X,
n, is the unit normal to this surface, and repeated indices imply summation. Note
that g; , indicates partial differentiation with respect to the source co-ordinates

0
giw(X X, )= . 8i(x1, X2, X3, 1, X'y, X'y, X'5, 7). (62)
k -
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114 L. R. Johnson

In this section we show that these spatial derivatives of the Green’s function can
be derived in the same manner that the Green’s function itself was derived.

To illustrate the method let us consider the spatial derivatives with respect to the
source co-ordinates of the solution at the free surface. From equation (35) it is easy
to see that

giiw(X X, 1) = —g; (X, 1, X, 1) (63)

so long as k is restricted to the 1 and 2 directions. With this relation we can return
to equation (17) and differentiate beneath the integral sign to get, for example

{0
, 1 exp (—v, x' ,
G,l’(xly X25 0, S; 0’ O,X3, 0)= 47[2,11 ff[ P d 3) M(E]}éla Oy S’XS)F

102

+ %‘_’Lx’_l‘)_ N(,,&,,0,8 x'5) F] Srexp (&, xy +&y x,)dE, dE,  (64)

with expressions of a similar form for G ,. and G, ;.. From this point on the pro-
cedure is identical to that followed for the Green’s function itself except that an
extra differentiation with respect to time appears in the answer. The equivalent of
equation (26) becomes

G,k'(xl, x2’ 03 ” 0, 0, x’3: 0)

g (in2—a-2)1/2

__ 1
T onur or®

H(t—r/a)

0

xRe{n, a7 ((t/r)>—a"2—p*)"* M ,.(q,p, 0,1, x"3)} Fdp

1 62 P2
+ n? ur or? p H@—1,)
xRe{nga '((1/r)* =B~ 2—p*)"* N ,.(q,p, 0,1, x'3)} Fdp (65)

and equations (21), (23), and (27) to (30) all apply here. The individual terms
of M ;- and N . are listed below.

M,y o = —2qn,((q%+3p?) cos?(¢)— 3p?) cos (¢)
My, = —2qn4((q*+3p?) cos*(¢)— p®) sin (¢)
M, = =2n,.n4((q*> +p*) cos’*(¢)—p?)

M21, = M12, 1,

My, - = —2qn,((g* +3p?) sin®(¢)— p?) cos (¢) (66)
My, 1 = —21,n4(q* +p?) sin (¢) cos (¢)
—%((¢*+ p*) cos*(¢)— p?)

— (g +p?) sin (¢) cos (¢)
M3 1 = —qn,7y cos (¢)

=X
[ ™
-
o
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F1G. 5. The components of @#(10,0, 1, 1; 0,0, 2, 0). All components not shown
are identically zero. For a force of 1 dyne a division on the vertical scale is equal

Green’s function for Lamb’s problem

i y / ]
L Oy ]
H
g31 w J
5 " d
- g22 \]-r e

- .

I

1 2 t sec 3 4

to 10~ *°cm.

= —qng " [ns* y— (v — M. ne)((a* + 3p*) sin’(¢) — p*)] cos (¢)

—qns” ' (y— 41, mp)((g* + 3p?) cos?(¢) — p*) sin (¢)
((g® +p?) cos*(¢) —p?)
Nl 2,1

= —qng~'[n.* y— (v — 41, n5)((¢* + 3p®) cos?(¢) — 3p?)] cos (§)

I

y(q*+ p?) sin (¢) cos (¢)

21, n4((g” +p*) cos*(¢) — p?)
21, np(q* +p?) sin (¢) cos (¢)
—2qn,(q*>—p*) cos (¢)

M12, 1

M22, 1

M23. 1’

M, »

—2qn4((g* + 3p*) sin*(¢) — 3p*) sin ($)
— 21, n4((q* + p?) sin’(¢)—p?)

M32. 1’

—%(q*+p?) sin*(¢)—p?)

—qn, Y sin (¢)

115

(67)

(68)
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Niy, 2 = —ang~ [ns* y— (v — 4, ng)((q* + 3p?) sin*(¢) — 3p*)] sin (¢)

Nia 2 = —qng~ ' (y—4n,n,)((q* +3p?) sin®(¢)—p?) cos (¢)

N13, 2= st, 1’

N21, 20 = N12,2'

Naz 2 = —qng~ '[n5% v— (0 —4n,np)((q” +3p”) cos®(¢) — p*)] sin (¢) (69)

N3, 2 = ¥((g* +p?) sin’(¢)—p?)
N31. 2 = st, 1’

Niy 2 = 20, 14((q* +p?) sin®(¢)—p?)
Nj3, 5 = —2qn,(q*>—p?) sin (9)

My 3 =—-n, M;; (70)

Ny » = —ﬂpNij- n

With the foregoing formulas the spatial derivatives of the Green’s function with
respect to the source co-ordinates can be obtained with a degree of difficulty that is
no greater than that required to obtain the Green’s function itself. One can think
of these spatial derivatives as the solution to the problem where the source is a force
couple with unit moment rather than a simple force. Furthermore, the solution to
the problem where the source is a double couple without moment can be obtained
by combining two of the spatial derivatives as indicated in the integral of equation
(61). A

The solution for a point source of dilatation, such as a symmetric explosion, can
also be obtained quite easily from the spatial derivatives of the Green’s function.
The solution for a unit source of dilatation is

(@/nz-a-212

3 0*
At2p — H(t—rla)

3n? ur ot?

GA(-xb X2, O’ t 0: 0, xl35 0) =

xRe{n, o ((t/r)*—a"2=p?) "t M,(q, p, 0,1, x'3)}dp  (72)

where M, is the column matrix

M o M,
, 0, 0,1, x'3) = 73
2@, p 3) M, (73)
M;,
and
Miy=M; ++My 2 +Mg 3. (74)

In the process of combining the spatial derivatives to obtain M, there is a significant
simplification and the individual terms turn out to be

M= _2“_2‘1% cos (¢)
Mja “2“_2‘1’1;9 sin (¢)

My = —a"%y.

(75)
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There are times when we also need the spatial derivatives of the Green’s function
with respect to the receiver co-ordinates. For the derivatives with respect to x; and
x, the problem is already done because, as indicated by equation (63), in these cases
the spatial derivative with respect to the receiver co-ordinate is just the negative of
the spatial derivative with respect to the source co-ordinate. For the spatial derivative
with respect to x, the problem is not quite so simple. We must return to equation (13)
where the value of x,-has not yet been set equal to zero, take the derivative with
respect to x, at this point, and then follow through the analysis of Section 4. The
net result is that the solution for G, is identical in form with the solution for G ;.
(equation (65)) with M, and N, replacing M ;. and N ;.. The individual terms of

these new matrices are given below.
M, = My, 4
Nij. 1= "Nij. v

Mij.z = —Mu.z'

Nij,2= _Nif,Z'
M11 3=M31,1
M,, 3=M32.1
M13,3=M33,1
M, 3=M12,3
M22,3=M32 2
M23,3=M33,2
My 3= —

31,3 it2p

22

Msyy 3= —

32,3 it+2p
M = -

33,3 A+2u
Niyi,3 =Ny,
Nxz,3=N32 1
N13,3=N33 1
Ny, 3=N12 3
Nj, 3=N32.2'
N23,3=N33.z'
N = —

31,3 A+2u

A

Nyp 3= — ———

32,3 A+2u

N33, s = A+2u

qng (q* —p*) cos ()
ang (g* —p?) sin (¢)

naMp(a> ~P?)

qnp v cos (¢)
qng v sin (¢)

y(g*-p?).

(76)
(7N
(78)

(79)

(80)

(81
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-

A n n .

1 2 t, sec 3 4

FiG. 6. The components of @#(10, 0, 4, 1; 0, 0, 2, 0). All components not shown
are identically zero. For a force of 1dyne a division on the vertical scale is equal
to 10~ °cm.

With the foregoing results for the spatial derivatives of the Green’s function
with respect to the receiver co-ordinates one can compute the stresses and strains
at the receiver directly. Also note that because the normal stress on the free surface
vanishes, the dilatation at the receiver is simply (—2p/A)gs,, 3(x,, X3, 0, £, 0,0, x’5, 0).

The spatial derivatives of the solution within the half space can also be obtained
following the procedure outlined in this section. The results can be written as

G, k(x]’ x2’ X3, t; Oy 0’ x,31 0) = P, k(xla x2a X3, ta x’3) F+s, k(xh x2’ X3, t; xl3) F

+PP' ,‘(xl, X3z, X3, ’, x’3) F+ss' ,‘(xl, X35 X3, t, x'3) F

+PS ,(xy, X3, X3, 8, X'3) F+SP _(x, x5, X3, 1, x'3) F (82)
where
1
P 0L x H t— D s Xgs X3, 1, X' 83
k(xy, Xy X3, 1, X'3) = 8 npr 6!2 (t—r/o) ,k(xl X3, X3, 8, X'3) (83)
2
S (xy, Xz, X3, 1, X'3) = at a7 Ht—1/B)E y(xy, X3, X3, 1, X'3) (84)
1 az ((t/r')3—a-3)1/3
PP, (x, X2, X3, £, X'3) = 272 pr' 3% H(t—r'o)
xRe{o™! ((t/r'Y~a=>=p*)"*1 «(q,p, X3, 1, X'3)}dp  (85)
2 Pl
N f H(-1)

xRe{e™ ((t/r)? =B 2—p*)"¥d (g, P, X3, 1, X'3)}dp  (86)
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ZPJ

, 1
PS .(x, X3, X3, 1, X'3) = Ezz—p P of H(t—1t5)
x Re {io ™ '(R+q(x's/n,+X3/np)) " K u(q: P, X35 1, X'3)}dp  (87)
| o2 P
SP . (xy, X3, X3, 1, X'3) = Ezz_p 5}—2_0“- H(t—t;)

x Re {id_ I(R+q(x3/"a+xl3/nﬂ))_ ! L, k(qs pa X3, ta x’3)} dp (88)

The expressions above yield the spatial derivatives with respect to the receiver
co-ordinates, and k can be replaced everywhere by k’ to obtain the spatial derivatives
with respect to the source co-ordinates. All of the definitions and conventions of
Section 5 apply here also, and, aside from the fact that the matrices are different, the
only difference between the form of the solution in that section and in this one is the
extra time differentiation that appears in equations (83)-(88). Expressions for the
new matrix elements are given in the following paragraphs.

The spatial derivatives of the direct P wave (equation (83)) involve the following
matrix elements.

Dyy, 1 = —(/)[(5(t/r)* =3~ ?) sin?(6) cos?(¢)— 3((t/r)> —a™?)] sin (6) cos (§)
Dz = —@/O[(5@t/r)* —3a~2) sin?(6) cos*(¢) —((4/r)* —a~?)] sin (0) sin (¢)
Dy, 1 = /)[(5(t/r)* =3~ 2) sin?(8) cos*(¢) — ((¢/r)* —a~2)] cos (9)

D21, 1= Dlz, |

Dy, 1 = —(t/)[(5(t/r)? = 3a2) sin*(0) sin®(¢)— ((1/r)* —a~?)] sin (f) cos (¢) (89)
D,3, 1 = (t/r)(5(t/r)* — 3¢~ %) sin?(9) cos (8) sin (¢) cos (@)

D31. 1= D13, 1

Dsz. 1= D23, 1

D33y = —(@/n)[(5@t/r)* =3~ %) cos*(0) — ((1/r)* —a~?)] sin (6) cos (¢) )
Dll 2 DIZ, 1

DIZ, 2 = D22. 1

D13 2~ D23 1

D21 2 = D12,

D, 2: 2 = —(@N[(5@/r)* =3~ 2) sin*(B) sin® () — 3((¢/r)* —a~?)] sin (6) sin ($) } (90)
, =

D,3, 5, = (t/n)[(5(t/r)* —3a~ %) sin’(6) sin(@)—((¢/r)* —a~?)] cos (6)

Dsl. 2= Dl3. 2

D3y, 2= Dy3,,

Ds3, 2 = —(t/r)[(5(t/r)* = 3a~2) cos?(6)—((t/r)* —a™?)] sin (6) sin (¢) )
D11, 3= D13, 1

D12, 3= D13, 2

Dy3, 3= D33, 1

D3y, 3= D12, 3

D3y, 3= Dzs, 2 on
Dj3, 3= D3,

D31, 3= st, 3

D32, 3= D23, 3
Dj3. 5 = (t/N[(5(t/r)* =30~ 2) cos?(8) — 3((¢/r)* ~a~*)] cos (6) )
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Dij, 17 = “Dij, 1 (92)
Du, 2= = Dij, 2 (93)
Dij, ¥y = _Dij, 3 (94)

Equation (84) for the spatial derivatives of the direct S wave involves the follow-
ing matrix elements.

E,y, = (t/)[(5(t/r)* = 3B72) sin(0) cos®(¢) — (3(t/r)* — B~2)] sin () cos (¢)

Ey3, = (tN)[(5t/r)*—3B72) sin*(8) cos?(¢)—((¢/r)* — B~2)] sin (6) sin (§)

Ey3, 1 = —(n)[(5(:/r* —3B72) sin?(0) cos*(¢)— ((¢/r)* — B~2)] cos ()

E21, 1 = E12, 1

E,, 4 = /n)[(5(t/r)* =3B %) sin?(6) sin?($) — ((¢/r)* + B~ )] sin (6) cos (¢) 95)
E,3, 4 = —(t/r)(5(t/r)* =3B~ 2) sin*() cos (6) sin () cos (¢)

E31. 1= E13, 1

Eaz. 1= Eza, 1

Ejs, 1 = (t/n)[(5(2/r)* =387 %) cos?(0)—((t/r)* + B~ 2)] sin (6) cos ()

Eyy, 2 = (Un)[(5¢/r)*—3B72) sin*(8) cos*(¢)— ((1/r)* + B~ *)] sin (8) sin (¢)
Eiz,2 = (t/r)[(5(t/r)* =3B~ ) sin?(6) sin’($)—((1/r)* — B~ )] sin (6) cos (¢)
Exs, 2 = Ezs, 1

E21, 2= E12, 2

Ejz, 2 = (n)[(5(1/r)*—3B72) sin?() sin*($) — (3(¢/r)* — B~*)] sin (6) sin (¢) (96)
Eps, 2 = —(i/N[(5(t/r)* =387 2) sin*(8) sin®(¢) — ((t/r)* — B~*)] cos (6)
E31, 2 = El3, 2

Eaz, 2= Ezs. 2

Es3, 5 = (¢/N[(5(t/r)* =3B~ 2) cos?(0) ~((#/r)* + B~2)] sin (6) sin (¢)

Eyy, 3 = —(/D[(5(t/r)*~3B72) sin?(0) cos*(¢) —((¢/r)* + B~ 2)] cos (6)
E12, 3= E23, 1

Eys, 3 = (¢/n[(5(/r)* =387 %) cos*(8) —((#/r)* — B~*)] sin (6) cos (¢)
EZI. 3= E12, 3

Ejz, 5 = —(t/n)[(5(t/r)* —3B7?) sin*(6) sin*(9)—((#/r)* + B~ 2)] cos (6) r 97
Ejs, 3 = (¢/0[(5(e/r)* = 3872) cos® () —((¢/r)*— B~ )] sin (6) sin (¢)

E31. 3= El3, 3

Ej; 3 =Ej; 3

Ey3,3 = = (t/N[(5t/r)*~3B%) cos®(0) - (3(t/r)* — B~*)] cos (0)
E;=—E;, (98)
Ej 2= —E; , (99)
Eij 3= —E; ;. (100)

The following matrix elements are required for the spatial derivatives of the
reflected PP wave (equation (85)).
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1 2 t, sec 3 4

FiG. 7. The components of Q¥ ,.(10,0,0,7; 0,0, 2, 0). Allcomponents notshown
are identically zero. For a couple of 1 dyne-cm a division on the vertical scale is
equal to 2 X 1024 cm and the spike on g¥,,,,- attains a value of 46:9 X 10~2¢cm.

11,1 = —q(y*—4n,ns(q* — pH)((g* + 3p?) cos®(¢)— 3p?) cos (¢)
Iy, 1 = —q(y* —4n,n5(q4% — p))(g* + 3p*) cos*(¢) — p?) sin (§)
1,3, 1 = —n(y*—4n,n5(a> — p»))((g* + p?) cos*(¢)— p)

121, 1 = 112, 1
I, 1 = —a(y* —4n,n,(q> — PHN(q* + 3p?) sin® (p) — p*) cos (§)

Ls,1 = =1y ~4n.ny(a*~p?)(@* +p?) sin (§) cos (9) (10D
131, 1= —113,1

132,1 = —123, 1

I3, 1 = qna*(v* — 4nunp(q” —p*)) cos (¢)

Iiy,2=124

112, 2=1I32,1

113, 2 =153,

121, 2=112,2

I, 2 = —q(y* — 4. np(a”> —p*))(q* + 3p) sin®($) - 3p®) sin ($)

Lz, = ~ny*~dn,1s(@* — p)((@> +p?) sin’($)~p?) (102)
]31,2 = “113.2

Iz, = —123,2

I3;,, = Q'laz()’z ~4n, 'Ip(qz —PZ)) sin (¢)
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Ly s= —ndy (103)
Lj = =1, (104)
Ljy=~Ly, (105)
Ljy=1 s (106)

For the spatial derivatives of the reflected SS wave (equation (86)) we have the
following matrix elements.

i1 = —al(v*—4n,np(a> —pP) + 882 n.n,)((a* + 3p*) cos* (@) — 3p?)
] ’ —78‘ *(y* +4n,np(q> —p*))] cos (¢)

Ji2,1 = —q(y* —4n,1p(q° —p*) + 857 1, 1p)((q* + 3p*) cos?(¢) — p?) sin ($)

Jia, 1 = —ng(y>— 4, np(q* — pH))(q* +p*) cos?(¢) ~ p?)

J21, 1= J12. 1 '

Jaz,1 = —q[(y* = 4n.n5(a*> — p*) + 887 2 1, n,)((q* +3p?) sin*(¢) — p*) (107)

— B *(y* +4n,np(q* —p*))] cos ()
Jas, 1 = —ng(y> —4n,np(a> — p?))(g* + p?) sin (¢) cos (¢)
J31,1 = “J13. 1

J32,1 = -J23,1
J33,1 = —q(y* —4n,n5(q> — p»))(q* — p*) cos (¢)

Jiv, 2= —q[(v* —4n.np(q*—p*)+8B~* n,my)((q° +3p?) cos*(¢)—p?)
— B~ (y* +4n,n5(q* —p*))] sin ()

Ji2,2 = —q(y* — 4 np(a> — p*)+ 8872 n,nz)((q* + 3p?) sin?(¢) — p?) cos (¢)
J13, 2 = J23, 1

J21, 2= J12, 2
Ja2,2 = —a[(* —4n.np(a” —p*)+ 887 n.mp(q* +3p7) sin’(9)—3p?) (108)
—B72(v* +4n,np(q* — p?))] sin (§)

J23,2 = =ns(y> =, ns(q* — pP))(g* + p?) sin® () —p?)

J31.2 = —-’13,2

J32,2 = —J23,2

J33, 2 = —q(y> —4n,n5(q> — p»))(q* — p*) sin (§)
Jija= —ngJy (109)
Jijorr=—Jiy 4 (110)
Jij,2'="Jij,2 (1“)
Jij, 3 =Jij, 3 (112)

The spatial derivatives of the reflected PS wave (equation (87)) involve the
following matrix elements.
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FiG. 8. The components of Q¥ ,.(10,0,0, ¢; 0,0, 2, 0). The component g7,, ,. is
identical to g”,, .. and all ether components not shown are identically zero. For a
couple of 1dyne-cm a division on the vertical scale is equal to 10-23cm.

K1,y = 4gyns((q*+3p?) cos?(¢) — 3p?) cos (¢)
Kz, 1 = 4qyns((g*+ 3p?) cos’(¢)— p?) sin (¢)
K3, 1 = 4y, ns((q* +p?) cos’(¢) —p?)

KZI, 1 = Klz, 1

K32, 1 = 4qyn5((q* + 3p®) sin’(¢) - p?) cos (¢)
K33,y = dyn,ns(q* +p?) sin (¢) cos (§)

K3y, 1 = 4v(@* - p*)((g® +p?) cos*($)—p?)
K3z, 1 = 4y(¢* —p*)(q* +p?) sin (¢) cos (§)
K33, 1 = 4qyn,(q* —p?) cos (¢)

Kn,z = Ku, 1
K12,2 = K22,1
K13.z = K23,1
K21,2 = K12,2

K3, 2 = 4qym4((g* +3p?) sin® () — 3p?) sin (§)
K3, 2 = 4yn.n4((g* +p?) sin*(¢)— p?)
K31. 2 = Ksz. 1

K32, 2 = 49(¢* - P*)((q* +p?) sin*(¢) - p)
K33, 2= 4qy1.(q*> ~p?) sin (¢)
Kij, 3 = —ns Ky
Kij. = _Ki
K »=-K

g, 1
ij, 2

Ky, 3= —n, K.

123

(113)

(114)

(115)
(116)
(117)
(118)
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F1G. 9. The components of G¥ 5.(10, 0,0, 1; 0, 0, 2, 0). All components not shown
are identically zero. For a couple of 1 dyne-cm a division on the vertical scale is
equal to § X 10~ 2% cm and the spike on g¥,, 3. attains a value of —94:2x10-2*cm.

t, sec

As one might expect the matrix elements for the spatial derivatives of the reflected

SP wave (equation (88)) are closely related to those of the PS wave.

(119)

(120)
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Lij,3 = "ﬂaL.'j
Lu. 1= —Lij, 1
L-‘j, 2= _Lij,2

Lij, 37 = —'lﬂ Lu.

125
(121)

(122)
(123)

(124)

The solution within the half space for a point source of dilatation can be obtained
by combining the spatial derivatives of the Green’s function in the same manner as

in equations (72)-(75). The result is

GA(xh X2, X3, t; Oa 0, x,3’ 0) = PA(XD X2, X3, t9 x’S)

+PP(xy, X3, X3, 8, X'3)+ PS (x4, X3, X3, 1, X'3)

where
o 342 ,
Pa(xy, X3, X3, 8, X'3) = 2anpr bt_zH(l—r/ot) D, (xq, x5, x3, 2, X'3)
(@irr~a-1172
| 342 & ,
PPA(x, x5, X3, 1, X'3) = 62 pr' O f H({t—r'x)

xRe {a7(#/r'Y —a™2—p*) ¥ 14(q, P, x3, 1, X'3)} dp

o 3A+2u 8
PS,(x;, x2, X3, 1, X'3) = 61 p W‘fH(t—ts)

]
X Re {ia_l(R+q(x3/"a+x3/nﬂ))«l KA(q’ P, X3, t9 XIS)} dp

and the column matrices D,, |,, and K, have the following elements.

D, , = 2a™%(t/r) sin (6) cos (¢)
D, = 2a72(t/r) sin () sin (¢)
Dy, = —2a7%(t/r) cos (9)

1,5 = o™ ?q(y* —4n,15(a% ~ p?) cos (¢)
Ia = a2 q(y* —4n,15(q* — p?)) sin (¢)
Lis = —a™? ny* —4n, ns(q* ~p?))

=
>
[

—4a” 2 gyng cos (¢)
—da™2 gyn, sin (¢)
K;a = —4a~2y(q*~p?).

=
>
I

(125)

(126)

27

(128)

(129)

(130)

(131)
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4

FiG. 10. The components of @,"(10,0,0,¢; 0,0, 2,0). The component g;," is

identically zero. For a unit dilatation a division on the vertical scale is equal to

2x10-*3¢cm and the spikes on g:2" and g1, attain values of 82-5x10~*3¢cm
and —31-2x107 '3 cm, respectively.

Finally, we note that in principle any of the higher-order spatial derivatives of
the Green’s function can be obtained by following the method outlined in this
section. In practice the algebra increases at a rather moderate rate, so it would be
relatively easy to derive a solution such as G ,.;, the strain resulting from a force
couple.

7. Numerical results

All of the Green’s functions and their spatial derivatives which have been pre-
sented in the preceding sections have been programmed for evaluation on a digital
computer. In this section we point out some of the more important considerations
involved in the numerical calculations and then give a few examples of the results.

With the exception of the portion of the solution arising from the direct P and S
waves (equations (39) and (40)), all of the Green’s functions of this paper involve an
integral that must be evaluated by numerical methods. The integrands contain a
singularity at either ((z/r)* —a™?)* or ((#/r)* — B~2)*, and, although it is an integrable
singularity, it can lead to numerical problems. A simple transformation of the
variable of integration helps avoid this problem. As an example, consider the first
integral of equation (26)

(/r2~a-2)1/2

H(t—r/a)

W, (x, x3,0,£ 0,0, x5, 0) =
a(xl X3 X3 ) RZF’.

xRe{n, o7 ((t/r)* —a~2—p*) " * M(q, p, 0, 1, x'5)} Fdp. (132)
The substitution
p= (/)Y —a?t-0? (133)

puts the above integral in the form
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((t/r)2—a—2)1/4

wa(xl) x2s09 1 0; 05 xl3, O) =" f H(t-—r/oz)
(1]

e our
x Re {1, '[2((t/r)} —a~2)  =0*] "2 M(q, 1,0, 1, x'3)} Fdv  (134)

which no longer contains a singularity. Note that other transformations such as

p = ((¢/r)*—a~?)*sin (v) (135)
achieve the same effect.

After transformation into a form such as that of equation (134), the integrals can
be readily evaluated with standard quadrature methods. We have achieved good
success with the Romberg scheme but other methods would likely do just as well.

Another possible source of trouble in the numerical integration is associated
with the Rayleigh pole (the root of equation (30)) which occupies a position on the
real axis of the p plane. For values of 0 near to n/2, which correspond to lateral
distances large compared to the depths of the source and receiver, the path of integra-
tion passes very near to this pole and thus encounters fairly large values of the
integrand. In order to maintain uniform numerical accuracy it is advisable to
decrease the step size of the numerical integration procedure in the immediate
vicinity of the Rayleigh pole.

It is also apparent from the form of the Green’s functions in the previous sections
that after the integral has been evaluated numerically it must be differentiated with
respect to time at least once and sometimes twice. These time derivatives can be
obtained by simple differences, but the numerical accuracy and stability of this
approach are often unsatisfactory. Fortunately, this numerical differentiation of the
Green’s function can usually be avoided.

In most practical problems the desired solution is a combination of several factors
of which the Green’s function is only one. For instance, if we let S(¢) be the source
time function, I(¢) be the instrument response, and (3/0t) W (x, t; x', t') be the Green’s
function, then in a typical seismic problem the displacement on the seismogram can
be represented in the form

u(x, t) = a% Wi(x, t;x,t)°S)®I1() (136)

where the symbol ® denotes convolution in time. In most cases either S(¢) or I(¢) or
both will be more band-limited in the frequency domain than W (x, t; x', t’), so from
the viewpoint of numerical accuracy it is better to write equation (136) in the form

0

u(x,t) = W, ; x',t')® 3 S(t)®1(1) (137)
or
u(x, 1) = Wx, t; x', t')® S(r) ® %I(t). (138)

Often S(¢) or I(¢) is a simple expression which yields to analytic differentiation. The
most obvious example of this is when S(¢) is a unit step function and then equation
(137) is simply

u(x,t) = Wx, t; x', t) 2 I1(1). (139)

In other cases S(¢) or I(¢) is specified in the frequency domain and the time differen-
tiation can be applied as a simple multiplication by frequency before transforming
back to the time domain.
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1 2 3 4

t, sec

Fi1G. 11. Synthetic seismograms computed for a site 10 km north of a right-lateral
point dislocation 2 km deep on a fault striking N30E. The dislocation is a step
function in time. The seismographs are short-period Benioff systems with 1s
seismometers and 0-2s galvonometers. For a seismic moment of 14-08 x10'%erg
{1 mm of dislocation over an area of 0-02 km?) and instruments having magnifica-
tions of 25000 at 1Hz a division on the vertical scale is equal to 1cm.

The case where equation (136) contains two differentiations with respect to time
can be handled in a similar manner. The two differentiations can be applied to
either S(¢) or I(z) or distributed between them.

It is obvious that the solution at the free surface (Section 4) is just a special case
of the solution within the half space (Section 5), and thus could be regarded as
superfluous. However, for numerical calculations of the solution at the free surface,
the special solution of Section 4 is much more satisfactory than the more general
solution of Section 5. This is because several parts of the solution tend to cancel each
other at the free surface, and in the special solution this cancellation has been
achieved analytically while in the general solution it must be achieved numerically.

A total of 144 basic solutions have been presented in this paper, and each of these
solutions exhibits markedly different behaviour in different azimuth and distance
ranges. There is no practical way in which all of these results can be depicted in
graphical form, so only a few representative results will be presented in the remainder
of this section.

In Section 2 we adopted the convention that a Green’s function is the solution
resulting from a source which is a delta function in both time and space. However, for
pedagogical purposes it is better to consider the solution which results from a source
which is a step function in time, because such a solution contains the permanent
displacements which are not present in the ordinary Green’s function. Thus all of
the calculations that follow have been performed assuming a source which is a step
function in time, and to denote this fact the solutions have been given the symbol
G¥ in order to distinguish them from the ordinary Green’s function G.

All of the calculations illustrated in r'igs 2-11 are for a half space having a com-
pressional velocity a of 8:00kms™?, a shear velocity B of 4-62kms™!, and a density
p of 3:30 gecm™3. The solutions were calculated at points separated by 0-01 s in time
and then linear interpolation was used to obtain continuous time traces.
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In all of the calculations the geometry has been chosen so that the x, component
of the solution 1s transverse to the line joining the source and receiver. This means
that the SH wave (the horizontally polarized S wave) should appear exclusively on
this component, while the P, SV (the component of the S wave orthogonal to SH),
and Rayleigh waves should appear on the x; and x; components of the solution.

It is worth emphasizing that the solutions presented in this paper are complete
solutions that contain all of the conventional * far-field phases’ such as the P, S, and
Rayleigh waves, plus the ‘ near-field phases ® which attenuate with distance at a rate
greater than the inverse distance to the first power. The fact that the solutions are
sums of all these phases can be somewhat of a nuisance when it comes to investi-
gating one particular phase, and in such instances the approximate first-motion
method of Gilbert & Knopoff (1961) can be very useful.

The Green’s function at the free surface (which was derived in Section 4)
exhibits a strong dependence on the ratio between the horizontal distance and the
depth of the source. Results are shown in Figs 2, 3 and 4 for three different values
of this ratio. In Fig. 2 this ratio is small (0-2) and the Green’s function consists
primarily of direct P and S waves plus the near-field parts of the solution. The
Rayleigh wave is not apparent. In Fig. 3 the ratio of horizontal distance to source
depth has a moderate value (5:0). The P and SH waves are much the same as in
Fig. 2, but the SV wave has become much smaller and now has a delta-like waveform
rather than the step-like waveform that it had in Fig. 2. A new phase, the diffracted
SP wave, now arrives between the P and S waves at a time of 1-6s. The Rayleigh
wave is now apparent following the S wave and is best developed on the solutions
resulting from a vertical force, g3 and g;3®. In Fig. 4 we have an example where the
ratio of horizontal distance to source depth is fairly large (50-0). The direct P wave
is now quite small and is followed immediately by the more prominent diffracted
SP wave. The SH wave is still strong on the transverse component g,,%, but the SV
wave is little more than a subtle change of slope on the other components. The
Rayleigh wave is well developed and shows the classical waveform that is associated
with the far-field Rayleigh wave on a uniform half space.

Figs 5 and 6 show the Green’s function at two points within the half space (which
was derived in Section 5) which are directly below the point on the free surface for
which the solution of Fig. 3 was calculated. The presence of the various reflected
phases accounts for the more complicated appearance of the solution within the
half space. The fact that the amplitude of the Rayleigh wave decreases as the depth
of the receiver increases is also apparent in these figures.

Figs 7, 8 and 9 show the spatial derivatives with respect to the source co-ordinates
(which were derived in Section 6) for the solution shown in Fig. 3. These results can
be thought of as the displacements resulting from a source which is a force couple.
In calculating these resuits it was necessary to perform one numerical differentiation
with respect to time. As one might expect, the solution due to a force couple behaves
much like the derivative with respect to time of the solution due to a simple force.
Thus the phases such as P, diffracted SP, and SH which have a step-like appearance
in Fig. 3 take on a delta-like appearance in Figs 7 and 9. And phases such as SV
which have a delta-like appearance in Fig. 3 look something like a differentiated delta
function in Figs 7 and 9. Consistent with this generalization is the fact that phases
which are identically zero in Fig. 3 have a step-like appearance in Fig. 8. Also note
that while Figs 2-6 all have the same scale factors, Figs 7, 8 and 9 have different and
varying scale factors.

Fig. 10 represents the solution at a point on the free surface resulting from a point
source of dilatation (equation (72)). The solution is dominated by the direct P wave,
and, in the absence of S waves, the retrograde particle motion of the Rayleigh wave
becomes fairly obvious.

Finally, in Fig. 11 we show a typical seismological application of the Green’s
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functions. Assuming that an earthquake can be modelled as a simple point disloca-
tion, the representation theorem of equation (61) was used to calculate ground dis-
placements, and these were convolved with the response function of a typical short-
period seismograph to yield the synthetic seismograms that are shown. The most
pronounced phase is SH on the EW component, but the P, diffracted SP, SV, and
Rayleigh phases are also apparent. Using the numbers given in the figure caption
and an approximate empirical relation between seismic moment and magnitude, the
synthetic seismograms of Fig. 11 are appropriate for an earthquake with a magnitude
between 1-5 and 2-0 observed at an epicentral distance of 10 km. While the source
model assumed for the purpose of calculating the results of Fig. 11 was extremely
simple, it is clear that much more interesting sources that incorporate both finite
dimensions and a propagation velocity can be handled merely by summing the
contributions from point dislocations that are distributed in both time and space.

In many cases the limitation upon the practical application of the results pre-
sented in this paper will be the amount of computational time that is required. As a
guideline to this aspect of the problem, the results shown in Fig. 11, which consist of
three components of displacement calculated at 300 points in time with the local
error of the integration algorithm set at 106, required about 70's of computational
time on a CDC 6400 computer.
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