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Abstract. Due to the dynamic characteristics of the Lorenz system, multi-wing chaotic systems are
still confined in the positive half-space and fail to break the threshold limit. In this paper, a new
approach for generating complex grid multi-wing attractors that can break the threshold limit via
a novel nonlinear modulating function is proposed from the firstly proposed double-wing chaotic
system. The proposed method is different from that of classical multi-scroll chaotic attractors
generated by odd-symmetric multi-segment linear functions from Chua system. The new system is
autonomous and can generate various grid multi-wing butterfly chaotic attractors without requiring
any external forcing, it also can produce grid multi-wing both on the xz-plane and yz-plane. Basic
properties of the new system such as dissipation property, equilibrium, stability, the Lyapunov
exponent spectrum and bifurcation diagram are introduced by numerical simulation, theoretical
analysis and circuit experiment, which confirm that the multi-wing attractors chaotic system has
more rich and complicated chaotic dynamics. Finally, a novel module-based unified circuit is
designed which provides some principles and guidelines for future circuitry design and engineering
application. The circuit experimental results are consistent with the numerical simulation results.

Keywords: a new 3-D chaotic system, Lyapunov exponent, nonlinear functions, grid multi-wing
butterfly attractors.

1 Introduction

Along with the people to deep research of the nonlinear system chaotic phenomenon
and chaotic application, chaos in the electronic, communication, information processing,
cranial nerve science and other areas of application has caused wide attention [1–6].
Creating a chaotic system with a more complicated topological structure such as multi-
scroll or multi-wing attractors, therefore, becomes a desirable task and sometimes a key
issue for many engineering applications. Now, many multi-scroll chaotic attractors have
been designed and implemented over the past two decades [7–9]. Based on the Chua
system, by constructing odd-symmetric multi-segment linear functions, saw tooth wave,
triangle wave, step wave, hysteresis sequence and saturated sequence, multi-scroll chaotic
attractors can be obtained. For example, Suykens proposed a family of n-double scroll
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chaotic attractors [10]; Tang et al. introduced a sine-function approach for generating
n-scroll chaotic attractors [11], with a systematical circuit realization that can physically
produce up to as many as ten scrolls visible on the oscilloscope; Suykens et al. proposed
a new approach for generation of n-double scrolls [12]; Lü and Chen discovered satu-
rated function series and triangular wave series approaches, respectively, for generating
multi-scroll chaotic attractors [13, 14], although the works on generating and analyzing
n×m-scroll attractors have been widely reported recently, with a comprehensive review
given in [14], however, how to generate multi-wing chaotic attractors are still rarely
reported, the main reason is that the limitation of the threshold effect, most of the chaotic
systems are limited in positive half-space or its mirror of negative half-space. Lü et al.
introduced some chaotic systems which can obtain double-wing, three-wing and four-
wing chaotic attractors [15–19], famous butterfly attractor of Lorenz equation model is
a paradigm in chaos and is one of the most important models in the study of chaotic
dynamics, a large number of its variants, including Chen and Lü systems with generat-
ing double-wing butterfly attractors, have been proposed and studied recently under the
framework of a generalized Lorenz system family, several four-wing chaotic attractors
have been obtained from the Liu system [20] and augmented Lü system [21] as well as
various of their modified models, but their methods mainly depend on system simulation
findings and their works don’t form a concert method, the numbers of chaotic attractors
are also very limited. Zhang et al. introduced several methods for generating multi-
wing chaotic system but still failed to break the threshold limit [22], the wings of the
attractors are only extended in single direction, so they can not generate more complex
grid multi-wing chaotic systems. Yu proposed an approach generation of unidirectional
n × m-wing Lorenz-like attractors from a modified Shimizu–Morioka model [23], in
2011, Yu et al. realized the generalized grid multi-wing chaotic attractors by constructing
heteroclinic loops into switching systems [24], but the system is complex and hard for
circuit implementation, it has no practical application. In 2012, Yu et al. constructed grid
multi-wing hyperchaotic Lorenz system family via switching control and constructing
super-heteroclinic loops [25], but it only generates grid multi-wing on the xz-plane and
is also complex for circuit implementation. So finding and designing a new and simple
grid multi-wing chaotic system that can break the threshold limit and generate multi-wing
chaotic attractors especially grid multi-wing chaotic attractors on the multi-plane is still
a challenging and important hotspot.

To break the threshold limit with respect to the vertical axis, this paper firstly pro-
poses a new three dimensional and quadratic modified Lorenz system, which can produce
a typical double-wing butterfly chaotic attractors. According to the double-wing character
of chaotic system, we design a parameter adjustable piecewise square function and a new
stair function combining with sign function, so that the saddle-focus points of the system
of index 2 are extended in the fixed y and z direction which can break the threshold limit.
This new system introduced in Section 2 is autonomous and easy for circuit implemen-
tation, and yet, it can produce complex grid multi-wing attractors both on the xz-plane
and yz-plane which is different from the systems [26–28]. Since it possesses a similar
adaptive feature, outperforming those Chua-circuit-based multi-scroll systems, while at
the same time, it exhibits more complicated chaotic dynamics than its double-wing or
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four-wing, n-wing counterpart chaotic systems. Moreover, the proposed model provides
additional design flexibility for richer chaotic dynamics, allowing arbitrary selection of
the numbers of wings both on the xz-plane and yz-plane and their locations, giving
a wider range of parametric choices. Analysis of the basic dynamics of grid multi-wing
chaotic system, including symmetry and dissipation characteristic, the distribution of
equilibrium points, Poincaré maps, the time domain waveform, spectrum, bifurcation
diagram and the maximum Lyapunov exponent spectrum are also given in Section 3.
In order to confirm the effectiveness of the proposed method, an oscillator circuit is
designed for implementation and the circuit experimental results are consistent with the
numerical simulation results which are demonstrated in Section 4, so it is easy for circuit
implementation and has wide applications in various fields such as the genetic networks
and hybrid image encryption. Finally, a conclusion is given in Section 5.

2 Design of grid multi-wing butterfly attractors chaotic system

This section discusses the design of grid multi-wing chaotic system, firstly we propose
a new 3-D quadratic autonomous generalized Lorenz system which can produce a typical
double-wing chaotic attractors, and then through designing the corresponding nonlinear
functions, it can be expanded into (2N + 2) × (2M + 2) multi-wing attractors chaotic
system.

2.1 A new 3-D quadratic autonomous generalized Lorenz system

Considering a new 3-D quadratic autonomous generalized Lorenz system which can
produce double-wing chaotic attractors, the proposed new dimensionless system is as
follows:

dx

dt
= a(y − x),

dy

dt
= by − zx,

dz

dt
= g(y)− c. (1)

Here a, b, c ∈ R
+, which are state variables, and g(y) = y2. When a = 2, b = 0.6,

c = 0.49, numerical simulation results of the double-wing chaotic attractors are depicted
in Fig. 1. The equilibrium points of (1) can be easily derived: Q0(0, 0, 0), Q1(0.7, 0.7, 0.6)
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Fig. 1. Double-wing butterfly chaotic attractors of the system (1) on the xz-plane, yz-plane.
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and Q2(−0.7,−0.7, 0.6), equilibrium points can be used to calculate the eigenvalues
which are following: λ1 = −2, λ2 = 0.6 and λ3 = 0. For Q1 and Q2, they have the
same eigenvalues: λ1 = −1.5706, λ2 = 0.0853 + 1.1138i and λ3 = 0.0853 − 1.1138i,
where there is a negative eigenvalue and the other two are conjugate complex numbers of
which the real parts are positive, so they are the unstable saddle-focus points of index 2.
Through the literature [28], we know that the double-wing chaotic attractors develop from
the unstable saddle-focus points of index 2: Q1 and Q2. Three Lyapunov exponents of
the new 3-D chaotic system are: λL1 = 0.1322, λL2 = 0.0000 and λL3 = −0.6178,
respectively, where it has a positive Lyapunov exponent, confirming system (1) chaotic
characteristic.

2.2 A new 3-D quadratic autonomous generalized Lorenz system

Chaotic system (1) the same as most generalized Lorenz system, can produce a double-
wing chaotic attractors around the two unstable saddle-focus points, but the chaotic dy-
namics of system (1) are confined to the positive half-space with respect to the z-axis,
so multi-wing (multi-scroll) chaotic system design criterion is that designing suitable
nonlinear functions to expand saddle-focus points of index 2 of the system on the plane or
in the space. Based on the thought of breaking threshold effect, we will transform g(y) of
system (1) into a parameter adjustable multi-piecewise square function defined by fN (y),
which is described in system (2) and also can make the wings of system extended in the
x and y direction obviously. The numerical simulation results of plane phase diagram are
shown in Fig. 2.

dx

dt
= a(y − x),

dy

dt
= by − zx,

dz

dt
= fN (y)− c, (2)

where fN (y) = g(y) +
∑N

i=1{Ai[sgn(y + ai) − sgn(y − ai) − 2]}, ai use the same

values, and
∑N

i=1 Ai = iK(i + 1.2), here K = 0.5. The adjustable parameters: Ai, ai
are described in Table 1.

Also the design of a new stair function defined by fM (z) and the sgn function defined
by sgn(z) can realize the extension of wings in the z direction. So a new complex grid
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Fig. 2. Multi-wing attractors on the xz-plane, yz-plane: 8-wing.

Nonlinear Anal. Model. Control, 2014, Vol. 19, No. 2, 272–285



276 X. Luo et al.

Table 1. Values of adjustable parameters Ai, ai.

N A1 A2 A3 a1 a2 a3
1 1.1 1.3
2 1.1 2.1 1.3 2.3
3 1.1 2.1 3.1 1.3 2.3 3.3

Table 2. Values of adjustable parameters Bj , bj .

M B1 B2 b1 b2
1 1.1 3
2 1.1 1.1 3 5

Fig. 3. The nonlinear functions: the parameter adjustable multi-piecewise square function fN (y) (left), the new
stair function fM (z) (right).

multi-wing chaotic system model is described as

dx

dt
= a(y − x),

dy

dt
= by − sgn(z)x

(

z − fM (z)
)

,

dz

dt
=

[

fN (y)− c
]

sgn(z),

(3)

where

sgn(z) =











−1, z < 0,

0, z = 0,

1, z > 0.

(4)

fM (z) = B0 sgn(z)+
∑M

j=1 {Bj [sgn(z + bj) + sgn(z − bj)]}, 0 6 i 6 N , 0 6 j 6 M ,
M,N = 0, 1, 2, . . . , and Ai, ai, Bj , bj are all adjustable parameters. N , M are the
numbers of accumulation item, the nonlinear functions: fN (y) and fM (z) are shown
in Fig. 3 respectively. In order to make the chaotic attractors uniformly distributed in
space, the adjustable parameters meet the relations which are following: B0 = Bj = 1.1,
bj = 2j + 1, 0 6 j 6 M . It is easy to calculate the values of adjustable parameters: Bj ,
bj , which are shown in Table 2.

According to type (3) and Tables 1, 2, it can exhibit grid multi-wing chaotic attractors,
the numbers of grid multi-wing attractors depend on the concrete form of fN (y) and
fM (z) and the values of adjustable parameters: Ai, ai, Bi, bi, which play a key role for
breaking the threshold limit above and generating various multi-wing butterfly chaotic
attractors. For example, when N = 2, M = 1, it can exhibit 6×4-wing chaotic attractors

www.mii.lt/NA



Grid multi-wing butterfly chaotic attractors generated from a new 3-D quadratic autonomous system 277

Fig. 4. 6× 4-wing chaotic attractors on the xz-plane, yz-plane.

Fig. 5. 8× 6-wing chaotic attractors on the xz-plane, yz-plane.

Fig. 6. Time domain waveforms z(t) of the grid multi-wing chaotic attractors: 6 × 4-wing (left), 8 × 6-wing
(right).

which are shown in Fig. 4, when N = 3, M = 2, it can exhibit 8 × 6-wing chaotic
attractors which are shown in Fig. 5, where it shows a few more complex grid multi-
wing attractors phase diagram. Figure 6 shows the time domain waveforms of some kinds
of grid multi-wing attractors, when phase trajectory enters from one region into another
region, it can return back to the original region due to the role of unstable equilibrium
points. It obviously shows that the system attractors can come through back and forth
freely in the positive half-space and negative half-space.
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3 Basic dynamics analysis

This section has analyzed basic dynamic characteristics of the grid multi-wing chaotic
system (3), including dissipation characteristic, equilibrium point distribution of the sys-
tem, system analysis in the time domain and frequency domain, the bifurcation diagram,
the maximum Lyapunov exponent spectrum analysis with the change of parameter a.

3.1 Symmetry and dissipation characteristic

For variable substitution of the system: (x, y, z) → (−x,−y,−z), its type form is still
the same, it is easy to know that system (3) is symmetrical about original point. Since

∇V =
∂f1
∂x

+
∂f2
∂y

+
∂f3
∂z

= −2 + 0.6 = −1.4 < 0. (5)

System (3) is dissipative, and due to the index form: dV/dt = e−1.4t, it converges to
volume element V0 in time t, so its form of convergence for volume element is V0e

−1.4t,
which means that all system trajectory will be limited to the point of zero volume set, its
behavior will be fixed in the attractor when t → ∞.

3.2 Equilibrium point distribution and its stability

According to type (3), setting dx/dt = dy/dt = dz/dt = 0, equilibrium point equation
is following:

2(y − x) = 0,

0.6y − x sgn(z)
(

z − fM (z)
)

= 0,
[

fN (y)− 0.49
]

sgn(z) = 0.

(6)

In addition to equilibrium point Q(0, 0, 0), through type (6), the rest equilibrium points

Q(x
(q)
±n, y

(q)
±n, z

(q)
±m) are described as follows:

x
(q)
±n = y

(q)
±n =

{

±0.7, n = 0,

±
√

0.49 + 2
∑n

i=1 Ai, 1 6 n 6 N,

z
(q)
±m =

{

±1.7, m = 0,

±(1.7 + 2
∑m

j=1 Bj), 1 6 m 6 M.

(7)

According to related values in Tables 1, 2 and type (7), setting N = 3, M = 2, the
distributions of equilibrium points on the yz-plane are shown in Fig. 7, where • denotes
the saddle-focus points of index 2. It is obvious observed that through introducing param-
eter adjustable multi-piecewise square function fN (y), a new stair function fM (z), which
is different from literature [28], system (3) contains square function and can generate grid
multi-wing attractors, so it has more complex dynamics characteristics, literatures only
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Fig. 7. Equilibrium points and boundary lines of 8× 6 grid multi-wing butterfly chaotic attractors.

can generate multi-scroll attractors by using piecewise-linear functions, cellular neural
networks, nonlinear modulating functions, also the two unstable saddle-focus points of
the original system (1) have been extended into (2N + 2) × (2M + 2) unstable saddle-
focus points both on yz-plane and xz-plane, so system (3) can generate grid multi-wing

attractors both on yz-plane and xz-plane. The equilibrium points Q(x
(q)
±n, y

(q)
±n, z

(q)
±m) of

the 8× 6-wing chaotic attractors are described as follows:

x
(q)
±0 = y

(q)
±0 = ±0.700, x

(q)
±1 = y

(q)
±1 = ±1.640,

x
(q)
±2 = y

(q)
±2 = ±2.625, x

(q)
±3 = y

(q)
±3 = ±3.618,

z
(q)
±0 = ±1.700, z

(q)
±1 = ±3.900, z

(q)
±2 = ±6.100.

(8)

By linearizing system (3), the result of Jacobin matrix at the equilibrium points

Q(x
(q)
±n, y

(q)
±n, z

(q)
±m) is given in Eq. (9).

JQ =







−2 2 0

(K1 − z
(q)
±m)×K2 0 −x

(q)
±n ×K2

0 2y
(q)
±n ×K2 0






. (9)

Among them, K1 = fM (z
(q)
±m), K2 = sgn(z

(q)
±m) are the corresponding values in

the equilibrium points. In order to study the stability of the system, considering the
corresponding Jacobian matrix of each equilibrium point and calculating the eigenvalue,
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Fig. 8. Dynamic analysis: time domain waveform y(t) (left), frequency spectrum log |y| (right).

the result shows that 48 equilibrium points are all saddle-focus equilibrium points of
index 2 using • described in Fig. 7, and each of them can produce a corresponding wing.
Fig. 8 (left) shows the time domain waveform y(t) of system (3), combining with Fig. 3,
we can see the phase track is infinite filling or wandering in a certain area, which is
the typical nonperiodic. Fig. 8 (right) shows the spectrum of system (3), we can see the
spectrum is continuous in certain frequency range, further shows it nonperiodic.

3.3 Poincaré maps, bifurcation diagram and the maximum Lyapunov exponent

The Poincaré map is an important analysis technique for understanding chaotic dynamics.
Fig. 9 shows different sections for plane: x = 0 and y = 0, the Poincaré maps here consist
of many branches with a number of twigs, which implies that the orbits of the attractor
are continuously folded and bifurcated in different directions, from periodic oscillations
to chaos is clearly observed, and it indicates that the system has extremely rich dynamics.

According to type (3) and (4), bifurcation diagram and the maximum Lyapunov ex-
ponent spectrum with the changing of parameter a when b = 0.6, c = 0.49 are shown

Fig. 9. Poincaré maps of system (1) when a = 2, b = 0.6, c = 0.49 on different crossing sections: y = 0
(left), x = 0 (right).
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Fig. 10. Bifurcation diagram versus a (left), the maximum Lyapunov exponent spectrum versus a (right).

in Fig. 10, we can see system (3) has a positive Lyapunov exponent in a certain range,
and bifurcation diagram has very good consistency with the maximum Lyapunov expo-
nent spectrum. It is verified that the system (3) can generate different numbers of wings
through different values of parameter a. Therefore, from each plane phase of system (3),
the time domain waveform, spectrum, bifurcation diagram and the maximum Lyapunov
exponent (LE) spectrum, which reflects bifurcation and folding properties of chaos and
the extremely rich dynamics of system (3). Where the existence of positive LE implies
the chaotic nature of the system.

4 Circuit realization and experimental results

Based on the proposed grid multi-wing chaotic system in this paper, the integral design
of the analog circuit is shown in Fig. 11. Circuit design uses the linear resistance, lin-
ear capacitance, analog multiplier and operational amplifier. The analog multiplier uses
AD633, multiplication factor is 0.1. The op-amp in use is TL082 with saturated voltage
of ±|Vsat| = ±13.5 V, assuming the dual voltage sources of ±Esat = ±15 V. In addition,
for time scale transformation factor, or integral constant of integrator, we use time scale
transformation factor: τ0 = R0C0, which does not change the shape of phase portrait, but
only increases the vibration frequency of the chaotic circuit and chaotic signal spectrum
distribution range, it is very important on selecting the time scale and changing the size
of the factor reasonable in the chaotic circuit design, where R0 = 10 kΩ, C0 = 33 nF
are used. Taking the multi-plane grid multi-wing chaotic attractors for an example of
the design of the circuit, the subcircuit diagrams for realizing the nonlinear functions
fN (y) and fM (z) above are respectively depicted in Fig. 12, the corresponding circuit
parameters are omitted here because of the space limit. It should be emphasized that the
numbers of wings can be easily modified by using different numbers of modular blocks
which are shown in Fig. 12. Realization of the sign function is also given in Fig. 12
for reference. What emphasize is that through the use of the switch S control different
numbers of module access as shown in Fig. 12, which can adjust the values of natural
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Fig. 11. Module-based circuit diagram for implementation of the grid multi-wing chaotic system.

Fig. 12. The parameter adjustable multi-piecewise square function fN (y) (left), stair function fM (z) (right).

Fig. 13. Circuit experimental results of grid multi-wing chaotic attractors on the xz-plane, yz-plane: 8×6-wing.

numbers N and M flexibly. Figure 13 shows circuit experimental results of the grid multi-
wing chaotic attractors, we can see that circuit experimental results is basically consistent
with the numerical simulation result, confirming the correctness of the theoretical analysis
and the feasibility of circuit design of grid multi-wing chaotic attractors.

www.mii.lt/NA



Grid multi-wing butterfly chaotic attractors generated from a new 3-D quadratic autonomous system 283

5 Conclusions

This paper has proposed a novel three dimensional quadratic chaotic system which can
produce a typical double-wing chaotic attractors, then we have introduced a novel Lorenz-
like system which can generate complex grid multi-wing chaotic attractors through circuit
designing implementations. The numerical simulations show that the system has interest-
ing and complex dynamical behaviors. The main character of grid multi-wing system
is that adjustable parameter can be flexibly adjusted for saddle-focus points of index 2
distribution in the y direction and z direction plane space, which can be convenient to
control numbers, sizes and relative positions of the wings. It should be pointed out that
one of the fundamental design principles for breaking the threshold is to insert nonlinear
functions. Through the theory analysis and numerical simulation, we have analyzed basic
dynamic characteristics of the grid multi-wing chaotic system. Finally, the analog cir-
cuit design of realizing the grid multi-wing chaotic system, the consistency of circuit
experimental results and the numerical simulation results prove the feasibility of the
structure method. Furthermore, multi-wing butterfly chaotic attractors have the general
applications in engineering, such as the genetic networks and hybrid image encryption,
random number generation, secure communication and efficient liquid mixing.
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