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GRIFFITHS-HARRIS RIGIDITY OF COMPACT
HERMITIAN SYMMETRIC SPACES

J.M. LANDSBERG

Abstract

I prove that any complex manifold that has a projective second
fundmental form isomorphic to one of a rank two compact Her-
mitian symmetric space (other than a quadric hypersurface) at a
general point must be an open subset of such a space. This con-
trasts the non-rigidity of all other compact Hermitian symmetric
spaces observed in [12, 13]. A key step is the use of higher order
Bertini type theorems that may be of interest in their own right.

1. Introduction

Let X C CP"" be a variety and let € X be a smooth point. The
projective second fundamental form of X at x (see [3, 11, 8, 7]) is a
basic differential invariant that measures how X is moving away from
its embedded tangent projective space at x to first order. It determines
a system of quadrics |ITx | C S?*T;X. 1 prove

Theorem 1.1. Let X" C CP""® be a complex submanifold. Let
x € X be a general point. If |I1x z| ~ |1z .| where Z is a compact rank
two Hermitian symmetric space in its natural embedding, other than a
quadric hypersurface, then X = Z.

Let X be such that |IIy ;| is an isolated point in the moduli space
of a-dimensional linear subspaces of the space of quadratic forms on C™
up to linear equivalance. We say X is infinitesimally rigid at order two
or is Griffiths-Harris rigid if whenever Y C PV is a complex manifold,
y €Y is a general point and |IIy,| = [IIx .|, then Y = X.

In [3], Griffiths and Harris posed the question as to whether the Segre
variety Seg (P2 x P?) C P® was infinitesimally rigid to order two, and
in [10] I answered the question affirmatively and showed that all rank
two compact Hermitian symmetric spaces (in their minimal homoge-
neous embeddings) except for the quadric hypersurface, and possibly the
Grassmanian G(C2,C?) C PY, the Segre variety Seg(P! x P") c P2n+!
and the spinor variety Ds/Ps = S19 C P were infinitesimally rigid at
order two. The quadric is not rigid to order two and Fubini showed [2]
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it is rigid to order three when n > 1. (It is rigid to order five when
n = 1.) In this paper I resolve the remaining cases, and explain shorter
and less computational proofs for the other cases presented in [10]. I
also reprove the rigidity of the three Severi varieties that are rigid to
order two to illustrate the method. The new proofs use two tools, a
higher order Bertini theorem, and elementary representation theory.

In [12, 13] we showed that all rational homogeneous varieties other
than the rank two compact Hermitian symmetric spaces fail to be rigid
to order two, so the result of this paper is the best possible in this
sense. One can compare this type of rigidity to that studied by Hwang
and Mok, see [4, 5]. Some differences are: in their study they require
global hypotheses where here the hypotheses are at the level of germs
(this is because the systems of quadrics under study admit no local
deformations); in their study the objects of interest are not a priori
given an embedding (although since they assume the Picard number is
one, one gets something close to an embedding); and in their study the
object of interest is the cone of minimal degree rational curves through
a general point, which, a priori, has nothing to do with the cone of
asymptotic directions I use here (in the systems under consideration,
the base locus of I1 determines I7).

Some open questions and relations with the Fulton-Hansen connect-
edness theorem are discussed in [10]. Another application of the tech-
niques used here is given in [15].

After a preprint of this article was posted on the arXiv, Hwang and
Yamaguchi [6] generalized the results of this paper to prive that all ir-
reducible compact Hermitian symmetric spaces, except for the quadric
hypersurface, are uniquely determined by their projective fundamental
forms at a general point. Their method is basied on work of Se-ashi [16]
and is quite elegant, but of more limited applicability. For example, by
their methods one cannot determine the rigidity of rational homoge-
neous varieties that are not Hermitian symmetric, or of the Segre vari-
eties Seg(P' xP") C P(C? ® C"*!) with n > 1 (personal communication
with Hwang).

While in [10] I did not calculate the rigidity of Seg(P' x P*) C
P(C? @ C**1), the rigidity follows from the same calculations, however
one must take an additional derivative to get the appropriate vanish-
ing of the Fubini forms. However there is also an elementary proof of
rigidity in this case using the higher order Bertini theorem. Given a
variety X"t! C PV such that at a general point z € X, Base|Ilx 4|
contains a C", by 3.1 the n-plane field is integrable and thus X is ruled
by P™’s. Such a variety arises necessarily from a curve in the Grass-
mannian G(n + 1, N 4+ 1) (as the union of the points on the P™’s in the
curve). But in order to also have the C factor in Base|IIx ,|, such a
curve must be a line and thus X must be the Segre.
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2. Moving frames

For more details throughout this section, see any of [3, 9, 11, 7].
Once and for all fix index ranges 1 < o, 3,7y <n,n+1 < pu,v < n+a.

Let X" c CP*""* = PV be a complex submanifold and let x € X
be a general point. Let 7 : F! — X denote the bundle of bases of V'
(frames) preserving the flag

sCcT,X CV.

Here £ C V denotes the line corresponding to x and T, X denotes the
affine tangent space (the cone over the embedded tangent projective
space). Let (eq,...,entq) be a basis of V with dual basis (e, ..., e"T%)
adapted such that ey € & and {eg, e} span T,X. 1 ignore twists and
obvious quotients, writing e, for (eymod eg) ®e® € T, X and e, for
(eymod TxX)®eO € N, X = T,PV/T, X. Moreover, if x and X are
understood, I write T'=T,X and N = N, X.

The fiber of 7 : F! — X over a point is isomorphic to the group

90 93 Yv
Gi=S9=10 g5 g)|geGL(V)
0 0 gb

While F! is not in general a Lie group, since ' C GL(V), we may
pull back the Maurer-Cartan from on GL(V) to F!. Write the pullback
of the Maurer-Cartan form to F' as

W) wy W
_ @ [e% @
w=|wy wzg wy
oWt Wl

The adaptation implies that wjy = 0 and the Maurer-Cartan equation
dw = —w A w together with the Cartan Lemma imply that for all u, «,
wh = qgﬁwg for some functions q’a‘ﬁ = qga . F1 — C. These func-
tions determine the projective second fundamental form Il = F» =

wiwh ® e, = qgﬁwg‘wg(@eu eN(X,S’T*X ® NX).

While IT descends to be a section of S?T*X ® NX, higher order
derivatives provide relative differential invariants F, € T (F!
7*(S*¥T* @ N)). For example,

— By
Fy = 1,5 wiwywy @ ey

o § a B v
Fy = ri5,swowowowy ® ey
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where the functions Tg By rg 35 AT€ given by

0 1) 0
(1) Thawo = —ddhs — dhawo — dapwh + dhswh + dhswa
o 0
(2) rgﬁ’yzswo = _drgﬁ'y - 2T5ﬁ7w0 - T(l;zﬁ'ywllj
0
+ 60‘67 (rgﬁgwfy + 3qzﬂw'y - qgeQ,g'ywlel)
If one chooses local affine coordinates (z?,...,2""?) such that z =

(0,...,0) and T, X = (3%), and writes X as a graph

H = qgﬁxo‘mﬁ + rZﬂvmo‘xﬁxV + rgﬂ,ﬂ;xaxﬁw“*ﬁ +

then there exists a local section of F! such that

0
B, = qgﬁdxo‘dxﬁ ® 5

0
FS’r = Tgﬁwdwadljﬁdl"y ® %

Fyl, = T'ZB,Y(;da?adxﬂdaﬂdx& ® %

etc...

Since an analytic variety is uniquely determined by its Taylor series at
a point, to show Z is rigid to order two, it is sufficient to show that over
varieties X with |IIx .| = |IIz.| there exists a subbundle of F! such
that the F}’s of X coincide with those of Z. Moreover, the cominuscule
varieties, that is, the compact Hermitian symmetric spaces in their nat-
ural projective embeddings, have the property that on a reduced frame
bundle all the differential invariants except for their fundamental forms
are zero, and in our case the only nonzero fundamental form is I1.

The method in [10] was first to use the equations above to calcu-
late relations among the coefficients of F3. These relations, combined
with normalizations, eliminated most of the coefficients of F3 (all in the
Segre case). I then examined a particular subset of Fy which equated
an expression with coefficients of F) appearing with semi-basic forms
with an expression with coefficients of F3 appearing with vertical forms,
which proved the remainder of F3 to be zero (and part of Fy to be zero
as well). The same technique was used with higher order invariants.

The principle of calculation in this paper is the same, except that the
calculations are minimized by using higher order Bertini theorems and
the decomposition of the spaces S¢T* ® N into irreducible R-modules,
where R C GL(T) x GL(N) is the subgroup preserving I € S?T*® N.
The methods here should make the determination of the order of rigid-
ity of other rational homogeneous varieties and of Schubert varieties a
tractible problem.
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3. Vanishing tools

3.1. Higher order Bertini. Let T" be a vector space. The classical
Bertini theorem implies that for a linear subspace A C S?T*, if g € A
is generic, then u € gging := {v € T | q(v,w) = 0 Vw € T} implies
u € Base(A) :={veT|Qv)=0VQ € A}.

Theorem 3.1 (Higher order Bertini). Let X" C PV be a complex
manifold and let x € X be a general point.

1. Letq € |I1x 4| be a generic quadric. Then qging C Base{Fy, ..., F}
for all k. Le., qsing 1s tangent to a linear space on the completion
of X.

2. Let q € |IIx 4| be a any quadric, let L C qsing N Base|Ilx ;| be a
linear subspace. Then for all v,w € L, F{(v,w,-) = 0. Here and
in what follows, F,g denotes the polynomial in Fy, corresponding
to the conormal direction of q. This is well defined by the lower
order vanishing.

3. With L as in 2., if L' C (Base{|IIx |, F5})NL is a linear subspace
then Fi(u,v,w,-) = 0 for all u,v,w € L' and so on for higher
orders.

4. With L' as in 3., if L' C L' N (FY)sing is a linear space, then for all
u,v € L", F{(u,v,-,-) = 0. The analogous result holds for higher
orders.

Proof. Note that 1. is classical, but we provide a proof for complete-
ness. Assume v = e and ¢ = ¢g*. Our hypotheses imply qf 3=0 for all
(. Formula (1) reduces to

v B_ v
1% = —411Wy -

If ¢ is generic we are working on a reduction of F' where the w! are
independent of the semi-basic forms; thus the coefficients on both sides
of the equality are zero, proving both the classical Bertini theorem and
1 in the case k = 3.

If ¢ is not generic, in order to have ¢ = ¢*,v = e; we have reduced
to a subbundle of F! where the forms w! are no longer necessarily
independent of the semi-basic forms. However, hypothesis 2 states that
qf; = 0 for all v and the required vanishing still holds.

For 3., note that rflwwg =¥ wh + WS + gt ws and the right
hand side is zero under our hypotheses. Part 4 is proven similarly.

The extension to linear spaces holds by polarizing the forms. The
analogous equation at each order proves the next higher order. q.e.d.

Example 3.2. Let X = G(2,m) and let V = A2C™ have basis ey
with 1 < s <t <m. At z = [e12] we have the adapted flag

{era} C{eyj e} CV
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where 3 < i < j <m, and SLy X SLy;,_2 acts transitively on N, ~ {e;;}.
So here a = {(15), (2,7)}, v = {(ij)}. In these frames I'T = (w(()h)w(()2]) —
w(()lj)w(()m)) ® eij.

If m = 5, then ¢*° is a generic quadric with ej3 C qgf’ng. Thus

r€13)(13)(13) =0Vu

"33 = 0 V-

If m > 5 then ¢*° is no longer generic, but since e(13) € Base|IIx .|

we still may conclude
45

rasazs = 0 V5.
3.2. Normalizations. F3 is translated in the fiber of F! by the action
of T®@N* and T* (the gy and the g%). We may decompose T ® N*
and T™* into irreducible R modules and determine which of these act
nontrivially. In the case where the variety is modeled on a rank two
cominuscule variety, we will have that all of T'® N* acts effectively,
but the T™ action duplicates a factor in T"® N*. This is because in the

homogeneous model, the forms wg are independent and the forms wy are

linear combinations of the wg. We will let 7" denote the bundle where
the action of T'® N* has been used to kill the corresponding components
of F3. Similarly, on F", Fj is translated by the action of N* and we
will let FV denote the subbundle of F™ where the component of N* in
F4 has been normalized to zero.

3.3. Decomposition of the Fj and vanishing.

Proposition 3.3. Let II € S?’T*® N arise from a trivial represen-
tation of a reductive group R C GL(T) x GL(N). Let X" C Pnte
be a complex submanifold, let © € X be a general point and suppose
ITx, =11I.

1. The component of Fy, in an irreducible module V. .C SFT* @ N is

zero if the component in its highest weight vector is zero.

2. An irreducible module in S3T* @ N can occur in Fy only if it also
occurs in (T R@T*®N® N*)* @ T*. Heret, the Lie algebra of R,
occurs as a submodule of T T*ONQN* and (TR T* ® NQN*)¥
denotes the complement of vt in TR T*® N Q@ N*.

3. If F3 = 0, and the normalizations of F3 are exactly by T ® N*,
then an irreducible module in S*T* ® N can occur in Fy only if
it also occurs in (T @ N*)T™° @ T*, where (T @ N*)T™° is the com-
plement of the image of T* in T @ N*.

4. If F3, Fy = 0 (after normalizations), then an irreducible module in
ST*® N can occur in Fy only if it also occurs in N.

5. If F3, Fy, F5 = 0 (after normalizations), then all higher Fy, are zero
as well.
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Note that if X = G/P is a rational homogeneous variety in its mini-
mal homogeneous embedding, then R is just the Levi factor of P.

Proof. The first assertion follows because the orbit of a highest weight
vector in any module spans the module.

Let 72 — X denote the bundle of frames adapted such that the co-
efficients of IT are constant. F? is a principal bundle with fiber group
say H which contains R as a Levi factor. Write h = t&n where n is
nilpotent. Since we are working locally, if we take a basis £°,nP of the
Maurer-Cartan form of H, with the forms £° being t-valued and the
forms 1P n-valued, a local coframing of F?2 is given by &%, nP, wgy. Thus
we may write

Q o = CRE + B + Il
(4) Wi = GULE + HnP + I wg
for some functions Cgs, ..., Il;. Note that this decomposition is not

unique and we can choose a different splitting of the cotangent bundle
of F? by translating the h-valued forms by semi-basic forms. Translat-
ing the n-valued forms is what gives rise to the normalizations of Fj, Iy
discussed above. By the same arguent, decomposing T®T* & N @ N*
into isotypic t-modules, the component that corresponds to the rep-
resentation of v in TR T*@® N ® N* is independent of the semi-basic
forms.
We have the equality

Fy = rgmwgwgwg Qey = (—qgﬁwg — qapwy + qg§wg + qg6wg)w8‘wg R ey

Decomposing the right hand side and equating semi-basic forms we have

rgﬁvwg‘wgwg = (—qgﬁwg — qgﬁlﬁvwg + qgée]ngg + qg(sl]gwwg)wgwg.
While Fj3 is not invariant under the action of H, it is invariant under the
action of R and in particular the isotypic components are each invariant.
Now consider the isotypic decomposition of S?T* ® N as an R-module,
say into the modules Vi,...,V,. Write F3 = F31+---+ F3,4. Since each
of these components is preserved by the action of R, it can be nonzero
only if the corresponding module occurs on the right hand side (and
moreover the multiplicity can be at most the multiplicity that occurs
on the right hand side). These remarks prove the second assertion.

The third assertion follows because in the above normalizations, the
forms wg will remain independent and independent of the semi-basic
forms while the forms w{, will become dependent on thet semi-basic
forms and the wY. Again, the components that depend on the semi-
basic forms will have coefficients consisting of linear combinations of
monomials in Fy of the same weight. The fourth assertion is similar.
The last assertion is proven in [9]. q.e.d.
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4. Case of G(2,5) and Sig

4.1. Model for G(2,5). Write T' = A* ® B. We index bases of T' and
N as above. R = sl(A)+sl(B)+C = sly +sl3 +C. We write A; for the
represention of s[(A) with highest weight j and B;; for the representation
of sl(B) of highest weight iw; + jws. Here and throughout we use the
notations and ordering of the weights of [1]. The relevant modules are
summarized in the table below.

4.2. Model for Sjp. Write C'® = Clifford (C°%) ~ A®"C® with & ~
AOW,TZAZWN2A4W2W*. Welet ey =esNe, 1 <s<t<h
index a basis of T" and e® index a basis of N. Note that, as with G(2,5),
R acts transitively on N so all quadrics in |II| are generic.

Let Vi, denote the sl5 module with highest weight iwq + jws + kw3 +
lwy. |I1|is given by the Pfaffians of the 4 x 4 minors centered about the
diagonal with e/ corresponding to the Pfaffian obtained by removing
the j-th row and column. The relevant modules are summarized in the
following table. When there are two lines on the right hand side, the
first is for S19 and the second for G(2,5).

T = Vo100
= A1 ® DBy

T = Vooio
= A1 ® By

N = Voo
= Ao @ Bo1

N* = Vigoo
= Ap® By

U = Voim
= A ® By

SQT* — T*Q D N*
S3T* = T* @ N*T*
SBT*@N = (TSNoTT*)® (N*T)Ne N*T & T*)
T@N*=TN*&T*
(To NYT“@ T*=N*TT*® N> N & TN & N*
S4T* — T*4 D N*T*Q D N*2
ST*Q N = TNe TT*® NN*T?® TT*Na T*? & N2 Ng N*
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The notation is such that if V), W, are the irreducible representations
with highest weights A, i, then V¥, VW are respectively the represen-
tations with highest weights kX and A+ pu. VW C V ® W is called the
Cartan component.

To obtain the vanishing of F3 we need to eliminate five modules. We
first eliminate two by reducing to 7™ as described above, so the last two
factors are zero. Let F™ C F! denote our new frame bundle.

On our new bundle there remain three modules to eliminate.

The first module in S3T* is decomposably generated by T(13)(13)(13)
in the G(2,5) case and 7(12)(12)(12) in the S1o case. We already saw the
G(2,5) case is covered by Bertini, and the Sio case is as well because
ea2) € q;mg, and all quadrics in the system are generic. Thus the first
two modules in S3T* ® N don’t appear in Fj.

At this point just (N*T™)N remains. In the G(2,5) case (N*T™) has
highest weight a linear combination of r(13)(13)(24) and 7(13)(14)(23)- In
the Syo case it has highest weight a linear combination of 7(19)(12)(34)
T(12)(13)(24) and 7(12)(14)(23), and thus the Cartan components respec-

tively have highest weights linear combinations of r?‘f’g)(m) (24 7“?153)(1 1)(23)

and 7“?12)(12)(34), T?12)(13)(24) and T?12)(14)(23)7 all of which are zero by
Bertini. Thus Fj3 is zero.

We normalize away the N* factor in S*7* ® N and study the remain-
ing modules. Comparing S*7T*® N and (T ® N*)T"° @ T* modulo N*,
their intersection is N*? which is eliminated by the higher order Bertini
theorem and thus Fy = 0 on FV.

S5T* @ N does not contain a copy of N, so we are done. q.e.d.

5. Case of AP?

Let Ag respectively denote C,H, O, let A = Ag ® gC, and write T =
A@A. AP? respectively denotes the Segre P? x P2, the Grassmannian
(G(2,6) and the complexified Cayley plane.

I use (a,b) as A-valued coordinates. Then |II| = {a@, bb, ab} where ab
represents dimA quadrics. Let p = 1,3,7. Write a = ap+aier1+. . .+apep.
We will need to work with null vectors so let e; = 1 + i€y, €1 = 1 — ieq,
ez = 1 + i€y denote elements of the first copy of A (with coordinate a).
We let e, denote the normal vector such that ¢* = aa and similarly for
ep. Let eg denote the normal vector such that ¢° = Re(ab) and ee; the
normal vector such that ¢ is the €; coefficient of ab.

Let Vjkim denote the 05-module with highest weight w1 + jw; +kws +
lwy + mws, and the sl(A) + s[(B) modules are indexed in the obvious
way. For the Segre case write T' = Ujg@® Wy and N = Uy Q@ Wy;.
The remaining relevant modules are as follows, where when there are
two lines on the right hand side, the first is for the complexified Cayley
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plane and the second for the Grassmannian:

T = Voooo1
= A1 ® Bioo
T* = Vhooto
= A1 ® Boo1
N = N* = Vioooo
= Ay ® Boio

S2T* =T N
S3T* _ T*3 D NT*
SBT*@N =TNoT?*ToN*T* o gl* ®NT HT*
T®N*=TN*®T*
(NQN*)“@T* = N*T*®& NT
(TRT T =T TeTLhT ©gl* ©NT ST

Here g denotes the adjoint representation. See [13, 14| for an explana-
tion of T5.

The decompositions above show that there are six components of Fj
on F' and four when we restrict to F".

We may choose our model such that e; is a highest weight vector
(since it is in Base|IIx.|). We may also have e” be a highest weight
vector for N*.

The first component of S3T* ® N is eliminated from Fj either by
Bertini (as it has highest weight vector 7;;) or by comparing modules.
The second and third components are also eliminated by Bertini. The
last two components my be normalized away. Thus we are left with g7™,
which has highest weight coeflicient r,;. To eliminate this module we
examine Fy, which in particular, contains the equation

T (1111ﬁwoﬁ = T‘fﬁwi
but it is easy to check that wi is independent of the semi-basic forms.
The higher order invariants are safely left to the reader. q.e.d.

To compare with the G(2,6) case in the standard model, we have
e1 = eqs),er = e, ¢° = ¢**,¢" = ¢°° ete....
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