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GROBNER BASES OF ASSOCIATIVE ALGEBRAS
AND THE HOCHSCHILD COHOMOLOGY

YUJI KOBAYASHI

ABSTRACT. We give an algorithmic way to construct a free bimodule resolu-
tion of an algebra admitting a Grobner base. It enables us to compute the
Hochschild (co)homology of the algebra. Let A be a finitely generated algebra
over a commutative ring K with a (possibly infinite) Grobner base G on a
free algebra F', that is, A is the quotient F/I(G) with the ideal I(G) of F'
generated by G. Given a Grobner base H for an A-subbimodule L of the free
A-bimodule A- X - A = Ag ® K - X ®k A generated by a set X, we have a
morphism 0 of A-bimodules from the free A-bimodule A - H - A generated by
H to A- X - A sending the generator [h] to the element h € H. We construct
a Grobner base C on F - H - F for the A-subbimodule Ker(9) of A- H - A,
and with this C' we have the free A-bimodule A -C - A generated by C and an
exact sequence A-C-A— A-H-A— A-X-A. Applying this construction
inductively to the A-bimodule A itself, we have a free A-bimodule resolution
of A.

1. INTRODUCTION

The Grobner base theory for polynomial rings has been developed since Buch-
berger [B], and has found vast fields of application. It is a central technique used
in the computational theory of polynomial rings and algebraic geometry ([2], [5],
[8]). Many authors have tried to generalize the theory to more general rings. For
example, Mora [21] developed a Grobner base theory for general associative alge-
bras (the idea already appeared in Bergman [3]). But a shortcoming of the theory
on non-commutative ring is that a finitely generated ideal may not have a finite
Grobner base, and so the Buchberger algorithm does not converge in general (see
[9]). Some authors (for example Kandre-Rody and Weispfenning [13], see also [L8])
developed the theory for certain restricted types of rings for which the Buchberger
algorithm works. But even if an ideal has no finite Grébner base, if it has an infinite
(but well-behaved in some sense) one, it is sometimes useful.

In the present paper we consider a possibly infinite Grébner base G on a free
algebra F' over a commutative ring K. We give an algorithmic way to construct a
free bimodule resolution over the quotient algebra A = F/I(G), where I(G) is the
ideal of F' generated by G. It enables us to compute the Hochschild cohomology
(Hochschild [TT]) of A. In the construction Grobner bases on free F-bimodules play
a crucial role. We discuss Grobner bases on free algebras and on free bimodules
from a stand point of rewriting systems. Actually, the theory of Grobner bases and
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1096 YUJI KOBAYASHI

that of rewriting systems are considered to be equivalent (in certain situations, see
for example Madlener and Reinert [20]).

Let G be a set of monic elements of a free algebra F' over K, here f € F is
monic if the coefficient of the leading term 1t(f) of f with respect to some fixed
term order is 1. G is a Grobner base of the ideal I(G) if the associated system
Re = {lt(g) — —r1t(g) | g € G} is a complete (noetherian and confluent) rewriting
system, where rt(g) = g — It(g). If K is a field, every ideal of F' admits a (possibly
infinite) Grébner base.

Let A be an algebra over K admitting a Grébner base G on F, that is, A is the
quotient F//I(G). Moreover, we consider a Grébner base H for an A-subbimodule
L of the free A-bimodule A- X -A = Ax ® K- X ®k A generated by a set X. H is
a generating set for L of monic elements in the free F-bimodule F - X - F' generated
by X such that the system Ty = {lt(h) — —rt(h) | h € H} is a complete rewriting
system on F' - X - F modulo G (see Section 3 for a precise definition). We have a
morphism 9 of A-bimodules from the free A-bimodule A- H - A generated by H to
A- X - A given by 9([h]) = h, where [h] is the formal generator corresponding to
heH.

The key technique in this paper lies in a construction of a Grébner base C' on
F - H - F for the A-subbimodule Ker(9) of A- H - A (Section 5). This C is made
from the critical pairs of reductions on F' - X - F' with respect to H and G, and
thus, if G and H are effectively given, C' can be effectively constructed. With this
C we have the free A-bimodule A - C - A generated by C and an exact sequence
A-C-A— A-H-A— A-X-A (Section 6). Applying this construction inductively
to the A-bimodule A itself, we have a free A-bimodule resolution of A (Section 7).
This is considered to be a two-sided version of the construction given by Anick [I]
(see also Kobayashi [I6]), and, when A is supplemented, taking the functor ® 4 K
on the right-hand side of our resolution yields a left free resolution of the left A-
module K. The last section is devoted to exhibit some examples which show the
effectiveness of our methods.

The technique developed in this paper on free algebras and free bimodules can
be generalized to path algebras and projective bimodules. This will be discussed in
a forthcoming paper.

2. GROBNER BASES FOR ALGEBRAS

Let X be a (finite) alphabet and let X* be the free monoid generated by X, that
is, ¥* is the set of words over ¥ and the monoid operation of it is given by the
concatenation of words. The empty word, denoted by 1 in this paper, is the identity
element of ¥*. The set of words of length n and the set of words of length < n
are denoted by X" and ¥=", respectively, that is, X" = {z € ¥*||z| = n} and
¥<r = {z € ¥*||z| < n}, where |z| denotes the length of a word x. Accordingly,
2O ={1}, B =%, 85" = Uy, BF and T* = Jyo; TO

Let K be a commutative ring with 1 and let F = K -X* be the free (associative)
algebra generated by ¥ over K. F' is the free K-module spanned by X* with
the multiplication induced by the monoid operation of ¥*. An element f of F' is
uniquely written as

(1) f=> ki
=1
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GROBNER BASES AND THE HOCHSCHILD COHOMOLOGY 1097

with k; € K\{0} and different elements z; in ¥*. We fix a compatible well-order
= on ¥*, that is, > is a (strict) total order on ¥* such that there is no infinite

decreasing sequence x1 > x3 > ... and for any z,y,z € X*, = > y implies xz >~ yz
and zz > zy. A typical such order is the length-lexicographic order =iex, namely,
x >nex Y if either |x| > |y|, or |z| = |y| and y is smaller than z in the lexicographic

order based on a pre-given linear order on X.

Let f be an element of F written as (). If x; is the maximal among z; (i =
1,...,n) with respect to >, k11 is called the leading term of f and denoted by 1t(f).
Let rt(f) = f — It(f). We extend the order > on ¥* to a (partial) order on F,
which is also denoted by -, as follows. First, f > 0 for any f # 0. Let f and g be
nonzero elements in F and let 1t(f) = k- and It(g) = £ -y with &k, £ € K\{0} and
x,y € ¥*. Define f > g if and only if either z = y or x =y and rt(f) > rt(g). It is
easy to see that > is also well-founded on F', that is, there is no infinite sequence
fi=fo=---in F.

A (monic) rewriting rule is a pair (u,v), where u € ¥* and v € F with u > v. A
rule (u,v) is written as u — v. A (monic) rewriting system R is a (not necessarily
finite) set of rewriting rules. If f € F has a nonzero term k - z and © = zyuxs
with x1, o € ¥* and u — v € R, the rule u — v can be applied to f and f is
transformed (or rewritten) to g = f — k- z1(u — v)x2. In this situation we write
f —r g, and we call —p the one-step reduction by R.

Let —7% denote the reflexive transitive closure of the one-step reduction relation
—R, and let <% be the reflexive symmetric and transitive closure of —g. Set
Gr={u—v|u—veR}, and let I(R) be the (two-sided) ideal of F' generated
by GR.

Here we depict the following basic results.

Proposition 2.1. The relation <% is equal to the congruence on F modulo I(R),
that is,

ferg & [=g (mod I(R))
for f,g € F. In particular,
f<r0 & =0 (mod I(R))
for f € F, that is,
I(R) ={f€F|f<g0}

The quotient algebra A = F/I(R) = F/ <7, is said to be defined by the rewriting
system R. Two rewriting systems Ry and Ry on F' are equivalent if <% = <74 .
The equivalent systems define the same quotient, and thus, by Proposition 2.1, Ry
and Ry are equivalent if and only if I(R;) = I(Rz2).

If f —Rr g, then, as easily seen, f >~ g by the compatibility of >. Since > is well-
founded, the relation —pg is noetherian (terminating), that is, there is no infinite
sequence f1 —g fo =r - —Rr fn —r -+ in F. If two elements f and g of I’ have
a common R-descendant, that is, there is h € F' such that f —% h and f —} h,
we say that f |r ¢ holds. R is called confluent if for any f,g,h € F such that
h—% fand h —% g, f |r g holds. In general, a noetherian and confluent system
is called complete, but in our situation here, a confluent system is complete because
a rewriting system we consider is always noetherian.
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Lemma 2.2. For f,ge F, f —g —% 0 implies f |r g.

Proof. Let h = f — g and suppose h —% 0. We shall show f |r ¢ by induction
on h with respect to the well-order ». If h = 0, then f = g and f | ¢ trivially
holds. If h # 0, then h —r h' —7, 0, where h has a term k -z with £ € K\{0} and
x € ¥* such that x —g 2’ and b’ = h— k- (x — 2’). Because h = f — g, we have
k = ki — ko, where k1 - x and ks - © are terms of f and g respectively (one of ki,
ks € K is possibly zero). Let f' = f — ki(x — 2') and ¢’ = g — ko(z — 2’), then,
f—=r[f (or f=f ik =0),9g>rg (org=g ifky=0)and / = f' —g'.
Since h = h/, we see f' |g ¢’ by the induction hypothesis, and consequently we
have f |r g. O

The converse implication in Lemma 2.2 is not true in general. For example,
consider the rewriting system R = {ab — a,ba — b} over the alphabet ¥ = {a, b}
and let f = aba + a and g = aba + aa. Then, f —g aa+a and g —g ab+ aa —g
a+aa, that is, f |r g holds. But f — g = a — aa cannot be reduced to 0. However,
if R is confluent, the converse is also true (see Proposition 2.3 below).

An element f in F is irreducible (R-irreducible to specify R) if there is no g such
that f —gr ¢g. In particular, an irreducible monic monomial = € ¥* is called an
irreducible word, and Irr(R) denotes the set of irreducible words. Clearly, Irr(R) =
¥\¥* - Dom(R) - £*, where Dom(R) = {u|u — v € R}, and f € F is irreducible
if and only if f is a K-linear combination of irreducible words. An element f € F
is R-reducible if it is not R-irreducible. A word z is a minimal R-reducible word if
it is R-reducible but any proper prefix of x is R-irreducible.

Since R is noetherian, for any f € F there is an irreducible f € F such that
f =% f If, moreover, R is confluent (so complete), such an f is unique and
is called the normal form of f, and, as is well known in the theory of rewriting
systems, f <% g if and only if f = § (Proposition 2.3 below).

A subset G of F is monic if every g € G is monic, that is, the leading coefficient
of g is 1. Let I be an ideal of F'. A set G of generators of I is called a Grébner
base of I, if it is monic and the system R = {lt(g) — —rt(g) | g € G} associated
with G is a complete rewriting system. We usually confuse a Grébner base G with
the associated rewriting system Rg. Accordingly, when we write ¢ = u — v € G,
we implicitly assume that u = 1t(g) and v = —rt(g), and we just write —¢ for the
relation — g, for example. We say f € F' is G-irreducible if it is Rg-irreducible,
and Dom(G) and Irr(G) denote Dom(R¢) and Irr(R¢) respectively.

We depict the fundamental results on complete rewriting systems and Groébner
bases as follows (see [2], [4], [6], [§]).

Proposition 2.3. Let G be a Grébner base of an ideal I of F, let A = F/I be the
quotient algebra of F by I, and let p: F — A be the canonical surjection. Then, p
is ingective on Irt(G) and p(Irr(G)) forms a linear K-base of A= F/I. Any f has
the unique normal form f, and we have

f=9& fetg e f—9—50 < p(f)=rlg)
for any f,g € F. In particular, we have

I={feF|f=0}={f€eF|f -0}
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GROBNER BASES AND THE HOCHSCHILD COHOMOLOGY 1099

Corol}ary 2.4. If G is a Gréobner base, the mapping ~ sending f € F to the normal
form f € F is K-linear;

(k-ftt-g) =k-f+tg
fork, e K and f,g € F.

An algebra A over K is said to admit a Grébner base if it is isomorphic to the
quotient F/T of some finitely generated free algebra F' over K modulo an ideal I
with a Grobner base. By Proposition 2.3 we have

Corollary 2.5. An algebra over K admitting a Grébner base is free as a K-module.

Example 2.6. (1) A finitely generated algebra A over a field K admits a Grébner
base. In fact, any ideal I of a free algebra F' = K'>* over K has a Grébner base with
respect to a fixed compatible well-order > on ¥*. If € ¥* is a linear combination
of x; € ¥* with z; < x over K modulo [;

x = Z kix; (mod I), k; € K\{0},

choose one such combination and consider the element © — > k;z;. Let G be the
set of all such elements. Then, G is a Grobner base of 1.

(2) A monoid algebra A = K - M of a finitely generated monoid M over a
commutative ring K admits a Grobner base. Let X be a set of generators and
p: X% — M the surjection. Let I be the kernel of the natural morphism K>* — A
induced by p. For x € ¥*, & denotes the minimal element in ¥* with respect
to a fixed well-order = on ¥* in the congruence class p~! (p(z)) of x. Then,
G={x— 2|z €X* x#i} forms a Grobner base of I.

(3) The enveloping algebra A of a Lie algebra L over K (L is free as a K-module)
admits a Grébner base. Let 3 be a linear base of L over K. Then, A = K¥*/I for
an ideal I of K3*. Let > be a linear order on ¥. Then, G = {ab—ba —[a,b]|a,b €
¥,a > b} forms a Grébner base of I.

Remark 2.7. In Example 2.6, the Grobner bases G in (1) and (2) are usually infinite.
The Grobner base in (3) is finite if 3 is finite.

Let R be a rewriting system on F' = K>*. Let u; — vy, us — v9 € R. Suppose
uy overlaps properly with ug, that is, u1 = v}z, us = zuf with uf, uj, z (£ 1) € I*.
We have two reductions py : ujuy — viuh and ps : ujus — ujvy applying the
rules to ujub = uwjug in two different ways. We call (viub, ujve) a critical pair of
elements of overlapping type and (p1, p2) a critical pair of reductions. Next suppose
uy contains us as a subword, that is, u; = v/usu” with v/, u” € ¥*. Applying the
rules to u; in two ways, we have a critical pair (v, u'vou’) of elements of inclusion
type and a critical pair (u; — v, w'usu” — w'vau’) of reductions. For a critical
pair (z1,z2) of elements the difference x1 — x2 is called an S-polynomial. A critical
pair (z1,x2) is resolvable if x1 | g 2.

Since our system R is noetherian, R is complete, if it is locally confluent, that
is, for any f,g,h € F, h — f and h — g imply f | g ([4], [12]). The fundamental
result in the theory of rewriting systems is a so-called critical pair theorem, which
is a base of the completion procedure. The theorem asserts that a system is locally
confluent if all the critical pairs are resolvable. Because our situation is a little
different from the ones discussed in the literature, we give a proof sketch of the
result here.
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Proposition 2.8. A system R is complete if all the critical pairs for R are resolv-
able.

Proof. We shall show that for any f,g,h € F, h — f and h — g imply f | g
by induction on h with respect to the order > under the assumption that all the
critical pairs are resolvable. From the induction hypothesis that b/ — f/,h/ — ¢’
and b’ < h imply f’ | ¢, we can easily show that

(i) W' —=* f',n —* ¢' imply f' | ¢’ for any f’,¢’,h’ € F such that b/ < h.

The following assertions can be proved by easy and direct calculations.

(ii) If two reductions h — f and h — g are made through applications of rules
of R to different terms of h € F, then f | g.

(iii) If f —* g for f,g € F, then kxfy —* kxgy for any =,y € ¥* and k € K.

(iv) If f —* g for f,g € F, then f + h —* g+ h for any irreducible h € F.

(v) If two reductions x — f and x — ¢ are made through applications of rules
of R to disjoint subwords of € ¥*, then f | g.

Now, suppose h — f and h — g for f,g,h € F. By (ii), in order to show f | g,
we may suppose that h — f and h — ¢ are through applications of rules to the
same term kxz (k € K,z € ¥*) of h. If h has a reducible term other than kz, then
h — h' applying a rule to that term. Again by (ii), there are f1, g1 € F such that
f—=* fi,h =* f1,9g >* g1 and ¥ —* g;. Since b/ < h, we have f; | g1 by (i).
Consequently, we see that f | g holds.

Therefore, we may assume that h = kx + h' with irreducible A € F. If rules are
applied to disjoint subwords of x and we obtain reductions kx — ¢ and kx — t/,
then ¢ | ¢ by (iii) and (v). Because f =t + h' and g = ¢’ + hf, we have f | ¢
by (iv). Otherwise, f = ka'ciz” + h' and g = ky'cay” + ht for some critical pair
(c1,c2), where 2/, 2"y, ¢y’ € ¥*. Since ¢; | ¢ by assumption, we have f | g in the
same way as above. O

Proposition 2.9. For a rewriting system R the following statements are equivalent.
(1) R is complete.
(2) Every critical pair is resolvable.

(3) Every S-polynomial is reduced to 0.

(4) Every element in I(R) is reduced to 0.

0

Proof.
1

) = (1): Proposition 2.8.

(1) ): Proposition 2.3.

4) ): Because every S-polynomial is in I(R), it is reduced to 0.

(3) ): By Lemma 2.2, 1 — x2 —7} 0 implies #1 | 22 for any critical pair
(331, 132). (I

(2
= (4
= (3
= (2

A rewriting system R is normalized, if the right-hand side v of any rule u — v of
R is R-irreducible and the left-hand side w is (R\{u — v})-irreducible. A set G of
monic elements is normalized if R¢ is also. For any Grobner base G we can always
get a normalized Grobner base equivalent to G as follows.

Proposition 2.10. For any Grébner base G on F, there exists a normalized
Grébner base G' equivalent to G. If G is finite, we can choose G’ to be finite.

Proof. First, if there are more than one elements in G with the same leading term,
take just one of them and throw out the others. Then, for each u — v remaining in
G, if u is reducible with respect to (G\{u — v}), remove it from G; on the other
hand, if w is (G\{u — v})-irreducible but v is G-reducible, then replace it by v — 7,
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GROBNER BASES AND THE HOCHSCHILD COHOMOLOGY 1101

where ¢ is the normal form of v with respect G. We shall show that the set G’
reformed from G in this way is a normalized Grobner base equivalent to G.

Let I and I’ be the ideals generated by G and G’ respectively. It is easy to see
that G’ C I and hence I’ C I. We shall show that f —¢, 0 for every f € I. Let
f € I and let f’ be the irreducible descendant of f with respect to G'; f —&, f'.
Since f— f' € I' C I, we see f' € I. Since R¢ is complete, f' —% 0 by Proposition
2.3. So, if f' # 0, a rule from Rg must be applied to the leading term lt(f’) = k-
(k € K\{0},z € ¥*) of f/, that is, z = zjuza, u — v € Rg. If u € Irr(G\{u — v}),
then u — € G’ contradicting G’-irreducibility of f'. If u & Irr(G\{u, v}), there is
an element v’ — v’ € G different from u — v such that v’ is a factor of u;u = uju'us
with u1, ug € ¥* and v’ — ¢’ € G'. This again contradicts the G'-irreducibility of
f’. Hence, we have f' =0 and f —¢, 0.

What we have shown above implies that I = I’ and Rg is complete by Propo-
sition 2.9. Clearly G’ is normalized by construction and it is finite if G is also. [

Note that if G is normalized, there is no critical pair of inclusion type. In fact,
for any u — v € G, there is no v’ — v’ € G different from u — v such that v’ is a
subword of u, because u is G\{u — v}-irreducible.

3. GROBNER BASES FOR BIMODULES

Let K be a commutative ring with 1. Let A be a K-algebra. An A-bimodule M
is a K-module with left A-action and right A-action satisfying

(a-z)-b=a-(x-b),

fora,b € A, x € M, and the restrictions of left and right actions to K coincide with
the original K-module action. Let A° be the opposite algebra of A. An A-bimodule
M is naturally a left module over the enveloping algebra A ® g A° with the left
action
(a®@b)-x=a-x-b

fora®b € ARk A° and x € M. Conversely, a left A®x A°-module M is considered
to be an A-bimodule.

An A-bimodule is free, if it is free when we regard it as left A ® x A°-module.
The free A-bimodule M generated by a set X is isomorphic to

A®K KX Qg A,

where K X is the free K-module generated by X. An element f of M is written as
a finite sum

(2) fzzai@@fi@bi
with a;,b; € A and & € X, and for a,b € A we have
a-f-b=>Yaa;®&e bpb.

The free bimodule M is written simply as A - X - A and the element f in () is
written as , a;[£]b;-

Now, let A be an algebra over K admitting a Grobner base and let ¥ be an
alphabet corresponding to the generating set of A. Let FF = KX* be the free
algebra generated by ¥ over K and let p : F© — A be the surjection. Let G be a
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normalized Grobner base of I = Ker(p) with respect to a fixed compatible well-
order > on X*. In the rest of this section we discuss rewriting systems on free
F-bimodules in this situation.

Let X be a nonempty but possibly infinite set and we consider the free F-
bimodule F' - X - F' generated by X. Actually, F - X - F' is the free K-module
generated by X* x X x X* with two-sided F-action. Let > be a well-order on the
set of terms z[¢]y € ¥* x X x ¥* with z,y € ¥* and ¢ € X, which is compatible,
that is, f > f'in X* x X x X* impliesa- f-b = a- f' - b for any a,b € X*, a = o
in X* implies a- f = a'- f forany f € ¥* x X x ¥* and b >~ b implies f-b > f -V
for any f € ¥* x X x ¥*. For example, starting with a linear order > on X, we
can define an order > on ¥* x X x ¥* as follows: z[¢]y > «'[¢']y" if (i) £ > &, or
(if) € = ¢ and zy > 2’y on X*, or (iil) £ = ¢/, zy = o'y’ and y > 3’ on T*.

The order > can be extended to a partial order > on F'- X - F in a similar manner
as we did on F' in Section 2. An element f of F'- X - F' is uniquely written as

(3) f=kiwil&lyi,

with k; € K\{0}, z;,y; € ¥* and & € X, where x;[¢;]y; are different elements
in ¥* x X x ¥*. The leading term 1t(f) of f is the term k;x;[¢;]y; such that
xi|&lyi > 4[€5]y; for all j # i. The element f is monic if the coefficient k; of the
leading term k;xz;[&]y; is 1. If, moreover, x; = 1, f is called very monic.

A rewriting rule is a pair (s,t) with s € ¥* x X x ¥* and t € F'- X - F' such
that s > t. A rewriting system T on F' - X - F is a set of rewriting rules. If
feF-X-Fhasatemk-z[fy, 2 =2'u, y=vy and s = u[fJv — t € T, then
f—r f—FEk-2'(u[€]v—t)y by an application of the rule s — t.

A rule u — v (u—v € G) in Rg is also applied to a term k - z[¢]y of f, if
x = 2'uz” or y = y'uy”. In the former case, f —¢ f — k- 2'(u — v)2"[¢]y, and in
the latter, f —¢ f—k-z[€]y'(u — v)y”. The relation —¢ on F - X - F' is complete,
because —¢ is complete on F. So, any f € F' - X - I’ has the unique normal form
f with respect to —¢. An element f written as (B]) is G-irreducible, if and only if
every z; and y; are G-irreducible. Thus, we have f = S kidi (€)Y

Let —7.¢ = =7 U —¢, then —7 ¢ is a noetherian relation on F'- X - F' because
I —rc g implies f = g by the compatibility of . Let —7 5 and <7 o be the
reflexive transitive closure and the reflexive symmetric transitive closure of —r ¢,
respectively. An element f € F- X - F is (T, G)-irreducible, if no rule from T'U R¢
is applied to f; otherwise, f is (T, G)-reducible. Let L(T,G) be the F-subbimodule
of F- X - F generated by Hr UT - X UX - I, where Hr = {s—t|s—t€T}. A
similar result to Proposition 2.1 holds.

Proposition 3.1. The relation <7 o is equal to the F-bimodule congruence of
F - X - F modulo L(T,G); f <%q g+ f =g (mod L(T,G)). In particular,
L(T,G)={f € F-X - F| f =} 0}.

Due to Proposition 3.1 the quotient M = M(T,G) = F'- X - F/ <% 4 is an
F-bimodule equal to F'- X - F/L(T,G). But, moreover, M is an A-bimodule in
a natural way because r «¢ y implies x - f <45 y- fand -2 <F o f -y for
z2ye€Fand fe F- X F. Letn: F-X-F — M be the natural surjection which
is a morphism of F-bimodules. Let px : F- X - FF— A- X - A be the morphism of
K-modules defined by

px (z[€]ly) = p(x)[E]p(y)
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for z,y € ¥* and £ € X. Clearly, px is a morphism of F-bimodules. Since M is an
A-bimodule, we have a surjection 77 : A- X - A — M with the following commutative
diagram:

F-X-F—1 M

(4) lpx /
n
A-X-A

Hence, Ker(7) = px(L(T,G)) is an A-subbimodule of A - X - A, which is denoted
by La(T). La(T) is the A-subbimodule of A - X - A generated by px(Hr), and
M= (A-X-A)/La(T). Thus

Proposition 3.2. The quotient M = M(T,G) = (F - X - F)/L(T,G) is an A-
bimodule with the actions induced from the actions of F' to F- X -F'. It is isomorphic
to (A- X -A)/La(T), where La(T) is the A-subbimodule of A-X - A generated by
px(Hr) ={px(s—1) | s >t €T}

If the rewriting system —r ¢ is complete on F'- X - F, we say T is complete
modulo G. Similar results to Proposition 2.3 hold in this situation.

Proposition 3.3. If a rewriting system T on F - X - F is complete modulo G, then
for any f € F-X-F, there is a unique (T, G)-irreducible element (the normal form
of f)feF-X-F such that f —7% ¢ [, and for any f,g € F'- X - " we have

f=3 & forgg & [f—9—7c0 < n(f)=ng)

Obviously, the empty set () is complete modulo G, and —y ¢ = —¢ and f = f .
Since f «§ g & px(f) = px(g) for f,g € F- X -F, the morphism7: A-X-A— M
in (@) is an isomorphism in this case. Accordingly,

Ker(px)=L(0,G)={feF-X-F|f=0}=1-X-F+F-X -1

is the F-subbimodule generated by I- X U X - I. Let Ix denote this subbimodule.
In general, L(T, G) contains Ix.

A subset H of F - X - F is a Grobner base (modulo G), if every element of
H is monic and the associated system Ty = {lt(f) — —rt(f) | f € H} is a
complete rewriting system on F' - X - F' modulo G. For an F-subbimodule L of
F.-X.F,if H is a Grobner base such that L = L(H,G) = L(Ty,G), H is said
to be a Grobner base of L. It is also called a Grobner base for the A-subbimodule
px(L) of A- X - A We write »p,¢ and —} ; for —r, , and —7F, _ respec-
tively. A (—pm,¢)-(ir)reducible element is called (H, G)-(ir)reducible. The quotient
M(H,G) = (F-X-F)/L(H,G) = (A- X - A)/L(H) is called the A-bimodule
defined by a pair (G, H) of Grobner bases, where La(H) = La(Th).

Summarizing the above argument we have

Proposition 3.4. (1) The empty set O is a Gréobner base of the F-subbimodule
Ix=1-X-F+F -X-IofF-X-F modulo G, and A- X - A is the A-bimodule
defined by it. For f,g € F-X - F it holds that f = § < px(f) = px(g).

(2) If H is a Grébner base modulo G on F - X - F of an F-subbibmodule L of
F-X-F, then M(HG)=F - X -F/L=A-X-A/Ls(H), any f€ F-X-F
has the unique normal form f with respect to Ty, and f = § < n(f) = n(g) in
M(H,G) for f,ge F-X-F.
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4. PROPER CRITICAL PAIRS AND STANDARD REDUCTIONS

G is continued to be a normalized Grobner base on the free algebra F' over K. Let
T be a rewriting system on F'- X -F and let H = Hp = {s—t| s — t € T}. We shall
consider critical pairs for 7" modulo G. To simplify the argument we consider only a
special type of systems which we need in this paper. We say T (and H) is very monic
if the left-hand side of each rule of T is very monic. Moreover, we can normalize T
as we did for rewriting systems on F' in Section 3. T is normalized modulo G if for
any s — t € T, t is (H, G)-irreducible and s is (H\{s — ¢}, G)-irreducible. We have
a similar result to Proposition 2.9, a proof of which is omitted.

Proposition 4.1. If an F-subbimodule L has a Grébner base H modulo G, it has
a normalized Gréobner base H' modulo G. If H is finite (resp. very monic), we can
choose H' as finite (resp. very monic).

From now on 7T is a normalized very monic rewriting system on F' - X - F. Let
€z —-teT(teF-X-Fand{ € X, z € ¥*) and u —v € G. Suppose that x
overlaps with u, that is, x = 2’2, u = zu/ with z # 1. We can apply the rules on
[€]zu = [€]2'u in two ways, and obtain a critical pair

([flau” =t [fa'u —a [€)a'v)

of reductions and a critical pair (tu', [€]z'v) of elements. The critical pair is resolv-
able if tu' |r.c [{]o'v, that is, there is f € F'- X - I such that tu’ —7 o f and
[€]z"v —7.¢ f- The critical pair is proper if zu’ is a minimal G-reducible word,
that is, any proper prefix of zu’ is G-irreducible. For the (proper) critical pair
(tu, [€]a’v) above, the difference tu’ — [(]a’v is a (proper) S-polynomial.

Proposition 4.2. A normalized very monic system T on F - X - F is complete
modulo G if all the proper critical pairs are resolvable.

Proof. As in the proof of Proposition 2.8, it suffices to show that, under the condi-
tion that all the proper critical pairs are resolvable, T is locally confluent. Again we
shall prove that f |7 ¢ ¢ holds for any f,g,h € F'- X - F such that h —r ¢ f and
h —r ¢ g by induction on h. For the same reason discussed in the proof of Proposi-
tion 2.8, we may suppose that h = kxz[¢]y + h', where k € K\ {0}, 2,y € ¥*,6 € X
and h' is an irreducible element of F'- X - F, and two reductions h —r.¢ f and
h —r ¢ g are made through applications of rules of T'U R¢ to the part [{]y. If
both are made through applications of rules from G, f |g ¢ holds because Rg is
complete. Since T is very monic and normalized, two different applications of rules
from T to [¢]y is impossible.

Thus, we may suppose that y = y'y” = yiuys, [(]ly =t € T, u—v € G with
vy y1,ye € %, and f = k-aty” +h', g = k-z[¢]y1vye +hl. If ¢ and u are disjoint
in y, that is, y; = 4z for some z € ¥*, then f = k-xtzuys + h' —g k- axtzvys + h',
g = k-x[€]y'zvy2 + hT —1 k- xtzvys + kT, and hence f |7 ¢ holds. If they
overlap, that is, ¥’ = w12, with nonempty prefix z of u;u = zw, then we have a
critical pair ([€]y'w —7 t - w, [f]ly1u —¢ [€]ly1v) of reductions. If this critical pair
is proper, then it is resolved by assumption and hence f |7, g holds.

If it is not proper, y has a subword v’ with ¢/ = y32/, ¥/ = w'y4 and v’ = 2'w/’,
such that v/ — ¢ € G and ([{ly'w —r t-w, [Eysu’ —¢ [€]ysv’) is a proper
critical pair of reductions. Since it is resolved by assumption, ¢ - w’ —% o h' and
[€]ysv" —7 g b’ for some b’ € F'- X - F. Therefore, f = k- xty” + Wt =k ztw'ys +
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Wt =5 o ' and k- z[€]ysv'ys + hT =% o f', where f/ = k- 2zh/ys + hT. On the
other hand, since h —¢ g, h —¢ k- z[€]ysv'ys + hT and Tg is complete, g —% ¢’
and k - z[¢]yszv'ys + bt —g ¢’ for some ¢’ € F- X - F. Moreover, f' and ¢’ have
the common ascendant k - z[¢]ysv'ys + hT < h. Hence, by the induction hypothesis
(the same as (i) in the proof of Proposition 2.8 holds), we have f’ |r.¢ ¢/, and
consequently, we find that f |7 g. O

Proposition 4.2 gives the following elaborated version of Proposition 2.9 for
rewriting systems on bimodules.

Proposition 4.3. For a normalized very monic rewriting system T on F'- X - F
the following statements are equivalent.

1) T is complete modulo G.

2) Ewery critical pair is resolvable.

'Y Every proper critical pair is resolvable.

) Every S-polynomial is reduced to 0.

") Every proper S-polynomial is reduced to 0.

(
(
(
(
(
(4) Every element in L(T,G) is reduced to 0.

2
3
3
4

In calculating reduction sequences in F' - X - F we have to be careful that a
rule from T'U Rg must be applied to a whole term & - z[¢]y (k € K \ {0}) of an
element of F- X - F not to a part k' - z[ly (k' =k — k", k" € K\ {0}) of it in each
reduction step. Accordingly, for f,g, f'g’ € F'- X - I the reductions f —7 o f’ and
9 =7 ¢ do not guarantee the reduction f +g —7 ¢ f'+g',evenif f/ and ¢’ are
(T, G)-irreducible. In this sense the reduction in F - X - F is not additive, and this
causes some difficulty in our calculation. Fortunately, considering a special type of
reduction we can avoid this difficulty.

A reduction

(5) fi =rc fo—ra - —rc fn

is called standard, if for every i = 1,...,n — 1,

(i) when f; is G-reducible, the reduction f; —r1.¢ fi+1 is made through an
application of a rule from G, and

(ii) when f; is G-irreducible, a rule from T is applied to the smallest T-reducible
term of f; with respect to > in the reduction step f; —r.¢ fit1-

If f1 is reduced to f, through a standard reduction as above, we write it as
fi =% o fa. A standard one-step reduction by a rule from 7" is denoted by =1,
that is, f =7 g if f is G-irreducible and g is obtained by applying a rule of T to
the smallest T-reducible term of f.

Since —¢ is complete, the standard reduction (@) can be rewritten as

=0 —=c0n=>792—60=>T =T 9mn =G Im = fn

Since T is very monic and normalized, in the step §; =7 ¢;4+1 in the above reduction
sequence, only one rule from T is applicable to the smallest T-reducible term of g;.
In this sense, a standard reduction from f to a (T, G)-irreducible element is unique.
Thus we have

Lemma 4.4. For any f € F - X - F, there is a unique (T, G)-irreducible element
[l €F-X-F suchthat f =% o f'. If T is complete modulo G, this f' is equal to

the normal form f of f.
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The additivity of the standard reduction is stated in the following lemma, which
will be extensively used in our calculations later. We abbreviate =7. ; to =".

Lemma 4.5. If f =* [ and g=* ¢ for f,f',9,9' € F- X - F such that f' and ¢’
are (T, G)-irreducible, then k- f +¢-g=*k- f'+ - g for any k,l € K.

Proof. Because f =* [’ implies k- f =* k- f’ for any k € K, it suffices to prove the
additivity f+g =* f'+¢’. We shall prove this by induction on the pair (f, g) with
respect to >=. If f = 0 or g = 0, the assertion trivially holds. So suppose that f
and ¢ are nonzero. We have (f + gj = f+ g because G is complete (Corollary 2.4),
and f =* ' and g =* ¢’ by the definition of standard reduction. If f or g is G-
reducible, f = for g - g holds, and by the induction hypothesis, f+a="f+4g.
Hence f+g =5 (f+9)=f+3§="f +4.

Suppose f and g are G-irreducible, but f is T-reducible. Let ky - f; with k €
K\{0} and f; € X*x X x¥* be the smallest T-reducible term of f. Then, f; =7 f;,
f=rki-fi+ foand ky - f{ + fo =* f/, where fo = f — k; - f1. If, here, g is
T-irreducible, then g = ¢', f4+g =1 k1- f{ + f2+g, and by the induction hypothesis,
(k1 - fi+ f2) + g9 =" f"+g. Consequently, f +g =" f"+g"

Next, suppose g is also T-reducible and let ¢; - g1 with ¢4 € K\{0} and let
g1 € X* X X x ¥* be the smallest T-reducible term of g. As above g1 =7 g] and
l1-g1+g2 =" g, where go = g —{1-g1. If f1 = g1 and ky +£1 # 0, then f+g =7
(k1+61)- fi+ fa+g2, and (k1 +01)- fi+ fat+g2 = (k- fi+ f2) +(l1-g1 +92) =" f'+g
by the induction hypothesis. If fi = g1 and k1 +¢; = 0, then f+g = fo + g2 =
(k1 f1+ f2)+ (b1 g1+ g2) =* '+ ¢’ by the induction hypothesis. If f1 < g1, then
ki f1 is the smallest T-reducible term of f + g and hence f+ g =71 k1 - f] + fo+ g.
The last element is reduced to f/ + ¢’ through standard reduction by the induction
hypothesis. Finally, if f1 = g1, then f+g =71 f+ {197 + g2 =" f'+¢'. In every
possible case we have shown that f +g=* f'+¢'. O

The following will also be used in the next section.

Lemma 4.6. Let f,f' € F- X -F and x € ¥*. If f =* ' and f' is (T,G)-

irreducible, then x - f =* (xf’).

Proof. By K-linearity of standard reduction and the mapping ~, we may suppose
that f is a monic monomial, that is, f = y[¢]z with £ € X and y, z € ¥*. We proceed
by induction on f with respect to . If f is G-reducible, f > f and f =* /. By
the induction hypothesis z - f =* (xf’j, and thus, - f —§ o - f=* (xf’j If
f is (T, G)-irreducible, then f = f’ and the assertion holds. So assume that y
and z are G-irreducible but f is T-reducible. Then, z = z122 and [{]z1 — t € T,
f=ry-t-zzgand y-t-z =* f’. Because all the terms in y - ¢ - z3 are less than f,
we see (Y - t-22) =& (a:yj otz =* (J?flj by the induction hypothesis. Thus, we
have the desired standard reduction

v f =g (2y) €]z =1 (vy) -tz =" (f). .

5. GROBNER BASES MADE FROM CRITICAL PAIRS OF REDUCTIONS

As in Section 4, let G be a normalized Grobner base of an ideal I of the free
algebra F, and let p : FF — A = F/I be the surjection. Let H be a normalized
very monic Grobner base modulo G of an F-subbimodule L of F - X - F', and let
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M = F-X - F/L be the A-bimodule defined by (H,G). We consider the free F-
bimodule F' - H - F' generated by the set H. For h € H, [h] denotes the formal
generator of F'- H - F correspondingtoh € H. Let 6 : F-H-F — F-X -F bea
morphism of F-bimodules defined by

5([h]) = h-

We have L = L(H,G) = Im(d) + Ix. In this section we shall construct a Grobner
base on F'- H - I, and in the next section we shall show that it is actually a Grobner
base of Ker(d) + Iy, where Iy =I1-H-F+ F-H-1.

We need to introduce an order > on X* x H x ¥* under the condition that
a compatible well-order > is already given on ¥* x X x ¥*. For f = z[h|y and
g=2[M]y € T* x H x ¥* with z,y,2',y’ € ¥* and h,h' € H, z-1t(h) - y and
a’ - 1t(h') -y’ are considered to be elements of ¥* x X x ¥*. Define f > g if and
only if

(i) z-6(h) -y =2’ - W(h) -y in X* x X x I* or

(ii) z-16(h) -y =2 - WW(K) -y and |y| > |y, or

(i) 2 16(h) -y = 2’ 1t(H) - o', ly] = ly’| and Jo] < [2/]

This > is a total order. In fact, if z-1t(h)-y = 2’ 1t(h')-v/, |y| = |v/| and |z| = |2/,
then 1t(h) = 1t(h') and hence h = h' because H is normalized. Moreover, > is a
compatible well-order on ¥* x H x ¥* because it is defined through the compatible
well-order on ¥*- X - ¥*. Tt is extended to the partial order > on F'- H - F as before.

Now, we define a mapping 3 from F - X - F to F' - H - F, which will play an
important role in the rest of the paper. For an element f =z -[{] -y € ¥* x X x X*
we define an element G(f) of F'- H - F by induction with respect to . First, if f
is (G U H)-irreducible, let S(f) = 0. Next, if f is G-reducible, let 3(f) = 3(f) =
B(z[€]9). Finally, suppose f is G-irreducible but H-reducible, that is, y = y'y” and
h =[]y —t € H. Because H is normalized, this h is unique. Because f > xty”,
aty” is written as Y, k;x;[&]y: with ;[&]y: < f. Hence every S(z;[&]y:) is already
defined by the induction hypothesis. Now, define

B(F) = wlhly” + 3 kiB(wil€ily).
Moreover, for an element f of F'- X - F expressed as (@) define

B =Y kiBlail&ly).
By the definition we easily see

Lemma 5.1. (1) 8 is a morphism of K-modules, that is, B(kf + £g) =k - 8(f) +
¢-B(g) fork,te K and f,ge F- X - F.

(2) B(f) = ﬁ(f) for f € F-X-F, where f is the normal form of f with respect
to G.

(3) B(f) is G-irreducible for f € F- X - F.

4) B(x-f)=(x-B(f)) forzeX* and fe F-X-F.

Let h = [¢]z —t € H and v’ € ¥* such that © = 2’v/, u = v'v”’, u —v € G and
zu” is a minimal G-reducible word. We have a proper critical pair ([{]zv” — g tu”,
[€]2'u —¢ [€]2’v) of reductions and a proper S-polynomial p = tu” — [¢]z'v. We
consider an element ¢ of F' - H - F' corresponding to this critical pair defined by

(6) c = [hJu" + B(p) = [hJu” + B(tu") = B([g]2"v).
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Since [¢]zu” = tu” and [(lzv” = [{]a’v, we see [hlu” = B(tu") — B([¢]z'v) by the
definitions of § and our order > on ¥* x H x ¥*, that is, ht(c) = [h]u”. In particular,
c is very monic.

Let C be the set of the elements ¢ given as (€) for all proper critical pairs of
reductions. We have the rewriting system T on F'- H - F' associated with C', which
is the set of all rules

[hJu”" — B([g]a"v) — B(tu”)
corresponding to proper critical pairs.

As stated in Lemma 5.1, (3), 8(f) is G-irreducible for f € F'- X - F. Moreover,
it is also C-irreducible.

Lemma 5.2. For any f € F- X - F, B(f) is (C, G)-irreducible.

Proof. By Lemma 5.1, (1) and (2), it suffices to show the assertion for a G-
irreducible monic monomial f = z[f]y (z,y € Irr(G), £ € X). Since B(f) = 0
if f is H-irreducible, we may suppose that f is H-reducible. Let y = v'y”,
h=1[y —t € H. Then, (f) =« -[h] -y +B(x-t-y") and f > z-t-y".
By the induction hypothesis 8(x-t-y") is (C, G)-irreducible. Assume that x-[h]-y"”
is C-reducible, that is, ¥ = y1y2 and [hly; — s € C. So, we have a proper criti-
cal pair ([€]y'sn — ¢ - g, [E]giubyr — [Ely}v') of reductions, where o/ = yly} and
yby1—v' € G. But this means that y = y]y5y192 is G-reducible, a contradiction. O

Now we shall prove one of the key results for our construction that C is a Grébner
base on F' - H - F. To this end we need the following technical lemma.

Lemma 5.3. For f € F'- X - F and x € F' we have a standard reduction

(7) B(f) -z =t B(f-x) = B(f - ),

where f is the normal form of f with respect to G U H.

Proof. We prove the assertion by induction on f - x with respect to >. Since
the right-hand side of (7) is (C, G)-irreducible by Lemma 5.2 and the mappings 3
and ~ are K-linear, Lemma 4.5 tells us that we may suppose that f is a monic
monomial, that is, f = w[¢]y with £ € X and w,y € ¥*. Moreover, due to Lemma
4.6 and Lemma 5.1, (2) and (4) we may suppose that w =1 and y € Irr(G).

If f is H-irreducible, then f = f and G(f) = 0, and hence both sides of () are
zero. So, suppose that f is H-reducible, that is, y = ¢'y” and h = [{]y’ —t € H.
By the definition of 5 we have

B(f) = [hly" + B(t-y"), [hly" = B(t-y").
Since t - y” < f, by the induction hypothesis we have

Blt-y")-w =" Bt-y"s) = B((t-y") @) = B(t-y"z) = B(f - @),
where =* is the abbreviation of the standard reduction =¢, . Thus, to show (1)
it suffices to show

(8) [hy"z =" B([{lyx) — B(t - y"z),
again by the additivity of standard reduction in Lemma 4.5.

If yx is G-irreducible, we have 3([¢]yz) = [h]y"z + B(t - y"z), and we find that
both sides of (8) are equal. So, we suppose that yx = y'y”z is G-reducible. We
need to consider two cases,

() v =y1y2, y2 # 1, T = z122, yox1 —v € G, and
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(i) y"x is G-irreducible and y' = y1y2, y2 # 1, * = 2122, y2y"x1 — v € G.
In case (i) we have
[Elyr —c [€ly'yives —¢ [E]y'z,
t-y'r -tz
and
(9) [h]y"z —¢ [h]2,

where z = (y”z). By Lemma 5.1, (2) we have
(10) B(Ely'2) = B([Elyz), B(t-2) = B(t-y"x).

Here, if 4’z is G-irreducible, we have

BEly'z) = [hlz + B(t - 2).
This together with (I0) shows that the right-hand side of (@) is equal to B([]yx) —
B(t-y"x), as desired.

If 'z is G-reducible, then there is v’ — v’ € G such that v’ = y421, ¥ = ysy4,
2z = z129. Here, we can choose the element ' — v’ of G so that y'z; is a minimal
G-reducible word, that is, ([{]y'z1 — @ tz1, [€]y'z1 —¢ [€]ysv’) is a proper critical
pair of reductions. Thus, we have the rule

[h]z1 — B([€]lysv”) — Bt - 21)
in Te, and hence
[h]z = [h]z122 = B([E]lysv’)z2 — B(t - 21)22,

where =¢ denotes a one-step standard C-reduction. Since f -z = [{]ysv’ and
f - @ > tz129, by the induction hypothesis we have

B([Elysv") 22 =* B([Elysv'z2) — B([Elysv')22)

and

Bt - z1)ze =" B(t - z122) — B((t - 21)22).

Since ([¢]ysv’) = (t - z1) by the confluence of — ¢, we see

(11) [h]z =" B([Elysv'z2) — B(t - z) = B([E]yz) — B(t - y").
(@) and (II) yield the desired reduction ().
In case (ii), again we may suppose that yz; is a minimal G-reducible word, and
hence we have the rule
[h]y" 21 — B([Elyrv) — B(t - y"21)

in To. Since y"z129 = vz is G-irreducible,

(12) [h]y"z =c B(Elyr1v) - w2 — B(t -y 21) - w2
By the induction hypothesis,

B([Elyrv) - w2 =" B([Elyrvwe) — B(([E]yrv)2)

and

B(t -y 1) xo =" B(t-y"x) = B((t -y x1)2).

Since (t-y"x1) = ([¢]y1v) and B([€]y1vrs) = B([€]yx), we get the reduction (8) from
([[2) using Lemma 4.5. O

Theorem 5.4. C is a normalized very monic Grobner base on F - H - F'.
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Proof. We already know that C'is very monic. Let ¢ = [h]u”—i—ﬁ(t u”)—pB([€]z'v) be
an element of C given as (B), where h = [f]le—t € H, z = /v, u =v'v",u—v € G
and zu is a minimal G-reducible word. Lemma 5.2 tells us that Btu)— 6([5]:6 v) is
(C, G)-irreducible. Suppose that [h]u” is (C'\{c})-reducible and there is ¢’ € C'\ {c}
such that lt(c') = [h]uf with a preﬁx uf of u”. Thus, © = 2"uf and ujuy € Dom(G)
for some z”,ul) € ¥*. Because xu' has no subword from Dom(G) other than u, we
have ufu! = u, but this implies ¢ = ¢, a contradiction. Therefore, 1t(c) = [h]u” is
(C\{c})-irreducible, and we find that C is normalized.

To see the confluence of —¢ we need to consider critical pairs. Consider the
element ¢ = [hJu” 4+ B(tu’") — B([€]z'v) as above, and suppose u” = ujug, uguz—v' €
G for some uy, ug, uz € ¥*, then we have a critical pair (f1, f2) = (6([¢]z'v—tu)us,
[hluiv’) for C. By Lemma 5.3 (and using Lemma 4.5) we have

fi = B(Ez"v) - uz — B(tu”) - us
=" B([¢]z"vus) — 5(([§]$'USU3) — B(tu"uz) + ﬁ((tu”jug)
= B([E)a"vus) — B(tu"us) = B([Elruav’) — Bturv’)
= B([E]zz) - B(t2),

where z = (u1v') .
If zz is G-irreducible, we have

B([E]xz) = [h]z + B(tz).
Hence, we see f1 =* [h]z and fa —¢ [h]z, that is, f1 |c.a fo

If zz is G-reducible, then x = z1%2, 2 = 2122 and w221 — v” € G, where x2; is a
minimal G-reducible word. Hence, we have the rule

[h)z1 — B([€le1v”) — B(tz1)

in Te. Thus, again by Lemma 5.3 we have

(13)

fo =& [hlz1z2
=c B(E]r1v")ze — B(tar)z
= B(€lz1v"22) — B(([E)lx1v")z) — Bltz122) + B((t21)22)
= B([E]xz) - B(tz),

because 3([¢]zz) = B([€]x1v"22) and ([€z1v”) = (tz1). The last element in () is
equal to the last element in ([3), and we find f1 [¢,¢ f2. Because any critical pair
for C is resolved, —¢ is complete modulo G by Proposition 4.3. (]

(14)

6. EXACT SEQUENCES OF BIMODULES

Let H be a very monic normalized Grébner base of an F-subbimodule L of
F - X - F modulo G. Then, L is the F-subbimodule generated by H and Ix =
F-X-I+1-X-F. We consider the free F-bimodule F' - H - F generated by the set
H and define the morphism § : F- H - F — F - X - F of F-bimodules by §([h]) = h
for h € H as in the last section. Also we have a morphism d: A-H-A—- A-X-A
of A-bimodules defined by 9([h]) = px(h) for h € H.

Let C be the Grobner base made from proper critical pairs of H. We consider
the free F-bimodule F' - C - F and the free A-bimodule A - C - A generated by
C. With [¢] denoting the generator corresponding to ¢ € C, we have a morphism
§:F-C-F— F-H-F of F-bimodules and a morphism &' : A-C-A— A-H-A

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



GROBNER BASES AND THE HOCHSCHILD COHOMOLOGY 1111

of A-bimodules defined by ¢’([c]) = ¢, and 9'([c]) = pu(c). With these morphisms
we have a commutative diagram

r.c.Fr % rHF % F.X.F
(15) 1 pc L pu L px
o’ 15)

A-C-A - A-H A - A X A

We shall prove our second key result that the lower sequence in ([[3) is exact. To
this end we need the following lemma involving the K-linear mapping 8 : F- X -F —
F - H - F defined in the last section.

Lemma 6.1. For f € F- X - F we have
(16) SofB(f) = f—f (mod Ix).

Proof. By K-linearity of the mappings ¢, 8 and ~, we may suppose that f = x[{]y
with z,y € ¥* and £ € X. Since 3(f) = 6(f) and f— f=0 (mod Ix), we may
further suppose that z,y € Irr(G). We prove the assertion by induction on f with
respect to >.

If f is H-irreducible, then 5(f) = 0 and f = f, and both sides of (IG) are 0. On
the other hand, if f is H-reducible, then y = y'y”, h = [{]y’ —t € H. Since

B(f) = alhly” + B(aty”)
by the definition of (3, we have
00 B(f) ==([€ly — t)y" + 0 o Blaty”).
Here, by the induction hypothesis we see
§op(aty”) = aty” — (wty”) (mod Ix).
Because f = z[¢]y'y” and f = (xty”j, we obtain the desired congruence in (I6). O

Lemma 6.2. px odod’ =0.

Proof. Let h=[{lx —t € H, x = 2'v/, u = v/'u”, u — v € G and 2'u is a minimal
G-reducible word. Then we have an element

c=[hu" + p(tu") — B([Jau")
of C. By Lemma 6.1 we obtain
5od([d) = h-u’+80B(tu") 6o B([Elau”)
= ([¢z -t + tu” — (tu") — [Elau” + ([€]zu”) (mod Ix)
— ")+ ([gau”) = 0.
It follows that px o d 0 d'([c]) = 0, as desired. O
Lemma 6.3. We have Im(6’) + Iy D Ker(px o 9).

Proof. Let f € F-H-F such that pxod(f) = 0. We shall show that f € Im(¢")+ Iy
by induction on f with respect to >=. Let f =Y k; - x;[h;]y; with k; € K\{0}, ;,
y; € 5* and h; = [§]zi — t; € H, where & € X, z; € Irr(G), t;, € F- H - F and
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x;[h;]y; are different. Since f — f € Iy, we may suppose that f is G-irreducible,
that is, z;,y; € Irr(G) for all 4. Suppose ki - 21[h1]y; is the leading term of f. Since

px ©6(f) px( Zkzxz ([&ilzi — ti)vi))

= Zk sz fz Zzyz Zk prtlyl
- 0,

the equality

(17) Zk T gz Zzyz Zk xz zyz =0

holds in F' - X - F' by Proposition 3.4, (1). This implies that the word z1y; is G-
reducible. In fact, if z7y; were G-irreducible, then klxl[fl](zlylj = kiz1[&1)z1n
would be greater than any other term in the left-hand side of (I) and would never
be cancelled to 0. Therefore, 21 = 2127, y1 = yiyy, 2{y] —v € G and 21y} has no
proper G-reducible prefix. Thus, we have the element

¢ = [l]yy + B(t1y1) — B([&1]21v)
in C. Set f' = f — ' (kiz1[c]yy), then f’ € Ker(px o) by Lemma 6.2, and
= F = kai[lalyr — ka1 Btiyy)yy — ke B([&z1v)yy < f
because the leading term kjzi[hi]y; of f is cancelled in f’. By the induction
hypothesis, [/ € Im(¢8') + Iy. It follows that f = f' + & (kiz1[c]yy) is also in
Im(8") + Ipy. O
By Lemmas 6.2 and 6.3 we see
(18) Im(8') + Iy = Ker(px o §) = Ker(6) + Iz.

Thus, §'([C]) = C is a Grébner base of Ker(d) + Iy by Theorem 5.4, and we obtain
the main theorems in this section.

Theorem 6.4. C is a normalized very monic Grébner base of Ker(6) + Iy on
F - H - F modulo G, that is, C is a Grobner base for Ker(9).

Theorem 6.5. Let M be defined by a normalized very monic Grébner base H on
F-X - F modulo G. We have an exact sequence of the free A-bimodules

Ac-AZAaH A% A x A% Mo,
where 7 is the surjection in (H).

Proof. The morphism 7] is surjective, and Ker(77) = La(H), which is generated by
px(H) by Proposition 3.2, is equal to Im(9). Hence, the sequence is exact at M
and A-X - A. The equality (I8) implies the sequence is also exact at A-H-A. O

7. CONSTRUCTION OF FREE BIMODULE RESOLUTIONS

Let M be an A-bimodule admitting a very monic Grobner base, that is, M =
M(X:,G), where X1 is a very monic Grébner base modulo G on the free F-bimodule
F - Xy - F generated by a set X of generators of M. Due to Proposition 4.1, we
may suppose that X; is normalized.

Let X5 be the Grobner base on F - X1 - F' made from proper critical pairs of X;.
By Theorem 6.5, we have an exact sequence of the free A-bimodules
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By Theorem 6.4, X5 is a Grobner base for Ker(d;). So, again by Theorem 6.5,
with the Grobner base X3 made from proper critical pairs of X5, we have an exact
sequence

A-X3 AB A X AZA-X - AL ().

Combining this with (I9) we have an exact sequence
A Xy AB A X AB A X, AB A Xy-A— M—0.

We can repeat this construction arbitrarily many times and we have a free A-
bimodule resolution of M

(20) XA X, Al A X, A M 0.

If G and Xy is finite, X,, are finite for all n, and hence all the free A-bimodules
in (20) are finitely generated. Summarizing:

Theorem 7.1. If an algebra A over K admits a Grébner base G and an A-bimodule
M admits a Grébner base X1 modulo G on a set X of generators of M, then we
have a free bimodule resolution X in 20) of M. If G, Xo and X1 are finite, all the
free bimodules in X are of finite rank.

We say an A-bimodule M has type FP,, if it has a partial A-bimodule resolution

B B M0
such that F; (0 < i < n) are free of finite rank. M has type FP, if it has type FP,
for all n > 0.

Corollary 7.2. If an algebra A over K admits a finite Gréobner base G, then a
finitely generated A-bimodule with finite Grobner base modulo G has type FP .

Now we perform this construction for the A-bimodule A. Without loss of gen-
erality, we may assume that Dom(G) N'Y¥ = (). First, we define the order > on the
product ¥* x ¥* as follows. For z,y,2’,y’ € ¥*, (x,y) > («/,y’) holds, if xy = 'y’
in ¥* or zy = 'y’ and |y| > |y'|. Clearly, this is a well-order and can be extended

to a well-founded partial order > on the free F-bimodule F' - [ |- F with a single
generator | ], which is a K-space with base ¥* x ¥*.
Let
Xi={[la—a[]|aeX}CF-[]-F.
We have the augmentation mapping € from the cyclic free A-bimodule A-[]- A to
A

)

e A-[]-A— A, e(a]ly) =y,
and the surjection
oy F-[]-F—A[] A

Lemma 7.3. X; is a normalized very monic Grobner base on F-[]-F for Ker(e)
modulo G.
Proof. Since []a > al ], [ ]a is the leading term of [ Ja—a[ ], and so X is normalized

and very monic. Next we show the confluence. Let u — v € G and let a; be the
first letter of u, then we have a proper critical pair ([ Jaiu’ — a1 Jul, [ Ju — [ ]v)
of reductions, where u! denotes the maximal proper suffix of u;u = aju'. Since

ai[ Juf =%, u[] —¢ v[]
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and

[Jv =X, o],
the critical pair is resolvable. Hence, X; is a Grobner base, and clearly it generates
Ker(e). O

Let F-X-F (resp. A-X-A) be the free F-bimodule (resp. A-bimodule) generated
by ¥, and let [a]; denote the generator of it corresponding to a € ¥. In general,
for x = ay---a, € ¥, [z]; denotes the element

[z]1 = [a1]haz - an + arfaz]ias - an + -+ a1 an—1fan)s

of F'- ¥ - F. This [z]; is also considered to be an element of A - Y - A modulo Iy.
We extend the mapping [ |1 to the mapping [ | : FF — F - X - F, K-linearly. Let
h:F-X-F—F-[]-F (resp. 01 : A-X-A— A-[]-A) be the morphism of
F-bimodules (resp. A-bimodules) defined by

)
d1([a]1) = [la —al] (vesp. di([a]1) = []a —a[ ] (mod Iy)).

For the proper critical pair ([ Jaiu' — a1 Juf, [ Ju — [ ]Jv) of reductions for
u—v € G with u = a1uf in the proof of Lemma 7.3 above, we associate an element
g = laJiu’ + Blar [ Ju') = B([ o),
in F-[]-F,where 8: F-[]-F — F-X-F is the morphism of K-modules defined

in Section 5. By definition we have

Blar] Ju') = arfag)ias - am + - + @102 - - @ _1[am)1 = arful]y,

and
B[ o) = [v]s,
where u = aqas - - - a,,,. Hence, we see
g =lar)iu’ + a1 [u)y + vl = [u)1 — [v]:.
Thus,
Lemma 7.4. X, = {[u]1 —[v]1 |u—v € G} forms a normalized very monic Grébner
base on F - % - F for Ker (01).
Define a morphism 0, : A-G-A — A-%-Aby

92([gl2) = [u]r — [v]1,
for g = u — v € G, where [g]2 denotes the formal generator of the free A-bimodule
A -G - A corresponding to g € G.

Next, we consider a pair ¢ = (g1,g2) of rules in G such that g1 = u; — vy,
g2 =us — v € G, up = ulz, ug = zub, 2 £ 1, uf = au‘{ and u];u’2 is a minimal
G-reducible word. We call such a pair (g1, g2) a proper critical pair of reductions
in G. Then, we have a rule

[g1]2 : [a]lu‘;z — —a[u‘iz]l + [v1)1
in X5 and a proper critical pair
([alrujus — —alul z]yub + [v1]1uh, [al ufus — [alyufvs)
of reductions for X5. So we obtain a rule
[91]2 - uy — B(laliulvs) + Blalul2Jul — B([v1]1ub)
= B[ui]ive) + B(ui[2]us) — B([v1]1ud).
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on F - G- F. Here, since u}[z]u} is (X2, G)-irreducible, B(u}[z]ub) = 0. Thus we
have a rule
lg1]2 - uy — B([ui]ivz) — B([vi]1us).
Let C be the set of all proper critical pairs of rules in G, and for ¢ = (g1, ¢92) € C
as above we associate the element

(21) ca = [g1]2 - uy + B([v1]iuy) — B([uy]iv2)
of F-G-F.

Lemma 7.5. The set X3 of the elements 1)) corresponding to all elements ¢ in
C' forms a normalized very monic Grébner base on F -G - F for Ker(ds).

Defining a morphism 03 : A-C-A — A-G - A by 35([c]s) = pc(c2) for c € C,
where [c]3 denotes the formal generator of A-C'- A corresponding to ¢ and cg is the
element given in (21I), we have an exact sequence

A-C-ABAG AZA 2 A 4[] 4540

We can continue this construction further, but calculations become more and more
complex, so we stop here. Though it is difficult to give explicit forms of elements
of our Grébner base in higher dimension, we can give the leading terms of elements
of the Grobner base in a systematic way.

We define a directed graph I' associated with G as follows. The set V' of vertices
in T is the union of ¥ and the set of nonempty proper suffixes of words in Dom(G).
For xz,y € V, there is an edge from z to y, if and only if zy is a minimal G-reducible
word, that is, z = 2’2", "’y € G and xy has no proper G-reducible subword. T is
a finite graph if G is finite, but it is infinite in general. For n > 0, C,, denotes the
set of all directed paths in I" of length n — 1 starting with some a € 3.

In particular, C; is the set of trivial paths ¢, at a for all @ € ¥. Thus, it is
bijective to 3. Cj is the set of all edges a — v/ (a € ¥,au’ € Dom(G)) in I'. Tt is
bijective to G. Cj is the set of all paths a — v’ — v/ in T" and it is bijective to the
set of all proper critical pairs of reductions in G.

Theorem 7.6. We have a free A-bimodule resolution of A:
22) H:—A-C, ABACp1 A s ACL-AB A (] 45 A

Here, Ker(0n—1) has a very monic normalized Grébner base {h.|c € C,} on F -

Cr_1 F such that It(he) = ['lon—1 and O,([c]) = pc,_,(he), where ¢ is a path

a— v — - — Vo —vy_1 of lengthn —1 in T and ¢’ is the subpath a — vy —
- — V9 of ¢ of length n — 2.

Proof. By induction on n. Assume that the resolution is constructed up to n and
{h¢|c € Cy} forms a Grébner base for Ker(9,—1), where he = [¢/|v,—1 —t with ¢ €
F-C,_1-F. Suppose that cis prolonged to apathtc=a — vy — -+ = v,_1 — v,
in I of length n, that is, there is v, € ¥* such that v,_jv, is a minimal G-reducible
word. Then we have a proper critical pair ([¢']v,—1v, — tog, [¢|vp—10n —¢ []V)
of reductions. The collection of these elements

he = [cJon, + B(t - vn) — B([I)
of F-C, - F for ¢ € Cy, 41 forms a Grobner base for Ker(9,), and the resolution is

prolonged up to n+ 1 with 9,11 : A- Cpq1- A — A-C,, - A defined by 9,,+1([c]) =
px, (he) in virtue of Theorems 6.4 and 6.5. O
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For two A-bimodules M and N let Homa 4(M, N) be the K-modules consisting
of all bimodule morphisms from M to N. Taking the functor Homa 4(., 4) on (22),
we have a complex

of o oy
Homa a(H,A): 0— A3 AT — ..o o Adn—r T8 gdn 280 pdur

where d; = |C;|. Since A is free as K-module by Corollary 2.5, the homology
group H"(A) = Ker(d;,,)/Im(0;;) is equal to the Hochschild cohomology of A of
dimension n.

Because A is a free K-module we can compute other (co)homology groups with
our complex H as below (see [[7], Chaps. 9, 10). Because A-C,,-A = A®x KC),, ® x A
is free as a left A-module, H is considered to be a free left A-module resolution
of A. Hence, for any right A-module M, the complex M ®4 H is exact because
H,(M ©4 H) = Toris(M,A) = 0 for any n > 0. Moreover, if M is projective as
a K-module, then H ® 4 M is a projective resolution of M. Hence, we have the
following isomorphism of K-modules:

Tor’{(M,N) = H,(M ®4 H ®4 N)

for any left A-module N. For the same reason the complex Hom4 (H, M) is exact
for any left A-module M, and if M is K-projective, Hom4(H, M) is a projective
resolution of M. Hence,

Exty (N, M) = H"(Homa(N,Hom 4 (H, M))
for any left A-module N. Furthermore, since Hom 4 (N, Hom 4 (H, M)) is naturally
isomorphic to Homy 4 (H, Homg (N, M)), we have
Ext’y (N, M) =~ H"(Homa, 4 (H,Homg (N, M))).

If A is a supplemented algebra over K with an augmentation € : A — K, then K
itself is an A-bimodules via €. Letting N = M = K in the above isomorphisms we
have

Tor’ (K, K) =~ H,(K ®4 H ®4 K)
and
Ext} (K, K) = H"(Homy 4 (H, K)).

8. EXAMPLES

In this section we compute our resolutions for some example algebras. Though
we do not attempt a systematical application of our methods, we show how our
construction works for a several typical types of algebras. Even if we get a resolu-
tion, it is not an easy task to calculate the Hochschild cohomology. So, we give a
detailed calculation of the cohomology only in the first example.

Example 8.1. (1) Let U be a subset of ¥? and ¢ : U — K - X @ K be a mapping,.
Let ¢/ 1 K -3?® K -Y — K -Y2@ K -Y @ K be the K-linear mapping defined by

iy ) o(u) ifuel,
¢(u)_{u ifuégU,

for u € 2. Suppose that
(23) ¢'(¢(ab)c) = ¢/ (ag(be))
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holds for any a,b,c € ¥ such that ab,bc € U. Let I be the ideal of the free
algebra F' = K - ¥* generated by G = {u — ¢(u)}, and let A = F/I. Then, G is a
Grobner base of I. In fact, (23) guarantees the confluence of the rewriting system
{u— o(u)|ue U},

For n > 0, let V,, be the set of words v of length n such that any subword of
v of length 2 belongs to U. For example, Vj = {1}, V; = X, Vo = U and V5 =
{abc|a,b,c € X,ab,bc € U}. As before, [v],, for v € V,, denotes the formal generator
corresponding to v, and we extend this notation for any K-linear combination
z=3 kv, € K-X" as [z}, =Y, ki[vi]». In particular, [z],, =0 for € 5"\ V,.
Moreover, for xi1,...,2, € K -X & K, [z1--2p], is defined by expanding the
product 1 - - - z,, to an element of K - ©=7,

Now, define an augmentation mapping dyp =¢: A- V- A — A and a morphism
Op:A- V- A— A-V,_1-Aof A-bimodules by €([]) =1, d1([a]1) =[]a — a] ] for
a € X, and for n > 2,

an([al te an]n) - [al e anfl]nflan + (_1)na1[a2 te an]nfl

24 n—1 .
24 + Y ()" ar - ai16(@iaip1 )it - anln1,

where a1 ---a, € V,.

We claim that (A-M,,- A, 9,,) is a free A-bimodule resolution of A. More precisely,
we shall show that H, = 6,([V,],) forms a normalized very monic Grébner base
for Ker(9,—1) on F-V,,_1 - F modulo G, where 6, : F-V,,- F — F-V,,_1 - F is the
F-bilinear mapping defined as 9,. Since 1t(d,,([a1 - anln)) = [a1- - an_1]n—10n,
H,, is very monic and normalized. We shall show that H, is a Grobner base for
Ker(0p—1) by induction on n. First, the elements d2([abl2) = [a]1b+ a[b]1 — [¢(ad)]1
for ab € U actually form a Grébner base for Ker(0;) as we already saw in Section
7, and the assertion is true for n < 2.

Suppose that n > 2 and H,, forms a Grobner base for Ker(9,—1). For x =
ay--ap €V, and ap41 € X such that apant1 € U, 16(0,([x]n)) = [a1 - - an—1]n—1an
overlaps with a,a,+1 and we have a proper critical pair of reductions

[al . 'an—l]n—lanan+1 del [al . 'an—l]n—1¢(anan+l)
and

[al . anfl] —1QnCGn+1 —H, — ( ]_) [ .an]nflanJrl
n

I
-

(=)™ ay - ai—10(ai@i+1)@ite - Anln—1Gn11-

i=1

Thus we have an element
[al Tt an]nanJrl - 6([041 e anfl]nfl(ﬁ(ananJrl)) ( )nﬂ(al[ n]n 1an+1)
- Z )" B(lar - - aim19(@idig1)aive - anln-10n41)
= [a1 e aplnangr + (=1)"aifag - angaln

n

+) (=D  ar - ai16(aiaig)aigs - ngaln
=1
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of F'-V,, - F. The collection of these elements gives rise to the Grobner base H,, 1
for Ker(9,) modulo G by Theorem 6.4.

(2) Here, we consider the extreme case where U = ¥2. Then, XU{1} is a K-base
of A, d)izz = ¢ and (R3] is just the associative law. Thus, ¢ : ¥ — K - X @ K is

nothing but a multiplication table for A. We have V,, = X" and the resolution

s ASn A% A Y1 A . with the differentiations ), given by () is
the (modified) standard complex of A ([7], Chap. 9, Sect. 6). If ¥ is restricted to a
finite alphabet, A is finite dimensional over K. However, our construction, in fact,
remains valid even if 3 is infinite. If we are allowed to use an infinite alphabet, any
algebra over K can be expressed in this way with a multiplication table. In this
sense formula (24)) is general.

(3) Next, let us consider a very special example, where ¥ = {a,b,c}, U =
{a?,ab,ac} and

¢(a2) =1, (b(ab) =1, ¢(ac) = —C.

It is easy to see that ¢ satisfies (23)), and so G = {a? —1,ab—b, ac+c} is a Grobner
base on K - ¥*. The algebra A = K - ¥*/I(G) has a K-linear base

Irr(G) = {b,c} a U {b,c}",

and any element z of A is uniquely written as

(25) mszi-bxia—i—Z k;-cxia—l—z&-bxi—l—zég-cxi—l—k-a—i—é

with k;, kf, €;, 0}, k,¢ € K and z; € {b, c}*, where only a finite number of k;, k., £;, ¢’
are NoNzero.

We have Vp = {1}, and V,, = {a™,a" 'b,a" ¢} for n > 1. The differentations
On:A-Vy,-A— A-V,_1-A are given by specializing 24]) as follows:

Oi([a]) = [la—a[], 02([b]) =[] = b[ ], 01(lc]) = []e — [ ],
and
On(la"]n) = [anil]n—la + (_1)na[an71]n_1,
O ([a""10]n) = [a" " Huo1b + (=1)"ala" " *blp—1 — [a"20],
On(la"dn) = [a" e+ (=1)"ala" el + [a" ]
for n > 2. Since |V,,| = 3 for n > 1, we can give our resolution simply as
26) - 24.5.424.5.42..24.5.42%4.5.42 41145 4,
where @ and 0 are A-bimodule morphisms from A- X - A to A-X - A given by
d([a]) = lala + a[b], O([b]) = [alb + a[b] — [b], O([c]) = [alc + a[c] + []
and
9([a]) = [a)a — a[b], A([B]) = [a]b — a[b] — [b], I([]) = [a)e — alc] + [c].

Here, for simplicity, we assume that K is a field. First, suppose that the char-
acteristic of K is not equal to 2, and we shall compute the cohomology H™(A).
Taking the functor Homy 4(., A) on (B6), we have a complex

-
AD 3L A3 432 439, ..
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where 0f, 0* and 9 are K-linear mappings given by

01 () = (za — az, xb — bx, xc — cx),

0" (x,y,2) = (xa+ azx,zb + ay — y,xc + az + 2),
5*(x,y,z) = (za — ax,xb — ay — y,xc — az + 2),
for z,y,z € A. Let 0, 0, ~, 7, n, and 7. be K-linear mappings from A to A defined
by
0(x) = za + azx, 0(z) = ra — ax,
v(z) =z + azx, ¥(z) =z — az,

for z € A. Then,

(27) 0" (x,y,2) = (0(x), =7 (y) + m(2), 7(2) + ne())
and
(28) 9 (2,y,2) = (0(x), =(y) +m(2),7() + ().
We claim that
(29) Ker() = Im(0) = K - b{b,c}*(a — 1) ©@ K - e{b,c}*(a + 1),
(30)  Ker(f) =Im(0) = K - b{b,c}*(a+1) & K - c{b,c}*(a—1) & K - {a,1},
(31) Ker(y) =Im(7) = K - e{b,c¢}*{a, 1} ® K - (a — 1),
(32) Ker() =Im(y) = K - b{b,c}"{a,1} ® K - (a + 1).

In fact, let = be an element written as 23) and suppose that 6(z) = za + az = 0.
Then we have

ra+ax = N(k; + £;)bxi(a + 1) + Z(f; — k)exi(a —1) + 2la + 2k = 0,
and hence
k=0=0,k +¢,=0, k‘;za

for any . It follows that Ker(f) is equal to the right-hand side of (29). On the
other hand, for € A given as (25]) we have

0(z) = ra —ax = —X(k; — l;)bzi(a — 1) + Z(k; + )exi(a +1).

This implies that Im(f) is also equal to the right-hand side of (Z9). The other
equalities can be shown similarly.

From (Z7)), (Z8) and equalities ([29)—(32), we see that
Ker(9*) = Im(8"), Ker(d') = Im(8*),
and we find
H"(A)=0

for every n > 2.
Next we calculate H'(A). Since

01(z) = (0(x),02(2)),
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where the K-linear mapping 0y : A — A2 is defined by 03(z) = (zb — bz, xc — cx)
for x € A, we have

~ Ker(9) ., Ker(7) @ Ker(y)
CIm(01)  Gy(Ker())
Let x € Ker(6), then, by (B0), z is written as

x = Z kibx;(a+ 1)+ Z licxi(a— 1)+ ka+£.

(33) H'(A)

We have
wb— bz =Y kb2 — bri(a+1)) = Y liberi(a — 1) — kb(a — 1).
Thus, we can show that b2, b3, ..., b, ... are linearly independent elements in Ker (%)

modulo {zb — bz |z € Ker(f)}. In virtue of ([B3), we find that H'(A) is infinite
dimensional over K
H'(A) = K.
Finally, it is easy to see that
H°(A) = Ker(0;) = K.

Next, suppose char(K) = 2. In this case, by the generator change a — a + 1,
we have a new presentation K¥*/I(G’) with G’ = {a?, ab,ac} for A. Using this
Grobner base G', we have a free resolution

cfAaxAal . % 4. 4840454
where the differentiation 0 is given by
o(lal) = lala + ala), (b)) = [a)o + alt], A([c]) = [alc + alc].
Using this resolution, though we omit the calculation, we can get
HY(A) =K

)

and
H"(A) = K%
for n > 1.
Summarizing, we have
HY(A) =K, H'(A) = K>,
neay | O if char(K) # 2,
H™(4) = { K°° if char(K) = 2,
for n > 2.

Example 8.2. Let U be an overlap-free subset of £* \ {1}, that is,

(i) any w € U is not a subword of another word in U, and

(ii) any v and v in U do not overlap, that is, v = v't and v = to’ with v/, v, t € ¥*
imply t = 1.

Let G be a monic subset of F' = K3* such that the mapping sending g to 1t(g)
is a bijection from G to U. Then G is a normalized Grobner base on F'. There is
no critical pairs for G by condition (ii). Thus, C,, = @ for all n > 3 in Theorem 7.6,
and we have a resolution

0—-A-U-A—-A-S-A—-A-[]-A— A
Hence, H"(A) = 0 for n > 3.
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Example 8.3. Let U be a subset of 22 satisfying (i) in Example 8.2. Then, U
is a normalized Grobner base considered as a subset of F' consisting of only monic
monomials. We have a monomial algebra A = F/I(U) with augmentation mapping
€: A — K defined by €(a) = 0 for all a € ¥. Here, we assume that U satisfies the
following additional condition:

(iii) There are no words u, v, w,x € U, 21, 22, 23, 25, 26, 27 € 21 and z4 € X* such
that u = 212923,V = 20232425, W = 23242526 and T = z52627.

For n > 1 let C,, be the set of sequences [a,u1, ..., u,—1] of length n such that
au; € U and w;u;4q is a minimal U-reducible word, that is, u; = wjw; € U for
some w; € ¥* and w;u,41 is an only subword of w;u; 1 from U fori =1,...,n—2.
Suppose that n > 3 and let wyug = bug with b € ¥ and ug € ¥T. By condition (iii)
we see [b, ug, U3y ooy Up—1] € Cp_1.

Now, our construction gives a resolution

(34) = ACABAC, A oA ABA[] A A
with
A ([a]) = []a—al],
O ([a,u1]) = |a]ur + alas]ag - --a; + -+ - + aag - - - aj—1]ar],
where u; = as - - - a;, and for n > 3,
O ([ayur, - un—1]) = [a,us, - Un—o]tn_1 + (—1)"au[b,ud, -+ un_1].

Tensoring the complex (34)) with K over A from both sides, we have a complex

K G MK Gy K-OLA K]S K,
where all the differentiations 9,, are 0. Hence,
Tor (K, K) = K

for all n > 1, where ¢,, is the cardinality of the set C,,. This, in particular, means
that the resolution (34)) is minimal.

Example 8.4. Let A = K -3 be a Lie algebra over K, which is a free K-module
generated by a well-ordered set (3, >). For different a,b € ¥, the Lie product [a, b]
is a linear combination #(a,b) of elements of ¥ over K. The enveloping algebra A
of L is the associative algebra which is the quotient algebra of F' = K - ¥* modulo
the ideal generated by G = {ab — ba — £(a,b) | a > b}. We can easily check that G
is a normalized Grébner base for A with respect to the order =iy defined through
the order > on X. For n > 0 let C,, be the set of words ay---a, € X* with
a1 < as--- < ap of length n. Then, we have an A-bimodule resolution

s AC ABACy A A0 AB A Y S A[JA - A0

Here, Ker(9,,—1) has a Grébuer base H,, = {h, |v € C,,} on F'-C,,_1 - F modulo G
such that 1t(hy) = [a1a2 - - - an—1]an, and 9,([v]) = pc,,_, (hy).

To describe the differential mapping 0 neatly we identify the K-space K - C),
with the component A, (A) of degree n of the exterior algebra A(A) of A over
K. Following our construction we get the differential mapping 9 : A- A(A) - A =
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Ao N(A) @ A — A- \(A) - A given by
Nar A ANap) = (1) @@y Ao Adi Ay
= (D m A ANE A AT ®
Y (D)) Amy A AE A NEGA - Ay,
1<j

This is a two-sided version of the standard complex for A ([7], Chap. 8, Theorem
7.1).

For example, let A be the enveloping algebra of the Lie algebra so(3) generated
by ¥ = {a, b, c} subject to the relations

[a,b] = ¢, [b,c] =a, [a,c] = —b.
Then, we have the Grobner base
G={g1=ab—ba—c, g2 =bc—cb—a,gs =ac—ca+ b}
on F'= K¥* for A and the resolution
0—A-[h]-ABA.G AZ A v A% A4 4,
where
Du([g1]) = [alb + alb] — [bla — bla] — [d],
92([g2]) = [ble + blc] — [c]b — c[b] — [a],
92(lgs]) = lale + alc] — [c]a — c[a] + [0],
95([h]) = [g1]e = clg1] — algo] + [g2]a + blgs] — [gs]b.

Finally, we consider an algebra that admits no finite Grobner base. The following
example is taken from Kobayashi [17].

Example 8.5. Let ¥ = {a,b,c}. Let I be the ideal of F' = K - ¥* generated by
{ba — ab,bc — aca,acc} and let A = F/I. Consider the weight function w : ¥* — N
defined by w(a) = w(c) = 1, w(b) = 2. Let < be the order on X* given as follows.
For z,y € ¥* define z < y if and only if either w(z) < w(y) or w(z) = w(y) and
x is lexicographically smaller than y. By the Knuth-Bendix completion procedure
[15] (see also Kapur and Narendran [I4]) based on this well-ordering, we have a
normalized infinite Grébner base of I:

{ba — ab,bc — aca,a"ca™ 'c|n=1,2,...}.

In [17] it is proved that A has no Grébner base G such that Dom(G) forms a regular
language, a fortiori, A has no finite Grébner base. Set

G={a,f,|n=12,...},
where o, § and 7, correspond to the elements ba — ab, bc — aca and a"ca™ 'c,
respectively, and for p > 1 set
H, ={a(mi,...,mp), v(n1,...,np,nptp1) | m1 > --- > my >0,
ny > - >mnpyp >0}

Our construction gives the following resolution of A:
(35)

e AH AT A, A B A AR AGCAR AR AN A AS A

?
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Oi(la]) = [Ja —al ], 0u([o]) = [Jb=b[ ], 1 ([e]) = [Je = [ ],
Ja + bla] — [a]b — ab], 0a([8]) = [ble + blc] — |a]ca — alcla — acfal,
Do([vn]) = [ala™ tea" e+ -+ a" Halca" e+ a[c]a" e + a"clala™ e
+- 4 a"ca™ ?[a)c + a"ca™ M d],
95(la(n)]) = [a]a" " ca" " e = blyn] + [ynra] + ala]a"Pea e
+ -+ a" Hajea" e+ a™[Bla" e,

0s([y(n,m)]) = [mla™ e — a"ea™ " [yl
and for p > 2,
Opro2([a(ni,ng,...,np)]) = [a(ni,...,np_1)]a"rc
+ (=1)Pb[y(n1,na, - .., mp)] + (=P Hy(ng + 1,n2,...,n,)],
pr2([y(na,na, ... np,mpya)]) = [¥(na,n2, .. np)a™ e

+ (=1)Pa™ca™ "2 y(ng, ..., np, npi1)]-

Via the augmentation mapping € : A — K defined by €(a) = €(b) = €(c) = 0,
K is the A-bimodule. Tensoring (35) with K over A from both sides, we have a

complex
~—>K~Hp§’>K'Hp,1—>~~—>K'H1—>K cBK. E—>K[] 0,
where 91 = 93 = 0, 93([a(n)]) = [Yns1], B3([y(n,m)]) = 0, and
pi2(la(ni,na, ... np)]) = (=P y(na + 1na, . my)],
Fpr2([r(na,na, .y, mpe1)]) = 0

for p > 2. Thus, we have

K if n =0,
Tor (K, K) = Ker(9,) /Im(d,41) = { K3 ifn=1,2,
K> ifn>3.

Remark 8.6. The Hochschild cohomology of finite dimensional algebras over a field
has been extensively studied (see [10], [19] for example). Since a finite dimensional
algebra has a finite Grobner base, we can apply our method, but it is not a clever
way. For example, even the one-arrow quiver algebra is presented as the quotient
of the free algebra generated by two elements a and b modulo the ideal generated
by the Grébner base {a?, ab,b*> — b,ba — a}. The resolution constructed on this
base is not neat at all. Instead, by considering Grébner bases on path algebras and
projective bimodules, we can construct simpler resolutions for algebras presented
as quotients of path algebras. This will be discussed in a forthcoming paper.
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