Téhoku Math. J.
43 (1991), 249-261

GROBNER BASES OF TORIC VARIETIES
BERND STURMFELS

(Received March 19, 1990, revised July 2, 1990)

Abstract. In this article projective toric varieties are studied from the viewpoint
of Grébner basis theory and combinatorics. We characterize the radicals of all initial
ideals of a toric variety X, as the Stanley-Reisner ideals of regular triangulations of its
set of weights .o/. This implies that the secondary polytope 2(s¢) is a Minkowski summand
of the state polytope of X,. Here the lexicographic (resp. reverse lexicographic) initial
ideals of X, arise from triangulations by placing (resp. pulling) vertices. We also prove
that the state polytope of the Segre embedding of P"~! x P*~! equals the secondary
polytope 2(4, -, x 4,_,) of a product of simplices.

1. Introduction. A cornerstone for the interaction between combinatorics and
algebraic geometry is the theory of toric varieties [8], [16] which relates algebraic torus
actions to the combinatorial study of convex polytopes. In the present paper we investi-
gate the class of projective toric varieties from the point of view of Grdbner basis
theory [1], [7], [11], [15], [20], [21]. The methods used to study Grobner bases here
are combinatorial rather than algebraic. Recent results on regular triangulations and
secondary polytopes [5], [10], [13] will be applied to describe, as explicitly as possible,
the initial ideals with respect to all term orders of a given projective toric variety.

Let o/ ={a,, a,, * * , a,} be a fixed subset of the lattice Z¢~* x {1} with the property
that of linearly spans R?. A diagonal action of the d-dimensional torus (C*)? on C" is
obtained by interpreting & as the set of weights. Since the g; all lie in an affine hyperplane,
we get an induced (C*)%-action on projective space P"~ 1. We define the projective toric
variety X, to be the closure of the orbit (C*)?:(1, 1, ---, 1) in P*~'. The vanishing
ideal of X, is the homogeneous prime ideal

fdzzKemel(C[yl,yz, o ',yn] - C[xh o "xdﬂxl_la o ',X‘;l] ’ yinaizx‘;“xgﬂ. . 'x;id)'

Note that here we allow o to be any set of lattice points, which means that the embedded
toric variety X, need not be projectively normal.

We shall be interested in Grobner bases of the toric ideal .4, with respect to an
arbitrary term order on C[y]:=C[y,,¥,, ", ¥.].- In Section 2 we prove a singly-
exponential (in d) degree upper bound for these Grobner bases and thus for the
Castelnuovo regularity of #,. In addition, we construct an explicit universal Grébner
basis %, which satisfies this bound.

Our main result is a natural correspondence, to be established in Section 3, between
the distinct Grobner bases of £, and the regular triangulations of /. As a corollary
we find that the secondary polytope of &7 is a Minkowski summand of the state polytope
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of Z,.

In Section 4 these results are illustrated for the example where X, is the rwisted
cubic in P3. Hence & consists of four equidistant points on the affine line, and the
state polytope of .#, is seen to be a planar octagon.

In Section 5 we focus our attention on lexicographic and reverse lexicographic
Groébner bases of the toric ideal .Z,,, and we show that these correspond to triangulations
of o which are obtained by placing and pulling of vertices [12], [13] respectively.

Section 6 deals with the case where .7 is the vertex set of a product of simplices
A,_ 1 x Ag_ 4. Tts toric variety X, = P~ 1 is the Segre embedding of P*~! x P*~! and its
toric ideal .#,, is the ideal of 2 x 2-minors of a generic r x s-matrix. Using results from
algebraic combinatorics [4], [20], we prove that all initial ideals of .#,, are square-free.
This implies that the state polytope of .#, equals the secondary polytope Z(o¢). It is
an open problem, suggested by Gel’fand, Kapranov and Zelevinsky [10], to find an
explicit description for the face lattice of this polytope.

2. A singly-exponential degree bound. In this section we estimate the total degree
of the polynomials in the reduced Grébner bases of a projective toric variety. To begin
with, we recall some results from Grébner basis theory. For details and further refer-
ences see [1], [7], [11], [15], [20], [21]. Fix a homogeneous ideal .# in C[y]=
Clyi, Y2, * ", Val, and let “<” be a term order on C[ y]. The monomial ideal which
is generated by the set {init .(f )| fef} of leading monomials is denoted init;(f) and
is called the initial ideal of .# with respect to “<”. A finite subset ¥ .# is a Grobner
basis of .# (with respect to *“<”) provided init .(.#) is generated by {init _(g)|ge %}. It is
known (see, e.g., [1], [11], [15]) that for monomials of bounded degree every term order
“<” can be represented by a weight vector w=(w,, - - -, ®,) € R", where the weight of
a monomial y§- - -y equals w,a, + - - - + w,a,. Two term orders w and v are equivalent
if they define the same initial ideal init (.#) =init (#). The resulting equivalence classes

@.1) B(F, w)={ve R"|init,(£) = init,(.#)}

are open, convex, polyhedral cones in R". The collection of cones {é(#, w)} is finite
and defines a polyhedral fan #(#), called the Grébner fan of # [1], [15].

ProrosiTioN 2.1 (Bayer and Morrison [1]). The Grobner fan F(5) of a homo-
geneous ideal ¥ = Cly] is strongly polytopal. In other words, there exists a polytope
S, < R" whose normal fan equals % (.#).

Any lattice polytope S, having the property of Proposition 2.1 will be called a
state polytope for the ideal #. It is noteworthy that the state polytope itself is derived
from a projective toric variety, namely, from the closed (C¥*)*-orbit of .# in the Hilbert
scheme. In fact, there is a canonical family of state polytopes of .# coming from the
state polytopes of the Hilbert points of .# in each degree.

A polynomial of the form y*—y# (the difference of two monomials) is called a
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binomial. A binomial ideal is an ideal which is generated by binomials. It is known that

the word problem for commutative semigroups can be solved by (and is in fact equivalent

to) computing Groébner bases for binomial ideals. Note that each step in Buchberger’s -
Grobner basis algorithm (forming an S-polynomial or normal form reduction) takes

binomials to binomials.

LemMMmA 2.2, Let % be a set of binomials in C[y]. Then the output and all
intermediate polynomials in a Grébner basis computation for & are also binomials.

Although binomial ideals have a very special structure, they behave as bad as
arbitrary ideals when it comes to computing Grébner bases. The famous doubly-
exponential degree lower bound of Mayr & Meyer [14] is attained for a family of
binomial ideals. Since the toric ideal £, is binomial (cf. Lemma 2.5), it is natural
to ask whether the doubly-exponential degree bound can be improved for the subclass
of toric ideals. The affirmative answer is given by the following result.

THEOREM 2.3. The total degree of a polynomial in any reduced Grébner basis of
S, is at most n(n—d)A°, where A is the maximum of the Euclidean norms |a,|, - -, |a,|.

It has been pointed out by M. Stillman (private communication) that Theorem 2.3
implies an upper bound of n*(n—d)A4* for the Castelnuovo regularity of the toric ideal
#,. An unpublished result of D. Mumford states that the Castelnuovo regularity of
any smooth projective variety has order at most bilinear in the degree and dimension.
For smooth projective toric varieties this implies the upper bound O(d4%~1).

In order to prove Theorem 2.3, we first derive some basis facts about toric ideals.
Consider the vector space of affine dependencies on .7,

2.2) Dt):={(hys Az~ "5 A) ER™| Ay + Aty + * + * + Aya, =0},
and let D,(7):=D(«/)n Z" denote the Z-module of integral affine dependencies.

OBSERVATION 2.4. Let a, B be nonnegative vectors in Z". Then the binomial y* — y*
is contained in the toric ideal %, if and only if a— € D4(sf).

Note that every vector ae R" can be written uniquely as a difference a=o, —a_
of two nonnegaitive vectors a,, «_ with disjoint support.

LEMMA 2.5. The toric ideal ., is generated by {y** —y*~ |a€ Dy(sf)}.

Proor. It follows from Observation 2.4 that the ideal (3**—y*- \aeDz(d» is
contained in .#,. In order to show the reverse inclusion, we consider the binomial ideal

(23) jd:=<y1_xalay2_xaza ...’yn_xa">

in the (n + d)-variate polynomial ring C[x, y]. The toric ideal .#,, = ¢, n C[ y] is obtained
from £, by eliminating the x-variables. Thus the reduced Grébner basis of £, with
respect to the lexicographic term order y,<y,<- - <y,<x;<---<x, contains a
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reduced Grobner basis for .Z,. Let g be any element of that Grébner basis. By Lemma
2.2, g is a binomial, say g =)*—#. By Observation 2.4, we have a— B e D (/). In order
to complete the proof, we need to show that the nonnegative integer vectors o and f
have disjoint support. Suppose they did not. Then there exists a variable y; which divides
both y* and y?. Then g/y, is also a polynomial contained in the toric ideal #,. This is
a contradiction to g being an element of a reduced Grébner basis for £,,. [ |

PrOOF OF THEOREM 2.3. Write ey, ' - -, e, for the standard basis in R". An integral
affine dependency A=A4,e;+ - - + A,e,€ Dy() is called elementary if

(1) A is non-zero,

(2) 2 is primitive lattice point, i.e., g.c.d.(4;, 4,, -, 4, )=1, and

(3) its support supp(4): = {i| 4,0} is minimal with respect to inclusion.
This the elementary affine dependencies are the scaled elementary vectors [17] of the
(n—d)-dimensional linear subspace D(«/) of R". Using Cramer’s rule of linear algebra,
we find that, for any given elementary affine dependency A, there exist indices
iy, iy, ", I;4, and a multiplier ¢ € Z such that

d+1
2.9 c A= .Zl(—l)j-det(a,.l, LG, Gy, Gy, ) e

J
By Hadamard’s inequality, this implies

2.5 |Al<|det(a;, -+, a las,, |- lay,, <4

Gy s )< e la i1

Now suppose that f(y) is an element of the reduced Grobner basis of .#, with respect
to some term order on C[y]. We need to show that the degree of f(y) is less than
n(n—d)A4°. Lemma 2.2 implies that f(y) is a binomial, and, with the same argument as
in the proof of Lemma 2.5, we find that f(y)=y** —y* for some affine integral
dependency a € D4(4).

Consider the set of elementary vectors in the (n — d)-dimensional vector space D().
It is known [17] that ae D (/)= D(/) can be expressed as a conformal linear

combination
(2.6) a=q A+ g, A%+ +q,_ A"

of n—d elementary integral affine dependencies A, A2, - - -, A" The sum in (2.6) being
conformal means that ¢q,, - -, q,_., are positive rational numbers and that no
cancellations occur in any coordinate slot. Equivalently,

VN =g AL+ gAY and a_=q AL+ +q, A0

We will next show that all coefficients ¢, g5, - - *, ¢,_4 in the representation (2.6)
must be less or equal to 1. Suppose on the contrary that ¢;> 1. Then the nonnegative
integer vector o, is componentwise larger than the nonnegative integer vector A%, and
similarly o_ is larger than A_. In other words, the monomial y** is a proper multiple
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of the monomial y**, and y* is a proper multiple of y*-. Hence the binomial
f(»)=y** —y* can be reduced by y** —y*~e.#,. This is a contradiction to the
assumption that f(y) belongs to a reduced Grébner basis of .#,.

We have shown that 0<gq,, ¢,, - ' -, ¢,_4<1. For the j-th coordinate of the vector
equation (2.6) we find

@8) |ol<qul A1+l A2 1~ +uod A4 OUSIAE +1 23] +H A4 < (n—d)Ad
Hence the degree of f(y) is bounded above by n(n—d)A4°. [ ]

This result yields an explicit finite universal Grébner basis %, for the toric ideal
44 Here “universal” means that %, is a Grobner basis of .#, for all term order on
C[y] simultaneously [21]. Consider the (n—d)-dimensional zonotope &, :=[0, A']+
[0, A2]+ - - - 4+ [0, A™] which is generated by the set {i!, A2, - - -, A"} of all elementary
integral affine dependencies in D, (/)= R". We call 8, the elementary zonotope of /.
It follows from our proof of Theorem 2.3 that the lattice points in the elementary
zonotope define a universal Grébner basis.

COROLLARY 2.6. The set %, :={y** —y*~|a €&, n Z"} is a universal Gribner basis
for #,.

It must be remarked that the universal Grobner basis exhibited here is not minimal.
An algorithm for computing a minimal universal Grébner basis for any projective
variety has been given by Bayer and Morrison [2].

Given two polytopes P, and P,, we say that P, is a Minkowski summand of P,
provided P,=AP,+ P, for some polytope P, and Ae R_. Recall from [11] that the
Newton polytope of a finite set of polynomials equals the Minkowski sum of the
individual Newton polytopes. By [11, Corollary 3.23], the state polytope S,, of the
toric ideal is a Minkowski summand of the Newton polytope of the universal Grobner
basis %,,. These observations imply the following structure theorem for state polytopes
of toric varieties.

PRrOPOSITION 2.7. The state polytope S, of the toric ideal J, is a Minkowski
summand of the derived zonotope Y {[a,, a_]|ae&,nZ"}.

Proposition 2.7 follows from Corollary 2.6 because the Netwon polytope of the
binomial y** — y*- is the line segment [oa,, a_].

3. Regular triangulations and initial ideals. In order to state our main result, we
need to recall the definition of a regular triangulation. (For details see [5], [10], [13].)
A polyhedral subdivision A of o/ is a polyhedral subdivision of the (d— 1)-polytope
conv(«/) with vertices in &. If all cells in 4 are simplices, then 4 is a triangulation of
&/ . Every vector w=(w, - - -, w,)€ R" induces a subdivision 4, of &7 as follows. Con-
sider the convex d-polytope P,:=conv{(a,, w,), (d;, w,), " " -, (a,, w,)} which is ob-
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tained by lifting &/ according to the height vector w. The lower envelope of P, is a
polyhedral (d— 1)-ball which maps bijectively onto conv(«/). Let 4, be the image under
this projection.

If the height vector w is chosen sufficiently generic, then 4, is a triangulation of
&/. A triangulation of .o/ is called regular if it equals 4, for some w. For any regular
triangulation 4 of <7, the set 4(+/, 4):={weR" | 4,= A4} is a convex polyhedral cone.
The cones (=, A), where A ranges over all regular triangulations, are the maximal
cells of a polyhedral fan # (<), called the secondary fan of </. It was shown in [10]
that there exists an (n—d)-polytope 2(</) in R", called a secondary polytope, whose
normal fan equals the secondary fan # (/). See also [5] for an alternative geometric
construction.

The Stanley-Reisner ideal I, of any simplicial complex 4 on {1,2, - -, n} is the
ideal in C[y,, y,, ' ", y,] generated by all monomials of the form y, y, -y, where
{14, 75, """, 7} is not a face of 4 [18]. We establish the following correspondence
between the regular triangulations of ./ and the distinct Grébner bases of the toric
ideal .#,,.

THEOREM 3.1. Let weR" be a weight vector which defines a term order for the
toric ideal $4. Then the polyhedral subdivision A=A, is a regular triangulation of </
whose Stanley-Reisner ideal 1, equals the radical of the initial ideal init (.5,,).

We obtain the following two corollaries from Theorem 3.1.
COROLLARY 3.2. The Gribner fan F(5,,) is a refinement of the secondary fan F ().

COROLLARY 3.3. The secondary polytope 2(7) is a Minkowski summand of the
state polytope S, of the toric ideal #,,.

Corollary 3.2 follows directly from the definitions of the secondary fan and the
Grobner fan. Corollary 3.3 follows from Corollary 3.2 because the normal fan of a
polytope P, refines the normal fan of another polytope P, if and only if P, is a
Minkowski summand of P; [11, Lemma 2.1.5].

PrOOF OF THEOREM 3.1. Let us first suppose that A=4, is a triangulation, and
thus w is in the interior of %(«/, A). We will show that the ideal I, is contained in
rad(init,(5,)). Let t= {1y, 5, - - -, 7,} be a non-face of 4, i.e., y, y.," - "y, € I,. Then there

exists a face 6={0y, 65, " -, 6} of 4 such that

relint conv{a, , a,,, - - -, a,,} nrelint conv{a,, a,,, - -, a,} # .
Pick positive integers 4., 4,, - - -, 4, and u,, y,, - - -, 4, such that
3.1 M@y +Ayty, + 0+ A, = A, + paa,+ -+ a,,

By Observation 2.4, the binomial f(y):=y!'y.>-- ~yi“'—yﬁiyj§- . yj: is contained in

the toric ideal .#,,. Since o is a face while 7 is not a face of 4, we have the inequality
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Y, w,l,/li<Z;= , @, pt;. Therefore init,(f)=y%!- -y, and consequently y.,y.," "y, €
rad(init,(.£,)).

Conversely suppose that rad(init(.#,)) is not contained in /,. Then there exists a
binomial f(y)=y* -y —p¥-- .y in the toric ideal .#, such that t is a face of 4
and y*'- - -y is the leading monomial of f(y). This means that Y i1 0o A <Z;= T
which is a contradiction to we%(«/, 4). Hence rad(init (5,))=1,.

Suppose now that w is contained in the common boundary of two cones €(«, 4)
and ¥(s/, A’). Then we can find disjoint faces o of 4 and t of A’ which intersect in .o/.
Considering the binomial f(y)e.#, as above, this implies that the weight vector w gives
a tie between the two monomials of f(y).

We finally suppose that we R" is any vector which defines a term order for the
toric ideal .#,. We have shown that w lies in the interior of a unique cone %(«, 4).
This containment remains valid if w is replaced by an equivalent term order, and
therefore we have 4(4,,, w) = 4(, 4). Clearly, 4= 4, is the regular triangulation induced
by the height vector w. We have seen that under this assumption, rad(init.(%,))=1,.
This completes the proof of Theorem 3.1. [ ]

4. An Example: the twisted cubic in P3. 1In this section we illustrate our results
by computing the Grébner fan and state polytope of a toric curve in 3-space. Calculations
of the state polytope of the twisted cubic in this and other coordinate systems were
also presented by Bayer and Morrison at the 1988 Sundance Conference (see [2]).

The twisted cubic X, P? is the 1-dimensional projective toric variety defined by
four equidistant points on the affine line, say, o = {(0, 1), (1, 1), (2, 1), (3,1)}. Its vanish-
ing ideal, the toric ideal .#,, is the kernel of the ring map

2
Cia,b,c,d] - C[x,, x,] , arx,, bxix,, cxix,, d—xix,.

(Here we use the variable names a, b, ¢, d rather than y,, y,, ys, ¥,.) In terms of
generators, the ideal of the twisted cubic can be written as

SFy=Lac—b?, ad—bc, bd—c?) .

In the sequel we identify the variable a with the point (0, 1), b with (1, 1), ¢ with (2, 1),
and 4 with (3, 1).

The set .« has four triangulations which are all regular. These triangulations are,
in terms of their maximal simplices,

A,={ab,bc,cd}, A,={ac,cd}, As;={ad}, A,={ab,bd}.

Using the methods of [5], [10], we see that the secondary polytope Z(«#) is a quadran-
gle in R* with vertices

¢A1=(1’ 25 2’ 1)7 ¢A2=(27 09 35 1)5 ¢A3=(39 0’ 07 3)9 ¢A4=(1’ 37 05 2)

So, the maximal cells of the secondary fan % (/) are the cones of inner normals of X(.<7):
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C(A, A)={(0, 0,5, 03, 0)ER*: 0, — 2w, +W3>0, 0, — 203+ w, >0}
G(A, Ay)={(0;, 03, 03, ©)ER*: 0, =303+ 20, >0, —w +2w,— w3 >0}
C(A, A3)={(0,, W3, 03, 0 )ER*: =20, + 3w, — 0, >0, —0; +3w; +2w,>0}
G(A, A)={(01, 3, 03, ) ER*: — @, + 203 — 0, >0, 200, — 30, + 4 >0} .
It can be shown that the following polynomials form a universal Grébner basis for £,
U ={ac—b* ad—bc, bd—c?, ad*— 3, a®d— b3} .

Up to equivalence, there are eight term orders for the ideal .£,. For each term order
we list a representative weight vector we R*, its initial ideals init,(.#,), and its radical
rad(init(.£,)).

() w=(1,0,0,1),init(#,)=<ac, ad, bd), rad(init(£,))={ac, ad, bd) =1, ,

(2) w=(1,1,0,2),init,(L,)=<ab, b*, bdy, rad(init(F,))=<b, ad) =1, ,

(3) w=(0,2,0,1),init,(£,)=<ad? b?, bc, bdy, rad(init, (L)) =<b,ady=1,,,

4) 0=(0,2,1,1), init,(£,)=<b? bc, bd, c*), rad(init (L) =<b, c>=1,, ,

(5) ®=(0,1,1,0),init(£,)=<b? bc, *, rad(init (£,))=<b, > =1, ,

(6) w=(1,1,2,0),init,(L,)=<ac, b3, be, ¢*), rad(init(£,)=<b, =1, ,

(7N w=(1,0,2,0), init(F,)=<ac, a*d, bc, ¢*), rad(init(£,)=<ad, c>=1,,,

() w=(2,0,1,1),init,(#,)={ac, ad, ¢*), rad(init(£,))=<ad, c)=1,, .
The Grobner fan #(4,) has eight maximal cones and is a refinement of the secondary
fan ¥(«). For instance, the cone 4(«/, 4,) consists of the two Grébner regions given
in (2) and (3). The quadrangle X(«/) is a Minkowski summand of the state polytope
of 4,, an octagon with normal fan % (%,).

5. Lexicographic and reverse lexicographic term orders. In this section we show
that the most prominent Grobner basis term orders correspond to the most prominent
triangulations. Fix a sign vector o=(g, ---,0,)e{—, +}" and fix a permutation
n=(my, Ty, -, w)of {1, 2, - - -, n}. We define the (o, n)-lexicographic term order on the
polynomial ring C[y,, - -, y,] by saying that yf:lysz~ . -y:'[”n is larger than yf:‘lyffz- . -yft';
if, either i, + - - - +i,>j, + -+ - +j, orif iy + -+ +i,=j; + - - - +J, and the first non-zero
entry in the vector (o,(i; —j;), 0,(i,—J2), - - -, 6,(i,—J,) is positive. In the special case
where o=(+, +, +, -, +) we obtain the degree lexicographic order induced by

Y, > Vay > " >Va., and in the case where 6=(—, —,—, -+ -, —) we obtain the reverse
lexicographic order induced by y, <y,,<-: <y,
In the following we fix an affine set &/ = Z¢ and its toric ideal £, = C[y;, " *, Vul-

Then the (o, n)-lexicographic term order can be represented by the weight vector
w=Y7_,0,R"-e, where R»0 is a sufficiently large real number.

Lifting the affine set o/ according to the height vector w corresponds to the
lexicographic extension defined by the string [79, %> - - -, ng"] in the dual oriented
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matroid to o/ (see [6]). (Note that dual oriented matroids correspond to Gale transforms
of polytope theory [13] and that lexicographic extensions are called principal in [3].)
The resulting triangulation 4(g, n)=A4, of &/ depends only on the oriented matroid.
We call A(a, n) the (o, n)-lexicographic triangulation of /. The following is a direct
consequence of Theorem 3.1.

ProroSITION 5.1. The radical of the initial ideal of $, with respect to the
(o, m)-lexicographic term order is the Stanley-Reisner ideal of the (o, m)-lexicographic
triangulation A(o, ) of .

A geometric description of the lexicographic triangulation A(g, w) is given in [13,
Section 2]. If we assume for simplicity that o/ ={a,, a,, " - -, a,} is in general position
and that 7=(1, 2, - - -, n), then this description specializes as follows:

(1) If n=d, then 4(o, n) consists just of the simplex (a, a,, - - -, @y).

(2) Ifn>dand a,= —, then A(c, ) is the triangulation of .« obtained by joining

the point a, with every face of the simplicial polytope P.
(3) If n>d and o,=+, then A(o, ) consists of the (inductively constructed)

lexicographic triangulation A(o\o,, n\n;) of ' ={a,, -, a,} plus all
simplices (ay, a;,, * -, a;,) such that {a; , - - -, @, } is a face of conv(«/") visible
from a,.

The operations (2) and (3) are known in polytope theory as placing and pulling of
vertices. Of particular importance are the special cases where ¢ is all positive or all
negative. If 6=(+, +, +, - - -, +) then A(o, n) is the triangulation of &/ obtained by
placing vertices in the order a,, a,_,, -, a,. If o=(—, —, —, - - -, —), then Ao, 7) is
the triangulation of o/ obtained by pulling vertices in the order a,, a,, - - -, a,. These
canonical triangulations have been considered by many authors, including [3], [12],

[19].

COROLLARY 5.2. Under the correspondence of Theorem 3.1, the lexicographic
Grébner bases of the toric ideal #, correspond to triangulations by placing vertices, and
the reverse lexicographic Grobner bases correspond to triangulations by pulling vertices.

We close this section with an example of a 2-dimensional toric variety in P>. All
initial ideals have been computed using the computer algebra system MACAULAY.

ExaMPLE 5.3. Let & ={a,b,c,d, e, f}=Z> where a=(0,4,1), b=(7,3, 1), c¢=
4,5, 1),d=(0,0,1), e=(3,2,1), f=4,0,1). Thus & is a pentagon in the affine plane
with edges ad, df, fb, bc, ca and the point e in its center. As in Section 4, we identify
each point with a variable via the ring map C[a, b, ¢, d, e, f] = C[x,, x,, X31,

a—x3xy, brex{xixy, cxtxix;, deox;, e xixixy, froxix;

whose kernel is the toric ideal .#,. We fix the permutation t=(a, b, ¢, d, ¢, f).
First consider the sign vector 6, =(+, +, +, +, +, +). The (o,, n)-lexicographic
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term order on Cla, b, c, d, e, f] is the degree lexicographic order induced by the variable
ordering a>b>c>d>e> f. This term order is represented by the weight vector
o, =(R°, R* R3 R? R, 1) for R>0 sufficiently large. The initial ideal init,, (.,) equals
cBd3f7, betl, be3d3 £2, b2de?, b3cd*, b3d3, ae* f*, ae®f,
ae®, acf3, ab, a*f3, a*edf, ade* [ .

Its radical, rad(init,,, (%)) = {be, bd, ae, ab, af ) =1, ., is the Stanley-Reisner ideal of
the triangulation A(o,, n)={acd, bcf, cef, cde, def} by placing vertices in the order
f.e,d,c,b,a.

The choice R=4 is large enough for the (o,, n)-lexicographic triangulation, but it

is not large enough for the (o,, n)-lexicographic term order: For w,=(1024, 256, 64,
16, 4, 1) the initial ideal init,, (.£,) becomes

c3d2 3, bc3d3 f2, b2de?, ble'3, b3cd?, b*d?, ae®f, ae®, acf>, ab, a*f3, ae’f, ale* [

whose radical is still 14, . =<be, bd, ae, ab, af).

Note that a different choice of sign vector may still result in the same triangula-
tion. For o3=(+, +, +, —, —, —) and w;=(1024, 256, 64, —16, —4, —1) we
get

init, (S, )=

3d?f3,bcd3 2, bPde?, bet3, bicd*, b3d°, ae*f*, aeSf, ae®, acf>, ab, a*f3, d?e*f, e[

whose radical is still 1,,, .,=<be, bd, ae, ab, af ).

Let us now look at the reverse lexicographic term order induced by the variable
ordering a<b<---<f. This is the (o4, n)-lexicographic term order for o,=(—, —,
—, —, —, —),anditis represented by the negated weight vector w, : = — w,. We compute

init, (£,)=<b*c?d*, bcd*, ¢*d*, b*d?>, bPcd?, ce, bde?, de*, €°, ¢ f, c*d>f?, c2f3) .

Its radical, rad(init,(4,))=<cd, bd,e,cf), is the Stanley-Reisner ideal of the
triangulation 4(g,, n)=/{abc, abf, adf} by pulling vertices in the order a, b, ¢, d, e, f.

We finally consider the (o5, 7)-lexicographic term order given by the sign vector
os=(+, —, +, +, +, +). Here the radical of the initial ideal equals <{e, cf, af, ab). This
is the Stanley-Reisner ideal of the triangulation A(cs, 7)= {acd, bed, bdf}, which is
obtained by first placing a in &7 and afterwards pulling b in {b,c,d, e, f}.

6. On products of simplices. An important toric variety is the Segre embedding
of the product of projective spaces P'~ ! x P>~ ! into P™~!. Its set of weights is the
point configuration o ={e,@ejeZ" **|i=1, -, r;j=1,--",s}, where e, ', e,
denotes the standard basis of R and e/, - - -, e denotes the standard basis of R*. Thus
&/ consists of the vertices of the product 4, _; x 4,_, of a regular (r— 1)-simplex with
a regular (s— 1)-simplex.

Let C[Y] be the polynomial ring on a generic (r x s)-matrix ¥Y=(y;;). The toric
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ideal .#, is the kernel of the ring map
C[Y]_’C[xls”"xr,xll"”’x.;]’ yinxi.x;"

and it is generated by the 2 x 2-minors y; y;—yuyu of Y. For a combinatorial study of
the determinantal ring

CLY]/ Iy =Cx, XY, XX, X1 X5, %X ]=C[P"" ' x P*71]
we refer to [4] and [20]. In this section we prove the following result.

THEOREM 6.1. For any term order w on C[ Y], init(.£,) is a square-free monomial
ideal.

Using the results of Section 3, this implies a combinatorial characterization of the
Grébner fan and state polytope of the ideal .#,,.

COROLLARY 6.2. The state polytope S, of the 2 x 2-determinantal ideal %, equals
the secondary polytope 2(<f). Hence the distinct Grobner bases of %, are in one-to-one
correspondence with the regular triangulations of the product of simplices A,_ x A,_ .

Recall that the f-vector of a d-dimensional simplicial complex 4 is the vector
S D =(fo(4), f1(4), - - -, f4)) where f(A) denotes the number of i-dimensional faces
of 4 [18]. The key ingredient in our proof of Theorem 6.1 is the following result due
to Billera, Cushman and Sanders [4, p. 387] (see also [19, Corollary 2.7]).

LEMMmA 6.3. Al triangulations of A,_{ x A,_, have the same f-vector.
For the purposes of this section, we need the following reformulation of Lemma 6.3.

LEMMA 6.4. Let A and A be any two triangulations of A,_, x A,_,. Then their
Stanley- Reisner ideals 1, and I ; have the same Hilbert function.

Lemma 6.4 follows direcly from Lemma 6.3 because the Hilbert function of the
Stanley-Reisner ideal of any simplicial complex can be read off from its f-vector (see
[18]). We will now describe a specific regular triangulation of a product of simplices
(see [4] and [9, page 67]). Let w=(wy,, 0,5, " -, w,;) where w;;= R~ for some large
R>0. This height vector induces the staircase triangulation 4, whose maximal cells are

{yiljlyiljzyi3j3 U Viess—sdras-2Yirws—tires—1 l (ik+ 17 lk+ 1 and jk+ 1 z-]k)
or (i+1 =4 and jiy=jix+1)} .
These simplices are indexed by the staircase paths through the matrix Y starting at

Y11=Yi,;, and ending at y; ;.. , =¥, The following lemma is a special case of the
results in [20].

LEMMA 6.5. The weight vector w defines a term order for %, , and the set of
2 x 2-minors of Y is the reduced Grdbner basis with respect to w. This implies
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init,,(S,) =rad(init,(#£,) =1, =<{yuyu|i<j and k>1}) .

PROOF OF THEOREM 6.1. Let @e R™ be any term order for .#,, and let A be the
corresponding regular triangulation of 4,_; x 4,_,. By Lemma 6.4, its Staniey-Reisner
ideal I; has the same Hilbert function as the ideal 7, in Lemma 6.5. By a well-known
result of Gréber basis theory, the homogeneous ideal .#, and all its initial ideals have
the same Hilbert function. This implies that 7; and initz(.#,) have the same Hilbert
function. On the other hand, I; equals the radical of init(.#,) by Theorem 3.1. But an
ideal can have the same Hilbert function as its radical only if it is equal to its radical.
Hence

init 4(#,,) = rad(init 4(.#,))
is square-free. This completes our proof of Theorem 6.1. [ ]

It is an open problem due to Gel'fand, Kapranov & Zelevinsky {10] to find an ex-
plicit description of all triangulations of 4,_, x 4,_,. As an illustration for this ques-
tion, we give a lexicographic triangulation of 4, x 4, which is not a staircase triangu-
lation.

Let v denote the lexicographic term order on C[ Y] induced by the variable ordering

Y11>=Y22> V33> V23> YV12>=V21>= V13> V32>~ V31- Then
init (£,)=
Y11Y22: Y11Y23s Y11V325 Y11V33s V12V23V3a1s V12V33s Y13Va2s Y21V33 Y22V315 V22V33) -

The corresponding lexicographic triangulation equals

Av={J’11)’12)"13J’21Y31’ Y12Y13V21V31V32, V12YV13V21Y23) 32,
Y12V21Y22V23Y 325 YV13V21V23Y31) 32, J’13}’23J’31J’32J’33} .

This triangulation is not isomorphic to any staircase triangulation of A, x 4, because
no vertex y;; lies in all six 4-simplices. This example also shows that the 2 x 2-minors
of a 3 x 3-matrix are not a universal Grébner basis.
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