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Abstract

We use the Gromov-Witten/Pairs descendent correspondence for
toric 3-folds and degeneration arguments to establish the GW /P cor-
respondence for several compact Calabi-Yau 3-folds (including all CY
complete intersections in products of projective spaces). A crucial as-
pect of the proof is the study of the GW /P correspondence for descen-
dents in relative geometries. Projective bundles over surfaces relative
to a section play a special role.

The GW/P correspondence for Calabi-Yau complete intersections
provides a structure result for the Gromov-Witten invariants in a fixed
curve class. After change of variables, the Gromov-Witten series is a

rational function in the variable —¢ = e invariant under ¢ < ¢~ .
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0 Introduction

0.1 Descendents in Gromov-Witten theory

Let X be a nonsingular projective 3-fold. Gromov-Witten theory is defined
via integration over the moduli space of stable maps. Let M, (X, 3) denote
the moduli space of r-pointed stable maps from connected genus g curves to
X representing the class f € Ho(X,Z). Let

ev, : My, (X, 0) — X,

Li - Mg,r(Xa ﬁ)

denote the evaluation maps and the cotangent line bundles associated to the
marked points. Let vq,...,7v, € H*(X,Q), and let

%‘ = cl(Li> S H2(M97H(X7 6)7(@)



The descendent fields, denoted by 74(7), correspond to the classes ¥Fev:(y)
on the moduli space of maps. Let

() = [ 1:1 Uiy

9,8

denote the descendent Gromov-Witten invariants. Foundational aspects of
the theory are treated, for example, in [1, 2, 13].

Let C' be a possibly disconnected curve with at worst nodal singulari-
ties. The genus of C' is defined by 1 — x(O¢). Let M/W(X, B3) denote the
moduli space of maps with possibly disconnected domain curves C' of genus
g with no collapsed connected components. The latter condition requires
each connected component of C' to represent a nonzero class in Hy(X,Z). In
particular, C' must represent a nonzero class f3.

We define the descendent invariants in the disconnected case by

<Tk1(71)"'TkT(%)>, :/[ (Xﬁ)]ml;[@/) vy (7:)-

9,8
The associated partition function is defined by!
'W(X;u ‘ HTk(’yl)) = Z <H7’k () > u?972, (1)
i=1 B gez i=1 9.8

Since the domain components must map nontrivially, an elementary argu-
ment shows the genus ¢ in the sum (1) is bounded from below. The descen-
dent insertions in (1) should match the (genus independent) virtual dimen-
sion,

dim (37, (X. A" = [ ei(Tx) + 7. (2)

If X is a nonsingular toric 3-fold, then the descendent invariants can be
lifted to equivariant cohomology. Let

— (C*)S
be the 3-dimensional algebraic torus acting on X. Let sq, s9, 53 be the equiv-

ariant first Chern classes of the standard representations of the three factors
of T. The equivariant cohomology of the point is well-known to be

Hy(e) = Qlsy, 52, 53] -

LOur notation follows [18, 15] and emphasizes the role of the moduli space M;,T(X ,B).
The degree 0 collapsed contributions will not appear anywhere in our paper.
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For equivariant classes v; € Hi(X,Q), the descendent invariants

/ T
(o) mm) = [ [T vfevi(n) € Hilo)
Mg, (X,5)]

g7ﬁ vir i1

are well-defined. In the equivariant setting, the descendent insertions may
exceed the virtual dimension (2). The equivariant partition function

Z/GW(X;U

IT7(2)), € Qfs, 50 5](()

is a Laurent series in u with coefficients in Hj(e).

If X is a nonsingular quasi-projective toric 3-fold, the equivariant Gromov-
Witten invariants of X are still well-defined by localization residues [4]. In
the quasi-projective case,

/GW(X§U

1:[177%(%));‘ S @(31,82, Sg)((U)) .

For the study of the Gromov-Witten theory of toric 3-folds, the open geome-
tries play an imporant role.

0.2 Descendents in the theory of stable pairs

Let X be a nonsingular projective 3-fold, and let 5 € Hy(X,Z) be a nonzero
class. We consider next the moduli space of stable pairs

[OX i)F] S PTL(X>6)

where F'is a pure sheaf supported on a Cohen-Macaulay subcurve of X, s is
a morphism with 0-dimensional cokernel, and

X(F)=mn, [F]=0.

The space P,(X,[3) carries a virtual fundamental class obtained from the
deformation theory of complexes in the derived category [31].
Since P,(X, ) is a fine moduli space, there exists a universal sheaf

F— X x P,(X, ),



see Section 2.3 of [31]. For a stable pair [Ox — F] € P,(X, ), the restriction
of IF to the fiber
X x [0x — F] € X x By(X, )

is canonically isomorphic to F'. Let
mx: X X P,(X,0) — X,
wp: X X P,(X,0) — P,(X, )

be the projections onto the first and second factors. Since X is nonsingular
and FF is wp-flat, F has a finite resolution by locally free sheaves. Hence, the
Chern character of the universal sheaf F on X x P, (X, 3) is well-defined. By
definition, the operation

7o (75 (7) - o (B) Np( - )i Ho(Pu(X, B)) — HL(Pu(X, B))

is the action of the descendent 7;(v), where v € H*(X,Z).
For nonzero € Hy(X,Z) and arbitrary +; € H*(X,Q), define the stable
pairs invariant with descendent insertions by

r

<7‘;€1 (M) ... Tk, (%)>nﬁ = /[Pn(X s 1;[1 Tr, (V1)
— [ o, T (iR ).

Xﬁzl

The partition function is

ZP(X;Q

Mrow) =Y (Mmto) o
i=1 B n =1 n,B
Since P, (X, 3) is empty for sufficiently negative n, the partition function

is a Laurent series in ¢. The following conjecture was made in [32].

Conjecture 1. The partition function Zp <X; q | 1=y 7, (%)>ﬁ is the Laurent
expansion of a rational function in q.

Let X be a nonsingular quasi-projective toric 3-fold. The stable pairs
descendent invariants can be lifted to equivariant cohomology (and defined
by residues in the open case). For equivariant classes v; € Hi(X,Q), we see

ZP<X;Q

(1)), € Qsrss2.50)(0)



is a Laurent series in ¢ with coefficients in Hi.(e). A central result of [27, 28]
is the following rationality property.

Toric rationality. Let X be a nonsingular quasi-projective toric 3-fold. The

partition function
T

Zp(X:q

H ()

is the Laurent expansion in q of a rational function in the field Q(q, s1, s2, S3).

B

The above rationality result implies Conjecture 1 when X is a nonsingu-
lar projective toric 3-fold. The corresponding statement for the equivariant
Gromov-Witten descendent partition function is expected (from calculational
evidence) to be false.

0.3 Descendent correspondence

Let X be a nonsingular projective 3-fold. Let & be a partition of length ‘.

Let A be the cohomology class of the small diagonal in the product X*. For
a cohomology class v of X, let

vA= Y 0 ®...00]
Jlsedp

be the Kiinneth decomposition of v - A in the cohomology of X . We define
the descendent insertion 75(y) by

() = D2 Ta—1(03) - 7a, 1 (0) - (3)

Jlsesdp

For example, if v is the class of a point, then

72(P) = Ta,-1(P) -+ 2,1 (P)-

A central result of [30] is the construction of a universal correspondence
matrix K indexed by partitions o and & of positive size with

Ra,a € @[Z7 €1, C2, C3]<<u)>
and Ra,a = 0 unless |a| > |@|. Via the substitution
¢ = ¢i(Tx), (4)
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the elements of K act on the cohomology of X with Q[i]-coefficients. The

coefficients K, ; are constructed from the capped descendent vertex [30].
The matrix K is used to define a correspondence rule

Toar—1(71) * Tay—1(Ve) = Tay—1(71) *+* Tay—1(72) - (5)

The formula for the right side of (5) requires a sum over all set partitions P
of {1,...,¢}. For such a set partition P, each element S € P is a subset of
{1,...,¢}. Let ag be the associated subpartition of «, and let

Vs = H Vi
i€S
In case all cohomology classes v; are even, we define the right side of (5) by

Tar—1(71) *+* Tay—1(7e) = Z H ZTa(Ras,aWs)' (6)

P set partition of {1,...4} SEP 3

In the presence of odd cohomology, a natural sign must be included in
(6). We may write set partitions P of {1,...,¢} indexing the sum on the
right side of (6) as

S1U...USp ={1,...,¢}.
The parts S; of P are unordered, but we choose an ordering for each P. We
then obtain a permutation of {1, ..., ¢} by moving the elements to the ordered
parts S; (and respecting the original order in each group). The permutation,
in turn, determines a sign o(P) determined by the anti-commutation of the
associated odd classes. We then write

7—061—1(71) o 'Tae—l(’)/f) = Z (_1)0(]3) H ZTE(RaSi,E'ﬁYSi) :

P set partition of {1,...,¢} S;eP &

The descendent 7,,-1(71) - - - Ta,—1(7¢) is easily seen to have the same com-
mutation rules with respect to odd cohomology as Ta,—1(71) - * Tay—1(7e)-

The descendent correspondence proposed in [30] for all nonsingular pro-
jective 3-folds X is the following.

Conjecture 2. For~; € H*(X,Q), we have

(—a) 2o (X1 q

Tor—1(N) -~ -Ta[_l(w)%

= (—’iu)dﬂzlcw(XW ' Tar—1(11) *+ Tag—1(7e) )5

under the variable change —q = e™.



By Conjecture 1, the stable pairs descendent series on the left is expected
to be a rational function in ¢, so the change of variables is well-defined.

If X is a nonsingular quasi-projective toric 3-fold, all terms of the de-
scendent correspondence have T-equivariant interpretations. We take the
equivariant Kiinneth decomposition in (3), and the equivariant Chern classes
¢i(Tx) with respect to the canonical T-action on T in (4). The toric case
is proven in [30].

Toric correspondence. For ~; € Hi(X,Q), we have

(—a) 25 (X:q

Toy—1(7) -~ -Tag_l(w)i

= (—iu)"Zgy (X; u

Tar—1(71) ** Tag—1 (72) )Z

under the variable change —q = €™ for all nonsingular quasi-projective toric
3-folds X .

0.4 Complete intersections

Let X be a Fano or Calabi-Yau complete intersection in a product of projec-
tive spaces,
XCcP"x...xP'.

The main result of the paper is the proof of the descendent correspondence
for even classes.

Theorem 1. Let X be a Fano or Calabi- Yau complete intersection 3-fold in
a product of projective spaces, and let ; € H**(X,Q) be even classes. Then,

Zo(X:q

Tal—l(%)"'Tae—l(W))ﬂ € Q(q) ,

and we have the correspondence

(—Q)_dﬂ/QZP(X;q

SECARR SICH)]

= (_W)dﬁzlcw(XW ' Ton—1(71) " Tap—1(7¢) )B

under the variable change —q = e™.



If we specialize Theorem 1 to the case where all descendents are primary
or stationary, we obtain the explicit correspondence conjectured first in [15]
for the Donaldson-Thomas theory of ideal sheaves.

Corollary 1. Let X be a Fano or Calabi-Yau complete intersection 3-fold
in a product of projective spaces, and let v; € H*(X,Q) be even classes of
positive degree. Then,

Zp <X;q

and we have the correspondence

1170(71) f[lTkj(P)> € Q(q) ,

B

(—q) %% Zp (X;q

ﬁlm) H Tkj<p>> -

(—iu)® (iu)~ 2% Zg, (X;u

under the variable change —q = e™.

If we specialize Theorem 1 further to the Calabi-Yau case (with no de-
scendent insertions), we obtain the following result.

Corollary 2. Let X be a Calabi- Yau complete intersection 3-fold in a product
of projective spaces. Then,

ze(X:q) € Q)
and we have the correspondence
Zp (X;q>ﬁ = Z/GW<X§U>5

under the variable change —q = e™.

Corollary 2 together with the DT /PT correspondence proven by Toda [36]
and Bridgeland [3] implies the original GW /DT correspondence [14] in case
X is a Calabi-Yau complete intersection in a product of projective spaces.
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0.5 BPS counts

For complete intersection Calabi-Yau 3-folds, Theorem 1 is closely related to
the BPS structure conjectured by Gopakumar and Vafa [5] in 1998.

The method of [5] was to consider limits of type ITA string theory which
may be conjecturally analyzed in M-theory. A remarkable proposal was made
n [5] for the form of the Gromov-Witten potential FX of a Calabi-Yau 3-fold
X. Let

= Z UQQ’ZF;(('U), F;((’U) s Z N;,(ﬁ VP

g>0 0£B€H,(X,Z)

where N;’(ﬂ is the (connected) genus g Gromov-Witten invariant of X in
curve class 3. For each curve class f € Hy(X,Z) and genus g, there is an
integer ng g counting BPS states in the associated M-theory. For fixed 3, the
count ny g is conjectured to be nonzero for only finitely many g. The formula
predicted in [5] is:

20—
FX _Y Y Xy (sm du/2)) 9 vdﬂ. ™)
g>0 B#0 =0

The BPS form (7) places integrality constraints on the Gromov-Witten in-
variants.

We can uniquely deﬁne invariants ng 5 € Qby (7). Neither the integrality
nor the vanishing of n s for sufficiently high g is then clear. As a corollary
of Theorem 1, we obtaln the following result.

Corollary 3. Let X be a Calabi- Yau complete intersection 3-fold in a product
of projective spaces, and let § € Ho(X,Z):

(i) After the variable change —q = ™,
Fg(q) = Coefl,s [FX} € Q(q)
is a rational function invariant under q < ¢ *

(ii) If. for all divisors [3|3, n;@ vanishes for all sufficiently large g, then

n;fﬁeZ, Vg > 0.

11



Corollary 3 follows easily from Theorem 1 and the results of Section 3 of
[31]. The rationality of part (i) is slightly weaker than the full Gopakumar-
Vafa predicted BPS form, but becomes equivalent with the vanishing assumed
in (ii). A proof of the integrality of n; ; has been recently given in [9]. The
menthod is analytic but eventually reduces the integrality to the local curves
calculation of [4]. The vanishing (ii) is open.

0.6 Plan of the paper

We will prove Theorem 1 via the degeneration scheme established in [19].
To control the Gromov-Witten and stable pairs theories of Fano and Calabi-
Yau complete intersections in products of projective spaces, we must prove
GW /P correspondences for relative and descendent insertions in several sim-
pler geometries.

Let D C X be a nonsingular divisor in a nonsingular 3-fold X. The first
step in the proof of Theorem 1 is to formulate a GW /P descendent corre-
spondence for the relative geometry X /D. The interaction of the descendents
with the relative divisor is explained in Section 1 with a full correspondence
proposed in Conjecture 4 of Section 1.3.

The degeneration scheme of [19] requires the study of P!-bundles

m:Pg— S
over surfaces S relative to a section of m where S is either
(i) a toric surface,
(ii) a K3 surface,
(iii) or a P!-bundle over a higher genus curve C.

Sections 2-6 are devoted to the proofs of descendent correspondences for the
relative surface geometries (i)-(iii).

The toric case (i) is studied in Section 2. For the K3 surface, the results
of Section 8 of [30] establish special cases. The required descendent corre-
spondence for P g5 is proven in Section 3 after the fully equivariant relative
descendent correspondence for the 3-fold cap is established.

The technically most difficult results concern the surface geometries (iii).
We study higher genus curves by degeneration to genus 0. The method
requires establishing correspondences for special surface geometries in Section

12



4 and the introduction of bi-relative residue theories in Section 5. The odd
cohomology of the higher genus curves, discussed in Section 6, is controlled
by the strategy first employed in [24].

The degeneration scheme and the proof of Theorem 1 is presented in
Section 7. In fact our methods are valid in any context in which the Fano or
Calabi-Yau 3-folds can be efficiently degenerated. As an example, the GW /P
correspondence for the Enriques Calabi-Yau is discussed in Section 7.6.

The application of relative and descendent methods to the GW/P corre-
spondences for non-toric Calabi-Yau geometries has been one of the major
motivations for our work in [27, 28, 29, 30]. The recent proof [34] of the
full Katz-Klemm-Vafa conjecture for the Gromov-Witten theory of K3 sur-
faces uses the GW /P correspondences for non-toric hypersurface Calabi-Yau
3-folds established here.
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1 Relative theories

1.1 Definitions

Let X be a nonsingular 3-fold with a nonsingular divisor D C X. Rela-
tive Gromov-Witten and relative stable pairs theories enumerate curves with
specified tangency to the divisor D. See [15, 27] for a technical discussion of
relative theories.

In Gromov-Witten theory, relative conditions are represented by a parti-
tion yu of the integer [4[D], each part y; of which is marked by a cohomology
class v; € H*(D,Z). The numbers p; record the multiplicities of intersec-
tion with D while the cohomology labels 7; record where the tangency occurs.
More precisely, let M’Q’T(X /D, 3),, be the moduli space of stable relative maps

13



with tangency conditions p along D. To impose the full boundary condition,
we pull-back the classes v; via the evaluation maps

M,,,(X/D.3), — D (5)

at the points of tangency. By convention, an absent cohomology label stands
for 1 € H*(D,Z). Also, the tangency points are considered to be unordered.?

In the stable pairs theory, the relative moduli space admits a natural
morphism to the Hilbert scheme of d points in D,

P.(X/D, ) — Hilb(D, /ﬁ D)) .

Cohomology classes on Hilb(D, [45[D]) may thus be pulled-back to the relative
moduli space. We will work in the Nakajima basis of H*(Hilb(D, [,[D]), Q)
indexed by a partition y of [4[D] labeled by cohomology classes of D. For
example, the class

n) € (D, [ [D)). Q).

with all cohomology labels equal to the identity, is [] ;' times the Poincaré
dual of the closure of the subvariety formed by unions of schemes of length

H1s -y He(p)

supported at /() distinct points of D.
The conjectural relative GW /P correspondence for primary fields [15]
equates the partition functions of the theories.

Conjecture 3. For vy, € H*(X,Q), we have

), -

(_iu)d6+5(ﬂ)*|ﬂ| Zw (X/D; U ’ T0(71) -+ 10 (70)

(_Q)_d6/2ZP(X/D§q (1) -+ 7o ()

0
B

after the change of variables e = —q.

As before, Zp (X/D; q | 10(71) - 10(%)

nal function of q.

,LL)B is conjectured to be a ratio-

2The evaluation maps are well-defined only after ordering the points. We define the
theory first with ordered tangency points. The unordered theory is then defined by dividing
by the automorphisms of the cohomology weighted partition pu.
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1.2 Diagonal classes

To state our results for the Gromov-Witten/Pairs descendent correspondence
in the relative case, a discussion of diagonal classes is required.

For the absolute geometry X, the product X® naturally parameterizes s
ordered (possibly coincident) points on X. For the relative geometry X/D,
the moduli space of s ordered (possibly coincident) points

(pla"'7ps> GX/D

is a more subtle space. The points are not allowed to lie on the relative
divisor D. When the points approach D, the target X degenerates. The
resulting moduli space (X/D)® is a nonsingular Deligne-Mumford stack. Let

Are| C (X/D)S

consisting of the small diagonal where all the points p; are coincident. As a
variety, A, is isomorphic to X.

The space (X/D)® is a special case of well-known constructions in relative
geometry. For example, (X/D)? consists of 6 strata:

le
Qe

le le
20 e

15



le

20

/

) 2e /
/
) le /

As a variety, (X/D)? is the blow-up of X? along D?. And, A, C (X/D)?is
the strict transform of the standard diagonal.

Select a subset S of cardinality s from the » markings of the moduli space
of maps. Just as W;jr(X , ) admits a canonical evaluation to X* via by

the selected markings, the moduli space M/gﬂ,(X /D, 3),, admits a canonical

16



evaluation

evg :M;T(X/D,ﬁ)u — (X/D)?,

well-defined by the definition of a relative stable map (the markings never
map to the relative divisor). The class

ev(Ara) € H* (M, (X/D, 8),)

plays a crucial role in the relative descendent correpondence.
By forgetting the relative structure, we obtain a projection

m:(X/D)* — X° .
The product contains the standard diagonal A C X*®. However,
T (A) # A -

The former has more components in the relative boundary if D # ().

1.3 Relative descendent correspondence

Let @ be a partition of length (. Let Ay be the cohomology class of the
small diagonal in (X/D)¢. For a cohomology class v of X, let

v A € H((X/D), Q).

We define the relative descendent insertion 7, () by

a1

Ta(y) = T e (e A (9)

.....

In case, D = {), definition (9) specializes to (3).
Let Qx[D] denote the locally free sheaf of differentials with logarithmic
poles along D. Let
Tx[-D] = Qx([D] ¥
denote the dual sheaf of tangent fields with logarithmic zeros.
For the relative geometry X/D, we let the coefficients of K act on the
cohomology of X via the substitution

c¢i = ¢i(Tx[-D])

17



instead of the substitution ¢; = T'x used in the absolute case. Then, we
define

Tan—1(71) " Tap—1(7e) = > II ZTa(Ras,a'%) (10)

~

P set partition of {1,...,l} SEP &

as before via (9) instead of (3).
Definition (10) is for even classes 7;. In the presence of odd ~;, a sign has
to be included exactly as in the absolute case.

Conjecture 4. Forv; € H*(X,Q), we have

(—a) 25 (X/D;q

Tar—1(11) ** Tay—1(7e) ' M)B

= (_Z'u)dﬁJré(u)—\M W (X/D; u

Tar—1(71) *+ Tap-1(7e) ‘ M)ﬁ

under the variable change —q = e™.

In addition, the stable pairs descendent series on the left is conjectured
to be a rational function in ¢, so the change of variables is well-defined.
Conjecture 4 is also well-defined in the equivariant case with respect to a
group action on X preserving the relative divisor D. Definition (9) lifts
canonically to the equivariant cohomology. The coefficients of K act on the
equivariant cohomology of X via the equivariant Chern classes ¢;(Tx[—D]).

1.4 Degeneration

There is no difficulty in proving the compatibility of Conjectures 2 and 4
with respect to the degeneration formula. In fact, both definition (9) and
the replacement of Tx by T'x[— D] are required for compatibility with degen-
eration formula. Definition (9) canonically lifts the diagonal splittings which
occur in the correspondence for the absolute case.

The log tangent bundle arises for the following reason. Let

mT: X — B

be a nonsingular 4-fold fibered over an irreducible nonsingular base curve B.
Let X be a nonsingular fiber, and let

X1 Up Xy
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be a reducible special fiber consisting of two nonsingular 3-folds intersecting
transversally along a nonsingular surface D. Let Tx[—X;—X5] be the tangent
bundle of the total space X with logarithmic zeros along X;Up X5. The basic
restriction property

o(Tx[—X1 — X))

x; = c(Tx,[— D))

holds on the special fiber. The Chern classes of the tangent bundle of a
general fiber of 7 therefore are extended by the Chern classes of the log
tangent bundle of the special fiber.

Since the compatibility with degeneration will play an important role in
the paper, we state the result (a formal consequence of the usual degeneration
formula in Gromov-Witten theory).

Compatibility with degeneration. Let vy,...,7 be cohomology classes
on the total space X. We have

/GW(X' Tar—1(71) *** Tay—1(7Ve) )B -
Z Z/GW(XI/D m ‘ ,u)ﬁ 3(,u)u2£(“)

i€ly 1
/GW(X2/D I 7ai-1(7) ‘ Mv>
i€l B2

The sum is over all marking distributions and curve class splittings

IIUIQZ{la‘--a€}7 6:/81+52a

and all boundary conditions p along D.

The boundary conditions p are partitions weighted by elements of a fixed
basis of H*(D, Q). The boundary condition ¥ has the same parts as p but
with weights given by dual elements of the dual® basis of H*(D,Q). The
gluing factor is defined by

(p)
3(n) = [T wi - [Aut(p)] (11)

=1

The first factor in (11) is simply the product of the parts of . The second
term is the order of the symmetry group of u as a weighted partition.

3With respect to the intersection pairing.
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1.5 Relative results

The first results about the descendent correspondence in the relative case
concern projective bundles over a nonsingular surface S. Let

LO; Loo — S
be two line bundles. The projective bundle
Ps=P(Lo® Ly)— S

admits sections

We will establish the relative descendent correspondence of Conjecture 4 for
Ps/Sw and Pg/Sy U So when S is a toric surface.
There is a canonical C*-action on Pg by scaling the coordinates on the
P!-fibers,
§- [l()u loo] = [gl()aloo]a £ € Cc. (12>
We denote by ¢ the generater of the equivariant cohomology of C*. We

will prove Conjecture 4 for Pg equivariantly with respect to the fiberwise
C*-action (12).

Theorem 2. Let S be a nonsingular projective toric surface. For classes
vi € HE(Pg,Q), we have

c*
ZP(PS/Soo;q Tar-1(71) *** Ta,—1(7e) ' M)B € Q(g,t)

and the correspondence

C*
(=02 2o(Ps/Sucta a1 (1) Tara(30) | 1),

(C*
= (—iu)dﬁﬁ(“)*'“'Z’GW<PS/SOO; U ' Ta1—1<71) T Tag—l(’)%) ‘ N’)ﬁ

under the variable change —q = e™.

The parallel result holds when the projective bundle geometry is taken
relative to both sections.

20



Theorem 3. Let S be a nonsingular projective toric surface. Consider the
relative geometry Pgs/So U Ss. For ~; € HE(Pg, Q), we have

Zp(v i1 (71) -+ Tyt (70) ’ u)j € Q(g;1)

and the correspondence

(~a) "2 (v

(C*
Tt (1) o1 () | 1),

(C*
— (_iu)dﬂ-“e(l/)_h/l‘f‘z(ﬂ)_'ﬂ'Z/GW(V Ta1—1<71) P Tag—l(’)/f) ‘ u)ﬁ

under the variable change —q = e™.

Theorems 2 and 3 will be proven in Section 2. We will use the absolute
toric correspondence and the relative projective bundle geometries to prove
Theorem 1 in Section 7.

2 Proofs of Theorems 2 and 3

2.1 Conventions

Localization with respect to the fiberwise C*-action will play a central role in
the proofs of the descendent correspondence for the relative projective bundle
geometries. We will use the localization formula for Pg/S., in a capped form
following [18, 30]. We review the constructions here.

Since the fiberwise C* acts trivially on .S, we have the simple characteri-
zation

He. (5,Q) = H(5,Q) ©¢ Q[f] -

Via the C*-invariant projection
m:Pg— 5,
there is canonical pull-back

7™ HE(S,Q) — HE(Pg, Q) .
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The localized C*-equivariant cohomology of Pg is a free module of rank
2 over the localized C*-equivariant cohomology of S,

H:(Ps, Q)1 2 HE(S,Q)s - [S0] @ Ha(S,Q)1 - [Sx). (13)
The normal bundles of Sy and S, in Pg are
N'=Loo®L;, and N=Ly® L,
respectively. Under the isomorphism (13), we have

v 2 *
P HE. 14
s IS e (5@ (14)
where N = ¢;(N) € H*(S,Q). Equation (14) is the Atiyah-Bott localization
formula for the fiberwise C*-action on Pg.

Let L € Hy(S,Z) be a fixed ample polarization of S. We will measure the
S-degree of curve classes on Pg via m push-forward followed by intersection
with L,

™) =

Lﬁ:/SL-W*(ﬁ) .
Let [P] € Hy(Pg,Z) be the class of a fiber of m. We have an exact sequence
0 — Z[P] — Hy(Ps,Z) — Ho(S,Z) — 0 . (15)

The only effective curve classes with Lz = 0 are multiples of [P].
The inclusions of S via Sy and S, determine two sections of the surjection
in (15). Let
Eff(Sy), Eff(S.) C Ha(Pg,Z)

denote the effective curve classes supported on Sy and S, respectively.

2.2 Log tangent bundle

The definition of the descendent correspondence

Tar—1(M) = Tapm1 (V) = Tar—1(1) -+ Tag—1(70)

for the relative geometry Pg /S, requires the Chern classes of the log tangent
bundle Tp [—Ss].

Similarly, for the relative geometry Pg/Sy U Sy, the Chern classes of
Tp [—So — Sx| are required.
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Lemma 1. The total Chern classes are

o(Tps[~Sx]) = e(@Ts)- (1+[S]) .
(Tpo[~S0— Sul) = e(x"Ty)

in the C*-equivariant cohomology of Pg for the fiberwise action.

In both cases, the restriction of the Chern classes to S, involves only
classes pulled-back from S via . We leave the elementary derivation of
Lemma 1 to the reader.

2.3 Capped localization
2.3.1 Capping over Sy

Let P,,(Ps/Sx,3), be the moduli space of stable pairs with boundary con-
dition given by u. Let a be a partition of positive size, and let

FZ(VI)"WVZ), /YZGH*(SaQ)

be a vector of cohomology classes. Let

Ta(L'0) = Tay—1(11[S0]) - - - Tay—1(7e[So])

be the associated descendent insertion over Sy. We can study the partition

functions
q" / Ta(Do), 16
zn: [Pn(Ps/So0,) ] (To) (16)
Zu2g72
g

via localization with respect to the fiberwise C*-action. Recall, 7,(Ty) is
defined by (10) and is a sum of terms. For the stable maps moduli space, the
number of markings depends upon the summand of 7,(Ig), and is denoted
by *.

The stable pairs capped descendent over Sy is a sum of particular local-
ization contributions to (16). Let

| 7allo)
[Mg,*(PS/Soovﬁ)u}mr

Un,ﬁ,u - Pn<PS/SOOa 5)/1
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be the open locus corresponding to stable pairs which do not carry com-
ponents of positive S-degree in the rubber over So. The open set U, g, is
C*-invariant and has compact C*-fixed locus. Indeed, the fixed locus

c*
U ﬁMCUnﬂ#

consists precisely of the C*-fixed loci of P, (Pg/Se, 3), with no components
of positive S-degree in the rubber over S,,. Unless the curve class [ is of the
form

B = 0o+ [ul[P], B € Ef(S), (17)
the open set U, g, is empty. The stable pairs capped descendent over .Sy is

G A= [ ) eQtil@). ()

well-defined by C*-residues. If condition (17) is not satisfied, Cf (74(I0), ),
vanishes.
For Gromov-Witten theory, we consider the parallel open set

ﬁg,ﬂ,u C M;,*(PS/Sooa ﬁ)u

corresponding to stable maps which do not carry curves of positive S-degree
in the rubber over So. The open set U, g, is C*-invariant and has compact
C*-fixed locus. We again define the Gromov-Witten capped descendent over
Sy via C*-residues,

G (w0.8), = [ R el ). 09

U Bt ]'uz’r

The capped descendent (19) vanishes unless condition (17) is satisfied.

2.3.2 Capping over S,

We can similarly define the capped contribution over S.,. Let

~

Taloo) = 7o, 1 (N[Sa]) - 75,1 (e[ Se]) -

Consider the integrals

Sa | rall) (20)

n [Pn(Ps/Sousoo,ﬁ)l,_’u]””
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M, ,(Ps/S0USsc,B),u]Vi"

Zgju%* /[ 7 (To0)

via localization with respect to the fiberwise C*-action.
The stable pairs capped descendent over S, is again a sum of particular
localization contributions to (20). Let

ang’,,,# C Pn(PS/S(] U Soo, 6)1}7#

be the open locus corresponding to stable maps which do not carry compo-
nents of positive S-degree in the rubber over Sy. The open set W, g, is
C*-invariant and has compact C*-fixed locus. The fixed locus

(C*
W, - Wn,ﬁ,u,u

1,8,V

consists precisely of the C*-fixed loci of P,,(Ps/SoU S, 3),,, with no com-
ponents of positive S-degree in Sy. Unless the curve class (3 satisfies

p= |VHP] + ﬁom ﬁoo € EH(SOO)7 (21)

the open set W, g, is empty. The stable pairs capped descendent over So,
is

Clrala) = S0 [ ) eQltgl@)  (22)

well-defined by C*-residues. The capped descendent (22) vanishes unless
condition (21) is satisfied.
For Gromov-Witten theory, we consider the parallel open set

Wg:ﬁﬂj»,ﬂ - M;,*(PS/SO U Soov B)Vﬂu

corresponding to stable maps which do not carry curves of positive S-degree

in the rubber over Sy. The open set W, 5,,, is C*-invariant and has compact

C*-fixed locus. We define the Gromov-Witten capped descendent over Su,
1

via C*-residues,
GW(_ _ - (T il
cm@ﬂ@@w—gﬁﬂﬁv]wmu>e@%mw.@w

Wq.8,v,u

The capped descendent (23) vanishes unless condition (21) is satisfied.
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2.3.3 Capped localization formula

Let ® = (¢1,...,¢5) be a graded basis of H*(S5,Q), and let ¢y, ..., ¢} be a
dual basis satisfying
/S@ ) @/ = 5ij .

We take the cohomological weights of the relative boundary condition p to
lie in the basis ®. Let u" then denote the boundary condition obtained by
replacing each ¢; by the Poincaré dual class ¢, .

Let 6 € Hy(Pg,Z) be a curve class. A splitting of § of type d > 0 is a
pair of curve classes (3, B of Pg satisfying

By € Efi(Sy), Beo € Efi(Sx), and By + d[P] + B = .

We will often denote the type of a splitting by ,

B = Bo + d[P] + B .

A given (§ € Hy(Pg,7Z) admits only finitely many such splittings.

The capped localization formula for Pg/S,, is is easy to state in terms
of the capped descendents over Sy and S,,. First consider the stable pairs
partition function®

Z8  (1a(To) - 72(Fa)) =

>at | [T 71 (ulSo]) - TL 7,2 (1S

n(Ps/So0,8)ul?"
The capped localization formula is

Z8  (1a(To) - 72(Ta)) =

BN ONS .
32 CE (). o + P S5 € (B P+ i)

The sum on the right side is the triple sum

)OED DD DI

d>0 Bo+d[P]+B0=8 |v|=d

4We depart slightly from the notation of the Introduction for more efficient presentation
of the data.

26



The gluing factor 3(v) is defined by (11).
The parallel partition function® in Gromov-Witten theory is

oW (— s —m \©

28 (7alT0) - 1a(T)) =
ZUQg—Q
g

and the capped localization formula is

J

[T 7ei-1(lSo]) - T1 Taj—lﬁj [Sec)),

‘/[M;,* (Ps/S ’ﬁ)u}vir ;

Zs3! (Ta(To)'Ta(foo))C* =

C§™ (7alT0), Bo + d[P]) 5(0) w?® CO(7a(Tc). dIP] + B)

v v p

where again the sum on the right is the triple sum

POV D

d20 Bo+d[P]+Bec=4 |v|=d

2.3.4 Capped edge

In the capped localization formulas of [18, 30], there are also capped edge
terms

ZPV — qn/ 1 7
bk Zn: [Pn(P5/S0USoe,d[P]),] Vi

Z2h = e[ 1
1 [
g

Mg(Ps/SoUSso,d[P]),]vir

where d = |v| = |pu|. By the following result, the capped edges here are
trivial, and hence need not be included in the capped localization formulas.

Lemma 2. We have the evaluations

20,0 = b, T
o )

1 —26(v
ZS, = 5 )

3(v)

5Since Sy and S, are disjoint, we have

7a(T0) - 72(Too) = Ta(To) - 7~(Toc)

e

by definition (10).



Proof. We use the standard degeneration of Pg/Sy U Sy to
Ps/SoUSw U Pg/SpU Sy .

For the stable pairs, the degeneration formula for the capped edges is
Zg,u,uv = Z ZZV,)\V (_1>|)\|7€(A) 5()\) qil/\‘ ZS,)\,MV :
A

The capped edge evaluation follows immediately. A parallel argument is valid
in Gromov-Witten theory. O]

2.4 Proof of Theorem 2
2.4.1 Correspondence over Sj

We will use the capped localization formulas together with C*-equivariant
descendent correspondences for the capped contributions over Sy and S, to
prove Theorem 2.

To study the contributions over Sy, we require the full torus action. Since
S is a toric surface, a 2-dimension torus 7" acts on S. We lift T" to the line
bundles Ly and L;. Let T be the full 3-dimensional torus acting on the
relative geometry Pg/So,

T=TxC",

where the second factor is the fiberwise C*.

The capped contribution over Sy is not difficult to understand. The open
sets

Unpp C Pu(Ps/SocsB)us Ugp C M, (Ps/Soc. ), (24)

after localization with respect to the T-action yield only the standard capped
descendent vertices at the T-fixed points of .Sy.
We consider capped contributions over Sj in curve class

B =B +dP], By € Ef(S).
Let p be a boundary condition along S, with |u| = d.

Proposition 3. The C*-equivariant descendent correspondence for the capped
contributions over Sy holds. We have C (7a(T0), 8), € Q(g,t) and

(—a)™ % C (7a(To), 9),, = (—iw)+ 0~ C§W (7, (T), )

I

under the variable change —q = e™.
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Proof. We apply T-equivariant localization to the open sets (24) to express
capped contributions in terms of descendent vertices [30]. We then apply the
GW/P correspondence established in Theorem 8 of [30]. Since the C*-fixed
locus is compact (for the fiberwise C*-action), we may set the equivariant
parameters of T" to 0. O

2.4.2 Correspondence over S,

The next step is to prove a descendent correspondence for the capped con-
tributions over S,,. Consider capped contributions over S, in curve class

B =dP]+ B, P € Eff(Sx).
Let v, ;i be boundary conditions along Sy and Sy, with |v| = d.

Proposition 4. The C*-equivariant descendent correspondence for the capped
contributions over Sy, holds. We have CZ, (Ta(Foo),ﬂ) € Q(q,s) and

v,p

— (i) B8O+ Il COW <Ta(fm>7 5)

v,p

(—q) "> CF, (2(T), B)

@

under the variable change —q = e™.

Theorem 2 is an immediate consequence of Propositions 3 and 4 and the
capped localization formulas for Pg/S.
2.4.3 Induction strategy

If (3 is not an effective curve class, both capped descendent contributions over
S+ vanish and Proposition 4 is trivial.

We will prove Proposition 4 for effective curve classes by induction on Lg
and the length ¢(&). The base case is

Ly=0 and (@) =0.

If Lg =0, then G = 0. If /(@) is also 0, the capped contribution over S,
is equal to the capped edge term determined by Lemma 2. Proposition 4 for
B = 0 and /(@) = 0 is then easily seen to hold.

Consider capped contributions over S, in curve class

B =d[P]+ B, B € Eff(Sx).

29



Let v and p be relative conditions along Sy and S, with |v| = d. We take
the cohomology weights of v and pu to lie in the basis

Q= (¢1,...,075)

of H*(S,Q). Let deg(r) and deg(x) be the sum of the (complex) degrees®
of the cohomology weights of v and u respectively. The codimensions of the
relative conditions v and p are

0(v) = [v| = l(v) +deg(v) and O(u) = |u| — l(p) + deg(p) -

For the vector ' = (71, -.-,7) associated to the descendent insertion,
define” ,
- 1
deg(T) = 5 Y- deg(3), i € H20:) (S, Q) . (25)
i=1

~

The maximum value of deg(I") is 2¢.
We will prove Proposition 4 for the capped contributions

CEralPe). D 2 (7a(F). ) (26)
By induction, we assume Proposition 4 has been established for all capped
contributions

(). Doy CY (7). )

/ /

v

satisfying at least 1 of the following 4 conditions:
o Lg/ < Lﬁ ,
o Lﬁ/ = Lﬁ and 5(0/) < E(a),

~

o Ly =Lg, (o) = (@), and deg(I") > deg(T'),
o Ly = Ly, (o) < £(@), deg(T") = deg(T"), and (') < 0(v).

Via the third condition, we include a reverse induction over deg(I'). Since
deg(T") < 2¢, the reverse induction is possible.

The proof of the induction step requires the C*-localization formula for
the capped descendent contributions over S, in terms of rubber moduli

spaces. A review of the basic facts is presented in Sections 2.4.4 and 2.4.5.

6We will always use the complex grading (which is % of the real grading).
"Again, we use the complex grading.
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2.4.4 Rubber geometry

The capped contributions (26) over S, are defined via C*-residues. The
C*-localization formula for the capped contributions has three parts:

(i) rubber integrals over Sp,
(ii) edge terms,
(iii) rubber integrals over S.

The edge terms for stable pairs and stable maps are determined by Lemma
2. We discuss the rubber integrals here.
Consider first rubber® geometry for the moduli of stable pairs. Let

Pn<PS/SO U Sooa ﬁ):,é - Pn(P/SO U 5007 5)6,5

denote the open set with finite stabilizers for the fiberwise C*-action and no
destabilization over S,,. The rubber moduli space,

Bu(Ps/SoU S, )5 = Pu(P/So U Sao, B)c5 / €

denoted by a superscripted tilde, is determined by the (stack) quotient. The
rubber moduli space carries a virtual fundamental class,

[Pn(PS'/SO U Soo> ﬁ):&]mr‘

The fiberwise C*-action is lost after the quotient, the fiberwise C* acts triv-
ially on the rubber moduli space.

The rubber moduli space P, (Pgs/Sy U Sx, 3)7; carries cotangent lines
associated to Sy and S,,. A construction can be found in Section 1.5.2 of
[19]. Let

\IIO, \I’oo € HQ(PH(PS/SO U Soo> ﬁ):&» @)

denote the associated cotangent line classes.

8We follow the terminology and conventions of the rubber discussion in [27] for stable
pairs and [19] for Gromov-Witten theory.
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The C*-localization formula for the capped descendent contribution over
Ss for stable pairs is:

CEO (Ta(fw)a ﬁ)u,u =

> e i), S
P LA Y ¢!

1 ¢
RZ(_%H i+ N)%))AW . (27)
Here, RS[P] denotes the generating series for rubber integrals over Sy C Pg of
curve class d[P] and inverse cotangent line integrand. Similarly, Rg denotes
the generating series of rubber integrals over S,, C Pg of curve class (5.
For Gromov-Witten theory, a parallel discussion yields the C*-localization
formula:

oy (Ta(foo), ﬁ) =

v
1
R/GW( > A2
M{:d d[P] _r}o_t VA 3(\)

1 4
_%H'HT&A((HN)%)) - (28)

R’g GW( 11 .
2.4.5 Virtual dimensions
The virtual dimensions of the stable pairs and stable map spaces are
dim [Py (Ps/So U So, B)uy]™ = dg—0(v) = 0(p) ,
dim [My ,(Ps/Suc, B)u]"™ = dg+L—0(v) —6(p) .
The virtual dimensions of the rubber moduli space are 1 less,
dim [P,(Ps/So U S, B)5,]7" = dy — 0(v) = 0() =1
dim [M ((Ps /S, ) = dg+L—0(v)—0(u) —1.

~ ]vir
v,p

2.4.6 Proof of the induction step

We return to the proof of Proposition 4 via the induction strategy of Section
2.4.3. We must prove the descendent correspondence for the capped contri-
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butions (26) assuming the induction hypothesis. The analysis divides into
two cases.

~

Case 1. |a| — 2((a) + deg(l") > dg — 0(v) — 0(n)

Under the hypothesis of Case I, we will prove the vanishing of both sides
of the descendent correspondence of Proposition 4 for capped contributions
over S, by a straightforward dimension analysis.

First, consider the moduli space of stable pairs. Formula (27) expresses

C% (7a(Ts), B8),,, B = d[P] + B

in terms of integrals over rubber moduli spaces. The rubber over Sy carries
curve classes with S-degree 0. In formula (27), if

0(v) + 0(\) > 2d,

then the rubber integrals over Sy vanish (since the the virtual dimension® of
the rubber moduli spaces over Sy is 2d — 1). Therefore,

O(\Y) > 0(v) .

As a consequence, the virtual dimensions of the rubber moduli spaces over
Seo in (27) never exceed

dg—0(v)—0(n) —1.

The dimension of the integrand on the rubber of oo is at least the dimension
of

dim( Il a1 (30)) = 18] — 20(@) + deg(T) > dy — 6(v) — 6(s1) — 1 .

where the inequality is by the hypothesis of Case I. We conclude every rubber
integral'® over S, in (27) vanishes and hence

CEO (T&\(foo)vﬂ> =0.

l/7u

9The leading ¢ term of RS[P] (ﬁ) , given by the intersection pairing between v
e |29

and ), is degenerate.
10 All the rubber integrals are non-equivariant (there is no C*-action). For a nonvanishing
result, the integrand can not exceed the virtual dimension.
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The arugment for the vanishing of C&W (Ta(f‘oo), ﬁ) is identical. We use

12

the compatibility of the correspondence with grading established in Proposi-
tion 24 of [30] and the identification of the log tangent bundle of Lemma 1.
Degree can be interchanged between the cotangent lines and Chern class of
Tp (—Sy — Sx). However, since

c(Tpy[—So — Sx|) = (7™ Ts),
the dimension calculus for the vanishing remains unchanged. We conclude

WV (r2(Tw).8) =0

v,
Proposition 4 is established in Case I.

Case II. |a| — 20(@) + deg(T) < dg — 0(v) — O(p)

The capped contributions need not vanish under the hypothesis of Case II.
However, we will find parallel inductive relations to establish the descendent
correspondence of Proposition 4.

To each partition A\ weighted by cohomology classes of S in the basis @,

o)
((Ala 51)7 ceey ()‘Z()\%df()\))) ) |)‘| = Z )‘i7 51 €d ) (29)
i=1

we associate a descendent insertion over S,

TIA] = 7 —1(61[So]) - - - TM(A)—l(éE(A) [So]) -

The dimension of the descendent insertion 7[\] equals ().
Let A, be the set of cohomology weighted partitions (29) defined by

A= {x ‘ A =lvl 00 =0) | .

Since there are only finitely many partitions (29) satisfying |A| = |v|, the set
A, is finite.

For each cohomology weighted partition A € A,, consider the stable pairs
and Gromov-Witten generating series

Z5 (7N ma(T) " =
Sa [T 7 (G0]) - T 7,1 (). (30)

[Pn(Ps/Soc,B)u]vir ~; j
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20 (T =Tw) —
B a\t1d
Z u?g—Z
g

The dimension of the integrand in for the stable pair series (30) is

-, a1 (6ilSo)) - 1 T2 1(55)-
/[Mg,*(Ps/sooﬁ)u}”““lzl 1;[ Y

0(v) + |a| — 20(a) + deg(D),
and the dimension of the moduli space of stable pairs is dg — 6(u). By
the hypothesis of Case II, the integrand dimension is strictly less than the
dimension of the moduli space. By compactness of the geometry, the series
(30) vanishes identically,

~ C*
Z5 , (t[\ - 75(Tw))” =0 (31)
An identical dimension count shows
1GW I ©
28V (7N (T)) =0 (32)

The relations (31)-(32) will be used to uniquely determine the capped con-
tributions

% (7afx). 8),,.  C (7). 8) . B=dPl+he.  (33)

v,p Ian

Moreover, the determinations will be sufficiently compatible to prove the
correspondence of Proposition 4 for (33).

We will expand relations (31)-(32) using the capped localization formula.
First, we write

i 5 5
oy () = T (gl 473 (2 08=) 69

using the basic identity (14). We have already proven the descendent corre-
spondence for almost all the terms of the parallel capped localization formulas
for (31)-(32). The correspondence is proven for all the capped contributions
over Sy by Proposition 3. Also, the correspondence is proven for all the
capped contributions over S, which are covered by the induction hypothesis
of Section 2.4.3. We can write

(_1)\/)\—5(0)5()0) (1

(@ R
t) C;(Ta(rm),ﬂ)pvw) +...,

0= 32 L P ——
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E— 1\ 4@ -

0= 5 COUETLAP), s (5) CX Tl D) + oo
lol=d

where the sums are over all cohomology weighted partitions p of d. The dots

stand for terms covered by the first 3 inductive conditions:

e lower S-degree over S,
e fewer descendent insertions over S,

e higher descendent degree over S.

The induction condition over descendent degree is used to replace
ol :@_’%NJF%NQ
t+ N t 2 t3

by the leading term (note N3 =0 in H*(S,Q)).
Using the 4" induction condition, the relations can be simplified further.
The capped contributions over Sy,

Co(r[AL d[P]),,  C5™(r[\]. d[P]),

have curve class of S-degree 0. Hence, the capped contributions equal the
full stable pairs and Gromov-Witten partition functions

*

Co (L dP]), = Zypy,(T[A)°
G (L dP]), = Zifp) (T[T,

Since the moduli space P, (Pg, d[P]), has virtual dimension 2d —6(p), we see
only terms with

6(N) +6(p) > 2d

occur in the stable pairs relation. A parallel dimension count yields the same
conclusion on the Gromov-Witten side. When the inequality is strict, we
have

00N +0(p) >2d = 0(p") < O(\) = 0(v),

so the terms are covered by the 4" induction condition.
The final forms we find for the principal terms on the right side of the
relations (31)-(32) are the following:

—1)lel=t(p) 1\ 4@ N
), = () ). M
Ipl=d, (=) q t
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=

GW /1] 20(p) 1) GW/_ (T
S VAL AP)), 5(p)u () COW (o), B)ypo) + -

lp|=d, 0(p)=06(v")

The capped contributions

Cso<73(foo)> ﬁ)pv,u% CSoW(Ta<fOO>> 6)pvyu)

as p varies yield exactly |A,| unknowns. As X varies, we obtain exactly |A,|
equations. The coefficients of the system are nonsingular by Proposition 6 of
28] on the stable pairs side (and therefore also on the Gromov-Witten side by
Proposition 3). Hence, the relations uniquely determine all the unknowns in-
cluding (33). Since the descendent correspondences have already been proven
for all of the terms besides the unknowns, we conclude Proposition 4 holds
for (33). The induction step has been established 0.

2.5 Proof of Theorem 3

The capped localization formulas for stable pairs and stable maps for the
relative geometry Pg/Sy U S, have contributions over Sy and S,. Both
take the form of the capped contributions over S, for the relative geome-
try Pg/Ss. Hence, both are covered by the descendent correspondence of
Proposition 4. Theorem 3 follows immediately. L.

2.6 Non-toric surfaces

Let S be a nonsingular projective surface (not necessarily toric) with line
bundles
Lo, Loo — 5.

As a consequence of Conjecture 2, Theorems 2 and 3 should hold for non-toric
S exactly as stated.

In fact, our proofs of Theorems 2 and 3 are valid for any nonsingular
projective surface S for which Proposition 3, concerning the correspondence
for capped descendent contributions of Pg/S,, over Sy, holds. The toric
hypothesis for S was only used to establish Proposition 3 via the descendent
correspondence of [30] for capped vertices in toric geometry.

In order to prove Theorem 1, we will require Theorem 2 for particular

non-toric surfaces. Let
e: S —C
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be a surface S expressed as a P!-bundle over a curve of genus g. Let
LS, LS — C
be line bundles. We will prove Proposition 3 for S and the line bundles
Ly, LS — S (35)

in Section 6. As a consequence, Theorem 2 will also hold for the geometry
determined by the data (35).

In the proof of Theorem 1, K3 surfaces will also appear. A special case
of Theorem 2 for K3 surfaces S (in the non-equivariant limit) has been
established in Proposition 26 of [30]. In Proposition 10 of Section 3.8, we
will prove the results we require for K3 surfaces.

3 Descendent correspondence for the cap

3.1 Overview

The 1-leg cap is the total space of the trivial bundle,
N = Op1 @ Op1 — P!, (36)

relative to the fiber
N CN

over oo € PL. The total space N naturally carries an action of a 3-dimensional
torus
T=TxC".

Here, T acts by scaling the factors of N and preserving the relative divisor
N4. The C*-action on the base P! which fixes the points 0, oo € P! lifts to an
additional C*-action on N fixing N.,. Let the tangent weights at 0,00 € P!
with respect to the last C*-factor be —s3 and s3 respectively.!!

The equivariant cohomology ring H’.(e) is generated by the Chern classes
s1, S9, and s3 of the standard representation of the three C*-factors. Following

UThe tangent weight conventions here match [27].

38



[27], we define

za(gmmeI@wwo -
Sa T (0) L)) @7

i PN dy o 5

by T-equivariant residues. By Theorem 3 of [27], the partition function (37)
is a Laurent series in ¢ of a rational function'? in Q(q, sy, 59, 53). Let

A cap,T
1 GW —
z$ ( [ () T 7, > -
Jj=1

7'=1
k k'
u29-2 / 7.([0 7o (Joo]) (38
g% (B2, (N/Noo d)q]*" ng ,{10) };[1 plocl), (39

be the parallel Gromov-Witten partition function.
Our goal here is to prove the relative descendent correspondence of Con-
jecture 4 for the fully T-equivariant partition functions (37) and (38).

Theorem 4. For the cap geometry N/Ny,, we have

—ﬂﬁ&ﬂa@bﬁﬁgmwmm

k k' cap,T
= (i) 02,8 ( T 7, (0) TT 72, (1) )

j=1
under the variable change —q = e™.

The proof of Theorem 4, given in Sections 3.2 — 3.7, follows the strategy
of the proof of Theorem 3 of [30]. The main idea is to intertwine an induction
on the depth of the descendent theories with the localization formula.

12By Theorem 5 of [27], the poles in ¢ of the partition function occur only at roots of
unity.
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3.2 T-depth

For N defined by (36), let S C N be the relative divisor associated to the
points pi,...,p. € P. We consider the T-equivariant stable pairs theory of
N/S with respect to the scaling action.

The T-depth m theory of N/S consists of all T-equivariant series

N/S,T
Z i (H 7, (1) 1 Tij(p)> (39)

where k' < m. Here, p € H?(P!',Z) is the class of a point, and the 7' are
partitions determining the relative conditions along 7~(p;). The T-depth
m theory has at most m descendents of 1 and arbitrarily many descendents
of p in the integrand. The T-depth m theory of N/S is correspondent if
Conjecuture 4 holds for all T-depth m series (39),

j'=1

" . N/S,T
(_Q)_dzznl ..... nr <H Ti;,(l) H Tz‘j(P)> =
j=1

N/S.T
k! k
(_iu)2d+21(€(nl)*|nl\> Z:ﬁqvl\/’wm ( H Ti;-/(]') H Tij(p) >
Jj'=1 Jj=1

The T-depth 0 theory concerns only descendents of p. By taking the
specialization s3 = 0, we have

k cap,T’ k cap,T
z, (H n-j<p>> -7, (111 n-j<[o1>)

The parallel relation holds for Gromov-Witten theory. By the descendent
correspondence for the 1-leg capped vertex [30], we see the T-depth 0 theory
of the cap is correspondent.

s3=0

Lemma 5. The T-depth 0 theory of N/S is correspondent.

Proof. By the degeneration formula, all the descendents 7;, (p) can be degen-
erated on to a cap. The T-depth 0 theory of the cap is correspondent. The
theories of local curves without any insertions are correspondent by [21, 26].
Hence, the result follows by the compatibility of Conjecture 4 with the de-
generation formula. O
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3.3 Induction I

To establish the descendent correspondence for the T-depth m theory of N/S,
the following result is required.

Lemma 6. The descendent correspondence for the T-depth m theory of the
cap implies the descendent correspondence of the T-depth m theory of N/S.

Proof. We must prove the descendent correspondence for the T-depth m
theories of N relative to pi,...,p. € PL. If » = 1, the geometry is the
cap and the correspondence of the T-depth m theories is given. Assume the
correspondence holds for . We will show the correspondence holds for r + 1.

Let p(d) be the number of partitions of size d > 0. Consider the oo x p(d)
matrix My, indexed by monomials

L=1I=np)m™

i>0

in the descendents of p and partitions p of d, with coefficient Zf , (L)PT

in position (L, u). The lowest Euler characteristic for a degree d stable pair

on the cap is d. The leading ¢ coefficients of M, are well-known to be of

maximal rank.'® Hence, the full matrix Mj is also of maximal rank.
Consider the N relative to r» + 1 points in T-depth m,

y . N/S,T
Zg,nl,...,n’",,u, <H1 T’L;,(]'> ]__Iszj(p)) : (4())
Jj'= Jj=

We will determine the series (40) from the T-depth m series relative to r
points,

W N N/S,T
ngl,...,rﬂ (L Hl Tz;,(l) r{TZ](p)> (41>
Jj'= Jj=

defined by all monomials L in the descendents of p.
Consider the T-equivariant degeneration of N by bubbling off a single
cap at a point not equal to p1,...,p,. All the descendents of p remain on the

13The leading ¢ coefficients are obtained from the Chern characters of the tautological
rank d bundle on Hilb(No, d). The Chern characters generate the ring H7.(Hilb(No, d), Q)
after localization as can easily be seen in the T-fixed point basis. A more refined result is
discussed in Proposition 9 of [27].
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original /V in the degeneration except for those in L which distribute to the
cap. By induction on m, we need only analyze the terms of the degeneration
formula in which the descendents of the identity distribute away from the
cap. Then, since My has full rank, the invariants (40) are determined by the
invariants (41).

The parallel inductive construction for Gromov-Witten theory determines

= - N/S,T
Zil,Gnvlvy-n,n’“,u < H Ti;-,(l) H Tij(p) ) (42)
j=1 j=1

in terms of the T-depth m series relative to r points,

o - N/S,T
Zyh ( LT 7, (1) TI7,(p) ) , (43)
=1 j=1

the T-depth m theory of the cap, and theories of lower T-depth. By the com-
patibility of the descendent correspondence with the degeneration formula,
the determinations of the T-depth m theories of N relative r 4+ 1 points in
P! respect the descendent correspondence. O]

The 1-leg tube is the total space of the trivial bundle,
N:OP1@0P1—>P1,

relative to the fibers
No,Noo C N

over both 0,00 € P!. The tube carries a fiberwise T-action as well as a full
T-action. Lemma 6 implies the following result which will be half of our
induction argument relating the descendent theory of the cap and the tube.

Lemma 7. The descendent correspondence for the T-depth m theory of the
cap implies the descendent correspondence for the T-depth m theory of the
tube.

3.4 T-depth

The T-depth m theories of the cap consists of all the T-equivariant series

z, <H (0TI n;.,<[oo]>> , (49)
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Zﬁ(EmM”LMMO ,

where k' < m. Here, 0 € P! is the non-relative T-fixed point and oo € P!
is the relative point. The T-depth m theory of the cap is correspondent if
Conjecture 4 holds for all depth m stable pairs and Gromov-Witten partition
functions (44).

Lemma 8. The descendent correspondence for the T-depth m theory of the
cap 1mplies the descendent correspondence for the T-depth m theory of the
cap.

Proof. The identity class 1 € H;(P',Z) may be expressed in terms of the

T-fixed point classes,
0 o0
Ly
53 53
We can calculate at most m descendents of 1 in the T-equivariant theory via
at most m descendents of [co] in the T-equivariant theory (followed by the

specialization s3 = 0). O

3.5 Induction II

The first half of our induction argument was established in Lemma 7. The
second half relates the tube back to the cap with an increase in depth.

Lemma 9. The descendent correspondence for the the T-depth m theory of
the tube implies the descendent correspondence for the T-depth m + 1 theory
of the cap.

Proof. The result follows from the T-equivariant localization formula for the
cap in terms of the T-equivariant theory of the tube (already used in [27]).
We first review the formula.

For the theory of stable pairs, consider the partition function

k K cap,T
Z%(H@@DH@H@O . (15)

We will write the T-equivariant localization formula for (45), as a sum over
set partitions

R:(Rl,RQ,...,RT(R)), RZ‘C{L...,/{?/}
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satisfying the following conditions
e R; are nonempty and disjoint,
e RIURU...UR,r) ={1,..., K},
e min{j’ € R;} > min{j’ € R;11} .

Let m; be the minimal index in R;. As a consequence of the third condition,
myr) = 1 € Ry(r). The formula for the partition function (45) is

. cap,T gnlﬁl tube, T
kE'—r(R
> s ® Zy <H Tz‘j([o])) 725,771,772 <Tiénl(P) 11 Ti;,(1>>
j=1

R j'eRy
252 tube, T’
g7 Z0 o s 7 (p) H 7 (1)
qd d,n?m Ymo ; Zj/
j'eER}

e tube, T’
9" e | (1
) d, i Tlinr(p) H TZ;,( ) )

d
q j/ER:
where the metric term is

97 = (s152) (—1)1-103(3) 6,
The above T-equivariant formula is proven via localization and the rubber
calculus, see Section 7.2 of [27].

For a partition function (45) of T-depth m + 1, the right side of the T-
equivariant localization formula is in terms of the T-depth 0 theory of the cap
and the T-depth m theory of the tube. Consider next the Gromov-Witten
partition function,

zw(gmmuh%wﬂ . (46)
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The T-equivariant localization formula for (46) is

— cap.T hnlﬁl tube, T
r(R
(R) z/oW ( I = ([0]) ) szﬁvlvﬁ (m,l(P) 11 Ti;,(1)>

R j=1

hn2ﬁ2 tube,T
GW
=20 )Z;n,,, <Ti4n2(|°) 11 Ti;,(1)>

o tube, T
R 1 GW
Cu—2tn) Zd o \ Tim H Ti, )

Jj'eER}

where the metric is now

B — (5152)6(77)5(,7) .5M ]

The proof is again via standard localization and rubber calculus.

The descendent correspondence of Conjecture 4 is formally compatible
with the above T-equivariant localization formulas. Since the right sides
concern only the T-depth 0 theory of the cap and the T-depth m theory of
the tube, Lemma 9 is an immediate consequence. [l

3.6 Gromov-Witten side

The stable pairs localization formula for (45) in Section 3.5 was explained
in [27]. While the Gromov-Witten side is parallel, we present the first cases
here to help the reader.

To start, we write the localization formula for T-depth 1 series for the
cap as

" < 1:[1sz([0]) - 7 ([o0]) > =




where the rubber term on the right is

Z u2g72 <M
g

53Ty ‘ >~
—— |7
53 — g g.d

Here, Wl\fert and Wg’o denote the Gromov-Witten vertex and edge terms.
The rubber term simplifies via the topological recursion relation for g

after writing
S3 1+ Yo

53 — Yo 83—%.

(47)

We find the relation

. R ———— tube,T
SiT) = 3 She oy - Ze (g ()
where the rubber term on the right is

Z u29—2 <,LL
g

1 ‘ >N
n .
53— o g.d

The leading 1 on the right side of (47) corresponds to the degenerate leading
term of S%L . The topological recursion applied to the 1)y prefactor of the second
term produces the rest of S%‘ . We have also used here the identification of
the log tangent bundle on the destabilized cap.

After reassembling the localization formula, we find

cap,T
2 (n) mi=) ) -

> Z/d%W ( 11 7i,([0]) > . uh;nﬁ Z:iGnV\vly (W)tube,T

il =d j=1

which is equivalent to the first case of the Gromov-Witten formula of Section
3.5.

The higher cases of the Gromov-Witten localization formula of Section
3.5 are proven by expanding definition (10) of the descendent correspondence
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and following the rubber calculus. Consider

Ziy < 1:[1%([0]) - 7y ([00]) 73y ([o0]) ) =

" < 1:[1sz([0]) - 7, ([00]) 73y ([o0]) ) 7

where we have

Ti’l([oo])ﬂg([oob = 53 Z Ta(RJ(i3+1,ig+1),a -+ [o0])

+ 275(§(¢3+1),6 - [00]) - ZTE(E@"QH),E -[oc])  (48)

é €
by definition. The first summand on the right of (48) is obtained from the
set partition {1,2} and the second term from the set partition {1} U {2}.

After applying localization and the rubber calculus to the {1,2} term, we
obtain the {1,2} term of

_ cap,T
7/GW i i R 7/GW (N T tube, T’
Z 83445 1_[1%([0]) m d,fn (Ti;(P)Tz”QOD . (49)
J:

|77|=d

After applying localization and the rubber calculus to the {1} U {2} term of
(48), we obtain the {1} U {2} term of (49) plus the full series

= cap,T .
h## ———\ tube, T
GW GW ,
|Z|: dem ( HlTij([O]) ) 2 Zi (7 (P))
al,lil= J=
hﬁﬁ JGW [\ tube, T’
L y2e@)  Tdim <Ti'1<p)> :

(50)

Combining (49) and (50) exactly yields the Gromov-Witten formula of Sec-
tion 3.5 for 2 insertions over oo.

3.7 Proof of Theorem 4

Lemmas 7-9 together provide an induction which establishes the descendent
correspondence for the T-depth m theory of the cap for all m. ]
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Since the classes of the T-fixed points 0,00 € P! generate Hi(P?!,Z)
after localization, Theorem 4 is a T-equivariant correspondence for the full
descendent theory of the cap.

3.8 K3 surfaces

For a surface S, following the notation of Section 1.5, let
Pg = P(LO D Loo) — S, 5= P(LZ) Cc Ps .

Proposition 10. Let S be a nonsingular projective K3 surface. For classes
vi € H*(S,Q), we have

Zp (PS/Soo; q

Tar-1(71) -+~ Tap—1(72) ' u)ﬁ € Q(g)
and the correspondence

(_Q)idﬁ/QZP(PS/Soo;q

= (—iu) 1091z (P Socsu

Tar—1(71) "+ Tay—1(7e) ‘ /vb)[j

Tt () Tt () | 1),

under the variable change —q = e™.

Proof. 1f the cohomology insertions v; are supported on Sy, then the above
correspondence is proven in Proposition 26 of [30]. The support hypotheses
for ~; were needed there since, for the T-equivariant cap, only the corre-
spondence for descendents of the non-relative point had been proven in [30].
Theorem 4 now removes the need for the support hypothesis. The proof of
Proposition 26 together with Theorem 4 yields the result. O

4 The geometry P! x Cx P! / P! x C

4.1 Overview

Let Y denote the the quasi-projective variety P! x C x P!. For clarity, we
will denote the first factor by P{ and the third factor by P}. Let

7r1:Y—>Pi, 7r3:Y—>Pé
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denote the projections onto to the first and last factors.
The variety Y admits an action of the 3-torus

T=C] xC;xCj .

The first factor C; of T acts on P{ with fixed points 0, 0o € P! with tangent
weights —sq, s respectively. The factor Cj acts on C with fixed point 0 € C
with tangent weight —s. Finally, C} acts on P} with fixed points 0, 00 € P}
with tangent weights —s3, s3 respectively.

Define the divisors Yy, Y., C Y to be the fibers of 73 over 0,00 € P1,

Yo =P x C x {0}, Y, =P]xCx {cc}.
Both Y, and Y., are preserved by the T-action. Let
[0], [oc] € Hp(Y, Q)

denote the classes of Y, and Y, respectively.
The projection 7 is equivariant with respect to the projection of T onto
C;. We will view
0;,0, € He (P, Q)

as classes in H3(Y, Q) via pull-back by .
Since Y, is preserved by the T-action, we can define

k k Y/Ye, T
ZZ,n<Hlnj<9j[0D _/l:[ln-;,(9§f[0<>])> -

. "

neL

k N
Ti; 9 0 Ti’_, 9/., o0 , 51
‘/[n(Y/Yoo7ﬂ)n]vir H g( ][ ]) }_:[1 J ( 7 [ ]) ( )

J=1

by T-equivariant residues. Here, 8 € Hy(Y,Z) is a curve class (specified by
degrees along the two P!-factors), and 7 is a boundary condition along Y.
The parallel Gromov-Witten partition function is

" k T Y/Ys,T
Z H1 7, (6;[0]) H1 7ir, (0 00)) =
Jj= Jj'=

k

St [ L= @) TL,@loc]) - (32)

’ .
gEZ [Mg,*(Y/YOOvﬁ)’V]]MT 7j=1

Our goal here is to prove the relative descendent correspondence of Con-
jecture 4 for the fully T-equivariant partition functions (51) and (52).
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Theorem 5. For the relative geometry Y /Y., we have

k
z5,( L 7,6500) T 7, (¢ oc)

=1

Y/Ys, T
> S @(q; 51a82783)

and the correspondence

)Y/YOO,T

( dﬁ/QZP <H Tz] ]) H Ti;,(ej [OO

k K’
= (—iu) - Zi (T 7, (6,(0)) [T o, (6 [o0))
3'=1

j=1
under the variable change —q = e™.

The proof of Theorem 5, given in Sections 4.2 — 4.4, again proceeds by
induction on the depth of the descendent theories. A study of capped rubber
for the geometry Y /Yy U Y, is required for the base case of the induction.

4.2 Depth induction

The proof of Theorem 4 can be exactly followed to establish Theorem 5. To
start, we define the two notions of depth for the geometry Y.

Let S C Y be the relative divisor U;ms*(p;) associated to the points
D1y ..,pr € C. Let

T=C;xC,cT

be the first two factors of the 3-torus. We consider the T-equivariant sta-
ble pairs theory of Y/S. The T-depth m theory of Y/S consists of all T-
equivariant series

y N Y/S,T
Zg,nl ,,,,, nr <H Ti;/<9;/ ’ 1) 1—[17—@']‘ (9] ’ p)) (5?))
Jj'=1 Jj=

where k' < m. Here, p € H?(Y,Z) denotes the class of a fiber of 73, and the
n' are partitions determining the relative conditions along 7= (p;). Following
exactly the proof of Lemma 7, we obtain the following result.

Lemma 11. The descendent correspondence for the T-depth m theory of
Y /Yy implies the descendent correspondence for the T-depth m theory of the
Y/YoUYL.
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The stable T-depth m theory of Y/Y,, consists of all the T-equivariant
series

& W Y/ Yoo, T
VAl <1;[1 7, (0510]) 1:[1 7ir, (6 [OO])> (54)

where k' < m.
The proofs of Lemmas 8 and 9 are formal and remain valid for the the
geometry Y/Y,,. As a result, we obtain the following two results.

Lemma 12. The descendent correspondence for the T-depth m theory of
Y /Y. implies the descendent correspondence for the T-depth m theory of the
Y/Yo..

Lemma 13. The descendent correspondence for the the T-depth m theory of
the tube implies the descendent correspondence for the T-depth m + 1 theory
of the cap.

Lemmas 11-13 together establish a recursion which reduces Theorem 5
to the base case of the T-depth 0 theory of Y/YL.

4.3 'T-depth O

The last step in the proof of Theorem 5 is to establish the descendent corre-
spondence in the base case of T-depth 0.

Proposition 14. For the relative geometry Y/Y.,, we have

Y/ Yoo, T
) S Q(q781782783)

z5,( E[ln]. (6;]0])

and the correspondence

(_ dﬁ/QZP <HTZ] 6 0 >Y/YOO,T

- \dg+e 1GW - ¥/ ¥eo T
= (—iu)* ™" (n)fInIZd,77 ( H 7;,(0;]0]) )

j=1

under the variable change —q = e™.
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We can write the partition function for Y/Y,, via capped localization
for both stable pairs and Gromov-Witten theory. The capped contributions
over Yy are 2-leg capped toric descendent vertices and satisfy the descendent
correspondence by [30]. The interesting new terms in the capped localization
formula occur over Y,, — the capped rubber contributions. The capped ruber
contributions carry no descendent insertions.

To prove the correspondence for the capped rubber contributions over
Y., we follow the technique developed in [18] where the capped rubber con-
tributions for

A, x Pt /A, x {0}

over oo were studied. Via the differential equations constructed in Sections
3.2 of [18], the analysis of Section 3.4 can be applied to our capped rubber
contributions. The proof of Lemma 6 of [18] is valid here. As a result
the correspondence for the capped rubber contributions of Y/Y,, over Y, is
equivalent to the following non-rubber correspondence.

We consider the relative geometery Y / Yy U Y., with respect to the 2-
torus T-action by the first two factors T C T. Let v € HE. (P}, Q) be the
class of the fixed point co € Pj.

Proposition 15. For the relative geometry Y /Yy U Yo, we have

Y/YoUYeo,T
) € Qlg,51,2)

and the correspondence

Y/YoUYeo, T
(~a) 25, (1o(+(0))

= (_w)dﬁw(u)—lu\w(#)—\m Z%G;AL ( 70(7[0])

)Y/YOUYOO,T

under the variable change —q = e™.

By basic properties of the descendent correspondence [30],

70(7[0]) = 70(~[0]) -

Proposition 14 is a consequence of Proposition 15 together with the recursion
of Lemmas 11 - 13. Hence the proof of Theorem 5 will be complete once
Proposition 15 is established.
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4.4 Proof of Proposition 15
The curve class 8 € Hy(Y,7Z) is a linear combination of the curves
[P1] =Py x {0} x {0},  [P3]={0} x {0} x Py

If 3 is a multiple of [P}], then Proposition 15 reduces immediately to the
T-equivariant descendent correspondence of local curves [30].

Let Y = P{ x P} x PL. We view the projective variety Y as a T-
equivariant compactification of the quasi-projective variety Y,

P} x C x Py C P} x P, x Py.

Let Yy and Y, be the m3-fibers of Y over 0,00 € P}. Our proof of Propo-
sition 15 will be obtained from studying the partition functions

2, ((10) oz (G
for compact relative geometry Y /Yo U Y. We will consider curve classes
B = di[P1] + ds[P3] € Hy(Y,7Z)

for which d; > 0 and ds > 0. If d; = 0, then Proposition 15 follows from the
1-leg correspondence [18].

If d3 > 0, the relative conditions v and p in (55) will be taken to be
of a special form. The relative condition v is a partition of d3 weighted by
H:(P{ x P, Q). We require the weights of all the parts v; to be the pull-
backs of the classes the Ci-fixed points 0,00 € P} except for the weight of
the part v;. For 1, we take the weight to be the class of one of the following
T-fixed points:

>Y /YoUY oo, T >Y /YoUY oo, T

(55)

(0,0), (00,0) € P} x P; .
For p, we require all weights to be the pull-backs of the classes of 0,00 € P}
The moduli space of stable pairs P, (Y /YUY, ()., has virtual dimen-
sion 2d; + 2d3 minus the constraints imposed by the boundary conditions.
The number of constraints imposed by v is d3 + 1 and by p is d3. Hence, the
virtual dimension of the stable pairs space is

2dy +2d3 —2d3 — 1.

The integrand 74(7v[0]) imposes another constraint, so the virtual dimension
of the integrals in the stable pairs partition function (55) is 2d; — 2. The
parallel dimension analysis for the Gromov-Witten partition function (55)
also yields 2d; — 2.
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Lemma 16. For d3 > 0 with our special boundary conditions v and u, we

have
)Y /YoUY oo, T

€ Q(qv S1, 82)
and the correspondence

Y/YoUYoo,T
(~a) 25, (1o(+(0))

= (—iu)dﬁ+£(”)“”|+f(“)—|ﬂ|Z/Bim ( 70(7[0])

)Y/YOUYOO,T

under the variable change —q = ™.

Proof. We can assume d; > 0, then 2d; — 2 > 0. If 2d; — 2 > 0, the
both the stable pairs and Gromov-Witten partition functions vanish by the
compactness of the geometry. If 2d; —2 = 0, then both partition functions are
independent of the equivariant parameters s; and ss. The required matching
then follows from Theorem 3. O

We can apply T-equivariant localization to both sides of the correspon-
dence of Lemma 16. Via the action of the second factor of T, the T-
equivariant contributions occur with P} coordinate either 0 or co (remember
the curve class 3 is degree 0 over P}). The localization contributions where
the entire curve 8 and all the boundary conditions lie over 0 € P} yield!* the
residue invariants appearing in Proposition 15. All the other terms in the
localization formula can be expressed as the residue invariants of Proposition
15 (over 0 or co € P}) with lesser 3. Hence the T-equivariant localization re-
lation applied to Lemma 16 reduces Proposition 15 to the case where d3 = 0.

To prove the d3 = 0 case of Proposition 15, we replace Lemma 16 with a
different partition function. Let

Yo € H’;(P% X P;Q)

be the class of the point (0,0). Alternatively, 7o is the intersection of v with
the divisor over 0 € P}. Hence, g restricted to P1 x {0} x P} is sy7.

Lemma 17. For d3 = 0, we have

>Y /YoUY oo, T

25 50(ro(r0000) € Q(q, 51, 52)

14Up to a harmless s, factor obtained from the cohomology weight of the part v;.
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and the correspondence

Y/YoUYoo,T
(—) /2255 (o000 )

(. dgzlGW 0 Y/YoUYeo, T
= (—1u)"Z5y0( 10(70[0])

under the variable change —q = e™.

Proof. The dimension analysis used in the proof of Lemma 16 is also valid
here and yields the result. [l

Finally, we can apply T-equivariant localization to both sides of the cor-
respondence of Lemma 17. The localization contributions where the entire
curve (3 lies over 0 € P} yield" the residue invariants appearing in Proposi-
tion 15. All the other terms in the localization formula include unconstrained
curves over oo € P} with positive [P]] components — all such contributions
vanish.'® The T-equivariant localization relation applied to Lemma 17 com-
pletes the proof of Proposition 15 O]

Proposition 15 was the last step in the proof of Proposition 14. The proof
of Proposition 14 completes the proof of Theorem 5.

5 Bi-relative residue theories

5.1 Overview

In order to prove Theorem 1, we must first extend Theorem 2 to non-toric
surfaces S which are projective bundles over higher genus curves (as discussed
in Section 2.6). Our strategy is to extend Proposition 3 to such surfaces. The
extension of Theorem 2 then follows as consequence.

In order to extend Proposition 3 to projective bundles S over higher genus
curves, we will degenerate S. To carry out the argument, we will require a
descendent correspondence for a particular residue theory in a bi-relative
3-fold geometry.

15Up to a harmless sy factor obtained from ~y.
16The proof can be obtained inductively from the geometry Y /YoUY ., by considering
the integrand 7o(y0). We leave the details as an exercise for the reader.
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5.2 Bi-relative geometry
Following the notation of Section 4.4, let
Y =P xPy;xP;, Y,=P]xP;x{x},
and let Do, C Y be the divisor
D, = P; x {o0} x P} .
We will consider the bi-relative 3-fold geometry
Y /YoUD . (56)

Since the divisors Y, and D, intersect, the full stable pairs and Gromov-
Witten theories of the geometry (56) are not described by standard relative
techniques [8, 11].

Fortunately, we are only interested here in a corner of the bi-relative
geometry (56) which can be approached by standard relative geometry —
the residue theory over 0 € P}. To define the residues over 0 € P}, curves
intersecting Yo, N Dy do not arise, so the standard relative methods are
sufficient.

The descendent correspondence for residue theory of (56) over 0 € P}
will play a crucial role in the extension of Proposition 3 and Theorem 2.

5.3 Construction I

Consider the moduli space of stable pairs P,(Y /Y, ), with curve class
B = di[Py] + da[Py] + d3[Py]

and Cj x Cj-equivariant relative condition n along Y., with cohomology
weights supported on

P} x {0} x {00} C Yo -

Define the open set
Vn,ﬂ,n - Pﬂ(Y/Yom ﬁ)’?

to be the locus of stable pairs for which D, is not a zero divisor.
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More precisely, a stable pair in the relative geometry Y /Y is supported
on a destablization Y of Y along Y. The original divisor D,, degenerates
to the reducible divisor

D,=m(c0)CcY, 7:Y—Pl.

We define V,, 3,, to be the open set of stable pairs for which D, is not a

zero divisor. In other words, the stable pair is fransverse to Do, Via the
intersection with D,,, we obtain a canoncial map'”

€: Vopn — Hilb(Pi X P},}/Pi x {00}, ds) .

Here, Hilb(P} x P} /P x {oo},ds) is the Hilbert scheme'® of dy points of
the surface P x P} relative to the divisor P} x {oo}.

The original 3-torus T acting on Y acts on V,, 3,,. While V,, 5, is certainly
not compact, the Cj-fixed point locus is compact — all features of the stable

pair occur on N -
Dy=m,"'(0)CY.

A Ci-fixed stable pair in V,, g, meets D, trasversely. On Y \ Dy, Cs-fixed
stable pairs are simply the pull-backs of 0-dimensional subschemes of D.
Let 0,07 € H¢. (P, Q) be as in Section 4.1. Let

R
[0, 01,0, 00] € Hy 5 (P x Py)
denote the classes of the points (0,0) and (0, 00) respectively. Let
¢ € Hiy oy (Hib(P x Py /P x {00}, ds),Q) .
We define the uncapped residue descendent series

Y/YooUDgo, T

i (1:[17,;].(@[0,0]) [[ 7ir, (600, oo])> —

n,¢

St [, AT @0.0) T17, 60,00 Ueo)

nel [Vn,ﬁ,n]mr L

by T-equivariant residues.

1"The map involes possible stabilization.
18The Hilbert scheme of points of a surface relative to a divisor is a special case of the
relative ideal sheaf moduli for 3-folds. See [35] for a discussion and study.
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5.4 Construction II
Next, we consider the moduli of stable pairs for the relative geometry

Y /Y,UD,. (57)
with curve classes do[P}]. Since

P Yo =0,

the curves never meet Y,,. So the delicate study of geometry relative to the
singularities of Y., U Dy, can be completely avoided. The moduli space

P,(Y /Yo UDc, d2[P3))
is easily constructed. The projections of the curves to
P} x {0} x P}
are never allowed to meet
P; x {0} x {00} C Yo .

Bubbling occurs along Y, to keep the projections away. The points of the
resulting moduli space corresponds to stable pairs which meet D, away from
the intersection with Y. Hence, the deformation theory and virtual class
are standard.

The boundary conditions along D, are defined via the canonical map

€: P(Y/Yo UDy, ds[PL]) — Hilb(P! x PL /P! x {o0},ds) .

While any element of the cohomology of Hilb(P] x P} / Pl x {0}, dy) imposes
a boundary condition, special elements corresponding to the Nakajima basis
of the cohomology of the Hilbert scheme of points in the absolute case will
play a distinguished role.

Let u be partition of dy weighted by the cohomology of the surface P xPi.
Explicitly,

L
H = {(Mlawl)a SRR (”fawﬂ)}a d? = Z,UJZ) w; € H(ETx(C;;(P% X Pév@) (58)

i=1
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Such a weighted partition determines an element
Nak(x) € H(é;xcg(Hﬂb(Pi x Py /Py x {00}, d>),Q)
by the following construction. Recall
(P! x P} /P! x {o0})" — P! x P}

is the space of ordered points in the relative surface geometry, see Section
1.2. The cohomology weights w; pull-back canonically to the space of points

(P! x P} /P! x {oo})". Let
C, C (P! x PL /P! x {o0}) x Hilb(P! x P} /P! x {00}, dy)

be the closure of the locus of distinct points in (P x P} / Pl x {oo})* carrying
punctual subschemes of lenths i, ..., p). Let

1
Nak(p) = ——pry, (C - pri(wi U... Uwy))

3(1)

with respect to the projections of
(Pl x PL /Pl x {o0})" x Hilb(P] x P} /Pl x {00}, ds)

onto the first and second factors.
Let Dy C Y be the divisor lying over 0 € P. We can also consider the
rubber moduli spaces of stable pairs

P.(Y /Y UDyUD., ds[PY])”

which arises in the boundary of P,(Y /Y UD, d2[P3]) over D,. In addition
to the boundary map €., associated to D, there is also a boundary map

€0 Po(Y/Ys UDoUDy,ds[P3])~ — Hilb(P] x P3 / P x {0}, dy)

obtained by the intersection with D,.
As in Section 2.4.4, we have the cotangent line classes

Vo, Voo € Hé,{X(C;(Pn(Y/YOO UDyUDy, d2[P3]),Q) .

Define the rubber series

1 T
RP 1 —_— =
PN\ g+ 50/ 4,

> q"

neL

Here, ¢ € Hf. ¢ (Hilb(P1 x P3 / Py x {00}, d), Q) is an arbitrary class.

1
/[ (Y /Y 0aUDUD oo, do [PL]) “]vir — P + 59

€5(6) U €%, (Nak()) -
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5.5 Definition of the bi-relative residue

We define the bi-relative capped descendent residue theory

i W Y/Y oUDoo, T
G <H 73,(0;10,0]) TT 7, (6} 0, o)), ﬁ)
j=1

o
3=l 7,1

by the formula

Y/YoUD, T

>V (1:[1%(9;‘[070]) 1__[ 7ir, (650, 00])>

n7¢i

dy pP 1 T
cq Rdz[Pé] <_®0+52)¢W

where the sum is over the components of a C; x Cj-equivariant Kiinneth
decomposition

!
Y ¢ ® ¢) = [A] € Hes e (Hilb x Hilb, Q)
=1

of the diagonal of Hilb(P] x P} / P{ x {00}, dy).

5.6 Motivation

We have given above a rigorous definition of the bi-relative capped descendent
residue theory. If we had a complete definition of the stable pairs theory of
the bi-relative geometry Y /Y o U D4, the definition of

A Y Y /YoUDoo, T
c§ <Hl 7, (6300,0) T[ 7, w;-,[o,oo]),ﬁ) (59)

o
7=l 7,1

as a capped residue theory would be immediate. Since we are interested in
the residue theory over 0 € P, the stable pairs do not interact with the
singularities of Yo, U D4, and we are able to define (59) by hand.
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5.7 Gromov-Witten theory

Following every step of the stable pairs construction, we can also define a
bi-relative capped descendent residue theory for stable maps,

L o Y /Y ooUDgo, T
CSW (H nj(ej [0,0]) H TZ-;_/(QQ«,[O, oo]),ﬁ) ) (60)
j=1 =1 Y

Moreover, the depth induction techniques of Sections 3 — 4 applied to both the
descendent insertions and to the parts of 1 yield the following correspondence.

Theorem 6. We have

Y /Y ooUDoo, T
) € Q(Qa 31782a83)

k 14
C5 (T 7,(6500.0) TT 7, (6} [0, 00, 5
j=1 j'=1

MK

and the correspondence

>Y/YOOUDOO,T

mH

k k'
(=0 CH (T, 6500,0) T 7, @) 0,00,

)Y/YOOUDOO,T

mH

k K’
(iu) 0= 0 (T 7, (0500,0)) T 7, (65,10, 00]) . 5
i=1 7

j=1
under the variable change —q = e™.

Proof. We take the relative condition u of the form (58) to have cohomology
weights
w; = %[0] or ~;[oo]

where 7; € H¢, (P1,Q) and [0], [o0] € HE, (P3, Q) are the classes of the Cj-
fixed points.

To prove Theorem 6, we exactly follow the depth induction used in the
proof of Theorems 4 and 5. The depth count has two components:

e the number of descendent insertions of the form 7 (%0, 0c]),
J

e the number of parts of u with weights of the form ~[occ].
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There is no difficulty in including the parts of y over co € P in the T-
equivariant localization formula of Lemma 9. The descendents over co € P}
were used to rigidify the rubber — we can also use the parts of u to rigidify
the rubber. The outcome is a reduction of Theorem 6 to the base case where
all the descendent insertions and parts of y lie over 0 € P3.

Theorem 6 in the base case concerns only 3-leg descendent vertices at
the points (0,0,0), (00,0,0) € Y and the capped rubber contributions over
oo € Pi. The GW/P correspondence for the 3-leg descendent vertex has been
established in [30]. The correspondence for the capped rubber of co € P}
been treated already in Section 4.3 via Proposition 15. [

5.8 Degeneration

Let S be a nonsingular projective surface equipped with two line bundles L
and L.,. Let
T PS — S

be the P'-bundle obtained from the projectivization of the sum Ly @ L.
The fiberwise C*-action on Pg leaves the divisor

Seo = P(LOO) C Pg
invariant. Let C' C S be a nonsingular curve, and let
Pc = 7T_1<C) Cc Py .

Via the fiberwise C*-action, we can define capped bi-relative residue the-
ories for the geometry
Ps/PcUSy

for stable pairs and stable maps. The constructions of Sections 5.3 5.5 apply
here: only the fiberwise Cj}-action was needed there to define the bi-relative
residue theories. We therefore have capped bi-relative residue theories

ct <H mm)

where vi,...,v € HE(Pg,Q) are classes supported on Sy, n is a C*-
equivariant boundary condition along P¢ with support on P NSy, and

Ps/PcUSOO,C* Ps/PcUSoo,(C*

) C(?W ( Hfzﬁ(%‘)ﬁ) (61>

K K

Nak(p) € H*(Hilb(S / C, |u]), Q)
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is a Nakajima element.
The capped bi-relative residue theories occur naturally in the degenera-
tion formula. Let
T:6 —= A

be a nonsingular 3-fold fibered over an irreducible nonsingular base curve A.
Let S be a nonsingular fiber, and let

AUc B

be a reducible special fiber consisting of two nonsingular surfaces intersecting
transversally along a nonsingular surface C'. Let

£, Lo — 6
be two line bundles. The degeneration
Pes=P(Lo® L) — B (62)
is a nonsingular 4-fold with a reducible fiber
Ps, Up, Py, .

Let [P] € Hy(Pg,Z) be the curve class of the P!-fiber.
To write the degeneration formula corresponding to the geometry (62),
we require the following notation:

o Let ﬁ = ﬁSO + d[P] € HQ(PS,Z) where ﬁSO S HQ(S(),Z).
o Let y,...,7 € Hi(Ps, Q) be classes supported on &.
e Let u be a partition of d with cohomology weights lying in H*(&,, Q).

The degeneration formula for stable pairs is

k Ps/Seo,C*
c5(TT 7 (). 5)
j=1

m
)PA/PCUAOQ,(C*

> (T mtn)i)
jea 1

1) Inl=£m) 5 (n)q_w

Pg/PcUBo,C*

G511 7,00 5)

Vo2
i€y /Y
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The sum is over all distributions of descendents, distributions of x, and curve
class splittings

JlUJ2:{1>"'7k}7 /L:M1U/L2, 5:61+ﬁ27

where we have
B = Ba, + di[P], B2 = Bp, + d2[P]

with B4, € Ha(Ao,Z), Op, € Hs(Bo,Z), and d; + dy = d. The sum is also
over a basis 7 of H¢. (Po \ Pe N G4, Q) supported on P N &,.

The above degeneration formula is straightforward consequence of the
standard degeneration formula for stable pairs residue theories and the defi-
nition of the bi-relative integrals. We leave the details to the reader.

The degeneration formula for Gromov-Witten theory takes a parallel
form,

)PS/SOO,(C*

k
V(1L 7). 8
j=1 p

PA/PcUAo,C*

> (T n o) Ol
jEJI K
PB/PcUBoo,(C*

- C§(TT 7 (). 2)

2
i€J2 Y,

with the same summation conventions. The correspondence

K I
1:[1 71, () — ]:[1 7i,(75)

is defined via the conventions of Sections 1.3 for relative geometries. The
relative diagonals and log tangent bundle are used.

The above degeneration formulas are compatible with the natural gener-
alization of Conjecture 4 for capped bi-relative residue theories.

Conjecture 5. For the theories (61), we have

€ Q(g,1)

)PS/PCuSOC,(C*

k
C0P< 1 7,(%).8
j=1

777!"’
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and the correspondence

)PS/PcLJSoo,(C*

k
(—a) (I 7, (). 8 ~
j=1

hHH

- \da+E(n)—|n|+£(p)—|p| CGW ko \Ps/PoUSwC
(— i) ot~ G~ Il C€ ( Hnj(yj),ﬁ)n
]:1 g

under the variable change —q = e™.

The conditions imposed on 3, 7;, ¢, and 7 in Conjecture 5 are as discussed
for the degeneration formula.

5.9 Review

Theorems 4 -6 are parallel results. The strategy of depth induction is the
main idea in the proof of Theorem 4 for descendents on the cap. The base
case is the correspondence for the 1-leg capped descendent vertex of [30].
For the relative geometry P! x C x P! / P! x C, the same depth induction
is valid, but the base case, settled in Proposition 14, is new. Finally, for
the bi-relative geometry of Theorem 6, the relative constraints along D, are
new. Fortunately, the relative insertions fit into the original depth induction.

Theorem 6 and the degeneration formula of Section 5.8 are the main
technical results which will be needed to study descendent correspondences
for projective bundles over curves.

6 Projective bundles over higher genus curves

6.1 Overview

Let C' be an nonsingular projective curve of genus g equipped with a rank 2
vector bundle A — C and two line bundles

L, LY — C .

Let S be the nonsingular projective surface obtained by the projectivization
of E,
S=P(A) = X .
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The projective bundle
Ps=P('L§ @ e L) — S (63)
admits sections
S; =P(e'LY) C Py .

We will establish here the relative descendent correspondence of Conjecture
4 for PS / Soo-

Relative projective bundle geometries over toric surfaces were studied in
Section 2. We follow here the conventions and constructions of Section 2.
Let

F:(’Vla"'afyf)a VZGH*(SaQ)

Since S has odd cohomology, the classes 4; may be of odd (real) degree.
We consider capped contributions over S in curve class

B =0 +dP], e Ef(S).

Let p be a boundary condition along S, with |u| = d,

p={(u1,w1), -, (e weuy) }
with w; € H*(Se, Q). Again, the classes w; may be of odd (real) degree.

Proposition 18. The C*-equivariant descendent correspondence for the capped
contributions over Sy holds for the geometry (63):

Ch (a(l0), B)5/°=C" € Q(q, 1)

and we have
i . - _ \Pg/SeC*
(—) %/ C§ (1a(Ta), )55/ = (—iu)ts+tw)-lnl (7, (Ty), )
o

under the variable change —q = e™.

In the toric case studied in Section 2, Proposition 3 was shown to for-
mally imply Theorem 2. For the geometry (63), Proposition 18 implies the
descendent correspondence by the same argument.
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Theorem 7. For the relative geometry Pg/ Sy associated to (63) and classes
vi € HE(Pg, Q), we have

ZP<Ps/Soo;q Tan—1(71) * * * Tag—1(7e) ’ M)Z* € Q(q,t)

and the correspondence

C*
(=0 220 (P /St [ -1 (1) - o130 | 1),

C*
= (—iu)dﬁH(“)_'“'Z'GW(PS/SOO; u ' Ta1—1<71) Ut Tag—l(’yd ‘ :U’)ﬁ

under the variable change —q = e™.

The parallel descendent correspondence holds when the projective bundle
geometry Pg/Sy U Sy is taken relative to both sections.

6.2 Torus actions
If A splits as a sum of line bundles on C,
A=A P A, (64)
then S = P(A) admits a fiberwise C*-action by scaling. The 3-fold
Ps=P(e'L§ @ ' L) (65)
then carries a 2-dimensional torus action
Ci xCixPg— Py

where Cj is the scaling associated to the splitting (64) and C} is the scaling
associated to the splitting (65).
In case A splits, we will prove the natural C; x Ci-equivariant lift of
Proposition 18:
Ch (7a(T0), B)), /5% € Q(g, )

and we have

(=a) /2 €5 (7a ([, B)F /5%

Soo,CxxC%
(_iu)d5+f(ﬂ)*|l‘| CSW <Ta<F0), 5>PS/ v
I
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under the variable change —q = ™.

Since every rank 2 bundle A is deformation equivalent to a split bundle,
we can assume A is split in the proof of Propositition 18. We will prove the
above C} x Cj}-equivariant correspondence (which of course then implies the
Ci-equivariant statement of Proposition 18).

6.3 Invertibility

Before proving Propositon 18, we will require an auxiliary result for the
capped residue theory

b k . Y /YooUDoo, T
C5(T1 7@ 00.0). diPY]) (66)
=1 )

derived from the analysis of stable pairs descendents in [29].
Let P(d,2) be the set of pairs of partitions (n°, 7>) satisfying

7’| + ™| = d.

We define the boundary condition 1 of (66) by weighting the parts of n° with
the class of the point (0,0,00) € Y and the parts of n°° with the class of
the point (00,0,00) € Y.

Let Q™42 denote the linear space of functions from P(d,2) to the field
Q(q, s1, $2,53). Let po, poc € HE;(P%,Q) be the classes of the fixed points
0,00 € Pi. Let

) = 3 r(pol, 0]) + 3 e 7(pool0, ) (67)

i=0 i=0

be a finite linear combination of descendents. For w > 0, define a function
on P(d,2) by:

Y /Y oUDoo, T

Tw - T(d, 2) - @((L 51, 52, 53)7 n— C(lJD (7-<p)wv d[Pé]) 0
m,

Here, C} is defined by a multilinear expansion of the insertion 7(p)".

Lemma 19. For d > 0, there exists a linear combination 7(p) for which the
set of functions,

{707717727 cee }7
spans Q742
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Proof. We will require only the leading ¢ term of

Y/YoUDo, T
ch(7(e), dPy))
n,0
The matter is then an assertion about the cohomology of the Hilbert scheme
of points of Y.

After changing the basis of 7 to the C} x C}-fixed points of Y, at (0,0, c0)
and (00,0, 00), the action of 7(p) is determined in Section 1.2 of [29]. The
operator 7x(po[0, 0]) is diagonal in the fixed point basis with eigenvalues given
by symmetric functions in the weights!® of the structure sheaf of the fixed
point of the Hilbert scheme of Y, at (0,0, c0). Modulo lower order symmet-
ric functions, the eigenvalue of 74(po[0, 0]) is simply the k& power sum.

Since the power sums determine all symmetric functions, we can find a
finite linear combination

() = > Pri(pold, 0]) + 3 € 7(poc[0, 0

=0 i=0

with distinct eigenvalues on the C; x Cj-fixed points of the Hilbert scheme
of Yo at (0,0,00) and (00,0,00). By the Vandermonde determinant, the
Lemma is proven. O

Lemma 19 is similar to Lemma 5.6 of [24]. The parallel result for

Y /Y oUDoo, T
c§"(7), i)
n,0
follows from the correspondence of Theorem 6.
We have used the full T-action to prove Lemma 19. However, the weight
s3 of third factor Cj of T is not needed in the argument. Hence, Lemma 19
holds for

Y /Y oUDoo,Cl X C}

Tt P(d.2) = Qg sis2). 7 C(7(p)", dIPY]) |

19The weights depend only on s; and ss.
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6.4 Even theory

We first prove Proposition 18 in case all the cohomology insertions v; and
all the cohomology weights w; are of even (real) degree.

If the underlying curve C'is P!, Proposition 18 specializes to Proposition
3 and is established. Consider a fiber F' of

e: R=P(Ag D Ay) — P (68)
We can degenerate R to the normal cone of F,
R ~» RUpP!' xP!.
We can degenerate the line bundles
Ao, Ao, €LS, LS (69)

so the restrictions to P! x P! are all trivial. By the restriction of Theorem
6 to the subtorus C} x Cj, Lemma 19 restricted to C} x C3, and the com-
patibility of the descendent correspondence with the degeneration formula,
we conclude Conjecture 5 holds C} x Ci-equivariantly for Pr/PrU R. Re-
peating the argument for another fiber F” of e shows Conjecture 5 holds
Ct x Ci-equivariantly for Pgr/Ppyp U Ry.

Next suppose F is a genus 1 carrying line bundles Ag, A, LY, and LE
with

e:S=PN@DAs) — E.

We can degenerate E to a nodal rational curve. The line bundles carried by
E can be taken to specialize to line bundles on the nodal curve. Since there is
no vanishing even cohomology for the degeneration, we conclude Conjecture
5 holds Cj x Ci-equivariantly for the genus 1 case Pg/S, as a consequence
of the genus 0 case Pr/Prup U Reo.

Since we know Conjecture 5 holds Cj x Cj-equivariantly for the genus 1
case Pg/Ss, degeneration to the normal cone to fibers of ¢ and Lemma 19
restricted to C; x Cj prove Conjecture 5 holds C; x Cj-equivariantly for the
genus 1 cases

Py/PrUSs, Pg/PrumUSy . (70)

Finally, if C' is curve of arbitrary genus g, we can degenerate C to a
chain of g elliptic curves. Since there is no vanishing cohomology, we deduce
Conjecture 5 in the even case from the geometries (70). O

70



6.5 0Odd theory
6.5.1 Reduction to genus 1

Suppose C'is a genus g curve carrying line bundles Ag, Ay, LS, and LY with
e:S=P(Ey®dE,)— C.

We now consider Conjecture 5 equivariantly with respect to C; x Cj for
classes v; and w; in full generality.

Since the degeneration of C' to a chain of genus 1 curves has no vanishing
cohomology, we may assume C' is of genus 1. By the Cj x Cj-equivariant
methods of Section 6.4, Conjecture 5 for (70) follows from Conjecture 5 for
Ps/Sw.

We may further simplify the geometry by degenerating C' to the normal

cone to a point p € C,
C ~ C'UpP1

and requiring the line bundles Ag, Ao, €*L§, €*LE to be trivial on C' in the
limit. We then obtain a degeneration

S~ PIXC Up R,

where R is of the form (68). Since Conjecture 5 has been already proven
Ci x Cj-equivariantly for Pr/Pr U R, we need only prove Conjecture 5
holds Cj x Cj-equivariantly for the special case

€:S=POp®0g) = E, LYy=0g LE=0g g(E)=1. (71
Explicity, the geometry is

Ps/See =P'xP' x E / P! x {0} x E.

6.6 Proof of Proposition 18

Consider the stable pair and Gromov-Witten theories

>P5/SM,C*1‘><(C§ (72)

CF (7o), /% Q¥ (7T, ).

for the genus 1 geometry (71). Both are uniquely determined from the cor-
responding even theories by the following four properties:
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(i) Algebraicity of the virtual class,

(ii) Degeneration formulas for the relative theory in the presence of odd
cohomology,

(iii) Monodromy invariance of the relative theory,
(iv) Elliptic vanishing relations.

The properties (i)-(iv) were used in [24] to determine the full relative Gromov-
Witten descendents of target curves in terms of the descendents of even
classes.

The results of Section 5 of [24] are entirely formal and apply verbatim to
the theories (72). Lemma 19 replaces Lemma of [24]. Let

be the classes of the curves
{0} x {0} x £ and {oo} x {0} x E

respectively. For v € H*(E,Q), let*
7(y) = > dm(ley) + > & i(loo)-
i=0 i=0

We start, as in (5.11) of [24], by studying the descendents

Ps/Se0,ClXC}
n,0 ’

Co (T(a)7(B), di[P1] + ds[E))

. Ps/Se0,CixC
SV (F(a)7(5), da[PY] + ds[E))

n,0
for the geometry (71) where

a,fe€ H(E,Q), auB=1.

Exactly following [24], the descendents (73) are determined from the even
theory. Since the relations (i-iv) respect the descendent correspondence, we

20Here, the coefficients ¢? and ¢° are taken so Lemma 19 is valid. When 7 is a class of
a point in F, we recover the Cj x C} specialization of (67).
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deduce Proposition 18 from the even case proven in Section 6.4. Also, the
rationality of the even theory implies the rationality of the full theory. When
the invertibility of Lemma 19 is applied here, an induction on d; is necessary.

The method developed in Section 5 of [24] proceeds to handle all descen-
dent insertions. For the case studied in [24], the descendents

(), v€ H'(E,Q)

are labelled only by the integer n. Here, the insertions are of the form

Ta(Lo7), Tu(lsy), (7, Loy), (n,Lsy), v € H'(E,Q)

where the latter two types?' are relative conditions of j. The insertion la-
belling is the only difference. The reduction to the even descendents exactly
follows Section 5 of [24]. O

6.7 Products S x C

Let S be a nonsingular projective toric surface equipped with the action of
a 2-dimensional torus 7. Let C be a nonsingular projective curve of genus
g. A simpler result than Theorem 7 is the following.

Proposition 20. For~; € H3(S x C,Q), we have

Zp(S x Cq

T
Toan—1(71) *** Tap—1(72) )ﬂ € Q(q, 51, 52)

and the correspondence

(_Q)_dﬁ/ZZP(S x Ciq

Tar—1(71) T2 (70) )Z

T
= ( iu)df@Z/GW(S x Ciu ’ Tay-1(71) -+ Tag-1(72) )5

under the variable change —q = e™.

21The relative conditions must be treated on the same footing as the descendent inser-
tions as the relative weights may also be odd.
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Proof. Let py, ..., p, denote the T-fixed points of S. By considering localiza-
tion for stable pairs and stable maps on S x C' with respect to the torus 7', we
can reduce the descendent correspondence to a local result for C? x C' with
caps in the two C? directions. The localization formula is in terms of n such
capped C? x C' geometries (connected by simple capped edge geometries).

Consider the capped geometry C? x C. If all the descendent insertions
7v: have even (real) cohomological degree, we can reduce to the case where
g(C) = 0 by our standard degeneration and relative arguments. Crucial here
is a tri-relative residue theory for

C?* x P' / C? x {00} (74)

defined by completely parallel constructions to the bi-relative case considered
in Section 5. The tri-relative geometry has caps in the two C? directions on
(74). The proof of the GW/P descendent correspondence for the tri-relative
cap (74) exactly follows the proof Theorem 4 with the two relative directions
correponding to C? handled as in the proof Theorem 6.

To control the odd descendents, we follow the strategy of Section 6.5 (and
[24]). We reduce to the case where g(C') = 1 and express the full theory in
terms of the even theory. Lemma 19 for T still applies.

We leave the straightforward details here to the reader. The capped edges
are 1-leg geometries and are easily handled. O

7 Proof of Theorem 1

7.1 Overview

We have now proven the GW/P descendent correspondences in sufficiently
many geometries to deduce Theorem 1. The idea is to degenerate the com-
plete intersection by factoring the equations. We present the proof carefully
for the quintic in P* following the scheme of [19]. The argument for general
Fano and Calabi-Yau complete intersections in products of projective spaces
is identical.

7.2 Simple theories
A complete intersection pair (V, W) is a nonsingular complete intersection

VcP" x...x P,
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together with a nonsingular divisor W C V' cut out by a hypersurface in
P™ x ... x P™ . In particular,

WcP" x...xP"™

is also a complete intersection.
A class v € H*(V,Q) is simple if y lies in the image of the restriction map

H*(P" x---xP" Q) — H*(V,Q).

If V' is nonsingular complete intersection of dimension 3, the simple coho-
mology of V' equals the even cohomology by the Lefschetz results.

The simple Gromov-Witten and stable pairs theories of V' consist of the
integrals of descendents of simple classes. Similarly, the simple Gromov-
Witten and stable pairs theories of the relative geometry V/W consists of
integrals of descendents of simple classes with no restrictions on the coho-
mology classes of W in the relative constraints.

7.3 Fano and Calabi-Yau hypersurfaces in P*
7.3.1 Notation

The following notation for curves, surfaces, and 3-folds will be convenient for
our study:

(i) let Cy, 4, C P? be a nonsingular complete intersection of type (di, ds),
(i) let S; C P3 be a nonsingular surface of degree d,
(iii) let Ty C P* be a nonsingular 3-fold of degree d.

Finally, let P3[dy, ds] be the blow-up of P? along Cy, 4,

7.3.2 Degeneration for the quintic

Let ZP(T¥) denote the simple stable pairs descendent theory of the Calabi-
Yau quintic 3-fold.?? Factoring the quintic equation yields a degeneration:

Ts ~ Ty Us, P?[4,5] (75)

22Here and below, the superscript » will indicate simple theories.
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where Sy C Ty is a linear section and S, C P3[4, 5] is the strict transform
of a quartic containing Cy5 C P?. See Section 0.5.4 of [19] for a detailed
construction of the degeneration (75). The degeneration formula expresses
Zp(TY) in terms of the relative theories of the special fibers. We write the
relation schematically as

Zp(TY) ~ Zp(T;/Sy) and Zp(P3[4,5]/Sy) .
Similarly, in Gromov-Witten theory, we have the determination
Zow(T3) ~  Zow(Ti/Ss), and Zgy(P°[4,5]/Sy) .

By the compatibility of the descendent correspondence with degeneration,
the descendent correspondences for Ty /S, and P3[4, 5]/S; imply Theorem 1
for T5.

7.3.3 Descendent correspondence for P3[4,5]/5,

Let us start with P3[4,5]/S,. Degeneration to the normal cone of

Sy C P3[4, 5}

yields the determination??

Z(P3[4,5]) ~ Z(P®4,5]/5,) and Z(Pg,/Ss) . (76)

We know the descendent correspondence for all projective bundle geometries
Pg,/S4 by Proposition 10. By the invertibility of Proposition 6 of [28], the
determination (76) can be reversed,

Z(P*[4,5]/8,) ~ Z(P%[4,5]) and Z(Ps,/S,) .

Hence, the descendent correspondence for P3[4,5] implies the descendent
correspondence for Pg, /5.
An approach to the blow-up P3[4, 5] is explained in Section 3.1 of [19]. Let
S, C P3[4,5] contain Cy 5. Degeneration to the normal cone of Sy C P3[4, 5]
yields
:P3 ~ :P3 U54 PS4 (77)

23When no superscript appears on the partition function, the statement is understood
to hold for both stable pairs and Gromov-Witten theory.
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for the projective bundle geometry
m:Pgs, =P(0g, ®0s,(4)) = Sy, Pg,/(S1)0o - (78)

The original curve Cy 5 C P? has limit in (S;)g C Pg,. After blowing up the
degeneration (77) along the moving curve Cy 5, we obtain

P[4,5] ~ P?Ug, X, X =B¢,,(Ps,) -

Here X is the blow-up of Pg, along Cy5 C (Si)o. In order to prove the
descendent correspondence for P3[4, 5], we need only prove the descendent
correspondence for P3/S; and X/Sy. Using the established descendent cor-
respondences for the toric variety P3 and projective bundles over S, and
the invertibility of Proposition 6 of [28], we need only prove the descendent
correspondence for X.

To study X, we repeat the blow-up construction of the previous para-
graph. Let Pg, be the projective bundle (78), and let

PC4’5 C P54

be the divisor lying over Cy5 C S, via m. Degeneration to the normal cone
of Pg,; C Pg, yields

P5’4 ~ PS4 UPC475 PPC475 . (79)
for the projective bundle geometry
PPC4,5 = P(OC’4,5 S 004,5 (5)) XCup P<OC4,5 D 004,5 (4)) - 04,5 (8())

relative to
PC4,5 - P(OC4,5 (5)) XCups P(OC4,5 D OC’4,5 (4>> .

The original curve Cy5 C (S4)o C Pg, has limit equal to
04,5 - P(OC4,5) XC4,5P(OC4,5) C P(OC4,5 69(‘-)04,5 (5)) XC4,5P(OC4,5@OC’4,5 (4)) .

After blowing up the degeneration (77) along the moving curve Cy5, we
obtain
X ~ PS4 UPC45 Y 5

Y = 304,5 (P(OC4,5 D OC4,5 (5)) XCus P(OC4,5 D OC4,5 (4>>) .
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In order to prove the descendent correspondence for Y, we need only prove
the descendent correspondence for Pg, /P¢, ; and Y/Pg, .

As we have seen in (80), Pp,, , is a projective bundle over Pc, ; of the
form required by Theorem 7. Hence, the descendent correspondence holds
for Pg,/Pc, , by inverting

Z(PS4> ~ Z(PS4/PC4,5> and Z(PPC’4’5 /‘94) :

The invertibility is possible again by Proposition 6 of [28]. Similarly, the
descendent correspondence for Y implies the descendent correspondence for
Y/Pc, ;-

The last step in proving the descendent correspondence for P3[4, 5]/S; is
to prove the descendent correspondence for Y. The 3-fold Y is a bundle over
C, 5 with fiber equal to B,(P! x P!), the blow-up of P* x P! at a point. By
further degeneration arguments?*, we can reduce to the case

Bp(].:)1 X Pl) X C4,5

covered by Proposition 20. [

7.4 Proof of Theorem 1

We turn now to 7 /Ss. The normal cone degenertion
Ty ~ TyUg, Pg,
and invertibility yields the determination
Z(T3/Sy) ~ Z(T}) and Z(Ps,/S4) |

Hence, the descendent correspondence for 77 follows from the descendent
correspondence for T7.

By factoring the quartic equation defining T C P3, degree reduction can
be continued. The full reduction scheme for the quintic is:

24We can degenerate
0475 ~ 0475 U 1:)1

and require all the twisting of Y to lie over P1.
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Z(T3) ~ Z(Ty/Ss) and Z(P*[4,5]/S,),
Z(T7/Ss) ~ Z(T}) and Z(Ps,/S4),
Z(Ty) ~ Z(T3/Ss) and Z(P*[3,4]/Ss),
Z(T3/Ss) ~ Z(T5) and Z(Pg,/Ss),
Z(T3) ~ Z(T3/S,) and Z(P?*[2,3]/S,),
Z(T3/S2) ~ Z(T3) and Z(Pg,/Ss),
Z(13) ~ Z(I7/5:) and Z(PS[L?]/Sl),
Z(T7/S1) ~ Z(T7) and Z(Ps, /S1) -

The end points of the scheme are T} (which is toric), projective bundles
over toric and K3 surfaces, and blown-up projective spaces. The descendent
correspondence has been established for all the end points — the blown-up
projective spaces are handled by the method of Section 7.3.3.

We have proven the GW /P descendent correspondence for the even theo-
ries of all Fano hypersurfaces in P*. We can degenerate all Fano and Calabi-
Yau 3-fold complete intersections by an identical factoring argument. The
outcome is a proof of Theorem 1. [l

7.5 Proof of Corollary 1

To prove Corollary 1, we start with the descendent correspondence of The-
orem 1. The initial term results of Theorem 2 of [30] then imply the Corol-
lary. O]

7.6 The Enriques Calabi-Yau

As a further example, we prove the GW/P correspondence for the Enriques
Calab-Yau 3-fold studied in [10, 20].

Let o act freely on the product K3 x E by an Enriques involution o3
on the K3 and by -1 on the elliptic curve. By definition, the quotient

Q= (K3 x E) /(o)

is an Enriques Calabi- Yau 3-fold. Since K3 x E carries a holomorphic 3-form
invariant under o, the canonical class is trivial

wQ = OQ.
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By projection on the right,
Q— E/{-1)=P' (81)

is a K3 fibration with 4 double Enriques fibers.
Let invp: be an involution of P! with 2 fixed point. Let 7 act freely on
the product K3 x P! by (ogs,invp:1). Let

R=(K3xP")/(r)
denote the quotient. By projecting left,
R — K3/{og3) =S (82)

is a projective bundle over the Enriques surface S. Two sections of the bundle
(82) are obtained from the fixed points of invpi. By projecting right,

R — P!/(invp1)

is a K3 fibration with 2 double Enriques fibers.
By degenerating the K3 fibration (81), we find a degeneration of the
Enriques Calabi-Yau @),
QQ ~ RUgs R

where the intersection K3 is a common fiber, see [20, Section 1.4]. Hence the
GW/P correspondence for @ is reduced to the GW /P descendent correspon-
dence for R/K3. The latter reduces to the GW /P descendent correspondence
for R by degeneration to the normal cone.

The Enriques surface S degenerates® to a union along an elliptic curve
of a P-bundle over an elliptic curve and the rational elliptic surface, see [20,
Section 1.3]. We use the corresponding degeneration of (82) to prove the
GW/P descendent correspondence for R. We obtain the following result.

Proposition 21. Let Q) be the Enriques Calabi- Yau, and let § € Hy(Q,Z)/tor
be a curve class. Then,

ze(@:0) | € Q)

25The second homologies H(S,Z) and Ho(Q,Z) have 2-torsion for the Enriques surface
and the Enriques Calabi-Yau. We specify here the curve class only mod torsion. Data
about the torsion refinement is lost in the degeneration of S.
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and we have the correspondence

Zo(Q; q)ﬁ = Za(@ “>ﬁ

under the variable change —q = e™.
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