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The lowest state of the quadrupole-quadrupole interaction is studied for hcp and fcc ortho­

hydrogens. The difference of the classical ground state energies of hcp and fcc ortho-hydro­

gens is estimated to be 0.72 oK per molecule by use of the previous result for the fcc 

structure given by one of us. The zero-point energy corrections are studied also for both 

hcp and fcc structures by a perturbation calculation. The resulting ground state energy dif­

ference is estimated to be 0.57 oK per molecule 

~ 1. Introduction 

By observing the infrared spectrum, Clouter and Gush 1
l found recently that 

the structure of solid normal hydrogen changes from a hexagonal close-packed 

structure (hcp) to a structure with inversion symmetry around 1.4 °K. Mills 

and Schuch2
l confirmed this structure change by observing X-ray photographs. 

I'hey found that the structure is hcp from 4 °K to 1.3 oK and transforms below 

1.3 °K to a face-centered cubic structure (fcc). They found also that the tran­

sition temperature decreases with decreasing ortho-para ratio. This is consistent 

with the established result that the structure of solid para-hydrogen is hcp. 3
l'

4
l 

The transition would be related closely to the removal of the three-fold 

degeneracy at rotational states of ortho-molecules with rotational quantum number 

equal to one. The removal of the degeneracy has been confirmed by observa­

tions of the specific heat anomaly5
l ,G) and of the line shape change in nuclear 

magnetic resonance.'J,SJ The interaction responsible for the removal comes 

mainly from the quadrupole-quadrupole interaction between ortho-molecules, as 

was shown by analyzing the anomalous specific heat. 0
> This is also the case 

for solid deuterium. 10
l 

Thus the ordered orientation of molecules in solid ortho-hydrogen would 

be in the lowest state of the quadrupole-quadrupole interaction between molecules. 

For fcc this lowest state has been obtained classically by Nagai and Nakamura,11
> 

generalizing Luttinger and Tisza's method. 12
l The hcp-fcc transition occurring 

in solid hydrogen with higher concentrations of ortho-molecules means that the 

ordering energy would be larger for fcc than for hcp. Hence it is interesting 

'
1 > Read at the Annual Meeting of the Physical Society of Japan, April, J96fi. 
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642 II. Aiiyagi and T. 1vakamura 

to see how much the ground state energy difference of the quadrupole interctc­

tion for hcp and fcc is. To get this energy difference the ground state energy 

for hcp is needed. 

Several attempts have been made to find the ordered molecular configura­

tion in hcp. Danielian1
:JJ proposed an ordered configuration of ortho-hydrogen 

with a lower energy in comparison with the configuration assumed in the previous 

\vorks. 14
J,laJ Kitaigorodskii. and Mirskaya16

J examined the classical quadrupole 

energies for some symmetrical arrangements of molecules in hcp. Felsteiner1
'J 

gave a lower limit for the lowest classical energy of quadrupoles in hcp. How­

ever, it seems that there is no systematic examination of the quadrupole. ar­

rangements in hcp. In ~~ 2 and 3 of the present paper, we shall give a detailed 

examination of them, following the method given in the previous paper. 11
l 

As shown by Raich and James, 13
J the ground state energy of solid ortho­

hydrogen is estimated from that of the classical quadrupole system with a con­

version factor (2/5Y. The resulting estimate is a semiclassical value. There 

may be some correction to that, coming from the zero-point energy. This effect 

would be studied by looking into the rotational excitation in the ordered state,1
aJ 

as seen in the spin wave theory of ordered magnets. \Ve shall treat the zero­

point correction to the ground state energy by a perturbation calculation for 

both fcc and hcp ortho-hydrogens. The result will be given in § 4. 

~ 2. Characteristic quadrupole arrays in hcp crystals 

The quadrupole interaction between two molecules with distance R is written 

V= 3e
2

/lQ
2 

Jl+Z(s ·s.,)2 __ 5 (th·RY+- (s2·RY 
16R5 l 1 

" R 2 

____ '~O (s1· R) (.-;2 · R) (. ) _
1 

__ 
35 

(sl · RY (.~2 · R)
2l 

- R2 sl. s2 , R·t J ' (2. J) 

where R is the vector connecting the centers of two quadrupoles, e!tQ the electric 

quadrupole moment of molecule, and s1 and s2 are the unit vectors representing 

the directions of molecular axes. If we denote the direction cosines of s by 

(~, YJ, (), the quadrupole interaction (2·1) summed over all pairs of molecules 

can be written 

1v _ " 1 , 1 .~ .iF (J-" __ 1_) ) .v k 
V - ~ L..J .V f" j<V '-J Q.k .vv • 

.i>t p.,).J 

(2· 2) 

Here .z/ denotes the p-th quadrupole component of the j-th molecule with the 

position vector R.i. Five components of the quadrupole are given in the column 

(a) of Table I and F
1
.v (R) 's in Table II.*l 

The lowest energy configuration of the classical quadrupole system in hcp 

*) Figures given in Table II differ by a factor :3 £rom those in Table l of reference 11). as 

was reported in the Errata. 
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Ground State Energy Dijference of llcjJ and ~Fcc Ortho-I-Iydrogens 643 

Table I. Quadrupole components . 

.. ! . 

(b) 

') . ;,3 
- ~ X v c (J "2 -J 2) 

5 2 c 1} 

') 1 
~ X . (3J .:?_ ')) 
5 2 ~ ~ 

2 \/3 
r:: X ') (J,J!: +J ;J,) 
,) ~ 

2 vJ 
X-· ... (J,J +J J,) 

5 2 • n n • 

(~, 'YJ, () are the direction cosines of molecule. 

J ~;, J,
1 

and J!: are the angular momentum operators with J == 1. 

Jl. Jl 

1 1 

1 2 

1 5 

2 2 

2 5 

3 3 
•) 

4 0 

4 4 

5 5 

w Jl 

1 ~3 

1 4 

2 :3 

2 4 

3 5 

4 5 

4/3 

8 

-16/3 

4/3 

cos (j) 

-2/3 

4/v:~ 

-2;':3 

cos 2(/) sin 2(/) 

1/9 

P 4
1 (cos B) 

Sin (j) 

2/3 

4h/3 

-2/3 

cos 4(/) 

l/18 

-1;'18 

cos 3(/) 

1/9 

-1/9 

(6J, (/)) denote the polar and azimuthal angles of the direction R. 

sin 4(/) 

1/18 

sin 3(/) 

1/9 

1/9 

will be studied by the same method as given in reference 11), namely by a 

generalized Luttinger ancl Tisza's method. vVe first look for the lowest energy 

configuration of quadrupoles by minimizing (2 · 2) with a subsidiary condition 
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644 1-I. J.ldiyagi and T. ""Val.zanwra 

(2· 3) 

This condition comes from 

': c~l"~r= 1 (2. 4) 
f" 

summed over all nwlecules. Owing to translational symmetry, the solution 

would be a periodic pattern composed of 

(2· 5) 

Here ;::;
1
, (A.) denotes the amplitude of the /t-th quadrupole component with a 

spatial variation exp (- i"A · R.i) . The energy minimum condition leads to 

Y
1 
{'>

1

F~"" (R.i- R,J exp (i"A · (R.i -- R,J)} .::::"(A.) = f2: 1• (A.). (2. 6) 
v k 

The eigenvalue f of the above eigenvalue problem turns out to be twice the 

quadrupole energy per molecule. If we multiply both sides of (2 · 6) by 

exp ( --- iA. · R.i), the left-hand side of the resulting equation represents the /1-th 

component of the quadrupole field at the j-th site owing to quadrupoles at the 

other sites. Hence (2· 6) means that the quadrupole field 'vector' at a lattice 

site would be parallel to the quadrupole 'vector ' 

at the same site. The proportional constant is 

f, which will be referred to as field value. 

If the eigenvector belonging to the lowest 

field value gives a real molecular configuration, 

everything would be right. However, this is 

not always the case. It is because our for­

malism is based on a weak condition (2 · 3). 

If we could not find real direction cosines (~,:, 

'l/;, ( 1) from the lowest eigenvector, this vector 

represents a fictitious quadrupole configuration. 
Fig. 1. Coordinate system. 

The basic vectors are aj, a
2 

However, any real molecular configuration 

and c, where cis perpendicular would be represented by some linear combina-

to at and az, latl = lazl =a and tion of eigenvectors. The eigenvectors of (2 · 6) 

lei =c=VS/3 a. will be called characteristic quadrupole arrays. 

The lowest characteristic quadrupole array is fictitious in hcp and real in fcc. 

The coordinate system shown in Fig. 1 is taken to represent the position 

vector Rh whose distance is measured in units of a, distance to nearest neigh­

bors. It is to be noted that the unit cell in hcp includes two lattice points, 

namely (0, 0, 0) and (}, - }, ~D in our coordinate system. Then we divide the 

lattice into two sublattices, and B, as shown in Fig. 1. 

\Ve first study the quadrupole arrays with \=c= (0, 0, 0), that is the unifonn 

array in each sublattice. For the uniform arrays, there is no field component 

at a lattice site, coming from different components of quadrupoles in the lattice. 
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Ground State Energy IJZflerence of 1-lcjJ and Fcc Ortho-Flydrogens 645 

Then we have field values given by 

( f_P- ) - " FA A (R - R ) ( + ) ,~FA H ( TJ . - R ) 

1
::/J- - kf;;:j) PI~ f k ___ 7 P.# .l\. J l 

/1 = 1, 2, ... ' 5, (2. 7) 

where the lattice points j and k belong to A-lattice and l to B-lattice. Two 

kinds of field values, f~" and 1-:, come from two different types of uniform 

arrays. If we define a basic vector z~" by 

the ft-th component of z~" =-~ 1 

and the other components of z
1
• :.:: 0, (2· 8) 

J:, and 1-: are the field values associated with (zP-, z~") and (zp, - :z,,) respectively. 

Here, two vectors in (zp, z,J or (z,,, -- :::;!') refer to quadrupole vectors in A­

and B-lattices respectively. 

Table !If. Field values of the uniform characteristic array. 

Even type Odd type 

Field value 

f/ 
Characteristic array Characteristic array 

Z 1°(z1, z1) 

Z2° (z2, Z2) 

Z:l O (Z:J, Z:J) 

Z 4° (z4 , z 4 ) 

z 5° (z5, z5) 

L20g 

7.2'.!, 

-d.82 

--- 4.8'.!, 

1.20 

Z1°(zb -zr) 

z2o (z2, - z2) 

Z.1°Cz3, -z:J) 

l1° (z4, - ='4) 

Z5° (70, - Z5) 

Field value 

]!"~ 

5.60 [! 

:33.58 

-22.:18 

--22.38 

5.60 

Field values of the uniform characteristic array are given m Table III, 

where we measure the field value f in units of 

(2·9) 

The numerical value of g is 2.82 x l0- 10 erg or 2.04 °K. Lattice sums in (2 · 7) 

have been evaluated by Ewald and Kornfeld's method. 

\Ve next study quadrupole arrays with A.== (0, rc, 0). \Vith this translational 

symmetry, the first component of quadrupole 'vector ' in the array gives rise 

to the second component of quadrupolar field at a lattice site. Incidently the 

characteristic quadrupole arrays connected with z1 and z 2 come out as linear 

combinations of z1 and z 3• The results are shown in Table IV. The phase of 

quadrupole ' vector ' in B-lattice relative to that in A-lattice is chosen as illus­

trated in the figures given there. 

The field values of quadrupole arrays with A.=---= (0, rc, 0) are threefold de­

generate. This degeneracy comes from the fact that the arrays considered have 

a threefold rotational symmetry axis around c-axis. If we rotate a pattern of 

(0, TC, 0) arrays be 2rc/3 around c-axis, the pattern to come out will represent 

the array with A.= (rc, 0, 0). In the same way, we can get arrays with A.= 

(rc, TC, 0) from those with A.= (0, ~o, 0) by the rotation of ---277/3 around c-ax1s. 
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646 II. Miyagi and T. 1Vakamura 

Table IV. Field values and characteristic quadrupole arrays with A= (0, rr, 0). 

Even type Odd type 

Characteristic Vector at Field value Characteristic Vector at Field value 
array the origin f,/ array the origin fp,! 

Zt' r2z1 +r1z2 23.51 g Z/ O~Z1 + rJ\Z2 38.88 g 

Z2' -r1z1 +r2z2 5.13 Z' 2 -l)1z 1 + lJ2z2 -18.26 

Z3' Z3 - l.G2 Z/ z:3 31.22 

Z/ Z4 7.70 Z/ z4 -25.14 

Z-' 0 Z5 -24.48 Z-' 0 zv -26.72 

The characteristic quadrupole array is defined by a set of quadrupoles with 'vector' given in the 

second column, where each vector has + or - sign as designated in respective figures. In the 

table r 1
2 +r22 =a12 +az2=1, Cr1or2) = C -:-0.141, 0.990) and Ca1, a2) = (0.490, 0.872). 

Table V. Characteristic quadrupole arrays with A= (7:', 0. 0) and J..=c (7:'. 7:', 0). 

(a) 2= (7:', 0, 0) 

Characteristic 
array 

Zt'' 

Z2'' 

Zs'' 

Z/' 

Z5'' 

Even type 

Vector at the origin 

r2t -(1/2lzt- (v3 /2)zo}+hz2 

-rtt -(1/2)z~- (v3 /2)z5}+rzz2 

- (1/2) zs- (~/ 3 /2) Z4 

( v 3 /2) zs -- (1/2) :::4 

(v3 /2)z~- C1/2)z5 

(b) A= (i7, TC, 0) 

Characteristic 
array 

Z/" 

Z/'' 

Z3''' 

Z/'1 

Z"'l' 

Even type 

Vector at the origin 

r2t -(1/2lzt + (v3 /2) zo}+ r1z2 

- 1'1 { -(1/2lzt + ( V
1

3 /2) z5} + r2z2 · 

- (l/2)zs + ( v :~ /2) Z4 

- (~/3 /2)z3 - (1/2)z4 

- ( v/3 /2) z 1 - (1/2) Z5 

Characteristic 
array 

Z{' 
. Z/' 

i;l'/ 
Z/1 

Zo'l 

Characteristic 
array 

Z/'1 

Zz'" 
Z:/1' 

Z/" 
Z5'1' 

Odd type 

Vector at the origin 

a2{- C1/2)zt- (v3 /2)z5}+atzs 

-or{- (1/2)zt- (v3/2)z5}+t!2zz 

- (1/2) Z3 -- (y 3 /2) Z4 

h/3 /2)z3- (1/2)z4 

(1/3 /2) Zt- (1/2) Z5 

Odd type 

Vector at the origin 

az{- (1/2)zt+ (v3 /2)z5}+atz2 

-b\{- (1/2)zt + (1/3 /2)z5} +!!2z2 

- 0/2)zd- (v3 /2)z4 

- Cv 3 /2) zs- (l/2) z4 

-- ( V :~ /2) Z 1- (1 /2) Z5 
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Ground State Energy Dzf(erence of J-IcjY and Fcc Ortho-1-Iydrogens 647 

By Z/' we designate a new 'vector ' generated from Z/ given in Table IV, 

by the rotation of 2rr/3. In Table V, we give a quadrupole 'vector' at the 

origin for the characteristic array Z/'. This vector generates the whole arrays 

in the lattice according to ( +, -)-pattern obtained from the pattern given in 

Table IV by the rotation of 2rr/3. The corresponding 'vectors' generated by 

the rotation of - 2rr/3 are also given in Table V. Z/, Z/' and Z/' are de­

generate in a field value f/. 
\Ve have studied quadrupole arrays with other various symmetries. Some 

results are given briefly in § 5. The lowest field value has proved to be 

-26.72 [/, whose characteristic quadrupole arrays are Zo', i{," and Z5'" as given 

in Tables IV and V. This field value was reported also by Felsteiner. 1
iJ Any 

linear combination of the above three degenerate arrays cannot give real quadrupole 

array. In order to get the real array we should take into account characteristic 

arrays with higher field values. Thus one half of the lowest field value gives 

a .lower limit of the quadrupole energy per molecule in hcp. This lower limit 

is higher than the quadrupole energy per molecule in fcc, that is -28.46 g /2. 

~ 3. Construction of the lowest real quadrupole array 

The lowest characteristic quadrupole array is fictitious in hcp, as mentioned 

in § 2. \Ve shall find the lowest real quadrupole array by making a linear 

combination of the characteristic quadrupole arrays. vVe do this in a manifold 

spun by the characteristic vectors with :\= (0, 0, 0), (0, rr, 0), (rr, 0, 0) and 

(rr, ![, 0). ]'his procedure is equivalent to finding the lowest quadrupole con­

figuration in the 8-sublattice model. The characteristic quadrupole array will 

hereafter be represented by 8 quadrupole vectors, that is an 8 X 5 dimensional 

vector. 

A real quadrupole array Z, and g X 5 dimensional 'vector', IS decomposed 

into the characteristic arrays as follows : 

Z= ~~a~'C7n)z~'cmJ + ~L:a,uunlz,ucml, (3 ·1) 
p 'in 1.1. 'rn 

where (m) = 0 refers to the uniform array and (m) = ', 11 and "' to X= (0, n, 0), 

(rr, 0, 0) and (rr, rr, 0) respectively. \Ve note that the characteristic vectors are 

orthogonal : 

(z em) zen)) = ct (m) z (1n) == 8c) o ,u , v I' , v ,uv rnn, 

(Z,u (7n>, z}nl) = 0. (~1. 2) 

Here we normalized Z as (Z, Z) = 8. Then 

~"\cl (rn)\2 .1_ '\-1y11~a (m)\2== 1 
.::.....J.LJ ,u I ..:...J.::.....JI ,u · (3· 3) 

f.J. 1n f.t 'in 

]'he quadrupole field vector F, an 8 X 5 dirnensional vector, associated with the 

. array Z is written 
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648 EI. Miyagi and T. Nal:amura 

(3· 4) 

if we remember the field associated with each characteristic array to be parallel 

to the characteristic vector with a proportional constant f~" em> or J~" em>. Making 

a scalar product of F and Z, (F, Z), and using (3 · 2), we have 

(3·5) 

where 1; (F, Z) = f is an average field value. This average field value will be 

referred to also as field value. 

To get the lowest real quadrupole array, we need to fix the above expan­

sion coefficients, a/n> and a/n>, so as to make satisfy two different kinds of 

conditions, the extremum condition and the reality condition of quadrupole. 

\Ve first give the extremum condition. Let f be a quadrupole field acting 

on a quadrupole z in the lattice, both f and z being five dimensional vectors. 

If the quadrupole z is in an extremum configuration under the field J: then no 

infinitesimal rotation of molecule gives rise to any change in the quadrupole 

energy (f, z). This condition is written down 

(3. 6) 

where L~, L,
1 

and L~; are the infinitesimal rotation operators around f-, ·r;- and 

(-axes respectively; for example, 

The matrix representations for these operators are g1ven by 

0 0 l 0 0 

0 0 iv3 0 0 

L;:= -- z -i-y/3 0 0 0 

0 0 0 0 z 

0 0 0 -- z 0 

0 0 0 l 0 

0 0 0 ~~- iv3 0 

L.'J= 0 0 0 0 -z 

-l iv3 0 0 0 

0 0 1 0 0 

and 
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Ground State Energy Dljlerence of IIcjJ and Fcc Orlho-1-Iydrogens 649 

0 0 0 0 -- 2i 

0 0 0 0 0 

L~;= 0 0 0 l 0 
'' 

(3·7) 

0 0 -z 0 0 

2i 0 0 0 0 

where our bases of quadrupole, z 1, z2, z:,, Z4 and z5, are taken as bases of the 

above representation in the same order. Then the extremum conditions (3 · 6) 

are written 

(zl h- Zs ];.) + t/3 Cz2 f, --- Zs ];) + (z4 fi, -- .Z5 h) == 0, 

(zl h- z4 ];_) + v3 (z4]; -- z2 h) -+- (:z5 Is-· .z3 f,) = 0, 

2 (z5 j;_- Z1 fr,) -f- (Zsh- Z.t f,) = 0, 

(3. 8) 

where J;., · · ·, fr, are five components of f. Only two of (3 · 8) are independent 

conditions. The condition (3 · 8) would be satisfied for all molecular sites in 

the extremum configuration. It is to be noted that the condition is automatically 

satisfied in the case when f is parallel to z. This is the case for characteristic 

quadrupole arrays. 

vVe next give the reality condition of quadrupole. Of five quadrupole 

components we have only two independent components; we have three con­

eli tions for each quadrupole, one of which is given by (2 · 4) . The others are 

written 

~ 2 __ "" 2_ (')/" /-3-) ,_ (1--L ').-) 
.<.., 3 •'-' 4 -~ '--I v ,..;._, 1 ! '-'·- 2 ' 

zsz4= (1/v3)z5(1+2.z2). 

From these conditions we have 

Zs= ± (1/t/3) {(1-z2-- t/3.z1) (1-J-2z2)}1
1

2
, 

Z4 ± (1/t/3) {(1-.z2-j- t/3z1) (1-J-2zz)} 1
1

2
, 

za= ± (1/t/3) {(1-z2)
2---3z 1

2}1/2
• 

(3·9) 

(3 ·10) 

One of signs in the above expressions for z 3, z~ and ~ 5 1s chosen respectively 

in the following combinations. 

+ + ] -+ 
' 

+ 
_[_ 

I 

and (3 · 11) 
-+ 

The other sign combinations do not appear m the real quadrupole, as easily 

seen from Table I. The allowed region of z1 and z2 is shown in Fig. 2. If 

we distribute the above sign combinations over the 8 lattice points, we would 

have 47 different configurations for fixed .z1 and z 2 over the 8 lattice points. 
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650 

Fig. 2. Allowed region in the 

II. 1\nyagi and T. 1Vakamura 

\Ve construct real quadrupole arrays satis­

fying the extremum condition, where symmetric 

arrangements of quadrupoles are assumed. Actually 

we examine the extremum condition only for a few 

types of symmetric arrangements. Because we can 

·get a rough estimate of field values from (3 · 5) 

with the help of Tables III and IV. By such observa­

tions we can exclude various characteristic quadru­

pole arrays. As seen from those tables, Z/, Z/ and 

Z5' have field values much lower than the others, 

though Za0 and z.jo have f-ield values close to that 

of Z/. The next lower field value comes from 

Z/' The real quadrupole arrays with lower field 

values would include some of the above characteristic vectors with greater 

amplitudes. Results of our examination will be given below. 

(A) \Ve first take up Z3°, Zl, Z/, Zo' and Z 5'. In these characteristic arrays, 

both z1 and z2 vanish at all lattice points. Then z 3, z 4 and z 5 have magnitude 

of (1/ V3) as seen from (3 · 10). This represents the molecular orientation 

with direction cosines ( ± 1/V3, :._1:: 1/V3, ± 1/V3) except the choice of sign 

combinations. As seen from (3 · 11), two or none of .z3, :::: 4 and z 5 can change the 

signs simultaneously. Hence three of the characteristic arrays taken above should 

be combined in such a way that two of z 3 , z.1 and z 5 might change their sign 

along araxis of Fig. 1. This means that two of the characteristic arrays to be 

chosen should be of the (0, IC, 0) symmetry. For the same reason, two of 

them should be of the odd symmetry, in order that quadrupoles at both A­

and B-lattice sites might be real. Keeping these in mind, we construct two 

real arrays 

(1(t/3) (Z3° + Z/ + Z/), (1/ t/3) (Z3°!- Z/ + Z5'), 

whose field values are respectively 

(1/3) (j~ 0 -1-j~' + ];,') = -24.00 g, 

(1/3) ( fs 0 + j~' +i,') = -18.18 g, 

(3 ·12) 

(3 ·13) 

Here we used (3 · 5) with Tables III and IV. Tl~e first array in (3 · 12) has 

quite a low field value. 

The arrays (3 · 12) do not satisfy the extremum conditions (3 · 8), of which 

the second and third equations are taken to be a set of independent conditions. 

Let us then assume a real quadrupole array given by 

Z - 0 r,v 0 +- oz· 0 + ~ oz~ 0 I ~ 'Z~ I__)__ 'Z I 
-a1L""1-,a2 2 a3 3-,a4 4 1a5 5. 

Decomposing our extremum conditions on the 8 lattice points 

components, vve get 

(3 ·14) 

into Fourier 
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2 ( .f'O +') , o (j"o j-_--:,)""'~o 0 
J 1 - J 5 a5 a1 - 3 -- 4 a4 a3 = . 

(3 ·15) 

(3·16) 

In these equations, (3 ·15) comes from the (0, rc, 0), odd component of the 

second equation of (3 · 8), and (3 ·16) from the (0, rc, 0), even component of 

the third equation of (3 · 8), where we used (~3 · 4). There is no other Fourier 

component of the extremum conditions. It is clear from (3 ·15) and (3 · 16) 

that the first array in (3 ·12) does not satisfy the extremum conditions. It is 

also clear that the extremum array including ,l3°, Z/ and Z/ should be of the 

form (3 ·14); if we took into account the other characteristic arrays instead of 

Z 1° and Z 2°, the (0, rc, 0), odd component of the second equation and (0, rc, 0), 

even component of the third one, both of (3 · 8), would remain unsatisfied. 

In (3·15) and (3·16), a3°, a/ and ao' are expressed in terms of a1° and a2° 

as given by (3 ·10): 

as0 = (1/ v3) { (1- az0 
~- v3al0

) (1 + 2a2°)} l/2
, 

a/= (1/t/3) { (1- az0 + v3al0
) (1 + 2a2°)} l/2

, 

a/= (1/v3) {(1-a2°)
2 --3(a1°Y} 1

1
2

• 

(3 ·17) 

If we substitute (3 ·17) into (3 ·15) and (3 ·16), the results are two equations 

with respect to a 1° and (]z
0

• The solution is given as follows : 

a} 
v3 

2 

(j~o -j-:') ( ;;o- j~o -)~'+fa') 

( +o }'')(3'-~'o (J/·~o ()F'-1-j'') (j~o j--:')2' J 1 -·- 5 I.J 2 ~ ~ :3 -- ~J ·i - 5 ~-· a -· "1 

a o_ 1 
2-

2 

( ~o~ J/) (---/"so -~j~~--t_- 2fr,') + (/_~o---j~'/ 
( ~o- fr,') (3j;o- 2j~o 2}/ + };') - (j,o- ~'Y 

(3 ·18) 

The above solution gives a real quadrupole array, satisfying the extremum con­

dition. This solution is shown in the first row of Table VI. 

Label 

(1) 

(2) 

(:3) 

(4) 

Table VI. Real quadrupole arrays satisfying the extremum condition. 

Amplitudes of the characteristic arrays 

a1°=0.031, a2°= -0.006, a3°=0.56(), a/ =0.591, a5'==0.580 

Ot0 =0.165, Oz0 =0.1()8, a3°=0.464, a/ =0.603, a/ =0.618 

a1°=0.105, Clz
0 =0.255, a/ =0.419, a4°=0.485, a5' =0.717 

a/ =a/1 =a/11 = -0 030 aoO= -0 125 Ziz 1 =az" =a./11 =0 413 
a5'=a5;1 ::.-=a5"'=0.39f) ' ·~ . ' 

Field value 

--24.03 g 

--20.28 

---18.79 

--21.68 

j-

Figure 

3 (a) 

3 (b) 

3 (e) 

4 

In the same way we find two other arrays with lower field values, satisfying 

the extremum condition, as given in the secOnd and third rows of Table VI. 

The molecular configurations corresponding to the above three quadrupole arrays 

are shown in Fig. 3. These are threefold degenerate, repectively. 
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652 I-1. Aiiyagi and T. Nal:zamura 

{a) 

(8' tp) 

= {55.0 ,43.5°) 

(c) 

{8,P) 

(b) 
:= {66.2°,4\.cf) 

(8, p) 

= (59.3°,37.6°) 

Fig. 3. Projection of molecular configurations given in Table IV. 

(0, <r) denote the polar and azimuthal angles of molecule at (0, 0, 0) site. The sense of 

projected vectors in c-plane represents the dire:::tion of molecule, the sign of (-component 

of direction cosines being fixed as positive. 

(B) The arrays found in (A) do not include Z/, Z/1 and Z/", which have 

a rather low field value. To complete our study, we examined some symmetrical 

arrays including the above characteristic arrays. First we could not find any 

extremum array with Z/ and Z/, being of low field value. Secondly, we 
' l 'tl z~ II z~ (!/ z~ II d z~ fff 0 ' ~ II ~ fff l ~ II ~ fff examinee arrays w1 1 2 , 2 , 1 an 1 , a.,sum1ng a 2 = a 2 anc a 1 = a 1 • 

The lowest field value of the considered type is found to be -- 17.19 g after a 

troublesome analysis. 

(C) Of quadrupole arrays with Z2

1
, i.," and Z/'', we examine arrays of the 

following type : 

(3. 19) 

In this type of arrays the third and fourth components of quadrupole, .z3 and 

z 4, vanish at all lattice points. As seen from (3 · 10), the array comes out if 

molecules are in c-plane Cz2 = - t) or parallel to c-axis Cz2 = 1). From the 

extremum condition (3 · 8), we have now .z5 };_- z1 h = 0 at the 8 lattice points, 

\vhich are written in terms of the Fourier components 

(f--: I-f~')(~ c~ 1~ I _ _L ~ 11~ II-+-~ fff~ fff) 
2 5 11 a2 a5 1 a2 a5 a2 a5 

(3 · 20a) 

1 /3 ___ (f~ I j~ ') "' " c~ 11~ fff ~ fff~ II) _ 0 
T t 1 --· 2 0102 a1 a2 ---at a2 - , (3· 20b) 
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and the other two equations are generated from (3 · 20b) by cyclic permutations 

of ', " and "'. There is no other Fourier component. In (3 · 20) we used the 

expressions for Z/, Z/' and Z'"'1
" given in Tables IV and V. The estimates of 

o1 and (J2 are g1ven also in Table IV. T'he extremum conditions (3 · 20) suggest 

a solution 

,tt = 1, 2 and 5 , 

for \Vhich (3 · 20) reduces to a single equation 

(3. 21) 

If we assume a/ +O, the solution of (3 · 21) brings a real quadrupole array 

with a field value -~- 21.68 f/, as shown m Fig. 4. The numerical· data are g1ven 

1n the fourth row of Table VI. 

Fig. 4. Molecular configuration for the mo­

lecular array in the fourth row of Table 

IV. 

Black circles represent molecules directed 

perpendicularly to c-plane. The other 

molecules lie in c-plane and rotate along 

hexagons surrounding the black circles, by 

a step of n/3, where the azimuthal angle 

of molecule at (1, 0, 0) site is -32.3°. 

As a result of our examination, we 

conclude that the lowest real quadru­

pole array is given by Fig. 3 (a) with 

the field value - 24.03 f/. This confi­

guration is included in the molecular 

patterns chosen by Kitaigorodskii and 

Mirskaya. 16
) However, their method is 

not so systematic as given in the present 

paper. The other configurations they 

gave have high field values : they missed 

our solutions (2) and ( 4) given in 

Table VI. They rnissed also the lowest 

quadrupole configuration in fcc. 

§ 4. Quantum mechanical correction to ground state energy 

In the previous section we studied the classical quadrupole system in hcp. 

In the quantum mechanical quadrupole system, we interpret the molecular ori­

entations resulting from the lowest classical solution as the quantized axes of 

molecules. Quantum mechanical expressions for quadrupole components are 

given in the column (b) of Table I. Those are the semi-diagonal part in J = 1 

with particular reference to ortho-hyclrogens. The level spacing between J = 1 

and J = 3 is quite large ; we can neglect undoubtedly effects of the interaction 

non-diagonal in J on the ground state energy. 

As the zeroth approximation, each ortho-molecule would be in the state 

.!;·· o= 0 in the frame of the quantized axes mentioned above, where ('-axes might 

be different for different 1nolecules and J;;, denotes an eigenvalue of J;; referred 

to each quantized axis. In the oriented state Jt' == 0, the diagonal element of 

z 2 is -~ 2/5, while that of the other z'"' vanishes. For this reason, the quadrupole 
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energy per molecule diagonal in Jr, would be half a field value multiplied by 

(- 2/5)2, for the lowest state. The estimates are given by 

1 . <) ) 2 

( - -'
5 

( ~- 28.46 g) = --4.65 °K (fcc), 
2 

1 ') ) 2 
( --- ..., ( -- :24.0~-3 g) = --- 3.93 °1( (hcp). 

2 \ 5 

llere f(fcc) c=- 28.46 g lS taken from reJerence 11) .. \Ve note that Danidiari's 

estimate for hcp 13
) is -0.7 4 °K. 

The above estimates for the ground state energies are semi-classical. There 

is a zero-point correction to them, as seen in the spin wave theory of antifer­

romagnets. This correction is generally small. However, the correction could 

be important, because we are concerned with a small difference of ground state 

energies for hcp and fcc ortho-hydrogens. The lowest energy in hcp is higher 

than that in fcc. This means that the state density of excitation spectra will 

be denser for hcp than for fcc, since the quadrupole energy averaged_ over all 

configurations is zero for both hcp and fcc. This observation suggests that the 

lowering of ground state energies due to the zero-point correction would be 

more appreciable for hcp than for fcc. A net effect will give a difference of 

ground state energies smaller than that predicted from ( 4 · 1). 

\Ve evaluate the zero-point correction by using a second order perturbation. 

The quadrupole interaction (2 · 2) is rewritten in the new coordinate system 

(e, r/, ('), where ('-axes are taken to be respective quantized axes. \Ve denote 

the orientation angles of the i-th quantized axis by (Oi, {/!-i). By a transformation 

(;, '!j, () ~ ce, r/, (')' each quadrupole component is transformed as given by 

(4·2) 

Table VII. Transformation matrix T
1
w (0, ({'). 

ll 
I 

1 2 3 4 5 
J1. -----

1 (1/2) (1 + cos2 0) (v-3 /2) sin2 (} I -sin 0 sm 2~ (1/2) sin 2fJ -cos 0 sin2~ 

·cos 2~ ·cos 2~ 
I 

·cos 2~ 

2 (t/_3_ /2) sin2 0 (1/2) (3 cos2 0-1) I 0 - ( -v::r/2) sin 20 0 

3 
- (1/2) sin 20 ( v-3" /2) sin_ 20 I cos 0 cos~ cos 20~sin ~ -sin 0 cos ~ 

·sin ~ ·sin ~ 
i 

I 

--
4 - (1/2) sin 20 ( v-3)2) sin 20 -~cos 0 s1n ~ cos 20 cos ~ sm 0 sm ~ 

·cos ~ ·cos ~ 

5 (l/2) ( l -1- C<_JS
2 0) ( v-3/2) si1~ 2 0 sm 0 cos 2~ '· (1/2) sin 20 cos 0 cos 2~ 

2cp 2cp ') ·SID ·s1n . Sll1 ~'P 

with a transformation matrix shown 1n Table VII. Tn the new system, the . 

quadrupole interaction (2 · 2) is written 
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Ground State Energy Dtjference of IlGjJ and Ji'cc Ortho-llydrogen.•; 655 

(4·3) 

where 

\Ve divide 1V into two parts 

(<1. 5) 

·where 

and IV' is the remaining part of t-V. 

\Ve want to regard W' as a perturbation with the unperturbed Hamiltonian 

lv.,. 0
• However, in our choice of W 0 a trouble appears, as is seen if we analyze 

the quadrupole field vector f at each site. The field is written 

0 
1 

.fcc= r/h 0 + r/h 
0 
0 

-------------------------------
0 

(4/25)¢2. 

/ . , ...... 

1 0 
0 0 
0 + r/;5 0 (4·7) 
0 0 
0 1 

in the (e, r/, (') system. The third and 

fourth components of f do not appear as a 

result of the extremum nature of the clas­

sical ground state. In ( 4 · 7) cfh is the field 

value, cp 1 ="'~Fl~(Rj-Rk) and rp 5 =~F 5 t'(Rj 
k - k 

- R,). (/; 1 and ¢" do not appear if the 

lowest characteristic array is real (fcc); the 

field is parallel to ('-axis and hence axially 

symmetric around ('-axis. This symmetry 

is broken in hcp. Due to different syn1-

1netries of the fields, we have different 

schemes of rotational levels, as shown in 

Fig. 5. The excited levels are splitted in 

hcp. On the other hand, W 0 of ( 4 · 6) gives 

doubly degenerate excited levels. However, 

fcc hcp the splitting given in Fig. 5 is very s1nall 

Fig. 5. Rotational levels in fcc and hcp compared with the excitation energy itself. 

under the· field predicted from the ]'here would be no appreciable error com-
classical ground state. 
For fcc <Pt=¢

5
=0, (Pz'"" -~8.~Sg. ing from our choice of \V

0

• 

Forhcp¢ 1 =-0.:355[!, ¢:>=--L:l69y, For the ground state IO) of \;V
0

, all 

¢z= -24.<K-3g. quadrupoles are in the state J1, = 0. This 

approxirhate ground state is combined with states including the excitation of two 

tnolecules, j and /;;,, through W'. 
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656 ~I. J.1iiyagi and T. 1Va/::amura 

These states are 

j-th site 1-c-th site 

IO, ···, + 1, ···, + 1, ···, 0)= (l/2)J./J+kiO), 

10 ··· _j_1 ··· -1 ··· 0)= (1/2) J,.iJ kiO) 
' ' --1 ' ' ' ' ( -~- - ' 

10 ... 1 --1 ... 0\-(1/'))JfJkiO\ , , - , ···, f , , /- ,_, , -- + I /, 

(4·8) 

I 0 . . . --1 .. . ----1 . . . 0\ = (1/')) J j ,- kl 0\/ 
' ' ' ' ' ' I t-~ t -~ t --- ' 

where J ± = J)J ± iJ
11

• Matrix elements relevant to perturbational calculations are 

the following : 

<0 .... 0 .. . 0 .. ·I TV 0
I 0 . .. 0 .. . 0 ... \ 

' ' ' ' ' ' ' ' ' ' / 

\/0 ... -~-1 ... ±1 ... JtV 0 IO ... ±1 ··· ±1 ... ) 
' ' ..-1..- ' ' ' ' ' ' ' ' ' 

=\/0 ··· -L1 ... =t=l ... IW0 IO ... ±1 ... =t=l ... ) 
' ' ..J_ ' ' ' ' ' ' ' ' 

=l1fo+ (2/5Y(3/2) {-2r/h+ (3/2)F~HR.i-Rk)}, 

(0, ... , ± 1, ... , ± 1, ... 1 W'IO, ... o, ... , 0, ··-) 

= (2/5Y(3/8) [Fl~(Rj-Rk) -F~;~(RJ-Rk) 

=t=i{F1~CR.t-Rk) +F~ 1 ~(R.i·-Rk)} ], 

< 0' ... ' :±: 1' ... ' =F 1' ... I TV I I 0' ... ' 0' ... ' 0' ... ) 

= (2/5Y(3/8) [Fl~(RJ-Rk) +F~ 1 ~(R.t-Rk) 

± i {Fl~ (R.t- Rk) - F:; 1 ~ (R.i- Rk)}]. 

The energy correction from the second order perturbation becomes 

W
2

= _ ~ l(nl W'IO)I
2 

" Wn- Wo 

= - (2/SY (3/8) ~ 1 ·~ 
.i>k -2¢d- (3/2)F2'2(R.i-Rk) 

x {F~~ (RJ -- R~c)
2 + F~~~ (R.t-RkY + Fl~ (R.i-RkY 

+ F~~~ (R.i- RkY}. 

(4·9) 

( 4 ·10) 

The classical ground configurations are shown in -Fig. 6 for fcc and in 

Fig. 3 (a) for hcp. \Vith the help of them we evaluate F,;~ (R.f -- Rk), which in 

turn enables us to evaluate tV2 • In computations, we took into account only 

nearest neighboring pairs in the sum of ( 4 · 10); contributions from further 

neighbors decrease very rapidly as IRJ --Rkl 10 The result becomes 
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\ 

\ 
\ /1 \ 

\ 
\ 

\ 
\ 

/ ~ 

' 

', 
' 

W 2 l- (2/5)
2 

X 0.59 ,q (fcc), 

-N = - (2/5) 2 X 1.07 ,q (hcp). (
4

.
11

) 

(4·1) and (4·11) give our :final result. The 

ground state energy per molecule is - (2/5Y X 

14.82 g = ·- 4.85 °K for fcc and - (2/5)2 
X 13.09 g = 

-4.28 °K for hcp. The energy difference proves 

to be 0.57 °K per m.olecule. *> 

§ 5. Discussion 

We have studied the lowest quadrupole con­

figuration in hcp, which is constructed from the 

characteristic arrays with ""= (0, n, 0), (n, 0, 0) 
Fig. 6. Lowest molecular con- h h 

and (n, n, 0) wit t e help of the uniform arrays. 
figuration in fcc. 

Each molecule points to a One might ask if there may be some other charac-

three-fold rotation axis as teristic arrays lower than our assumed ones. We 

shown by broken lines. give below some results of our examination con-

cerning the above question. These are based on the field values resulting from 

the lattice sum taken up to nearest neighbors. 

(A) Field values of the characteristic arrays with 1\ = (0, n, n) 

Field values are given by 

-24.50 g,- 20.73 g, -9.17 g, 25.03 g and 29.37 g, 

where each value is doubly degenerate. Real quadrupole arrays constructed 

from these would not bring the lowest array. 

(B) Field values along (0, 1, 0) -axis in the Brillouin zone 

We studied the behavior of various :field values along (0, 1, 0) -axis in the first 

Brillouin zone, namely as functions of 1\ = (0, A, 0). The result with the inter­

action taken up to nearest neighbors is shown in Fig. 7. As seen from the 

figure, the lowest :field value appears at (0, TC, 0). We also observe that the 

other two :field values approach the lowest one with approaching (0, n, 0). This 

explains the reason why the lowest :field value of the real quadrupole array 

appears at (0, TC, 0). In Fig. 7 the accurate :field values are shown also at two 

extremum points, (0, 0, 0) and (0, n, 0). The situation mentioned above would 

not change even if the accurate estimate was carried out. 

We have concluded that fcc is more stable than hcp for ortho-hydrogens, 

with a stabilization energy of the quadrupole interaction, 0.57°K per molecule. 

As mentioned in § 1, the para-hydrogen prefers hcp to fcc. This will be quite 

*l See Note added in proof. 
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field value/g 

40 

-40 

Fig. 7. Field values as functions of A= (0, A, 0). 

r; 

r; 

The result is based on the lattice sum taken up to nearest neighbors. 

The accurate values with .A.= (0, 0, 0) and (0, rc, 0) are marked outside 

by points, connected to the corresponding values with the nearest 

neighbor estimates. 

a difficult problem to explain. Isenberg and Domb 20
) tried to explain the relative 

stability of fcc and hcp crystals from the zero-point energy difference of lattice 

vibrations based on the harmonic approximation. They found the effect to be 

very small and concluded the anharmonic effect to be important in deciding the 

relative stability. In any way, our estimate of the stabilization energy of the 

quadrupole interaction, 0.57 °K per molecule, gives an upper limit of the ground 

state energy difference of fcc and hcp para-hydrogens. 

We finally note a point taken up by Raich and James. 18
) They studied 

the temperature behavior of the molecular orientation in ordered fcc and hcp 

ortho-hydrogens, where the ordered configurations are assumed to be the N 2-

pattern for fcc and the Kitaigorooskii-Mirskaya pattern for hcp. The configu­

rations assumed are the correct choice; the lowest quadrupole array in fcc is 

of the N 2-type. 11
) Raich and James found the orientation of molecules to be 
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dependent upon the temperature in hcp. Such a behavior comes out if the 

lowest characteristic array is fictitious. Because, near the transition temperature 

we have small average values of quadrupole components, which are free from 

the reality condition. The pattern of order· parameters approaches the lowest 

fictitious array with approaching the transition temperature. In the sense of the 

Hartree approximation, the transition temperature is related to the lowest field 

value of characteristic arrays but not to that of real arrays. 

Appendix 

Quantum mechanical correction to quadrupolarization 

The normalized perturbed state up to the second order is given by 

Then, 

COl! CJt/Y-110) = -1+ _?_~ r 
3 

: -- - 2 

8 ~.; -l -2¢h -r- tFzz (Rj-RTc)} 

x {F~HRj-RTc) 2

+Ftl (Rj-R1cY+ Fl~(Rj-RlcY-l-F~ (Rr'--Rlc) 2
}, 

whence we estimate the quadrupolarization to be 

l
-1 + 0.022 (fcc), 

(OI! CJt,Y-110) = 

-1 + 0.048 (hcp). 
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20) C. Isenberg and C. Domb, Lattice Dynamics (edited by R. F. Wallis, Pergamon Press, 

1965). 

Note added in proof: According to the computer result by Felsteiner17> j(fcc) =-28.28g, which 

is supposed to be more reliable than ours. The resulting modification of ( 4 · 11) is negligibly small. 

If we take Felsteiner's value, the difference of the classical ground state energies for hcp and fcc 

is estimated to be 0.69°K, and that of the quantum mechanical ones 0.54°K, both per molecule. 
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