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Ground State Energy Difference of Hep
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The lowest state of the quadrupole-quadrupole interaction is studied for hep and fce ortho-
hydrogens. The difference of the classical ground state energies of hep and fee ortho-hydro-
gens is estimated to be 0.72 K per molecule by use of the previous result for the fec
structure given by one of us. The zero-point energy corrections are studied also for both
hep and fec structures by a perturbation calculation. The résulting ground state energy dif-
ference is estimated to be 0.57 °K per molecule

§ 1. Introduction

By observing the infrared spectrum, Clouter and Gush® found recently that
the structure of solid normal hydrogen changes from a hexagonal close-packed
structure (hep) to a structure with inversion symmetry around 1.4°K. Mills
and Schuch? confirmed this structure change by observing X-ray photographs.
They found that the structure is hep from 4°K to 1.3°K and transforms below
1.3°K to a face-centered cubic structure (fcc). They found also that the tran-
sition temperature decreases with decreasing ortho-para ratio. This is consistent
with the established result that the structure of solid para-hydrogen is hep.”®

The transition would be related closely to the removal of the three-fold
degeneracy at rotational states of ortho-molecules with rotational quantum number
equal to one. The removal of the degeneracy has been confirmed by observa-
tions of the specific heat anomaly”® and of the line shape change in nuclear
magnetic resonance.”® The interaction responsible for the removal comes
mainly from the quadrupole-quadrupole interaction between ortho-molecules, as
was shown by analyzing the anomalous specific heat.” This is also the case
for solid deuterium.'® ‘

Thus the ordered orientation of molecules in solid ortho-hydrogen would
be in the lowest state of the quadrupole-quadrupole interaction between molecules.
For fcc this lowest state has been obtained classically by Nagai and Nakamura,'
generalizing Luttinger and Tisza’s method." The hcep-fce transition occurring
in solid hydrogen with higher concentrations of ortho-molecules means that the
ordering energy would be larger for fce than for hep. Hence it is interesting

*) Read at the Annual Meeting of the Physical Society of Japan, April, 1966,
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642 H. Miyagi and T, Nakamnura

to see how much the ground state energy difference of the quadrupole interac-
tion for hep and fce is. To get this energy difference the ground state energy
for hep is needed.

Several attempts have been made to find the ordered molecular configura-
tion in hep. Danielian'™ proposed an ordered configuration of ortho-hydrogen
with a lower energy in comparison with the configuration assumed in the previous
works 1 Kitaigorodskii and Mirskaya® examined the classical quadrupole
energies for some symmetrical arrangements of molecules in hep. Felsteiner™
vave a lower limit for the lowest classical energy of quadrupoles in hep. How-
ever, it seems that there is no systematic examination of the quadrupole . ar-
rangements in hep. In §§ 2 and 3 of the present paper, we shall give a detailed
examination of them, following the method given in the previous paper.'” v

As shown by Raich and James,® the ground state energy of solid ortho-
hydrogen is estimated from that of the classical quadrupole system with a con-
version factor (2/5)’. The resulting estimate is a semiclassical value. There
may be some correction to that, coming from the zero-point energy. This effect
would be studied by looking into the rotational excitation in the ordered state,'”
as seen in the spin wave theory of ordered magnets. We shall treat the zero-
- point correction to the ground state energy by a perturbation calculation for
both fce and hep ortho-hydrogens. The result will be given in § 4.

§ 2. Characteristic quadrupole arrays in hep erystals

The quadrupole interaction between two molecules with distance R is written

Vo 36“/@“ jl 42 (sl . 82)2 -5 (8- 1{)“ - ‘q (Sg . I{)“
16R" | R

g B (B oy 135 o B G RL
R R

where R is the vector connecting the centers of two quadrupoles, ¢/, the electric
quadrupole moment of molecule, and s, and s, are the unit vectors representing
the directions of molecular axes. If we denote the direction cosines of s by
(&, 7, 0), the quadrupole interaction (2-1) summed over all pairs of molecules
can be written

W=31312,7F (R~ R <. (2-2)

=5 o
Here =z, denotes the y-th quadrupole component of the j-th molecule with the
position vector R, Five components of the quadrupole are given in the column
() of Table I and F,,(£)’s in Table 1I.%¥

The lowest energy configuration of the classical quadrupole system in hep

*) Figures given in Table Il differ by a factor 2 from those in Table 1 of reference 11), as
was reported in the Errata.
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Table 1. Quadrupole components.
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(&, 9, ) are the direction cosines of molecule.

Je J

ki

Tabe II. Expressions for I,

and J, are the angular momentum operators with J=1.

(R) X (4R%/3¢*ug™) .

Pil(cos 0)

P (cos 6)

u y P, (cos ©) | L
cos 20 sin 20 cos 40 | sin 40
11 4/3 1/18
12 23,73 ,
1 5 ‘ 1/18
2 2 8
2 5 ‘ 2/3v3
33 ~16/3 | —4/9
304 : 4/9
4 4 —16/3 | 4/9 |
5 5 4/3 | ‘ —~1/18
Pyl(cos 0) Pd(cos 0)
P . .
cos O \ sin @ cos 30 ‘ sin 3@

1 3 ; ? 2/3 1/9

1 4 ; —2/3 ﬁ ‘ ; 1/9

2 3 | | 4’3 |

9 4 ah/s ; |

3 5 —2/3 | —1/9

4 5 | ‘ —2/3 ‘ 1/9

(@, ®) denote the polar and azimuthal angles of the direction R. .
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generalized Luttinger and Tisza’s method. We first look for the lowest energy
configuration of quadrupoles by minimizing (2-2) with a subsidiary condition
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NONEDENY (2:8)

T K

This condition comes from

summed over all molecules. Owing to translational symmetry, the solution
would be a periodic pattern composed of

2, (Wexp(—in-R)). (2-5)

Here z,(A) denotes the amplitude of the s-th quadrupole component with a
spatial variation exp(—ir-R;). The energy minimum condition leads to

F, By~ Ry exp (b (B —Ry)) e, (W) =Sz, (V). (2-6)

The ecigenvalue f of the above eigenvalue problem turns out to be twice the
quadrupole energy per molecule. If we multiply both sides of (2-6) by
exp(—ih-R,), the lefthand side of the resulting equation represents the s-th
component of the quadrupole field at the j-th site owing to quadrupoles at the
other sites. Hence (2-6) means that the quadrupole field vector’ at a lattice
site would be parallel to the quadrupole  vector’
at the same site. The proportional constant is
f, which will be referred to as field value.

If the eigenvector belonging to the lowest
field value gives a real molecular configuration,
everything would be right. However, this is
not always the case. It is because our for-
malism is based on a weak condition (2-3).
H we could not find real direction cosines (&,

7., &) from the lowest eigenvector, this vector
represents a fictitious quadrupole configuration.
However, any real molecular configuration

Fig. 1. Coordinate system.

The basic vectors are €,

and ¢, where ¢ is perpendicular would be represented by some linear combina-
to @ and @y, |a;|=|az]=a and tion of eigenvectors. The eigenvectors of (2-6)
lel=c=1"8/3 a.

will be called characteristic quadrupole arrays.
The lowest characteristic quadrupole array is fictitious in hep and real in fcc.

The coordinate system shown in Fig. 1 is taken to represent the position
vector R, whose distance is measured in units of g, distance to nearest neigh-
bors. It is to be noted that the unit cell in hep includes two lattice points,
namely (0,0, 0) and (4, —%, &) in our coordinate system. Then we divide the
lattice into two sublattices, A and B, as shown in Fig, 1.

We first study the quadrupole arrays with A== (0, 0, 0), that is the uniform
array in each sublattice. For the uniform arrays, there is no field component
at a lattice site, coming from different components of quadrupoles in the lattice.
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Then we have field values given by
(L )= 2 Fa =Ry ()P R R)
¥ I — /T
p=12 -5 (2-7)
where the lattice points j and % belong to A-lattice and / to B-lattice. Two
kinds of field values, f, and f,, come from two different types of uniform
arrays. If we define a basic vector =, by

b

the x-th component of z,=1
and the other components of z,=0, (2-8)

£, and £, are the field values associated with (z,, z,) and (s,, —=,) respectively.
Here, two vectors in (z,, z,) or (z,, --z,) refer to quadrupole vectors in A-
and B-lattices respectively.

Table 1II. Field values of the uniform characteristic array.

{

Odd type

Even type »
.. | Field value o . Field value

Characteristic array : f,bo : Characteristic artay };&0

29z, =) 1.20g ; 70z, —x)) | 5.60 ¢

Z0(zs, =2) 7.22 VAICRES 33.58

Ly0(=y, =) ‘ —4.82 Zgo(i’s, —3) —22.38

Z0(zy, 4) 482 ' Z0 (=g, —zy) . -22.38

750 (=5, ©3) ; 1.20 JATCT— | 5.60

5Field values of the uniform characteristic array are given in Table III,
where we measure the field value f in units of
g =3c"1,"/4a" . (2-9)
The numerical value of ¢ 1s 2.82x 107" erg or 2.04°K. Lattice sums in (2-7)
have been evaluated by Ewald and Kornfeld’s method.

We next study quadrupole arrays with A= (0, 7, 0). With this translational
symmetry, the first component of quadrupole ‘vector’ in the array gives rise
to the second component of quadrupolar field at a lattice site. Incidently the
characteristic quadrupole arrays connected with z and =z, come out as linear
combinations of z and z. The results are shown in Table IV. The phase of

quadrupole ¢vector’ in B-lattice relative to that in A-lattice is chosen as illus-

trated in the figures given there.

The field values of quadrupole arrays with A== (0, 7, 0) are threefold de-
generate. This degeneracy comes from the fact that the arrays considered have
a threefold rotational symmetry axis around c-axis. If we rotate a pattern of
(0, 7, 0) arrays be 27/3 around c-axis, the pattern to come out will represent
the array with A= (7, 0, 0). In the same way, we can get arrays with A=
(z, @, 0) from those with A= (0, 7, 0) by the rotation of —27/3 around c-axis,
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Table 1V. Field values and characteristic quadrupole arrays with 2= (0, =, 0).

i

Even type 3 Odd type

Characteristic | Vector at ;| Field value | Characteristic =~ Vector at ¢ Tield value

array the origin | 5 ‘ array the origin ‘ N
Z/ 1 To%1 + 7180 2351 ¢ Zy ! Oomy+0179 38.88 ¢
Z,/  —mEtrm 1 — 513 j zZy — Ozt Bz, —18.26
zy/ z o~ 162 ; Zy : = 31.22
z/ %4 | 7.70 | Zy | = —25.14
z %5 . —24.48 | Zy =5 2672

The characteristic quadrupole array is defined by a set of quadrupoles with ¢ vector’ given in the
second column, where each vector has + or — sign as designated in respective figures. In the
table 72+ 71:2=0.2+082=1, (7,72 = (=0.141, 0.990) and (9, ds) = (0.490, 0.872).

Table V. Characteristic quadrupole arrays with 2= (x, 0, 0) and 2= (#, =, 0).
(@) A=(r, 0, O)

Even type ; Odd type
Char;ﬁ“fynshc Vector at the origin . Charzitri;lstlc Vector at the origin
z | l—1/25— /3 /D5t zy 0of— (/2 m— (/3 [2) 25} + 812
VA% e = (/22— (V3 /2) =5} + 1or C Ly =0 — (/22— (V3 /2) =5} + o
Zy ‘ —(1/2)z— (/3 /2) =4 Zy = (1/2) =3~ (/3 [2) =y
Z/ : W3 /2 my— (1/2) =4 zZy (/38 /2) =y — (1/2) =y
zy | (/3 /27— (1/2) x5 Zy (/3 /2)m— (1/2)zs
(by 2= (=, =, 0)
Even type "‘ Odd type
(’haraarit;;lsm Vector at the origin (“haiiif;snc Vectqr at the origin
z i —(1/2)21+ (/3 /2)zs} + 1172 AL o 0= (A2 =+ (V3 [2) %)+ 0=
Zy =7 {12+ 3 /2D x5} + 1oy zZ) =0 {— (U2 =+ (3 [2) 2] + oo
Zy —(1/2)z5+ (V'3 /2) =4 ‘ Z ﬁ —(1/2) =3+ (73 /2) =4
zy — (V3 D zy— (12 =, zZ 1 — /32 xm—(1/2) =

R L T B (Y PO LIS UL
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Ground State Energy Difference of Hcep and Fee Ortho-Fydrogens 647

By Z,” we designate a new ‘vector’ generated from Z, given in Table IV,
by the rotation of 27/3. In Table V, we give a quadrupole ‘vector’ at the
origin for the characteristic array Z,”. This vector generates the whole arrays
in the lattice according to (+, —)-pattern obtained from the pattern given in
Table IV by the rotation of 27/3. The corresponding ‘vectors’ generated by
the rotation of —27/3 are also given in Table V. £ Z,” and Z,” are de-
generate in a field value f,.

We have studied quadrupole arrays with other various symmetries. Some
results are given briefly in §5. The lowest field value has proved to be
—26.72 g, whose characteristic quadrupole arrays are Zy, Z,” and Z;" as given
in Tables IV and V. This field value was reported also by Felsteiner.'” Any
linear combination of the above three degenerate arrays cannot give real quadrupole
array. In order to get.the real array we should take into account characteristic
arrays with higher field values. Thus one half of the lowest field value gives
a lower limit of the quadrupole energy per molecule in hep.  This lower limit
is higher than the quadrupole energy per molecule in fcc, that is —28.46 9/2.

§ 3. Construction of the lowest real quadrupole array

The lowest characteristic quadrupole array is fictitious in hep, as mentioned
in §2. We shall find the lowest real quadrupole array by making a linear
combination of the characteristic quadrupole arrays. We do this in a manifold
spun by the characteristic vectors with A= (0,0,0), (0,7, 0), (r, 0,0) and
(7, 7, 0). This procedure is equivalent to finding the lowest quadrupole con-
figuration in the 8-sublattice model. The characteristic quadrupole array will
hereafter be represented by 8 quadrupole vectors, that is an 8 x5 dimensional
vector. :
A real quadrupole array Z, and 8 x5 dimensional ‘vector’, is decomposed
into the characteristic arrays as follows : '

Z:ZZGA(WL)ZN(m?“E—Zza/&(nL)ZﬁbOn)’ ‘ (31}
PRE e .
where () =0 refers to the uniform array and (n)=’,” and ” to A= (0, 7, 0),
(z,0,0) and (7, 7, 0) respecﬁvely. We note that the characteristic vectors are
orthogonal :

(Zﬂ(m), ZV(m) — (Z#(m)’ Zu(n)) — 88W6mn’

(2,00, Z,) =0, (3-2)
Here we normalized Z as (Z, Z)=8. Then
> 2 a4 2 a =1 (3-3)

»omn t m

The quadrupole field vector # an 8 x5 dimensional vector. associated with the
b 2

- array 4 is written
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I’T: Zxaﬂ(m)f#(m)zﬂ(m) "’I‘ Zxaﬂ(m)f#(m)zvﬂ(m), (3 . 4)
wom room

if we remember the field associated with each characteristic array to be parallel

to the characteristic vector with a proportional constant £, or f,™. Making

a scalar product of F and Z, (F, Z), and using (3-2), we have

Koom M

F= a1 3@, (3-5)

where 2 (F, Z) =f is an average field value. This average field value will be
referred to also as field value.

To get the lowest real quadrupole array, we need to fix the above expan-
sion coefficients, a,” and @,", so as to make satisfy two diffcrent kinds of
conditions, the extremum condition and the reality condition of quadrupole.

We first give the extremum condition. Let f be a quadrupole field acting
on a quadrupole z in the lattice, both f and %z being five dimensional vectors.
If the quadrupole z is in an extremum configuration under the field f, then no
infinitesimal rotation of molecule gives rise to any change in the quadrupole
energy (f,z). This condition is written down

(f, Les) = (f, L) = (f, Lz) =0, (3-6)

where L., L, and I, are the infinitesimal rotation operators around &-, %- and
C-axes respectively ; for example,

/.0 0
L= — < =),
T e Ty )

The matrix representations for these operators are given by

0 0 i 0 0
0 0 iv'3 0 0
L.= —i  —iV’3 0 0 0 ,
0 0 0 0 Z
0 0 0 —1 0
0 0 0 { 0
0 0 0 —i1/3 0
L= 0 0 0 0
—1 V'3 0 0 0
0 0 i 0 0

and
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0 0 0 0 2
0 0 0 o 0
L= 0 0 0 i 0o, (3:7)
0 0 —i 0 0
2 0 0 0 0

where our bases of quadrupole, 2, 2,, 23, 2, and z;, are taken as bases of the
above representation in the same order. Then the extremum conditions (3-6)
are written

(zlf:‘s"‘zafi) +1'3 (%fz'“ :3ﬁ> -+ (‘“34]"5”“ Ts fi) = 0’

(1 fimz ) + V32 i) + (2 o= 5) =0, (3-8)

2(zs im0 S5) + (zsfi—2 1) =0,
where f,, -+, f; are five components of f. Only two of (3:-8) are independent
conditions. The condition (3-8) would be satisfied for all molecular sites in
the extremum configuration. It is to be noted that the condition is automatically
satisfied in the case when f is parallel to = This is the case for characteristic
quadrupole arrays. '

We next give the reality condition of quadrupole. Of five quadrupole

components we have only two independent components; we have three con-

ditions for each quadrupole, one of which is given by (2-4). The others are
written

sl ei= (2/1V )2 (1+ 22y,
252 = (1/1V3) 25 (14 22y).
From these conditions we have
2=+ (1/V3) {(1 —2,— V' 32) (1+22y)} 7,
2=+ (1/V3) {(1—2,+ V' 32:) (1+225)} 7, (3-10)
5= 4 (L/V3) {(L—2) 3277,

(3-9)

One of signs in the above expressions for z; =, and =z, is chosen respectively
in the following combinations,

e

The other sign combinations do not appear in the real quadrupole, as easily
seen from Table I. The allowed region of 2, and z, is shown in Fig. 2. If
we distribute the above sign combinations over the 8 lattice points, we would
have 47 different configurations for fixed z;, and 2, over the 8 lattice points.

- _{h -

.

_{._

and (3-11)

>
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z We construct real quadrupole arrays satis-
fying the extremum condition, where symmetric
arrangements of quadrupoles are assumed. Actually

e we examine the extremum condition only for a few
types of symmetric arrangements. Because we can

with the help of Tables IIT and IV. By such observa-
tions we can exclude various characteristic quadru-
pole arrays. As seen from those tables, Z,’, Z,” and

_,/21/0 ! zz  get a rough estimate of field values from (3-5)

Zy have field values much lower than the others,

s Allowed resion in 4 though Z,° and Z have field values close to that
Q. 7 cg e

9

; 2 -plane. of Z7. The next lower field value comes from
7" The real quadrupole arrays with lower field
values would include some of the above characteristic vectors with greater
amplitudes. Results of our examination will be given below.

(A) We first take up Z3°, Z;, Z,/
both =, and =, vanish at all lattice points. Then 2, =, and gz; have magnitude
of (1/v/3) as seen from (3-10). This represents the molecular orientation
with direction cosines (#+1/1/3, +1/173, +1/1/3) except the choice of sign
combinations. As seen from (3-11), two or none of =, =, and z; can change the
signs simultaneously. Hence three of the characteristic arrays taken above should
be combined in such a way that two of =, =, and =, might change their sign

Z/ and Z;. In these characteristic arrays,

b

along a,-axis of Fig. 1. This means that two of the characteristic arrays to be
chosen should be of the (0, #, 0) symmetry. For the same reason, two of
them should be of the odd symmetry, in order that quadrupoles at both A-
and B-lattice sites might be real. Keeping these in mind, we construct two
real arrays ’

A VIEZLHZ 2, AV ELLZ+Z)), (3-12)
whose field values are respectively
(1/3) (FE+S+f) = —24.009,
(1/3) (A +FL+f) = —18.18 9. (3-13)

Here we used (3-5) with Tables III and IV. The first array in (3-12) has
quite a low field value. v

The arrays (3-12) do not satisfy the extremum conditions (3-8), of which
the second and third equations are taken to be a set of independent conditions.
Let us then assume a real quadrupole array given by

2= al°Zlo -+ (leZzO -+ 530230 -+ 54/24, + as,_Zsl. (3 . 14)

Decomposing our extremum conditions on the 8§ lattice points into Fourier
components, we get
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— (B —fHE a’+ VIR~ al a + (FL—f) ar s = (3-15)
2( A~ f)as al— (S —f)a/a =0, | (3-16)

In these equations, (3-15) comes from the (0,7, 0), odd component of the
second equation of (8:8), and (3-16) from the (O, 7, 0), even component of
the third equation of (3-8), where we used (3-4). There is no other Fourier
component of the extremum conditions, It is clear from (8-15) and (3-16)
that the first array in (3-12) does not satisfy the extremum conditions. It is
also clear that the extremum array including Z;°, Z,” and Z; should be of the
form (3- 14) if we took into account the other characteristic arrays instead of
Z' and Z,, the (0, 7, 0), odd component of the second equation and (0, 7, 0),
even component of the third one, both of (3:8), would remain unsatisfied.
~In (3-15) and (3-16), &, @/ and a; are expressed in terms of @ and a;’
as given by (3-10): '

2= (1/v3) {(1—a' = V3a) 1+ 240}V,
a = (1/1/3) ‘{ (1—-a’+13a°) (1+2a")} 2 (8-17)
a’ = 1/V3) {(1-a')—3 (@)} ‘

If we substitute (3-17) into (3-15) and (3-16), the results are two equations
with respect to «” and «’. The solution is given as follows : ‘

po V3 (F2=fO K=R=FO )
L2 (A GRS 2 ) = (=
aie L RS SO + (LS (3.18)

2 (£ BAR =2 =28 +F) — (FL—F7)

The above solution gives a real quadrupole array, satisfying the extremum con-
dition, This solution is shown in the first row of Table VI.

Table VI. Real quadrupole arrays satisfying the extremum condition.

Label Amphtudes of the characterxsnc drrays ‘ ]* 1eld value | F]gure
@ alcz()OSl azo——O 006 ago—O 560 dy =0, 591 as’ = 0.580 —»—"4035/ 3 (a)
(@) | a=0165, @,°=0.108, a,"=0.464, &\’=0.603, & =0.618 2028 3 (b)
3 a,°=0.105, a,°=0.255, ay’ =0.419, &,°=0.485, &’ =0.717 -18.79 j 3 (o)

(4) | a/=a/ =a/"=—0030, a¥=—0.125, dy =&,/ =ay""=0413, = —21.68 ‘\ 4

&’~&”'~d”’~ 0.396 i
i

In the same way we find two other arrays with lower field values, satisfying
the extremum condition, as given in the second and third rows of Table VI.
The molecular configurations corresponding to the above three quadrupole arrays
are shown in Fig. 3. These are threefold degenerate, repectively.
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(8,9)
=(55.0 ,435)

(8,9)
=(66.2°,41C)

(6,¢)
=(593,376)

Fig. 3. Projection of molecular configurations given in Table V.
(0, ¢) denote the polar and azimuthal angles of molecule at (0, 0, 0) site. The sense of
projected vectors in c-plane represents the direction of molecule, the sign of ¢-component
of direction cosines being fixed as positive.

(B) The arrays found in (A) do not include Zy, Z,” and Z,”, which have
a rather low field value. To complete our study, we examined some symmetrical
arrays including the above characteristic arrays. First we could not find any
extremum array with Z, and Z, being of low field value. Secondly, we
examined arrays with 2,7, Z,”, Z,” and Z”, assuming #.” =" and a,”=a,".
The lowest field value of the Lons1dered type is found to be —17.19 g after a
troublesome analysis.

(C) Of quadrupole arrays with ZQ’, Z, and Z,”, we examine arrays of the
following type :

Z: 5‘1‘ '{ZZ-/#/ZM/ ~ //Z //_1 N ///Z ///} —i—(l; ;_ i (3.19>

In this type of arrays the third and fourth components of quadrupole, ; and
2, vanish at all lattice points. As seen from (3-10), the array comes out if
molecules are in c¢-plane (3,=—%) or parallel to caxis (z,=1). From the
extremum condition (3-8), we have now z;fi—= /=0 at the 8 lattice points,
which are written in terms of the Fourier components

(f f )6 (d; a5 +aas” + ~d///~ ///)
-+ ( f;’ ”‘f5,> 0y (51,ﬁ5, L7 L aay) = O, (3 - 20a)
(Y =TI 0@ a" + @) a” '
J— (jl, _f5/> (f)\ (alf/aol/l + ?le// asl/)
+1/3 (ﬁ/ ‘“f?) 0.0, (51//52/// . Fdl/”?ig ,) _ 0, 3. 201))

220z 1snbny |z uo1sanb Aq 90.2.2/81/L19/v/LE/e1onue/did/woo dnoolwspede//:sdyy woly papeojumoq



Ground State Energy Difference of Hep and Fee Ortho-Hydrogens 653

and the other two equations are generated from (3-20b) by cyclic permutations
of 7, 7 and ”. There is no other Fourier component. In (3-20) we used the
expressions for Z,”, Z,” and Z,” given in Tables IV and V. The estimates of
0, and 0, are given also in Table IV, The extremum conditions (3-20) suggest
a solution

’ ~ / ~ "

_ _ —1 o, =
S =a,=a, p#=1,2 and 5,

2

for which (3-20) reduces to a single equation
@ { (Y — 0@ + (f — )0’} =0. (3-21)

If we assume @,+0, the solution of (3-21) brings a real quadrupole array
with a field value —21.68 ¢, as shown in Fig. 4. The numerical data are given
in the fourth row of Table VI

‘ As a result of our examination, we
conclude that the lowest real quadru-
pole array is given by Fig. 3(a) with
the field value —24.03g9. This confi-
guration is included in the molecular
patterns chosen by Kitaigorodskii and
Mirskaya."» However, their method is
not so systematic as given in the present

Fig. 4. Molecular configuration for the mo-
lecular array in the fourth row of Table

- paper.  The other configurations they
Black circles represent molecules directed gave have high field values : they missed
perpendicularly to c¢-plane. The other our solutions (2) and (4) given in
molecules lie in c¢-plane and rotate along Table VI They missed also the lowest

hexagons surrounding the black circles, by
a step of »/3, where the azimuthal angle
of molecule at (1, 0, 0) site is —32.3°.

quadrupole configuration in fcc,

§4. Quantum mechanical correction to ground state energy

In the previous section we studied the classical quadrupole system in hep.
In the quantum mechanical quadrupole system, we interpret the molecular ori-
entations resulting from the lowest classical solution as the quantized axes of
molecules. Quantum mechanical expressions for quadrupole components are
given in the column (b) of Table I. Those are the semi-diagonal part in J=1
with particular reference to ortho-hydrogens. The level spacing between J=1
and J=3 is quite large; we can neglect undoubtedly effects of the interaction
non-diagonal in J on the ground state energy.

As the zeroth approximation, each ortho-molecule would be in the state
J.=0 in the frame of the quantized axes mentioned above, where {’-axes might
be different for different molecules and J; denotes an cigenvalue of J, referred
to each quantized axis. In the oriented state .J. =0, the diagonal element of
2, 1s —2/5, while that of the other =, vanishes. For this reason, the quadrupole
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energy per molecule diagonal in J, would be half a field value multiplied by
(—2/5)", for the lowest state. The estimates are given by

S e ‘
! <* - > (—28.46 ¢9) = —4.65°K (fce),
2 5 ‘

| (4-1)
1/ 2V . . e /
P (”‘ 5 > (—24.03g) = 393K (hep).

Here f(fee) = —28.46 9 is taken from reference 11). We note that Danielian’s
estimate for hep'™ is —0.74°K,

"The above estimates for the ground state energies are semi-classical. There
is a zero-point correction to them, as seen in the spin wave theory of antifer-
romagnets. This correction is generally small. However, the correction could
be important, because we are concerned with a small difference of ground state
energies for hep and fce ortho-hydrogens. The lowest energy in hep is higher

than that in fcc. This means that the state density of excitation spectra will

be denser for hcp than for fcc, since the quadrupole energy averaged over all
configurations is zero for both hcp and fce. This observation suggests that the
lowering of ground state energies due to the zero-point correction would be
more appreciable for hcp than for fcc. A net effect will give a difference of
ground state energies smaller than that predicted from (4-1).

We evaluate the zero-point correction by using a second order perturbation.
The quadrupole interaction (2-2) is rewritten in the new coordinate system
(&, 9, ¢"), where {’-axes are taken to be respective quantized axes. We denote

the orientation angles of the i-th quantized axis by (0;, ¢;). By a transformation -

(&, 9,0, 7,8, each quadrupole gomponcnt is transformed as given by

:’/4..1—“>>;__‘\,‘Z pv (01') ¢1> zv\/‘\l <4 ‘)>

Table VIL  Transformation matrix 77, (0, ¢).

| 1 | 2 3 4 5
M i b . I - - —
| L .
1 /2 )<1+L()b“ 0) ‘L G/737/2)sin? 0 | —sin 0 sin 2¢ (l/))sm 28 —cos # sin2¢
3. -cos 2¢ | <Ccos 2¢ \ | -cos 2¢
21 O/3/2) sin? 0 | (1Y) Geos?0-1) 0 | =G/ 3/2)sin 20 0
3 E — (1/2)sin 20 L (V37/2)sin 20 | cos 0 cos ¢ | cos 205sin ¢ —sin 0 cos ¢
i -sin ¢ J -sin ¢ f ‘ o
4 i — (1/2)sin 20 LG/ sin 26 J‘ —cos 0 sin ¢ | cos 20 cos % sin # sin ¢
-Cos @ ( cos ¢ :
5 ! (1/’) (L4-cos? 0) l G732 )bm“ sin 0 cos 2¢ i, (l/))sm 20 | cos 0 cos Z¢
-sin 2¢ -sin 2¢ : -sin 2¢

with a transformation matrix shown in Table VII. In the new system, the .

quadrupole interaction (2-2) is written
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W= \W\WV *7 . s (R R,) 2, (4.3)
]\/( Hs u

where

FL(R;,—R,) = \ "] 005, 0N Foo(R;—R) T, (Ur, ¢1) . (4-4)
We divide W into two parts

W=W?°% W7, (1-5)

where
WO N et B (R — Ry - (1-6)

1>/L

and W’ is the remaining part of W.

We want to regard W’ as a perturbatlon with the unperturbed Hamiltonian
W?° However, in our choice of W?°a trouble appears, as is seen if we analyze
the quadrupole field vector f at each site. The field is written

O\

0
s| 0 (4-7)

0

1

~

f = (hy + s

ToocoHO
oooo»—a/

..... in the (&, 9/, &) system., The third and
Tz, AN fogrth components of f do not appear as a
ot f¢+ A 1"esu.1t of the extremum nature OZF the clas-
sical ground state. In (4-7) ¢, is the field
k ~ k&

o , —R,). ¢ and ¢; do not appear: if the
lowest characteristic array is real (fcc); the
field is parallel to {’-axis and hence axially
symmetric around (’-axis. This symmetry
is broken in hcep. Due to different sym-
metries of the fields, we have different
schemes of rotational levels, as shown in
Fig. 5. The excited levels are splitted in
hep. On the other hand, W of (4-6) gives
doubly degenerate excited levels. However,
fec hep the splitting given in Fig. 5 is very small
Fig. 5. Rotational levels.in fcc and hep compared with the excitation energy itself.
under the-field predicted from the There would be no appreciable error com-
classical ground state. . . ‘o
For fec gimds=0r o= — 28287, ing from our choice of W?, ’ .
For hep 1= —0.355 1, ¢s=—1.369, For the ground state [0> of W' all
he=—24.039. quadrupoles are in the state J. =0, ‘This

5

(4725,

(47259,

approximate ground state is combined with states including the excitation of two
molecules, j and %, through W~’.
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These states aré
j-th site k-th site
10, -+, 1, -+, R 1, -, 00=(1/2)J,7J.F|0>,
10, ) 41, e, =1, e, 0= (1/2) 0T 40D,
0, o, — 1, «o, 1, -, 0= (1/2)J.7J 50>,

0, oo, =1, e, =1, e, 0= (1/2) J9J 5|0,

(4-8)

where J.=J,+iJ, Matrix elements relevant to perturbational calculations are
the following : '

0, -+, 0, -, 0, - |W°[0, ---, 0, -

b 2

= (2/B) 2 FER;—Ry) = (2/5) (N/2) o= W,
>k

0. -

>

D
/

’

0, <oy &1, o L1 WO, e, 1, 21D
=40, -+, 1, - F1, W0, -, £1, -, F1, -
— Wit (2/5)°(3/2) {— 24+ (3/2) Fi(R,— Ry},
e kL, e, 1 W0, 0, e, 0, o) (4-9)
= (2/5)(3/8) [Fi(R,~R,) — Fi(R,~ Ry
= H{FER,—Ry) + Fi (R~ R} 1,
<0’ e i:l, .. :{:1, H/V’io’ e 0, e 0, >
= (2/5)(3/8) [Fi(R,—Ry) 1+ FL(R,—Ry)
Li{FER—Ry) — Fi(R;— R},

The energy correction from the second order perturbation becomes

oo [ W10y ]?

W= -3
v W,— W,
=~ (2/5)'(3/8) ) '

Bt —2¢,+ (3/2) FL(R,—R))
XAFGR; — Ry’ + Fi (R — Ry)' + Fis (R, — R,
+ Fi (R — R} (4-10)
The classical ground configurations are shown in Fig. 6 for fcc and in
Fig. 3(a) for hep. With the help of them we evaluate Ff(R;-R,), which in
turn enables us to cvaluate W, In computations, we took into account only

nearest neighboring pairs in the sum of (4-10); contributions from further
neighbors decrease very rapidly as |[R; R, . The result becomes
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(4-11)

W, —(2/5)'x 0599 (fce),
=

— (2/5)*x1.07 g (hep).

(4-1) and (4-11) give our final result. The
ground state energy per molecule is — (2/5)*%
1482 9= —4.85°K for fcc and — (2/5)*x13.09 9=
e —4.28°K for hcp.. The energy difference proves
to be 0.57°K per molecule.® :

b \\ / § 5. Discussion

We have studied the lowest quadrupole con-
: figuration in hcp, which is constructed from the
characteristic arrays with A= (0, 7, 0), (z, 0, 0)
and (w, 7w, 0) with the help of the uniform arrays.
One might ask if there may be some other charac-
teristic arrays lower than our assumed ones. We
give below some results of our examination con-
cerning the above question. These are based on the field values resulting from
the lattice sum taken up to nearest neighbors.

Fig. 6. Lowest molecular con- -
figuration in fcc.
Each molecule points to a
three-fold rotation axis as
shown by broken lines.

(A) Field values of the characteristic arrays with A= (0, 7, )

Field values are given by
—24509,—20739, —9.17¢, 25.03 ¢ and 29.37 g,

where each value is doubly degenerate. Real quadrupole arrays constructed
from these would not bring the lowest array.

(B) Field values along (0, 1, 0)-axis in the Brillouin zone
We studied the behavior of various field values along (0, 1, 0)-axis in the first
Brillouin zone, namely as functions of A= (0,2, 0). The result with the inter-
action taken up to nearest neighbors is shown in Fig. 7. As seen from the
figure, the lowest field value appears at (0,7, 0). We also observe that the
other two field values approach the lowest one with approaching (0, 7, 0). This
explains the reason why the lowest field value of the real quadrupole array
appears at (0,7, 0). In Fig. 7 the accurate field values are shown also at two
extremum points, (0, 0, 0) and (0, z, 0). The situation mentioned above would
not change even if the accurate estimate was carried out.

We have concluded that fcc is more stable than hcp for ortho-hydrogens,
with a stabilization energy of the quadrupole interaction, 0.57°K per molecule,
As mentioned in § 1, the para-hydrogen prefers hep to fce. This will be quite

#) See Note added in proof.
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field value/g
407

70 0

f3,f4

P e e a

._40__

Fig. 7. Field values as functions of 4= (0, 2, 0).
The result is based on the lattice sum taken up to nearest neighbors.
The accurate values with 4= (0, 0, 0) and (0, =, 0) are marked outside
by points, connected to the corresponding values with the nearest
neighbor estimates.

a difficult problem to explain, Isenberg and Domb®™ tried to explain the relative
stability of fcc and hep crystals from the zero-point energy difference of lattice
vibrations based on the harmonic approximation. They found the effect to be
very small and concluded the anharmonic effect to be important in deciding the
relative stability. In any way, our estimate of the stabilization energy of the
quadrupole interaction, 0.57°K per molecule, gives an upper limit of the ground
state energy difference of fcc and hep para-hydrogens.

We finally note a point taken up by Raich and James.” They studied
the temperature behavior of the molecular orientation in ordered fcc and hcp
ortho-hydrogens, where the ordered configurations are assumed to be the Nj-
pattern for fcc and the Kitaigorodskii-Mirskaya pattern for hep. The configu-
rations assumed are the correct choice; the lowest quadrupole array in fcc is
of the Nytype” Raich and James found the orientation of molecules to be
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dependent upon the temperature in hcp. Such a behavior comes out if the
lowest characteristic array is fictitious. Because, near the transition temperature
we have small average values of quadrupole components, which are free from
the reality condition. The pattern of order parameters approaches the lowest
fictitious array with approaching the transition temperature. In the sense of the
Hartree approximation, the transition temperature is related to the lowest field
value of characteristic arrays but not to that of real arrays.

Appendix
Quantum mechanical correction to quadrupolarization

The normalized perturbed state up to the second order is given by

—<n| W0y O
10) =10p+ 2 W Wol ny— 5 W Wo)z .
Then, -
012 (JAY—110) = —1+ 3. 1
0] § (Je')'—1]0) 1+ 3 L g AFE(R,— Ry}

XAFSE(R;— Ry)'+ (R — ch)z +FEE;— R+ FH(R;~ Ry},
whence we estimate the quadrupolarization to be

—1+0.022 (fco),
(0] 3 (Je)'—1]0) =
—~1+4+0.048 (hep).
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Note added in proof: According to the computer result by Felsteiner!” f(fcc) =—28.28¢, which
is supposed to be more reliable than ours. The resulting modification of (4- 11) is negligibly small.
If we take Felsteiner’s value, the difference of the classical ground state energies for hcp and fcc
is estimated to be 0.69°K, and that of the quantum mechanical ones 0.54°K, both per molecule.
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