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INTRODUCTION

The theory of bi-orderable groups is a venerable subject in Algebra which has
been extensively developed during the whole last century, starting from seminal
works of Dedekind, Holder, and Hilbert. Though less developed, the theory of
left-orderable groups has reemerged in the recent years, mainly by the discovery of
many new examples of (at least partially) left-orderable groups of geometric origin
(braid groups [57]; some groups of contact diffeomorphisms [70, 83]; right-angled
Artin groups [68], hence virtually the fundamental groups of closed hyperbolic 3-
manifolds by the combination of several recent remarkable results [2, 11, 89, 109]).
Moreover, the question of knowing whether certain groups are left-orderable or
not (Garside groups [57]; lattices in higher-rank simple Lie groups [122, 192];
groups with Kazhdan’s property (T) [9, 156], with the subsequent question of
whether bi-orderable groups are a-(T)-menable [41]), the discovery of relevant
examples of groups in the framework of orderable groups (non-amenable groups
[128, 144]), as well the use of orderability in the solution of long-standing prob-
lems (H. Neumann’s conjecture [142]) have attracted the interest to the subject of
people coming from different branches of mathematics. Furthermore, the intro-
duction of new techniques —mainly dynamical, analytic and probabilistic— have
revitalized the theory.

This is an almost self-contained monograph (containing some new results) on
left-orderable groups which mostly rely on dynamical and probabilistic aspects,
but also on geometric, combinatorial, analytic, and topological ones.

In Chapter 1, we review the basic definitions and treat several relevant exam-
ples, as for example solvable groups, Thompson’s groups, and free groups. Also,
we discuss some of the general properties of groups admitting orders with differ-
ent invariance properties, as well as certain combinatorial issues that are closely
related. We close the chapter with a result by Gromov concerning the (linear)
isoperimetric profile of left-orderable groups.

In Chapter 2, we show that, besides the fact that many groups admit left-
orders, in general they actually admit a lot. To better study this phenomenon,
we introduce the notion of the space of left-orders associated to a left-orderable
group, and we discuss some of its properties. As a concrete example, we treat
the case of the free group from several points of view. Moreover, we present
examples of left-orderable groups having uncountably many left-orders but whose
associated spaces of left-orders contain isolated points, and we give a description
of the groups admitting only finitely many left-orders.
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In Chapter 3, we put in a dynamical framework some classical results of the
theory, and we present some new developments via this approach. We begin
with the classical Holder Theorem characterizing group left-orders satisfying an
Archimedean type property. We then pass to the theory of Conradian left-orders.
We first review the classical approach of Conrad, and then we give an alterna-
tive dynamical approach leading to applications in the study of the topology of
the space of left-orders. In particular, we give a complete characterization of
the groups admitting finitely many Conradian left-orders, as well as a descrip-
tion of the space of left-orders of countable solvable groups. We close the chap-
ter with a general decomposition of the space of left-orders of finitely-generated
left-orderable groups into three canonical subsets according to their dynamical
properties. We also discuss the algebraic relevance of this classification, in partic-
ular in regard with the open problem of left-orderability of lattices in higher-rank
simple Lie groups.

Chapter 4 is devoted to several recent results relying on techniques with a
probabilistic flavour. We begin with Morris-Witte’s theorem asserting that left-
orderable, amenable groups are locally indicable. We next consider actions by
almost-periodic homeomorphisms, and we provide a construction of a space in-
volving all of them which somewhat replaces the space of left-orders; using this, we
give an alternative proof of Morris-Witte’s theorem above. We close this chapter
by considering random walks on finitely-generated left-orderable groups, showing
recurrence type properties and existence of harmonic functions of dynamical ori-
gin. More importantly, we explain how probabilistic arguments provide canonical
coordinates for actions on the line.

There are several classical references on the topic of (left-)orderable groups,
as for example [17, 84, 121]. Quite naturally, in many sections, there is a large
intersection of this monograph with these books. However, our presentation is
new in many aspects. In particular, the order we have chosen for the topics
is not the historical one, in opposition to most (all 7) known references of the
theory. Though this may cause some minor problems of lecture (our exposition
is not always “linearly ordered”), we think that, definitively, this presentation is
more appropriate for our main purpose, namely, to put the classical results of the
theory in a modern framework which allows integrating them with the new results
as well as with some of the recent developments in the conjunction between group
theory and dynamics. Besides, there are many other texts that may be considered
for complementary reading. In particular, let us mention those concerning orders
on braid groups [57] and low-dimensional topology [48], as these two subjects are
not deeply treated in this monograph. Another topic not treated here is that of
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circular orders on groups. This is well developed in [5, 33, 36, 79, 135], yet many
open questions remain in the subject.

This text is complemented with many exercises which sometimes correspond
to little results in the literature. More importantly, several open problems are
spread out along the text. (A complementary list of open questions, mostly
concerning classical achievements of the theory, may be found in [15]; see also
[57, Chapter XVI]).

This text started growing from Notes that the second-named author wrote for
mini-courses at the Third Latinoamerican Congress of Mathematicians (2009),
the Uruguayan Colloquium of Mathematics (2009), and the School Young Geo-
metric Group Theory II (Haifa, 2013). All authors would like to express their
gratitude to L. Bartholdi, D. Calegari, M. Calvez, A. Clay, Y. de Cornulier, P. De-
hornoy, A. Erschler, E. Ghys, A. Glass, R. Grigorchuk, F. Haglund, T. Hartnick,
S. Hurtado, T. Ito, D. Kielak, V. Kleptsyn, T. Koberda, K. Mann, I. Marin,
G. Metcalfe, D. Morris-Witte, L. Paris, F. Paulin, D. Rolfsen, F. le Roux, Z.
Suni¢, R. Tessera, L. Vendramin and B. Wiest, as well as all the parcipants of
the meeting “Orderable Groups” held at Cajén del Maipo (September 2014), for
valuable discussions, comments, and suggestions, and E. Trucco for informatics
technical support.

All the three authors acknowledge the funding from the CONICYT PIA 1103
Project DySyRF (Center of Dynamical Systems and Related Fields). B. Deroin
was also partially supported by ANR-08-JCJC-0130-01, ANR-09-BLAN-0116,
and ANR-13-BS01-0002. A.Navas would like to acknowledge the support /hospitality
of the ERC starting grant 257110 RaWG / Institut Henri Poincaré, as well as
the support of the the CONICYT PIA 1415 Project (Geometry at the Frontier),
both during the final stage of this work. C. Rivas was also partially supported
by a CONICYT’s grant Insercion 79130017.
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Notation

Because of our dynamical approach, group elements will be often denoted by
the letters f, g, h (sometimes, by u,v,w as well). Nevertheless, a,b, c are used
when dealing with specific groups (free groups, fundamental groups of surfaces,
braid groups, etc). Following the classical notation, when dealing with braid
groups, we also use the letter o to denote elements. Groups are generally denoted
by I', though G, H are sometimes used, as well as C' (for convex subgroups), R (for
nilpotent radicals) and 7' (for Tararin groups). In many cases, we implicitly as-
sume that the groups we are dealing with are nontrivial; for left-orderable groups,
this is equivalent to being infinite. Similarly, when we consider actions on the line,
we will implicitly assume that these are actions by orientation-preserving home-
omorphisms. In general, real-valued function will be denoted by ¢, 1, whereas
group representations by ®, W. This notation is coherent in that certain functions
to be constructed will appear to be representations, that is, homomorphisms into
the additive group of reals.

Below, we list some notation used throughout this text:

(g1,92,---)": the semigroup generated by g1, ga, . . .
I'; x I's: the (non-Abelian) free product of I'y and I's.

LO(T'): the space of left-orders of T'.

BO(TI'): the space of bi-orders of I

CO(T): the space of Conradian orders of I'.

C<(T'): the Conradian soul of a left-ordered group (I, <).
Pj: the positive cone of a left-order <.

N:={1,2,...}.

No = {0,1,2,...}.

(R, +): the group of reals under addition.

R*: the group of positive reals under multiplication.

Aff(R), Aff L (R): the group of affine homeomorphisms of the real line and the
subgroup of orientation-preserving ones, respectively.

PSL(2,R), I/’\Si(2,R): the group of orientation-preserving projective homeo-
morphisms of the circle and the group of the lifts to the real line, respectively.
Homeo (R): the group of orientation-preserving homeomorphisms of the line.

F: Thompson’s group of piecewise-affine, dyadic, orientation-preserving homeo-
morphisms of the interval.
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F,: the free group on n generators (we will implicitly assume that n > 2).

PAff, (R): the group of orientation-preserving homeomorphisms of the real line
that are piecewise affine.

PP (R): the group of orientation-preserving homeomorphisms of the real line
that are piecewise in PSL(2, R).

B,,: the braid group in n strands.

PB,,: the pure braid group in n strands.

BS(1,£): the Baumslag-Solitar group {(a,b: bab~! = a*).
Gn,n: the torus-knot group (a,b: a™ = b").



Chapter 1

SOME BASIC AND NOT SO
BASIC FACTS

1.1 General Definitions

An order relation < on a group I is left-invariant (resp. right-invariant)
if for all g, h in T such that g < h, one has fg < fh (resp. gf =< hf) forall feT.
The relation is bi-tnvariant if it is simultaneously invariant by the left and by
the right. To simplify, we will use the term left-order (resp. right-order) for
referring to a left-invariant total order on a group. We will say that a group I' is
left-orderable (resp. right-orderable, bi-orderable) if it admits a total order
which is invariant by the left (resp. by the right, simultaneously by the left and
right).

Example 1.1.1. Clearly, every subgroup of a left-orderable group is left-orderable.
More interestingly, an arbitrary product I' of left-orderable groups I'y is left-orderable.
(This also holds for bi-orderable groups with the very same proof.) Indeed, fixing an
total well-order on the set of indices A and a left-order <) on each I'), let < be the
associated lexicographic order. This means that (g)) < (hy) if the smallest A € A such
that g\ # h) satisfies gy <) h). It is easy to check that < is total and left-invariant.

1.1.1 Positive and negative cones

If < is an order on I', then f €T is said to be positive (resp. negative) if
f = id (resp. f < id). Notice that if < is total, then every nontrivial element is
either positive or negative, and f = id if and only if f~! < id. Moreover, if < is
left-invariant and Pt = P% (resp. P~ = PZ) denotes the set of positive (resp.

7
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negative) elements in I' (usually called the positive (resp. negative) cone),
then P* and P~ are semigroups, and I is the disjoint union of P*, P~ and {id}.

Conversely, to every decomposition of I' as a disjoint union of semigroups
P*, P~ and {id} such that P~ = (P™)~' := {f: f~! € P*}, it corresponds a
left-order < defined by f < g whenever f~'g € P*. Notice that I is bi-orderable
exactly when these semigroups may be taken invariant by conjugacy (that is,
when they are normal subsemigroups).

Remark 1.1.2. The characterization in terms of positive and negative cones shows
immediately the following: If < is a left-order on a group I', then the reverse order
< defined by ¢ = id if and only if g < id is also left-invariant and total.

Remark 1.1.3. Given a left-order < on a group I', we may define an order =<* by
letting f <* g whenever f~! > g~!. Then the order <* turns out to be right-nvariant.
One can certainly go the other way around, producing left-orders from right-orders. As
a consequence, a group is left-orderable if and only if it is right-orderable. Since our
view is mostly dynamical, we prefer to work with left-orders, yet most of the literature
on the subject is written for right-orders.

Remark 1.1.4. It is worth mentioning that f < g for a left-order < does not imply
that f~1 > ¢~!. Actually, it is easy to check that this holds for all f, g as above if and
only if < is a bi-order.

1.1.2 A characterization involving finite subsets

A group I is left-orderable if and only if for every finite family G of non-identity
elements, there exists a choice of (compatible) exponents n: G — {—1,+1} such
that id does not belong to the semigroup generated by the elements ¢"9), g € G.
Indeed, the necessity of the condition is clear: it suffices to fix a left-order <
on I' and choose each exponent 7(g) so that ¢"9 becomes a positive element.
Conversely, assume that for each finite family G of elements in I' different from
the identity there is a choice of compatible exponents n: G — {—1,+1}, and let
X(G,n) denote the (nonempty and closed) subset of {—1, 41} formed by the
functions sign satisfying

sign(h) = +1 and sign(h™!) = -1 for every h € (¢"¥, g € (j>+.

(Here and in what follows, given a family of group elements F, we let (F)* be
the semigroup spanned by them.) We then let X(G) be the union of all the sets
of the form X (G, n) for some choice of compatible exponents 1 on G. Notice that,
if {X;:=X(G;), 1 <i<n} is a finite family of subsets of this form, then the
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intersection AX; N...N A, contains the (nonempty) set X(G; U...UG,), and
it is therefore nonempty. Since {—, +}"\#} is compact, a direct application of
the Finite Intersection Property shows that the intersection X of all sets of the
form X (G) is (closed and) nonempty. Finally, each point in X corresponds in an
abvious way to a left-order on I'.

Analogously, one may show that a group is bi-orderable if and only if for
every finite family G of non-identity elements, there exists a choice of exponents
n: G — {—1,+1} such that id does not belong to the smallest semigroup which
simultaneously satisfies the next two properties:

— It contains all the elements ¢"9);
— For all f, g in the semigroup, both fgf~' and f~!gf also belong to it.

We leave the proof to the reader. As a corollary, we obtain that left-orderability
and bi-orderability are local properties, that is, if they are satisfied by every
finitely-generated subgroup of a given group, then they are satisfied by the whole
group. Similarly, these are restdual properties: if for every nontrivial element
there is a surjective group homomorphism into a group with that property map-
ping the prescribed element into a nontrivial one, then the group inherits the
property. (Notice that this follows more easily from Example 1.1.1.)

1.1.3 Left-orderable groups and actions on ordered spaces

If ' is a left-orderable group, then I acts faithfully on a totally ordered space by
order-preserving transformations. Indeed, fixing a left-order < on I, we may con-
sider the action of I" by left-translations on the ordered space (I', <). Conversely,
if T" acts on a totally ordered space (2, <) by order-preserving transformations,
then we may fix an arbitrary well-order <,,, on €2 and define a left-order < on I' by
letting f > id if and only if f(wy) > wy, where wy = ming, {w: f(w) # w}.
More generally, if we also have a function sign: Q@ — {— +}, we may as-
sociate to it the left-order < for which f > id whenever sign(wy) = + and
f(wy) > wy, or sign(wy) = — and f(wy) < wy. These left-orders will be referred
to as dynamical-lexicographic ones.

Left-orders obtained from preorders. Recall that a preorder < on a group
I' is a reflexive and transitive relation for which both f < ¢ and g =< f may hold
for different f, g. The existence of a total, left-invariant preorder is equivalent to
the existence of a semigroup P (containing the identity) such that PU P~! =T.
Indeed, having such a P, one may declare f < ¢ if and only if f~'¢g € P.
Conversely, a preorder < as above yields the semigroup P := {g: g = id}.
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Using the dynamical characterization of left-orders we next show that, if [' admits
sufficiently many total preorders so that different elements can be “distinguished”,
then it is left-orderable.

Proposition 1.1.5. Let " be a group and { Py, A € A} a family of subsemigroups
such that:

(i) PAUP =T, forall A € A;

(ii) The intersection P := (1, Py satisfies PN P~ = {id}.

Then T is left-orderable.

Proof. For each A € A, let I'y = PN P/\_l. Fix a total order on the set of indices
A, and let 2 be the space of all cosets gI'y, where g € I' and A € A. Define an
order < on Q by letting gI'y < hI'y if either X is smaller than X, or A = X and
g~ 'h € P, (this does not depend on the chosen representatives g, h). By property
(i), this order is total. The group I' acts on Q by f(¢gI'y) = fgI'x. This action
preserves <. Moreover, if f acts trivially, then f lies in I'y for all A. Hence, by
property (ii) above, f € (ycp (PANPy') = PN P~ = {id}. This shows that
the action is faithful, hence I' is left-orderable. O

Exercise 1.1.6. Let P := {g: g = id} be the semigroup of non-positive elements of a
left-invariant total preorder < on a group I'. For each h € T, let P, := {h~'gh: g € P}.
(i) Show that each P, induces a total preorder on T'.

(ii) Let H := (PN P, 1). Show that H is a normal subgroup of T'.

(iii) Show that I'/H is a left-orderable quotient of I, which is nontrivial provided there
are at least two non-equivalent for <.

Hint. Although everything can be directly checked, a dynamical view proceeds as fol-
lows: the quotient space I'/ ~ obtained by idendification of <-equivalent points (i.e.
elements f, g such that f < g < f) is totally ordered, and I" acts on it by left-translations
preserving this order; the kernel of this action corresponds to the subgroup H.

The analogue of the preceding proposition for partial left-orders does not hold.
Indeed, in §1.4.1, we will see many examples of torsion-free groups that are not
left-orderable, yet the following holds:

Exercise 1.1.7. Show that a group is torsion-free if and only if it admits a family
{=a: A € A} of partial, left-invariant orders such that, for each f # g, there exists
A € A satisfying g <y f.

Hint. If T' acts (faithfully) on a set X and Y C X has trivial stabilizer, then one
may define a partial, left-invariant left-order < on I' by letting h > id if and only if
h(Y) C Y. If I' is torsion-free and f # g, then for X :=T' and Y := {h, k%, ...}, where
h := g~ f, this procedure yields a partial left-order for which f > g.



1.1. GENERAL DEFINITIONS 11

On group actions on the real line. For countable left-orderable groups, one
may take the real line as the ordered space on which the group acts. (The first
reference we found on this is [98]; see also [79].)

Proposition 1.1.8. Every left-orderable countable group acts faithfully on the
real line by orientation-preserving homeomorphisms.

Proof. Let I' be a countable group admitting a left-invariant total order <.
Choose a numbering (g;);>o for the elements of I', put ¢(go) = 0, and define
t(gx) by induction in the following way: assuming that ¢(go), ..., t(g;) have been
already defined, if g;,; is bigger (resp. smaller) than gy, ..., g; then let ¢(g;11) be
max{t(go),...,t(g;)} + 1 (resp. min{t(go),...,t(g:)} — 1), and if g, < gix1 < In
for some m,n in {0,...,i} and g; is not between g,, and g, for any 0 < j <
then put (gi11) = (t(gm) + t(gn))/2-

Notice that I" acts naturally on ¢(I") by g(t(g;)) = t(gg:;). We leave to the
reader to check that this action extends continuously to the closure of the set
t(I'). Finally, one can extend the action to the whole line by extending the maps
g affinely to each interval of the complement of the closure of ¢(I). O

Remark 1.1.9. There is a subtle issue involving the choice of midpoints in the con-
struction above to ensure continuity. Actually, many other choices do work, but not
arbitrary ones. The important property is that for each increasing sequence of elements
g1 < g2 < ..., all of them smaller than a certain g so that any h < ¢ is eventually smaller
than some g, we must have that ¢(g,) converges to t(g).

It is worth analyzing the preceding proof carefully. If < is an left-order on a
countable group I' and (g;);>o is a numbering of the elements of I', then we will
call the (associated) dynamical realization the action of I' on R constructed in
this proof. It is easy to see that this realization has no global fixed point unless I
is trivial. Moreover, if f is an element of I' whose dynamical realization has two
fixed points a < b (which may be equal to +00) and has no fixed point in |a, b], then
there must be some point of the form t(g) inside ]a, b. Finally, it is not difficult
to show that the dynamical realizations associated to different numberings of the
elements of I" are all topologically conjugate.! Therefore, we can speak of any
dynamical property of the dynamical realization without referring to a particular
numbering.

LA group representation (action) ®;: I' — Homeo, (R) is topologically conjugate to ®,
if there exists an orientation-preserving homeomorphism ¢ of the real line into itself such that
po®(g) = P2(g) o, forall g € T'. Notice that conjugacy classes yield an equivalence relation;
see §1.1.4 for more on this.
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Remark 1.1.10. Throughout the text, if not stated otherwise, we will always assume
that t(id) = 0 in the construction of the dynamical realization.

Exercise 1.1.11. Show that for any dynamical realization of a left-order, a G§-dense
subset of points in the real line have a free orbit.

Remark 1.1.12. Notice that, to define a dynamical-lexicographic left-order on the
group Homeo (R) of orientation-preserving homeomorphisms of the real line, it is not
necessary to well-order all the points in R: it is enough to consider a well-order on
a dense set; in particular, a dense sequence suffices. Clearly, Homeo, (R) admits un-
countably many left-orders of this type. However, there are left-orders that do not arise
this way; see Example 2.2.2.

Remark 1.1.13. The group G4 (R,0) of germs at the origin of orientation-preserving
homeomorphisms of the real line is left-orderable. Perhaps the easiest way to show
this is by using the characterization in terms of finite subsets above. Let g1,..., g be
nontrivial elements in G (R,0), and let g¢1,..., g be representatives of them. Take a
sequence (1) of points converging to the origin in the line so that for each n at least
one of the g;’s moves x,, 1. Passing to a subsequence if necessary, we may assume that,

for each i€ {1,...,k}, either g;(zp1) > 21 for all n, or gj(zn1) < xp,1 for all n, or
gi(zn1) = xp for all n. In the first case we let n; :== +1, and in the second case we
let m; := —1. In the third case, 7); is still undefined. However, this may happen only for

k—1 of the g;’s above. For these elements, we may repeat the procedure by considering
another sequence (x,2) converging to the origin... In at most k steps, all the 7;’s will
be thus defined. We claim that this choice is compatible. Indeed, given an element
Jg= g?fl . .g?;f, the choice above implies that g?fl . -g?Z‘ (xn1) > xp,1 for all n, where
the inequality is strict if some of the g;;’s moves some of (equivalently, all) the points
Zn,1. If this is the case, then this implies that § cannot be the identity. If not, then we
may repeat the argument with the sequence (x,2) instead of (z,1)... Proceeding this
way, we conclude that g is nontrivial.

A nice consequence of the claim above is that every countable group of germs at the
origin of homeomorphisms of the real line admits a realization (but not necessarily an
“extension”!) as a group of homeomorphisms of the interval. Notice that, conversely,
Homeo, ([0,1]) embeds into G4 (R,0). (This embedding is not obtained by looking
at the germs of elements of Homeo, ([0,1]) near the origin —the homomorphism thus-
obtained is not injective—, but by taking infinite copies of Homeo, ([0, 1]) on intervals
accumulating the origin). Despite of this, the groups G4 (R,0) and Homeo, ([0,1]) are
non-isomorphic; see [134]. Actually, there is no nontrivial homomorphism from G, (R, 0)
into Homeo ([0,1]). (See Example 2.2.24 for another —much simpler— example of an
uncountable left-orderable group that has no nontrivial action on the real line.)

We do not know whether there is an analogue of the preceding example in
higher dimensions.
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Question 1.1.14. Does there exist a finitely-generated group of germs at the
origin of homeomorphisms of the plane having no realization as a group of home-
omorphisms of the plane ?

Notice that the results and techniques of [33] show that such a group cannot
arise as a group of germs of C! diffeomorphisms. We should point out, however,
that imposing regularity conditions for a group action may lead to very serious
algebraic restrictions; see [150] for a general panorama on this topic (see also
[16, 32, 152], as well as [35] for examples of a related nature).

Let us close this discussion with a nice open question raised by Calegari [31].

Question 1.1.15. Is the group of orientation-preserving homeomorphisms of the
disc that are the identity on the boundary left-orderable ?

1.1.4 Semiconjugacy in Homeo, (R)

Two (non necessarily injective) group representations ®;, ®, : I' = Homeo  (R)
will be said to be semiconjugate if there is a non-decreasing map ¢ : R — R
which is proper (i.e. the preimage of every compact set is bounded or, equiv-
alently -since ¢ is monotone-, ¢(R) is unbounded in both directions), and such
that for all g € T',

po®i(g) = Pa(g) 0. (1.1)

In most of the literature, in the definition above, one also requires the continu-
ity of the map ¢. However, this extra condition causes more problems than those
it solves. For instance, if we insist on continuity, then actions without global fixed
points admitting a discrete minimal invariant set may be non semiconjugate to
a Z-action by translations. However, with our definition of semiconjugacy, these
actions are always semiconjugate. More importantly, (if we drop the continuity
assumption, then) we have

Proposition 1.1.16. Semiconjugacy is an equivalence relation.

Proof. Reflexivity is obvious and transitivity is easy to check. Below we prove
symmetry.

Suppose (1.1) holds. Since ¢ is proper, we may define ¢ (z) := sup ¢~ '(z) € R.
Since ¢ is monotone, we have

(x) = sup ™' ((—o0,z]) = sup{y | o(y) < z}.
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From the last equality, the fact that 1 is non-decreasing is obvious. Further,
properness of ¢ easily follows from the properness of ¢. Finally, as

i(g9)(W(x) = sup{®i(9)(y) | ¢(y) < Y(x)}
= sup{z | o(®1(9)"'(2))
= sup{z | D2(g)” !
= sup{z | p(2) < Pa(g)(x
= P(P2(g)(2))

holds for all ¢ € ' and all x € R, we see that ¢ satisfies the semiconjugacy
relation. n

Exercise 1.1.17. Let I" be a countable group of orientation-preserving homeomor-
phisms of the real line. Using this action, produce a dynamical-lexicographic order <
on I'. Show that the original action is semiconjugate to the dynamical realization of <.
Give examples where this semiconjugacy is not a conjugacy.

Exercise 1.1.18. Let (I, X) be a countable left-ordered group and T'y a subgroup.
Show that the restriction to I'g of the dynamical realization of < is semiconjugate to
the dynamical realization of the restriction of < to I'y.

Remark 1.1.19. Since our definition of semiconjugacy still involves non injective rep-
resentations, it applies to actions of different groups, provided these actions factor
throughout the action of the same group.

1.2 Some Relevant Examples

At first glance, it appears as surprising that many (classes of) torsion-free
groups turn out to be left-orderable. Here we give a brief discussion on some of
them.

1.2.1 Abelian and nilpotent groups

The simplest bi-orderable groups are the torsion-free, Abelian ones. Clearly,
there are only two bi-orders on Z. The case of Z? is more interesting. According
to [175, 181, 188], there are two different types of bi-orders on Z*. Bi-orders of
irrational type are completely determined by an irrational number A: for such
an order <, an element (m,n) is positive if and only if Am + n is a positive
real number. Bi-orders of rational type are characterized by two data, namely a
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pair (z,y) € Q2 up to multiplication by a positive real number, and the choice of
one of the two possible bi-orders on the subgroup {(m,n): mz + ny = 0} ~ Z.
Thus, an element (m,n) € Z? is positive if and only if either mz + ny is a
positive real number, or mxz +ny =0 and (m,n) is positive with respect to the
chosen bi-order on the kernel line (isomorphic to Z). The set of left-orders on Z?
naturally identifies to the Cantor set (see §2.2 for more on this).

The description of all bi-orders on Z" for larger n continues inductively. (A
good exercise is to show all of this using the results of §3.2.3.) For a general
torsion-free, Abelian group, recall that the rank is the minimal dimension of
a vector space over Q in which the group embeds. The reader should have no
problem to show in particular that a torsion-free, Abelian group of rank > 2
admits uncountably many left-orders.

~

Figure 1: The positive cone of a left-order on Z2.

Torsion-free, nilpotent groups are also bi-orderable. Indeed, let I'; denote
the i*"-term of the lower central series of a group I' (that is, I'; := I' and
Liyq := [, Ty]), and let H;(T") be the isolator of T'; defined by

Hy(T) :={g eT: g" €T, for some n € N}.

If T is nilpotent (i.e. if I'yy1 = {id} for a certain k), then each H;(I") is a
normal subgroup of I'; and H;(I")/H,;1(I") is a torsion-free, central subgroup of
['/H;11(T") (see [113] for the details). Notice that, if ' is also torsion-free, then
Hya(T) = {ud}.
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Let P; be the positive cone of any left-order on (the torsion-free Abelian group)
H;(I')/H;+1('), and let G; be the set of elements in H;(I") which project to an
element in P; when taking the quotient by H,;.;(I'). Using the fact that each
H;(T')/H;1(T) is central in T'/H;1(I"), one may easily check that the semigroup
P :=G,_1UGL_oU... UG, is the positive cone of a bi-order on I'.

Example 1.2.1. The Heisenberg group

H = (f.g.h:[f g] = h~"[f 1] = id,[g,h] = id)

is a non-Abelian nilpotent group of nilpotence degree 2. It may also be seen as the
group of lower triangular matrices with integer entries so that each diagonal entry
equals 1 via the identifications

100 100 10 0
f=l110], g=lo1o0o], h=[010
00 0 01 1 10 1

Notice that the linear action of H on Z3 fixes the hyperplane {1} x Z? and preserves
the lexicographic order on it. The left-orders on H induced from this restricted action
(c.f §1.1.3) are (total but) not bi-invariant. This example can be seen as a kind of
evidence of the following nice result due to Darnel, Glass, and Rhemtulla [54]: If all
the left-orders of a left-orderable group are bi-invariant, then the group is Abelian.

Both the space of left-orders and bi-orders of countable, torsion-free, nilpotent
groups which are not rank-1 Abelian are homeomorphic to the Cantor set; see Theorem
3.2.20 for the former and [143] for the latter. Moreover, there is the next remarkable
theorem of Malcev [132] (resp. Rhemtulla [17, Chapter 7]): Every bi-invariant (resp.
left-invariant) partial order on a torsion-free, nilpotent group can be extended to a
bi-invariant (resp. left-invariant) total order.

Exercise 1.2.2. Let H be the subgroup of the Heisenberg group formed by the matrices
of the form

1 0 0
2 1 0 |, =x,9,zinZ.
z 2y 1

(i) Show that the commutator subgroup is formed by the matrices of the form

1 00
0 10|, ze€Z.
4z 0 1

(ii) Conclude that H/H’ is isomorphic to Z? x Z/4Z, hence has torsion.
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Exercise 1.2.3. Show that a group I is residually torsion-free nilpotent if and only
if (), H;(I') = {id}. (Since bi-orderability is a residual property, such a group is
necessarily bi-orderable.)

Remark. Quite surprisingly, torsion-free, residually nilpotent groups do not necessarily
satisfy this property. Actually, such a group may fail to be bi-orderable; see [10].

1.2.2 Subgroups of the affine group

Let Aff,(R) denote the group of orientation-preserving affine homeomor-
phisms of the real line (the affine group, for short). For each € # 0, a partial
order <. may be defined by declaring that f is positive if and only if f(1/¢) > 1/e.

This means that
Pjsz{f:<g i}) u+v€>1}.

These orders were introduced (in a more algebraic way) by Smirnov in [182].

For a finitely-generated subgroup I' of Aff | (R), the corresponding action on
the line has free orbits. Thus, one may choose € so that <. is a total order. In the
general case, one may “complete” the partial order into a total one (c.f. §1.1.3).
As a consequence, non-Abelian subgroups of Aff,(R) admit uncountably many
left-orders.

As a concrete and relevant example, for each integer ¢ > 2, the Baumslag-
Solitar group BS(1,{) = (g,h: hgh™' = ¢*) embeds into the affine group by
identifying g and h to z — x 4+ 1 and x — fx, respectively. (See Exercise 1.2.4
below.) Notice that, for an irrational € # 0, the associate order <. is total. If one
chooses a rational €, then it may happen that <. is only a partial order. However,
in this case, the stabilizer of the point 1/¢ is isomorphic to Z, and thus <. can be
completed to a total left-order of BS(1,/) in exactly two different ways. Notice
that the reverse orders <. may be retrieved by the same procedure but starting
with the embedding g : x — x — 1 and h : z — fx, and changing € by —e.

There is still another way to order BS(1,¢). Namely, BS(1,¢) can be thought
of as the semidirect product Z[%] X 7Z coming from the exact sequence

1
0— Z[ﬂ — BS(1,{) — Z — 0.
Using this, one may define the bi-orders <, =’ by letting (7, k) = id (resp.
(7%, k) =" id) if and only if either & > 0, or k = 0 and 7% > 0 (vesp. k£ > 0, or
k=0 and #& < 0). Together with the reverse orders < and =<', this completes
the list of all bi-orders on BS(1,¢) (see Example 3.2.55).
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A similar description applies to all non-Abelian subgroups of Aff,(R). In
the terminology of §2.2, the associated spaces of left-orders are homeomorphic to
the Cantor set. The study of more general solvable left-orderable groups is more
involved, yet it crucially relies on the case of affine groups. We will come back to
this point in §3.3.1 and §3.3.2.

Exercise 1.2.4. Prove that the map from BS(1,£) = (g,h: hgh™! = g%) into the
affine group that makes correspond g and h to z — = + 1 and x — £z, respectively, is
an embedding.

Hint. Prove that the conjugates of g commute, and then write every element of BS(1, /)
in normal form as a power of h followed by products of conjugates of g.

Exercise 1.2.5. Show that every embedding of BS(1,¢) into Aff (R) is obtained by
letting g, h correspond, respectively, to any nontrivial translation and an homothethy
of ratio /.

1.2.3 Free and residually free groups

The free group Fy (hence every non-Abelian free group) is bi-orderable. Al-
though this result is originally due to Shimbireva [180], it is sometimes attributed
to Vinogradov, and in general to Magnus, as it arises as a consequence of his fa-
mous “expansions”. Below we sketch Magnus’ construction, which covers Shim-
bivera approach; a variation of Vinogradov’s original proof (which actually applies
to free products of arbitrary bi-orderable groups) will be treated in §2.1.2.

Consider the (non-Abelian) ring A = Z(X,Y’) formed by the formal power
series with integer coefficients in two independent variables X, Y. Denoting by
o(k) the subset of A formed by the elements all of whose terms have degree at
least k, one easily checks that

F:=1+0(1)={1+5: Sco(l)}

is a subgroup (under multiplication) of A. Moreover, if f, g are (free) generators
of Fy, the map ® sending f (resp. g) to the element 14+ X (resp. 1+Y) in A
extends in a unique way into an injective homomorphism ®: Fy — F. Now fix
a lexicographic type order relation on [ that is bi-invariant under multiplication
by elements in F. (Notice that this order is not invariant under multiplication
by certain elements in A.) Using this order and the homomorphism ¢, the free
group [y, may be easily endowed with a bi-invariant left-order.

The above technique —called the Magnus expansion— actually shows that
IFy is residually torsion-free nilpotent. Indeed, it is easy to check that ®(I'M) is
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contained in 1+ o(i + 1), for every ¢ > 0. We refer to [131] for more details on
all of this.

Surface groups. Surface groups are residually free, hence bi-orderable. Actu-
ally, as we show below, these groups are fully residually free, which is a stronger
property (see Remark 1.2.6 below). Recall that, if P is some group property, then
a group [ is said to be fully residually P if for every finite subset G C I'\ {id},
there exists a surjective group homomorphism from I into a group ['g satisfying
P such that the image of every g € G is nontrivial. Equivalently, for every finite
subset G C TI', there is an homomorphism ® into a group satisfying P whose
restriction to G is injective.

Remark 1.2.6. Obviously, the direct product Fy x Fo is residually free. However,
it is not fully residually free, because given any f, g, h in Fy, no homomorphism from
Fy x Fy to a free group maps the elements id, (f,id), (g,id), ([f,g],id), and (id, h), into
five different ones. Indeed, as (id,h) commutes with (f,id) and (g,id), a separating
homomorphism should send these three elements into some cyclic subgroup. However,
if this is the case, then ([f, ¢],id) is mapped to the identity.

Below we deal with the case of surfaces of even genus (the case of odd genus
easily follows from this). The following lemma, due to Baumslag, will be crucial
for us. The geometric proof we give appears in [6].

Lemma 1.2.7. Let g4, ..., g be elements in a free group F,,, and let f be another
element which does not commute with any of them. Then there exists N €N such
that, for every |n;| > N, m € N, and j; € {1,...,k},

9 S 95 " g, S # dd
Proof. Let a=,at be the endpoints (in the boundary at infinity OF,,) of the axis
axis(f) determined by f in the Cayley graph of F,,. Since g; does not commute
with f, one must have {g;(a),g:(a™)} N{a,a"} = 0, for every i € {1,...,k}.
Let U, U™ be neighborhoods in dF,, of a~ and a™, respectively, satisfying
(U uUNNWU UU")=0 for each i.
There exists N € N such that, for all r > N,
frOF,\U")CUT, [(OF, \UT)CcU" .

A ping-pong type argument (see [93]) then shows the lemma. O
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Let I' = I'y, be the m; of an orientable surface Sy, of genus 2n (n > 1). Let
us consider the standard presentation

Following [21], let ¢ be the automorphism of I' that leaves the g;’s and g¢!’s
fixed while sending every h; to fh;f~' and every h. to fhif~', where f :=
(91, 91] - - * [9n, 95)- (Geometrically, this corresponds to the Dehn twist along the
closed curve obtained from a simple curve that joins the first and 2n™* vertices
of the hyperbolic 4n-gon that yields Ss,.) Finally, let ¢ be the surjective homo-
morphism from I to the free group Fy, with free generators ay, ..., an,d}, ..., a,
defined by ¢(g;) = ¢(h;) = a; and ¢(g)) = @(hl) = a,. We claim that the se-
quence of homomorphisms ¢ o c” is eventually faithful, in the sense that given
fi,..., fmin T, there exists N € N so that for all kK > N, the image under ¢ o o*
of any of the f;’s is nontrivial (thus showing that I' is fully residually free).

To show the claim above, given g € I"\ {id}, let us write it in the form

g = wl(gu g;) : wz(hi, h;) e 'w2p—l(gi> 9;) : 7~U2p(hu h;),

where each w; is a reduced word in 2n letters (the first and/or the last w; may
be trivial). Up to modifying the wyj_;’s, we may assume that each wy; (where
1 < j <p) is such that wsy;(h;, h};) is not a power of f. Notice that the centralizer
of fin I' is the cyclic group generated by f. By regrouping several w;’s into a
longer word if necessary, unless g itself is a power of f, we may also assume that
wa;_1(gi, g1) is not a power of f. Let f be the image of f under ¢. We have

@o Uk(g) = wlfszfk o 'w2p—1.]?kw2p5k7

where w; = w;(a;,a}). Since f does not commute with any of the w;’s, Lemma

1.2.7 implies that ¢ o 0*(g) is nontrivial.

1.2.4 Thompson’s group F

Thompson’s group F is perhaps the simplest example of a bi-orderable group
that is not residually nilpotent. Recall that this is the group of the orientation-
preserving, piecewise-affine homeomorphisms f of the interval [0, 1] such that:

— The derivative of f on each linearity interval is an integer power of 2;
— f induces a bijection of the set of dyadic rational numbers in [0, 1].

This group is not residually nilpotent because its commutator subgroup F’ is
simple (see [38]). To see that it is bi-orderable, for each nontrivial f € F we
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denote by z (resp. :5;?) the leftmost point x~ (resp. the rightmost point z™)
for which Dfy(z7) # 1 (resp. Df_(x%) # 1), where D f, and Df_ stand for the
corresponding lateral derivatives. One can immediately visualize four different
bi-orders on (each subgroup of) F, namely the bi-order <* (resp. =<7, <F
=_+) for which f is positive if and only if Dfi(z7) >1 (resp. Dfy(x;) <1,
Df (z7) <1, Df(x}) > 1). Although F admits many more bi-orders than
these (see theorem 1.2.9 below), the case of F’ is quite different. The result below

is essentially due to Dlab [65] (see also [157]).
Theorem 1.2.8. The only bi-orders on F' are <, <~ <* and <7, .

Remark that there are four other “exotic” bi-orders on F, namely:
— The bi-order j;{ . for which f is positive if and only if either z; = 0 and
Dfi(0) > 1, 0r zy #0and Dfy(z}) <1
— The bi-order = ;[ for which f is positive if and only if either z; = 0 and
Dfi(0) <1,orzy #0and Dfy(zy) > 1;

— The bi-order <I;C_+ for which f is positive if and only if either :L';{ = 1 and

Dfy(1) <1, orx} # 1and Df_(z7) > 1;

— The bi-order jl_;; for which f is positive if and only if either :L';[ = 1 and
Dfy(1)>1,0or xj # 1 and Df_(z}) < 1.
Notice that, when restricted to F’, the bi-order j;’;c_, (resp. <707, <P~ and

—0,z7 7 —1,xzt’
j;;;) coincides with < (resp. j:,, <, and jL). Let us denote the set of

the previous eight bi-orders on F by BOyu(F).

There is another natural procedure to create bi-orders on F. For this, recall
the well-known (and easy to check) fact that F coincides with the subgroup of F
formed by the elements f satisfying Df,(0) = Df_(1) = 1. Now let <z2 be any
bi-order on Z2, and let <y be any bi-order on F’. It readily follows from Dlab’s
theorem that <y is invariant under conjugacy by elements in F. Hence, one may
define a bi-order < on F by declaring that f > id if and only if either f ¢ F’ and
(logy (D f1(0)),logy(Df-(1))) =22 (0,0), or f € F' and f =p id (sce §2.1.1 for
more details on this type of construction).

All possible ways of left-ordering finite-rank, Abelian groups were described
in §1.2.1. Since there are only four possibilities for </, the preceding procedure
gives us four sets (which we will coherently denote by A;ﬁ, A, AL, and A_,)
naturally homeomorphic to the Cantor set (in the sense of §2.2) inside the set of
bi-orders of F. The main result of [157] establishes that these bi-orders, together
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with the eight special bi-orders previously introduced, are all possible bi-orders
on F. The proof is an elementary application of Conrad’s theory (c.f. §3.2.1.)

Theorem 1.2.9. The set of all bi-orders of ¥ consists of the disjoint union of
BOsq(F) and the sets AT, A, AT, and A,

Thompson’s group F is remarkable on many aspects. Among its most relevant
properties, we can mention that it is finitely presented (this is well explained in
[38]; see also Exercise 1.2.10 below for an sketch of proof) and contains no free
subgroup (this was first proved in [24]; see the next section for a proof of a slightly
generalized version of this fact). At the time of this writing, the challenging
question of the amenability of this group remains open.

Exercise 1.2.10. The goal of this exercise is to provide the main steps of proof of the
next two presentations of Thompson’s group F:

Fi = (a,b: [a"*b,aba™"] = [a~'b,a’ba"?] = id),
Fy = <co,cl,c2, R ckcnc,zl = cpyq forall k < n>

Here, a and b are in correspondence to ¢y and c;, respectively, and correspond to the
elements fo, f1 in F whose graphs are drawn below.

Figure 2: The graphs of fy and fi.

(i) Let ®: F; — F9 be the map sending a to ¢y and b to ¢;. Show that ® extends to a
group homomorphism.
Hint. What is to be checked is that the following relations are satisfied in Fa:

—1 —1 —1 2 -2 .
[co 1, cocicy ) = [¢p e, cpeicy 7] = id.
To do this, just notice that from
—1 —1 —1 —1
CoC2Cy = C3 = C1C2Cq (resp. CoC3Cy = C4 = C1C3Cq ),

1

we get that ¢y ¢ conmutes with ¢y (resp. c3).
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(ii) Let d: Fy — Fy be the map sending ¢y to @ and ¢; to b. Show thAat d extends to a
group homomorphism (hence, by (i), to a group isomorphism, with ® = ®~1).
Hint. Set ag := a and a,, := ™ tba~ ™Y for n > 1. The task is to show that

akanagl =apy1 forall k <n. (1.2)
One can show this by simultaneously proving that
[ba~',a;] =id for all j > 3. (1.3)

First notice that the second condition above holds for j = 3 and j = 4, since

-1

[a_lb,aba_l]:id = [ba_l,a2ba_2]:id = [ba"",a3]=1d

and
[a™'b,a*ba?=id = [ba™',a*ba™3]=id = [ba™", a4]=id.

Assume that (1.2) holds for £k < n < k+14— 3 and that (1.3) holds for 3 < 5 <i. Then
ba~! commutes with both a3 and a;, hence with Aj1 = a30;05 1, and therefore (1.3)
holds for j = ¢ + 1. Moreover,

ak—lan—k-i-lba—(n—k—i-l)ba—la—k+2
(k+2)

anirar = a"ba " e~ kY =
k—1 —1y, —(k+2 k=103 —1 -
= " oo (ba™ a2 = F (b ap_pi0a

(ak_lba_(k_l))(ak 2an—k+2a_(k_2)) = QgQnp,

and therefore (1.2) holds for n = k+1i—2. The proof can be completed via an induction
argument.

(iii) Every element f € F can be identified in an obvious way with a map that sends in
an ordered way the terminal points (called leaves) of a dyadic rooted tree into those of
another dyadic rooted tree having the same number of leaves, and conversely. In this
view, elements fo and f; correspond to the following diagrams:

QAN ANy

Figure 3: The diagrams of the elements fy and fi.

Given n > 2, let f, := fgl_lflfo_(n_l). Check that the tree diagram associated to
fnis
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N N

n n

N N

Figure 4: The diagram of the element f, := fgb_l fify (n=1),

(the right hand side tree above will be denoted by 7,). Notice that, although the
diagram representing an element f € F is not unique, there is a unique reduced one,
in the sense that any other representative diagram can be obtained from this just by
adding carets (/\) at the leaves of the source tree and the image leaves of the target
tree. (We keep right-to-left notation for group multiplication, which is opposite to most
of the literature on the subject, including [38].)

(iv) Show that fo, f1, f2, f3,... (hence fo, f1) generate F. To do this, show that every
element f € F may be written in the form

Jo o T e A,

where r; > 0,s; > 0. Besides, for a nontrivial element, such a writing is unique when
respecting the next two properties: exactly one of r,, s,, is zero, and if 7, s; are both
positive for a certain k < n, then at least one of ryy1, Sx+1 is positive.

Hint. Let f € F be an element represented by a tree diagram in which the target tree
is 7. For each leaf v; of the source tree (which are numbered starting from 0), let s;
be the length of the largest path along (unit) left branches that starts at v; and does
not touch the right side of the tree. Show that f = f 5 font' -« 71 f5°. (Notice that

n
Sn+1 = Sny2 = 0.) See the figure below for an example.

13 fo
vy U1 s —
vy
VU3
U AR
1 02000

Figure 5: The map f2 fq as predicted by the claim above.

(v) Show that F is isomorphic to both Fy and Fs.
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Hint. Show that the map a — fy and b — f1 extends to a surjective group homomor-
phism ®,: F; — F, hence to a surjective group homomorphism ®5: Fo3 — F. To show
that the latter is injective, use the relations

-1 -1 -1 -1
CnCL~ = Cp Cnyl, CkCp = Cpi1Ck, CkCp = CpypiCk, forn >k,

to transform an arbitrary expression in the ¢;’s into one where only negative exponents
appear on the left, only positive exponents appear on the right, and the subindices are
ordered, say

—7r0

.
Co

S1 .80
G

.. _Tn SL---
o R R

Besides, if both rg, s are positive and both 741, sp1 are zero for a certain k, then
using the relation Clzlcn_i_l(fk = ¢, for n > k, one may decrease the subindex of each
entry between ¢, "* and ¢;*. Proceeding this way as much as possible, we get either the
empty word or an expression as in (iv) above, which was shown to correspond (under
®,) to a nontrivial element of F.

Exercise 1.2.11. Let us consider the (binary) Cantor set {0,1}" endowed with the
product topology.
(i) Let I be the group of homeomorphisms of {0, 1} generated by the maps

3 it £ = On,
On  if & =00m,
10 if € =100,
a(§) :==4¢ 10n if £ =01, and b(&) :=
110 if € = 101y,
11n  if € = 1n,

[ 111p  if &= 11n.

Show that F is isomorphic to F.

Hint. Notice that a and Z), respectively, may be represented by the same tree diagrams
of the elements a ~ fy and b ~ f; of F; ~ F.

(ii) Let ¢ : {0,1}N — [0, 1] be defined by

$2(&) = Z 2—;, where & = (i1,42,...),4; € {0,1}.
Jj>1

Check that ¢ is one-to-one except at points that correspond to dyadic rational num-

bers. Besides, show that ¢ semiconjugates the action of F on {0,1}" to that of F on

[0,1], in the sense that A

f(#2(8)) = d2(f(€)
holds for each f€F and all £€{0,1}", where f €T denotes the element corresponding
to f.
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Exercise 1.2.12. Given a finite binary sequence s, we let a5 be the map that consists
of the action of a localized at the subtree starting at the terminal vertex of the path s.
In precise terms,

sa(n) i & =sn,

as(§) ==

13 otherwise.
Notice that a1 = b.
(i) Prove that all elements a; € F are conjugate to one of a, ag, a1, a1, and that none
of these elements is conjugate to another one in this list. (Notice that ag = d_ldl_ld2.)
(ii) For each pair of finite binary sequences s,t, we let a.(s) be the image of s under
a; in case this is defined, which happens either when s and ¢ are incompatible (which
means that none of them extends the other one, in which case a;(s) = s) or when s
starts with t00, t01 or t1. Show that F, viewed as a group generated by the elements
as, admits the presentation

<d8: dtdsdt_l = a4,(s) for all s, ¢ such that ag(s) is deﬁned>.

Hint. First check that all these relations are satisfied in F. Moreover, by identifying
F ~ F5, notice that the presentation above contains that of Fy, as ¢y identifies with a
and ¢ to @y for k > 1 (where 1% stands for a 1 repeated k times), and ax(17) = 1"+1
for all k < n.

1.2.5 Some relatives of F

The group of piecewise real-analytic, orientation-preserving diffeomorphisms
of the interval is bi-orderable. (Notice that this group contains F.) Indeed, we
may let f to be positive if and only if the point 2 = inf{z: f(z) # x} is such
that f(y) > y for every y > x sufficiently close to zy. Restricted to F, this
bi-order coincides with j;l. Extensions of < _, j; and =, can be defined
in an analogous way. Similarly, groups of piecewise real-analytic, orientation-
preserving diffeomorphisms of the real line that behave nicely close to infinity are
also bi-orderable.

The group of piecewise analytic diffeomorphisms contains a remarkable sub-
group, namely that of piecewise projective diffeomorphisms. Recall that the
projective line P!(R) is the set of lines of R? passing throughout the origin. It
identifies with R U {co}, where a real y € R corresponds to the line R(1,y), and
the point co to the line R(0,1). The group PGL(2,R) acts on P!(R): via the
identification P!(R) ~ R U {oo}, this action is given by

a b _ay+b
cd)¥ " rd
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Notice that this action factors throughout PSL(2,R).

Let PP, (R) be the subgroup of Homeo (R) consisting of the homeomorphisms
that coincide with a projective map on each piece of a subdivision of R into
finitely many intervals. This group contains the group PAff, (R) of piecewise
affine homeomorphisms, which itself contains F. The next classical theorem was
established by Brin and Squier [24] for the group PAff (R). The extension to
PP, (R) appears in the work of Monod [144].

Theorem 1.2.13. The group PP, (R) does not contain any non abelian free
subgroup.

Proof. For each f € PP,(R), denote by supp,(f) the open support of f, that
is, the set of points x such that f(x) # x. This is a finite union of disjoint
open intervals. Given g¢,h in PP, (R), the union supp,(g) U supp,(h) is also a
finite number of disjoint open intervals Iy,...,I,. We claim that the following
property holds: If [a,b] is a compact interval contained in one of these intervals
I, with 1 < k < n, then there exists a word w in g and h for which w([a, b)) is
disjoint from [a, b] (observe that w([a, b]) is still contained in I;). Otherwise, the
supremum of the orbit of a under (g, h) would be < b, which is absurd due to the
definition of open supports.

Assume for a contradiction that there exist two elements g, h in PP, (R) such
that any reduced word in g and h is nontrivial. Observe that the map fy :=
g, h], [¢% R]] is the identity close to the endpoints of each I. Indeed, if we
change the projective coordinates on a neighborhood of an endpoint of I so that
this is moved to infinity, then the maps ¢ and h become affine on each half of
this neighborhood. Thus, [g, h] and [¢?, h] become translations, hence commute.
However, the reduced expression of f; in g and A is

fo=ghg '~ g*hg™ h g hg*h T g2,

hence fy is nontrivial.

Let f be anontrivial element in (g, h) which is the identity on neighborhoods of
the endpoints of each I;, and such that the number of components /; intersecting
the support of f is minimal among all elements verifying these properties. Choose
one of these components I, and let [a,b] C I be a compact subinterval of Iy
such that f is the identity on Iy \ [a,b]. By the claim above, there exists a word
w in g and h such that w([a,b]) is disjoint from [a, b]. Inside Ij, the support of
wfw™! is hence disjoint from the support of f, and thus the restrictions of f
and wfw™! to I, generate a subgroup isomorphic to Z?. As a consequence, the
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number of components I; in restriction to which [f,wfw™'] is not the identity
is strictly smaller that the corresponding number for f. Since [f,w fw™!] is the
identity on a neighborhood of the endpoints of each I;, we conclude by minimality
that [f,wfw™!] is the identity everywhere, and therefore f and wfw™! generate
a group isomorphic to Z2. Nevertheless, such a subgroup cannot arise inside a
non-Abelian free group on two generators. O

We we will see in §4.2 that the group PP, (R) contains many interesting
finitely-generated subgroups. Among them, the most remarkable are those that
are both non-amenable and finitely presented. The existence of these groups
has been recently proved in [128]. Actually, these are the first examples of non-
amenable, finitely-presented, torsion-free groups containing no free subgroup in
two generators. (Examples of finitely-presented, non-amenable groups without
free subgroups but containing a lot of torsion were already known; see [161].)

1.2.6 Braid groups

Perhaps the most relevant examples of left-orderable groups are the braid
groups B,,. Recall that B,, has a presentation of the form

Bn:<01, ey Op_1i 030410 = 04104041 for 1 <i <n—2, 0,0; = o;0; for |i—j| > 2>.

Following Dehornoy [56], for i€{1,...,n — 1}, an element of B, is said to be -
positive if it may be written as a word of the form w,o;wq0; - - - wro; Wk 1, Where
the w;’s are (perhaps trivial) words on o}, ..., 0!, (and o; appears at least
once). An element in B, is said to be D-positive if it is i-positive for some
ie{l,...,n—1}. A remarkable result of Dehornoy establishes that the set of
D-positive elements form the positive cone of a left-order order <, on B,. In

other words:

— For every nontrivial o € B, either o or o~ is i-positive for some i. (Actu-

ally, Dehornoy provides an algorithm, called handle reduction, for recognizing
positive elements and putting them in the form above.)

—If 0 € B, is nontrivial, then o and ¢~! cannot be simultaneously D-positive.

Notice that B,, is not bi-orderable, as it contains nontrivial elements which are
conjugate to their inverses: (o10901) (0105 ") (010901) = (0105 ') 7. Despite of
this, <, satisfies an important weak property of bi-invariance called subword
property: All conjugates of the generators o; are <, -positive.

None of the statements above is easy to prove; see for example [57]. In §2.2.3,
we will give a short proof for the case of Bs.
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Pure braid groups. According to Falk and Randell [71], pure braid groups PB,,
are residually torsion-free nilpotent, hence bi-orderable. An alternative approach
to the bi-orderability of PB,, using the Magnus expansion was proposed by Rolfsen
and Zhu in [115] (see also [138]). Let us point out, however, that these bi-orders
are quite different from the Dehornoy left-order. Indeed, we will see in §3.2.1 that
no bi-order on PB,, can be extended to a left-order of B,,.

For nice bi-orderable groups which are a mixture of pure braid groups and
Thompson’s groups, see [29].

1.3 Other Forms of Orderability

1.3.1 Lattice-orderable groups

A lattice-ordered group (or (-ordered group) is a partially ordered group
(', <) such that < is left and right invariant, and for each pair of group elements
f, g, there is a minimal (resp. maximal) element fVg (resp. fAg) simultaneously
larger (resp. smaller) than f and g. (Notice that f Ag = (f~'Vvg™')™'.) For
instance, the group A(£2, <) of all order automorphisms of a totally ordered space
(Q, <) is l-orderable, as one may define f > g whenever f,g in A(€, <) satisfy
f(w) > g(w) for all w e Q. In this case, we have fV g (w) = max<{f(w),g(w)}
and f A g (w) = mine{f(w), g(w)}.

Example 1.3.1. For the group Homeo, (R), this and its reverse order (which is also
an (-order) are the only possible ¢-orders; see [97].

The converse to the preceding remark is an important theorem due to Holland
[98]. (The proof below is taken from [17, Chapter VII|; see also [84, Chapter 7],
[85, Appendix I], and [96].)

Theorem 1.3.2. Every (-ordered group (I', <) acts by automorphisms of a totally
ordered space (€2, <) in such a way that f < g implies f(w) < g(w) for all we,

and [V g (w) = max<{f(w),g(w)} and f A g(w) = minc{f(w),g(w)}. In
particular, every (-orderable group is left-orderable.

For the proof, let (I', <) be an ¢-subgroup of A(f2, <) for a totally ordered
space (€2, <), and let P be the set of non-negative elements for the associate order.
For each w € 2, denote by P, the semigroup {f € I': f(w) > w}. Then:

(1) meQPw = P7
(i) P,UP;'=T, forall we Q.
This turns natural the following version of Proposition 1.1.5:
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Lemma 1.3.3. Let (I', <) be an {-ordered group with set of non-negative elements
P. Assume that T' contains a family of subsemigroups Py, X\ € A, satisfying (i)
and (ii) above. Then the conclusion of Theorem 1.3.2 is satisfied.

Proof. Proceed as in the proof of Proposition 1.1.5. Since = is bi-invariant, for
each feP,gcT,and A € A, we have g~'fg € P C P,. By definition, this
implies that f(gl'y) > gT's. Finally, if f ¢ P, then by (ii) we have f € P\ Py
for some A, which yields fI'y < I'y. The claims concerning f V g and f A g are
left to the reader. O

Proof of Theorem 1.3.2. Denoting by P the set of non-negative elements of
=, for each h € I'\ P choose a maximal ¢-subsemigroup P}, of I' containing P but
not h. We obviously have

so that condition (i) above is satisfied. The proof of condition (ii) is by contra-
diction. Assume throughout that for certain h € I'\ P and g € ', we have g ¢ P,
and g ¢ P, '

Claim (i). Neither id A g nor id A g~* belong to P,.

Indeed, notice that g = [g(id A g)~ (id A g) = (id V g)(id A g). Since id V g
belongs to P C Py, if id N\ g were contained in P, then this would imply that
g also belongs to P, contrary to our hypothesis. A similar argument applies to
id A\ gt
Claim (ii). There exist ny,ny in N and hy, he in Py, such that [(id A g)hy|™ < h
and [(id A g7')ho]™ < h.

By the maximality of P,, the element h belongs to the smallest /-subsemigroup
(Pn,idAg)e (vesp. (Py,idAg™'),) containing P, and idAg (resp. Py, and idAg™').
Thus, the claim follows from the following fact: For each f < id, the semigroup

(Py, f)e is the set S of elements which are larger than or equal to (ff)" for some
f € P, and some n€N. To show this, first notice that this set is an /-semigroup.
Indeed, if (ff1)™ =< g1 and (ff2)"2 =< gy, with f, fo in P, and ny,ny in N, then
both ¢; and g, are larger than or equal to (ff)", where f :=id A fy A fo € P,
and n:=max{n;,no}. Hence, (ff)*" < gigo and (ff)" = g1 A g2, and therefore
9192 and g1 A g2 (as well as g1 V go) belong to S. Since f € S and P, C S5,

this shows that (P, f)¢ C S. Finally, we also have S C (P, f);. Indeed, if

g = (ff)’i for some f € P, and n € N, then since (f)" € (Pn, f)e, we have
g:= (G H)™)(fF)" € P-(Py, [)e = (Ph, f)e. This shows the claim.
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Claim (iii). Let n := max{nj,no} and f := id A hy A hy, where hq, hy and ny, ny

are as in (ii). Then the element f := ([(id A g) ]V [(id A g_l)f])zn_1 is smaller
than or equal to h.

Indeed, since f, id A g, and id A g~! lie in P~ we have [(id A g) f]" =< h and
[((id A g7') f]" =< h. Now, as id A g and id A g~' commute (their product equals
id A g A g~'), we easily check that f may be rewritten as

[(idng) f12" 7TV ([(idAg) F127 2 [(idAg ™) F) v ([(idAg) F12" 2 [(idAg ™) fI2) V.. VI(EdAg ™) F127 2

Each term of this V-product contains either [(id A g) f]™ or [(id A g~') f]™ together
with non-positive factors. The claim follows.

To conclude the proof, notice that from (idAg)V(idAg™") = id it follows that
f=f1' Since f € Py, the same holds for f. Nevertheless, as f~'h € P C Py,
this 1mphes that h = f ( f- 'h) € P,, which is a contradiction. O

Left-orderable groups v/s (-orderable groups. Let us point out that /(-
orderability is a stronger property than left-orderability. For instance, f-orderability
is a non-local property [84, Theorem 2.D]. A more transparent difference concerns
roots of elements, as all (-orderable groups satisfy the property of conjugate
roots (C.R.P.): Any two elements f, g satisfying f™ = ¢" for some n € N are
conjugate. Indeed, if for such f, g we let

h = fn—l V fn—2g V. fn—3g2 V..V gn—l’
then we have

fh=f"V gy 2> V. Vg = gV gV LV fg TV gt = hy.
This property fails to be true for left-orderable groups, as shown by the next

Exercise 1.3.4. The 7 of the Klein bottle may be presented in the form (a, b: bab = a).
(This is nothing but the infinite dihedral group.) This group is easily seen to be left-
orderable (see §2.2.3 for a discussion on this). Prove that this group is not ¢-orderable
by showing that the elements 2 = ba and y = a satisfy 2> = y? but are not conjugate.
Remark. Despite this example, notice that every left-orderable group I' embeds into a
lattice-orderable group, namely the group of all order permutations of I' endowed with
a left-order.

Remark 1.3.5. Left-orderable groups satisfying the C.R.P. are not necessarily ¢-
orderable. Concrete examples are braid groups: in §1.2.6, we will see that these groups
are left-orderable, the C.R.P. for them is shown in [86], and the fact that B, is not
¢-orderable (for n>3) is proved in [141].
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1.3.2 Locally-invariant orders and diffuse groups

Following [42] and the references therein, a partial order relation < on a group
I is said to be locally invariant if for every f, g in I', with g # id, either fg > f
or fg=! = f. Obviously, every left-order is a locally-invariant order. Examples of
non left-orderable groups admitting a locally-invariant order have been recently
given: see §1.4 (see also Theorem 4.1.10 for the case of amenable groups).

Exercise 1.3.6. Show that a group I' admits a locally-invariant order if and only if
there exist a partially ordered space (2, <) and a map ¢ : I' = Q such that for every

f,g in T, with g # id, either ¢(fg) > ¢(f) or o(fg~') > @(f).

Example 1.3.7. Based on [18, 58, 90|, it is shown in [42] that many groups with
hyperbolic properties admit locally-invariant orders. More precisely, let (X,d) be a
geodesic d-hyperbolic metric space [81] and I" a group acting on X by isometries so that
d(z,g(x)) > 6 holds for all x€ X. Then fixing xy € X, the function g — d(xg, g(xo))
satisfies the property of the preceding exercise. In particular, I' admits a locally-
invariant order.

This construction applies to many groups. In particular, if I' is a residually finite
Gromov-hyperbolic group (as for instance the m; of a compact hyperbolic manifold),
then I' contains a finite-index subgroup admitting a locally-invariant order. Similarly, a
group acting isometrically and without inversions on a real-tree has a locally-invariant
order.

At first glance, the notion of locally-invariant order may look strange. Perhaps
amore clear view is provided by an equivalent formulation in terms of cones. More
precisely, given a group I', denote by P(I') the family of subsets (cones) P C I’
such that id ¢ P and, for all g # id, at least one of the elements g, g~ lies in P.
A field of cones is a map f — Py from I' into P(I"). This field will be said to be

equivariant if the following condition holds (see Figure 6):

if geP; and he P, then ghe Py
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Figure 6: The cone condition (above) and its negation (below) for
locally-invariant orders.

It turns out that locally-invariant orders and equivariant fields of cones are
equivalent notions. Indeed, assume that < is a locally-invariant order on a group
I'. For each f € I', define P; by letting

g€ Py ifand only if fg > f.

By definition, each P belongs to P(I'). We claim that the field f — Py is
equivariant. Indeed, the conditions g € Py and h € Py, mean, respectively, that
fg = f and fgh = fg. Hence, by transitivity of <, we have fgh = f, that is,
gh € Py, as desired.

Conversely, let f — P; be an equivariant field of cones. Define a relation < on
I by letting f = g whenever g~'f € P,. We claim that this is a locally-invariant
order. To see that < is antisymmetric, assume f > g and g > f. Then g7 'f € P,
and f~'g € P;. By equivariance, this implies that id = (g7 f)(f~'g) € P,, which
is a contradiction. To see that < is transitive, assume f > g and g > h. Then
g~ 'f € P,and h™'g € B,. By equivariance, h™'f = (h™'g)(¢7'f) € P, which
means that f > h. Finally, given f € I and g # id, we have either f~'gf € Py,
or f~'g7'f € P;. In the former case, gf > f, and in the latter, g~ f > f.

Exercise 1.3.8. Associated to each ¢ € Z there is a locally-invariant order <, on
Z defined by m =y n if and only if either n > m > forn < m < £ —1. (See
Figure 7.) Show that every locally-invariant order on Z either is the canonical one, its
reverse, or contains one of the orders <;. (Notice that we way enlarge <, by defining
non-contradictory inequalities between integers m,n such that m > £ > n.)
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(-4 (-3 -2 (-1 l (+1 +2 0+3

Figure 7: A locally-invariant order on Z.

There is a closely related notion to locally-invariant orders introduced by
Bowditch in [18]. Namely, given a subset A of a group I', an extremal point
of Ais a point f € A such that, if fg € A and fg=! € A for some g € T, then
g =1d. A group I' is said to be weakly diffuse if every nonempty finite subset
has an extremal point.

Proposition 1.3.9. A group admits a locally-invariant order if and only if it is
weakly diffuse.

Proof. Let I" be a group admitting a locally-invariant order <. Given a nonempty,
finite subset A of I', let f be a maximal element (with respect to <) of A. We
claim that f is an extremal point of A. Indeed, let g € I' such that fg € A and
fg~' € A. If g were nontrivial then we would have either fg = f or fg=! = f.
However, this contradicts the maximality of f € A.

For the proof of the converse implication, see Exercise 2.2.5. 0]

Exercise 1.3.10. According to [126], every weakly diffuse group is diffuse, that is,
every finite subset of cardinality larger than one has at least two extremal points. Show
this by contradiction.

Hint. Assume that A is a finite subset having only the identity as an extremal point.
Then the same holds for A~!. If A has more than one point, show that the set B :=
AU A7! has no extremal point.

1.4 (eneral Properties

1.4.1 Left-orderable groups are torsion-free

Indeed, if f > id (resp. f < id) for some left-order =<, then for all n € N we
have
"= . . ff=f=id (resp. f" < ... < fA<f=<f=id).
As we have seen in §1.2.1, the converse is true for Abelian and more generally
for nilpotent groups, but does not hold for Abelian-by-finite groups: a classical
relevant example is the crystallographic group

I = (a,b: a’ba® = b,b*ab® = a). (1.4)
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Here we give some properties of this group (for further details, see [18, 167] as
well as [163, Chapter 13]). If we let ¢ := (ab)™', then the subgroup (a?,b?, ¢?) is
torsion-free, rank-3 Abelian, and normal. The corresponding quotient is isomor-
phic to the 4-Klein group. (An order-4, non-Abelian group). The crystallographic
action on R? is given by

a(lr,y,x)=(r+ 1,1 —y,—2),

b(z,y,2) = (—z,y+ 1,1 — 2),

c(x,y,z) = (1 —z,—y,z+1).
To see that I is torsion-free, first notice that, since every element in the 4-Klein
group has order 2, a nontrivial, finite-order element of I' must have order 2. Now
let w € T be nontrivial, say w = a*b%c**a (the cases where the last factor is
either b or ¢ are similar). Then

2 2i2] 2k

w? = a aa2zb2j02ka — a2zb2jc2ka2zb—2jc—2ka2 _ a4z+2 ?é id.

Finally, notice that for any choice of exponents €,0 in {—1,+1}, the defining
relations of I' yield

(aab(5>2(b6aa)2 — aab—éb%aab%aabéaa — aab—6a2ab(5a2aa—a — aab—ébéa—a — id.

Obviously, this implies that no compatible choice of signs for a, b exists, hence I'
is not left-orderable. (For more conceptual proofs of a different nature, see either
§1.4.3 or Example 3.2.11.)

Exercise 1.4.1. Consider the set G of triplets of the form (u,v,w), where each u, v, w
is either an integer or of the form m, with m € Z.
(i) Show that the rule

(w1, 01, w)(ug, v2, ws) == (U1 ® uz, v1 ® Vo, w1 S wa),
where for m,n in Z,
—_— —_—

mén=m+n, mdnhn:=m+n, Mmen:=m-n, MmON:=m—n,

endows GG with a group structure.
(ii) Show that the group I' above identifies to the subgroup of G generated by a := (100)
and b:= (011).

Exercise 1.4.2. Show that every group having a locally-invariant order is torsion-free.
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1.4.2 Unique roots and generalized torsion

Bi-orderable groups have a stronger property than absence of torsion, namely
they have no generalized torsion: If f # id, then no nontrivial product of
conjugates of f is the identity. (In particular, no nontrivial element is conjugate
to its inverse.) These groups also have the unique root property: If f* = g" for
some integer n, then f = ¢g. Once again, none of these properties characterizes
bi-orderability (see [17, Example 4.3.1] and [8, 14], respectively). It seems to
be unknown whether the former implies left-orderability. The latter does not: a
concrete example (taken from [17, Chapter VII]) is

r, = <g,h: fgfg2-~-fg" = f_lgf_lgz~-~f_1g” = id>, where n is “large”.

Example 1.4.3. As we saw in Example 1.3.4, the Klein-bottle group is left-orderable
but does not satisfy the C.R.P., hence it is not bi-orderable. Another way to contra-
dict bi-orderability consists in noticing that it has generalized torsion: (a~'ba)b = id.
Moreover, the unique root property fails: (ba)? = a2, though ba # a.

Exercise 1.4.4. Prove that in any bi-orderable group, the following holds: If f com-
mutes with a nontrivial power of g, then it commutes with g. Show that this is no
longer true for left-orderable groups.

Exercise 1.4.5. Show that for bi-orderable groups, the normalizer of any finite subset
coincides with its centralizer. Again, show that this is no longer true for left-orderable
groups.

1.4.3 The Unique Product Property (U.P.P.)

A group I' is said to have the U.P.P. if given any two finite subsets {g;}, {h;},
there exists f € I' that may be written in a unique way as a product g¢;h;.
Every left-orderable group has the U.P.P. Indeed, given two finite subsets
A= {g,...,9.} and B := {hy,..., hp}, let f := g;h; be the element of AB
that is maximal with respect to a fixed left-order on I'. If f were equal to gyh;
for some ¢', j', then h; = hj, as otherwise f = g;h; < g;hj would contradict the
maximality of f. Similarly, h;; = h;. Thus h; = hj,, which yields g; = gy.
Notice that the minimum element in AB has also a unique expression as
above. This is coherent with a result from [184] contained in the following

Exercise 1.4.6. Show that U.P.P. implies a “double” U.P.P., in the sense that given
any two finite subsets A, B such that |A|+|B| > 2, there exist at least two elements
in AB which may be written in a unique way as a product ab, with a € A and b € B.
(Compare Exercise 1.3.10.)
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Hint. Assume that a group I' has the U.P.P. but only ab € AB has a unique represen-
tation in AB, and let C :=a"'A, D := Bb~!', E:= D7'C, and F := DC~'. Using the
fact that, in C'D, only id = id - id has a unique representation, show that, in EF', no
element has unique representation.

Exercise 1.4.7. Show that a group satisfies the U.P.P. if and only if for any finite
subset A there exist at least one (actually, two) elements in A% which may be written
in a unique way as a product ab, with a,b in A.

Let us remark that groups with the U.P.P. are torsion-free. Indeed, if f* =
td for some f # id, then the U.P.P. fails for the finite subsets A = B =
{id, f,..., f*"'}. The converse to this remark is false. Indeed, as Promislow
showed in [167], the crystallographic group of §1.4.1 does not satisfy the U.P.P.
(see Exercise 1.4.11 below for the details; see also [170] for a different example
using small cancellation techniques, and [116, 183] for more recent developments.)
The following question was raised by Linnell; the recent (negative) answer from
[116] will be discussed below.

Question 1.4.8. Are U.P.P.-groups left-orderable ?

Locally-invariant orders, diffuse groups, and the U.P.P. The U.P.P. is sat-
isfied by all weakly diffuse groups (hence, by groups admitting a locally-invariant
order; see Proposition 1.3.9). Indeed, given nontrivial finite subsets A, B of a
weakly diffuse group I', let f € AB be an extremal point of AB. We claim that
f may be written in a unique way as gh, with ¢ € A and h € B. Indeed, if
f = g1h1 = gohs, with g1,99 in A and hq, hy in B, then letting h := hl_lhg we
have fh = gihy € AB and fh™! = goh; € AB. Since f is an extremal point of
AB, this implies that h = id, which yields hy = hy and g; = gs.

Below we elaborate on an example that shows that the answer to Linnell’s
question above is negative for a certain “large” group. (For amenable groups the
situation is unclear, due to Theorem 4.1.10.) First notice that, by Example 1.3.7,
isometry groups of hyperbolic metric spaces with “large displacement” admit
locally-invariant orders, and hence satisfy the U.P.P. (Actually, a combination
of remarkable recent results establishes that the m of every closed, hyperbolic 3-
manifold contains a finite-index group that is bi-orderable; see [2, 11, 68, 89, 109].)
This motivates the following

Question 1.4.9. Does there exist a sequence of compact, hyperbolic 3-manifolds
whose injectivity radius converges to infinity and whose 7 are non left-orderable ?
(Examples of non left-orderable 3-manifold groups appear in [34, 53].)
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This question seems to have an affirmative but difficult solution. Indeed,
it is not very hard to prove that, if I' is the m of a compact, hyperbolic 3-
manifold with nontrivial first Betti number, then I is left-orderable (it is actually
Conrad-orderable, in the terminology of §3.2; see [20]). A sequence of compact,
hyperbolic 3-manifolds with trivial first Betti number and whose injectivity radius
converges to infinite appears in [37]. However, it seems hard to adapt the methods
therein to show that the 7; of infinitely many of these manifolds are non left-
orderable. Actually, an obvious difficulty comes from the fact that they are
virtually orderable, as was mentioned above.

Despite the above, it was cleverly noticed by Dunfield and included in the
work of Kionke and Raimbauld (see [116]) that there is an hyperbolic 3-manifold
whose m; is known to be non left-orderable and for which a lower estimate of
its injectivity radius allows applying the results described in Example 1.3.7, thus
concluding that it admits a locally-invariant order, hence it satisfies the U.P.P.
This yields a negative answer to Question 1.4.8 above. As Kionke and Raimbauld
point out, the next question remains open:

Question 1.4.10. Does there exist a U.P.P.-group that is not weakly diffuse 7

Exercise 1.4.11. Consider the subset
A=B= {(ba)2, (ab)?,a®b,aba™t,b,ab  a, b=t aba, ab™2, b%at, a(ba)?, bab,a,a_l}

of the crystallographic group I' = (a,b: a?ba® = b, b*ab® = a) introduced in §1.4.1.

(i) Show that, via the identification of Exercise 1.4.1, this set becomes

(002),(002),(211),(211),(011),(011),(011),(011),(120),(120),(102),(102),(100),(100),

—

where m (resp. m) is written instead of —m (resp. —m).

(i) In the (partial) multiplication table below, check that each value corresponding to
the product of a pair of elements appears at least twice.
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|(002) (002) (211) (21i) (011) (011) (011) (011) (120) (120) (102) (102) (100) (100)
(002) |(004) (000) (213) (211) (013) (011) (013) (011) (122) (122) (100) (104) (102) (102)
(002) |(000) (004) (211) (213) (011) (013) (011) (013) (122) (122) (104) (100) (102) (102)
(211) |(211) (213) (020) (002) (220) (222) (200) (202) (131) (331) (113) (311) (111) (311)
(211) |(213) (211) (002) (020) (202) (200) (222) (220) (111) (311) (111) (313) (111) (311)
(011) |(011) (013) (220) (202) (020) (022) (000) (002) (131) (131) (113) (111) (111) (ii1)
(011) |(013) (011) (222) (200) (022) (020) (002) (000) (131) (131) (ii1) (113) (1i1) (i11)
(011) |(011) (013) (200) (222) (000) (002) (020) (022) (111) (ii1) (1i3) (111) (1i1) (ii1)
(011) |(013) (011) (202) (220) (002) (000) (022) (020) (111) (i11) (ii1) (ii3) (iiy) (iin)
(120) |(122) (122) (311) (331) (111) (111) (131) (131) (200) (000) (222) (022) (220) (020)
(120) |(122) (122) (111) (131) (111) (111) (131) (131) (000) (200) (022) (222) (020) (220)
(102) |(104) (100) (313) (311) (113) (1i1) (113) (111) (222) (022) (200) (004) (202) (002)
(102) |(100) (104) (1i1) (113) (1i1) (1i3) (111) (113) (022) (222) (004) (200) (002) (202)
(100) |(102) (102) (311) (311) (111) (1i1) (111) (111) (220) (020) (202) (002) (200) (000)
(100) |(102) (102) (1i1) (1i1) (1i1) (1i1) (1i1) (111) (020) (220) (002) (202) (000) (200)

Remark 1.4.12. By the preceding exercise, the crystallographic group I', though being
torsion-free, does not admit a locally-invariant order. It is worth mentioning that this
is actually the case of “most” finitely-presented groups in a very precise random model
for groups; see [162].

Remark 1.4.13. As it was shown by Morris-Witte, finite-index subgroups of SL(3,Z)
are non left-orderable (see Theorem 3.5.1). For large index, these groups are torsion-
free, and it seems to be unknown whether they satisfy the U.P.P. By Exercise 1.3.6,
the following question makes sense: Does there exist a norm on SL(3,7Z) such that for
finite but “large” index subgroups I' one has either ||fg| > || fI| or ||fg~ || > ||f] for
every f,gin I, with g # id ?

On Kaplansky’s conjecture. A famous question due to Kaplansky (commonly
referred to as the Kaplansky conjecture) asks whether the group algebra of a
torsion-free group over a ring A has no zero-divisors provided A has no zero-
divisors. (Even the case where A = Z is open.) The restriction on the torsion is
natural. Indeed,

ff=id = (f-D(""+f 4+ +f+)=f—-1=0. (15

It easily follows from the definitions that every group satisfying the U.P.P. also
satisfies the conclusion of the Kaplansky conjecture. For the crystallographic
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group considered above, Kaplansky’s conjecture is known to be true by different
methods (see for instance [27, 72, 74]; see also [163, 130]).

Example 1.4.14. Consider the free Burnside group
B(m,n) := <a1, oo, @ s W"=1d for every word W>

It is known that for m > 2 and n odd and large-enough, B(m,n) is infinite (actually, it is
non-amenable; see [1]). Of course, every element in this group has finite order. However,
it is still interesting to look for zero-divisors in its group algebra that are “nontrivial”
(i.e. do not arise from an identity of the form (1.5)). For instance, according to [105],
this is the case for

A=0+c+...+c"HA—aba™), B:=1—-a)d+b+...4+b"1),

where a := aj, b := ag, and ¢ := aba~*b~!. (Checking that AB = 0 is an easy exercise.)

1.4.4 More Combinatorial Properties

Recently, orderable groups have been considered as a natural framework to
extend certain basic results of Additive Combinatorics (see [75, 147, 186] as gen-
eral references). One of the most elementary ones is the inequality for product
sets

|AB| = |A| + |B| - 1, (1.6)

which holds for any finite subsets A, B of the integers (this is an easy exercise).
In this regard, it is worth mentioning that this readily extends to finite subsets of
left-orderable groups. Indeed, modulo multiplying B on the right by the largest
possible element of type h~!, where h € B, we may assume that id is the smallest
element of B. Then, if we order the elements in A (resp. B) in the form g; <
... =< gp (resp. id =hy < ... < hy,), we have

g1 =02 = ... = 0gn < guho < ... < gphm.

Less trivially, (1.6) still holds for finite subsets of torsion-free groups, as it was
proved by Kemperman in [112].

Theorem 1.4.15. For all finite subsets A, B of a torsion-free group, we have

AB| > ||+ |B| - 1.
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Proof. To begin with, notice that the claim of the theorem trivially holds if
either |A| or |B| equals 1. Moreover, changing A by g~*A and B by Bh™! for
g € A and h € B, we reduce the general case to that where id € AN B. Assume
for a contradiction that A, B are finite subsets that do not satisfy (1.6) and for
which the value of m := |AB]| is minimal, that of n := |A| + | B| is maximal while
attaining m, and that of |A| is maximal while attaining both m,n (the extremal
properties being realized among subsets containing id).
As ide AN B, we also have

|AB| > |A| +|B| — |AN Bj.

Hence, |ANB| > 2. Let H be the subsemigroup generated by ANB. We consider
two different cases.

Case I. We have Af C Aforall fe ANDB.

Then, as id € A, this implies H C A. Therefore, H is a finite subsemigroup
of a group, hence a (finite) subgroup. As |H| > 2, this produces torsion elements.

Case II. There exists f € AN B such that Af is not contained in A.

Fixing such an f,let A" :={g € A: gf ¢ A} and B’ :== {h € B: fh ¢ B}.
There are two subcases to consider.

If |A’| > |B'|, then let A*:=AUA’f and B*:=B\ B'. (Notice that B\ B’ # ()
since id ¢ B’.) One easily checks that A*B* C AB, hence |A*B*| < |AB|.
Moreover, |A*| = |A|+ |A'f| = |A|+|A| and |B*| = |B| —|B’|, thus |A*|+|B*| >
|A|+|B|. Finally, |[A*| > |A|, as A" is nonempty. Therefore, by the choice of A, B,
we must have

ATB| > 47|+ | — 1,

hence
|AB| > |A"B*| > |A*| + |B*| =1 > [A| + |B| — 1,

which is a contradiction.

If |A'| < |B’'|, then let A*:=A\ A’ (which is nonempty as id ¢ A’) and B* :=
B U fB. Again, A*B* C AB, hence |A*B*| < |AB|. Moreover, |A*| = |A| — |4/
and |B*| = |B| + |B'| yield |A*| + |B*| > |A| + |B|. By the choice of A, B, this
implies

ATBY| > A7+ B — 1,
hence
|AB| > [A"B*| = |A"[ + [B*| = 1> [A] + [B| - 1,

which is again a contradiction. O
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Example 1.4.16. By pursuing on the technique of proof above, Brailovsky and Freiman
proved in [19] that equality arises if and only if A and B are geometric progressions
on different sides. More precisely, there exist group elements f, g, h and non-negative
integers n, m such that

A={g.f,-0f" Y B={hfh...f" R}
Showing such a claim for left-orderable groups is an straighforward exercise.

Below we present another proof of Theorem 1.4.15 following the ideas of Hami-
doune [91] that is somewhat closer to the techniques of the next section. We refer
to [92] for more details and furter developments, including an alternative proof
of the Brailovsky-Freiman theorem above.

Another proof of Theorem 1.4.15. Given a finite subset B of a group I', for
each finite subset A C T we let 9% A := AB\ A (compare (1.9)). Given a positive
integer k, we say that a subset C' is (B, k)-critical if |C| > k and

107C| = min {|0" Al: |A] > k}.

We say that C'is a (B, k)-atom if it is a (B, k)-critical set of smallest cardinality.

Claim (i). If C' is a (B, k)-atom and C" is (B, k)-critical, then either C' C C’ or
N’ <k-—1.
Indeed, assume C'is not contained in C”" and |[CNC"| > k. Then, by definition,

95C| < [95(C' N ).

Let C, (resp. C’) be the complement of C' UdPC (resp. C'UHPC"). On the one
hand, we have

oPCcnc’|+1oPcnalfc|+pPencl = 10°C|

[(elarel]

lcnoBc!|+oPC nc|+|oPC nalc|,

hence |0PC' N CL| < |CNJPC’|. On the other hand, we have

IN A

|oBC" nC|+|0PC’ naPC|+|9BC' n | ated
|98 (C' nC)

|cl noBC|+oPC' n .|+ |9BC' naP |,

IN A IA

hence |0PC' N C| < |CL N OPC|. These two conclusions are certainly in contra-
diction.
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Claim (ii). If C'is a (B, k)-atom and g # id, then |C NgC| < k — 1.
Indeed, the set gC'is a (B, k)-atom as well. Moreover, we cannot have gC' C C,

otherwise g would be a torsion element. (If gC' C C, then gC' = C, so that g acts
as a permutation of C' and therefore g"h=h for all h € C'.)

Claim (iii). For all finite sets A, B, we have |AB| > |A| + |B| — 1.
Indeed, we may assume that B contains id. Let C' be a (B, 1)-atom. Again,
we may assume id € C. If C' contains another element g, then |C'NgC| > 1, a

contradiction to (ii). Hence, C' = {id}. Therefore, for every (nonempty) finite
subset A,

|AB| — [A] = [AB\ A| > |CB\ C| = |B\ {id}| = |B| — 1,
which shows the claim. O

Remark 1.4.17. It is conjectured that k-atoms have cardinality equal to k for torsion-
free groups. This holds for instance for groups satisfying the U.P.P. (this is an easy
exercise; see [92, Lemma 4] in case of problems).

A direct consequence of the preceding theorem is the inequality |A%| > 2|A|—1
for all finite subsets A of torsion-free groups. The next result from [76] improves
this inequality for non-Abelian bi-orderable groups.

Theorem 1.4.18. Let A be a finite subset of a bi-orderable group. If |A% <
3|A| — 3, then the subgroup generated by the elements in A is Abelian.

Proof. The proof is by induction on |A|. If |A| = 2, say A = {f1, fo}, then
|A%| = 3|A| — 3 = 2 implies A% = {fZ, fifo = fofi1, f3}, thus the group generated
by fi, fo is Abelian. Assume that the theorem holds for subsets of cardinality
<k,and let A:={f1,..., fex1}, where f; < f; holds whenever i < j for a fixed
bi-order < on the underlying group. We let ¢ be the maximal index for which the
subgroup generated by B := {fi,..., f;} is Abelian, and we assume that i < k.
Then f;; does not belong to the subgroup generated by B. Moreover, there is
f € B not commuting with f;11; we let f; be the maximal such element. We also
let C':={fis1,--., fes1}. Assume throught that |A%| < 3|A| — 3.

Claim (i). We have |C?| < 3|C| — 3.

Indeed, using < (see also Exercise 1.4.5), one readily checks that

B*0(fi1BUBfi11) =0, fi1B# Bfiy, C*N(B*Ufi1BUBfi1) =0. (1.7)
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Therefore,

leg | A% = | B = | fr1 BU B

<
< @A[=3)-@Bl-1)=(B[+1) = 3(JA[-|B]) -3 = 3|C| =3,

as claimed.
By the inductive hypothesis, the group generated by C'is Abelian. As f; and
fix1 € C do not commute, we must have

C*N(f,CuCf) =0. (1.8)

Claim (ii). We have Bfi11 N f;C = {f;fix1}. In particular, |Bf;11 U f;C| = k.

Indeed, assume f,, fiv1 = fjfn, with f,, € B and f, € C. If f,, < f;, then
fi+1 > fn, which is impossible since f;;; is the smallest element in C. If f,, > f;,
then f,, commutes with f;1, and so does f; = f, fis1f, ', which is absurd.

Claim (iii). We have B2 N (f;C U Cf;) = 0.

Indeed, assume f,,f, = f;f¢ holds for f,,, f,, in B and f, € C'. Since f, < fi,
we must have f,,, = f;. Moreover, as B generates an Abelian group, f,fn = fnfm,
hence also f, > f;. Therefore, both f,,, f, commute with f;;,, and so does
fi = fmfuf, ", which is absurd. This shows that BN f;C = (. That B2 NCf; = ()
is proved similarly.

Claim (iv). We have A? = B2UC?U Bf;11 U f;C.

It follows from the above that

|B2 U 02 U B.fi—i—l U f]0| - |B2| —|— |C2| —|— |Bf7;+1 U f]C|
> (2i—1)+@2Fk—-i+1)—1)+k = 3(k+1)—3.

By the hypothesis |A?| < 3|A| — 3, this implies the claim.
Notice that fiy1f; € B* and fii1f; € C?, by (1.7). A contradiction is then
provided by the next two claims below.

Claim (v). We have fii1f; ¢ Bfit1.

Indeed, assume fi11f; = finfiy1 for f, € B. If f,, >~ f;, then it commutes
with fi1i. Thus, fiy1f; = fis1fm, hence f; = f,,, which is absurd. Suppose
fm < fj. By Exercise 1.4.5, there exists f,, € B such that fi11f, ¢ Bfi+1. Thus,
necessarily, f, # f;. We cannot have f,, > f;, otherwise fi11f, = fufit1 € Bfit1,
a contradiction. Therefore, f,, < f;.
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By (1.7), fis1fn ¢ B> U C? Hence, by Claim (iv), we have fii1f, € f;C,
so that there is f, € C such that fii1f, = f;jfi. As B generates an Abelian
subgroup,

fifefi = firfuti = firi fifn-
As f, < f;, this implies f;fr < fix1f; = fmfiy1. However, this is impossible,
since f; = fn, and fo = fii1.

Claim (vi). We have fi11f; ¢ f;C.

Assume fi11f; = f;fm holds for a certain f,, € C. By Exercise 1.4.5, there
exists f, € C such that f,f; ¢ f;C. As fif; € f;C, it holds fir1 < fu.
Moreover, by (1.8) and Claim (iii), f,f; ¢ B*UC?. Thus, by Claim (iv), we have
fnf; € Bfiy1. Let f; € B be such that f,f; = fifit1.

Notice that f, # f;, otherwise f, f; would belong to f;C. If f, > f;, then it
commutes with fiy1, and so does f; = f, ! fiy1/fe, which is absurd. If f, < fj,
then, as f;11 and f,, commute,

Jivrrfefiv1 = fisrfnfi = fafivifj.

As fiy1 < fn, this implies fyfir1 > fix1f; = fjfm. However, this is impossible,
since fy < fj and fir1 = fn. O

Example 1.4.19. Following [76], let A = Ay be the subset of the Baumslag-Solitar
group BS(1,2) := (a,b: aba™! = b?) given by A := {a,ab,ab?,..., ab* '}. Check that
|A%| = 3|A| — 2, yet BS(1,2) is bi-orderable and non-Abelian.

Exercise 1.4.20. Let I' be the Klein-bottle group (a,b: aba™' = b~') (c.f. Example
1.3.4). Check that the set A = Ay, := {a,ab,ab™",... ab"~1} satisfies |A?| = 2|A| — 1,
yet I is left-orderable and non-Abelian.

Exercise 1.4.21. Using Brailovsky-Freiman’s theorem (c.f. Example 1.4.16), prove
that if A is a subset of a torsion-free group satisfying |A?| = 2|A| — 1, then A generates
either an Abelian subgroup or a group isomorphic to the Klein-bottle group.

1.4.5 Isoperimetry and Left-Orderable Groups

The aim of this section is to develop some ideas recently introduced by Gromov
in [88]. Let us begin with the notion of isoperimetric profile, due to Vershik.

Let T" be a finitely-generated group acting on a set X, and let G be a finite
generating system containing id. For Y C X its boundary (with respect to G)
is defined as

8gY = QY\Y, (19)
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where GY :={g(y): g € G, y € Y}. The maximal function /: N — N satisfying
|0gY'| > I(]Y])

for all finite Y C X is called the combinatorial isoperimetric profile of the
I-action, and will be denoted by I(x.r g).

An important case arises when X = I' is endowed with the action by left-
translations. In this case, the isoperimetric profile is denoted Irg). We list
below some important properties.

Subaditivity. If I' is infinite, then for all r1, r, we have

](p,g)(rl + 7’2) S I(F’g)(rl) + I(ng) (7’2).

Indeed, choose Y; C T such that |Y;| = r; and ‘8gYZ-‘ = Iipg(ry), with i €
{1,2}. Since I is infinite, after “moving” Y5 keeping Y] fixed,> we may assume
that Y} and Y; are disjoint and 0g(Y; UYs) = dgY; U OgYs. This yields

Irg(ri+72) < [0g(ViUYs)| = |0g(N1)| + [0g(Ya)| = Iirg)(r1) + Lirig)(r2).

I is non-decreasing under extensions. If I' C I'; are infinite groups and
G C Gy, then for all r,

I(F1,91)(T> > I(F,g) (T)

Indeed, any finite subset Y C I'y may be decomposed as a disjoint union
Y = |_|f:1 Y;, where the points in each Y; are in the same class modulo I". Since

gcr,
k
8g1Y D) agY = |_|8ng

i=1
Thus,

|06, Y| > Z}%Y\ Zfrg |Y|)>I(Fg(Z|Y|)—Irg(|Y|)~

=1

I is non-increasing under homomorphisms. If ®: ' — I is a surjective
group homomorphism and G = ®(G), then, for all r,

Iwg)(r) = Irg(r)-
ZNotice that h(9gY) = Og(hY), for all h € T and all Y C T.
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Indeed, given a finite subset Y C I', welet Y, = {f € L: [®7(f)NY| > m}.
Clearly, [Y[=2>_ ., [Y,,|. If we areable to show that

06Y] > |0gY,], (1.10)

m>1

then this would yield

05Y] = Y leg (IYal) = Ing (Y Wal) = Ieg (YD),

m>1 m>1

thus showing our claim. Now, to show (1.10), every f in 9gY,, may be written
as ®(g)h for some g € G and h €Y, . By definition, [®~'(h) N Y| > m, and
|®71(f) NY| < m. Thus, there must be some gy in G and h € ®~'(h) such
that f = ®(gsh), with h € Y and grh ¢ Y. The correspondence f — gsh from

U,. 9gY.,,, into 9gY" is injective, because ®(gsh) = f. This shows (1.10).

Suppose that I' acts on a linear space V. Given a subspace D C V and a
finite generating set G C I" containing id, we define its boundary as the quotient
space

ogD:=G-Y / D,
where G - D is the subspace generated by {g(v): g € G,v € D}. Using now the
notation | - | for the dimension of a vector space, we define the linear isoperi-

metric profile of the I'-action on V as the maximal function I satisfying, for all
finite dimensional subspaces D C V,

|0gD| > 1(|D]).

We denote this function by I (*V;Rg)' In the special case where V is the group alge-
bra R(I") (viewed as the vector space of finitely-supported, real-valued functions
on I'), we simply use the notation I(*F,g)-

As is the case of Iir gy, the function I*(I',G) is subadditive, as well as non-
increasing under group extensions. It is unclear whether it is non-increasing
under group homomorphisms. However, we will see that if the target group is
left-orderable, then this property holds (c.f. Proposition 1.4.25).

There is a simple relation between I and I* for all finitely-generated groups.

Proposition 1.4.22. For every finitely-generated group I' and all r > 0,

Iiwg)(r) = Iipg(r)-
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Proof. To each finite subset Y C I' we may associate the subspace Dy := Y&
formed by all the functions whose support is contained in Y. We clearly have
Y| = |Dy| and |0gY| = |0gDy |, which easily yields the claim. O

The opposite inequality is not valid for all groups, as the following example
shows.

Example 1.4.23. If I' is a group containing a nontrivial finite subgroup I'g and 'y C G,
then for any finite dimension subspace D C R(T") of finitely-supported functions which
are constant along the cosets of I'g, we have I, g)(’DD < Irg(|D]). If T is infinite,

this yields I{F’g)(r) < I g(r), forall r > 0.

Despite the preceding example, the equivalence between I and I* holds for left-
orderable groups. (It is an open question whether this remains true for torsion-free
groups; for groups with torsion, see Example 1.4.26.)

Theorem 1.4.24. If " is a finitely-generated left-orderable group, then for every
finite generating system G containing id, one has I gy = IE*F G

To show this theorem, we will use an argument which is “dual” to that of
Proposition 1.4.22.

Isoperimetric Domination (ID). Let I" be a group acting on a set X and
on a vector space V. Suppose there exists an equivariant map D — Yp from the

Grassmanian Gry of finite dimensional subspaces of V into the family of subsets
of X such that:

(i) |D| = |Yp|, for all D € Gry;
(ii) |span(U, D:)| > |U, Yp,|, for every finite family {D;} C Gury.

We claim that, in this case, for every finite generating set G containing 7d and all
r >0,

Iixirg) (r) > I?V;r,g)(r)- (1.11)
Indeed, taking any D so that |D| = r, we have |Yp| = r and

|0gD| = ‘Q . D/D} = ’span(U gD)‘ —|D| >

g€eg

Z‘UY{;D

geg

=101 = [ 9(¥p)| ~ 1¥5] = 186Vl
9€g

which easily yields (1.11).
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ID for left-ordered groups. In view of the above discussion, in order to prove
Theorem (1.4.24) it suffices to exhibit an ID from Grg(ry to 2". The construction
proceeds as follows. Fix a left-order < on I'. To each finitely-supported, real-
valued function ¢ on I', we may associate the minimum ¢ € I' in its support
(where the minimum is taken with respect to <). Denote this point by g,. Now,
if D C V is a finitely-dimensional subspace, then the number of points g, which
may appear for some ¢ € D is finite. In fact, a simple “passing to a triangular
basis” argument using the left-order shows that the cardinality of this subset
Yp C T" equals |D|, so property (i) above is satisfied. Property (ii) is also easily
verified, thus concluding the proof.

Proposition 1.4.25. Let ®: ' — [ be a surjective group homomorphism. If T
is left-orderable, then denoting G = ®(G) we have, for all r > 0,

Iingy(r) = Iipg(r).

Proof. Fix a left-order < on I, and for each g € I' denote
Ay ={pcAl):g, <9}, Azy={pcAl): g, g}
Given a finitely dimensional subspace D C A(T"), define U = Up: I’ — Ny by
U(g) = dim(h=a(q) N D/Aaie) 1 D).
Let Sy be the subgraph of U, that is,
Sy :={(g9,n) €T x N: U(g) > n}.

Since I' naturally acts on I' x N and the action is free on each level, we have

06Su] =Y |06 (Sun(T x {m}))] = Y Irg (|Sun(T x {m})|)

m>1 m>1
> L) (3 1Sun( x {m})]) = Iwg)(1Sul).
m>1
Moreover, one easily convinces that |Sy| = |D|. Putting all of this together, we

obtain

‘89D| = |8QSU| > f(ng)(‘SU‘) = ](F,g)(|D|) = I?r,g)(‘D‘)a

where the last equality comes from Theorem 1.4.24. O
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Example 1.4.26. Following [7], we consider the lamplighter group I := 217 /27 =
Z X @iz )27, where the action of Z consists in shifting coordinates. We view elements
of I' as pairs (¢, f), where t € Z and f is a finitely-supported function from Z into Z/27Z.
As a generating set we consider G := {id, (0,dp), (£1,0)}, where §y stands for the Dirac
delta at 0. The subspaces

D, ;:< > (t,f):te{l,...,n}>

Supp(f)c{:l,---,n}

satisfy |D,| = n and |0gD,,| = 2. However, every finite subset ¥ C I for which
|0gY | /Y| < 2/n must have at least 2*™ points for a certain constant A > 0. Indeed, this
follows from that the ball of radius 2n+2 in I has more than 2" points as an application
of the Saloff-Coste’s isoperimetric inequality [190]: If Y satisfies |0gY|/|Y| < 1/n, then
its cardinal is greater than or equal to a half of the cardinal of a ball of radius n/2.
(See [88] for an elementary proof of this inequality.)

Remark 1.4.27. In the example above, the group I' not only contains torsion elements
but is also amenable. In this direction, let us point out that a nice theorem due to
Bartholdi [7] establishes that for non-amenable groups, the linear isoperimetric profile
cannot behave sublinearly along any subsequence (see [88] for an alternative proof using
orderings !).



Chapter 2

A PLETHORA OF ORDERS

2.1 Producing New Left-Orders

2.1.1 Convex extensions

A subset S of a left-ordered group (I', <) is said to be convex (with respect
to X) if, for all f < g in S, every element h €T satisfying f < h < g belongs to
S. If S is a subgroup, this is equivalent to that g € S for all ¢ € I" such that
id < g < f for some f € S.

The family of <-convex subgroups is linearly ordered (by inclusion). More
precisely, if I'y and 'y are convex (with respect to <), then either Ty C I’y
or I'y C I'y. Moreover, the union and the intersection of any family of convex
subgroups is a convex subgroup.

Example 2.1.1. For each g € I' it is usual to denote I'y (resp. I'Y) the largest (resp.
smallest) convex subgroup which does not (resp. does) contain g. The inclusion I'y C T'Y
is referred to as the convex jump associated to g. In general, I'y fails to be normal
in I'Y. Normality holds for bi-orders, and in such a case the quotient I'/T'; is Abelian
(see §3.2.3 for the study of left-orders for which this holds for every g).

Example 2.1.2. It is not difficult to produce examples of group left-orders without
maximal proper convex subgroups: consider for instance a lexicographic left-order on
ZN. Nevertheless, if the underlying group I' is finitely generated, such a maximal
subgroup always exists. Indeed, given a system of generators id < g1 < ... < gi, let I'g
be the maximal convex subgroup that does not contain gi. Then 'y C I'. Moreover, if
I'1 is a convex subgroup containing I'y, then, by definition, g; € I'1. By convexity, all
the g;’s belong to I'1, hence I'y = I'. Thus, I'y is the maximal proper convex subgroup.

51
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In the dynamical terms of §1.1.3, convex subgroups are characterized by the
following

Proposition 2.1.3. Let (I', X) be a countable left-ordered group, and let T, be
a convex subgroup. Then, in the dynamical realization of <, there is a bounded,
[.-invariant interval I with the property that g(I) NI = for every g € T'\ ..

Conwversely, let T be a group acting by orientation-preserving homeomorphisms
of the real line without global fixed points. Suppose that there is an interval I
with the property that, for all g € T, the intersection g(I) N I either is empty
or coincides with I. Then, in any dynamical-lexzicographic order induced from
a sequence (x,) starting with x1 € I, the stabilizer Stabr(I) is a proper convex
subgroup.

Proof. Suppose (I', <) is a countable left-ordered group having I, as a proper
convex subgroup. Consider its dynamical realization, and let a := inf{h(0) | h €
I'.} and b := sup{h(0) | h € I'.}. Then I := (a,b) is a bounded interval fixed by
I'.. Moreover, if g € T is such that g(I) NI # (), then there is h € T, such that
gh(0) € I. By convexity, this implies that gh € I',, which yields g € T,.
Conversely, suppose that for a I'-action on the line, there is a bounded interval
I satisfying that g(I)N1 either is empty or coincides with I, for each g € I'. Let <
be a order induced from a sequence (z,,), with z; € I. If g € I" satisfiesid < g < h
for some h € Stabr(I), then by definition we have x; < g(x1) < h(z;), hence
g(I) = 1. Therefore, Stabr(I) is <-convex. O

The convex extension procedure. Let I', be a <-convex subgroup of I', and
let <, be any left-order on I',. The extension of <, by = is the order relation
<" on I" whose positive cone is (P \ T',) U P .

One easily checks that <’ is also a left-invariant total order relation, and that
I, remains convex in I with respect to <’. Moreover, the family of <’'-convex
subgroups of I' is formed by the <,-convex subgroups of I', and the <-convex
subgroups of I' that contain T'.

Example 2.1.4. Let (T, X) be a left-ordered group, and I',, a <-convex subgroup. The
extension of (the restriction to 'y of) < by < will be referred as the left-order obtained
by flipping the convex subgroup I',. An important case of this seemingly innocuous
construction arises for braid groups; see the end of §2.2.3.

Remark 2.1.5. As we have already pointed out, convex subgroups are not necessarily
normal. In the case it is, the left-order passes to the quotient. Conversely, if I' contains
a normal subgroup I, such that both ', and I'/T', are left-orderable, then I" admits a
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left-order for which I'y is convex. Indeed, letting <, and =< be left-orders on I', and
I'/T., respectively, we may define < on I' by letting f < g if either fT'x <g gT'x, or
I, = gI'y and f~'lg is <,-positive.

Thus, the extension of a left-orderable group by a left-orderable one is left-orderable.
Using Example 1.1.1, this implies that the wreath product I'i1T5 := @F2 I't xT'y
of two left-orderable groups is left-orderable.

In dynamical terms, convex subgroups are relevant because of the following

Remark 2.1.6. Let (T', <) be a left-ordered group, and let T', be a <-convex subgroup.
The space of left cosets Q = I'/T", carries a natural total order <, namely fT', < gT', if
fh1 < gho for some hy, hs in ', (this definition is independent of the choice of hq, ho
in I'y). Moreover, the action of I' by left-translations on € preserves this order. An
important case (to be treated in §3.5) arises when I', is the maximal proper convex
subgroup (whenever it exists); see Example 2.1.2.

The preceding construction allows showing the following useful

Proposition 2.1.7. Let I' be a left-orderable group, and let {I'y: X\ € A} be a
family of subgroups each of which is convex with respect to a left-order <y. Then
there exists a left-order on I' for which the subgroup (), I'x is conver.

For the proof, we need a lemma that is interesting by itself.

Lemma 2.1.8. Let I be a group acting faithfully on a totally ordered space (€2, <)
by order-preserving transformations. Then for every S C €2, there is a left-order
on I for which the stabilizer of ) is a convexr subgroup.

Proof. Proceed as in §1.1.3 using a well-order <,,, on € for which € is an initial
segment. O

Proof of Proposition 2.1.7. As we saw in Example 2.1.6, each space of cosets
['/T'y inherits a total order <, that is preserved by the left action of I'. Fix a
well-order <,,, on A, and let  := H/\E AL x I be endowed with the associate
dynamical-lexicographic total order <. This means that ([g\],g9) < ([ha], h) if
either the smallest (according to <,,) index A such that [g\] # [h,] is such that
[gx] >x [ha], or the classes of g\ and hy (with respect to I')) are equal for every
A and g < h. The left action of I' on €2 is faithful and preserves this order. Since
the stabilizer of ([id]))rea X I' coincides with (), I's, the proposition follows from
the preceding lemma. 0
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2.1.2 Free products

As we have seen in §1.2.3, free groups are bi-orderable. Actually, a much more
general statement involving free products holds.

Theorem 2.1.9. The free product of an arbitrary family of bi-orderable groups
is bi-orderable. Moreover, given bi-orders on each of the free factors, there is a
bi-order on the free product that extends these bi-orders.

Let us point out that a similar statement holds for left-orderability. However,
the proof is much simpler. Indeed, let I' = xI") be a free product of left-orderable
groups. Then the direct sum @,I") is left-orderable. Moreover, the kernel of the
natural homomorphism from I' to ®,I" is known to be a free group. Since free
groups are left-orderable, T itself is left-orderable. (An alternative —dynamical—
argument is contained in the proof of Theorem 2.2.30.)

The statement concerning bi-orderability is more subtle. For instance, the
argument above does not apply, as the bi-orders in the free kernel are not nec-
essarily invariant under conjugacy by elements of I". Although we are mostly
concerned with left-orders here, we next reproduce the proof of Theorem 2.1.9
given in [17] in order to give some insight on Question 2.2.40 further on. The
reason is that this proof yields, for the case of free groups, bi-orders that are
different from those obtained using the lower central series (c.f. Example 2.1.11).
An elegant alternative proof, which is somewhat close to Vinogradov’s original
approach, is given in [13]; see also [107].

Exercise 2.1.10. Show that the free product of groups with the U.P.P. has the U.P.P.
(See [184] in case of problems.) Show an analogous statement for groups admitting a
locally-invariant order.

Bi-ordering free products via an inductive argument. Given a free product
of groups I' = Iy, every element may be written in a unique way as a product
f = fi--- fi, where each f; belongs to some I'y and no consecutive f/s belong to
the same I'y. We will call the integer ¢ = £(f) the length of the element f in the
free product *I'y.

Assume now that each I'y is bi-orderable, and let <\ be a bi-order on it. The
strategy will consist in defining a normal positive cone P on I' by looking at the
lengths of the elements. Nevertheless, along this proof, we will need to consider
more general free products than I'.

Elements of length 1. Such an element g belongs to one of the factors I'y. We
then let f belong to P if and only if f >, ud.
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Now, to deal with elements of length larger than 1, we begin by fixing a
left-order < on I', and for each A\, we denote G = x>,

Elements of larger length. Let f := f;--- f; be an element of length ¢ larger than
1, where f; €Ty, for each i. Let A(f) := min<{\;}. Then f = goh191hs - - - hxgs,
where the h;s correspond to the factors of f not lying in I'y), and each g; belongs
to I'x(s) (9o and/or gr11 may be trivial). Notice that

k
fo= (e hi) ™ f = [ [ i o) 7 galhiga - ).

1=0

There are two cases:

(i) If hy...hy # id, then since the length of h = hy := hy - - - by, is smaller than
¢, we may assume inductively that we know whether h belongs to P or not. In
the case it belongs, we let f belong to P; otherwise, we let f~! belong to P.

(ii) If h = id, then we think of f = Hfzo(hiﬂ < hy)tgi(higy - -hg) as an
element of length smaller than ¢ in the free product xxeq, hI\h™!. By using the
above rules inside this free product, we may determine whether f should belong
to P or not.

One easily convinces that the above procedure yields a subset P of I' that is
disjoint from P~! and such that '\ {id} = P U P~'. We now proceed to check
that P is a normal semigroup.

To see that f; fo belongs to P for each f1, fo in P, we proceed by induction on
the length of fi fy in an appropriate free product. More precisely, if (f1f2) = 1,
then both fi, fo belong to the same I'y (and are <)-positive), hence f;f, € P.
Otherwise, there are two cases:

~IEA(f) < A(f2) (resp. A(f1) > A(f2)), then writing fifo = hp fo(fs ' fifa)
(resp. fifa = fihy, fo) we see that hy, s, = hy, fo (vesp. hy g, = fihy,). Since the
length of hy, fo (vesp. fihy,) is (nonzero and) strictly smaller than that of f; fs,
we may argue by induction to conclude that fif, € P.

— If AM(f1) = A(f2) = A, then writing fifo = hflth(hJI;flhh)ﬁ we see that
hy g, = hy hy,. 1f either hy, or hy, is nontrivial, then this yield hy hy, € P, hence
fif: € P. If not, then the length of fif, = fifs viewed in the free product
*nec, WAk~ is smaller than its length in %"y, which still allows concluding by

induction.

Finally, to show that P is normal, it is enough to show that gPg~! = P for
all g of length 1. Fix f € P. There are three cases:
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—If Mg) < A(f), then hyp,—1 = f. Since f € P, by the definition of P we must
have gfg~! € P.

—If Mg) = A(f), then hyy,-1 = hy. If hy # id, then it belongs to P, hence gfg~!
belongs to P as well. If h; = id, then the length of gfg~" viewed in *peq, "D\
is smaller than its length in xI"y. Thus, an inductive argument applies in this
case.

~If M(g) > A(f), then hyp,1 = ghyg™. If hy # id, then, as its length is smaller
than that of f, an inductive argument applies. If hy = id, then f may be written
as f = (hlglhl_l) s (hkgkhlzl), with gir ..., 90k in F)\(f) and hl, ey hk in G)\(f).

Therefore, i

gfg™" = [[(ghi)gi(ghs)™".
i=1
Now recall that < was chosen to be left-invariant, hence h; < h; holds if and
only if gh; < gh;. The construction of P then shows that f € P if and only if

gfg~t € P.

Example 2.1.11. By performing the construction above appropriately, one may obtain
a bi—order on a free group Fy = (f,g) for which both f, g are positive but f [f,g] is
negative. Notice that this cannot happen for the Magnus left-order, as well as for any
bi—order on 9 obtained via the lower central series.

2.1.3 Left-orders from bi-orders

As we already pointed out, a left-orderable group all of whose left-orders
are bi-invariant is necessarily Abelian [54]. This suggests the existence of natural
procedures to create left-orders starting with bi-orders on groups. Here we briefly
discuss two of them.

Left-orders from the sequence of convex subgroups. Let {I';} be the family
of convex subgroups for a bi-order < on a group I'. Since = is bi-invariant, for
every g € I, each subset of the form ¢gI';g~! is also convex. Given any well-order
<wo On the set of indices i, we may define a left-order <’ on I" as follows: Given
g € T', we look for the minimal (with respect to <,,) 7 such that gl';g~ # T,
and we let j(i) so that gI';g™" = T'jq). If 5(4) >0 @ (vesp. j(i) <uwo ), then we let
g >"id (resp. g <"id); if g fixes each I';, then we let g >’ id if and only if g > id.

One easily checks that <’ is well-defined and left-invariant. Notice that, if
every convex subgroup is normal, then =’ coincides with the original bi-order <.

Example 2.1.12. Let us consider the bi-order <", on Thompson’s group F (c.f.
§1.2.4). Let (z;) be a numbering of all dyadic, rational numbers of |0,1[. Each z;
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gives raise to a convex subgroup I'; formed by the elements g such that g(x) =z for
all z € [z;,1]. Although there are more convex subgroups than these, this family is
invariant under the conjugacy action. By performing the construction above, we get
the left-order < on F for which f > id if and only if f(x;) > x; holds for the smallest
integer ¢ such that f(z;) # z;. (Compare §1.1.3.)

Combing elements with trivial conjugacy action on a certain left-order.
Proposition 2.1.14 below appears in [127], yet it was already implicit in [54].

Lemma 2.1.13. Suppose = is a left-order on a group I' admitting a normal,
convez subgroup Ty, and let g € T'\ I'x. If conjugation by g preserves the left-
order on T, (that is, g(PZ NT.)g~' = PINT,), then there exists a left-order on
the subgroup {g,T',) that has g as minimal positive element and coincides with =
on [,.

Proof. Since T, is normal in I', every element in (g,T',) may be written in a
unique way in the form ¢"h, with n € Z and h € T',. Define <, on (g,I',) by
letting ¢"h =, id if and only if either h € P¥ or h = id and n > 0. Invariance
of < under conjugacy by g shows that this is a well-defined left-order on (g, T'*).
That =<, coincides with < on I, follows from the definition. Finally, the fact that
g is the minimal positive element of <, follows from the definition. O

Combined with the convex extension technique, this lemma allows producing
many interesting left-orders. Invoking Example 2.1.1, this is summarized in

Proposition 2.1.14. Let (I', <) be a bi-ordered group, and let I'y C 'Y be the
convex jump associated to an element g € I'. Assume that the quotient I'/(g,T,)
is torsion-free. Then there exists a left-order <" on T having g as minimal positive
element.

Proof. First notice that both I'y and I'Y are invariant under conjugacy by g. As
= is bi-invariant, conjugacy by g preserves the positive cone of I';. Thus, we are
under the hypothesis of the preceding lemma, which allows to produce a left-order
on (g,I'y) having g as minimal positive element. This left-order may be extended
to a left-order <, on I'Y, as I'7/(g,I',) is assumed to be torsion-free (recall that
I'9/T', is Abelian; see Example 2.1.1). Finally, we let <" be the extension of =<,
by <. O

Example 2.1.15. Given an element g in the free group I' := F,,, let k = k(g) € N be
such that g € I'y \ k41, where I'; denotes the i™_term of the lower central series. If
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9T, has no nontrivial root in I'y,_1 /Ty, then we are under the hypothesis of Proposition
2.1.14 for any bi-order on F,, obtained from the series I';. Thus, g appears as the
minimal positive element for a left-order on F,,.

2.2 The Space of Left-Orders

Following Ghys [78] and Sikora [181], given a left-orderable group I', we denote
by LO(T') the set of all left-orders on I'. This space of left-orders carries a
natural (Hausdorff and totally disconnected) topology whose sub-basis is the
family of sets of the form U;,={=: f<g}. Because of left-invariance, another
sub-basis is the family of sets Vy = {=<: id < f}.

To better understand the topology on LO(T'), one may proceed as in §1.1.2 by
identifying left-orders on I to certain points in {—1, +1}" i Nevertheless, to
cover also the case of partial left-orders, it is better to model LO(I') as a subset
of {—1,+1}">A  namely the one formed by the functions ¢ satisfying:

— (Reflexivity) (g, h) = +1 if and only if ¢(h, g) = —1;
~ (Transitivity) if ¢(f, g) = (g, h) = +1, then o(f, h) = +1;
— (Left-invariance) ¢(fg, fh) = ¢(g,h) for all f and g # hin T

Indeed, every left-order < on I leads to such a function <, namely ¢<(g,h) = +1
if and only if g > h. Conversely, every ¢ with the above properties induces a
left-order <, on I', namely g >, h if and only if ¢(g,h) = +1. Now, if we
endow {—1,+1}"*"\A with the product topology and the subset above with the
subspace one, then the induced topology on LO(I") coincides with the one pre-
viously defined by prescribing the sub-basis elements. As a consequence, since
{1, +1}7™1\A is a compact space and the subspace above is closed, the topolog-
ical space LO(I') is compact.

As a matter of example, in regard to the convex extension procedure (c.f.
§2.1.1), the reader should have no problem in showing the next

Proposition 2.2.1. Let < be a left-order on I' and I', a =<-convex subgroup.
Then the map from LO(I',) into LO(T") that sends =<, into its convex extension
by =< is a continuous injection. If, in addition, ', is normal, then there is a
continuous injection from LO(I',) x LO(I'/T,) into LO(I') having < in its image.

Example 2.2.2. The subspace of dynamical-lexicographic left-orders on Homeo (R)
(c.f. §1.1.3) is not closed inside LO(Homeo, (R)) (it is unknown whether it is dense).
To show this, let (yx) be a dense sequence of real numbers, and let (z,) be a monotone
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sequence converging to a point x € R. For each n define a sequence (yy, 1)k by Yn1 = 2n
and y, r = yr—1 for k> 1. This gives raise to a sequence of left-orders <,, (the sign
of each point y, j is chosen to be +). Passing to a subsequence if necessary, we may
assume that =<,, converges to a left-order < on Homeo, (R). We claim that < is not
of type. Indeed, let <’ be an arbitrary left-order, and let x’ be the first point different
from x for the well-order leading to =<’ (thus, 2’ may be the first or the second term
of this well-order). Let f € Homeoy(R) be such that f(x) = x and f(y) > y for all
y # x. Let g, h be elements in Homeo (R) that coincide with f in a neighborhood of x
and g(z') > 2/ > h(z'). By definition, the signs of g, h with respect to <’ are different.
However, since g(yn1) = g(zn) > =p = yn,1 and h(yn,1) > yn, for all n large enough,
both g, h are <,-positive. Passing to limits, both g, h become =<-positive, thus showing
that < cannot coincide with <’.

If " is a countable left-orderable group, then the natural topology of LO(T)
is metrizable. Indeed, if Gy C G; C ... is a complete exhaustion of I' by finite
sets, then we can define the distance between two different left-orders < and =<
by letting d(<,=<) = 27", where n is the maximum non-negative integer such
that < and = coincide on G,. An equivalent metric d is obtained by letting
d(<,xX) = 2-"" where n’ is the maximum non-negative integer such that the
positive cones of < and < coincide on G,/, that is, P2 NG,y = PT NG,. One
easily checks that these metrics are ultrametric. Moreover, the fact that LO(T)
is compact becomes more transparent in this case, as it follows from a Cantor
diagonal type argument.

When I is finitely generated, one may choose G,, as being the ball of radius
n with respect to some finite, symmetric system of generators G of I' (centered
at id), usually denoted by B, = B,(id). Here, symmetric means that g~ € G
for all ¢ € G, and the ball B, is the set of elements having word-length at most
n, where the word-length of g € I' is the minimum m for which g which can be
written in the form g = g;,gi, - - gi,,, With g;; € G. One easily checks that the
metrics on LO(I) resulting from two different finite systems of generators are not
only topologically but also Holder equivalent.

Exercise 2.2.3. Given a bi-orderable group I', denote by BO(T') the space of bi-
orders of I'. Show that BO(T") is closed inside LO(I"), hence compact.

Exercise 2.2.4. Given a group I' admitting a locally-invariant order (c.f. §1.3.2),
denote by LZO(T") the set of all locally-invariant orders on I'. Consider the topology
on LZO(I') having as a sub-basis the family of sets Uy, ={=: f <g}. Show that,
endowed with this topology, LZO(T') is compact. Conclude that a group I" admits a
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locally-invariant order if and only if each of its finitely-generated subgroups admits such
an order. (Compare [42, Theorem 2.4].)

Hint. As a model of LZO(I') consider the subset of {—1,0, +1}"*"A formed by the
functions ¢ such that ¢(g,h) = +1 if and only if p(h,g) = —1, and such that for every
g # id and h € T one has either p(hg, h) = +1 or p(hg~',h) = —1. (Two elements g, h
that are incomparable for a locally invariant order will then satisfy ¢<(g,h) = 0...)

Exercise 2.2.5. Complete the proof of Proposition 1.3.9 showing that weakly diffuse
groups admit a locally-invariant order. (See [126] in case of problems.)

Hint. By a compactness type argument, it is enough to show the following: For each
finite subset A of I', there exists a partial order < such that for all f € A and each
nontrivial element g € I' such that both fg and fg~! lie in A, either fg = f or
fg~!' = f. To construct such a <, proceed by induction, the case where A is a single
element being evident. Now, given an arbitrary A, by the weakly diffuse property there
is h € A such that for each nontrivial element g € I, either hg ¢ A or hg~! ¢ A. By
the induction hypothesis, A\ {h} admits an order as requested. Extend =< to all A by
declaring h being larger than all other elements.

The group I' (continuously) acts on LO(I') by conjugacy (equivalently, by
right multiplication): given an order < with positive cone P* and an element
f €T, the image of < under f is the order <; whose positive coneis f PTf~!. In
other words, one has g <; h if and only if f~'gf < f~'hf, which is equivalent
to gf =< hf. Also notice that the map sending < to =< from Example 1.1.2 is a
continuous involution of LO(I).

Example 2.2.6. If a group left-order is obtained via an action on an totally ordered
space (1, then the conjugacy action corresponds to changing the order of the comparison
points. More precisely, in the notation of §1.1.3, if < comes from a well-order <,,, on
2, then < is obtained from the same action using the well-order f,(<,,) given by
w1 fx(Swo) we whenever f(wi) <uo f(w2). In particular, for countable subgroups of
Homeo, (R), if < is induced from a dense sequence (z,,) in R, then <y is induced from
the sequence (f(x,)).

Remark 2.2.7. If ' is a left-orderable group, then the whole group of automorphisms
of I' (and not only the group of internal automorphisms) acts on LO(T'). This may be
useful to study bi-orderable groups. Indeed, since the fixed points for the right action
of ' on LO(T') correspond to the bi-invariant left-orders, the group Out(I") of outer
automorphisms of I" acts on the corresponding space of bi-orders BO(T"). The reader
is referred to [117] for some applications of this idea.

In general, the study of the dynamics of the action of I' on LO(I") should
reveal useful information. Let us formulate a very simple questions on this.
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Question 2.2.8. For which countable left-orderable groups having an infinite
space of left-orders is the action of I' on LO(I') uniformly equicontinuous or
distal ? The same question makes sense for minimality', or for having a dense
orbit (the latter is the case of free groups, as we will see in §2.2.2; for the former,
we do not know any example).

2.2.1 Finitely many or uncountably many left-orders

We now state the first nontrivial general theorem concerning the space of left-
orders of left-orderable groups. This result was first obtained by Linnell [123] by
elaborating on previous ideas of Smirnov, Tararin, and Zenkov. Let us point that
no analogue for spaces of bi-orders holds [30]; see however §3.2.6.

Theorem 2.2.9. If the space of left-orders of a left-orderable group is infinite,
then it is uncountable.

The starting point to show this result is the following. Let I" be a left-orderable
group and M a minimal subset of LO(I'), that is, a nonempty, closed subset
that is invariant under the conjugacy action of I' and does not properly contain
any nonempty, closed, invariant set. Since the set M’ of accumulation points of
M is both closed and invariant, one has either M’ = M or M’ = (). In other
words, either M has no isolated point, or it is finite. In the former case, a well-
known result in General Topology asserts that M must be uncountable (see [95,
Theorem 2-80]). In the latter case, the stabilizer of any point < of M is a finite-
index subgroup of I' restricted to which < is bi-invariant. Theorem 2.2.9 then
follows from the following

Proposition 2.2.10. Let (I', X) be a left-ordered group containing a finite-index
subgroup I'y restricted to which < is bi-invariant. If < has a neighborhood in
LO(T) containing only countably many left-orders, then LO(T') is finite.

The proof of this proposition uses results and techniques from the theory of
Conradian orders. Hence, we postpone the (end of the) proof of Theorem 2.2.9
to §3.2.6.

Notice that the argument above “distinguishes” conjugate left-orders, though
one would like to consider them as being “equal” in many senses (for instance,
they share all dynamical features). This naturally leads to many questions, as
for instance:

'Recall that an action is said to be minimal if every orbit is dense.
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Question 2.2.11. Can the space of orbits LO(I')/T" be a non-standard Borelian
space for a left-orderable group I' 7

Besides, K. Mann and the third author asked the next

Question 2.2.12. Does there exist a left-orderable group I' with a left-order
which neither is isolated nor belongs to a Cantor subset of LO(T") 7

In the rest of this section, we give a beautiful characterization (due to Tararin
[187]) of groups having finitely many left-orders. (We will refer to them as
Tararin groups.) Recall that a rational series for a group I' is a finite
sequence of subgroups

{idy =TF <"1 <q... <" =T

that is subnormal (that is, each I'* is normal in I, but not necessarily in T'),
and such that each quotient "~ /T is torsion-free rank-1 Abelian. Such a series
is said to be normal if each I'* is normal in I'. Notice that every group admitting
a rational series is left-orderable.

Theorem 2.2.13. FEvery left-orderable group having only finitely many left-orders
admits a unique rational series

{idy =TF<aT* 1., . <% =T.

This series is normal and no quotient T''"2/T" is bi-orderable. Conversely, if
a group T admits a mormal rational series such that no quotient T2 /T is bi-
orderable, then (T is left-orderable and) its space of left-orders LO(T') is finite.
In such a situation, for every left-order on I', the convex subgroups are exactly
IO T .. T* the number of left-orders on T is 28, and each left-order is uniquely
determined by the sequence of signs of any family of elements g; €T\ T

Example 2.2.14. The Klein-bottle group Ky = (a,b: a~'ba = b~!) admits exactly
four left-orders, having as positive cones (a,b)™, {(a,b=1*, (a=1,b)T, and (a=1,b~1)*,
respectively (see §2.2.3 for details). The associate rational series is {id} < (b) < K.
More generally, let us consider the group

1 1 . .
Ky = (a1,...,ax: a; 00,41 = a; ~, a;a; = aja; for [i — j| > 2).

One can easily check (either using Theorem 2.2.13 above or by a direct computation)
that K, admits 2" left-orders, each of which being determined by the signs of the a;’s.
The corresponding rational series is

{Zd} < (a1> < <a1,a2> <...< (al,ag,. .. ,ak>.
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Example 2.2.15. A dynamical counterpart of having finitely many left-orders for a
group is that, up to semiconjugacy, only a few actions on the real line may arise. For
the case of the group K» above, this translates into the two items below. (See Example
2.2.24 for an application.)
Claim (i). Suppose Ko = (a,b: a~'ba = b~1) acts on the real line and there is z € R
such that z < a(x). Then b has a fixed point in I = [z, a(z)].

Otherwise, changing b by its inverse if necessary, we may assume that b(z) > z for all
z € I. In particular, a(x) < ba(x), hence < a~'ba(x) = b~1(z). Therefore, b(z) < =,
a contradiction.

As a consequence, every open interval I fixed by a on which a acts freely is also
fixed by b. Moreover, b has infinitely many fixed points in I.
Claim (ii). For every open interval J fixed by b and containing no fixed point of b inside,
we have a(J)NJ = 0.

Indeed, as (b) is normal in K, we have that a(J) N J is either J or empty. But the

first possibility cannot occur, since in that case b would have fixed points in J, due to
Claim (i).

The proof of Theorem 2.2.13 will be divided into several parts, some of which
involve notions and results contained in the beginning of the next chapter.

Lemma 2.2.16. If a left-orderable group admits only finitely many left-orders,
then all of them are Conradian.

Proof. Let I' be a left-orderable group whose space of left-orders is finite. For
a finite-index subgroup I', of I', the conjugacy action on LO(T') is trivial. This
means that every left-order of I' is bi-invariant (hence Conradian) when restricted
to I'y. The lemma then follows from Proposition 3.2.9. O

We may now proceed to show the first claim contained in Theorem 2.2.13.

Proposition 2.2.17. Let ' be a left-orderable group admitting only finitely many
left-orders. Then, for every left-order < on I', the chain of <-convex subgroups
s a finite rational series.

Proof. To show finiteness, let us fix n €N such that the number of left-orders on
[ is strictly smaller than 2". Following Zenkov [194], we claim that the family of
=<-convex subgroups has cardinality < n. Otherwise, if

{id} =T"CT'C...CcI"=T
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is a chain of distinct <-convex subgroups, then for each ¢ = (i1, ..., i,) € {—1, +1}"
we may define the left-order <, as being equal to =<,,, where <;, <,,..., =<, are
the left-orders on I'', ..., '™, respectively, which are inductively defined by:

—If iy = 1 (vesp. i; = —1), then = is the restriction of < (resp. <) to I'l.
—Forn >k >2 if iy =1 (resp. i, = —1), then =< is the extension of <;_; by
the restriction of < (resp. <) to I'*.

Clearly, the left-orders =<, are different for different choices of ¢, which shows the
claim.

Now let
{idy=T"Ccr*'c..cr’=r

be the chain of all <-convex subgroups of I'. In the terminology of Example 2.1.1,
the inclusion I C T'"! is the convex jump associated to any element in "1\ ',
By Theorem 3.2.27, ' is normal in T~ and the induced left-order on I~ /T
is Archimedean. By Hélder’s theorem (c.f. §3.1), this quotient is torsion-free
Abelian. Finally, its rank must be 1, as otherwise it would admit uncountably
many left-orders (c.f. §1.2.1), which would allow to produce —by convex extension
(c.f. Proposition 2.2.1)— uncountably many left-orders on I'. U

Proposition 2.2.18. A left-orderable group admitting finitely many left-orders
has a unique (hence normal) rational series.

Proof. If {id} =T*<I'* ' <q... <% =T is a rational series for a group I, then
for every h € I', the conjugate series

{id} = hT*h < hT*tht <. bl =T

is also rational. Therefore, the uniqueness of such a series implies its normality.
To show the uniqueness, let us consider two rational series

{id} = GFaG* <. aG'«G’ =T,  {id} = H"<H"'<.. <H'<H’ =T,

where I is supposed to admit only finitely many left-orders. Both G and H! are
normal in ', and the quotients I'/H' and T'/G' are torsion-free Abelian. This
easily implies that G* N H' is also normal in T' and the quotient T'/(G* N H') is
torsion-free Abelian. Since G' N H' is convex with respect to some left-order on
[ (c.f. Proposition 2.1.7), the rank of I'/(G' N H') must be 1; otherwise, this
quotient would admit uncountably many left-orders, thus yielding —by convex
extension— uncountably many left-orders on I'. We conclude that, for every g € G*



2.2. THE SPACE OF LEFT-ORDERS 65

(resp. h € HY), one has g" € G* N H' (resp. f* € G* N H') for some n € N.
However, both G! and H! are stable under roots, hence g € H' (resp. h € G').
This easily implies that G* = H*.

Arguing similarly but with G' = H! instead of I, we obtain G? = H?2.
Proceeding in this way finitely many times, we conclude that the rational series
above coincide. O

The structure of the quotients I'"=2 /T is given by the (proof of the) next

Proposition 2.2.19. Let I' be a left-orderable group having finitely many left-
orders. If
{idy =TF <"1 <q...aI"=T

is the unique rational series of T, then no quotient "2 /T is bi-orderable.

Proof. The group I"""!/T" is normal in I'"""2/I"". Hence, I'""!/T" acts by conju-
gacy on the torsion-free, rank-1, Abelian group I""!/I"". Now it is easy to see
that every automorphism of a torsion-free, rank-1, Abelian group is induced by
the multiplication by a real number. As a consequence, the non-Abelian group
"2 /T embeds into Aff(R). The non bi-orderability of "2 /T" is thus equivalent
to that the image of this embedding is not contained in Aff,(R). (This is also
equivalent to that some element is conjugate to a negative power of itself.) But
if this were not the case, then, according to §1.2.2, the quotient I'""2/T"* (hence
') would admit uncountably many left-orders. 0

We next proceed to show the converse statements.

Proposition 2.2.20. Let I' be a group admitting a normal rational series
{idy =TF <" <.’ =T

such that no quotient T2 /T is bi-orderable. For eachi€{1,... k}, let us choose
gi € D7\ T Then every left-order on T is completely determined by the signs
of the g;’s. Moreover, for any such choice of signs, there exists a left-order on I’
realizing it.

Proof. The realization of signs « € {—1, +1}* proceeds as the proof of the first
claim of Proposition 2.2.17, and we leave the details to the reader. As before, we
will denote by =, the left-order that realizes the corresponding signs.

Now let < be a left-order on I', and let ¢+ = (iy,...,i,) be the associate
sequence of signs of the g;’s. To prove that the positive cones of =< and =,
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coincide, it suffices to show that P C PI (c.f. Exercise 2.2.42). As we saw in
the proof of the preceding proposition, after changing ¢; by a root if necessary,
we may assume that g; ' gigi1 = g* for a negative rational number r;. Since
g;t € T*! belongs to both PI and PI, and since I'*"! is rank-1 Abelian, we
have - -
P;nr*'c Pl

Now every element g € I'*2\ I'*~! may be written as g = gzi’“gfﬁf for some
rational numbers s and ¢ # 0; such an element is =,-positive if and only if
t>0. If besides s > 0, then g is also <-positive. Otherwise, s < 0, and g may be
rewritten as g = gzi_ml’“’l g%, and since ;¢ > 0, this shows that g is still <-positive.

Therefore, we have
pPin (T"2\1*") c PL,

hence
PInr*? c PI

Proceeding in this way finitely many times, one concludes that P; C P;r . O

Exercise 2.2.21. Show that every Tararin group admits a unique nontrivial torsion-
free Abelian quotient, namely the quotient with respect to the maximal proper convex
subgroup.

Exercise 2.2.22. Let I' be a left-orderable group for which the whole family of sub-
groups that are convex for some left-order on I' is finite. Show that I' admits only
finitely many left-orders.

Remark. This result is also due to Tararin; see [121, §5.2] in case of problems.

We next provide a quite clarifying result on the dynamics of the action of a
Tararin group on its space of left-orders.

Proposition 2.2.23. The action of a Tararin group I' on its space of left-orders
LO(T) has two orbits. Moreover, for any two left-orders < and <" on T, there
is g € I' such that <, and =’ coincide on the mazimal convex subgroup of any of
its left-orders (namely T, in the notation of Theorem 2.2.13). Moreover, if we
let h be any element in T\ T acting on T1/T? as the multiplication by a negative
number (c.f. Proposition 2.2.19 and its proof), then g can be taken either in T'!
or in hI't.

Proof. Choose elements g; € T""1\ T, where i € {2,...,k}. In case the signs of
g2 under < and =’ are the same, let hy := id; otherwise, let hy be the element h
above. Then the sign of g, for <, is the same as that for <'.
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In case the signs of g3 for <, and =<’ coincide, let h3 := id. Otherwise, let
hs be an element in T'' \ I'? acting on I'?/T"3 as the multiplication by a negative
number. Then the signs of both gs, g5 for <}, and <’ are the same.

Continuing this way, we obtain an element g := hy - - - ho such that the signs
of all g;’s for <, and <’ coincide, where ¢ € {2,...,k}. This certainly implies
that <, and <’ are the same when restricted to I' L OJ

Example 2.2.24. Let us consider the group
— .- _ -1
I .= <as,s € R:a; atas = a, - whenever ¢t < S>.

We claim that I' is left-orderable but has no nontrivial action on the line. Proving that
I" is left-orderable is easy. Indeed, every g € I' may be written in normal form as

ni

g=ag ---agk, with s >s9>...> s, n; #0.

Sk

We may then declare such a g €I to be positive if ny >0, thus getting a left-order on I
(details are left to the reader). Next, assume for a contradiction that I' acts nontrivially
on the real line. Then there is ¢ € R such that a; acts nontrivially. Let I; be an open
interval fixed by a; containing no fixed point of a;. By Example 2.2.15, for each s>,
we have that as has no fixed point in the closure of Iy, and that as(l;) N Iy = 0. Let I
be the minimal open interval fixed by as that contains I;. Example 2.2.15 again implies
that for each pair of real numbers s; > sy larger than ¢, we have ag, (I,) N I, = 0.
We thus obtain that {as(I;)}s>¢ is an uncountable collection of disjoint open intervals,
which is absurd.

2.2.2 The space of left-orders of the free group

The space of left-orders of the free group is known to be homeomorphic to the
Cantor set. This is a result of McCleary essentially contained in [136], though
an alternative (dynamical) proof appears in [153]. The general strategy of [153]
proceeds as follows:

— Associated to a given left-order on F,,, let us consider the corresponding dy-
namical realization.

— If we perturb the generators of this realization (as homeomorphisms of the
line), we still have an action of the free group, which is “in general” faithful, thus
yielding a new left-order on [F,,.

— If the perturbation above is “small”, then the new left-order is close to the
original one.
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— Finally, the perturbation can be made so that the new left-order is different
from the original one, as otherwise the original action would be “structurally
stable” (i.e. actions which are “close” to it are semiconjugate), which is easily
seen to be impossible.

Remark 2.2.25. The fact that isolated left-orders induce structurally stable actions
holds in full generality. The converse is, however, false, as it is shown for example by the
Baumslag-Solitar group (c.f. §3.3.1). Nevertheless, under certain natural assumptions,
the converse is still true. See [135] for more on all of this.

As we will see below, a similar but more careful argument shows that the space
of left-orders of the free product of two finitely-generated left-orderable groups is
a Cantor set.

More interestingly, using results from [119, 120, 136], Clay has shown the
existence of a left-order on [F,, whose orbit under the conjugacy action is dense
[44]. Using this, he deduces that LO(F,,) is homeomorphic to the Cantor set by
means of the argument contained in the following

Exercise 2.2.26. Let I' be a countable group having a left-order whose orbit under
the conjugacy action is dense. Show that LO(T') is a Cantor set.

Hint. If there is an isolated left-order =<, then its reverse left-order < is also isolated.
If there is a left-order of dense orbit, this forces the existence of g € I' so that <,= =.
However, this is impossible, since the signs of g for both < and < coincide.

Remark. For the Baumslag-Solitar group BS(1,¢), no left-order has dense orbit. How-
ever, from the description given in §1.2.3, it readily follows that, for each irrational
number ¢ # 0, the orbit of <. under the action of the whole group of automorphisms
is dense.

Actually, the fact that an orbit is dense is not rare but “generic” in the space
of left-orders of the free group, as follows from the next proposition that relies on
a quite classical argument.

Proposition 2.2.27. Let ' be a countable left-orderable group. If I' admits a
dense orbit under the conjugacy action, then this is the case for the orbits of a
Gs-dense set of points in LO(I).

Proof. Consider an arbitrary finite family of elements fi,..., fr in I' for which
the basic open set V, N ... NV}, is nonempty. (Recall that Vy := {=<:id < f}.)
Let LO(T; fi,..., fr) be the subset of LO(I') formed by the left-orders < for
which there exists g € I' such that <, belongs to Vy N ... N V. Then the set
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LO(T; f1,..., fr) is a union of open basic sets, hence open. Moreover, since we
are assuming the existence of a dense orbit, LO(T'; fi, ..., fi) is also dense.
Now let LO*(I") be the (countable) intersection of all the sets LO(T'; f1, ..., fx)
obtained above. On the one hand, Baire’s category theorem implies that LO*(I)
is a Gs-dense subset of LO(I'). On the other hand, the definition easily yields
that every left-order in LO*(I") has a dense orbit. O

In [171], a dynamical proof of the existence of a left-order with dense orbit
in LO(F,,) is given. This proof is based on the following construction (which is
closely related to the ideas of [136]):

— Choose a countable dense set <; of LO(F,), and for each k consider the dy-
namical realization ®; of <.

— Fix a sequence of positive integers n(k) converging to infinity very fast, and a
family of disjoint intervals [r(k), s(k)] that is unbounded in both directions.

— For each k, take a conjugate copy on [r(k),s(k)] of the restriction of ®; to
[—n(k), n(k)].

— Take extensions of the generators of IF,, so that they become homeomorphisms
of the line.

Roughly, the resulting action contains all the possible “finite information” of
all left-orders of IF,,. By performing the construction carefully, one can ensure that
there is a single orbit containing the “center” of every [r(k), s(k)]. It therefore
yields to a new left-order < on F,, and by suitable conjugacies inside [F,,, this
left-order “captures” all the information above. In concrete terms, the orbit of <
under the conjugacy action is dense.

Example 2.2.28. For Thompson’s group F, no description of allleft-orders is available.
(For bi-orders, see §1.2.4). Actually, it is unknown whether its space of left-orders is a
Cantor set. This question is actually open for all non-solvable groups of piecewise-affine
homeomorphisms of the interval.

Example 2.2.29. It can be checked in many ways that the 7 of orientable surfaces
are left-orderable. For instance, these groups are torsion-free and 1-relator, and all
these groups are locally indicable, a property discussed in §3.2.1 which is stronger
than left-orderability (c.f. Remark 3.2.6). Following the lines of the proof above, it
has been recently showed in [3] that the spaces of left-orders of compact hyperbolic
surface groups are homeomorphic to the Cantor set; actually, these groups also admit
left-orders whose orbits under the conjugacy action are dense.

The case of free products. Following a short argument from [171], we next
show the following
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Theorem 2.2.30. The space of left-orders of the free product of any two left-
orderable groups has no isolated point.

Proof. We assume that the factors I'y, I's of our free product I' := I'; x I'y are
finitely generated; for the general case, see Exercise 2.2.31. Given a left-order < on
', we consider the associated dynamical realization (see Proposition 1.1.8 and the
comments after it). Fix a finite system of generators of I', and for each n € N let
fns gn be, respectively, the smallest and largest element (for <) in the ball of radius
nin I'. Let ¢, an orientation-preserving homeomorphism of the real line which is
the identity on [t(f),?(g,)]. Consider the following action of I" on the real line:
for g € I'y, the action is the conjugate of its <-dynamical realization under ¢; for
g € 'y, the action is its <-dynamical realization. (Notice that this yields an action
since I' is a free product; however, this action may fail to be faithful). We claim
that if (x,,) is a dense sequence of points starting at z; := t(id), then the positive
cone of the induced dynamical lexicographic left-order =<, coincides with that
of < on the ball of radius n. Indeed, by construction, an element h € I" belongs
to P<, if and only if ¢ he,(t(id)) > t(id). Now, since @u|p(f.)tgn) = Id, this
is equivalent to ¢, 'h(t(id)) > t(id), that is ¢, ' (t(h)) > t(id). Now, if h belongs
to the ball of radius n, then t(h) lies in [t(f,), t(gn)], hence o, 1 (t(h)) = t(h), and
this is bigger than ¢(id) if and only if h is =-positive.

Now fix n € N and let us perform the preceding construction with a map ¢,
such that ¢, (s2) = s for s1, sy satisfying t(g,) < s1 < t(hin) < t(han) < So,
where h;, is in I';. Since t(hi,) < t(hs,), we have hy, < hg,. Now, from
Pnt(t(hin)) > @, (s1) = 89 > t(hon) we obtain @, ha npn(t(id)) > hopn(t(id)),
which by construction is equivalent to hy, >4, hop-

Although the left-order <., may be partial (this arises when the new action
of T" is unfaithful), it can be extended (using the convex extension procedure) to
a left-order =<,,. By construction, the positive cones of < and =,, coincide on the
ball of radius n, though <,, and =< are different. This concludes the proof. O

Exercise 2.2.31. Provide the details of the proof of the preceding theorem for non
finitely-generated factors.
Hint. Use a compactness type argument.

Remark 2.2.32. The preceding theorem does not hold for direct products. Indeed,
using dynamical methods, it is shown in [135] that the space of left-orders of Fy x Z
has isolated points. However, we do not know of any example of left-orderable groups
I'y and I's having the Cantor set as their spaces of left-orders but for which the space
of left-orders of the product I'y x I'y is not a Cantor set.
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A geometric/combinatorial proof. The fact that the space of left-orders of
a free group is a Cantor set can be established by means of different arguments.
Roughly, this is done in two steps:

Step I. If a left-order is an isolated point in the space of left-orders of the free
group, then its positive cone must be finitely generated as a semigroup.

Step II. There is no finitely-generated positive cone in the free group.

Concerning Step I, it is not hard to see that a finitely-generated positive cone
yields an isolated point in the space of left-orders (see Proposition 2.2.41 below),
yet the converse is not necessarily true (c.f. Example 2.2.43). The issue here
is that the converse can be directly established for free groups. This is due to
Smith and Clay, and we reproduce their (quite involved) proof from [49] below.
(It would be desirable to get more geometric/transparent arguments that apply
to other groups.)

Theorem 2.2.33. If a left-order on IF,, is isolated in the space of left-orders, then
its positive cone must be finitely generated as a semigroup.

Proof. Let By := By(id) denote the ball of radius N with respect to the
canonical system of generators. Say that a subset S C [, is total at length N if
it is antisymmetric (i.e. g€ S = g~ ' ¢ S) and for all g € By \ {id}, either
g€ SorgtesS. (Notice that id ¢ S.) The crucial point of the proof is the
following

Claim (i). If S C By is total at length N —1 and satisfies S = (S)*N By, then for

every element g of length N not lying in SU S™!, the semigroup (S, g)* remains
antisymmetric.

Let us assume this for a while, and let < be an isolated left-order on IF,,. Let
f1,-.., fr be finitely many <-positive elements such that < is the only left-order
on [, for which all these elements are positive. If P is not finitely generated as
a semigroup, then there must exist an increasing sequence of integers N,, such
that each set S := P< N By, is total at length N, though there is g = g,, of
length N,, + 1 that is not contained in S U S~!. By Claim (i), the semigroup
(S,g)* is antisymmetric. Since it is total of length N, using Claim (i) in an
inductive way we may extend it to an antisymmetric semigroup which together
with its inverse covers F,, \ {id}, thus inducing a left-order on FF,,. Obviously, the
same procedure can be carried out starting with ¢g~! instead of g. Now, if N,
is large enough so that fi,..., fx are all contained in By, , then the procedure
above would give at least two different left-orders with all these elements positive
(one with g positive, the other with g negative). This is a contradiction.
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Let us now proceed to the proof of Claim (i). To do this, say that a finite
subset S C F, is stable if for all f, ¢ in S, the product fg lies in S whenever
| fgll < max{||f],|lg]|}. (Here and in what follows, || - || stands for the word-
metric on F,,.)

Claim (ii). If S C F,, is stable and g € (S)™ is written in the form g = hy - - - hy,
with each h; € S and k minimal, then for each 1 <7 <k —1,

[Pl < [ itign - - P

Write h; = fifis hig1 = fi_lfﬁl, with no cancellation in f;fi+1 = hihip1. We
claim that || f;|| < ||h:||/2 and || fi|| < ||hix1]|/2- Indeed, if || fi|| > ||h:||/2 then

Iihisall = 150+ Wisall = (il = 1F0) + (lhssall = 1)
Il Il
< (Wl =50 + (el = B5) = el

which forces h;h; 11 € S, thus contradicting the minimality of k. The proof of the
inequality || f;]| < ||hi+1]|/2 proceeds similarly.

We may hence write h; = f;_}g:f;, where g; is not the empty word and
hihi 1 = fz__ll GiGis1fir1, without cancelation for all . It follows that h;q - - hj =
7 giv1 -~ gifi, without cancelation. Since ||fil| < [[7ll = [ fill = [lfizall + llgill,
finally we have

higr =Pl = IFill + llgisall + -+ Ngall + 1L fe i
< fimall+ lgill + Ngieall + -+ Mgl + 1Al = Mhi- - Rl

Claim (iii). For every subset S C By, the equality S = (S)* N By holds if and
only if for each f,g in S such that || fg|| < N, the element fg lies in S.

The forward implication is obvious. For the converse, given g € (S)* N By,
write it in the form g = hy---hy, with each h; in S and k& < N. Since the
hypothesis implies that S is stable, we may apply Claim (ii), thus yielding

1Pkll < [1Perbil] <o lhg - bl < [ - - ] = [lgl] < N

Again, since S is stable, this implies h,_1hj € S; hence by induction hy_shy,_1hy €
S,...,hg+-hg_1hy € S, and finally g = hy - - - hy_1hy € S, as claimed.

Claim (iv). If f, g are reduced words in F,,, with || fg|| = N, [|f]| < N, |lg]| = N,
then ||f|| must be even and exactly half of f must cancel in the product fg.
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Moreover, after cancelation, at least the right half of fg must be the same as the
right half of g.

Indeed, write f = hyh and g = h™'hs, so that fg = hyhso, without cancelation.
Then
[Pl + lAll < N, lhof + IB] = N, [P + [l he]| = N.

The last two eaqualities yield ||h;]| = ||k||. Therefore, || f|| = 2||h1] is even, and
|hill = || f1]/2, so that exactly half of f disappears in the product fg. Moreover,
from the first two relations we obtain ||hi|| < |he||, hence ||h| < ||ho||, which
shows that at least the right half of ¢ survives in the product fg.

We may finally finish the proof of Claim (i). Let us begin by letting S; :=
SU{g} and, for i > 0,

Sini=Si\{fg: f,9in S and || fgll < N, fg & S;}.

Obviously, there must exist an index j such that S; = S;;+;. By Claim (iii), for
such a j we have S; = (S, g)* N By, and S; is stable.

Assume for a contradiction that (S,g¢) is not antisymmetric. Since Claim
(ii) easily implies that the semigroup generated by an stable set excluding id is
antisymmetric, we must have ¢d € S;, hence there is a smallest index k such that
both h, h~! belong to Sy, for a certain element h.

Suppose that h € S and h™! € S, and write h~=! = hyhy, with hy, he in Si_;.
Either hy ¢ S or hy ¢ S (otherwise, h~! would be in S). Let us consider the first
case (the other is analogous). Then h;' = hyh belongs to Sy, as hy € Sk_; and
h €S C S,_1. However, h;' ¢ S, otherwise hi, h;! would be both in S,_1, thus
contradicting the minimality of k. Summarizing, we have that h;, hy* are both
in S, though hy ¢ S and hi* ¢ S.

The preceding argument allows reducing the general case to that where h ¢ S
and h=! ¢ S. Since S is total at length N — 1, by the minimality of k, every
element in Sx_; \ S must have length N.

Claim (v). Every element in Sj,_; \ S, as well as h and h™!, may be written in the
form hyghs, where hy, hy lie in S U {id} and have both even length, and where
exactly the left (resp. right) half of hy (resp. hi) cancels in the product highs
above. (Notice that this implies ||highs| = [|h1g|| = ||ghe| = N.)

The proof is made by induction on i < k for elements f € S;\ S with || f|| = N.
In the case ¢ = 1, such an element f corresponds to g, which is written in the
desired form. For the induction step, we must consider three different cases:
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— Assume f is a product f = hyghyhighs, with both hyghy and highs in S;_1\ S of
length N. By Claim (iv), N must be even, and exactly the right half of h; ghs must
cancel with the left half of hyghy in the product. By the induction hypothesis,
the former is nothing but the right half of g followed by hq, and the later is h;
followed by the left half of g. Thus hqghohighs = highs after cancelation, so that
f has the desired form.

— Suppose f = fhighs, where f € S, highs € S;\ S, ||f]| < N, ||highs|] = N.
By Claim (iv), exactly the right half of f cancels in fhighs. If ||f|| < ||h1]|, this
implies that this cancelation happens in the product fhy, so that ||fh] = || f|| <
N, thus yielding fh; € S because S is stable. If ||hi|| < ||f||, then the entire
left half of hy cancels in fhy, so that ||fh|| < ||f]| < N, yielding again fh; € S.
That fhy has even length and half of it cancels in the product fhyghs now follows
from Claim (iv).

— Finally, the case where f = highsf, with f € S, highy € S;\ S, ||f]]| < N,
|highs|| = N, can be treated in a similar way to that of the preceding one.

To conclude the proof of Theorem 2.2.33, let us finally write & = hyghs and
h=! = hygh, as in Claim (v). There are two cases to consider:

—If N is even, write g = g1go, where ||g1|| = ||g2|| = ||g|l/2. Then
id = hh™" = h1g1gahah1g1g2ho.

In this product, the right half of A must cancel against the left half of h=1,
that is, gohohigi = id. Therefore, id = higigaho = highs. But this implies
gt = hohy € (S)* N By = S, which is a contradiction.

— If N is odd, write g = g1 fgs, where f is the generator of IF,, that appears in
the central position when writing ¢ in reduced form. Proceeding as before, we
get id = hh™' = hig1 f2g2hs with no further cancelation. This is absurd. O

Remark 2.2.34. There are uncountably many left-orders on F,, for which the canon-
ical generators f; are positive. Indeed, this is a direct consequence of the preceding
theorem, though it can be proved directly in a much more elementary way. What is
less trivial is that there are left-orders on F,, that extend the lexicographic order on
(fi,..., fa)". This is proved in [185] via a concrete realization of the free group as
a group of homeomorphisms of the real line. The order thus obtained is perhaps the
simplest left-order that can be defined on F,,, and can be described as follows: Letting
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¢ : F, — R be defined by

o(f) = |{subwords of f of the form f;f; %, j > z}|
- ‘{subwords of f of the form fj_lfi,j > z}|

{ 1 if f ends with f1, fa,... fn,

+ =< —1 if fends with f7 1, f 1, ..., fi!

n

0 if f is trivial,

where f is a reduced word on fiil, one has f > id if and only if ¢(f) > 0.
A slight modification of the method above actually provides a Cantor set of left-
orders, each of which extends the lexicographic order.

Step II. above, due to Kielak [114], is of a different nature. In a much more
general way, it concerns groups of fractions of finitely-generated semigroups (in-
side groups with infinitely many ends). Recall that given a semigroup P inside
a group ', we say that I' is the group of fractions of P if every element in I
can be written in the form gh™', where both g, h lie in P U {1}. An illustrative
example, which covers that of nilpotent groups, is given by the next

Proposition 2.2.35. Let I' be a group generated by a finite set of elements
fi,--s fx, and let P be the semigroup generated by them together with id. If
I' has no free sub-semigroup, then each of its elements may be written in the form
fg=! for certain f,q in P.

Proof. We first claim that, given any f, g in P, there exist f and g such that
¢ 'f = fg ', that is fg = gf. Otherwise, we would have fP N gP = (), and this
implies that the sub-semigroup generated by f and ¢ is free. Indeed, if h; and ho
are different words in positive powers of f, g, to see that hy # hy we may assume
that h; begins with f and hy with g. Then the condition fP N gP = () implies
that hy # hs, since hy € fP and hy € gP.

Now let h = fig; "' fags" -+ frgy ' be an arbitrary element in T, where all
fi, g; belong to P. By the discussion above, we may replace gk__l1 fr by fkgk__ll,
thus obtaining

h= fig7 g5 '+ fro1 Fadi a9k
Now, we may replace g;',fi_1fr by an expression of the form fy 17, ', thus
obtaining
h=figr ' fogs " fo—2fr100 000 19k -
Repeating this argument no more than k£ — 1 times, we finally get an expression
of f of the form fg=!, where f, g belong to P. 0J
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Exercise 2.2.36. Given I' := Z17Z = 7Z x ®zZ, let a be a generator of the (left) factor
Z, and let b be a generator of the 0! factor Z in the right. Show that a,b generate T,
though the semigroup P generated by them and id satisfies aP N bP = ().

Proposition 2.2.35 is false in a very strong way for free groups. This is the
content of the next result from [114], which actually applies to any group having
infinitely many ends.

Theorem 2.2.37. If P is a finitely-generated, proper subsemigroup of IF,,, then
F,, is not the group of fractions of P.

Proof. Let P be a finitely-generated semigroup for which F,, is the group of frac-
tions. Let us consider the finitely many generators of P as a system of generators
of F,,, and let us look at the corresponding Cayley graph. Since free groups have
infinitely many ends, there exists a radius IV such that the complement of By (id)
has at least three connected components. For simplicity, let us denote just by B
the ball centered at the identity and radius N. We will show that P = [F,,.
Claim (i). One has B(P~tU {id}) = F,.

The claim is equivalent to that P U {id} intersects every ball By(f) = fB.
Let us thus suppose that (PU{id})NfB =0 fora certain f € F,. Let E, be a
connected component of the complement of fB not containing the identity. Let
h be an arbitrary element in the complement of B, and let E be the connected
component of [F,, \ B containing h. Using the dynamical properties of the action
of F,, on its space of ends (roughly, transitivity and local contraction), one easily
convinces oneself that there exists g € F,, such that gh € Fy, gB C Ey, and gF
does not contain B.

Write gh in the form hihy ', with both hy, hy in P U {id}. Since fB does not
intersect PU{id}, the element h; must lie in the connected component of F,,\ fB
containing id. Starting from the point h;, the path obtained by concatenation
with hy! must cross fB as well as gB. In particular, there is an element in P~
(namely, a terminal subword of h,') joining some point in gB to hihy' = gh.
Thus, there is an element of P~! joining an element of B to h, which shows that
h belongs to BP~ .

The preceding conclusion was established for all elements h € F,,\ B. This
obviously implies that F,, = B(P~' U {id}), as desired.

Claim (ii). One has P = F,,.

Let A be a subset of minimal cardinality such that A(P~' U {id}) = F,. We
claim that A must be a singleton. Indeed, if A contains two elements f # g,
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then we may write f~'g = hyhy "' for certain hy, hy in P U {id}. Hence f, g both
belong to fhiP~!. Therefore, letting A’ := AU {fhi} \ {f, g}, we still have
A'(P7'u{id}) = F,. However, this contradicts the minimality of the cardinality
of A.

We thus conclude that for a certain element h, we have h(P~' U {id}) = F,.
Certainly, this implies that P~ U {id} = F,. In particular, letting f be any
nontrivial element, both f, f~* must belong to P!, hence their product ff=! =
id is also in P~!. We thus obtain P~! = F,, and taking inverses this yields
P=TF,. 0

Notice that the proof above still leaves open the next

Question 2.2.38. Do there exist k£ > 2 and a finitely-generated, proper sub-
semigroup P of F,, such that every element of F,, can be written in the form

fifstfsee f,i_l)kﬂ, with all fi,..., fr belonging to P U {id} ?

A direct corollary of Theorem 2.2.37 is that F,, does not admit an order with a
finitely-generated positive cone. Together with Theorem 2.2.33, this yields again
that LO(F,,) has no isolated point, hence it is a Cantor set.

So far we have seen two different ways to show that LO(F2) is a Cantor set.
A natural problem that arises is whether these can be pursued or combined to
obtain finer information of this space for different metrics of geometric origin.
For instance, what is the Hausdorff dimension of this space ? In order to solve
this question one would need explicit estimates on the speed of approximation of
a given left-order.

Another direction of research concerns algorithmic properties for orders. In-
deed, by using recursive functions (in the sense of computability theory), it is
not hard to construct left-orders on F), such that the problem of comparison of
elements is undecidable, ¢.e. there is no algorithm that, on every input consist-
ing of a pair of elements g, h in F),, decides whether f < g or not. This is of
course not the case for higher-rank Abelian groups, yet in both cases the spaces
of left-orders are just Cantor sets.

Left-orders v/s bi-orders. Despite the good understanding of LO(Fy), the
next question remains open.

Question 2.2.39. Does there exist a partial left-order on F5 whose positive cone
is closed under taking roots and that cannot be extended into a total left-order 7

As was pointed out by George Metcalfe, the positive cone generated by a?, b?,
a™'b~! in Fy = (a,b) cannot be extended into that of a total left-order; however,
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it is not closed under taking roots of elements. Let us also point out that the
analogous question for bi-orders has a negative answer; see for instance [121,
Corollary 3.6.7] and [164]. All of this is to be compared with the case of nilpotent
groups, as described at the end of Example 1.2.1. In another direction, there is
a major question that remains open for bi-orders on F,,, first raised by McCleary
in [193, page 127].

Question 2.2.40. Are the spaces of bi-orders of (finitely-generated, non-Abelian)
free groups homeomorphic to the Cantor set ?

Notice that, using the lower central series, one may provide a Cantor set of
“standard” bi-orders on free groups. Nevertheless, according to Example 2.1.11,
there are more bi-orders on free groups than these. Actually, it is shown in [117]
that, although the action of Out(F,) on BO(F,) is faithful, its restriction to the
set of standard left-orders is not (the kernel coincides with the Torelli subgroup,
that is, the one whose elements act trivially on homology).

2.2.3 Finitely-generated positive cones

We first recall a short argument due to Linnell showing that, if a left-order
=< on a group I' is non-isolated in LO(I'), then its positive cone is not finitely
generated as a semigroup.

Proposition 2.2.41. If the positive cone of a left-order < on a group I is finitely
generated as a semigroup, then < is isolated in LO(T).

Proof. If ¢y,...,gr generate P;r , then the only left-order on I' that coincides
with < on any set containing these generators and the identity element is < itself
(see the exercise below). O

Exercise 2.2.42. Show that if two left-orders < and <’ on the same group satisfy
PY C PZ,, then they coincide.

The converse to the preceding proposition is not true. For instance, the dyadic
rationals admit only two left-orders, though none of them has a finitely-generated
positive cone. One may easily modify this example in order to obtain a finitely-
generated one (see the example below). However, the search for conditions en-
suring that isolated left-orders must have a finitely-generated positive cone is
interesting by itself.
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Example 2.2.43. The group of presentation I' := (a,b : bab~' = a~2) is covered
by Theorem 2.2.13: it has exactly four left-orders (compare Example 2.2.14), which
depend only on the signs of the generators a,b. However, the positive cone of none of
these orders is finitely generated since they all contain a copy of Z[1] inside ((a)) (the
smallest normal subgroup containing a).

Besides the obvious case of Z, perhaps the simplest example of a finitely
generated positive cone for a group left-order occurs for the Klein-bottle group
Ky, = {(a,b : bab = a): one may take (a,b) as such a cone (see Figure 8).
Actually, K, admits exactly four left-orders, each of which having a finitely-
generated positive cone (the other cones are (a,b=1)T, (a=1,b)*, and (a=1, 0= 1)T).

Figure 8: The positive cone PT= (a,b)™ on Ky = (a,b: a~'ba = b~1).

Rather surprisingly, finitely-generated positive cones also occur on braid groups,
according to a beautiful result due to Dubrovina and Dubrovin [67]

Theorem 2.2.44. For each n > 3, the braid group B, admits the decomposition

B, = <a1, . ,an_1>+ L <a1_1, cat >+ L {id},

) Un—1
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o o - o o -1
whereay =01+ 0p_1, @z 1= (09 0p_1) ', a3 : =03+ Op_1, Ay := (04 Op_1)"",

Notice that this theorem also holds for n =2, yet it is trivial in this case as
B, is isomorphic to Z.

Figure 9: The DD-positive cone on Bj3.

As a particular case, for By, the semigroup P, = (010,05 )" is the positive
cone of a left-order <, . This can be visualized in Figure 9, where we depict
the Cayley graph of B3 (essentially, a product of a quasi-isometric copy of Z>
by a dyadic rooted tree). Notice that for the generators a = a; := o070, and
b= ay := 0, ", the presentation of B3 becomes Bz = <a, b: ba’b = a>. Thus, in
the picture above, an arrow pointing from left to right should be added to every
diagonal edge of the graph. These arrows represent multiplications by a, while
all arrows explicitly appearing represent multiplications by b. Starting at the
identity (in red), every positive (green) element can be reached by a path that
follows the direction of the arrows. Conversely, every negative (blue) element can
be reached by a path starting at the identity following a direction opposite to
that of the arrows. Finally, no (nontrivial) element can be reached both ways.



2.2. THE SPACE OF LEFT-ORDERS 81

Quitte remarkably, this particular example was already known (and seems to
be folklore, at least for a certain community) for a long time; see [66].

Retrieving the DD-order from the D-order. The proof of Theorem 2.2.44
strongly uses Dehornoy’s theorem, as described in §1.2.6. To begin with, notice
that it readily follows from the definition that for each j € {1,... n — 1}, the
subgroup (0j,...,0n-1) ~ B,_j41 of B, is <, -convex.

In particular, for the case of Bs, the cyclic subgroup (o3) is <, -convex.
One can hence define the order <3 on B3 as being the extension by =<, of the
restriction to (og) of the reverse order <. (This corresponds to the flipping of
=<, on (oy), as introduced in Example 2.1.4.) We claim that the positive cone
of <3 is generated by the elements a;:=010, and ag: =05 ! thus showing the
theorem in this particular case. Indeed, by definition, these elements are positive
with respect to <3. Thus, it suffices to show that for every c¢ # id in B3, either
c or ¢! belongs to {(ay,as)*. Now, if ¢ or ¢! is 2-positive, then there exists an
integer m # 0 such that ¢ = o' = a;™, and therefore ¢ € (ag)*t C (a1, a2)"
if m < 0,and ¢! € (ag)t C (a1, a)" if m > 0. If ¢ is 1-positive, then for a
certain choice of integers m{, ..., mj, ., one has

m!! " m’f m",,
C=0y'0105 2010y " o109 " .

Using the identity o;=ajas, this allows us to rewrite ¢ in the form

mj mh m;c/ m;c’+1
for some integers m7,...,mj, ;. Now, using several times the (easy to check)
identity asa?as = a1, one may easily express ¢ as a product

c=alajayay ... ay*ajay "
in which all the exponents m; are non-negative. This shows that ¢ belongs to
(a1, az)t. Finally, if ¢7! is 1-positive, then ¢! belongs to (a1, as)™.

The extension of the preceding argument to the general case proceeds in-
ductively as follows. Let us see B,,_y = (71,...,0,-2) as a subgroup of B, =
(01,...,0,_1) via the homomorphism &; — ;1. Then =<,,_; induces an order
on (0g,...,0,_1) C B, which we still denote by =<, _;. We then let =<, be the
extension of =<,,_; by the D-order <,. Then, using the inductive hypothesis as
well as the remarkable identities (that we leave to the reader)

_ -1 _ _ _ -1 _
(asazt---al )" Yar Yagazt -l )" ) =ar,  (asa3t---a
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one may check as above that the positive cone of the order <,, coincides with the
semigroup (ay, ..., a,_1)", thus showing the theorem.

Exercise 2.2.45. Prove that the only convex subgroups of B,, for both the D-order
and the DD-order are CY:=B,, C!':=(as,...,an_1)=(02,...,0n_1), ..., C" 1=
(ap—1)=(op—1) and C™:={id}.

Let us emphasize that assuming Theorem 2.2.44, we can follow the arguments
above backwards and retrieve the Dehornoy’s order on B,,. (Details to the reader.)
A more conceptual approach to this phenomenon was proposed by Ito in [104],
and it is developed in the next

Exercise 2.2.46. Let ¢1,..., g, be finitely many generators of a group I'. For each
ie{l,...,k}, let h; := (gigit1 - gk)(_l)kH, and denote by P; the semigroup generated
by gi,...,gk. Assume that the following condition (called Property (F) in [104])
holds: For each i € {1,...,k — 1}, both giPngi_l and gi_lPngi are contained in the
semigroup P, made of the inverses of the elements in F;.

(i) Prove that hi,...,hy generate the positive cone of a left-order on I" if and only if
the g¢;’s define a Dehornoy-like order, which means that every nontrivial element
may be written as a product of elements g;, ..., gx so that g; appears with only positive
exponents, and no g € I is such that both ¢ and ¢~ may be written in such a way.
(ii) Referring to Theorem 2.2.44, check that g; := o; and h; := a; satisfy property (F).

Torus-knot groups. We next give an elementary proof of that the torus-knot
groups G, ,, 1= (¢,d: ¢™ = d") do admit left-orders with finitely-generated posi-
tive cones. This is closely related to what was previously shown for braid groups,
since for (m,n) = (3,2) we retrieve the braid group B; for the generating set
¢ ~ 0109 and d ~ g10907. In this case, the positive cone given by Theorem?2.2.44
is generated by a := ¢ ~ 0109 and b := ¢ 2d ~ 05", respect to which the pre-
sentation becomes G349 = (a,b: ba*b = a). Also, notice that for (m,n) = (2,2)
we retrieve the Klein-bottle group. In this case, the generating system of the
positive cone is made of a := ¢ and b := ¢~'d, for which the presentation becomes
Ky = (a,b: bab = a).

After some computations, one easily convinces oneself that the natural exten-
sion of this corresponds to the presentation

Gmn = <a, b: (ba™ )" = a>,

where a := ¢ and b := ¢~ (™"Vd. The following result appears in [151] for n = 2
and in [104] for the general case.
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Theorem 2.2.47. For each m > 1 andn > 1, the group G,,,, can be decomposed
as

Goom = {a,b)F U {a™!, 571" U {id).

Quite naturally, the proof of this theorem involves two issues:
Step I. Every nontrivial element lies in {(a,b)™ U (a™!, b~ 1)T.
Step I1. No nontrivial element lies in both {a,b)™ and (a=*,b7') 7.

In what follows, we only consider the case (m,n) # (2,2), because (m,n) =
(2,2) corresponds to the Klein’s bottle group K, as previously described. (Some
of the arguments below do not apply in this case.) For Step I, we begin with

Claim (i). The element A := a™ belongs to the center of Gy, .
Indeed, from (ba™ 1)""'b=q it follows that (ba™ )" = (a™ 1b)"=a™. Thus,

bA = ba™ = b(a™ )" = (ba™ )b = a™b = Ab.

Moreover, aA = a™! = Aa.

A word in (positive powers of) a,b (resp. a~1,b™1) will be said to be positive
(resp. negative). It is non-positive (resp. non-negative) if it is either trivial or
negative (resp. either trivial or positive).

Claim (ii). Every element w € G,,,, may be written in the form aA* for some
non-negative word u and ¢ € Z.

Indeed, in any word representing w, we may rewrite the negative powers of a
and b using the relations

a—l — am—lA—l’ b—l — a—l(bam—l)n—l _ am—lA—l(bam—l)n—l’

and then use the fact that A belongs to the center of G, .

Notice that since a™ = A, every u € (a, b)™ may be written in the form
u = b*a" b - - b1a" AL

where s; > 0forie{l,...,k—1},s0>0,m€{l,..., m—1}fori € {1,... . k—1},
ri, > 0, and £>0. Therefore, by Claim (ii), every w € G,,, may be written as

w = b%og"pst. .. bsk,larkAZ — p3Oog"pst ... bsk,lark+m£7 (21>
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where the properties of r;, s; above are satisfied, and ¢ € Z. Such an expression
will be said to be a normal form for w if k is minimal. (Notice that, a priori,
these normal forms may be non-unique for a given w.)

There are two cases to consider. If r, + mf > 0, then w is obviously non-
negative. Therefore, Step I is concluded by the next

Claim (iii): If 7, +mf < 0, then w is negative.

The proof is by induction on the length k& of the normal form. To begin with,
notice that (ba™1)"~'b = a yields ba™' = (a=™"1p~1)"~1. Thus, for k = 1, that
is, for w = b*0a" ™ we have

a a a

Y

w = bso -1 _ri+ml+1 — a—l [aba‘l}so r1+mé+1 — a—l [a(a—m—i-lb—l)n—l}SOar1+m€+1

and the last expression is easily seen to be negative just by noticing that

a(a—m-i-lb—l)n—l — a—m+2b—1 (a—m+1b—1)n—2.

Assume the claim holds up to k—1. Proceeding as before, expression (2.1)
becomes

w = b%oq™ - .. bsk,l—l[ba—l]arkﬁ-mé-‘rl = p%ogrt. .. bsk—l—l[(a’_m‘i‘lb—l)n—l]amk""mé""l.
If s_1 > 1, then writing
w = boag" - .. bsk,1—2[ba—1]a—m+2b—1(a—m+1b—1)n—2ark+mé+l’

we see we can repeat the process changing ba=! by (a=™"'b~1)"~!. Otherwise,

w = bogrt...q"k1 [(a—m+1b—1)n—l]ark+m€+l
— pSogr. .. bsk,zark,l—m—l—lb—l(a—m+1b—1)n—2ark+mf—|—1

h3oq™ ... bsk,g—l [ba—l]ark,l—m+2b—l (a—m+1b—1)n—2ark+mé+l’

so that in case r,_; < m — 1 (and sx_» > 0), we may repeat the procedure.
Continuing in this way, one easily convinces that, unless

Sk—1 = ... = Sk—(n—-1) = 1, sppn>0, 71p1=...= Tk—(n—1) = M — 1, (22)
the expression for w above may reduced into one of the form

w="0b"-big 'm
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for certain s; > 0, ¢ < k, and a non-positive word . As i < k, the induction hy-
pothesis applies to b% - - - b%a~!, which is hence negative, and so does w. Assume
otherwise that (2.2) holds. Then since b(a™ 'b)"~! = a, replacing (a™1b)"~! by
b~'a and canceling b~!, we obtain a new expression for w of the form

__ 1.8 Sk—n—1 rp+ml+1
w=b% ... prnlg ,

which contradicts the minimality of the length of the normal form. This closes
the proof.
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Step II of the proof of Theorem 2.2.47 can be established via several ap-
proaches. Here, we chose the dynamical one, based on the fact that G,, ,, embeds

into ﬁéi@, R). To see this, let us first come back to the presentation
G = <c,d: "= d">,
which exhibits G, ,, as a central extension of the group
G = (¢, d: " =d" =id).

A concrete realization of G, inside PSL(2,R) arises when identifying ¢ to the
circle rotation of angle %”, and d to an hyperbolic rotation of angle 27” centered
at a point different from the origin in such a way that, if we let py :=p, p; =
)y, pm_1:=c""Yp) and qo:=p,q1 :=d(p), ..., qn_1:=d"(p) for a certain
p € S', we have that all the ¢;’s lie bet/vzgen po and pq, and ¢,_1 = p;. This
realization allows embedding G,,,, into PSL(2,R) by identifying c € G,,,, to the
lifting of ¢ to the real line given by = — x + %’T, and d to the unique lifting of
d to the real line satisfying = < d(x) < x + 27 for all z € R. (Actually, the
arguments given so far only show that the above identifications induce a group
homomorphism from G,,, into PSL(2,R), and the injectivity follows from the
arguments given below.)

The dynamics of the action of G,,, on the circle is illustrated in Figure 10.
Passing to the generators a,b, we have that b =¢ (™ Yd = &d is a parabolic
Mobius transformation fixing p;, and @ = ¢. Using this, we next proceed to
show that no element w in (a,b)™ C G,,, represents the identity. By taking
inverses, this will imply that no element in (a=! 071)" represents the identity,

thus completing the proof.

p3

Figure 10
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We begin by writing w in the form
w = boa" b - q g™, >0,

with the corresponding restrictions on the exponents. Here, we may assume that
no expression (ba™~1)"~1b appears, otherwise we may replace it by a.
Assume that w is not a power of a, and let us consider its reduction

W = b0a"b" - - @™ € PSLy(R).
Using b = ad and simplifying a™ = id, we may rewrite this in the form
w = d_s(,)drlld_sll .. .dT;;/ c ].SgiQ(R),

with similar restrictions on the exponents r}, s.. What is crucial here is that the
fact that no expression (ba™ 1)"~1h appeared in the original form implies that this
new expression is nontrivial, as it can be easily checked. (Indeed, no cancellation
d" = id will be performed.)

Unless w is a power of da, we may conjugate it into either some w’ € (@, b)*
beginning and finishing by @ and so that all the exponents of a liein {1, ..., m—1},
or to some w” € {(a,d)* beginning and finishing with d with the same restric-
tion on the exponents of a. An easy ping-pong type argument then shows that
@' (Ipo, p1[) Clp1, pol and @" (Jpy, po[) Clpo, paf, hence @' # id and @" # id.

Thus, to conclude the proof, we need to check that neither a nor da are torsion
elements. That da has infinite order follows from that da sends [pg, p1] into the
strict subinterval [pg, d(p2)], hence no iterate of it can equal the identity. Finally,

to see that a also has infinite order, just notice that it identifies to the translation
by 2X in PSL(2,R).

Some other examples. Searching for more examples of finitely-generated pos-
itive cones in groups with infinitely many left-orders has become a topic of much
activity over the last years. The examples given above as well as the techniques
used in proofs have been pursued in three directions. First, there is the close rela-
tion with Dehornoy-like orders in which the previous examples fit, as described in
[151] and later in [104]. (See also Remark 3.2.45.) Second, there is an approach
based on partial cyclic amalgamation, which is fully developed in [103]. This
allows iterative implementation, thus establishing for instance that the groups

— LM m2 _.m
Gy g, i = <a1,...,an. alt =ay? =...= an”>

do admit finitely-generated positive cones. This approach was somewhat com-
plemented in [102]; however, the orders constructed therein are only ensured to
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be isolated, and knowing whether their positive cones are finitely generated re-
mains as an interesting question. Finally, there is a more combinatorial approach
starting from group presentations introduced in [55]. Roughly, in case these
presentations have a triangular form, finitely-generated positive cones naturally
appear. As a random example, we can mention that the groups

Hyp o= <a, b,c: a = ba*(b*a*)"c,b = c(baz)"ba>

fall in this category.

We do not pursue on this nice subject here; we just refer the reader to the
works mentioned above for the announced results and further developments (see
also Remark 2.2.32). Nevertheless, let us mention that none of these approaches
has provided a new proof of Dehornoy’s theorem concerning the D-order on B,
for n > 4. This issue seems to be beyond the scope of these methods.



Chapter 3

ORDERABLE GROUPS AS
DYNAMICAL OBJECTS

3.1 Holder’s Theorem

The results of this section —essentially due to Holder— are classical and perhaps
correspond to the most beautiful founder pieces of the theory. They character-
ize group left-orders satisfying an Archimedean type property: the underlying
ordered group must be ordered isomorphic to a subgroup of (R, +).

Definition 3.1.1. A left-order < on a group I is said to be Archimedean if
for all g, h in I" such that g+#id, there exists n € Z satisfying g" > h.

Theorem 3.1.2. Every group endowed with an Archimedean left-order is order-
isomorphic to a subgroup of (R,+).

Holder proved this theorem under the extra assumption that the group is
Abelian. However, his arguments work verbatim without this hypothesis but as-
suming that the left-order is bi-invariant. That this hypothesis is also superfluous
was first remarked by Conrad in [51].

Lemma 3.1.3. Every Archimedean left-order on a group is bi-invariant.

Proof. Let < be an Archimedean left-order on a group I'. We need to show that
its positive cone is a normal semigroup.

Suppose that g € PY and h € PJ are such that hgh™ ¢ P¥. Let n be
the smallest positive integer for which h~' < ¢". Since hgh™' < id, we have

89
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h=t < g7'h=! < ¢"!, which contradicts the definition of n. We thus conclude
that P¥ is stable under conjugacy by elements in P-.

Assume now that g, h in PT verify hgh~' ¢ PZ. In this case, hg 'h™" = id,
and since h™' € P2, the first part of the proof yields h~'(hg~'h " )h € PI,
that is, g~' € PT, which is absurd. Hence, P is also stable under conjugacy by

elements in P;’ , which concludes the proof. O

Exercise 3.1.4. Prove the preceding lemma by using dynamical realizations. More
precisely, show that the dynamical realization of every Archimedean left-order on a
countable group is a subgroup of Homeo, (R) acting freely on the line (c.f. §1.1.3;
compare Example 3.1.6).

Proof of Theorem 3.1.2. Let ' be a group endowed with an Archimedean left-
order <. By Lemma 3.1.3, we know that < is bi-invariant. Let us fix a positive
element f € I', and for each ¢ € I" and each p € N, let us consider the unique
integer ¢ = q(p) such that f7 < g? < fati.

Claim (i). The sequence (q(p)/p) converges to a real number as p goes to in-
finity.

Indeed, if f‘I(pl) < g < fq(p1)+1 and fQ(Pz) < g < fq(pz)+17 then the
bi-invariance of < yields

fq(p1)+q(pz) < gt < fq(p1)+¢1(p2)+2'
Therefore, q(p1) + q(p2) < q(p1 + p2) < q(p1) + q(p2) + 1. The convergence of
the sequence (q(p)/p) then follows from Exercise 3.1.5.

Claim (ii). The map ¢ : I' = (R, +) is a group homomorphism.

Indeed, let g1, g2 be arbitrary elements in I'. Let us suppose that g192 < g291
(the case gag1 =< g192 is analogous). Since < is bi-invariant, if f@ < ¢ < fot!
and f® < gh < f2*1 then

fOTe <L ghgh < (g1ga)” < ghgt < fOTet?,

From these relations one concludes that

Q1+ G2
p

G +q+1

P(g1) + ¢(g2) = I}Ego < d(g192) < plggo = ¢(g1) + ¢(g2),

and therefore ¢(g192) = ¢(g1) + ¢(92).
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Claim (iii). The homomorphism ¢ is one-to-one and order-preserving.

That ¢ is order-preserving (in the sense that if g; =< go then ¢(g1) < ¢(g2))
follows from the definition. To show injectivity, first notice that ¢(f) = 1. Let h
be an element in I' such that ¢(h) = 0. Assume that h # id. Then there exists
n€Z such that h™ = f. Consequently, 0 = n¢(h) = ¢(h™) > ¢(f) = 1, which is
absurd. Therefore, if ¢p(h) = 0 then h = id. O

Exercise 3.1.5. Let (ay,)nez be a sequence of real numbers. Assume that there exists
a constant C' € R such that, for all m,n in Z,

|aman — am — an| < C. (3.1)

Show that there exists a unique 6 € R such that the sequence (|an — n®|) is bounded.
Check that this number 6 is equal to the limit of the sequence (a,/n) as n goes to +oo
(in particular, this limit exists).

Hint. For each n€N let I, := [(a, — C)/n, (an + C)/n]. Check that I, is contained
in I,, for every m,n in N. Conclude that I := (), oy I is nonempty (any 6 in I satisfies
the desired property).

Example 3.1.6. Examples of groups admitting Archimedean left-orders are groups
acting freely on the real line. Indeed, from such an action one may define < on I' by
letting g < h if g(x) < h(z) for some (equivalently, for all) z € R. This order relation is
total, and using the fact that the action is free, one readily shows that it is Archimedean
(as well as bi-invariant).

Notice that, by the proof of Theorem 3.1.2, the left-order < above induces an
embedding ¢ of T" into (R,+). If ¢(T") is isomorphic to Z, then the action of T' is
conjugate to the action by integer translations. Otherwise, unless I' is trivial, ¢(I") is
dense in (R, +). For each point x in the line we may then define

¢(z) = sup {¢(h) € R: h(0) < z}.

It is easy to see that ¢ : R — R is a non-decreasing map. Moreover, it satisfies
o(h(z)) = @(x) + ¢(h) for all x € R and all h € T. Finally, ¢ is continuous, as
otherwise the set R\ ¢(R) would be a nonempty open set invariant by the translations
of ¢(I"), which is impossible. In summary, every free action on the line is (continuously)
semiconjugate to an action by translations.

3.2 The Conrad Property

3.2.1 The classical approach revisited

A left-order < on a group I' is said to be Conradian (a C-order, for short)
if for all positive elements f, g, there exists n €N such that fg" > g.
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Bi-invariant left-orders are Conradian, as n = 1 works in the preceding in-
equality for bi-orders. In this direction, it is quite remarkable that one may
actually take n = 2 in the general definition above, as the next proposition
shows (the nice proof below, due to Jiménez, is taken from [106]).

Proposition 3.2.1. If < is a Conradian order on a group, then fg? = g holds
for all positive elements f,g.

Proof. Suppose that two positive elements f, g for a left-order <" on a group I
are such that fg* <’ g. Then (¢7'fg)g =’ id, and since g is a positive element,
this implies that ¢~ fg is negative, and therefore fg <’ g. Now for the positive
element h := fg and every n € N, one has

R =f(fo)" = f(fo)" 2(f9)(fg) <" F(f9)"*(f9)g
=f(fo)" 2 f* = f(f9)" g = f(f9)"°fg* = f(fo)" g <.
=<' f(f9)g=rfg> = fg=nh.

This shows that <" does not satisfy the Conrad property. U

The following is an easy (but important) corollary to the previous proposition,
and we leave its proof to the reader. (Compare Exercise 2.2.3.)

Corollary 3.2.2. For every left-orderable group, the subspace CO(T") of Conra-
dian orders is closed inside the space of left-orders. Moreover, this subspace is
wmvariant under the conjugacy action.

Perhaps the most important theorem concerning C-orderable groups is the
next one. The direct implication is due to Conrad [51]; the converse is due to
Brodski [25], yet it was independently rediscovered by Rhemtulla and Rolfsen
[169]. We postpone the proof of the first part, and for the second we offer an ele-
mentary one taken from [153]. Recall that a group is said to be locally indicable
if each nontrivial finitely-generated subgroup admits a nontrivial homomorphism
into (R, +).

Theorem 3.2.3. A group I is C-orderable if and only if it is locally indicable.
To show that local indicability implies C-orderability (the converse will be

proved in §3.2.3), we will need the following lemma whose proof is left to the
reader. (Compare §1.1.2.)
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Lemma 3.2.4. A group I' is C-orderable if and only if for every finite family G
of elements in T"\ {id}, there exist a choice of exponents n: G — {—1,+1} such
that id does not belong to the smallest subsemigroup (G)) satisfying:

— It contains all the elements ¢"9, with g € G;
— For all f, g in the semigroup, the element g~ 'fg* also belongs to it.

Local indicability implies C-orderability. We need to check that every
locally indicable group I' satisfies the condition of the preceding lemma. Let
{91, .., 9r} be a finite family of elements in I' different from the identity. By
hypothesis, there is a nontrivial homomorphism ¢ : {(g1,...,9x) — (R,+). Let
i1,...,% be theindices (if any) such that ¢;(g;;) = 0. Again by hypothesis, there
exists a nontrivial homomorphism ¢s: (g;,, ..., ¢,,) — (R, +). Letting 4}, .., i}
be the indices in {i1, ..., ix} for which ¢2(gy) = 0, we may choose a nontrivial
homomorphism ¢3: {(gy, . . ., g,-;w> — (R, +)... Notice that this process must finish
in a finite number of steps (indeed, it stops in at most k steps). Now, for each
i€{l,...,k}, choose the (unique) index j(i) such that ¢;;) is defined at g; and
®i)(9:) # 0, and let n; := n(g;) € {—1,+1} be so that ¢;u(g]") > 0. We claim
that this choice of exponents 7; is “compatible”. Indeed, for every index j and
every f,g for which ¢; are defined, one has ¢;(f'gf?) = ¢;(f) +&;(g). There-
fore, ¢1(h) > 0 for every he (¢",...,g9). Moreover, if ¢;1(h) =0, then h

actually belongs to ((g?fl, e gZ:f“’ ). In this case, the preceding argument shows

./ ;!
that ¢a(h) >0, with equality if and only if h € ((gZZl, oy gy ™ )... Continuing

k”
in this way, one concludes that ¢;(h) must be strictly positive for some index j.

Thus, the element h cannot be equal to the identity, and this finishes the proof.

If a group I' contains a normal subgroup I', so that both I', and I'/T', are
locally indicable, then I' itself is locally indicable. Equivalently, the extension of
a C-orderable group by a C-orderable group is C-orderable. In a similar way we
have:

Exercise 3.2.5. Let (', <) be a C-ordered group, and let Iy be a convex subgroup.
Show that for any C-order =<, of I'y, the extension of <, by =< is still Conradian. In
particular, every left-order obtained from a C-left-order by flipping a convex subgroup
is Conradian (c.f. §2.1.1).

Example 3.2.6. A remarkable theorem independently obtained by Brodski [25] and
Howie [100] asserts that torsion-free, 1-relator groups are locally indicable. Also, all
knot groups in R? are locally indicable (see [101, Lemma 2]).



94 CHAPTER 3. ORDERABLE GROUPS AS DYNAMICAL OBJECTS

Examples of left-orderable, non C-orderable groups. Only a few examples are
known. Historically, the first was exhibited (in a slightly different context) by Thurston
[189], and rediscovered some years later by Bergman [12]. It corresponds to the lifting
to ISSTJ(Z, R) of the (2,3, 7)-triangle group, and has the presentation

F:<f,g,h:f2:ggzh7:fgh>.

Left-orderability follows from that FTSVL(Z,R) is a subgroup of Homeo, (R). The fact
that I is not C-orderable is a consequence of that it has no nontrivial homomorphism
into (R, +), which may be easily deduced from the presentation above. Actually, T' is
the m of an homological sphere, and this was the motivation of Thurston to deal with
this group in his generalization of the famous Reeb stability theorem for codimension-1
foliations. We strongly recommend the lecture of [189] for all of this.

Below we elaborate on a different and quite important example, namely braid groups
B,, for n > 5. Another example is the lifting G of Thompson’s group G to the real line;
see [38] for more details.

Example 3.2.7. The braid groups Bs and B, are locally indicable. For B3, this may
be easily deduced from the exact sequence

0— [B3vB3] ~Fy — By — ]:83/[]33718%3] ~Z—0,

where the isomorphism [Bs, B3] ~Fs may be shown by looking the action on the circle
of B3 ~PSL(2,Z), and Bs/[Bs, B3] ~ Z appears by taking “total exponents”. For By,
there is an exact sequence

0—Fy, — By — Bs — 0.

Here, the homomorphism from B4 to B3 is the one that sends o1 and o3 to o1, and o9
to og. Its kernel is generated by o105 L and 0920105 102_ 1 To show that these elements
are free generators, one may consider the homomorphism ¢: By — Aut(FF3) defined by
¢(01)(a):=a, ¢(01)(b):=ab, ¢(02)(a):=b""a, $(02)(b):=b, $(03)(a):=a, $(o3)(b):=
ba, and notice that ¢(o103"') (resp. ¢(oeoi05' 0, "t)) is the conjugacy by a (resp.
b~ la).

Incompatibility between bi-orders on PB, and left-orders on B,. In
contrast to Bs and By, the groups B,, fail to be locally indicable for n>5. Indeed,
for n>5, the commutator subgroup B is (finitely generated and) perfect (i.e.
it coincides with its own commutator subgroup), as shown below.

Example 3.2.8. As is well-known (and easy to check), the commutator subgroup B/, is

generated by the elements of the form o; ; := a,-aj_l. Also, recall that all the generators
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o; of B,, are conjugate between them. Indeed, letting A := o109 ---0,_1, one readily
checks that o;A = A 0;_1. Thus, for all i€ {1,...,n — 3}, the equality

0442 = (Uz’Uz’—l—l)_l (03,42, 0it1,i) (030341)

shows that o; ;12 belongs to B!. We will close the proof by showing that, for n>5, the
normal closure H (in B,,) of the family of elements 0; ;12 (equivalently, of each ¢ ;42) is
B/,. To do this, notice that o; j and o; j» are conjugate whenever {j, j'}N{i—1,i+1} = 0.
Indeed, one may perform a conjugacy between o; and a;» as above but inside the
subgroup B] _, CB,, consisting of braids for which the ¢ and i+1 strands remain “fixed”;
such a conjugacy does not change o;. Therefore, o; ; belongs to H for all j ¢ {i—1,i+1}.
Moreover, since for all j ¢ {i — 1,4,4+ 1,i + 2} (resp. j & {i —2,i —1,4,i + 1}),

Tiit1 = 0350511 (resp. 01 = 0405 1),

the elements s; ;41 and s;;_1 also belong to H. This shows that H coincides with B,.
We recommend [146] for more details on this example as well as generalizations in
the context of Artin groups.

A nice consequence of the example above is that the bi-orders on PB,, do not
extend to left-orders on B,, for any n > 5. (This fact was established, indepen-
dently, in [67] and [169].) Indeed, we have the following

Proposition 3.2.9. Let 'y be a finite-index subgroup of a left-orderable group
I'. If <X is a left-order on I' whose restriction to I'g is Conradian, then < is
Conradian.

Proof. Let f > id and g > id be elements in I'. One has f™ € I'y and ¢" € T’y
for some positive n, m smaller than or equal to the index of I'y in I". Hence,
fmg* = g™ = g. We claim that this implies that either fg = g or fg** = g.
Otherwise, g~ fg < id and g~ fg*® < id. Thus,

id < g7 fmg* = (g7 )" Mg o) < id,
which is a contradiction. O

A criterion of non left-orderability. Proposition 3.2.9 allows showing that
certain “small” groups cannot be left-ordered. In concrete terms, we have the
following result due to Rhemtulla [17, Chapter 7]:

Proposition 3.2.10. Let I be a finitely-generated group containing a finite-index
subgroup Ty all of whose left-orders are Conradian. If I' has no nontrivial homo-
morphism into (R, +), then T is not left-orderable.
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Indeed, if I were left-orderable then, by Proposition 3.2.9, every left-order
on it would be Conradian. Since I' is finitely generated, Theorem 3.2.3 would
provide us with a nontrivial homomorphism into (R, +).

Example 3.2.11. In §1.4.1, we introduced the group
I'= <a,b: a’ba® = b, b2ab? = a>,

which contains an index-4 Abelian subgroup, namely (a2, b%, (ab)?) ~ Z3. From the pre-
sentation, it follows that I' admits no nontrivial homomorphism into (R, +). Since bi-
invariant left-orders are Conradian, Theorem 3.2.10 implies that I' is not left-orderable.

3.2.2 An approach via crossings

An alternative —dynamical— approach to the theory of Conradian orders has
been recently developed in [153, 158]. We begin with the definition of the notion
of ecrossing, which is the most important tool in this approach.!

U fﬁv 'l:) gMu v

Figure 11: A reinforced crossing.

Let < be a left-order on a group I'. Following [158], we say that a 5-uple
(f,g;u,v,w) of elements in I' is a crossing (resp. reinforced crossing) for
(I, <) if the following conditions are satisfied:

—u<w =<
— ¢"u<v and f" = u for every n € N (resp. fu > u and gv < v);
— There exist M, N in N such that f¥v < w < gMu.

Tt should be noticed that an equivalent notion —namely that of overlapping elements-
was introduced by Glass in his dynamical study of lattice-orderable groups [85], though no
conexion with the Conrad property is exhibited therein.
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Clearly, every reinforced crossing is a crossing. Conversely, if (f, g;u, v, w) is a
crossing, then one easily checks that (fNg™, g™ fV; fNw, gMw,w) is a reinforced
crossing.

An equivalent notion to the above ones is that of a restlient pair, namely a
4-uple of group elements (f, g; u, v) satisfying

u=< fu< fv<gu<gv=<uv.

Indeed, if (f, g;u,v,w) is a reinforced crossing, then (f~, ¢*;u,v) is a resilient
pair for the corresponding exponents M, N. Conversely, if (f, g;u,v) is a resilient
pair, then (f2, g;u,v, fv) is a reinforced crossing.

f f

gu gv

o o v

u ®

fu f‘v
Y g

Figure 12: A resilient pair.

Theorem 3.2.12. The left-order < is Conradian if and only if (T', <) admits no
(reinforced) crossing.

Proof. Suppose that < is not Conradian, and let f, g be positive elements such
that fg™ < g for every n € N. We claim that (f, g;u, v, w) is a crossing for (I", <)
for the choice u := 1, v := f~1g, w := ¢*. Indeed:

— From fg? < g one obtains ¢g*> < f~!g, and since g = 1, this yields 1 < ¢* <
f~lg, thatis, u <w < v;

— From fg" < g it follows that ¢" < f~!g, that is, ¢g"u < v (for every n € N);
moreover, since both f, g are positive, we have f""1g = 1, and thus f*(f~'g) = 1,
that is, f™v > u (for every n € N);

— The relation f(f~'g) = g < ¢*> may be read as fNv < w for N = 1; finally,
the relation ¢ < ¢ is w < gMu for M = 3.

Conversely, let (f, g;u,v,w) be a crossing for (I', <) for which for certain M, N
in N,
Ny <w < gMu.
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We will prove that =< is not Conradian by showing that, for h := gM N and
h := g™, both elements w~'hw and w~'hw are positive, but
(w™hw)(w™thw)™ < w™hw, for all n € N.
To do this, first notice that gw > w, as otherwise
w%gNu<gNw<gN_lw<...<gw<w,

which is absurd. Clearly, the inequality gw = w implies g™w = w, hence

wthw = wtgMw = 1. (3.2)
Moreover, hw = g™ fNw = g™ fN Ny = gM f2Ny = gMu = w, thus

w™thw > 1. (3.3)

Now notice that, for every n € N,
hh™w = hg™™w < hg™"gMu = hg™" ™y < ho = g™ fFNo < gMw = hw.
After multiplying by the left by w™!, the last inequality becomes
(w™thw)(w™hw)™ = whh™w < whw,

as we wanted to check. Together with (3.2) and (3.3), this shows that =< is not
Conradian. O

Exercise 3.2.13. Using the characterization of the Conrad property in terms of re-
silient pairs, show that the subspace of C-left-orders is closed inside the space of left-
orders of a group (c.f. Corollary 3.2.2).

Exercise 3.2.14. Using the notion of crossings, give an alternative proof for Proposi-
tion 3.2.9.

Hint. If (f, g; u,v) is a resilient pair, then the same is true for (™, ¢";u,v), for all n > 1.

Exercise 3.2.15. Proceed similarly with Proposition 3.2.1.
Hint. Show that, if f, g are positive elements for which fg? < g, then (f, fg;id, fg,9)
is a crossing for M = N = 2 (see Figure 13 below).
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id fg 9 g
Figure 13: The n=2 condition.

Example 3.2.16. The Dehornoy left-order <, on the braid group B,, (where n>3) is
not Conradian. Indeed, as we next show, (f,g;u,v,w) = (02_1,01,02,0201,02_101) is
a crossing for <, with M = N =1 (see [159] for an alternative argument):

— It holds o9 <, 0'2_10'1 is u <, w; moreover, one easily checks that oo01 >, 01 >
oy to1, hence w <, v.

— For all k > 0, we have ¢*(u) = o%(02) <, 0201 = v, where the middle inequality
follows from 0'1_102_10’1“02 = 01_1010']2“01_1 = J§Jf1 =<, 1; analogously, for k € N, we

—(k—1)

have f*(v) = oy k(agal) =0, 01 <, 0201, where the last inequality follows from

-1 k-1 k_—1
0 Oy 0901 = 020104

<, id.
~ We have f(v) = 05 (0901) = 01 =, 0501 = w and g(u) = o1(02) =, 01 =,
02_101 = w.

Exercise 3.2.17. Show that the isolated left-order on the group G, , constructed in
§2.2.3 is not Conradian for (m,n) # (2,2).

Remark 3.2.18. The dynamical characterization of the Conrad property should serve
as inspiration for introducing other relevant properties for group left-orders. (Compare
[153, Question 3.22].) For instance, one may say that a 6-uple (f,g;uy,v1,us,vs) of
elements in an ordered group (T', X) is a double resilient pair if both (f, g;uy,v1) and
(g, f Y uz,ve) are resilient pairs and u; < uz < vy (see Figure 14). Finding a simpler
algebraic counterpart of the property of not having a double crossing for a left-order
seems to be an interesting problem.
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The notion of n-resilient pair can be analogously defined. This corresponds to an
(2n + 2)-uple (f, g;u1,v1,u2,v2,..., U, v,) such that:
~ (frgiur,v), (9, f Hug,va), (F71 97 us,03), (971 fiua,va), (f,g5us,v5), ete, are
all resilient pairs,
— u; < Ui < v, forallie{l,...,n—1}.

An eventual affirmative answer for the question below would have interesting con-
sequences; see Proposition 4.1.9.

Question 3.2.19. Let I" be a left-orderable group such that no left-order admits an
n-resilient pair for some (large) n € N. Does I" admit a C-order ?

|

Uy U2 (%1 V2

Figure 14: A double resilient pair.

Non-Conradian orders yield free subsemigroups. Let < be a non-Conradian
order on a group I'. Let (f, g;u,v) € I'* be a resilient pair for <, and denote

A= u, fvlx ={w:u=<w =X fu}, B := [gu,v]<.

Then A and B are disjoint, and for all n € N, we have f"(AU B) C A and
g"(AUB) C B. A direct application of the Positive Ping-Pong Lemma (see [93])
shows that the semigroup generated by f and g is free.

This shows in particular that all left-orders on torsion-free, virtually-nilpotent
groups are Conradian, a fact first established in [129] by different methods. (This
is no longer true for left-orderable polycyclic groups, even for metabelian ones;
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see [17, Corollary 7.5.6].) Similarly, the equality LO(I') = CO(I") holds for
left-orderable groups I' with subexponential growth, as for example Grigorchuk-
Maki’s group [87, 154] (see Exercise 4.3.7 for a precise definition). As a conse-
quence of Proposition 3.2.53, we obtain:

Theorem 3.2.20. The space of left-orders of a countable, torsion-free, virtually-
nilpotent group with infinitely many left-orders is homeomorphic to the Cantor
set. The same holds for countable, left-orderable groups without free subsemi-
groups and having infinitely many left-orders.

Notice also that all left-orders on Tararin groups (i.e. groups with finitely
many left-orders; see §2.2.1) are Conradian. Indeed, if I' has finitely many left-
orders, then for every g€I" and every left-order < on I, the left-order <,-» must
coincide with < for some finite n (actually, for an n smaller than or equal to
the cardinality of LO(T')). Thus, f >, ¢d holds for every <-positive element f,
that is, ¢~ "fg"™ = id. In particular, if g > id, then fg"™ = ¢" > g, which shows
that < is Conradian.

Question 3.2.21. Suppose all left-orders on a finitely-generated, left-orderable
group are Conradian. Must the group be residually almost-nilpotent ?

Every non-Conradian order leads to uncountably many left-orders. Us-
ing the notion of crossings, we show an straightened version of Theorem 2.2.9 in
presence of non-Conradian orders.

Lemma 3.2.22. If = is a non-Conradian order on a group I', then there exists
(f,g,h;u,v) in T° such that

u =< fu=< fv<hu<hv<gu-<gv<uv.
Proof. Let (f,g;u,v) be a resilient pair for <, so that
u%fu<fv<§u<§v<v.

Let f:=f, h:=gf, ¢:= g> Then:
— The inequality fv < hu is fv < gfu, which follows from

fu>—u = gfu>§u>fv;
— The inequality hv < gu is gfv < g*u, which follows from

fv < gu — gfv < §2u.
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Theorem 3.2.23. If < is a non-Conradian order on a group I', then the closure
of the orbit of < in LO(I") contains a Cantor set.

Proof. Fix (f,g,h;u,v) as in the previous lemma. Let I denote the closure of
the subset {<,: v < w < v} of LO(I'). (Recall that =<, is the left-order with
positive cone w™'PZw.) Let It := {=x'e I: h"id} and It := {<'e I: h <"id}.

We claim that f(I) C IT and ¢g(I) C I~. Indeed, to show that f(I) C It we
need to check that h(fw) > fw for all u < w < v. But this follows from

h(fw) = h(fu) = hu = fv = fw.

The proof of the containment g(I) C I~ is analogous.
Denote A := {0,1}Y, and let hy := f and hy := g. Consider the map
A=Porb(X),  v=(iriz,..) > [V hihiy b, (1) = (D).

n>1

By the claim above, if ¢ # ¢/, then «(I) N ¢/(I) = (). The theorem follows. O

3.2.3 An extension to group actions on ordered spaces

Let I' be a group acting by order-preserving bijections on a totally ordered
space (2, <). A crossing for the action of I' on 2 is a 5-uple (f, g; u, v, w), where
f,g belong to I' and wu, v, w are in €, such that:

— It holds u < w < v;
— For every n € N, we have ¢"u <v and f™v > u;
— There exist M, N in N so that fYv < w < ¢Mu.

Analogous definitions of reinforced crossings and resilient pairs may be given.
Notice that for a left-ordered group (I', <), the notions of the preceding section
correspond to the above ones for the action by left-translations on the ordered
space (I', X).

For another relevant example, recall from Remark 2.1.6 that, given a <-convex
subgroup I'y of a left-ordered group (I', <), the space of left cosets 2 = I'/T’y
carries a natural total order < that is invariant by the left-translations. (Taking
[y as the trivial subgroup, this reduces to the preceding example.) Whenever
this action has no crossing, we will say that I' is a <-Conradian extension of
['g. Of course, this is the case of every convex subgroup I'y if < is Conradian.
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Remark 3.2.24. Let (T, <) be a left-ordered group, and let I'y be a <-convex subgroup.
Given any left-order <, on I'g, let <’ be the extension of <, by <. One readily checks
that I" is a <-Conradian extension of I'y if and only if it is a <’-Conradian extension
of it.

Exercise 3.2.25. Let I" be a subgroup of Homeo4 (R). Say that an open interval I is
an irreducible component of a nontrivial element g € I if it is fixed by g and contains
no fixed point inside. Equivalently, I is a connected component of the complement of
the set of fixed points of g.

(i) Show that if the action of I' is without crossings, then for any pair of different
irreducible components, either one of them contains the other, or they are disjoint.
(ii) Show that the converse of (i) also holds.

For a general order-preserving action of a group I' on a totally ordered space
(Q, <), the action of an element f €T is said to be cofinal if for all z < y in
there exists n €Z such that f"(z) > y. Equivalently, the action of f is not cofinal
if there exist < y in 2 such that f"(x) < y for every integer n. If (I', X) is a
left-ordered group, then f &1 is cofinal if it is so for the corresponding left action
of I" on itself.

Proposition 3.2.26. Let I' be a group acting by order-preserving bijections on
a totally ordered space (Q,<). If the action has no crossings, then the set of
elements whose action is not cofinal forms a normal subgroup of T'.

Proof. Let us denote the set of elements whose action is not cofinal by I'y. This
set is normal. Indeed, given g € 'y, let x < y in Q be such that ¢"(z) < y for all
n. For each h € T we have ¢"h~*(h(x)) < y, hence (hgh™1)"(h(x)) < h(y) (for
all n€Z). Since h(z) < h(y), this shows that hgh~' belongs to Ty.

It follows immediately from the definition that I'y is stable under inversion,
that is, g~! belongs to I'y for all g€T'y. The fact that Iy is stable under multipli-
cation is more subtle. For the proof, given x € ) and g € I'y, we will denote by
I,(x) the convex closure of the set {g"(x): n € Z}, that is, the set formed by
the y € Q for which there exist m,n in Z so that ¢"(x) <y < ¢"(z). Notice that
I,(z) = I,(2) for all 2’ € I,(x). Moreover, I,-1(z) = I,(z) for all geT'y and all
x €. Finally, if g(x) = =, then [,(x) = {z}. We claim that if I (z) and I;(y) are
non-disjoint for some x, y in €2 and f, g in [y, then one of them contains the other.
Indeed, assume that there exist non-disjoint sets I¢(y) and I,(x), none of which
contains the other. Without loss of generality, we may assume that /,(z) contains
points to the left of I;(y) (if this is not the case, just interchange the roles of f
and ¢). Changing f and/or g by their inverses if necessary, we may assume that
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g(x) > x and f(y) < y, thus g(2’) > 2’ for all 2’ € [,(z), and f(y') < ¢’ for all
y € 1,(f). Take u € I,(2)\ I;(y), w € I,(z) N 1;(y), and v € I;{y)\ I, (). Then
one easily checks that (f,g;u,v,w) is a crossing, which is a contradiction.

Now, let g, h be elements in I'g, and let 1 < y; and x5 < ys be points in €
such that ¢"(x1) < y; and h™(z3) < yo, for all n €Z. Set x := min{x, o} and
y = max{yy,y2}. Then ¢"(z) <y and h"(x) < y, for all n € Z; in particular, y
does not belong to neither I (x) nor I(x). Since z belongs to both sets, we have
either I,(x) C Iy(x) or I(z) C I,(x). Both cases being analogous, let us consider
only the first one. Then for all 2’ € I,(z) we have [,(2") C I,(z') = I,(z). In
particular, h*!(z2’) belongs to I,(z) for all 2’ € I,(x). Since the same holds for
g*!(2'), this easily implies that (gh)"(x) € I,(x), for all n € Z. As a consequence,
(gh)™"(x) < y holds for all n € Z, thus showing that gh belongs to I'y. O

Slightly extending Example 2.1.1, a convex jump of a left-ordered group
(I, %) is a pair (G, H) of distinct <-convex subgroups such that H is contained
in (G, and there is no <-convex subgroup between them.

Theorem 3.2.27. Let (I', <) be a left-ordered group, and let (G, H) be a convex
gump in I'. Suppose that G is a Conradian extension of H. Then H is normal in
G, and the left-order induced by < on the quotient G/H is Archimedean.

Proof. Let us consider the action of G on the space of cosets G/H. Each element
of H fixes the coset H, hence its action is not cofinal. If we show that the action of
each element in G\ H is cofinal, then Proposition 3.2.26 will imply the normality
of H in G.

Now given f € G\ H, let G be the smallest convex subgroup of G containing
(H and) f. We claim that G coincides with the set

Sp={geG: f" < g =< f" for some m,n in Z}.

Indeed, Sy is clearly a convex subset of G containing H and contained in Gy.
Thus, for showing that Gy = Sy, we need to show that S is a subgroup. To do
this, first notice that, with the notation of the proof of Proposition 3.2.26, the
conditions g € Sy and I,(H) C I;(H) are equivalent. Therefore, for each g € S
we have [,-1(H) = I,(H) C I;(H), thus g~' € Sy. Moreover, if g is another
element in Sy, then ggH € g(I;(H)) = I;(H), hence I;,(H) C If(H). This
means that gg belongs to Sy, thus concluding the proof that Sy and G coincide.

Each f € G\ H leads to a convex subgroup Gy = Sy strictly containing
H. Since (G, H) is a convex jump, we necessarily have Sy = G. Given ¢; < ¢o
in G, choose mqy,ny in Z for which f™ < ¢; and go < f". Then we have
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fremmigy = fremmafmi — fn2 o gy hence 27" (g1H) > goH. This easily
implies that the action of f is cofinal.

We have then showed that H is normal in G. The left-invariant total order
on the space of cosets G/H is therefore a group left-order. Moreover, given f, g
in G, with f ¢ H, the previous argument shows that there exists n €Z such that
f" =g, thus f"H = gH. This is nothing but the Archimedean property for the
induced left-order on G/H. O

Corollary 3.2.28. Under the hypothesis of Theorem 3.2.27, up to multiplication
by a positive real number, there exists a unique homomorphism 7: G — (R, +)
such that ker(t)=H and 7(g) >0 for every positive element g € G\ H.

The homomorphism 7 above will be referred to as the Conrad homomor-
phism associated to the corresponding Conradian extension (jump).

Exercise 3.2.29. Let I" be a subgroup of Homeo, (R). Show that the action of g € T
is not cofinal if and only if g has fixed points on the line. If T" is finitely generated
and acts without crossings, show that the normal subgroup formed by the elements
having fixed points has global fixed points. If the action corresponds to the dynamical
realization of a left-order =<, show that this subgroup coincides with the kernel of the
Conrad homomorphism associated to the convex jump with respect to the maximal
proper =<-convex subgroup (c.f. Example 2.1.2).

C-orderability implies local indicability. Let < be a Conradian order on
a group I'. Let Iy be a nontrivial subgroup of I' generated by finitely many
positive elements f; < ... < fi. Let I'; (resp. I'/) be the largest (resp. smallest)
convex subgroup which does not contain f := f; (resp. which contains f). By
the corollary above, there exists a nontrivial homomorphism 7: '/ — (R, +) such
that ker(7)=1I";. This shows that I is locally indicable.

Remark 3.2.30. The homomorphism 7 produced above respects orders: if f < g, then
7(f) < 7(g). Moreover, it is trivial when restricted to the maximal convex subgroup.
As commutators are mapped into zero by 7, we conclude that every element in [I',T]
is strictly smaller than any other element f satisfying 7(f) > 0.

We close this section with the following analogue of Proposition 2.1.7.

Proposition 3.2.31. Let I' be a C-orderable group, and let {I'y: A\ € A} be a
family of subgroups each of which is convex with respect to a C-left-order <.
Then there ezists a C-left-order on I' for which the subgroup (1, '\ is convez.
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The proof is based on a result concerning left-orders obtained from actions on
a totally ordered space.

Proposition 3.2.32. Let I' be a group acting faithfully by order-preserving trans-
formations on a totally ordered space (£, <). If the action has no crossings, then
all induced left-orders on I' are Conradian.

Proof. Suppose that the left-order < on I' induced from the action via a well-
order <y, on €2 (c.f. §1.1.3) is not Conradian. Then there are <-positive elements
fyg in T" such that fg" < g, for every n € N. This easily implies f < g. Let
w = ming, {ws,w,}. (Recall that wy := mine, {w: f(w) # w}, and similarly

for w,.) We claim that (fg, fg* w, g(w), fg*(w)) is a crossing for the action.
Indeed:

~ From id < f < g we obtain w = wy <., wy and g(w) > w; moreover f(w) > w,
which together with f¢g" < ¢ yield

w < fg*(w) < g(w).

— The preceding argument actually shows that f¢"(w) < g(w), for all n € N.
As a consequence, fg?fg*(w) < fg*(w) < g(w). A straightforward inductive
argument then shows that (fg¢?)"(w) < g(w), for all n € N. Moreover, from
g(w) > w and f(w) > w, we conclude that w < (fg)"(g(w)).

— Finally, w < fg*(w) implies fg?(w) < fg*(fg*(w)) = (fg*)*(w), whereas
fg?*(w) < g(w) implies (f9)*(9(w)) = fg(fg*(w)) < fg(g(w)) = fg*(w). O

The proof of Proposition 3.2.31 proceeds as that of Proposition 2.1.7. We
consider the left action of I' on Q := [[, ., I'/T'y x I' endowed with the lexico-
graphic order. The stabilizer of ([id)])rea x I' coincides with (), I'y, which may
be made convex for an induced left-order < on I"'. Now the main point is that,
as the action of I" on each I'/T"y has no crossings, the same holds for the action
of I on €. By Proposition 3.2.32, the left-order < is Conradian, thus concluding
the proof.

Exercise 3.2.33. Prove the following converse to Proposition 3.2.32: If (I, <) is a
countable C-ordered group, then its dynamical realization is an action on the real line
without crossings (c.f. §1.1.3).



3.2. THE CONRAD PROPERTY 107

3.2.4 The Conradian soul of a left-order

A subgroup of a left-ordered group (I", <) will be said to be Conradian if the
restriction of < to it is a Conradian order.

Definition 3.2.34. The Conradian soul C<(I') of (I', <) is the (unique) sub-
group that is <-convex, <-Conradian, and that is maximal among subgroups
verifying these two properties simultaneously.

Example 3.2.35. Recall from Example 3.2.7 that the commutator subgroup [Bs, B3]
is free in o105 L and 0%0’2_ 2. Denote by < the restriction of the Dehornoy left-order to
[B3,B3]. As we show below, < has no proper convex subgroups.? Since, as it is easily
shown, < is non-Conradian (compare Example 3.2.16), its Conradian soul is trivial.

Let C C Fy = [B3, B3] be a nontrivial convex subgroup. Clearly, we may choose a
1-positive o € Fy. If 0 commutes with o9, then one may show that o is of the form
o= A2pag for some integers p, ¢ satisfying 3p = —¢g > 0, where A = g10901. We thus
have A% < A%g, 0 — 52, Since A? is cofinal for the Dehornoy left-order and central,
o is cofinal as well. Since C' is a convex subgroup containing C', it must coincide with
Fs.

Suppose now that o and o2 do not commute. By the Subword Property (c.f. §1.2.6),
for every k > 0 the braid o050~ is 1-positive, as well as 0050_102_]“. Next, 050_102_]€
is 1-negative, so that 00’50_102_k < 0. By convexity, 0_012@0—102—1% must lie in C'. Since
o € C, both dko~ o5 % and oo, belong to C. Now o may be represented as 0§ oy w,
where m is an integer, and w is a 1-positive, 1-neutral, or empty word. Choose k£ > 0
so that m' = k+m > 0, and set o’ := 05002_]“. We know that ¢’ lies in C, and
it may be represented by the 1-positive braid word Jgalwag k. We will now proceed
to show that C' must contain both generators of Fo, thus C' = Fy. First notice that

ooy obo ) woy® = ou(o9atoy woy ¥ is 1-positice. Therefore,
id < Ugaflagalwaz_k = 0102_1 =< Ugalwaz_k =0 €C,

and since id < 01045 ! this implies that 0105 L ¢ C by convexity. Concerning the second
generator 070, 2, observe that

J%Ul_lal_lagalwo*;k = 0'%01_1020{02_11002_]“ = J%Ugalaz_laf_laz_lwagk
is 1-positive. Thus,
id < o307 20so1woy® = oloy? < osoyway” =B € C,

and since 1 < o705 2, we conclude from the convexity of C' that 07052 € C.

2This example is due to Clay [45]. However, the existence of a left-order on Fo with no proper
convex subgroups also follows from the work of McCleary [136]. See also [159] for left-orders
on braid groups without proper convex subgroups.
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Example 3.2.36. The Conradian soul of <, on B,, is the cyclic subgroup generated
by o,—1. Indeed, this follows from the facts that the only =<,-convex subgroups of
B, are {id}, {(op—1), (Op—2,0n-1), ..., (02,...,0n—1) and B, itself, and that the
restriction of <, to (op_2,0n,-1) ~ B3 is not Conradian (c.f. Example 3.2.16). Let
us examine the case of B3 by denoting a = o101 and b = o5 1. (For a general B,
one uses a similar argument together with Theorem 2.2.44.) Recall that the family of
=< ,-convex subgroups coincides with that of < -convex ones. Clearly, (b) does not
properly contain any nontrivial convex subgroup. Suppose that there exists a <, -
convex subgroup B of B3 such that (b) C B C Bs. Let =/, <" and <", be the
left-orders defined on (b), B, and B3, respectively, by:

— <’ is the restriction of <, to (b);

— <" is the extension of <’ by the restriction of <__ to B;

— <" is the extension of <" by <, .

The left-order <" is different from <,, (the =<, -negative elements in B\ (b) are
=<"-positive), but its positive cone still contains the elements a,b. Nevertheless, this is
impossible, since these elements generate the positive cone of <.

Exercise 3.2.37. Let I', := C<(I') be the Conradian soul of a left-ordered group
(T, <). Show that, for any Conradian order =<, on I',, the extension of <, by =< has
Conradian soul T',.

To give a dynamical counterpart of the notion of Conradian soul in terms of
crossings, we consider the set C'* formed by the elements h>id such that h < w
for every crossing (f, g; u, v, w) satisfying id < u. Analogously, we let C~ be the
set formed by the elements h < id such that w < h for every crossing (f, g; u, v, w)
satisfying v = id. Finally, we let

C:={idfuCctucC-.

A priori, it is not clear that the set C' has a nice structure (for instance, it is not
at all evident that it is a subgroup). Nevertheless, we have the following

Theorem 3.2.38. The Conradian soul of (I', X) coincides with the set C' above.

Before passing to the proof, we give four general lemmas on crossings for
left-orders (notice that the first three lemmas still apply to crossings for actions
on totally ordered spaces). The first one allows us replacing the “comparison
element” w by its “images” under positive iterates of either f or g.
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Lemma 3.2.39. If (f,g;u,v,w) is a crossing, then both (f,g;u,v,g"w) and
(f,g;u,v, f"w) are also crossings, for every n€N.

Proof. We only consider the first 5-uple (the other is analogous). Since gw = w,
for every n € N we have u < w < ¢"w; moreover, v = ¢M*"y = g"g™u = g"w.
Hence, u < ¢g"w < v. Furthermore, f¥v < w < g"w. Finally, from ¢Mu = w
we get Mty - g"w. O

Our second lemma allows replacing the “limiting” elements v and v by more
appropriate ones.

Lemma 3.2.40. Let (f, g;u,v,w) be a crossing. If fu > u (resp. fu < u) then
(f,q; [fu,v,w) (resp. (f,g; f"u,v,w)) is also a crossing for everyn > 1. Anal-

ogously, if gv < v (resp. gv = v), then (f,g;u, g"v,w) (resp. (f,g;u, 9 "v,w))
1s also crossing for everyn > 1.

Proof. Let us only consider the first 5-uple (the second case is analogous).
Suppose that fu > u (the case fu < u may be treated similarly). Then f"u > u,
which yields g™ f*u > ¢™u > w. To show that f"u < w, assume by contradiction
that f"u > w. Then f™u > fNv yields v = fN~"v, which is absurd. O

The third lemma relies on the dynamical nature of the crossing condition.

Lemma 3.2.41. If (f, g;u,v,w) is a crossing, then (hfh=t, hgh™'; hu, hv, hw) is
also a crossing, for every h € T'.

Proof. The three conditions to be checked are nothing but the three conditions
in the definition of crossing multiplied by A on the left. U

A direct application of the lemma above shows that, if (f, g; u, v, w) is a cross-

ing, then the 5-uples (f, f"gf™"; f"u, f"v, f"w) and (¢" fg™", g; g"u, g"v, g"w) are
also crossings, for every n € N.

Lemma 3.2.42. If (f,g;u,v,w) is a crossing and id = hy < hy_are elements in
[' such that hy € C and hy ¢ C, then there exists a crossing (f,g;u,0,w) such
that hy < 1 < v < hsy.

Proof. Since id < hy ¢ C, there must be a crossing (f, g;u,v,w) such that
id < u < w < hy. Fix N € N such that f¥v < w, and consider the crossing

(f, g, 0,@) = (f, fNgf 5 N, Mo, fPw).
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Notice that ¥ = f¥v < w < hy. We claim that Ay < w = fNw. Indeed, if
fN¥u = wu then f"u = id, and by the definition of C' we must have h; =< .
If fNu < u, then we must have fu < w, thus by Lemma 3.2.40 we know that
(f,g;u,v,w) is also a crossing, which still allows concluding that hy < .

Now, for the crossing (f, g; u, v, w), there exists M € N such that v < gM.
Let us consider the crossing (g fg=,g;gMu, g™v, g™w). If g™v < v, then
g™ < hy, and we are done. If not, then we must have §o = 0. By Lemma 3.2.40,
(G fg=™, g, gMu, g™v,w) is still a crossing, and since ¥ < hy, this concludes the
proof. O

Proof of Theorem 3.2.38. The proof is divided into several steps.

Claim (i). The set C' is convex.
This follows directly from the definition of C.

Claim (ii). If h belongs to C, then h™! also belongs to C.

Assume that h € C is positive and h~! does not belong to C. Then there
exists a crossing (f, g;u, v, w) such that h™! < w < v < id.

We first notice that, if =% < wu, then after conjugating by h as in Lemma
3.2.41, we get a contradiction because (hgh™, hfh™'; hu, hv, hw) is a crossing
with id < hu and hw < hv < h. To reduce the case A~ > wu to this one, we
first use Lemma 3.2.41 and consider the crossing (¢ fg=, g; gMu, g™v, g™ w).
Since h7!' < w < ¢Mu < gMw < ¢Mv, if g™v < v then we are done. If not,
Lemma 3.2.40 shows that (¢™ fg=™, g; g™u, g™v, w) is also a crossing, which still
allows concluding.

In the case where h € C' is negative, we proceed similarly but we conjugate
by fV instead of ¢™. Alternatively, since id € C' and id < h™', if we suppose
that h=! ¢ C then Lemma 3.2.42 provides us with a crossing (f, g; u, v, w) such
that id < u < w < v < h~!, which gives a contradiction after conjugating by h.

Claim (iii). If h and h belong to C, then hh also belongs to C.

First, we show that for every pair of positive elements in C', their product
still belongs to C. (Notice that, by Claim (ii), the same will be true for pairs
of negative elements in C.) Indeed, suppose that h,h are positive elements,
with h € C but hh ¢ C. Then, by Lemma 3.2.42, we may produce a crossing
(f,g;u,v,w) such that h < u < v < hh. After conjugating by h~', we obtain
the crossing (h='fh, h~tgh; h~'u, h~'v, h~'w) satisfying id < h~'u < h™'w < h,
which shows that h ¢ C.

Now, if h < id < h, then h < hh. Thus, if hh is negative, then the convexity
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of C yields hh € C. If hh is positive, then h~'h™! is negative, and since A~ <
h='h~!, the convexity gives again that h~'h~', hence hh, belongs to C. The
remaining case h < id < h may be treated similarly.

Claim (iv). The subgroup C' is Conradian.

In order to apply Theorem 3.2.12, we need to show that there are no cross-
ings in C. Suppose by contradiction that (f,g;u,v,w) is a crossing such that
fyg,u,v,w all belong to C. If id < w then, by Lemma 3.2.41, we have that
(g"fg™™, g; g™u, g"v, g"w) is a crossing. Taking n = M so that ¢™u = w, this
contradicts the definition of C, because id < w < ¢Mu < gMw < ¢™v € C. The
case w = id may be treated analogously by conjugating by powers of f instead
of g.

Claim (v). The subgroup C'is maximal among =<-convex, <-Conradian subgroups.

Indeed, if H is a subgroup strictly containing C', then there is a positive
element h€ H \ C. By Lemma 3.2.42, there exists a crossing (f, g;u, v, w) such
that id < u < w < v < h. If H is convex, then u, v, w belong to H. To conclude
that H is not Conradian, it suffices to show that f and g belong to H.

On the one hand, since id < u, we have either id < g < gu < v or id <
¢! < g7'u < v. In both cases, the convexity of H implies that g belongs to
H. On the other hand, if f is positive, then from f~ < fNv < w we get f € H,
whereas in the case of a negative f, the inequality id < u gives id < f~! <
f~'u < v, which still shows that f € H. O

3.2.5 Approximation of left-orders and the Conradian soul

The notion of Conradian soul was introduced in [153] as a tool for leading with
the problem of approximating a group left-order by its conjugates. We begin with
the case of trivial Conradian soul. (Compare Proposition 3.3.3 and its proof.)

Theorem 3.2.43. If the Conradian soul of an infinite left-ordered group (I', <)
15 trivial, then = may be approximated by its conjugates.

We will give two different proofs for this theorem, each of which gives some
complementary information. The first one, due to Clay [46], shows that every left-
order which is not approximated by its conjugates admits a nontrivial, convex,
bi-ordered subgroup. This may also be obtained by using the method of the
second proof below (which is taken from [158]) under the stronger assumption
that < is isolated in LO(I"). Nevertheless, though more elaborate than the first
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(it uses the results of the preceding section), this second proof is suitable for
generalization in the case where the Conradian soul is “almost trivial” (i.e. it is
nontrivial but admits only finitely many left-orders; see Theorem 3.2.46 below).

First proof of Theorem 3.2.43. Suppose that < cannot be approximated by
its conjugates, and let gy, ..., g; be finitely many positive elements such that the
only conjugate of < lyingin V,, N...NV,, is < itself. (Recall that V, denotes the
set of left-orders making ¢ a positive element.) For each index ¢ € {1,...,k}, let

B;r:{hef‘:z’djhjgi"forsomeneN},

BZ-:{heF:g;mjhjgznforsomem,ninN}.

Claim (i). For some je{1,...,k} we have h™'PZh = PJ for every h € B .

If not, then for each i there exists h; € I' such that id < h; < ¢;" for some
n; € Nand h;'PTh; # PY. Let h := min{hy,...,h;}. Then h™'PITh # PZ.
Moreover, h < g/ for each i, thus h™'¢/" > id. Since h is necessarily positive,
this yields h='g/"h = id, which implies h™'g;h = id, that is g; € h"'PZh. Since
this holds for every i, by hypothesis the conjugate left-order <;,-1 must coincide
with <, which is a contradiction.

Claim (ii). All elements in B stabilize PZ (under conjugacy).

Indeed, from ¢;™ < h < g we obtain id < gi*h < gj"™". Thus, g/*h
belongs to B;r. Since gi" also belongs to B;r, by Claim (i) above we have

(97"h) "' P (gj"h) = PL,  g;"PZgf" =PX.

This easily yields h~'PZh = PJ, which in its turn implies hPTh™' = PJ.

Claim (iii). The set B, is a =<-convex subgroup of I', and the restriction of < to
it is a bi-order (hence a C-order).

The convexity of B; as a set is obvious. Now, for each h € Bj, the relations
g; " = h =g} and hPIh™" = P easily yield gi* = h > g7, thus showing that
h~' € B;. Similar arguments show that hyhy belongs to B; for all hy, hy in B},
as well as the bi-invariance of the restriction of < to B;T ) O

Second proof of Theorem 3.2.43. Let f; < fo < ... < fi be finitely many
positive elements of I'. We need to show that there exists a conjugate of < that
is different from < but for which all the f;’s are still positive.

Since id € C<(I") and f; ¢ C<(I"), Theorem 3.2.38 and Lemma 3.2.42 imply
that there is a crossing (f, g;u, v, w) such that id < u < v < f;. Let M, N in
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N be such that f¥v < w < ¢™u. We claim that id <, f; and id <,, f; hold for
all 1 < i <k, but gMfN <, id and g™ fN =, id. Indeed, since id < v < f;,
we have v < f; < fiv, thus id < v~! fjv. By definition, this means that f; >, id.
The inequality f; =, id is proved similarly. Now notice that g™ fNv < ¢Mw < v,
hence g™ fV <, id. Finally, from ¢™ fNw = ¢Mu = w we deduce g™ fV =, id.
Now the preceding relations imply that the f;’s are still positive for both <,-1
and =<,,-1, but at least one of these left-orders is different from <. This concludes
the proof. O

We next deal with the case where the Conradian soul is nontrivial but admits
finitely many left-orders (i.e. it is a Tararin group; see §2.2.1). It turns out
that, in this case, the left-order may fail to be an accumulation point of its
conjugates. A concrete example is given by the D D-left-order on B,,. Indeed,
its Conradian soul is isomorphic to Z (c.f. Example 3.2.36), though it is an
isolated point of the space of braid left-orders because its positive cone is finitely
generated (c.f. §2.2.3). Now the D D-left-order has the Dehornoy left-order <,
as a natural “associate”, in the sense that the latter may be obtained from the
former by successive flipings along convex jumps. For the case of Bs, this reduces
to changing the left-order on the Conradian soul in the unique possible way. As
shown below, < is an accumulation point of its conjugates. Moreover, there is
a sequence of conjugates of <, that converges to <, as well.

Example 3.2.44. The sequence of conjugates <; of <, by 0%01_ !

a nontrivial way. Indeed, if w = 05 for some k > 0, then

converges to =, in

0'1_10'%11)0'2_]0'1 = 01_101501 = O'QO'IfO'2_1 =, id.
If, on the other hand, w is a oy-positive word, say w = o¥lo10%2 ... o106 then
s s 1-P y Say W = 097 0109" ... 09 192
1 1 ke i j _ ko _
o1 laéwa2 loy =0y 10%05101052 .05 1010126‘02 ‘o = 0'20'{+k10'2 1052 .05 1010126‘02 "oy
Thus, o10,’woloy is 1-positive for sufficiently large j (namely, for j > —kq). This

proves the desired convergence. Finally, =<; is different from <, for each positive
integer j, since its smallest positive element is the conjugate of o9 by 0’10’%, and this is
different from the smallest positive element of <, namely o2. We leave to the reader
the task of checking that the sequence of conjugates of <, by o lag converges to <,

as well.

Remark 3.2.45. The Bs-case of the preceding example can be generalized as follows:
For all m,n larger than 1, with (m,n) # (2,2), the left-order < on Gy, = (a,b:
(ba™~1"=1p = @) with positive cone (a,b)* given by Theorem 2.2.47 has Conradian
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soul (b) ~Z. Flipping this order on the Conradian soul yields a left-order <’ that is
accumulated by its conjugates. Moreover, there is a sequence of conjugates of < that
also converges to <’. See [151] as well as [102, 103, 104] for more on this and related
examples.

It turns out that the phenomenon described above for braid groups occurs for
general left-ordered groups. To be more precise, let I' be a group having a left-
order < whose Conradian soul admits finitely many left-orders <, <o, ..., <on,
where = is the restriction of < to its Conradian soul. Each =<; induces a left-order
=<7 on T, namely the convex extension of =, by <. (Notice that <! coincides with
=.) All the left-orders =<’ share the same Conradian soul (c.f. Exercise 3.2.37).
Assume throughout that < is not Conradian, which is equivalent to that I' is not
a Tararin group.

Theorem 3.2.46. With the notation above, at least one of the left-orders <7 is
an accumulation point of the set of conjugates of <.

Corollary 3.2.47. At least one of the left-orders =<7 is approzimated by its con-
jugates.

Proof. Assuming Theorem 3.2.46, we have that <* belongs to the set of accumu-
lation points acc(orb(=')) of the orbit of <! for some k in {1,...,2"}. Theorem
3.2.46 applied to this <* instead of < shows the existence of ¥’ € {1,...,2"} so
that <¥'€ acc(orb(=*)), and hence <¥'€ acc(orb(=')). If k' equals either 1 or k
then we are done; if not, we continue arguing in this way... In at most 2" steps
we will find an index j such that </€ acc(orb(=7)). O

Theorem 3.2.46 will follow from the next

Proposition 3.2.48. Given an arbitrary finite family G of =-positive elements
in T, there exists h € T' and a positive h ¢ C<(T) such that id < h=' fh ¢ C<(T')
for all f € G\ C<(T), but id = h™'hh ¢ C<(T).

Proof of Theorem 3.2.46 from Proposition 3.2.48. Let us consider the
directed net formed by the finite sets G of <-positive elements. For each such a G,
let hg and hg be the elements in I' provided by Proposition 3.2.48. After passing
to subnets of (hg) and (hg) if necessary, we may assume that the restrictions of
=hg to C<(I") all coincide with a single <;. Now the properties of hg and hg
imply:
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—f>7id and f (=), 4d, forall feG\C(I);
- }_lg > 1d, but }_lg (%j)hg < 1id.
This clearly shows the theorem. 0

For the proof of Proposition 3.2.48 we will use some lemmas.

Lemma 3.2.49. For everyid < ¢ ¢ C<(I"), there is a crossing (f, g;u,v,w) such
that u,v,w do not belong to C<(I") and id < u < w < v < c.

Proof. By Theorem 3.2.38 and Lemma 3.2.42, for every id < s € C<(I") there
exists a crossing (f, g;u, v, w) such that s < u < w < v < ¢. Clearly, v does not
belong to C<(I"). The element w is also outside C<(I'), as otherwise the element
a = w? would satisfy w < a € C<(T'), which is absurd. Taking M > 0 so that
gMu = w, this gives g¥u ¢ C<(T), gMw ¢ C<(T), and gMv ¢ C<(T'). Consider
the crossing (¢M fg=™, g; g™u, gMv, gMw). If g"v < v, then we are done. If not,
then gv = v, and Lemma 3.2.40 ensures that (¢™ fg=, g; gMu, v, g"w) is also a
crossing, which still allows concluding. 0]

Lemma 3.2.50. Given id < ¢ ¢ C<(I"), there ezistsid < a ¢ C<(I") (witha < ¢)
such that, for all id 2 b < a and all ¢ = ¢, one has id < b='cb ¢ C<(T).

Proof. Let us consider the crossing (f, g;u, v, w) such that id < u < w < v < ¢
and such that u,v,w do not belong to C<(I'). We affirm that the lemma holds
for @ := wu. Indeed, if id < b <X wu, then from b < u < v < ¢ we obtain
id < b~lu < b~v < b~'¢, thus the crossing (b= fb, b= gb; b~ u, b~ v, b~ w) shows
that b='¢ ¢ C<(T). Since id < b, we conclude that id < b~'¢ < b~'eb, and the
convexity of S implies that b='cb ¢ C<(T). O

Lemma 3.2.51. For every g € I, the set g C<(I") is convezx. Moreover, for every
crossing (f, g;u,v,w), one has uC<(I') < wCx(I") < vC<(I'), in the sense that
uhy < why < Uhg fOT all hl, hg, hg m C’j(F)

Proof. The verification of the convexity of gC<(I") is straightforward. Suppose
next that uh; > why for some hy, hy in C<(I'). Then, since v < w, the convexity
of both left classes uC<(I') and wC<(I") gives the equality between them. In
particular, there exists h € C(I') such that uh = w. Notice that such an h must
be positive, hence id < h = u~'w. But since (u™! fu, v gu;id, u v, v w) is
a crossing, this contradicts the definition of C<(I'). The proof of the fact that
wC<(I") < vC<(I) is similar. O
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Proof of Proposition 3.2.48. Indexing the elements of G={fi,..., f,} so that
fi < ... < fr, let k be such that fr_; € C<(T') but fi ¢ C<(I'). Recall that, by
Lemma 3.2.50, there exists id < a ¢ C<(I") such that, for every id < b < a, one
has id < 0! fi4 ;b ¢ C<(T) for all j > 0. We fix a crossing (f, g; u, v, w) such that
id < u <v < aand u ¢ C(T). Notice that the conjugacy by w™! yields the
crossing (w™! fw, w™gw; wtu, w v, id).

Case I. One has w™'v < a.

In this case, we claim that the proposition holds for the choice h := w~'v and
h = w lgM*1 fNo. To show this, first notice that neither w='gw nor w='fw
belong to C<(I'). Indeed, this follows from the convexity of C<(I') and the
inequalities w™lgMw < w™lu ¢ C<(T) and w™'fMw = wlv ¢ C(I).
We also have id < w= g™ fNw, hence id < wlgw < w g™ fNw, which
shows that h ¢ C<(I"). Moreover, the inequality w™'¢™* fNw(w1v) < wv
can be written as h™'hh < id. Finally, Lemma 3.2.39 applied to the cross-
ing (w™!fw,w gw;wu,w v, id) shows that, for every n € N, the 5-uple
(w™ fw, wgw; w™tu, w o, wgM T fNyw) is also a crossing. For n > M we
have w=LgM Tt fNw(wtv) < w=tgM* fNyw. Since w™tgM+" fNw < w™lv, Lemma
3.2.51 easily implies that w™1g™ T fNw(w=tv)C<(T') < wlvC<(T), which yields
h=hh ¢ C(T).
Case II. One has a < w™v and w™tg™w < a, for all m > 0.

We claim that, in this case, the proposition holds for the choice h := a
and h = w lgM*t!fNy. This may be checked in the very same way as in

Case I by noticing that, if @ < w™'v but w™'¢g™w > a for all m > 0, then
(w™ fw, w™lgw; w™tu, a,id) is a crossing.

Case III. One has a < w™'v and w™'¢g™w > a for some m > 0. (Notice that the
first condition follows from the second one.)

~ We claim that, in this case, the proposition holds for the choice h := a and
h:=w ¢ C<(I'). Indeed, we have g"w = ha (and w < ha). Since g™"w < v < a,
we also have wa < a, which means that h=*hh < id. Finally, from Lemmas 3.2.39
and 3.2.51, we obtain

waC’j (F) = gmej(F> =< UCj (F) < CLCj (F)
This implies that a~'waC<(T') < C<(T'), which means that h=*hh ¢ C<(T). O

Remark 3.2.52. In the context of Theorem 3.2.46, it is possible that one of the
orders =7 may be not approximated by its conjugates despite being non-isolated. An
illustrative example of this fact for free groups is the subject of the Appendix of [158].



3.2. THE CONRAD PROPERTY 117

3.2.6 Groups with finitely many Conradian orders
The starting point of this section is the following

Proposition 3.2.53. Let I be a C-orderable group. If I' admits a Conradian
left-order having a countable neighborhood in LO(T"), then I' admits finitely many
left-orders.

Before showing this proposition, let us show how it leads to a

Proof of Theorem 2.2.9. We provide three different arguments (see §4.4.3
for still another one that gives supplementary information). First, as we saw
in §2.2.1, the proof is reduced to showing Proposition 2.2.10. So, let (I, <) be
a left-ordered group admitting a finite-index subgroup restricted to which < is
bi-invariant. By Proposition 3.2.9, the left-order < is Conradian. By Proposition
3.2.53, if I' admits infinitely many left-orders, then all neighborhoods of =< in
LO(I") are uncountable.

An alternative argument proceeds as follows. As was shown in §3.2.2; if a
group admits a non Conradian order, then it has uncountably many left-orders.
Assume that I' is left-orderable and all of its left-orders are Conradian. By
Proposition 3.2.53, if some of them has a countable neighborhood inside LO(T") =
CO(I') (in particular, if LO(I") is countable), then I' admits only finitely many
left-orders.

As a final argument, notice that Proposition 3.2.53 together with a convex
extension argument (c.f. Section 2.1.1) show that, if I" is a left-orderable group
such that LO(I") has an isolated point <, then the Conradian soul C<(I") cannot
have infinitely many left-orders. If C<(I') is trivial (resp. if it is nontrivial
and admits finitely many left-orders), then Proposition 3.2.43 (resp. Proposition
3.2.46) yields the existence of a left-order <, on I' that is accumulated by its
conjugates. As we have already remarked, the closure of the orbit under the
conjugacy action of such a left-order is uncountable. O

Proof of Proposition 3.2.53. Let I' be a group admitting a Conradian order
= having a countable neighborhood in LO(I'), say

Vin...nVy ={=" fi~"id forall ie{l,... k}}.

Claim (i). The chain of <-convex subgroups is finite.

Otherwise, there exists an infinite ascending or descending chain of convex
jumps I'y, < I'9" so that f,, ¢ I'" \ I'y, for every m,n. As in the proof of
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Proposition 2.2.17, for each 1= (iy,i5...)€{—1,+1} let us define the left-order
=<, on I' by:

— P; N (F \ (T9 \ an)) = P;r N (F \ (T'9» \an)), for each n € N;

~ P2, NI\ Ty, ) equals PZ N (I \ Ty ) (resp. PZ N (9 \Ty,)) if i, = +1
(resp. i, = —1).

This yields a continuous embedding of the Cantor set {—1,+1}" into LO(T).

Moreover, since f,, ¢ ['" \ ', for every m,n, the image of this embedding is
contained in V¢ M ...N Vy,. This proves the claim.

Claim (ii). Denote by {id} =T*<T* !t <...<I'® =T the chain of all X-convex
subgroups. Then each quotient I'"""1 /T is torsion-free, rank-1 Abelian.

If the rank of some I'"~! /T were larger than 1, then the induced left-order on
the quotient would be non-isolated in the space of left-orders of I'"~!/T"*. This
would allow to produce —by a convex extension type procedure— uncountably
many left-orders on any given neighborhood of <, which is contrary to our hy-
pothesis.

Claim (iii). In the series above, the group I'*~2 is not bi-orderable.

First notice that I'*~2 is not Abelian. Otherwise, it would have rank 2. This
would imply that every neighborhood of the restriction of < to I'*~2 is uncount-
able, which implies —by convex extension— the same property for <.

Now as in the case of Proposition 2.2.19, if I'*~2 were bi-orderable, then it
would be contained in the affine group Aff, (R). The space of left-orders of a
non-Abelian countable group inside Aff, (R) was roughly described in §1.2.2: it is
homeomorphic to the Cantor set. (See also §3.3.) In particular, no neighborhood
of the restriction of < to I'*~2 is countable, which implies ~by convex extension—
that the same is true for I'. For sake of completeness, we give an explicit sequence
of approximating left-orders. To do this, notice that, for some ¢ > 0, the group
I'*=2 can be identified with the group whose elements are of the form

ra~ (99,

where a € T*"! and k € Z. Let (ky,ay),...,(kn,a,) be an arbitrary family of

=<-positive elements indexed in such a way that k; = ks = ... = k., = 0 and
kry1 #0,...,k, # 0 for some re{l,...,n}. Four cases are possible:
(i) a3 >0,...,a,>0 and k.1 >0,...,k, > 0;

(i) a1 <0,...,a, <0 and k.1 >0,...,k,>0;



3.2. THE CONRAD PROPERTY 119

(iii) a1 >0,...,a.->0 and k.41 <0,...,k, <O0;
(iv) a1 <0,...,a, <0 and k.41 <0,...,k, <O.
As in §1.2.2, for each irrational number ¢, let <. be the left-order on <. whose

positive cone is
P ={(k,a): ¢"+ea>1}.

In case (i), for € positive and very small, the left-order <. is different from =<
but still makes positive all the elements (k;, a;). The same is true in case (ii)
for & negative and near zero. In case (iii), this still holds for the order <. when
¢ is negative and near zero. Finally, in case (iv), one needs to consider again
the order <. but for e positive and small. Now letting € vary over a Cantor set
formed by irrational numbers® very close to 0 (and which are positive or negative
according to the case), this shows that the neighborhood of (the restriction to
= of) < consisting of the left-orders on I'*~2 that make positive all the elements
(ki, a;) contains a homeomorphic copy of the Cantor set.

Claim (iv). The series of Claim (ii) is normal (hence rational) and no quotient
"2 /T is bi-orderable.

By Theorem 2.2.13, the group I'*~2 admits a unique rational series, namely
{id}<I*=1<T*=2. Since for every h € I'*~3 the series {id}<thI’*"'h~l<hI'*—2p~1
is also rational for I'*~2, they must coincide. Hence, the rational series

{idy «TF 1 k2 g3

is normal. Moreover, proceeding as in Claim (iii) with the induced left-order on
['*=3/T*=1 one readily checks that this quotient is not bi-orderable. Once again,
Theorem 2.2.13 implies that the rational series of I'*~3 is unique... Continuing
arguing in this way, the claim follows.

We may now conclude the proof of the proposition. Indeed, we have shown
that, if I" is a group having a C-order with a countable neighborhood in LO(T'),
then I" admits a rational series

{idy =TF <" ' <q... <" =T

such that no quotient I"""2? /T is bi-orderable. By Theorem 2.2.13, I has only
finitely many left-orders. U

3Take for example the set of numbers of the form 3, %, where i € {0, 1}, and translate
it by 325, 4%.2.
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We now turn to the study of the space of Conradian orders. The next result
from [173] is the analogue of Tararin’s theorem describing left-orderable groups
with finitely many left-orders; see §2.2.1.

Theorem 3.2.54. If a C-orderable group I' has only finitely many C-orders, then
it has a unique (hence normal) rational series {id}=T* <xT* 1< ... <T°=T. In
this series, no quotient T'"2 /T is Abelian. Conversely, if T' is a group admitting
a normal rational series {id} = T* aTF1 ... <% =T such that no quotient
[i=2/T% is Abelian, then the number of C-orders on T is 2%,

Proof. The proof will be divided into four independent claims.

Claim (i). If ' is a C-orderable group admitting only finitely many C-orders, then
for every C-order < on I'; the sequence of <-convex subgroups is a rational series.

Indeed, for each convex jump I'y <I'Y, we may flip the left-order on I'; to pro-
duce a new left-order (c.f. Example 2.1.4) which is still Conradian (c.f. Exercise
3.2.5). If there were infinitely many <-convex subgroups, then this would allow
to produce infinitely many C-orders on I'; contrary to our hypothesis. Let then

{idy =TFCr*'cC...Cc1’=r

be the sequence of all <-convex subgroups. As in the proof of Proposition 2.2.17,
I is normal in I'"! and T~ /T is torsion-free Abelian. The rank of this quotient
must be 1, as otherwise it would admit uncountably many orders, which would
allow to produce —by convex extension— uncountably many C-orders on I'.

Claim (ii). If a left-orderable group admits only finitely many C-orders, then it
has a unique (hence normal) rational series.

The proof is almost the same as that of Proposition 2.2.18. We just need
to change the word “left-order” by “C-order” along that proof, and replace the
(crucial) use of Proposition 2.1.7 by Proposition 3.2.31.

Claim (iii). If a group I with a normal rational series {id} = '*<I'<... <% =T
admits only finitely many C-orders, then no quotient "2 /T is Abelian.

First notice that every group admitting a rational series is C-orderable. Ac-
tually, using the rational series above, one may produce 2¥ Conradian orders on
. If one of the quotients I'""2/T"* were Abelian, then it would have rank 2, hence
it would admit uncountably many left-orders. This would allow to produce —by
convex extension— uncountably many C-orders on I'.

Claim (iv). If a group I has a normal rational series {id} = T*<I'<q... <% =T
such that no quotient I'"2/T"% is Abelian, then this series coincides with that
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formed by the <-convex subgroups, where < is any C-order on I'. In particular,
such a series is unique.

As we have already seen, the rational series above leads to 2% Conradian left-
orders. We have to prove that these are the only possible C-orders on G. To
show this, let < be a C-order on I'. By Claim (iii), there exist non-commuting
elements g € T'*"! and h € I'*2\ I'*"1. Denote the Conrad homomorphism
of the group (g,h) (endowed with the restriction of <) by 7. Then we have
7(9) = 7(hgh™) # 0. Since I'*7! is rank-1 Abelian, hgh™' must be equal to
g® for some rational number s # 1. Hence, 7(g) = s7(g), which implies that
7(g) = 0. Therefore, g" < |h| for every n € Z, where |h| := max{h™', h}. Since
['*=2/T*~! has rank 1, this actually holds for every h # id in %72\ I'*~1. Thus,
%=1 is <-convex in I'*72.

Repeating the argument above, though now with T'*=2/T'*=1 and I'*=3 /[k~1
instead of I'*~! and I'*~2, respectively, we see that the rational series we began
with is no other than the series given by the =<-convex subgroups. Since each
["~1 /T is rank-1 Abelian, if we choose g; € I'""!\ T for each 4, then any C-order
on I' is completely determined by the signs of these elements. This shows the
claim, and concludes the proof of Theorem 3.2.54. O

Example 3.2.55. The Baumslag-Solitar group BS(1,£) = {(a,b: aba™" = b*), £ > 2,
admits the rational series

{id} < ble) = (c: " = b for some integer i > 0) < BS(1,0),

which satisfies the conditions of Theorem 3.2.54. Therefore, it admits four C'-orders —all
of which are bi-invariant—, though its space of left-orders is uncountable (c.f. §1.2.2).
See §3.3.1 for more details on this example.

Example 3.2.56. Examples of groups having exactly 2¥ left-orders (hence 2¥ Con-
radian orders) were introduced in Example 2.2.14. Namely, one may consider Kj =
(ay,...,a | Rk), where the set of relations Ry is

a;rllaiaiﬂ = ai_l if ¢ <k, aia; = Qja; if |’L —j| > 2.

The existence of groups with 2¢ Conradian orders but infinitely many (hence uncount-
ably many) left-orders is more subtle. As we have seen in the preceding example, for
n = k this is the case of the Baumslag-Solitar groups BS(1,/¢) for ¢ > 2. To construct
examples for higher k having BS(1,¢) as a quotient by a normal convex subgroup, we
choose an odd integer ¢ > 3 and we let C),(¢) be the group

<c,b,a1,...,an ] che™? :bé, ca; = a;c, bapb™? :agl, ba; = a;b if i #£mn, Rn>.
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This corresponds to the set Z x Z[%] x Z" endowed with the product rule

/

m / m ! !
(c, g—k,al,...,an) . (c, W,al,...,an> =
m m
= <c+ d, ECW + o ,(=D)*a] +ar,. .., (=1)*™al 4+ ap_1, (=1)"al, + an).

Notice that this is well-defined, as (—1)™=(—1)™ whenever m/f* = m/¢* (it is here
where the fact that ¢ is odd becomes important). The group C,,(¢) admits the rational
series

{id} < (a1) < (a1, a9) < ... <U{ay,. .. an) < ag, ..., an, b121) < Cp(0).

By Theorem 3.2.54, it admits exactly 2”72 Conradian orders. However, it has BS(1, /)
as quotient by the normal convex subgroup K,. Since BS(1,¢) admits uncountably
many (left) left-orders, the same is true for Cy,(¢).

We close this section with a result (also taken from [173]) to be compared
with Theorem 2.2.9.

Theorem 3.2.57. Every C-orderable group admits either finitely many or un-
countably many C-orders. In the last case, none of these left-orders is isolated in
the space of C-orders.

To prove this theorem, we need the lemmas below.

Lemma 3.2.58. IfI" is C-orderable group such that CO(I') has an isolated point
=, then the family of <-convex subgroups (is finite and) is a rational series such
that no quotient of the form I'"2 /T is Abelian.

Proof. As in Claim (i) of Proposition 3.2.53, the family of <-convex subgroups
is finite, say
{idy =T"Ccr*'c...cr’=r.

Since < is Conradian, I'" is normal in I'"~! for each i. The proofs of that Fi_l/Fi
has rank-1 and no quotient I'"~2/T" is Abelian are similar to those of Theorem
3.2.54, and we leave them to the reader. O

Lemma 3.2.59. For any C-orderable group whose space of C-orders has an iso-
lated point <, the rational series formed by the <-convex subgroups is normal.
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Proof. The proof is by induction on the length %k of the rational series. For
k = 1, there is nothing to prove; for £k = 2, the series is automatically normal.
Assume that the claim of the lemma holds for k&, and let

{idy =T"" aThq... ' I =T (3.4)

be the rational series of length k + 1 associated to a C-order on a group I' that
is isolated in CO(I"). Notice that the truncated chain of length &

{id} =" <aTrF ... <T? (3.5)

is a rational series for I't. Moreover, this series is associated to a C-order on I'
(namely the restriction of <) that is isolated in CO(T'!) (otherwise, < would be
non-isolated in CO(I")). By the inductive hypothesis, this series is normal. By
the preceding lemma, for each i € {3,...,k + 1}, the quotient I"""2/T" is non-
Abelian. We are hence under the hypothesis of Theorem 3.2.54, which allows us
to conclude that this is the unique rational series of I'!.

Now, since I'! is normal in I', for each h € I, the conjugate series

{id} = hT* A=t qhl*h "t <. < AR =T

is also a rational series for I''. By the uniqueness above, this series coincides with
(3.5). Therefore, (3.4) is a normal rational series. O

The proof of Theorem 3.2.57 is now at hand. Indeed, the two preceding
lemmas imply that, if a C-orderable group admits an isolated C-order, then it
has a normal rational series satisfying the hypothesis of Theorem 3.2.54, thus it
has finitely many C-orders. If, otherwise, no C-order is isolated in the space of
C-orders, then this is a Hausdorff, totally disconnected, topological space without
isolated points, hence uncountable ([95, Theorem 2-80]).

Exercise 3.2.60. By slightly pursuing on the arguments above, show the following ana-
logue of Proposition 3.2.53: If a C-orderable group admits infinitely many C-orders,
then every neighborhood of such a left-order in the space of Conradian orders is un-
countable.

3.3 An Application: Ordering Solvable Groups

3.3.1 The space of left-orders of finite-rank solvable groups

Following [174], we will see in §3.3.2 that the space of left-orders of a countable
left-orderable virtually-solvable group has no isolated point, except for the cases
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where it is finite that are described in §2.2.1. This result requires both algebraic
and dynamical issues. As a major particular case, here we focus on finite-rank
solvable groups and their finite extensions, for which the result above will follow
from a rough classification of all actions on the line without global fixed points.
As concrete relevant examples, we will treat the cases of the Baumslag-Solitar
groups and the groups Sol at the end of this section.

Recall that a group I' is said to be wvirtually finite-rank solvable if it
contains a finite-index subgroup [ that admits a normal series

{idy =T"<aTI<...aI°=T

in which every quotient I'"! /T; is finite-rank Abelian.* (Notice that such a group
[ is necessarily countable.) The number 3. rank(I"~'/T%) is independent, from
both the finite-index subgroup and the normal series chosen. (In particular, we
can —and we will- take I' as being normal in I'.) We call this number the rank of
I'. We leave to the reader the task of checking that this number strictly decreases
when passing to either an infinite-index subgroup or to a quotient by an infinite
subgroup. (See [176] in case of problems.)

Exercise 3.3.1. Show that every left-order on a virtually finite-rank solvable group
admits a maximal proper convex subgroup (despite the fact that such a group can be
non-finitely-generated).

Hint. Proceed by induction on the rank, noticing that if G C H are distinct convex
subgroups, then the rank of G is strictly smaller than that of H.

The main result of this section is

Theorem 3.3.2. The space of left-orders of a virtually finite-rank solvable group
is either finite or a Cantor set.

The first step to show this result deals with left-orders induced from non-
Abelian affine actions. (Compare Theorem 3.2.43.)

Proposition 3.3.3. Let I be a subgroup of the affine group endowed with a
left-order < induced (in a way) from its affine action on the real line. If T' is
non-Abelian, then < is an accumulation point of its set of conjugates.

4In case such a series can be taken so that each I'""1/I"* is cyclic, the group is said to be
virtually polycyclic.
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Proof. First notice that, as affine homeomorphisms fix at most one point, the
dynamical-lexicographic order = is completely determined by the first two com-
parison points, that we denote x1,zs. (In case of a single point, we let z5 := z7.)

By assumption, I' contains both nontrivial homotheties and nontrivial trans-
lations. It follows that the translations in I' form a subgroup with dense orbits,
hence the set of points that are fixed by some nontrivial homothethy in I' is dense
in R. Therefore, given any two distinct points in R, there is a nontrivial homo-
thethy whose unique fixed point lies between them. As a consequence, for any
pair of comparison points yi, y2 such that y; # x1, the induced left-order <’ is
different from <.

We next show that vy, y» may be chosen so that <’ is close to <. Given a finite
set G C I' of <-positive elements, we write it as a disjoint union G = G; U G,
where G is the subset of elements of G lying in the stabilizer of z; in I". Let I
denote the open interval with endpoints x; and z5. On the one hand, since G, is
finite, there is a small neighborhood U of 7 such that f(z) > = for every x € U
and every f € G,. On the other hand, for every f € Gi, we have f(z) > z for
every x € I. (Notice that each f € Gy is an homothethy.) Thus, if we choose any
y1 in the nonempty open set I NJ (and y, arbitrary), then the resulting left-order
=<’ is such that all elements in G are still <’-positive. Finally, we can choose such
a g1 in the T'-orbit of 1, say y1 = h(x1). For this choice (and letting y, := h(z3)),
we have that <’ is the conjugate of < by h, as desired. 0

Corollary 3.3.4. Let (I', <) be a countable, left-ordered group. Suppose there is
a homomorphism ®: T' — Aff | (R) with <-convez kernel and non-Abelian image.
Suppose further that the dynamical realization of (I', %) is semiconjugate to the
action given by ®. Then =< is non-isolated in LO(T').

Proof. By Proposition 2.2.1, it suffices to deal with the case where ® is injec-
tive. Let ¢ denote the semiconjugacy assumed by hypothesis, and let Iy be the
stabilizer of ¢(0) in ®(I"). This is an Abelian subgroup of I'. We claim that it is
=<-convex. Indeed, if h; < g < hgy, then hy(0) < g(0) < hy(0), thus p(hi(0)) <
©(9(0)) < ¢(h2(0)), and hence ®(h1)(0(0)) < P(g)(0(0)) < (h2)(¢(0)). In
particular, if Ay, he lie in 'y, then ®(g)(p(0)) = ¢(0), that is, g also lies in I'y.

If Ty is trivial, then Proposition 3.3.3 directly applies, since in this case =<
coincides with the left-order induced from ¢(0) in the action given by ®. If Iy
has rank 1, then the restriction of < to I'y is completely determined by the sign of
any nontrivial element therein, say ®(h) € Iy, with h > id. As ®(h) is a nontrivial
homothethy, there exists € R such that ®(h)(z) > z. It follows that < coincides
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with the left-order induced from the action ® using the comparison points x; :=
©(0) and x9 := x. Therefore, Proposition 3.3.3 still allows concluding that < is
non-isolated. Finally, the case where I'y has rank > 1 is slightly different, as we
cannot argue that < is completely induced from the affine action. However, by
§1.2.1, the restriction of < to I'y is non-isolated. Therefore, by convex extension,
< itself is non-isolated, as desired. O

To proceed with the proof of Theorem 3.3.2, we need some general results on
the structure of finite-rank solvable groups. If I is such a group and is torsion-free,
then it contains a finite-index subgroup I' whose commutator subgroup 0,17 is
nilpotent [168, 176]. Let R be a maximal nilpotent subgroup of I. By maximality,
R is a characteristic subgroup of f, hence normal in I'; moreover, it is unique (see
the exercise below). It is sometimes called the nilpotent radical of I

Exercise 3.3.5. Let I" be a group and G, H two normal nilpotent subgroups. Show
that the set GH := {gh: g € G, h € H} is a nilpotent subgroup.

_ Theorem 3.2.20 implies Theorem 3.3.2 in the case where R has finite index in
I (in particular, when the rank of I' is 1). Hence, in what follows, we assume that
f/ R is infinite. We proceed by induction, thus we assume that Theorem 3.3.2
holds for every virtually finite-rank solvable group having smaller rank than that
of I'. Let < be a left-order on I'. Consider its dynamical realization, and denote
by I'g C R the set of elements in R having fixed points. Since R is normal in I,
we have that 'y is also normal in I". The following lemma implies that I’y has a
global fixed point. (Compare Exercise 3.2.29.)

Lemma 3.3.6. Assume that a nilpotent group with finite rank acts by orientation-
preserving homeomorphisms of the real line. If every element admits fixed points,
then there is a global fized point for the action.

Proof. If the nilpotence length of the underlying group G is 0, then the group is
trivial, and there is nothing to prove. We continue by induction on the nilpotent
length, denoting by H the center of G. This is a finite-rank Abelian group, hence
it contains a subgroup Hy isomorphic to a certain Z<¢ such that H/Hy is a torsion
group. It follows that the (closed) set Fix := Fix(H,) of fixed points of Hy is
nonempty. Since H/H is torsion, Fiz coincides with the set of fixed points of H.
The complement of Fiz is a disjoint union | |, I; of open intervals I;. Moreover,
since H <1 GG, we have that Fiz is G-invariant. In particular, the intervals in
the complement of Fiz are permuted by . Furthermore, since every element
of G has fixed points, we have that every element in G must fix some point in
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Fiz. Let us now extend in a piecewise affine way the action of G on Fix to the
complementary intervals. Doing this, we obtain a new action of G on R which
factors throughout G/H. Since this action coincides with the original one on
Fix, every element of G admits fixed points. We can hence apply the induction
hypothesis, thus concluding that G/H has a global fixed point in Fiz, hence G
has a global fixed point. O

Now, since R is nilpotent, every left-order on it is Conradian (see the discus-
sion before Theorem 3.2.20). Using Corollary 3.2.28 (more precisely, by Exercise
3.2.29), we thus obtain that I'y contains [R, R], and R/I'y is torsion-free. More-
over, since I'g is normal in I'; we have that Fiz(T'y) is I-invariant, hence 'y admits
a Z-indexed sequence of global fixed points going from —oo to oco.

We divide the induction argument into two separated cases.

Case 1. Either R/I'y is trivial, or it has rank 1 and the conjugacy action of T on
it is by multiplication by =+1.

In this case, we have
Claim (i). The quotient I'/Ty is Abelian.

Indeed, if R/Ty is trivial, then this follows from that [I',T] C R. Otherwise,
assume for a contradiction that I' does not centralize T /To. AsT centralizes I'/R,
this means that T’ does not centralize R/T'y. Hence, there are f € R\ I'y and
g € [ such that, modulo T'y, one has the equality gfg~' = f~!. Now, since f
acts without fixed points, changing f by f~! if necessary, we can assume that
f(y) >y for every y € R. Thus, if we let z be in the set of fixed points of I'y, we
have that gfg~'(x) = f~'(z) < x, which implies that fg~!(z) < g~'(z), contrary
to our assumption on f.

Let I be the smallest closed interval containing the origin whose endpoints
are fixed by ', and let H be its stabilizer in I'. Since I'y is normal in I, for every
g € T, either g(I) equals I or it is disjoint from it. By Proposition 2.1.3, this
implies that H is a convex subgroup.

Claim (ii). The subgroup H has smaller rank than .

Indeed, on the one hand, H N I' cannot be equal to f since the latter does
not have global fixed points. On the other hand, since I'y is contained in H M F
Claim (i) above implies that H# NT is a normal subgroup of I and that T'/(H N F)
is Abelian. Therefore, as the quotient I'/(H NT) is left-orderable, it has rank
> (, thus showing the claim.
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It follows by induction that the space of left-orders of H is either finite or a
Cantor set. Hence, by Proposition 2.2.1, if < is isolated in LO(T"), then H is a
Tararin group. However, if H is a Tararin group, then every left-order on H is
Conradian (c.f. Lemma 2.2.16). By the convexity of H NI in I" and the fact that
I'/(HNT) is Abelian, we have that the restriction of < to I' is Conradian (c.f.
Exercise 3.2.5). Therefore, by Theorem 3.2.9, we have that < is a Conradian
order of I'. As a consequence, using Proposition 3.2.53 we conclude that, if < is
isolated in LO(T'), then I" must be a Tararin group, as desired.

Case I1. Either rank(R/Ty) > 2, or rank(R/Ty) = 1 and there exists g € I which
does not act on R/I"y by multiplication by 1. (In particular, R/I'y cannot be
isomorphic to Z.)

In this case, Proposition 3.5.16 and Remark 3.5.17 provide us with an R-
invariant Radon® measure v, associated to which there is a translation number
homomorphism 7, : R — (R,+) defined by 7,(9) := v([z,g(z))) (here and
below, we use the convention v([x,y]) := —v([y,z]) for y < x). Notice that this
definition does not depend on the choice of the point x.

Exercise 3.3.7. Show that 7, coincides (up to a positive multiple) with the Conrad
homomorphism on R associated to the convex jump with respect to the maximal proper
convex subgroup (c.f. §3.2.3)

Exercise 3.3.8. Show that if G is a subgroup of Homeo, (R) with no global fixed
point and whose action preserves a Radon measure for which the translation-number
homomorphism has image non isomorphic to Z, then its action is semiconjugate to an
action by translations.

Exercise 3.3.9. Let G be a subgroup of Homeo, (R) preserving a Radon measure v.
(i) Show that the kernel of 7,, coincides with the subset Gy made of the elements having
fixed points. Moreover, show that for all = in the support supp(v), its stabilizer in G
coincides with Gj.

(ii) Conclude that if every element in G has fixed points, then there is a global fixed
point for the action.

The next proposition (which is interesting in its own right) tell us that, up to
multiplication by a positive constant, v is the unique R-invariant Radon measure.
It is somewhat a dynamical counterpart of Exercise 3.3.7 above.

5Recall that a Radon measure is a measure giving finite mass to compact sets.
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Proposition 3.3.10. Let G be a subgroup of Homeo, (R) preserving a Radon
measure v. Then, for any other (nontrivial) G-invariant Radon measure ', there
is a positive real number k such that k7, = 7,,. Moreover, if 7,(G) is dense in
(R, +), then kv =1,

Proof. It easily follows from Exercise 3.3.9 that 7,(G) and 7,,(G) are simultane-
ously either discrete or dense in R. In the former case, the claim of the proposition
is obvious. Below we deal with the latter case.

Fix g ¢ Gy and a point x that is fixed by Go. Then, as a combination of
Exercises 3.1.5 and 3.3.8, we have that for all f € G,

n(f) =7g) lim {7 g7(0) < f7) < 9 (@),

pP—0o0

and the same holds changing v by /. Therefore, we have 7,/ (9)7,(f) = 7/ (f)7.(9)
for every f € G, hence 7, equals k7, for a certain positive x.

Next, we claim that the supports of v and ¢/ coincide. Indeed, the density of
7,,(G) implies that v/ has no atoms and the action of G' on supp(v’) is minimal
(i.e. every orbit is dense). It follows that if there is a point x € supp(v')\ supp(v),
then there exists g € G such that g(z) > z and v([z,g(z))) = 0, contradicting
the fact that ker(7,,) = ker(7,). Therefore, supp(v') C supp(v), and the reverse
inclusion is proven analogously.

Finally, let < y be two points in the (common) supports of v and v/, and
let g, € G be such that g, (x) converges to y. Then

V' ([z,y]) = lim V' ([z, gu(2)]) = JLIEIOT,,/(gn) = nh_)IIolo k7, (gn) = kv ([z,y]),

n—oo

which finishes the proof. U

Using the R-invariant Radon measure, we can describe the action of I'" up to
semiconjugacy. More precisely, we have

Claim (i). There is a homomorphism ®: I' — Aff, (R) such that ®(R) contains
nontrivial translations, and I'y coincides with ker(®)NR. Moreover, the dynamical
realization of (I', <) is (continuously) semiconjugate to this affine action.

Indeed, let us continue denoting by v an R-invariant Radon measure. Since
R/Ty is not isomorphic to Z, Proposition 3.3.10 (and its proof) implies that v is
unique up to a scalar multiple, and that Iy is the kernel of the translation-number
homomorphism 7,. As R is normal in I, this implies that for each g € T, the
measure ¢,(v) is also R-invariant. Thus, for every g € I', there is A, > 0 such
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that g.(v) = Agv. This yields a group homomorphism A: I' — R* into the group
of positive reals (with multiplication). We then define ®: I" — Aff , (R) by

B(o)(x) 1= 5o+ v((0,900)).
One can easily check that this is a homomorphism that extends 7.

To show that the dynamical realization of < is semiconjugate to this affine
action, for each = € R we let ¢(z) := v([0,z]). Then ¢ is a continuous, non-
decreasing surjective map, and a direct computation shows that for all g € I" and
every x € R,

p(g(x)) = (9)(p(x)),

which shows the desired semiconjugacy.

Next, we let [, := (a,b), where a := sup{z < 0: x € supp(v)} and b :=
inf{x > 0: = € supp(v)}. We also let I', be the stabilizer in I' of I,. The
subgroup I',, is easily seen to be convex. Moreover, ') N R = T,.

Notice that the rank of I', is smaller than that of I'. Thus, by the induction
hypothesis, if I', admits infinitely many left-orders, then no left-order on it is
isolated. By convex extension, we conclude that < is non-isolated in LO(I"). For
the other case, we have the next

Claim (ii). If I, is a Tararin group, then ker(®) is convex.

Indeed, since ®(I',) does not contain any nontrivial translation, it can only
contain homotheties centered at 0; in particular, it is Abelian. If it is trivial,
then ker(®) = TI',, so it is convex, as desired. Assume ®(I',) is nontrivial, and
let {id} =T"<T" ' <...<T% =T, be the series of all convex subgroups of the
Tararin group I',. (Recall that I"~! /T has rank 1 and that the action of I'"! on
['"~1/T" is by multiplication by some negative number.) By Exercise 2.2.21, T,
has a unique torsion-free Abelian quotient, namely ', /T'*. As this must coincide
with ®(T"), we conclude that ker(®) equals I'!, hence it is convex.

Knowing that ker(®) is convex, we can proceed to show that < is non-isolated.
Indeed, either I'/ker(®) is Abelian of rank at least 2, or it is a non-Abelian
subgroup of the affine group. In the former case, it has no isolated left-orders
(see §1.2.1), hence -by convex extension- the left-order < is non-isolated in LO(T").
In the latter case, we are under the hypothesis of Proposition 3.3.3, which yields
the same conclusion. This finishes the proof of Theorem 3.3.2.

Left-orders on Baumslag-Solitar’s groups. Perhaps the simplest examples
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of finite-rank solvable groups that are non virtually-nilpotent are the Baumslag-
Solitar groups BS(1,£) := (h,g: hgh™! = ¢*), where £ > 1. We have seen that
BS(1,¢) admits only four Conradian orders (c.f. Example 3.2.55), yet it also
admits the left-orders induced from the affine faithful actions on the line (c.f.
§1.2.2). Below we follow the lines of the previous proof to show that, actually,
these are the only possible left-orders on B(1,¢).

As in §1.2.2, we can see B(1,() as a semidirect product Z[}] x Z, where the
Z-factor acts on Z[3] := {4 : k, m in Z} by multiplication by £. In this way, it
easily follows that the nilpotent radical of B(1,/) is R := Z[%]

Now, given a left-order on BS(1,/), we consider its dynamical realization.
Since R = Z[;] has rank one, two cases may arise.

Case 1. There is a global fixed point for R.

As R is normal in BS(1,/), the set of R-fixed points is BS(1,{)-invariant;
thus, in this case, it is unbounded in both directions. In particular, the convex
subgroup H stabilizing the interval that contains the origin and is enclosed by
two consecutive R-fixed points must coincide with R. As a consequence, = is
Conradian, and therefore < is non-isolated, since BS(1, ¢) is not a Tararin group.

Case II. Every nontrivial element of R is fixed-point free.

In this case, the action of R is continuously semiconjugate to that of a dense
group of translations, thus it preserves a Radon measure v without atoms that
is unique up to a scalar factor. Moreover, h does not preserve v, otherwise we
would have 7,(¢* %) = 7,(¢g7thgh™!) = 0, contradicting the fact that g*~! acts
freely. Thus, the dynamical realization of < is semiconjugate to (the action given
by) a faithful embedding of BS(1,¢) into Aff  (R), and the left-order < coincides
with a left-order induced from this affine action. The fact that < is non-isolated
in this case follows from Corollary 3.3.4.

Notice that the affine-like orders of Case II approximate the Conradian ones
of Case I just by letting the first comparison point tending to either —oo or cc.

It is worth pointing out that the description above —as well as its proof— applies
not only to dynamical realizations of left-orders, but also to general (faithful)
actions on the line with no global fixed point. Such an action is hence either
without crossings (with R being the subgroup of elements having fixed points) or
semiconjugate to an affine action. (See [173] for more details on this.)

Left-orders on Sol groups. Relevant examples of finite-rank solvable groups
that are non virtually-polycyclic are those of the form Sol := Z? x4 Z, where A is
an hyperbolic automorphism of Z? (i.e. given by a matrix in SL(2,Z) with trace
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greater than 2, so that it has two irrational eigenvalues). Below we follow the
lines of the previous proof in this particular case to get an accurate description
of the space of left-orders and its subspaces of bi-invariant and Conradian orders.
Actually, the methods employed yield a complete description of all faithful actions
on the line with no global fixed point.

We denote by R the commutator subgroup of Sol —which coincides with the
Z2-factor—, and we let f be the element of Z acting on R as A. The subgroup R
is easily seen to coincide with the nilpotent radical of Sol.

Given a left-order < on Sol, let us consider its dynamical realization. Since AT
is Q-irreducible and R is Abelian and finitely generated, the next three properties
are equivalent:

— There is an element in R having a fixed point;
— Every element of R has a fixed point;
— There is a global fixed point for R.

Indeed, having a fixed point for g € R is equivalent to that 7,(g) =0 for an R-
invariant Radon measure v (see Exercise 3.3.9), and A also acts at the level of
translation numbers, as it is shown in the next

Exercise 3.3.11. Let g;, g2 be the canonical basis of R = Z2. Show that

( T (forf™h) > _ AT ( Tu(g1) ) _
7 (fgaf™") 7u(92)

Thus, the two cases considered in the proof of Theorem 3.3.2 fit with those
considered below.

Case 1. The subgroup R has a global fixed point.

Since Sol acts without global fixed points and R is normal in Sol, in this case
the set of R-fixed points is unbounded in both directions (and I'-invariant). As
for BS(1,/¢), this implies that < is Conradian. To see that < is non-isolated,
one may argue by convex extension by noticing that R is convex and rank-two
Abelian. Alternatively, Sol is not a Tararin group...

Case II. There is no global fixed point for R.

In this case, R is semiconjugate to a dense group of translations, thus it
preserves a Radon measure without atoms v that is unique up to a scalar factor.
As f is hyperbolic, it cannot preserve v: it acts as an homothethy with ratio one
of the eigenvalues of A”. Thus, the dynamical realization of < is semiconjugate
to (the action given by) a faithful embedding of I" into Aff, (R). The fact that <
is non-isolated in this case follows from Corollary 3.3.4.
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Figure 15: Depicting the space of left-orders of Sol.

It follows from the previous analysis that, as it was the case for the Baumslag-
Solitar groups, there are two types of left-orders on Sol:

Case 1. Conradian orders.

These correspond to those left-orders for which the normal subgroup R = 72
is convex. Therefore, CO(Sol) is made of two copies of the Cantor set LO(Z?),
each of which corresponds to a choice of sign for f. (In Figure 15, these are
represented as two “vertical dashed circles”.) Observe that among all bi-orders
on R, those that are invariant under conjugacy by f are those that that correspond
(under Conrad’s homomorphisms) to eigendirections of the matrix A”. Since the
corresponding left-orders on Sol are the bi-invariant ones, we conclude that Sol
supports exactly eight bi-orders.%

Case II. Left-orders coming from affine actions.

These form an open set —which is locally a Cantor set— that complements the
subspace of Conradian orders. These affine-like orders can be described as in
§1.2.2. Notice, however, that Sol admits four embeddings into Aff, (R). These
left-orders hence appear as four “horizontal dotted lines” in Figure 15. These
“lines” accumulate at the eight bi-invariant orders in CO(Sol), in a similar way
to the approximation of the four bi-orders of Baumslag-Solitar’s groups by affine-
like orders previously described.

Based on all of this, it is not difficult to describe the dynamics of the conjugacy
action of Sol on its space of left-orders. We leave this as an exercise to the reader.

3.3.2 The general case

In this section, we prove

6 A classification of finitely-generated solvable groups admitting only finitely many bi-orders
can be found in [17, 121].
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Theorem 3.3.12. The space of left-orders of a countable virtually-solvable group
is either finite or homeomorphic to the Cantor set.

In the preceding section, we proved this theorem for virtually finite-rank solv-
able groups. Our main tool in that case was the fact that these groups are vir-
tually nilpotent-by-Abelian, with finite-rank nilpotent part. As such a nilpotent
group preserves a Radon measure when acting by orientation-preserving homeo-
morphisms of the real line, we thus conclude that actions of virtually finite-rank
solvable groups on the line quasi-preserve a nontrivial Radon measure’. Thus, the
action is semiconjugate to an affine action provided the measure is non-atomic.
This dynamical picture no longer arises for general solvable groups (not even for
metabelian groups!), as the next classical example (due to Plante [165]) shows.

Example 3.3.13. The wreath product ZQZ := @, Z x Z is a metabelian group having
H := @, 7Z as its maximal nilpotent subgroup. We next describe an action of Z1Z
on the real line with the property that for every shift-invariant subgroup H, no global
fixed point arises, although every element therein admits fixed points. This implies in
particular that there is no quasi-invariant measure for Z ! Z. Indeed, such a measure
would be invariant by the derived subgroup [Z!Z, Z 1 Z], which is shift-invariant. In
view of the announced properties, this is in contradiction with Exercise 3.3.9.

For the construction, let f denote the homothethy = +— 2z. Let Iy := [—1,1],
and for i € Z, denote I; := fi(Io). Let g: Iy — Iy be a homeomorphism such that
g(—1/2) =1/2 and g(x) > z for all z€(—1,1). We define g;: I; — I; by g; :== flgf "
Notice that this is equivalent to that f~'g;(z) = g;_1f () holds for all x € I;, that
is, gif(y) = fgi—1(y) for all y € I;,_,. Below, we extend the definition of each g; to the
whole line in such a way that f and gg generate a group isomorphic to Z{ Z.

One easily convinces that there is a unique way to extend the maps g; into commut-
ing homeomorphisms of the real line. For instance, to ensure commutativity, we must
necessarily have g;_1(x) := ¢/"gi—19; " (z) for x € g/"(I;—1). The (proof of the unique-
ness of the) extension can then be easily achieved inductively. We continue denoting
by g; the resulting homeomorphisms. We claim that fg;f~' = g;41 holds. Indeed, this
follows from the definition for x € I;;1. Assume inductively that fg;f~1(z) = g;11()
holds for all © € I}, for a certain k > ¢ + 1, and let x € Iy,1. Letting m € Z be such
that = = g;" | (y) for a certain y € Iy, we have

foif @) = fof Yglaw) = fogif ()
= foloif W) = St W) = giigini(y) = gisi(a),

In our context, a Radon measure v is quasi-preserved by a group I if for every g € T, there
is a positive real number A, such that g.(v) = A, v, where by definition g.(v)(X) := v(g~1(X))
for every measurable set X.
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where the second and fourth equalities follow from the definition of g, the third from
the commutativity between g; and g, and the fifth from the induction hypothesis.

Figure 16: Plante’s action of Z Z.

Example 3.3.14. There exists a left-order on Z ! Z whose dynamical realization is
semiconjugate to the action constructed in the preceding example. Indeed, using the
exact sequence

00— H —7Z1Z—7Z—0,

we can produce the bi-order <’ on ZZ as the convex extension of the lexicographic
order on H by one of the two possible orders on the cyclic factor Z = (f). Notice that
given any element h € H, we can find two elements h4 in H such that h_ <" A" <" h
holds for all n € Z. Moreover, H is the maximal proper =<’-convex subgroup. Using
Lemma 2.1.13, we can hence produce a left-order =< on Z ! Z that has f as its smallest
positive element and that coincides with <’ on H. It is not very hard to see that the
dynamical realization of < is semiconjugate to the action constructed in Example 3.3.13
above.
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To deal with this new phenomenon, we will use the machinery developed in
§3.2. The price to pay is that, unlike §3.3.1, here we are not able to give a
classification —up to semiconjugacy— of all actions on the real line of the involved
groups. Rather, we give a rough local description of the dynamics that allows
concluding Theorem 3.3.12. We start with an exercise that follows from an easy
reformulation of part of the proof of Propositions 2.2.17 and 3.2.53.

Exercise 3.3.15. Show that every left-order on a group admitting infinitely many
convex subgroups is non-isolated in the corresponding space of left-orders.

Due to the preceding exercise, in order to prove Theorem 3.3.12, it suffices to
consider left-orders with finitely many convex subgroups. Let < be such an order
on a group I', with

{id}y=C,CCr1C...2Cy=T

=

being the family of convex subgroups. One of these subgroups must coincide with
the Conradian soul G := C<(I'), that is, with the maximal <-convex subgroup
restricted to which < is Conradian (c.f. §3.2.4). If G is not a Tararin group,
then by Proposition 3.2.53, the restriction of < to G is non-isolated in LO(G);
by convex extension, < is not isolated in LO(I"). Hence, in all what follows, we
assume that G is a Tararin group.

If G =T, then we are done: I' admits only finitely many left-orders. If
G is trivial, then < is non-isolated in LO(I"), due to Theorem 3.2.43. We hence
suppose that G is a nontrivial, proper subgroup of I', say G = Cy, withn > ¢ > 0.
We will show that the restriction of < to C,_; is non-isolated; by convex extension,
this in turns implies that < is non-isolated in LO(T'), as desired. As the claim to
be shown only involves Cy_1, to simplify will denote this group as I'; equivalently,
we will assume that ¢ = 1, that is, there is no convex subgroup strictly between
G=C;and I

We consider the dynamical realization of <. Since G is a proper convex
subgroup, it has at least one fixed point on each side of the origin. We let I be
the smallest open interval fixed by G that contains the origin. By Proposition
2.1.3, the convexity of G immediately implies

Lemma 3.3.16. Fvery element of I either fixes I or moves it into a disjoint
interval. In particular, the stabilizer of I coincides with G.

From now on, we assume I' to be virtually solvable. Let bee a finite-index,
normal, solvable subgroup of I'. We let I'* := I" and IV := [IV~! T7~!] be the
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associated derived series:
{id} =TF T 1q.. . aI' <« =T «T.

Notice that each IV is normal in . We let i be the minimal index such that I* is
contained in GG. Since G is a nontrivial, proper, convex subgroup, we have that
k > 1 > 1; see Figure 17 below.

r

{id} =T*
Figure 17: The groups G, I and "1

The subgroup I'"~! will be of most importance in our analysis: although it is
not always nilpotent, the restriction of < to I"""! will be shown to be Conradian.
Thus, dynamically, it will play the role played by the nilpotent radical in the
finite-rank case. We like to think it as a kind of Conradian sckeleton of (I, <).

Lemma 3.3.17. The order < restricted to [i~! is Conradian.

Proof. By definition, the subgroup I = [[~!, T"~1] is contained in G. Therefore,
I'"1 N G is normal in I, as well as convex therein. Moreover, as the quotient
ri-! / -'nG is Abelian, it only admits Conradian orders. Since < restricted to
I'""!'N@ is Conradian, this implies that < restricted to I'! is a convex extension
of a Conradian order by a Conradian one, hence Conradian (c.f. Exercice 3.2.5).00

Lemma 3.3.18. The action of I'~1 has no global fixed point.

Proof. Let I be the smallest open interval containing the origin that is fixed by
['~!. Since I"""! is normal in T', the interval I is either fixed or moved disjointly
by each g € T'. In particular, the stabilizer Stabr(I) of I is a convex subgroup
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of I (c.f. Proposition 2.1.3). Now, if I was not the whole line, then the maxi-
mality of G would imply that Stabp(I) C G, thus yielding I""! C G, which is a
contradiction. 0

Since < restricted to I~ is Conradian, its action on the real line has no cross-
ings (c.f. Exercise 3.2.33). It follows that the set of elements in I~ having fixed
points is a normal subgroup of [l (actually, of T'); see e.g. Proposition 3.2.26.
In particular, if g € I~ does not act freely, then the set of fixed points of g
accumulates at both —oo and 4+o00. Thus, in order to prove Theorem 3.3.12, we
need to analyze two cases.

Case 1. The subgroup I'~! contains elements without fixed points. (Such a case
arises for instance if I'"~! has finite rank.)

We first observe that in this case [t preserves a nontrivial Radon measure
v. Indeed, since the order on I''"! is Conradian, its action on the real line has no
crossings. Further, since there is gy €T =1 acting freely, Proposition 3.2.26 easily
implies that ['*~! has a maximal proper convex subgroup, namely {g € TI'"!:
g has a fixed point}. It then follows from Proposition 3.5.16 and Remark 3.5.17
that [ preserves a non-trivial Radon measure on the line.

Now, from the normality of I'""! in I" and Proposition 3.3.10, we have that
there is a homomorphism A: g — A, from I' into R* satisfying 7,,, = A\;7,. The
next lemma comes from the work of Plante [165].

Lemma 3.3.19. If the homomorphism X\ is trivial, then I' preserves a Radon
measure on the real line. Otherwise, I quasi-preserves a Radon measure which is
=L invariant.

Proof. Recall that by Proposition 3.3.10, if 7,,(I"!) is dense, then v is quasi-
invariant. This occurs for instance if A is nontrivial. Indeed, choosing g € I' such
that A\, < 1, we have for every f € "1,

(97 f9) = v(lo™ (@), 97 f(2))) = guv([z, f(2))) = T4 (f) = Ay (). (3.6)

Thus, we assume that Ty(fi_l) ~ 7, is not dense. In particular, we assume that
A is trivial and that 7, (I"™) ~ Z.

We let H := ker(r,) = {g € I""! | 7,,(g) = 0}. We have seen that H is made
of by the elements in I'"* having fixed points (c.f. Exercise 3.3.9). Therefore, H
is normal not only in I, but also in I'. Moreover, the condition 7, (I""!) ~ Z
translates into that [*"'/H ~ Z. We claim that [""'/H is in the center of I'/H.



3.3. AN APPLICATION: ORDERING SOLVABLE GROUPS 139

Indeed, letting f € I'"! be a generator of I""!/H, for each g € I we have that
g 'fg = f"h holds for certain h € H and n € Z. We need to show that n = 1.
Now, by (3.6), we have

nTu(f) = Tu(g_lfg) = )‘gTI/(.f) = Tu(f) 7& 0,

which implies that n = 1, as desired. B

Finally, the quotient group I'/T*! ~ (I'/H)/(I"""!/H) acts on the compact
quotient Fiz(H)/ ~, where z ~ f(z) for each f € I and all z € Fiz(H).
This space is easily seen to be homeomorphic to the circle. Therefore, as I' is
amenable, it preserves a probability measure on it (see §4.1). Pulling back this
measure to the real line, we obtain a I'-invariant Radon measure on R. 0

We now claim that the dynamical realization of < is semiconjugate to a non-
Abelian affine action. As in the preceding section, this will follow once we show
that the homomorphism A is nontrivial. Assume for a contradiction that A is
trivial. Then by the preceding Lemma, there is a I'-invariant Radon measure
v. Moreover, as the origin is moved by every nontrivial element and I' contains
elements having fixed points (for instance, those of ), the origin does not belong
to the support of v. Let I, be the connected component of the complement of
the support of v containing the origin. The interval I, is either fixed or moved
disjointly by each element of I', hence its stabilizer Stabr(l,) is a convex subgroup
of I'. Since this subgroup contains G' and since G is the maximal proper convex
subgroup of I', we must have Stabr(l,) = G. Further, Stabr(1,) coincides with
the kernel of the translation-number homomorphism 7, : I' — (R, +), thus it is
normal in I'. We thus conclude that GG is normal and co-Abelian in I'. Therefore,
< is a convex extension of a Conradian order by a Conradian one, hence it is
Conradian (c.f. Exercise 3.2.5). However, this contradicts the fact that G is the
Conradian soul of T.

We can finally show that < is non-isolated by invoking Corollary 3.3.4. Indeed,
it easily follows from the construction of the dynamical realization that the kernel
of the induced homomorphism from I' into Aff | (R) is a <-convex subgroup, hence
the hypothesis of the corollary are fulfilled.

Case II. Every element of I"~! admits fixed points on both sides of the origin.

In this case, we will prove that the approximation scheme by conjugates de-
veloped in §3.2.5 applies. More precisely, starting from the dynamical realization
of <, we will induce a new left-order using a comparison point that is outside
but very close to I. The main issue here is to ensure that this procedure can
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be made in such a way that the order restricted to G' remains untouched (com-
pare Theorem 3.2.46). Along the proof, it will actually arise that the action is
somewhat similar to the one described in Example 3.3.13.

For each nontrivial element g € "1, let us denote by I, the connected com-
ponent of the complement of its set of fixed points that contains the origin. It
follows from Lemma 3.3.18 that the union of all the /,’s is the whole real line.

Lemma 3.3.20. For cach f € I and g € '™, one of the following possibilities
occurs:

- f(Ig) = 1y;
~ f(1,) is disjoint from I,;
— Up to changing f by its inverse if necessary, we have I, C f(I,).

Proof. By Lemma 3.3.17, the order = restricted to fi_l is Conradian, hence
[~ acts without crossings (c.f. Exercise 3.2.33). As I'""! is normal in T, the
lemma easily follows. U

The next two lemmas are similar to the preceding one. The first follows from
the convexity of G, and the second from the nonexistence of crossings for the
action of I and the fact that I'""! is normal in I. Details are left to the reader.

Lemma 3.3.21. In the preceding lemma, if g does not belong to G, then the
second possibility cannot occur for f € G. In other words, for all g € T""'\ G
and each f € G, either [ fizes I, or (up to changing f by f~' if necessary), we
have I, C f(I,).

Lemma 3.3.22. Let I be the intersection of all the intervals I, with g € """\ G.
Then each element f € I either moves I into a disjoint interval, or up to replacing
it by its inverse, we have I C f(I).

The next lemma is a kind of refined version of Theorem 3.2.38 knowing that
G has finite rank and/or admits only finitely many left-orders, and that I~ is
normal and <-Conradian.

Lemma 3.3.23. The intersection of all the intervals 1, for g € ri-! \ G coincides
with I(;.

Proof. Since I"~! is a <-Conradian subgroup (c.f. Lemma 3.3.17), its action has
no crossings, which implies that the family of intervals I, with g € T"!\ {id},
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is totally ordered by inclusion (c.f. Exercise 3.2.25). Moreover, as G is convex,
for each g € T""'\ G we have that I, strictly contains /5. Therefore, letting I
be the intersection of all the I,’s for g € I~1\ @, we have that I is a bounded
interval containing Ig.

Assume that no element f € I' is such that [ strictly contains f(7). Then, by
Corollary 3.3.22, the stabilizer of I in I' is a proper convex subgroup of I'; more-
over, this subgroup contains G. As G is the maximal proper convex subgroup,
this necessarily implies that I equals I.

Therefore, we are left to prove that no f € I' satisfies f(/) C I. Assume
otherwise for a certain f. As I = () cpi-1\g Iy, there must exist g € i1\ G

such that N f(I,) is strictly contained in I. Since fgf~' belongs to I"!, by the
definition of I we must have that fgf~! belongs to GG. Actually, the same holds
for fgf™", for all n > 1.

Notice that f™(l,) is an open interval (not necessarily containing the origin)
that is fixed by f"¢f™™ and has no fixed point inside. Moreover, as f(1,) C I,
we have f"*1(1,) € f"(I,), for all n > 1. Together with the fact that the action
of G has no crossings, this easily implies that f*gf~* belongs to Staba(f"(1,)),
for all k£ > n. As a consequence, Stabe(f™(1,)) is an strictly decreasing sequence
of convex subgroups of G for any left-order induced from a sequence starting with
a point in the (nonempty) intersection of the compact intervals fm(1,). However,
this contradicts the fact that G is a Tararin group (as well as that G has finite
rank). O

The next lemma follows almost directly from Proposition 3.2.48 and its proof.
Actually, it is a kind of restatement of it for dynamical realizations. We leave the
details to the reader.

Lemma 3.3.24. For each x not belonging to I, every left-order <’ induced from
the dynamical realization of < induced from a sequence starting with x is different
from <. Moreover, as x ¢ Ig converges to any of the endpoints of Io, we have
that <" converges to = outside G.

For the sake of concreteness, the order <" above may —and will- be taken as
the one for which the second comparison point is the origin (so that no other
comparison point is necessary). The convergence in the statement means that for
any sequence z, converging to an endpoint of /g from outside, given g € I'\ G
we have that g > id holds if and only if g >/ id holds for all large-enough n
(where <! denotes the order associated to the point x, and the origin, as before).



142 CHAPTER 3. ORDERABLE GROUPS AS DYNAMICAL OBJECTS

Therefore, to prove that < is non-isolated, we are left to showing that for a well-
chosen sequence (z,,) as above, the left-orders =/, coincide with < when restricted
to G for large-enough n. This is achieved by the next lemma, which closes the
proof of Theorem 3.3.12.

Lemma 3.3.25. There exists a sequence of points (x,,) converging to an endpoint
of I from outside such that the induced left-orders <!, coincide with < on G for
all n.

To show this, we need one more general lemma for Tararin groups.

Lemma 3.3.26. Let T be a Tararin group, with chain of convex subgroups
{id}=TF<aT" ' <...aT" 9T =T,

and let fr be an element in T \ T acting on T /T? as the multiplication by a
negative (rational) number. Suppose T is acting by orientation-preserving home-
omorphisms of the line in such a way that the sets of fixed points of nontrivial
elements have empty interior (as it is the case for dynamical realizations). Then,
for every left-order < on T and each y € R not fixed by fr, there exists a point
x between fr2(y) and f2(y) such that < coincides on T with any left-order <’
induced from a sequence starting with x.

Proof. As the sets of fixed points of nontrivial elements have empty interior,
and since T is countable, there is a point z between f;'(y) and y whose orbit
under T is free. Any such point induces —in a dynamical-lexicograhic way— a
left-order <* on T'. Since T is necessarily convex for this order, there is an open
interval I containing z that is fixed by 7" and contains no other fixed point of 7"
inside. Moreover, I is moved into a disjoint interval by any nontrivial power of
fr; in particular, it contains at most one point of the orbit of y under (fr). As a
consequence, I strictly lies between f7%(y) and fr(y). Now, by Proposition 2.2.23,
there exists an element ¢ in either 7" or f7T! such that < and s coincide on
T, As = is the dynamical-lexicographic order with comparison point z := g(2),
this point satisfies the conclusion of the lemma. O

Proof of Lemma 3.3.25. Due to Lemma 3.3.23 (and since I~ acts without
crossings), there exists a sequence of elements g,, € fi_l\G such that I, converges
to Ig. As in the preceding lemma, let fg be an element in G\ G! acting on G /G?
as the multiplication by a negative number. According to Lemma 3.3.21, we may
pass to a subsequence for which one of the two possibilities below occur.
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Subcase (i). Each interval I, is fixed by fg.

We first claim that G must fix each interval I,,. Indeed, letting y be an
endpoint of any of the I, ’s, we may induce a left-order on G from a sequence
having y as its initial point. For such an order, the stabilizer of y in G is a convex
subgroup of G containing fg. It must hence coincide with G, and therefore G
fixes y, as desired.

We may now let z,, be any of the endpoints of I, , say the right one. As G
fixes x,, and the second comparison point of <! is the origin, the restriction of
<! to G coincides with that of <. Moreover, since I, converges to I, the points
x, converge (from outside) to the right endpoint of /.

Subcase (ii). For each n, we have either I, C fa(I,,) or I, C f5'(1,,)-

Up to taking a subsequence, we may assume that for all n, we have I,, C I, |
and, changing fg by its inverse if necessary, I,, C fc(I,,). In case where fo < id
(resp. fg = id), let y, be the left (resp. right) endpoint of I, . Notice that y,
converges to a fixed point of fg (hence of G). Moreover, for all n > 1, if fg < id
(resp. fg > id), then

fa(n) < yn (resp. fa(Yn) > Yn)- (3.7)

Now, for each y,, let us consider the point z, provided by Lemma 3.3.26.
Then <! coincides with =< in restriction to the maximal proper convex subgroup
G' of G. Moreover, as z, lies between f5%(y,) and f2(yn), it has the same limit
point as y,, hence it converges to an endpoint of I5 from outside. Furthermore,
(3.7) obviously holds for x,, instead of y,,. This implies that </, coincides with <
over the whole of GG, as desired. O

To close this section, let us mention that it is unclear what is the most general
framework in which Theorem 3.3.12 still holds. This naturally yields to the next

Question 3.3.27. Is the space of left-orders of a countable amenable group
either finite or a Cantor set 7 What about groups without free subgroups in two
generators 7

It is very likely that the previous methods can be extended to a wide family of
amenable groups, namely that of elementary amenable ones. Roughly, this is
the smallest family of groups that contains all Abelian groups and that is stable
under taking extensions, direct limits, quotients and subgroups (see [43, 155] for
more on this). A relevant example is considered in the next
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Example 3.3.28. The group I' := Z x (...Z2(Z...)...))) in which the conjugacy action
of the left factor consists in shifting (the level of ) the factors in the right wreath product
is obviously elementary amenable. It is somewhat a variation of Plante’s example (yet
it is non-solvable), and was simultaneously introduced in [23] and [155]. A natural
(faithful) action of this group on the line comes from identifying the generator of the
left factor with te map x — 2z and a generator of the 0t"-factor of the wreath product
with a homeomorphism with support contained in [—2,2] and sending —1 to 1. It is
very likely that its space of left-orders is a Cantor set, and it actually seems reasonable
trying to describe all of its actions on the line.

3.4 Verbal Properties of Left-Orders

Let W be the set of reduced words in two letters a, b. (This naturally identifies
to the free group in two generators.) We distinguish three subsets of YW, namely
W+, W, and W+, the set of words involving only positive, negative, or mixed
exponents in a and b, respectively. Given elements f, g in a group I' and W € W,
we let W(f, g) be the element in I" obtained from the expression of W by replacing
a by f and b by g, respectively.

Definition 3.4.1. A left-order < on a group I' satisfies the verbal property
W, or it is a W-order, if whenever f and g are <-positive, the element W (f, g)
is also <-positive.

Notice that this defines a nontrivial property only in the case where W € W*,
hence in the sequel we will only consider these words.

Example 3.4.2. For W(a,b) := b~'ab, one easily checks that the set of W-left-orders
coincides with that of bi-orders.

Example 3.4.3. For W(a,b) := b~'ab?, Proposition 3.2.1 tells us that the set of -
orders corresponds to that of Conradian ones.

The next two questions become natural in this context.

Question 3.4.4. Does there exist a word W such that the W-orders are those
that satisfy an specific and relevant algebraic property different from bi-orderability
or the Conradian one ?

Question 3.4.5. Is the property of not having a double crossing (c.f. Example
3.2.18) for a left-order equivalent to a verbal property (or to an interesection of
finitely many ones) ?
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As it is easy to check, the subset of W-orders is closed inside LO(I"), and the
conjugacy action preserves this subset. The next result on free groups is only
stated for two generators, though it can be easily extended to more generators.

Theorem 3.4.6. The free group on two generators admits left-orders satisfying
no verbal property W € W=*. Actually, this is the case of a Gs-dense subset of
LO(Fy).

Let us first show that the existence of a single left-order satisfying no verbal
property implies that this is the case for most left-orders. Thies relies on Lemma
2.2.27, as shown by the next

Lemma 3.4.7. Every left-order on Fy having a dense orbit under the conjugacy
action satisfies no verbal property W € W=*.

Proof. Otherwise, as the closure of such an orbit only contains W-orders, we
would be in contradiction with Theorem 3.4.6. O

Question 3.4.8. It is a nontrivial fact that the real-analytic homeomorphisms
of the line given by x + x + 1 and z ~ 2°® generate a free group [50]. By
analyticity, a Gs-dense subset S of points in the line have a free orbit under this
action. Given a point x € S, we may associate to it the left-order on F; defined
by f >~ g whenever f(z) > g(z). Is the set of €S for which the associate order
satisfies no verbal property still a Gs-dense subset of R ?

We next proceed to the proof of the first claim of Theorem 3.4.6, which is done
via a very simple dynamical argument. Namely, given W € W+, we will construct
two increasing homeomorphisms of the real line f, g, both moving the origin to the
right, such that in the action of Fy given by a — f, b — g, the homeomorphism
W (f, g) moves the origin to the left. Then, any dynamical-lexicographic left-order
=< associated to a sequence starting at the origin will be such that f > id, g > id,
and W(f,g) < id. This is enough for our purposes except for that the action we
will produce will be not necessary faithful. However, this is just a minor detail
that may be solved in many ways. For instance, one can make the action faithful
by perturbing it close to infinity, as in §2.2.2; alternatively, one may consider a
convex-like extension of the order <, as in §2.1.1.

The construction of the desired action is done as follows. By interchanging
a and b if necessary, we may assume that the word W = W(a,b) writes in the
form W = Wya="Ws,, where Wj is either empty or a product of positive powers
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of a and b, the integer n is positive, and W is arbitrary. Let us consider two
local homeomorphisms defined on a right neighborhood of the real line such that
f(0) >0, g(0) > 0 and Wa(f,g)(0) < f*(0). This can be easily done by taking
f(0) > ¢(0) and letting g be almost flat on a very large right-neighborhood of
the origin. If W; is empty, just extend f and g into homeomorphisms of the
real line. Otherwise, write Wy = a™ 0™ ... a™b™2a™b™ , where all m;,n; are
nonzero excepting perhaps n,. The extension of f and g to a left-neighborhood
of the origin depends on the signs of the exponents m;,n;, and is done in a
constructive manner. Namely, first extend f slightly so that f~"Ws(f,¢)(0) is
defined and f has a fixed point x; to the left of the origin. Then extend g to a
left-neighborhood of the origin so that ¢ f~"Ws(f, ¢)(0) < z; and g has a fixed
point y; to the left of z;. Notice that m; > 0 forces g to be right-topologically-
attracting towards y; on an interval containg f~"Ws(f, g)(0), whereas m; < 0
forces right topological repulsion. Next, extend f to a left neighborhood of x;
so that f™g™ f~"Ws(f,9)(0) < y; and f has a fixed point x5 to the left of
y1- Again, if ny > 0, this forces right-topological-attraction towards x5, whereas
ny < 0 implies right-topological-repulsion.

Figure 18: The case Wy = a™2b0™2a™ 0™ | where my > 0,n1 < 0,mo < 0,12 > 0.

Continuing the procedure in this manner (see Figure 18 for an illustration),
we get partially-defined homeomorphisms f, g for which

0> frg™ .. fr2g™ frg™ [T Walf, 9)(0) = W ([, 9)(0).

Extending f, g arbitrarily into homeomorphisms of the real line, we finally obtain
the desired action.
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3.5 A Non Left-Orderable Group, and More

3.5.1 No left-order on finite-index subgroups of SL(n,Z)

Proposition 3.2.9 gave us a simple criterium for non left-orderability of certain
groups. In the same spirit, an important result due to Morris-Witte [192] estab-
lishes that finite-index subgroups of SL(n,Z) are non left-orderable for n > 3.
(Notice that most of these groups are torsion-free, bacause of the classical Selberg
lemma [179].)

Theorem 3.5.1. If [ is a finite-index subgroup of SL(n,Z), with n > 3, then I’
1s non left-orderable.

Proof. Since SL(3,Z) injects into SL(n, Z) for every n > 3, it suffices to consider
the case n = 3. Assume for a contradiction that < is a left-order on a finite-
index subgroup I' of SL(n,Z). Notice that for large-enough k € N, the following
elements must belong to I

1 k0 10 k 100
g=l010]|, @=(010], @a=(01%],
00 1 00 1 00 1
100 100 100
=k 10|, ¢g=(010], g=[010
00 1 ko1 0k 1

It is easy to check that for each i € Z/6Z, the following relations hold:

9i9i+1 = Gi+19i, [9:'—17 9i+1] = gf-

In particular, the group generated by g¢;_1, g; and g;.1 is nilpotent.

For g €', we define |g|:= g if ¢ = id, and |g| := ¢~! in the other case. We
also write g > h if g = h™ for every n>1. We claim that either |g; 1| > |g;| or
|giv1| > |gi]. Indeed, as < restricted to the subgroup (g;_1, ¢;, gi+1) is Conradian
(c.f. Theorem 3.2.20) and a power of g; is a commutator, this follows from Remark
3.2.30.

Assume for instance that |g1| < |gof, the case where |gs| < |g1| being anal-
ogous. Then we obtain |¢1] < |g2| < |g3] < |94 < |g5] < |g6] < |g1], which is
absurd. U
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It follows from an important theorem due to Margulis that for n > 3, every
normal subgroup of a finite-index subgroup of SL(n,Z) either is finite or has
finite index (see [140]). As a corollary, we obtain the following strong version of
Theorem 3.5.1.

Theorem 3.5.2. For n > 3, no torsion-free, finite-index subgroup of SL(n,Z)
admits a total, nontrivial, left-invariant preorder.

Proof. If I' is such a group and admits a nontrivial, total preorder, then by
Exercise 1.1.6, there is a nontrivial quotient I'/H that is left-orderable. Since I'
is torsion-free, it has no nontrivial finite subgroup. Therefore, there are only two
possible cases: either H is trivial, in which case we contradict Theorem 3.5.1,
or I'/H is finite and nontrivial, which is impossible as no nontrivial finite group
admits a nontrivial, left-invariant preorder. (Indeed, if f > id for such a preorder,
then f™ > id for all n € N.) O

In terms of semigroups, this translates into the next

Corollary 3.5.3. If n > 3 and I' is a torsion-free, finite-index subgroup of
SL(n,Z), then there is only one subsemigroup P of T satisfying P U P~! =T,
namely P =T

The results above are conjecturally true for all lattices in simple Lie groups
of rank> 2. Although this is still open in full generality, Morris-Witte’s theorem
extends to the case of higher Q-rank, as well as other non-cocompact lattices
[122]. However, no proof is available for cocompact lattices.

3.5.2 A canonical decomposition of the space of left-orders

Let (I', <) be a finitely-generated, left-ordered group, and let I'y be its maximal
=<-convex subgroup (c.f. Example 2.1.2). There are two possibilities, namely the
action of I on I' /Ty is or is not Conradian. In the first case, we will say that <
is of type I. The next proposition generalizes Corollary 3.2.2.

Proposition 3.5.4. The set of left-orders of type I is closed inside LO(T).

Proof. Since I is finitely generated, I'/T” may be written as Z* x G, where
k>1 and G is a finite Abelian group. Let <,, be a sequence of type-I left-orders
on I' converging to a left-order <. We must show that =< is also of type I. To
do this, notice that associated to each =,,, there is a Conrad’s homomorphism
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T,, which may be though of as defined on Z*. This homomorphism may be
chosen normalized. More precisely, if we let {g1,...,gx} be a family of elements
whose representatives generate I'/I" and denote a,; := 7,(g;), then the vector
(An1s-- -, ang) belongs to the (k — 1)-sphere S¥=1 for each n.

Claim (i). The points (a1, ..., a,x) converge to some limit (as,...,a) € SF71.

Otherwise, there are subsequences (7,,) and (7,,,) so that the associated vec-
tors converge to two different points of S¥~! with orthogonal hyperplanes H;, Hs,
respectively. These hyperplanes divide R¥ into four regions. Let us pick a point
of integer coordinates on each of these regions, and let hq, ho, h3, hy be elements of
I" which project to these points by the quotient I' — Z* x G. For i large-enough,
the value of both 7,,(h;) and 7, (h;) is nonzero for each j, but the signs of these
numbers must be different for some j. As Conrad’s homomorphisms are non-
decreasing, after passing to a subsequence of (<,,,) and (=<,,,) this implies that,
for some j, the element h; will have different sign for <,,, and =,,,,. However, this
is in contradiction to the convergence of =<,,.

Now, notice that the vector (aq, ..., ax) gives raise to a group homomorphism
7: Z% — R (which may be though of as defined on I'), namely, for g ~ g7* - - - g.*
in ['/T7,

k
7(g) :== Z an;.
i=1

Claim (ii). The kernel of 7 is a <-convex subgroup of I'.

Indeed, let g € T" and f € ker(7) be such that id < g < f. As Conrad’s
homomorphisms are order preserving, for each n, we have

0= Tn(ld) < Tn(g) < TH(f)

As 7, pointwise converges to 7 and 7(f) = 0, the inequalities above yield, after
passing to the limit, 7(g) = 0. Thus, g belongs to ker (7).

As a consequence of Claim (ii), the maximal =<-convex subgroup I'y con-
tains ker(7). Also, the action of I" on I'/Ty is order-isomorphic to that on
'/ ker(r)/To/ ker(7). Since the latter is an action by translations, the former
is, in particular, Conradian. Therefore, < is of type I. U

The case where the action of I' on I' /T’y is not Conradian is dynamically more
interesting. We know by definition that there must exist a crossing for the action.
The question is “how large” can be the “domain of crossing”. To formalize this
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idea, for each h €I, let us consider the “interval”
I(h) := {h € T there exists a crossing (f, g; u, w,v) such that fv < h < h < gu}.
By definition, I(h) is a convex subset of I

Lemma 3.5.5. If the set I(h) is bounded from above for some h € T', then it is
bounded from above for all h € T'.

Proof. As the notion of crossing is invariant under conjugacy, for all Ay, hy in I’
we have hy(I(hs)) = I(hihs). The lemma easily follows from this. O

If (the action of I" on I' /T’y is not Conradian and) I(h) is bounded from above
for all h € T', we will say that =< is of type II. If not, = will be said of type
II1. We then have a canonical decomposition of the space of left-orders of I' into
three disjoint subsets (compare [84, Theorem 7.E]):

LOM) = LO(T)ULO(T) U LO(T).

Example 3.5.6. Every Conradian order is of type I. Therefore, by Theorem 3.2.3,
finitely-generated, locally-indicable groups admit left-orders of type I.

Example 3.5.7. Smirnov’s left-orders <. (with ¢ irrational; see §1.2.2) on subgroups
of the affine group are prototypes of type III left-orders. However, these groups being
bi-orderable, they also admit left-orders of type I, which actually arise as limits os
Smirnov type orders. Moreover, the description given in 1.2.2 shows that these groups
do not admit type II left-orders. As a consequence, LOr(I") is not necessarily closed
inside LO(T).

The last remark above may be straightened. Indeed, if we choose inside the
Baumslag-Solitar group BS(1,¢) a sequence (g,) so that g, (g) tends to +oc, then all
conjugate left-orders (=), are of type III, but the limit left-order < is bi-invariant,
hence of type 1. Thus, a limit of type III left-orders in the same orbit of the conjugacy
action may fail to be of type III.

Exercise 3.5.8. Let (x;) and (y,) be two sequences of points in |0,1[ so that z;
converges to the origin and {y,} is dense. For each i > 1, let (2, ), be the sequence
having x; as its first term and the y,’s as the next ones. Associated to this sequence
there is a dynamical-lexicographic left-order <; on Thompson’s group F, namely, f >;
id if and only if the smallest n for which f(2,;) # 2n is such that f(z,:) > zn; (c.f.
§1.1.3). Show that =; is of type III for all ¢, but any adherence point of the sequence
(=) in LO(F) is of type 1.
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Remark 3.5.9. The subset of left-orders of type II on the free group F3 is dense in
LO(F2). Roughly, the proof proceeds as follows. (Compare §2.2.2.) Start with an
arbitrary left-order < on Fy together with an integer n € N. Consider the dynamical
realization of < as well as a very large compact subinterval I in the real line on which
the dynamics captures all inequalities between elements in the ball By, (id) or radius n
in F5. Then consider a new action of 5 which coincides with this dynamical realization
on I and commutes with a translation of the line (of very large amplitude). This new
action induces a (perhaps partial) left-order <,,, which can be easily turned into a total
one (by convex extension) which is not of type I (by adding crossings). Clearly, the
left-orders =<,, are all of type II and converge to <.

Remark 3.5.10. A similar construction allows to produce a sequence of left-orders of
type III on Fy that converges to an order of type II. Roughly, starting with a type II
left-order <, we consider its dynamical realization, we keep it untouched on a very large
compact interval I, and outside I we perturb it by including infinitely many crossings
for the generators along larger and larger domains. The new action will then induce a
left-order on o which is of type III and very close to <. We leave the details to the
reader.

The main problem related to this discussion is

Question 3.5.11. Does there exist a finitely-generated, left-orderable group all
of whose left-orders are of type III ?

We will come back to this question later.

Cofinal elements and the type of left-orders. Recall from §3.2.3 that an
element f of a left-ordered group (I', <) is <-cofinal if for any g € T" there exist
integers m,n such that f™ < g < f". In terms of dynamical realizations (c.f.
§1.1.3), for countable groups, this corresponds to that f has no fixed point on
the real line.

Following [47], we say that f is a cofinal element of T if it is =<-cofinal for
every left-order < on I'. The following should be clear from the discussion above.

Proposition 3.5.12. If a finitely-generated, left-orderable group I' has a cofinal,
central element, then no left-order on T" is of type III.

Example 3.5.13. In §3.2, we introduced the group

I'=(f,gh: f*=g>=h"= fgh),
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which is left-orderable but admits no nontrivial homomorphism into the reals (hence
no left-order of type I). We claim that the central element A := fgh is cofinal. Indeed,
if A = f2 = ¢3 = L7 has a fixed point for a dynamical realization, then this is fixed
by f,g,h, hence by the whole group, which is impossible. As a consequence, every
left-order on I' is of type II.

Example 3.5.14. Recall that the center of the braid group B, is generated by the
square of the so-called Garside element A,,. Moreover, one has

Ai = (0109 0p_1)" = (0%02 e Un_l)"_l.

We next reproduce the proof given in [47] of that A2 is cofinal in B,,.
Claim (i). If < is a left-order on B,, for which A,, > id, then for any braid o that is
conjugate to either «y :=o109---0, or B, := 0%02 -0, we have id < o < A2,

Indeed, as 0% = A2 for k equal to either n or n — 1, we must have
id<o<0><0%<...<d"=A2

Claim (ii). If < is as above, then A;? <o; < A2 forallie {1,...,n—1}.

Indeed, since A2 is central, by Claim (i) we have, for all § € B,
A2 <o b6 <id,  id < 68,071 < A2,

Since B, ' =01, this yields A;2< 60167 <A2, and since all the o;’s are conjugate
between them, this shows the claim.

Claim (iii). The element A2 is cofinal in B,,.

Let < be a left-order on B,. Using again the fact that A2 is central, the set
{o €B,: A¥ <5 < A% for some r,s in Z} is easily seen to be a subgroup of B,,. By
Claim (ii), it contains the o;’s. Thus, it coincides with B,,, which concludes the proof.

Remark 3.5.15. We do not know whether there exist type-I1I left-orders on the derived
groups B, for n > 5. Notice that these groups do not admit left-orders of type I since
they admit no nontrivial homomorphism into the reals (c.f. Example 3.2.8). By the
preceding example, the restriction of any left-order on B,, to them is of type II.

A dynamical view. As we showed in §1.1.3 (and used many times), finitely-
generated, left-ordered groups may be realized as groups of orientation-preserving
homeomorphisms of the real line. In what follows, we use this to visualize the
dynamical differences between orders of different type. For example, type-I left-
orders are characterized as follows.
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Proposition 3.5.16. If < is a left-order of type I on a (finitely-generated) group
L, then its dynamical realization preserves a Radon® measure on R. Conversely,
any left-order induced from a faithful action of I' on the real line that preserves
a (nontrivial) Radon measure is of type I.

Proof. Let < be a left-order of type I on I, let 'y be its maximal proper convex
subgroup, and consider the dynamical realization of <. By convexity, 'y fixes the
interval [a, b], where a,b are, respectively, the infimum and the supremum of the
orbit of the origin under I'y. Moreover, by Theorem 3.2.27 and Corollary 3.2.28,
we have that I'y is normal in I', that I'g = ker(7<), where 7 : I' — (R, +) is
the Conrad homomorphism, and that the induced order on I'/T’y is Archimedean.
In particular, the set Fiiz(T'g) of global fixed points of Iy, is I'-invariant (hence
infinite), and the action of I'/Tg on Fiz(Ty) is free.

Now, if Fiz([y) is discrete (equivalently, if 7<(I') ~ Z), then for each x €
Fiz(I'y), the measure » 7, ) On() is a I-invariant Radon measure. If Fiz(I')
is non-discrete (equivalently, if 7<(I") is a dense subgroup of R), we may proceed as
in Example 3.1.6 to show that the action of I' is continuously semiconjugate to an
action by translations that factors throughout I'/Ty. Pulling back the Lebesgue
measure by this semiconjugacy, we obtain a I'-invariant Radon measure.

Conversely, assume that an action of I' by orientation-preserving homeomor-
phism of the real line preserves a Radon measure v. Then there is a translation-
number homomorphism 7,: I' = (R, +) defined by 7,(9) := v([y,9(y))). (Recall
that the value is independent of y, due to invariance.) We claim that ker(7,) is a
convex subgroup for any left-order induced from the action. Indeed, let z € R be
the first reference point for inducing such a left-order on I' (¢.f. §1.1.3). On the
one hand, if z lies in the support of v, then ker(7,) coincides with the stabilizer of
x, hence it is a convex subgroup. On the other hand, if  does not belong to the
support of v, let I be the connected component of the complement of the support
of v containing x. At least one endpoint of [ is finite, which easily allows to show
that for each g € T, either g(I) NI is empty or coincides with 7. It follows from
this that the stabilizer of I is a convex subgroup of I" that coincides with ker(r,).

Notice that for all g, h in ', the inequality 7,,(g) >7,(h) implies g(x) > h(x) for
every = € R. It easily follows from this and the discussion above that ker(7,) is
the maximal convex subgroup. Finally, the action of I on I'/ ker(7, ) is Conradian,
because it is order-isomorphic to an action by translations. 0

8Recall that a Radon measure is a measure giving finite mass to compact sets.
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Remark 3.5.17. In the proof above, the finite-generation hypothesis was only used
in the direct implication to ensure the existence of a maximal proper convex subgroup.
Since this is known to exist in some other situations (see, for instance, Exercise 3.3.1),
the proposition still holds in these cases.

To deal with type-II and type-III left-orders, we closely follow [63] (compare
[133]). We say that the action of a subgroup I' of Homeo, (R) is locally con-
tracting if for every z € R there is y > z such that the interval [z,y] can be
contracted into a point by a sequence of elements in I'. We say that the action is
globally contracting if such a sequence of contractions exists for any compact

subinterval of R. We denote by H/(;I\nzoJr(Sl) the group of homeomorphisms of
the line that are liftings of orientation-preserving circle homeomorphisms. The
next lemma is to be compared with Example 2.1.2.

Lemma 3.5.18. Every finitely-generated subgroup of Homeo, (R) preserves a
nonempty minimal closed subset of the line. This set is unique in case no discrete
orbit exists.

Proof. Fix a point zy and a compact interval I containing z, as well as all its
images under the (finitely many) generators of the group I'. By obvious reasons,
every closed set of the line that is invariant under the action must intersect I.
Therefore, the standard argument using Zorn’s lemma to detect (nonempty) min-
imal sets may be applied by looking at the (compact) “traces” in I of nonempty
invariant closed subsets of the line. We leave the details to the reader (see [150,
Proposition 2.1.12] in case of problems). To prove uniqueness, notice that for a
closed invariant subset K, the set of acummulation points K’ is also closed and
invariant, hence K’ = K in case K is not a discrete orbit. Assume K is not
the whole line (otherwise, the uniqueness is obvious). It is then easy to see that
every connected component of the complement of K’ has a sequence of images
converging to any point in K’. In other words, every orbit acummulates at K,
which obviously implies the uniqueness of the nonempty minimal invariant closed
set. U

Theorem 3.5.19. Let I' be a finitely-generated subgroup of Homeo, (R) whose
action admits no global fized point. Then one of the following mutually-exclusive
possibilities occur:

(i) T is semiconjugate to a group of translations;
(i) T is semiconjugate to a minimal, locally contracting subgroup of Homeo, (S');

(iii) T is globally contracting.
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Proof. Assume there is no discrete orbit for the action. By Lemma 3.5.18, there
is a unique minimal nonempty closed I'-invariant subset K. In case K is not the
whole line, collapse each connected component of the complement of K to a point
in order to continuously semiconjugate I' to a group I' whose action is minimal.
If T preserves a Radon measure, then after semiconjugacy, this measure becomes
a I-invariant Radon measure of total support and no atoms. Therefore, T' (resp.
') is conjugate (resp. semiconjugate) to a group of translations.

Suppose next that I' has no invariant Radon measure. Then the action of T’
cannot be free. Otherwise, I' would be conjugate to a group of translations (c.f.
Example 3.1.6), and the pull-back of the Lebesgue measure by the semiconjugacy
would be a I'-invariant Radon measure.

Let g € T be a nontrivial element having fixed points, and let Z, be a point in
the boundary of Fix(g). Then there is a left or right neighborhood I of Z, that is
contracted to Ty under iterates of either g or its inverse. By minimality, every T
has a neighborhood that can be contracted to a point by elements in I'. Coming
back to the original action, we conclude that every x €R has a neighborhood that
can be contracted to a point by elements in I'. Notice that such a limit point can
be chosen arbitrarily in K; in particular, it may be chosen to belong to a compact
interval I that intersects every orbit (as in the proof of Lemma 3.5.18).

For each z € R, let M (x) € RU{+00} be the supremum of the y > = such that
the interval (z,y) can be contracted to a point in I by elements of I'. Then either
M = 400, in which case the group I' is globally contracting, or M (z) is finite
for every € R. In the last case, M induces a non-decreasing map M: R — R
commuting with all the elements in I'. Since the union of the intervals on which
M is constant is invariant by I', the minimality of the action implies that there
is no such interval, that is, M is strictly increasing. Moreover, the interior of
R\ M(R) is also invariant, hence empty because the action is minimal. In other
words, M is continuous. All of this shows that M induces a homeomorphism
of R into its image. Since the image of M is -invariant, it must be the whole
line. Therefore, M is a homeomorphism from the real line to itself. Observe that
M (x) > x for any point x, which implies that M is conjugate to the translation

P —~— +
x — x + 1. After this conjugacy, I' becomes a subgroup of Homeo (S!). O

The next proposition should now be clear to the reader.

Proposition 3.5.20. Let I" be a finitely-generated left-orderable group, and let
= be a left-order on it. Then < is of type I (resp. I, resp. III) if and only if its
dynamical realization satisfies property (i) above (resp. (ii), resp. (iii)).
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Having this proposition at hand, we come back to Question 3.5.11. We claim
that, in case of a negative answer, no lattice in a higher-rank simple Lie group
can be left-orderable. Indeed, on the one hand, orders of type I lead to nontrivial
homomorphisms into the reals in an obvious way. On the other hand, orders of
type II yield (perhaps unfaithful) actions on the circle (viewed as the space of
orbits of the freely-acting commuting homeomorphism) that have no invariant
probability measure (otherwise, we fall into type I). Both cases are impossible
for higher rank lattices: the former contradicts Kazhdan’s property (T) (see [9]),
and the latter contradicts a theorem of Ghys (see [80]).

Remark 3.5.21. As cited above, lattices in higher-rank simple Lie groups have Kazh-
dan’s property (T), meaning that every affine isometric action on a Hilbert space has
a fixed point (see [9]). It is unknown whether an infinite Kazhdan group may be left-
orderable. A challenging case is that of lattices in Sp(n, 1). Indeed, orderability of such
a lattice I' would provide an affirmative answer to this and to Question 3.5.11 (due to
Proposition 3.5.20 above), and non-left-orderability would yield new examples (besides
those of [116]) related to Question 1.4.8 provided the injectivity radius of Sp(n,1)/T’
is large enough, in virtue of Example 1.3.7 (indeed, the associated symmetric space
carries an invariant negatively-curved metric).



Chapter 4

PROBABILITY AND
LEFT-ORDERABLE GROUPS

4.1 Amenable Left-Orderable Groups

Starting from the work of von Neumann and Day, amenability became one of
the deepest notions in the theory of infinite groups. Von Newmann defined this
concept as follows.

Definition 4.1.1. A countable group I' is said to be amenable if there exists
an tnvariant mean on L(I'), that is, a linear functional M on £>*(T") that
satisfies:

— (Positivity) If ¢ is non-negative, then M (¢) > 0;

— (Normalization) If 1r denotes the constant function equal to 1 along I', then
M(1lr) = 1;

— (Invariance) For all ¢ € L£°(I') and all g € T, one has M(¢) = M(¢ o R,),
where R is the right action of I' on £>(I'), that is, R,(¢)(h) := ¢(hg).

Among the many equivalent definitions, we next state the one that will be
useful in this section: a group is amenable if every action by homeomorphisms of
a compact metric space admits an invariant probability measure.

Exercise 4.1.2. Prove the equivalence between the two definitions above (see [108] or
[195] in case of problems).

Our aim now is to discuss another nice result due to Morris-Witte [145]. The
theorem below was conjectured by Linnell in [125], but it was already suggested
by Thurston (see [189, page 348]).

157
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Theorem 4.1.3. Every amenable, left-orderable group is locally indicable.

For the proof, we will say that a left-order < is right-recurrent if for every
pair of elements f, h in I' such that f>id, there exists n € N satisfying fh"™ > h".
Notice that every right-recurrent order is Conradian. (The converse does not
hold; see Example 4.1.7.) As subgroups of amenable groups are amenable [195],
this implies that Theorem 4.1.3 follows from the next

Proposition 4.1.4. If T is a finitely-generated, amenable, left-orderable group,
then I' admits a right-recurrent order.

To prove this proposition, we will need the following weak form of the Poincaré
Recurrence Theorem. We recall the proof for the reader’s convenience.

Theorem 4.1.5. If S is a measurable map that preserves a probability measure
1 oon a space X, then for every measurable subset A of X and p-almost-every
point x € A, there exists n€N such that S™(z) belongs to A.

Proof. The set B of points in A that do not come back to A under iterates of
Sis A\ U,enS7"(A). One easily checks that the sets S™'(B), with ¢ > 1, are
two-by-two disjoint. Since S preserves p, these sets have the same measure, and
since the total mass of y equals 1, the only possibility is that this measure equals
zero. Therefore, u(B) = 0, that is, p-almost-every point in A comes back to A
under some iterate of S. O

Exercise 4.1.6. In the framework above, show that for p-almost every point z € X,
the set of positive integers n such that S™(x)€ A is unbounded.

Proof of Proposition 4.1.4. It directly follows from on of the definitions
that if a countable left-orderable group I' is amenable, then its action on (the
compact metric space) LO(I") preserves a probability measure . We claim that
p-almost-every point in LO(I") is right-recurrent. To show this, for each g € T,
let us consider the subset V, of LO(I') formed by the left-orders < on I' such
that g = id. By the Poincaré Recurrence Theorem, for each f € I', the set
By(f) = Vg \ Upen f7"(Vy) has null pg-measure. Therefore, the measure of
By = Ujer By(f) is also zero, as well as the measure of B := (J . B,. Let us
consider an arbitrary element < in the (u-full measure) set LO(I') \ B. Given
g > id and f € I', from the inclusion B,(f) C B we deduce that < does not
belong to By(f). Thus, there exists n €N such that < belongs to f~"(V}), hence
= is in V. In other words, one has g >4 id, that is, gf™ >~ f". Since g > id
and f € I" were arbitrary, this shows the right-recurrence of <.
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Example 4.1.7. Following [145, Example 4.5], we next show that there exist C-
orderable groups which do not admit right-recurrent orders. This is the case of the
semidirect product I' =Fy x Z2, where F5 is any free subgroup of SL(2, Z) acting linearly
on Z2. (Such a subgroup may be taken of finite-index.) Indeed, that I' is C-orderable
follows from the local indicability of both Fy and Z2. Assume throughout that < is a
right-recurrent left-order on I'. For a matrix f € Fy and a vector v=(m,n) € Z?, let
us denote by f and @ the corresponding elements in I, so that f(v) = fof~!. Let 7
be the Conrad’s homomorphism associated to the restriction of < to Z?2, so that we
have v > id whenever 7(v) > 0, and 7(v) > 0 for all v > id (c.f. Corollary 3.2.28).
Let f be a hyperbolic matrix in Fo, with positive eigenvalues aq, as and corresponding
eigenvectors vy, vy in R2. Since v; and vy are linearly independent, we may assume
that 7(v1) # 0. Furthermore, we may assume 7(v;) > 0 and o3 > 1 after replacing
vy with —v; and/or f with f~!, if necessary. Let L : R?> — R be the (unique) linear
functional that satisfies L(v;) = 1 and L(v2) = 0. Given any v € Z? such that 7(v) > 0,
right-recurrence provides us with an increasing sequence (n;) such that of " = f~"
for every i. This implies that f™vf~™ = id, hence 7(f™(v)) > 0. Since

T O)) <lim i )) = ~(L(v)vr) = L(v)r(v1),

i—00 a?i i—00 Qq
we conclude that L(v) > 0. Since v is an arbitrary element of Z? satisfying 7(v) > 0,
this necessarily implies that ker(7)=Xker(L) is an eigenspace of f. But f is an arbitrary
hyperbolic matrix in Fo, and it is easy to show that there are hyperbolic matrices in
Fy with no common eigenspace. This is a contradiction.

Remark 4.1.8. The group I' =Fy x Z? is particularly interesting in our context by
this and many other reasons; see [152] for a discussion of this.

An extension for left-orderable groups without free subgroups 7 A
prototype of a non-amenable group is the free group in two generators. Indeed,
this group acts by projective diffeomorphisms of the circle without an invariant
probability measure (one of these actions is the so-called Schottky action, to
which Klein’s ping-pong argument perfectly applies). It is an easy exercise to
show that every subgroup of an amenable group is amenable. Therefore, every
group containing a (non-Abelian) free group is also non-amenable. The converse
is, however, false, even in the framework of bi-orderable, finitely-presented groups
(see §4.2).

It is unknown whether Theorem 4.1.3 extends to groups without free sub-
groups, that is, whether left-orderable groups not containing Iy are locally indi-
cable. (See [124] for an interesting result pointing in the affirmative direction.)
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We next show that this would be the case if the answer to Question 3.5.11 is neg-
ative. Indeed, as type-I orders yield homomorphisms into the reals, what we need
to show is that type-II orders imply the existence of free subgroups. However,
as we saw at the end of §3.5.2, type-II orders yield group actions on the circle
without invariant probability measures. Now, a theorem of Margulis establishes
that a group admitting such an action necessarily contains a copy of Fy (see [139]
as well as [79, 150]).

A relevant class of groups that do not contain free subgroups consists of
those satisfying a nontrivial law (or identity). This is a reduced word W =
W (zy,...,x;) in positive and negative powers such that W(gy, ..., g,) is trivial
for every gi,...,g, in the group. For instance, Abelian groups satisfy a law,
namely Wi (zq,x9) = xlxgzl_lxz_ ! Nilpotent and solvable groups also satisfy
group laws. Another important but less understood family is the one given by
groups satisfying an Engel condition WP, where

WE(zy, 20) = WE (W,f_l(zl, 1'2),1’2), WE(zy, 29) = wyw0my Py b

It is an open question whether left-orderable groups satisfying an Engel condition
must be nilpotent. This is known to be true if the group is Conrad-orderable (see
[84, Theorem 6.G]). In other words, if I" is an Engel group having a left-order
without resilient pairs, then I' is nilpotent. In this direction, the next proposition
becomes interesting, and shows the pertinence of Question 3.2.19. The (easy)
proof is left to the reader. (See [148] for more on this.)

Proposition 4.1.9. If T' is a left-orderable group satisfying a law, then there
exists n €N such that no left-order on I' admits an n-resilient pair.

Locally-invariant orders on amenable groups. The ideas involved in the
proof of Theorem 4.1.3 yield interesting results for other type of orders on amenable
groups. The next result is due to Linnell and Morris-Witte [126].

Theorem 4.1.10. Fvery amenable group admitting a locally-invariant order is
left-orderable (hence locally indicable).

Proof. As for Theorem 4.1.3, we may assume that I" is finitely generated.

First, it is not hard to extend the claim of Exercise 1.3.8 to describe the
restriction of a locally-invariant order to any left coset of a cyclic subgroup: For
every f € I' and g # id, either

fg" < fg"tt for all n € Z,
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or
fg" < fg™ ' foralln € Z,

or there exists ¢ € Z such that
fg" < fg"™ forallm>(¢ and fg¢" < f¢g" ' foralln <.

We next argue that for amenable groups, there is a locally-invariant order for
which the third possibility never arises.

Recall from Exercise 2.2.4 that the space of locally-invariant orders is a com-
pact topological space, which is metrizable whenever I' is countable. The group I
acts on LZO(I") by left and right translations. Since I' is amenable, both actions
preserve probability measures on LZO(I"). Let p be a probability measure that
is invariant under the right action. We leave to the reader the task of showing
that a generic locally-invariant order < is strongly right-recurrent. More precisely,
there is a subset A of full u-measure such that for every < in A, the following
happens: If f < g, then given h € I, the set of integers n such that fh" < gh"
is unbounded in both directions. (Compare Exercise 4.1.6) Since in the third
case above this property fails, we conclude that a generic locally-invariant order
is either the canonical one or its reverse whenever restricted to a left-coset of a
cyclic subgroup.

We next show that every < in A is a left-order. Indeed, by the definition
of locally-invariant order, for every g # id we have either g = id or g=* = id.
Both inequalities cannot hold simultaneously, otherwise the restriction of < to
the cyclic subgroup (g) wouldn’t be neither the canonical order nor its reverse.
Therefore, the positive cone P := {g: g > id} is disjoint from its inverse, and
their union covers I' \ {id}.

It remains to show that P is a semigroup. Assume for a contradiction that
g, h in P are such that gh ¢ P. Then gh < id. Thus g > id > gh, hence using the
property of a locally-invariant order, one easily checks that, necessarily, gh? < gh.
More generally,

g > gh>= gh* = gh®~ .. ..

Therefore, gh™ < id, for all n > 1. However, due to the right-recurrence of =<,
there is some n € N such that gh™ = h™ > h > id. This is a contradiction. O

The theorem above makes natural the following

Question 4.1.11. Does there exist an amenable U.P.P. group that is not left-
orderable 7 (See §1.4.3.)
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4.2 Non-Amenable, Left-Orderable Groups with
no Free Subgroup

The natural problem of finding non-amenable groups without (non-Abelian)
free subgroups goes back to von Neumann. This was first solved by Ol’shanskii
in [160] and soon after by Adian [1], in the beginning of the eighties. Their
examples, however, do not admit a finite presentation, and also contain a lot
of torsion elements. Actually, torsion is fundamental for their constructions; for
instance, Adian proves that the free Burnside group B(2,n) is non-amenable for
large enough n (c.f. Example 1.4.14). The first example of a finitely-presented,
non-amenable group without free subgroups was constructed much later in [161];
however, this group still has a lot of torsion.

Here we present a construction of a bi-orderable (hence torsion-free) non-
amenable group having no free subgroups and which, moreover, admits a finite
presentation. This example comes from the beautiful recent work of Lodha and
Moore [128], who were able to isolate a particular finitely-presented group inside
a much bigger family of groups previously studied by Monod [144], motivated by
a prior theorem of Carriere and Ghys [39].

4.2.1 (Non-)amenable actions

In this section, we will show that PP, (R), the group of orientation-preserving,
piecewise-projective homeomorphisms of the real line (c.f. §1.2.5), contains many
countable subgroups that are non-amenable [144]. The key ingredient is a result of
Carriere and Ghys [39], presented as Theorem 4.2.1 below. For the statement, we
say that an action of a countable group I' on a measured space X by measurable
maps (a measurable action, for short) is regular (or non-singular) if the
images of zero-measure sets under group elements have zero measure. The orbital
equivalence relation associated to such an action is said to be amenable if for
each € X there is a linear functional (mean) M, : L*(I'r) — R (where I'z
denotes the orbit of the point # € X) that satisfies:

— (Positivity) If ¢ is non-negative, then M,(¢) > 0;

— (Normalization) For almost-every x € X, we have M,(1r,) = 1, where 1p,
denotes the constant function equal to 1 along I'x;

— (Invariance) For all g € I' and almost every x € X, one has M, = M,);

— (Measurability) If ¢ is a bounded measurable function defined on the graph

{(z,y): there exists g € I such that y = g(z)}
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of the equivalence relation, then x — M, (¢(x,-)) is a measurable function from
X into R.

Theorem 4.2.1. Let I' C PGL(2,R) be a countable subgroup. If ' contains a
non-discrete copy of Fy, then the equivalence relation given by the I'-orbits for its
projective action on PY(R) is non-amenable.

Proof. Assume for a contradiction that the relation induced by the I'-action
on P}(R) is amenable. Then the induced action of the free subgroup Fy is also
amenable. Indeed, we may define the family M’ of means along the Fy-orbits by
letting M’(f) := M,(f), where f coincides with f along the Fs-orbit of # and
equals 1 on 'z \ Fox. Therefore, we may assume that I' = Fy.

Let {a,b} be a free generating set of Fy = I', and let A (resp. B) be the set of
elements in Fy whose reduced form end with a nontrivial power of a (resp. b). As-
suming the existence of the linear functionals M, as above, let ¢» = 1,: I" — [0, 1]
be defined by ¥ (z) := M,(14,), where 1,4, stands for the characteristic function
of the corresponding set Az := {h(z): h € A}. By applying (Measurability)
to the function (x,y) — 1a.(y), we conclude that 1 is a measurable function.
Moreover, the action of Fy on P}(R) is almost everywhere free, because every
nontrivial element in PGL(2, R) fixes at most two points. Since the sets Ab" are
two-by-two disjoint for i € Z, by (Positivity) and (Normalization) we obtain

Since by (Invariance) we also have

lp(bll') = Mbix(lAbix) = Mw(lAbix)u

we obtain

0<> W(b'z) <1 (4.1)

In particular, if ¢(z) > 1/2, then ¢ (b'x) < 1/2 for all i # 0.

Using (Invariance) and the fact that the action is almost free, one easily con-
cludes that M, (1) = 0 holds for almost every x. Therefore, by (Normalisation),
we have v, := 1 —1),. This allows us to conclude in the very same way as above
that if ¢ (x) < 1/2, then ¥ (a’z) > 1/2 for all i # 0.

These properties fit into the framework of the classical Klein’s ping-pong
argument for the measurable subsets P and Q of P*(R) defined by

P:={zeG|¢Y()<1/2} and Q:={xreG|(x)>1/2}.
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Indeed, we have a'P C @ and V/Q C P for every nonzero 4, j. In particular, for
every element g € Fy that (in reduced form) begins and ends by a power of a, we
have g(P) C Q.

By hypothesis, there is a sequence of nontrivial elements g, € Fy converging
to the identity in PGL(2,R). We claim that we may take these elements to begin
and end with nontrivial powers of a (and hence g,(P) C @ for every n). Indeed,
If g,, begins or finishes by a power of b, then at least one of the following elements
agna~! or a~'g,a begins and finishes by powers of a, and such a conjugate stays
close to the identity.

From the Lebesgue Density Theorem, it follows that
Tim p1(gn(P) N P) = p(P),

where p stands for the Lebesgue measure on P!(R). Since g,(P) C Q and P
and @ are disjoint, we obtain that u(P) = 0. The same reasoning shows that
w(Q) = 0. In particular, almost surely the function ) takes the value 1/2, but
this contradicts the finiteness of the series (4.1). O

Quite naturally, if a group I' is amenable, then every regular action of I'" on
a measured space X is amenable. Indeed, if M is a mean on I, then the family
of means on the I-orbits defined by M,(¢) := M(¢,), where ¢.(g9) = ¢(gx),
satisfies the desired properties. The only nontrivial property is (Invariance), but
this follows from the invariance of M under right multiplication together with
the equality ¢, = ¢, o Ry,.

The previous discussion is quite useful to detect non-amenable groups. Before
stating the next result, we introduce some notation: We consider the action of
PGL(2,R) on P}(R) ~ R U {oo}, where oo ~ [1 : 0]. Given a subgroup I' of
PGL(2,R) acting on P!(R), we denote P(T") the subgroup of Homeo, (R) formed
by the homeomorphisms that coincide with the restriction of an element of I' on
each piece of a division of the real line into finitely many intervals. Observe that
" is not assumed to fix co whereas P(I") fix it.

Proposition 4.2.2. Let T" be a subgroup of PGL(2,R). Assume that I contains
a nontrivial translation x — x +t. Then the orbit relations induced on R\ I'oo
by both the actions of T' and P(T") coincide.

Proof. After conjugating by a suitable affine map, we may assume that the
translation x +— x+1 is contained in I'. Let z, y be any pair of points not lying in

the I'-orbit of oo € P!(R) but lying in the same I'-orbit. Let g € T', say g(z) = ZZZIS
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(with ad — be # 0), be such that y = g(x). We need to show that there exists
an element of P(I") sending z to y. If ¢ = 0, then g already fixes oo, and the
restriction of g to R belongs to P(I"), hence we are done in this case. Assume now
that ¢ # 0. For each n € Z of large-enough modulus, the equation g(z) = z — n
has two solutions, namely

a—d+cn de(dn + b)
=— | 1£y/1+—F— .
=+ 2¢ ( \/ * (a—d+cn)2>

d

24 ~inl—oc N and Z_ —|n|—oo —

These satisfy

Since x # —% = g !(o0), by choosing n large enough or small enough according
to whether = > —% or r < —%, we see that z lies inside the interval I with
endpoints z_ and z;. Define §(z) := g(z) if z belongs to I, and §(z) := z — n if

not. Then ¢ is an element of P(I") which sends x to y, as desired. O

Corollary 4.2.3. If I' C PGL(2,R) is a countable subgroup containing a non-
discrete copy of Fy and a nontrivial translation x — x + t, then the group P(T")
is non-amenable and does not contain any copy of Fs.

Proof. Combine Theorem 1.2.13, Proposition 4.2.2 and Theorem 4.2.1. O

Remark 4.2.4. Another result of [39] is that any countable dense subgroup of
PGL(2,R) contains a non-discrete copy of Fy. Therefore, the preceding corollary
as well as Theorem 4.2.1 can be extended by only demanding the density of I'. It
should be noticed that, in [22], it is shown that if [ is a countable dense subgroup
of a connected, real, semi-simple Lie group G (as for instance PGL(2,R)), then
I' contains a copy of Fy which is also dense in G.

4.2.2 A finitely-presented version
In this section, we let I' C PGL(2,R) be the group generated by

a= 11 b= 0 1 and ¢ = V2 0
“\o1)>7 7 -10 L0 1/V2 )
Notice that the first two elements generate PSL(2,Z). By Theorem 1.2.13, P(I")
has no free subgroup. Using the results of the preceding section, we will show
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that P(I') is non-amenable. Besides, following [128], will show that the group
P(T") contains a finitely-presented subgroup which is still non-amenable.

The action of P(') on P!(R) is non-amenable. This will follow from Theorem
4.2.1 provided we check that I' contains a copy of Fy which is non-discrete in

PGL(2,R). To do this, fix n > 1, and consider

L 0 1 _ ~2ny~—1~2n
g.-(_l 1/2n>—c ba ¢ el

Letting 6 := 1/2", we see that the eigenvalues of g are

L
2 2

Notice that ¢ is an elliptic element of PGL(2,R) because Ay A_ = 1 and both
A_, Ay have nontrivial imaginary part. Hence the projective action of g is conju-
gate to a rotation.

We claim that ¢ acts hyperbolically on Q; x Qy, where Q; denotes the 2-
adic rationals (see [118] for background). Indeed, to check this, we just need to
compute |Ax|s, the 2-adic norm of Ay, and show that none of them is equal to 1.

To do this, we write
1

- 2n+1

At

W4,

where w. = 1444/227+t2 — 1. Thus we need to show that |w4 |, # 1/2"!. Looking
for a contradiction, we assume that |w_|s = |w, | = 1/2""!. Then

. W4+ W4 . 1 +Z 22n+2 —1 . W4
1= _ VT | = ]
w_wy |, 22n+ 9 22n+ 2

But for a ultrametric norm (such as the 2-adic norm) we have that |z| < |y| implies
that |z —y| = |y|. Since }2;’%‘2 = 2;?% = 2" this yields 1 = 2;’;%}2 = 2", which
is the desired contradiction.

Thus, g acts hyperbolically on Q; x o, hence it has infinite order. As a
consequence, ¢ is conjugate to an irrational rotation on P!(R), otherwise it would
have finite order. (As the angle of rotation 6 of an element h € PGL(2, R) satisfies
2cos(f) = +tr(h), this shows that arccos(1/2"™!) is an irrational multiple of 7
for each n > 1.)

Now, since ' is not a solvable group, we can find a conjugate f of g such that
f and g do not share any eigenvector (this is an easy exercise; see [111] in case of
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problems). By a ping-pong argument applied to the action on Qs x Qy, it follows
that g and f generate a free group. This free group is not discrete in PGL(2,R)
since ¢ is conjugate to an irrational rotation.

A finitely presented subgroup. This is the main novelty of [128]. We first
provide a crucial construction that will allow us to deal with P(I") in combinatorial
terms.

Exercise 4.2.5. The Hurwitz application is the map ¢: {0, 1} — [0, 00| recursively
defined by

1
$(0€) = T and  ¢(16) :=1+6(¢),  where & € {0,1}".

1+ 5k
#(©)

(i) Check that, for n; > 0 and all ny, ns, ... positive integers,

1
¢(1n10n2 meQna ) =ny+ T .
n2 + n3+ 1

(ii) Show that ¢ is one-to-one, except at points in {0,1}" that become eventually
constant yet are not constant. Check that these points map under ¢ to the rational
points in |0, co[, and that the non-injectivity comes from that, for every finite sequence
s of 0’s and 1’s,

H(s01) = 6(s10),
where 0 (resp. 1) stands for the constant sequence with all entries 0 (resp. 1).
(iii) Show that ¢ is increasing (resp. continuous) with respect to the lexicographic order
(resp. product topology) on {0, 1},
(iv) Let ¢o : {0,1} — [0,1] be defined by ¢o(¢) := ¢(0¢), and remind the map
¢z : {0, 13N — [0, 1] from Exercise 1.2.11 defined by

2(8) = Z %, where § = (i1,12,...), i; € {0,1}.
Jj>1

Show that ¢ := ¢g o ¢y " : [0,1] — [0,1] is a well-defined homeomorphism that sends
bijectively the dyadic numbers into the rationals. More accurately, show that, if we let
0=7po/qo <pi/q1 < ...pi/q < ... < pan/qan = 1 be the n'* step Farey sequence of
rationals, then 1) sends each point i/2" into p;/g;.

Hint. Although the claim above can be proven by induction, a dynamical argument
proceeds as follows. Let Hs : [0,1] — [0,1] be the map defined by Hs(t) := {2t} for
t <1and H(1) =1. Also, let Hyp : [0,1] — [0,1] be defined by

L ifo<t< i,
H(] t) =
" 2ol gfl <<
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Show that both Hy and H; are conjugate to the shift o : {0, 1} — {0, 1} defined by
o(i1,i9,13,...) := (i2,13,...). More precisely, show that

Hypogg=¢goo, Hyo ¢y =¢oo0o0.

(v) For each ¢ € {0,1}Y, let £ be the conjugate of &, which results from £ by changing
all 0’s into 1’s and viceversa. Check that ¢(£)¢(£) = 1 holds for all sequences & that
are not constant.

(vi) Let @ : {0, 1} = RN {oc} = P(R) be defined by

O(0¢) == —¢(&), (1€)== H(&).
Translate the properties of ¢ above into analog properties of ®.

Remind from Exercise 1.2.11 the homeomorphisms @ and b of {0,1}N given
by

s if £ = On,
On if € =00n,
10 if & = 100n,
a(¢) =< 10n if £ =01n, and b(&) ==
110p  if € = 1017,
11n  if & =1n,

| 111y if & =11p.

Exercise 4.2.6. Define a,b in P(T") by letting

t+1 ift > 1.
Check that ®(a(€)) = a(®(€)) and ®(b(£)) = b(®(€)) for all {0, 1}V,

V2
0
cation by 2. It is hence crucial to encode the action of the map = — 2x in the
coordinates given by ¢.

Observe that the element ¢ = ( 1 /Oﬂ ) above corresponds to multipli-
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Exercise 4.2.7. Let ¢: {0, 1} — {0,1}" be recursively defined by

0é(n) if £ = 00m,
(&) = 10e(n) if € = 01,
11¢(n) if £ =1n.

Show that, for all ¢ € {0,1},
P(e(€)) = 2¢().

Hint. Check the equality above for sequences & that become eventually constant (to do
this, use an induction argument on the length of the largest finite subword of £ before it
becomes constant). Show also that ¢ is a homeomorphism, and conclude by continuity
that the equality above holds for all &.

Similarly to Exercise 1.2.12, given a finite binary sequence s, we let a, (resp.
¢s) be the map that consists of the action of @ (resp. ¢) localized at the subtree
starting at the terminal vertex of the path s. In precise terms,

~

sa(n)  if = sn, s¢(n) i &= sn,
as(§) = (€)=

& otherwise, & otherwise.

Notice that b = ¢1. Notice also that ¢, is conjugate to ¢;¢ for each non-constant,
nonempty, binary sequence s.

Exercise 4.2.8. Let ¢ be the piecewise projective homeomorphism of the real line
defined by
{ o5 if t € [0,1],

t otherwise.

Check that ®(é10(€)) = c¢(®(€)) holds for all £€{0, 1},

We denote by G the subgroup of P(I') generated by the elements a, b, ¢ from
Exercises 4.2.6 and 4.2.8. Then Gy has no free subgroup. Moreover, by Proposi-
tion 4.2.2, the orbit equivalence relation of G coincides with that of P(I"), hence
it is non-amenable, and therefore GGy is a non-amenable group. Our task now is
to give a finite presentation for GGy. To do this, we will deal with its isomorphic
version acting on {0, 1} generated by a, b and é.

We start by noticing that the subgroup of G, generated by a and b=a is
isomorphic to Thompson’s group F (c.f. Exercise 1.2.11).
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Remark 4.2.9. The map 9 = ¢g o ¢5 1 from Exercise 4.2.5 conjugates the standard
dyadic action of F into an action by piecewise projective homeomorphisms of [0, 1]. (The
latter was first constructed by Thurston, and it is well described in [38] and [150].) It
hence corresponds to the Ghys-Sergiescu conjugacy between these two actions; see [82].
It may be proved that v is totally singular with respect to the Lebesgue measure; see
for instance [62].

Remind from Exercise 1.2.12 that for finite binary sequences s, t, we let a;(s)
be the action of a; on s whenever it is defined. The main result of Lodha and
Moore [128] may be stated as follows.

Theorem 4.2.10. Consider Gy as a group generated by as and ¢;, where s is
any (perhaps empty) sequence and t any nonempty, non-constant sequence. Then
the family of relations below provide a presentation of Gy with respect to these
generators:

(i) If a.(s) is defined, then a,as = Gays)a;

(i) If ai(s) is defined, then 4,Cs = Cay(s)0y;
(iii) If s,t are (mnonempty, non-constant and) incompatible, then ¢s¢, = ¢iCs;
(iv) For each s a nonempty, non-constant, binary sequence, ¢, = Cs11Cy0Cs00s-

By Exercise 1.2.12, the first group of relations correspond to those of a pre-
sentation of F, and by Exercise 1.2.10, these may be summarized into

[a~'b,aba~"] = [a~'b, a*ba %] = id,

where b := a;. Using conjugacy by elements in F, it is not hard to see that the
second group of relations may be reduced to

[ao, ¢10] = [ao1, ¢10] = |11, C10] = [@111, C10] = id.
By a similar procedure, the third group reduces to
€10, Co1] = [¢10, Con1] = id,
and the last group to the single non-commuting relation
¢10 = 1011¢7010C100010,

thus providing a finite presentation.
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Exercise 4.2.11. By rewriting the relations above in terms of a ~ a, b ~ a; and
¢ ~ €19, check that the list of relations above reduces to

[a= b, aba™ '] = [a™1b, a®ba™?] = id,
[c,a™ b7 a?] = [c,a b tab a1 b%a] = [e, aba™ Y] = [¢, a?ba ] = id,
[a " ea, ] = [a™2ca?] = id,

c=b"tab raca e tba teab o B2,
the last one being a simplification of
c= (b"tab raca ™ ba " b) (b Lab T e ba ) (b eb) (b Lab T e ?).

The relations in Theorem 4.2.10 are easy to check. Those of type (i) and (ii)
arise by conjugacy. Commutativity in case (iii) holds because ¢, and ¢; correspond
to maps with disjoint supports whenever s and ¢ are incompatible. Finally, rela-
tions of type (iv) reduce by conjugacy to éi19 = ¢1011¢1910C100010, Which is straight-
forward to check. (Notice that, by the definition of ¢, we have ¢ = ¢éy ¢11G.) The
goal now is to provide the main ideas of the proof of Theorem 4.2.10. Although
we will leave this as exercises, we will illustrate most of the crucial steps with
examples. We refer to [128] in case of problems with the formal arguments.

We first consider words representing elements in Gy made of letters of the
form ag and ¢, where s is arbitrary (perhaps empty) and ¢ is nonempty and
non-constant. We say that such a word is standard if, from right to left, it is
the concatenation of a word on the a, and a word on the ¢, and whenever both
¢, and ¢, occur with nontrivial exponents for certain to C ¢, the first of these
appears before the other one. The depth of such a word is the smallest ¢ for which
there is some ¢; appearing in it satisfying length(¢) = ¢. (In case no ¢ appears,
the depth is defined to be infinite.) Two words are said to be equivalent if it is
possible to derive one of them from the other one by applying the relations listed
in Theorem 4.2.10.

Exercise 4.2.12. For most of the claims below, use an inductive procedure for the
proof.

(i) Prove that for every nonempty, non-constant, binary sequence s and each ¢ > 1,
there are standard words Wy, Wy equivalent to é; and &, !, respectively, such that:

— If a; occurs in W;, then ¢ entends s;

— If ¢ occurs in W;, then t extends s, has length > ¢, and the exponent of ¢ is +1;

— If ¢, and ¢, occur in Wj for ¢; # ta, then ¢; and t are incompatible.
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Hint. Use the relations of type (iv) above and their inverse versions, namely:

A1

_a=1a—14 A—1 _ a—124 A—1~—1
Cs ™ = Qg Cg0 Cs10Cg11 = C500Cs01C41 A -

For instance, for s = 10 and ¢ = 5, we have:

N N U N N
C10 = C€1011€1910€100Q10
s JOE A N PO T Aml A=l \/a el A A N
= (01011110101110010110a1011)(01010000101001Clololalolo)(01001101001001000a100)a10

A Al o4 el oA JRNE T Acl oA N All oA A
C101111€1091110€10110C101000€101001C10101€10011C10010€100021011 4109192100410

A A—1 . A1 . P N P N A1 A - - N
€101111€1091110€10110€101000€101001C10101€10011€10010€100011€100010€10000¢1000210114109102100410-

(ii) Given a word W in the as, show that there exists £ > 1 such that for any standard
word W' of depth > /, the word W W’ is equivalent to a standard word of depth > ¢ —k,
where k is the word-length of W”.

Hint. Use relations of type (ii).

(iii) Using (i) and (ii), prove that for every ¢ > 1, each word in the as,é (with ¢
nonempty and non-constant) is equivalent to a standard word.

If W is a standard word and ¢ occurs in W, we say that s is exposed if there
is an infinite binary path starting at s along which no y; occurs in W. The word
is sufficiently expanded if, whenever ¢, occurs in W and s is not exposed, we have
that:

— C40 occurs in W if ¢, occurs with a positive exponent;
— ¢4 occurs in W if ¢, occurs with a negative exponent.

Exercise 4.2.13. Show that every standard word is equivalent to one which is suffi-
ciently expanded.
Hint. Use the relations of type (iv) and their inverse versions. For instance, this yields

Ba A 24 Al Ao 24 a—la a4 a A2 A a
CpCo01a1 = CyCooCp1nC011a0C001a1 = CCo0Ch1oCo11Co1000a1 = CHCo0Co11A04,
where the left-side expression is not sufficiently expanded yet the right-side one is.

For a word A in the alphabet {0, 1,¢,¢7'}, we define the process of advancing
the occurrence of a certain ¢*! the result of replacing

¢00 — 0¢, ¢01 — 10¢71, ¢l — 11,

¢l0— 0067, ¢7'10 — 016, 11 — 167t

The resulting word A’ after advancing this occurrence of é*! several times is said
to be an advanced version of A. A potencial cancellation in A is a concatenation
of the form é¢=! or ¢71¢ obtained in an advanced version of A.
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Exercise 4.2.14. Let A be a word in the alphabet {0,1,¢ ¢!} having no potential
cancellation.

(i) Prove that no advanced version of A contains potential cancellations.

(ii) Prove that there exist binary, finite sequences s, ¢ such that As can be transformed
into t¢" by advancing all occurrences of é*! (n is the number of these occurrences).

Exercise 4.2.15. Let W be a nontrivial, sufficiently expanded word on és, where s
ranges along nonempty, non-constant, binary sequences. The goal is to define finite
binary sequences u, v such that for all £ € {0,1}", the image of u£ under W is vé"™(€)
for some n > 0.

(i) Assume the existence of u,v as above. Show that W sends u02"10%"1... into
v012"01%" ... As these two points have non-equivalent tails, conclude that W does
not represent the identity.

(ii) Let yg, be the last entry (from right to left) in W. In case ¢y is exposed, let u
be any path extending ty that points to infinite without passing through the ¢;’s for
which y;, appears in W. If ¢ is not exposed, extend it as follows: if y;, appears with
a positive exponent, add a 0 to the right, and a 1 otherwise; continue the procedure
until getting an exposed index, and conclude the construction of a path ug. Let A be
the word on {0,1,¢,¢7 1} obtained by inserting é" just after s whenever ¢? appears in
W. By Exercise 4.2.14, there exist s,t such that As can be transformed into ¢¢" by the
procedure of advancing. Show that the claim holds for u := ups and v :=t.

Hint. First notice that A contains no potential cancellation, and then check that ap-
plying W to u€ corresponds to advancing the word Au.

The conclusion of the proof of Theorem 4.2.10 is now at hand. Namely,
every word in ag, ¢; can be transformed into a sufficiently expanded standard one
using the relations of type (i), (ii), (iii), (iv) above. If we assume that such a
word represents the identity, then its part in the generators ¢; must be the trivial
word, otherwise by Exercise 4.2.15 there would be a point being sent into another
one with a non-equivalent tail, which is impossible. As a consequence, W is a
word in the generators as. Now, every such word representing the identity can
be transformed into the trivial word using the relations of type (i), as these give
a presentation of F ~ ().

4.3 Almost-Periodicity

In this section, we develop the notion of almost-periodicity for group actions
on the real line. A left-orderable group being given, the set of such actions
equipped with the compact-open topology can be used as a substitute to the
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space of left-orders. As an example, we will show how this yields an alternative
proof of Theorem 4.1.3 which does not rely on the theory of Conradian orders.

4.3.1 Almost-periodic representations

The group of orientation-preserving homeomorphisms of the real line is equipped
with the compact-open topology, which turns it a topological group. A homeo-
morphism h € Homeo, (R) is said to be almost-periodic if the set

{r;'ohor,|s€R}

is relatively compact in Homeo, (R), where 74(¢) := s+ t. The set of almost-
periodic, orientation-preserving homeomorphisms of the line is denoted APH, (R).

Example 4.3.1. Certainly, every homeomorphism that is periodic (i.e. that commutes
with a nontrivial translation) is almost-periodic. An example of an almost-periodic
homeomorphism that is non-periodic is given by

o(t) ==t + %(sin(t) + sin(V2t)). (4.2)

The fact that ¢ is almost-periodic can be checked directly, yet a more conceptual
argument proceeds as follows: Consider the diffeomorphism of the 2-torus defined by

F(z,y) = <3: + %(sin(aj) +sin(y)),y + g(sin(aj) + sin(y))) .

This diffeomorphism preserves the orbits of the (irrational) flow Sg = {Ss}ser gener-
ated by the linear vector field (a%, \/58%). Moreover, we have F'(Si(z0)) = S, (7o)
for every t € R, where zp := (0,0). From this and Proposition 4.3.3 below, it follows
that ¢ is almost-periodic.

Lemma 4.3.2. The subset APH(R) is a subgroup of Homeo, (R).

Proof. This is a consequence of the continuity of the composition and inverse
operations on Homeo (R) with respect to the compact-open topology. O

A group action on the real line whose image is contained in APH, (R) will
be said to be almost-periodic. There are several ways to construct faithful
almost-periodic actions of a given left-orderable, countable group I' on the line.
The simplest one consists in considering a faithful action on the interval and then
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to extend it to the whole line so that it commutes with the translation ¢ — ¢+ 1.
This somewhat trivial construction shows that APH, (R) contains a copy of every
left-orderable, countable group. Nevertheless, at this point we should stress that,
in order to carry out a study that also involves actions that appear as limits of
conjugates of a given one, we are forced to consider actions that may be unfaithful.
This is the reason why we use the notation ®: I' — Homeo, (R) in what follows.

Starting with an almost-periodic action of a group I' on the real line, we next
provide a compact one-dimensional foliated space together with a I'-action on it
that preserves the leaves. It is this construction which gives interest to considering
almost-periodic actions.

Proposition 4.3.3. Let I be a finitely-generated group and ®y: I' — Homeo (R)
an action by orientation-preserving homeomorphisms of the line. Then ®y is
almost-periodic if and only if there exists a topological flow Sg = {Ss}ser acting
freely on a compact space X, an action of I' on X by homeomorphisms preserving
every S-orbit together with its orientation, and a point xq € X, such that for every
g el and everyt € R,

9(Si(20)) = Saq(g)1)(z0)- (4.3)

Moreover, the flow can be taken so that the S-orbit of x¢ is dense in X.

Proof. Let us first show that if there is a compact space X together with a flow
Sk and a I-action verifying (4.3), then the action @, is almost-periodic. Indeed,
for each € X, we can lift the I-action on X to an action ®*: I' — Homeo (R)
verifying

9(Si(2)) = Sas (g (2),

which is well-defined since the flow Sk is free. Moreover, as the I'-action on
X is by homeomorphisms, for every g € I', the map = +— ®*(g) from X into
Homeo, (R) is continuous. Hence, the set of elements ®%(g), where z € X is
compact. Now, for every s,¢ in R and every x € X, we have

g(St(SS(I))) = g(SH_s(l’)) = SCI)””(g)(HS) (z) = S<I>”(g)(t+8)—8(58(x))>

which yields
%) (g) = 7, 0 7 (g) 0 75

Therefore, for every g € I', the conjugates of ®*(g) by the translations 7y stay
in a compact set, which proves that ®* is almost-periodic for every x € X. In
particular, for x = xg, we deduce that &3 = ®*° is almost-periodic.



176 CHAPTER 4. PROBABILITY AND LEFT-ORDERABLE GROUPS

Conversely, let us start with an almost-periodic action ®(, and let us provide
the compact space X together with the flow S = Sk and the I'-action verify-
ing (4.3). Denote by APA,(T") the set of almost-periodic actions of I' on the real
line. This can be seen as a closed subset of APH(R)Y, where G is a finite gen-
erating set of ['. Define the translation flow Sk of conjugacies by translations
on APA,(I'), namely

Sy(®)(g) :==T_50P(g) 0 Ts, (4.4)

where ® € APA,(T') and g € I'. This is a topological flow acting on APA(T).
Denote by X the closure of the S-orbit of ®,. This is a compact S-invariant
subset of APA, (I'), since ®q is almost-periodic.

We claim that the formula

9(®) := T_a(g)0) © P © Ta(g)(0) (4.5)

defines an action of I' on APA, (I"). One can verify this by a tedious computation,
but a more conceptual argument proceeds as follows. Consider the actions of R
and I" on the product space APA,(I") x R given by

s(@,t) := (T,(®),t —s) and g(P,t) = (P, P(g)(¢)).

A point in APA,(T") x R can be thought of as an almost-periodic action of I"
together with a marker. The action of the reals on APA,(I") x R corresponds
to translating the marker while conjugating the almost-periodic action by the
same translation. The I'-action on APA, (I') x R corresponds to acting on the
marker using the action of the first coordinate while leaving the almost-periodic
representation unchanged. An easy computation shows that these two actions
commute. Hence, there is a natural action of I' on the quotient of APA, (') x R
by R, which naturally identifies with APA, (I') via the embedding

O e APA, () (9,0) € APA,(T) x R.

The action of I' on APA,(I') induced by this idenfication is given by the for-
mula (4.5).

A priori, there is no reason to expect for the flow Sg on X to be free. However,
it is possible to change it into a free one by the following procedure: Let Y be any
compact space endowed with a topological flow Sg acting freely. (For instance,
the toral flow of Example 4.3.1; see also Exercise 4.3.4 below.) Consider the space
X := X x Y together with the I-action on it defined as

g: ((I)vy) = (g((I))’ S@(g)(O)(iU))
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and the (diagonal) flow
s (D,y) = (95(D), Ss(y)).

Then all the properties above are still satisfied, and moreover the flow on X is

now free. Hence, we can (and we will) assume that the flow Sg on X is free.
Equation (4.3) is obvious from the construction, as well as the fact that X

can be taken as being the closure of a single point. This closes the proof. O

Exercise 4.3.4. A Delone set D in R is a subset that is discrete and almost dense in
a uniform way. More concretely, there exist positive constants €, § such that |[x —y| > ¢
for all z # y in D, and for all z € R there is z € D such that |z — y| < §. Two Delone
sets are close if they coincide over a very large interval centered at the origin (this
induces a topology that is metrizable). A Delone set is repetitive if for all » > 0 there
is R = R(r) > 0 such that for every pair of intervals I,.J of length r, R, respectively,
there is a translated copy of D NI contained in D N J.

Assume that Dy is a repetitive yet non-periodic Delone set in R (it is easy to build
such sets). Show that the natural translation flow S;: D +— D + ¢, restricted to the
closure of the orbit of Dy, is a minimal flow.

4.3.2 A bi-Lipschitz conjugacy theorem

We denote by BiLip, (R) the group of orientation-preserving, bi-Lipschitz
homeomorphisms of the real line. For every h € BiLip, (R), we let L(h) be its
bi-Lipschitz constant, that is, the minimum of the numbers L > 1 such that

LYy —z| <|h(y) — h(z) < Lly — x| for all z,y in R. (4.6)
We equip BiLip, (R) with the topology of uniform convergence on compact sets.

Theorem 4.3.5. Every finitely-generated group of homeomorphisms of the real
line is topologically conjugate to a group of bi-Lipschitz homeomorphisms.

Proof. Let v = A(t)dt be a probability measure on R with a smooth, positive
density A such that for |¢| large enough, we have A(t) = 1/t?>. The following
observation will be central in what follows: If for some constant L > 1, a home-
omorphism h of the real line satisfies

h.v) < Lv and (h7).(v) < L, (4.7)

then h is Lipschitz. To prove this fact, first notice that v([t, +00)) = 1/t for
all large-enough positive numbers ¢ (and similarly, v((—oo,t]) = 1/]¢| if [¢] is
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large-enough and t is negative). Thus, the left-side inequality in (4.7) shows that
|h(t)| < L|t| holds for || large enough. The density of (h™!),(v) being given by
Dh(t)A(h(t)), the right-side inequality in (4.7) yields Dh(t) < LA(t)/A(h(t)) for
almost-every t. Thus, up to sets of zero Lebesgue measure, the derivative Dh is
bounded on every compact interval, and for |¢| large enough, we have

LD _ LIn)P
PO = Xy ~

This proves that Dh is a.e. bounded, hence h is Lipschitz, with Lipschitz constant
at most L3.

Next, let I' be a finitely-generated subgroup of Homeo, (R), and let G be
a finite, symmetric system of generators of I'. Let ¢ € LYT') be a function
taking positive values such that, for every he G, there is a constant Ly, satisfying
#(hg) < Li¢(g) for all g € T. For instance, one can take ¢(g) = s!l9/l where ||g]|
is the word-length of g with respect to G and x a small-enough positive number.
(For k < 1/|G|, one can ensure that ¢ belongs to £!(T'); see also Excercise 4.3.7
below.) Let us normalize the function ¢ so that > . ¢(g) = 1, and let us define
the probability measure vy on R by letting

vo =Y &(g)g.(v).

ger

< L3

Notice that for each h € I', we have

ha(vo) =) d(9) (hg)«(v) < Liwp.

gel

The measure vy has no atoms and is of full support (i.e. the yy-measure of
every nonempty open set is positive). Thus, there exists a homeomorphism ¢ of
the real line sending v, into v. For each h € I', we have

(pohop™)u(v) = puhu(ro) < Lypu(ro) = Lyv.

From the discussion at the beginning of the proof, we deduce that the conjugate
of I by ¢ is contained in BiLip, (R). O

The proof above was taken from [60]. In §4.4, we will give a more conceptual
(yet quite elaborate) proof based on probabilistic arguments. For analogous re-
sults for transverse pseudo-groups of codimension-one foliations or groups acting
on the circle, see [59, Proposition 2.5] and [61, Théoreme D]. We point out that
a conjugacy into a group of C! diffeomorphisms is, in general, impossible; see
(16, 152].
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Exercise 4.3.6. Let I be a subgroup of BiLip, ([0,1]), and let ¢: [0,1] — R be an
orientation-preserving homeomorphism such that ¢(x) = —1/x for x close to zero, and

o(z) =1/(1 —x) for = close to 1. Check that the conjugate of I" by ¢ is a subgroup of
BiLip, (R).

Exercise 4.3.7. Assume that a subgroup I of Homeo (R) has subexponential growth,
that is, the number of elements in the ball of radius n with respect to a finite gener-
ating system growth subexponentially in n. (This condition does not depend on the
generating set.) Show that, for every L > 1, it is possible to simultaneously conjugate
the generators of I' into L-bi-Lipschitz homeomorphisms.

Hint. In the proof above, the (positive) function ¢ € L}(T') can be taken so that
#(hg) < L'/3¢(g) for every h € G and every g € T. See [149] for more on this.

We should stress that there is no analogue of Theorem 4.3.5 in higher dimen-
sion, even for actions of (infinite) cyclic groups; see [94].

Exercise 4.3.8. Let D be a Delone subset of R (c.f. Exercise 4.3.4). Show that there
exists a bi-Lipschitz homeomorphism of the real line that sends D onto Z. (Again,
there is no two-dimensional analogue of this fact; see [28, 137] as well as [52].)

4.3.3 Actions almost having fixed points

Let I" be a finitely-generated group with finite generating set G, and let ®
be an almost-periodic action of I" on R. (Recall that we do not assume ¢ to be
faithful.) We say that ® almost has fixed points if

inf sup [®(g)(t) — t| = 0.
g

teR 4¢

An equivalent way to think about this property is that the action of I' on the
compact space constructed in Proposition 4.3.3 has a global fixed point in the
closure of the S-orbit of ®.

It is not obvious how to construct almost-periodic actions that do not almost
have fixed points. (Consider, for instance, the case of affine groups.) This is the
goal of the next

Theorem 4.3.9. All actions of finitely-generated groups by orientation-preserving
homeomorphisms of the real line are topologically conjugate to almost-periodic ac-
tions. Moreover, if the original action has no fized point, then there is such a
conjugate that does not almost have fixed points.
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To prove this result, let I' be a finitely-generated group provided with a finite,
symmetric system of generators G. Given constants L > 1 and D > D’ > 0, we
denote R = R(I',G, L, D, D’) the set of representations ®: I' — BiLip, (R) such
that every g € G satisfies L(®(g)) < L and

t—D< Ignelél P(g)(t) <t—D' <t+D' < I?&Xq)(g)(t) <t+D (4.8)
for all ¢t € R. This set can be seen as a closed subset of BiLip, (R)Y, and as such
is equipped with the product topology. Relations (4.6) and (4.8) imply that R
is compact, by Arzela-Ascoli’s theorem. Moreover, the same relations show that
the translation flow Sk defined by (4.4) preserves R. Hence, every element of R is
an almost-periodic action of I'; and (4.8) shows that, moreover, such an element
does not almost have fixed points.

Lemma 4.3.10. Let &y : I' — Homeo,(R) be a faithful action without global
fized points of a finitely-generated group I'. Then there are constants L > 1 and
D>D">0, as well as a finite, symmetric generating system of I, such that the
corresponding set R contains a representation that is conjugate to .

Proof. By Theorem 4.3.5, it is enough to prove the statement in the case where
I' is a subgroup of BiLip_ (R). We see I' as being contained in Homeo (R) via
®y. Let G be a finite, symmetric generating set of I', and let L be a constant
such that every g € G is L-bi-Lipschitz. Let (¢,),ez be the sequence of points in
R defined by ¢y := 0 and ¢, := maxgeg g(t,). Equivalently, t,,_1 = mingeg g(t,),
as G is symmetric. Since I' has no fixed point on the real line, we have
lim ¢, = ftoo.
n—+oo

Let ¢ be the homeomorphism of the real line that sends ¢,, to n and that is affine on
each interval [t,, t,,1]. We claim that the action of I' defined by ®(g) := pogop™!
belongs to R(I', G, L5, 1,4) for the generating set G := G U G2

To prove this, we first notice that the distortion of the sequence t,, is uniformly
bounded. In concrete terms, if for each n €Z we denote 6,, := t,+1 — t,,, then

L™, <6, < Lépsy. (4.9)

Indeed, let g, € G be such that t,.1 = g,(t,). By definition, g,(f,+1) < t,io,
and since g, is an L-bi-Lipschitz map, we have

tn+2 - tn—l—l Z gn(tn—l—l) - gn(tn) Z L_l(tn+1 - tn)a
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which yields the right-side inequality in (4.9). (The left-side inequality is obtained
analogously.) Notice that, by construction, for every all w, z in [t,, 1],

|2 — wl

On

|z — w]
On

< Jo(2) = p(w)] < (4.10)

We next claim that for every g € G, we have L(®(g)) < L?. To show this,
it suffices to prove that each such ®(g) is Lipschitz on every interval [n,n + 1],
with Lipschitz constant smaller than or equal to L®. To check this, consider two

arbitrary points x,y in [n,n + 1], and define w := ¢~!(z) and z := ¢! (y). Then
w, z both belong to [t,, t,+1], which in virtue of (4.9) and (4.10) yields

L Llst) —gtw)] _ 2]z~ u]

< L3y —
5 S5 < L’y — x|,

[2(9)(y) — 2(9)(2)] = |¢(9(2)) — p(g(w))]
as desired.
By construction, for every generator g € G and all x € R,

r—2<P(g)(zr)—x<x+2.

Indeed, the integer points just after and before x are moved a distance less than
or equal to 1 by ®(g). Moreover, as for every n € Z we have ®(g,4+19,)(n) = n+2,
taking n being the integer part of z, this yields ®(g,119,)(x) > 2+ 1. We have
hence proved that ® belongs to R(I',G, L5, 1,4). O

Theorem 4.3.9 immediately follows from the preceding lemma in the case
where I' has no global fixed point. In the case where such a point exists, we
replace I" by the free product I'xZ (or a quotient of it) and we extend ®q so that
the generator the Z-factor is mapped to a nontrivial translation. This new group
has no fixed point, so that the preceding lemma applies to it, hence to I'.

A substitute to the space of left-orders. The previous construction allows
replacing the space of left-orders of a given left-orderable group by an object
provided with a flow which is more natural when dealing with dynamical realiza-
tions.

Corollary 4.3.11. Let I" be a finitely-generated, left-orderable group. Then there
exists a compact space X, a free flow Sg on X, and an action of I' on X without
global fized points which preserves the S-orbits together with their orientations.

Proof. Since I is finitely-generated and left-orderable, it admits a faithful action
by orientation-preserving homeomorphisms of the real line without global fixed
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point (c.f. §1.1.3). By Theorem 4.3.9, this action is conjugate to an almost-
periodic action ®( that does not almost have fixed points. Consider the space X
constructed in (the proof of) Proposition 4.3.3 together with the free flow S = Sg
and the I'-action on it. Because @y does not almost have fixed points and Sg(®Py)
is dense in X, there is no fixed point for the I'-action on X. Moreover, I" stabilizes
every S-orbit, and preserves the orientation on each of them. O

4.3.4 Indicability of amenable left-orderable groups revis-
ited

Based on the previous construction, and following [60], we next give an alter-
native proof of Theorem 4.1.3. Let I' be a finitely-generated, left-orderable group,
and let X be a compact space equipped with a free action Sg and an action of
I, as described by Corollary 4.3.11. If I' is amenable, then there exists a proba-
bility measure p on X that is invariant by I'. Consider the conditional measures
of p along the orbits of the translation flow Sg. These are Radon measures on
p-almost every S-orbit that are well-defined up to multiplication by a positive
constant. We denote by ; this Radon measure on a S-orbit [. More precisely, in
a flow box [0, 1] x A where the flow S is given by the formula Ss(¢,1) = (t + s, ),
we disintegrate the measure p as

p(dt, dl) = pu(dt) 7i(dA)

where [ is the image of p under the projection [0, 1] X A — A into the transversal
A and the measures j; are measures on the unit interval; see [177, Section 3.
The measures p; depend on the flow box; however, they are well-defined up to a
positive constant on almost-every orbit.

Because I' preserves p and is countable, for py-almost-every S-orbit [ in X, the
measure 4 is nonzero, and every g € I' multiplies it by a certain factor:

9«(u) = ci(g)u, where ¢(g) > 0.

If g is not preserved by I', then the map g — logc(g) is a nontrivial homo-
morphism from I' into (R, +). (See also Remark 4.3.12 below.) Otherwise, fy is
preserved by I'. If y; has an atom, then its orbit must be discrete, and I' acts by
translations along this orbit, thus giving rise to a nontrivial homomorphism into
the integers. If y; has no atom, then the I'-action on [ is semiconjugate to an
action by translations, which induces a nontrivial homomorphism into the reals.
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Remark 4.3.12. It seems that the the condition p; = ¢;(g)u; for a function ¢; that is
not identically equal to 1 cannot arise in the proof above. Actually, this can be proven
under the extra hypothesis that there is no discrete orbit for the action of I' on [ (which
is identified to the real line). Indeed, in this case, it is not hard (yet not straightforward)
to prove that this action is semiconjugate to that of an affine group. We claim that the
image group must be Abelian for a generic leaf. To see this, assume the image group
is non-Abelian. Then there is a resilient pair u < f(u) < f(v) < g(u) < g(v) <wv for the
action on [ after this semiconjugacy (where the order is given by the orientation of 7).
With no loss of generality, we may assume that the origin 0 belongs to the region of
crossing; let ® be the associated representation. Besides, there is an element h € I’
whose inverse (and all its iterates) sends [u, v] into a disjoint interval (hence to a region
where no crossing for f,g arises; c.f. §3.2.2). As a consequence, for all n € N, the
conjugate representations h"(®) remain outside a certain neighborhood of ®. However,
this is in contradiction with Poincaré’s recurrence, hence cannot arise for a p-generic
leaf [. (We refer to Examples 4.4.16 and 4.4.18 for another application of this idea.)

4.4 Random Walks on Left-Orderable Groups

In what follows, we provide a more conceptual proof of the existence of almost-
periodic actions for left-orderable groups based on probabilistic arguments. Along
this section, I' will denote a finitely-generated group and p a probability measure
on I' whose support is finite, generates I', and is symmetric, in the sense that

p(g) = p(g~) for all g € T.

We start with an emphasis on a particular type of actions, namely, those
for which the Lebesgue measure is stationary, 7.e. invariant in mean. These
actions are called p-harmonic. Their basic properties are listed in the next two
subsections. In particular, it is proven that they are almost-periodic. The main
result is proven in the third and fourth subsections. It states that, under suitable
conjugacies, all actions on R become harmonic, and the conjugacy is unique up
to post-composition with an affine map.

4.4.1 Harmonic actions and Derriennic’s property

Let I" be a subgroup of Homeo, (R) having no global fixed point in the line.
The action of I" is said to be p-harmonic (or just harmonic, if the probability p
is clear from the context) if the Lebesgue measure is stationary, that is, if for
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every z,y in R,

y 2= / (90) — 9@)) dplg) = 3" (a) — 9(@)) plo).  (411)

g€eg

Actually, no group action on the line satisfying this property can have a global
fixed point; see Exercise 4.4.8.
Obviously, p-harmonic actions include those that satisfy, for every = € R,

T = /Fg(x) dp(g).

This will be called the Derriennic property, as it corresponds to a weak form
of a property studied by Derriennic in [64] in the more general context of Markov
processes on the line (not necessarily coming from a group action). Quite supris-
ingly, all p-harmonic actions do satisfy this property.

Proposition 4.4.1. Every p-harmonic action has the Derriennic property.
For the proof, we need the following

Lemma 4.4.2. For all h € Homeo (R) and each compact interval [a,b], we have

b
/ [(h(z) — z) + (' (z) — z)] dz = A"(b) — A(a), (4.12)
where A" () is the non-signed area of the region depicted in Figure 19:

ffffl(c) [h(s) — c]ds, if h(c) > c,
Al(e) =
o (W7 (s) —c]ds,  if h(c) <e.

Proof. Denoting |A| the Lebesgue measure of a subset A C R? we have that
fab(h(x) —z)dzr equals

{(z,y)ra<z<baz<y<h@)}] — [{(z.y):a<z<b hiz)<y<az}
which may be rewritten as
H{(z,y): a<z<b, b<y<h(z)}|+ [{(z,9): a<z<b, a<y<b, x<y<h(z)}|

—{(z,y): a<z<b, h(z)<y<a}| — [{(z,y): a<az<b, a<y<b, h(z)<y<z}|.
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A similar equality holds for A~1. Now, in the sum

/ab(h(x) —x)dr + /ab(h_l(z) —x)dx,

the corresponding second and fourth terms above cancel each other. Indeed, these
terms involve all couples (z,y) € [a,b]?, and we have z < y < h(z) if and only if
h='(y) < z < y. Therefore, the second term for h is exactly the negative of the
fourth term for A~!, and viceversa.

As a consequence, the value of

[ @) =)+ 07 @) - )]
equals
H(m,y):a<x<b, b<y<h($)}‘ + ‘{(x,y):a<x<b, b<y<h_1(x)}‘

—}{(z,y):a<x<b, h(x)<y<a}} — }{(x,y):a<:v<b, W z)<y<a}|,

and one can easily check that the expressions above and below are equal to A"(b)
and A"(a), respectively. This proves the desired equality. O

h_i(c) c h(.c) c h(c)

Figure 19: The definition of A”(c) in the two possible cases.

Proof of Proposition 4.4.1. First notice that, by p-harmonicity, the value of

/F (9(2) — 2)dp(g)
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is independent of z. We call it the drift of the action and denote it by Dr(T', p).
The statement to be proved is hence equivalent to the vanishing of the drift. To
show this, we integrate (4.12) over I" and use the symmetry of p to obtain, for all
a < b,

20~ a)Dr(T.p) = [ (A7(8) = A7(a) dpg)

r
Denoting now A,(c) := [ A%(c) dp(g), this yields
2(b—a)Dr(L, p) = A,(b) — A,(a).

The last equality shows that A, is an affine function. On the other hand, A, is
an average of non-negative functions, thus it is non-negative. Therefore, A, must
be constant, which implies that Dr(I", p) = 0, as desired. O

The next proposition shows the relevance of the Derriennic property in the
study of the smoothness of a group action.

Proposition 4.4.3. If the I'-action is p-harmonic, then every g € I is Lipschitz.
Moreover, the displacement function x — g(x) — z is uniformly bounded in z. In
particular, every p-harmonic action is almost-periodic.

Proof. It suffices to prove the lemma for the elements of the support of p.
Indeed, this is obvious for the Lipschitz property, and for the boundedness of the
displacements, this is a consequence of the relation

gh(z) —z = (gh(m) — h(x)) + (h(:c) — x)

Now, for every element g in the support of p and every x < y, we have

o(9)[9(v) — g(z)] < / (o) — 9(x)]dolg) = y — .

Hence,

9(y) — g(zr) <

)

r(9)

proving that ¢ has Lipschitz constant at most 1/p(g). To show that the dis-
placements are bounded, we will show that the value of A9(x) is compara-
ble, up to a multiplicative constant, to [g(x) — x]®>. In concrete terms, set
L := max{1/p(h) : p(h) > 0}. Then g~' has Lipschitz constant at most L.
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Letting € R be such that g(x) > z, for each y € R such that ¢g71(z) <y < x,
we have

o)~ > (- 97'(@).
Therefore,
x L[ iy B @]
/gl(x) l9(y) — z]dy > 17 /gl(x) ly—g ' (z)] dy = o7 _

Since g(x) —x < L(:c — g_l(:c)), using the notation of the preceding proposition,

this implies that
2

. [g(x) — ]
Al(z) > T o8

hence

a0 = [0y dpty = WD

However, by (the proof of) Proposition 4.4.1, the function A,(-) is constant.
Thus, the value of |g(z) — x| is bounded from above by a constant, as we wanted
to show. Analogous arguments apply in the case where g(z) < x. O

Exercise 4.4.4. If I is a free Abelian group, show that every p-harmonic action of I'
on the real line is an action by translations.

Hint. Observe that the functions g — g(x) are p-harmonic and Lipschitz for every
x € R, and use the fact that Lipschitz harmonic functions on an Abelian group are
linear. (Here, ¢: I' — R is said to be harmonic if ¢(g) = Y, cr ¢(gh)p(h) holds for all
geTl)

4.4.2 Properties of stationary measures

As we have seen, very nice properties hold for actions for which the Lebesgue
measure is stationary. Although for most actions this is certainly not the case, in
§4.4.3, we will see that, under very mild hypothesis, there is always a stationary
measure, which is unique up to multiplication by a positive constant and can be
transformed into the Lebesgue one by a semiconjugacy. We will also show several
general properties of stationary measures that actually will be crucial for the
proof of this fact. Throughout this section, I' will continue denoting a subgroup
of Homeo, (R) having no global fixed point.
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Following [63], let us introduce the Markov process on the line defined by
Xo = gn-- (),

where (g,) is a family of independent random variables with law p. (For a general
introduction to the theory of Markov processes, we refer the reader to the very
nice book [69].) The transition probabilities of this process are

px(x,y) ==Y plg).

y=g(x)

The associated Markov operator P = Px acting on the space of bounded conti-
nous functions Cp(R) is given by

Po(x) = E($(X?)) = / 6(92) dplg). (4.13)

The iterates of this operator correspond to the operators associated to the con-
volutions of p. More precisely, we have P} = P, where the convolution of
two probabilities p;, po on I' is

pr#pa(h) =D pi(f) palg),
fg=h

and p*™ := px p*---x p (n times).
We will still denote by P the dual action on the space of Radon measures on
the line. Such a measure is said to be stationary if it is P-invariant, that is,

Pv = v. Equivalently,
v=>g.(v)p(g).
gel

By definition, an action is harmonic if and only if the Lebesgue measure is sta-
tionary.

Lemma 4.4.5. Fvery nonzero stationary Radon measure v on the real line is
bi-infinite (i.e. v(x,00) = 00 and v(—o0,x) = 00, for all x € R).

Proof. Suppose that there exists € R such that v(z,00) < co. Since we are
assuming that the I'-action has no global fixed point on R, for every y € R, there
is an element g € " such that g(x) < y. As the support of p generates I', we can
choose n > 0 such that p**(¢g~') > 0. Then

v(x,00)

v(y,o0) < v(g(z),0) < (g 1) < 0o.
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This shows that v(y, 00) < oo holds for all y € R.

Now let ¢: R — (0,00) be the function defined by ¢(x) := v(x,00). Since
p is symmetric, this function is harmonic; in other words, we have P¢ = ¢,
where P¢ is defined by (4.13). (This definition still makes sense yet ¢ is not
necessarily continuous.) Fix a real number A satisfying 0 < L < v(—o00, 00), and
let ¢ := max{0,L — ¢}. The function ¢ is subharmonic, which means that
1 < Piy. Moreover, it vanishes on a neighborhood of —oo and is bounded on
a neighborhood of co. This implies that ¢ is v-integrable, and since [ Py dv =
[ ¢ dv, the function ¢ must be v-a.e P-invariant. Now a classical lemma from
[77] asserts that a measurable function which is in £'(r) and P-invariant must
be a.e. I-invariant (see Exercise 4.4.6 for a schema of proof). Thus, v is constant
on almost-every orbit. However, this is impossible, since every orbit intersects
every neighborhood of —oo (where 1 vanishes) and of oo (where 1 is positive).
This contradiction establishes the lemma. U

Exercise 4.4.6. Let I' be a countable group and p a measure on I' whose support
generates I'. Assume that I" acts on a probability space (X,v) by measurable maps
and that v is p-stationary, meaning that

v = / 6.(v) dp(g).
T

Prove that any function ¢ € £}(X,v) that is a.e. P-invariant is a.e. T-invariant.
Hint. Pick a constant L €R and consider the function ¢ := max{¢, L}. Observe that
belongs to L!(v) and satisfies 1) < P, and deduce that 1) is p-harmonic on almost-every
I'-orbit. Conclude by ranging L along all rational numbers.

Exercise 4.4.7. Let I be a finitely-generated subgroup of Homeo (R), and let p be a
symmetric probability measure on it with generating support. Prove that for all x € R,
every compact interval I, and almost-every sequence (g,) € I'Y, the set of integers n
for which X' belongs to I has density zero, that is,

leH;OE‘{nE {1,...,k}: X} eI} =0.

Hint. Let v be the measure on the line defined by

wIH

k
Z ({h: h(z) € I}).

Assuming that the zero-density above doesn’t hold, show that, up to a subsequence, vy
converges to a nonzero, finite, stationary measure, thus contradicting Lemma 4.4.5.
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Exercise 4.4.8. Prove that no nontrivial group action on the line satisfying (4.11) for
all z,y in R can have a global fixed point.

Hint. By definition, the Lebesgue measure is P-invariant for a p-harmonic action. Apply
Lemma 4.4.5 to the restriction of the action to a connected component of the set of
global fixed points.

We next study the case when the I'-action admits discrete orbits. Obviously,
such an orbit supports an invariant Radon measure, namely the counting measure;
in particular, this measure is P-invariant. The next two lemmas prove that in the
case there are discrete orbits, all P-invariant Radon measures lie in the convex
closure of the set of counting measures along discrete orbits.

Lemma 4.4.9. Let v be a stationary measure on the line. If there is a discrete
orbit, then v is supported on the union of discrete orbits and is totally invariant.

Proof. If there is a discrete orbit O, then I' acts on it by translating its points.
Thus, the normal subgroup I', formed by the elements acting trivially on O is
recurrent, by Polya’s classical theorem [166] (see also Corollary 4.4.15 for an
alternative proof of this fact). Let p, be the (symmetric) measure on I', obtained
by balayage of p to I',; more precisely, we consider the random walk on I’
with initial distribution p and we stop it at the first moment where it visits
I, thus yielding a random variable with values in I', whose distribution is p,.
Observe that the restriction of v to each connected component C' of R\ O is
a finite measure that is invariant for the Markov process induced by p, on C.
It follows from Lemma 4.4.5 that this measure is supported on Fix(T',) N C,
the set of global fixed points for the group I', contained in the closure of C.
(Notice that Lemma4.4.5 dod not use that the support of p was finite.) As a
consequence, ' acts by “integer translations” on the support of v, which consists
of discrete orbits. To see that v is invariant, notice that for each atom x € R,
the function g — v(g(z)) viewed as a function defined on I'/I", ~Z is harmonic,
hence constant. 0J

Exercise 4.4.10. Assume that the ['-action is harmonic and admits a discrete orbit.
Prove that T is contained in the (cyclic) group generated by a translation of the line.

Lemma 4.4.11. Let v be a stationary measure on the real line. If the atomic
part of v is nontrivial, then it is supported on a union of discrete orbits.
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Proof. The proof uses the recurrence property that will be proven in §4.4.3. Let
x € R be a point such that v(x) > 0. Let O = O, be the orbit of 2 endowed with
the discrete topology, and let 7 be the measure on O defined by v(y) := v(y).
We claim that 7 is an invariant measure for the Markov process induced by p on
O. To see this, consider an arbitrary function ¢: @ — R with finite support. Let
¢. : R — R be a family of functions with support a union of intervals of length ¢
centered at the points of the support of ¢. Then,

/gbdﬁ:lim gbedl/:lim/gbedPu:lim Po.dv = /Pgbdﬁ,
o e=0 Jp e=0 Jp e=0 Jp o

which is sufficient to establish our claim.

Let K = [A, B] be an interval such that for any element g of the support of
p, we have g(A) < B. (Recall that p is assumed to be finitely supported.) Let I
be an arbitrary compact interval containing K, and let O; := I N O. We want
to show that Oy is finite. To do this, first observe that Oy is a recurrent subset
of O, by Corollary 4.4.15. Let Y be the Markov process on O; defined by the
first return of the original Markov process X to O;. The process Y is symmetric,
because X is symmetric. Moreover, the restriction of 7 to Oy is stationary. Now,
since ), o, P(y) < 00, there must be an atom y € O; for which 7(y) is maximal.
The Py-invariance of 7 and the symmetry of the transition probabilities py yield

Yooy 2p(z) = Y pv(zy)w(z) = o(y).

z€eO z€Og

The maximum principle now implies that 7(z) = 7(y). Thus, all the atoms of 7
contained in O have the same mass, hence there is only a finite number of them.
As this holds for an arbitrary compact interval I containing K, this shows that
O is discrete. 0J

Next, we consider the case where I' has no discrete orbits. Recall that in this
situation, there is a unique nonempty minimal invariant closed set for the action,
that we denote M; see Lemma 3.5.18.

Lemma 4.4.12. Assume that I' does not have any discrete orbit on the real line.
Then any stationary measure is supported on the minimal set M.

Proof. Let v be a stationary measure on the real line. Then v is quasi-invariant
by I', because for all A in the support of p, we have

1 v
h(v) < 2 > 9:W)plg) = ST

ger
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Therefore, the support of v is a closed I'-invariant subset of the line, hence it
contains M. Thus, it suffices to show that v does not charge any connected
component of the complement M¢€.

Assume M€ is nonempty, and collapse each of its connected components to
a point, thus obtaining a topological line carrying a I'-action for which all orbits
are dense. The stationary measure v can be pushed to a stationary measure 7
for this new action. If a component of M€ has a positive v-measure, then 7 has
atoms. Lemma 4.4.11 then implies that the new [-action cannot be minimal,
which is a contradiction. 0

Exercise 4.4.13. Prove that if the action of I is harmonic, then I' either is a group
of translations or acts minimally on the real line.

4.4.3 Recurrence

As in previous sections, we continue considering a finitely-supported, sym-
metric probability measure p on a group I' acting on the real line without global
fixed points. We also assume that the support of p generates I'. We start with an
oscillation result claiming that almost-every random orbit escapes to the infinity
in both directions.

Proposition 4.4.14. For every x € R, almost surely we have

limsup X’ = oo and liminf X} = —ooc.
n—00 n—00

Proof. Denote P := p", and given points L and x on the real line, let

pr(x) == P[limsung > L].

n—oo

Since [' acts by orientation-preserving homeomorphisms, for all z < y, we have

{(gn) e ™ limsup X7 > L} C {(gn) er: lim sup X' > L}.

n—o0 n—oo

In particular, py(x) < pr(y), that is, p;, is non-decreasing. Moreover, since py, is
the probability of the tail event

[lim sup X, > L]

n—oo
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and X is a Markov chain, py, is a harmonic function, that is, for every x € R and
every integer n > 0,

pr(z) = ZPL (9(@)0*"(9) = E(pL(X;L»’

gel

Now, we would like to see p;, as the distribution function of a finite measure
on the line. However, this is only possible when p; is continuous on the right,
which is a priori not necessarily the case. We are hence led to consider the
right-continuous function

pr(x) = 1l .

pr(z):= lim_ pi(y)
This function is still non-decreasing. Therefore, there exists a finite measure v
on R such that for all z <y,

v(z,y) = pr(y) —pr(x).

Since py, is harmonic and I acts by homeomorphisms, py, is also harmonic. Since
p is symmetric, this yields that v is P-invariant. Now recall that Lemma 4.4.5
implies that any P-invariant finite measure identically vanishes (see also [61,
Proposition 5.7]). Therefore, Py is constant, hence in particular its value does
not depend on the starting point x. The 0-1 law then allows to conclude that
(for any fixed L) either p, =0 or pp, = 1.

Let us now show that py, identically equals to 1 for each L. To do this, fix any
xg > L. As for any g € Homeo (R), we have either g(z¢) > ¢ or g~ (zo) > o,
the symmetry of p yields that X7 > x, holds with probability at least 1/2, for
all n € N. It is then easy to see that

pr = pr(®o) > P[limsupX;‘O > x| > 1/2.

n—o0

As we have already shown that p;, equals 0 or 1, this implies that p, is identically
equal to 1.
The latter means that for every = € R,

. n
limsup X! = o0
n—oo

holds almost surely. Analogously, for every x € R, almost surely we have

liminf X" = —o0.
n—o0
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This completes the proof of the proposition. O

We are now ready to prove the main result of this section, namely the recur-
rence of the Markov process.

Corollary 4.4.15. There exists a compact interval K such that, for every x € R,
almost surely the sequence (X) intersects K infinite many times.

Proof. Consider a closed interval K as in the proof of Lemma 4.4.11, that is,
K = [A, B], where A < B are such that for every g of the support of p, we
have g(A) < B. (Recall that p is finitely supported.) By Proposition 4.4.14, for
every x € R, almost surely the sequence (X7) will pass from (—oo, A] to [B, +00)
infinite many times. Now the desired conclusion follows from the observation
that the choice of A and B imply that every time this happens, (X7) must cross
the interval K. 0

On left-orders that are generic with respect to a stationary measure.
Given a finitely-supported probability on a left-orderable group I' with generating
support, we can also consider stationary probability measures for the action of I'
on its space of left-orders (see Example 4.4.6). By this, we mean a probability
measure p on LO(I') such that

p=_g.(1)ply). (4.14)

ger

Since LO(I') is compact, such a probability measure p always exists. (This fol-
lows from a direct application of either Kakutani’s fixed point theorem or the
Bogoliubov-Krylov procedure.) It seems quite interesting to study the relation
of p with the algebraic properties of I' as well as its dependence on p. We give
below two examples on this.

Example 4.4.16. We next give still another proof of Theorem 2.2.9 for finitely-
generated groups. To do this, fix p and pu as above. We can assume that p is ergodic, in
the sense that it cannot be written as a nontrivial convex combination of two different
stationary probability measures. We have two possibilities:

Case (i). The measure p has an atom.

If <X is an atom of maximal p-measure, then (4.14) easily implies that its orbit
must be finite. (Actually, by ergodicity, this orbit coincides with the support of p.)
In particular, < is right-reccurrent, hence Conradian. Thus, if I' has infinitely many
left-orders, then Proposition 3.2.53 implies that LO(T") is uncountable, as desired.
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Case (ii). The measure y is non-atomic.

By ergodicity, for almost-every (=, (gn)) in LO(I') xI'N (endowed with the measure
1 x pN) the sequence (Z,n (., 0™ (w)) is dense in supp(u) x TN, where o stands for the
shift 0((gn)) := (gn+1)- Let us fix such a pair (=, (gn)), and let Uy be a sequence of
open subsets of positive p-measure in LO(I'), none of which containing <, but which
do converge to <. For each k, there exists n(k) € N such that 2R (w) belongs to
Uk. Hence, Son(k) () Converges to =X, with Sk (w) being distinct from =< for all k.
Therefore, the closure of the orbit of < under the action of I' is a totally disconnected
compact metric space with no isolated point, that is, a Cantor set. In particular, LO(T")
is uncountable.

Remark 4.4.17. Notice that the approximation by conjugates in the example above
is essentially different from that of §3.2.5. Indeed, the conjugating elements therein are
positive but “small’ (outside the Conradian soul). In the proof above, the conjugating
elements are “random”, and hence by Exercise 4.4.7, they are mostly “near the infinite”
(in any direction), despite the recurrence of the associated random walk on the line (in
the case where p is symmetric).

Example 4.4.18. According to Example 3.2.55, for each integer ¢ > 2, the Baumslag-
Solitar group B(1,£) = (a,b: aba™' = b*) admits four Conradian orders, which are
actually bi-invariant and come from the exact sequence

1

0—>Z[€

} — B(1,{) — Z — 0.

We claim that, although LO(B(1,¢)) is a Cantor set (c.f. §3.3.1), for every symmetric
probability distribution p on B(1,¢) as above, every stationary probability measure p on
LO(B(1,4)) is supported on these four points. Indeed, we proved in §3.3.1 that for every
left-order < on BS(1,/) that is not bi-invariant, the associated dynamical realization
is semiconjugate to a non-Abelian subgroup of the affine group. In particular, there
exist elements whose sets of fixed points are bounded and for which —oo and +oco are
topologically-repelling fixed points. Let g be such an element (actually, such a g can
be taken as the image of a), and denote by Fiz(g) its set of fixed points. Let f1, fo
be in the realization of B(1,¢) so that fi (resp. f2) sends the leftmost (resp. the
rightmost) fixed point of g to the right (resp. left) of 0=1¢(id). Denote g; := f19f1_1
and g2 := fagfy L. If we identify elements in BS (1,¢) with their realizations, we have
g1 > id and g2 < id. Moreover, hgih~' < id holds for both i =1 and i =2 provided
h is sufficiently large (say, larger than a certain element hy). Similarly, hg;h ! = id
holds for ¢ = 1 and ¢ = 2 provided h is smaller than a certain element h_; see Figure
20 below.
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91 = figf;

w_ !

Figure 20: The elements g1, g2, h— and hy.

Assume g is an stationary probability measure on LO(BS(1,/)) that is not fully
supported on the four bi-orders. Then any ergodic component of this measure outside
these bi-orders is still stationary, and supported on the complement of the bi-orders.
For simplicity, we still denote this measure by p. Let < a point in the support of u. If
we perform the construction of the elements g1, g2, h—, h+ above, then the measure of
the open neighborhood Vg, N Vg;1 = {='1 g1 >"1id, go <"id} of < must be positive,
say equal to k > 0. A direct application of the ergodic theorem then shows that, for
a generic random path (h,) € B(1,0)N, the set of integers n for which <., lies in
Vg N ‘/;]51, where X™ := h,, --- h1, has density k. Nevertheless, among these integers
n, with density 1 we have either X" < h_ or X" > hy (see Exercise 4.4.7), thus
providing a contradiction.

4.4.4 Existence of stationary measures

Using the recurrence result of the preceding section, we can now establish the
existence of a P-invariant Radon measure via a quite long but standard argument.

Theorem 4.4.19. Let I be a finitely-generated subgroup of Homeo, (R) endowed
with a symmetric probability measure whose support generates I'.  Then there
exists a (nonzero) p-stationary measure on the real line.

Proof. Fix a continuous compactly-supported function £: R — [0, 1] such that
¢ =1 on K. For any initial point x, let us stop the process X' at a random
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stopping time 7' chosen in a Markovian way so that, for all n € N,
P[T=n+1|T >n]=¢X*).

(Here, T' = T'(w), where w = (g;)ien-) In other words, after each step of the initial
random walk arriving to a point y = X" we stop with probability £(y), and
we continue the compositions with probability 1 — &£(y).

Denote by Y, the random stopping point X7, and consider its distribution
p. (notice that 7" is almost-surely finite since the process X almost surely visits
K and £ =1 on K). Due to the continuity of £, the measure p, on R depends
continuously (in the weak topology) on x. Therefore, the corresponding diffusion
operator P defined by

() (x) = E(6(Y2)) = / o(y) dpuly)

acts on the space of continuous bounded functions on R, and hence it acts by
duality on the space of probability measures on R. Notice that for any such
probability measure, its image under P is supported on K = supp(§). Thus,
by applying the Bogolyubov-Krylov procedure of time averaging (and extracting
a convergent subsequence), we see that there exists a Pg-invariant probability
measure 1.

To construct a Radon measure that is stationary for the initial process, we
proceed as follows. For each point z € R, let us take the sum of the Dirac measures
supported in its random trajectory before the stopping time 7. In other words,
we consider the “random measure”

T(w)—1
me(w) = > by
§=0
and its expectation
T(w)—1
mg = E(m,(w)) =E Oxi
§=0

as a measure on R. Finally, we integrate m, with respect to the measure 1, on z,
thus yielding a Radon measure v := [ m, dvg(z) on R. Formally speaking, for
any compactly supported function ¢, we have

T(w)—1

/R $dv = /R E( D o(X)) ] dvlx). (4.15)

J=0
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Notice that the right-side expression in (4.15) is well-defined and finite. Indeed,
there exist N € N and py > 0 such that with probability at least py a trajectory
starting at any point of supp(¢) hits K in at most N steps. Therefore, the
distribution of the measure m, (w) on supp(¢) (i.e. the number of steps that are
spent in supp(¢) until the stopping time) has an exponentially decreasing tail.
Thus, its expectation is finite and bounded uniformly on = € supp(¢), which
implies the finiteness of the integral.

Next, let us check that the measure v is P-invariant. To do this, let us rewrite
the measure v as follows. First, notice that, by definition, we have

Z Z [HP 9j H [1 - g(gj o gl(x))}] 6gn.--gl(m).

j=1 J=1

— 30l g*<z 3 [Hp 9;) ﬁ 6(9----91(96))]] 5gn---g1(m>>

n>0g1,...,gn€G Lj=1 Jj=1

=> > (p(g)j_ljlp(gj)>j

n>0 g1,...,gn,9€G

n+1 (n+1)-1
= Z Z (H p(gj)) H [1 - g(gj e gl(x)ﬂ Ognt1gn--g1(2)-

n>0 g1,...,9n,gn+1€G \j=1 Jj=1

3

[1=&(g5 - 01(2))] 6 (Ggugn@))

[y

As before, the last expression equals the expectation of the random measure
Z]T:(“l’) Ox;- In this sum, we are counting the stopping time, but not the initial
one. Therefore,

Pm, =m, — §, + E(dy,).

By integrating with respect to 1, this yields

Py =P( /R m, dvo(z)) = /R Plmy) dvo(z) =
/R e duo () — /R 5, dv(x) + /R E(Sy=) dvo(x) = v — vo + P (v0).

Since 1y is Pg-invariant, we finally obtain Pr = v, as we wanted to show. O
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Theorem 4.4.20. Every minimal action ® : I' — Homeo, (R) is topologically
conjugate to a p-harmonic action.

Proof. Take a P-invariant Radon measure v whose existence follows from Theo-
rem 4.4.19. By Lemma 4.4.5, it is bi-infinite. By Lemma 4.4.11, it has no atoms.
Finally, by Lemma 4.4.12, it has total support. As a consequence, there exists
a homeomorphism ¢ : R — R such that ¢,(r) is the Lebesgue measure. The
conjugate action ¢ o ® o ¢! is then p-harmonic. O

When the action of I' admits discrete orbits, we know that every station-
ary Radon measure must be ['-invariant. However, two such measures may be
supported on different orbits. We next establish the uniqueness (up to a scalar
factor) of the stationary measure in the case there is no discrete orbit. Recall
that, in this case, there exists a unique nonempty, closed, minimal I'-invariant set
M (see Lemma 3.5.18).

Proposition 4.4.21. Assume that there is no discrete orbit for the I'-action on
the line. Then the P-invariant Radon measure v is unique up to a scalar factor.

We begin the proof by some reductions. First, we can assume that the action
is minimal, since stationary measures are supported on M (c.f. Lemma 4.4.12)
and the action semiconjugates into a minimal one. Moreover, after changing coor-
dinates (by a topological conjugacy), we may assume that the Lebesgue measure
is stationary, that is, that the action is p-harmonic.

Recall that a P-invariant measure is said to be ergodic if every ['-invariant
measurable subset of the line either has measure 0 or its complement has measure
0. Every P-invariant measure decomposes as an integral of ergodic measures.
Thus, to prove Theorem 4.4.21, it suffices to show that there exists a unique
ergodic harmonic measure, up to multiplication by a constant.

Lemma 4.4.22. Assume that the action of I' is minimal and p-stationary. Let v
be an ergodic P-invariant measure. Then for all continuous functions ¢, with
compact support, with ¢ > 0 and ¢ = 1 on the recurrence interval K given by
Corollary 4.4.15, and for every x € R, it almost surely holds

Sy (x, w) S dv
Sro(x,w) — [ ¢dv

as n tends to infinity, where Spb(x,w) = P(X0) + (X)) + ...+ (XE) (and
similarly for Sko).

(4.16)
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For the proof, we will apply Hopf’s ratio ergodic theorem [99] (see also [110])
to the system (RN, g, ), where o is the shift operator o(X"), = (X™*1),,, and
is the image of the measure v x p" under the map

(z.w="(g2) = (X0 =2, X,,...,XJ,...).

We leave as an exercise to the reader to verify that © is invariant by o. (Actually,
this is nothing but a reformulation of the fact that v is P-invariant).

We claim that the system (R, o,7) is ergodic, that is, every measurable
o-invariant subset A of RN has either zero or full 7-measure. Indeed, for such an
A, and for a fixed x € R, let p4(z) be the probability that the sequence (X'),>0
belongs to A. The thus defined function ps: R — [0, 1] is measurable. Since A is
o-invariant, the property of belonging to A does only depend on the tail of the
sequence, hence the function p, is P-invariant. (This can be easily checked by the
reader.) We claim that this function is indeed constant. To prove this, notice that
we cannot directly apply Exercise 4.4.6, because the function p4 has no reason
to belong to £}(R,v). To overcome this difficulty, let us consider a compact
interval I containing the recurrence interval K. Given a point x € I, we denote
by Y!,..., Y™ .. the points of the sequence X}, ... X" ... that belong to I. As
we are assuming that the Lebesgue measure is P-stationary, the Markov process
Y on [ leaves invariant the restriction of the Lebesgue measure on I. Moreover,
the restriction of the function p, is still harmonic for the Markov process Y,
namely we have p4(z) = E(pa(Y)})) for every z € I. The Lebesgue measure of [
being finite, an easy extension of Exercise 4.4.6 for Markov processes shows that
pa is almost-surely constant on I. As this is true for every compact interval [
containing K, we conclude that p4 is almost everywhere constant, as was claimed.
Now, the 0 — 1 law shows that this constant is either 0 or 1, thus showing that
A has measure 0 or its complementary has measure 0. This concludes the proof
that the system (R"™, o, 7) is ergodic.

Next, let ¢: R — R be a non-negative function with compact support such
that ¢ = 1 on the recurrence interval K. Then, letting ¢(x, (X™),>1) = o(x),
the function gg belongs to L'(RY 7)), and the recurrence property implies that
for v-almost-every (z, (X)), we have

S (0t (. (X)) = oo

k>0

Hopf’s ratio ergodic theorem then states that for every function @ € LY(RN D),
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almost surely we have the convergence

1;4—1;004—...—1—1200’“_1 . f’l//J\dl)
b+doo+...+doakl fngSdﬁ

Applying this to a function of the form @(m, (X™)n) :=¢(x), where ¥: R — R is
continuous with compact support, and noticing that

~

/q@dﬁ:/qﬁdl/ and qA5+ngﬁoa—|—...+¢oak_1(at,(X")n):Skqb(x,w)

(and similarly for 1), we conclude that (4.16) holds for v-almost-every = € R.

The difficulty now is to extend (4.16) to every x € R. This will follow from
the following contraction property for p-harmonic actions:

Lemma 4.4.23. For any fized number 0 < p < 1 and all x,y, with probability at
least p we have

lim [X? — X7 < lz =yl
n—00 1—p

Proof. Assume y < x for simplicity. Since v is P-invariant, the sequence of
random variables w — X7 — X' is a positive martingale. In particular, for every
integer n > 1, we have

E(X, - X)) =z—y.

By the Martingale Convergence Theorem, the sequence X' — X' almost surely
converges to a non-negative random variable v(z,y). By Fatou’s inequality, we
have

E(v(z,y)) < lim E(X] — X)) =2 —y.

n—o0

The lemma then follows from Chebyshev’s inequality. U

Let now y € R and the functions ¢, ¥ as in the hypothesis of Lemma 4.4.22 be
fixed. We claim that, for any m > 1, with probability at least 1 — 1/m we have

lim sup Sy, w)  [ydv
koo | SkO(Y,w) [ @ dv

< (4.17)

1
—.
Once this established, it will obviously implies that (4.16) holds almost surely at
all points, as desired.



202 CHAPTER 4. PROBABILITY AND LEFT-ORDERABLE GROUPS

To show (4.17), notice that since v has total support, one can find x that is
generic, so that (4.17) holds at x for every m. Moreover, given £ > 0, the point x
may be chosen sufficiently close to y so that |z — y| < e. By Lemma 4.4.23, with
probability at least 1 — 1/m we have for all k sufficiently large, say k > ko(w),

k k
| X, — X;| < me. (4.18)
Next, as we already know that (with probability 1)

- Spp(rw) [y
klggo Spp(z,w) — [odv’

instead of estimating the difference in (4.17), it suffices to obtain estimates of the
“relative errors”

Sk (y, w) — Sk (z,w)

li:]rﬂn_)s;}p S w) < 01(¢) (4.19)
and
lim sup | HAW2) — S0 W) 5 (4.20)
i Sko(z,w) = |

in such a way that d;(¢) — 0 and d2(¢) — 0 as € — 0.

Since the estimate (4.20) for ¢ is a particular case of the estimate (4.19),
we will only check (4.19). Now, (4.18) implies that [Ski(y,w) — Skt(z,w)| is at
most

mod(me, 1) card{ko(w) < j < k: either X7 or Xg is in suppy} + 2ko(w) max [¢)|

< mod(me,v) card{j < k | XJ € Uy (supptp)} + const(w).

Here, mod(+, %) stands for the modulus of continuity of ¢ with respect to the
distance d on the variable, and U,,.(suppt’) denotes the me-neighborhood of the
support of ¢, again with respect to d.

Let £ be a continuous function satisfying 0 < £ < 1 and that is equal to 1 on
Une(suppy)) and to 0 outside Uppirye(suppe)). We have

card{j < k: X € Up(suppt) } < Spé(z,w).

Thus,
Spt(y,w) — Sp(x,w) < const(w) + mod(me, ¥) Spé(z,w)
SkQS(za CU) - SkQS(za CU)
[ €&dv

— mod(me, 1) 91 (e).

[ ¢dv
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Here, we have applied the fact that, by our choice of z, equality (4.16) holds
with £ in the numerator and ¢ in the denominator. Since mod(me, ) tends to 0
as ¢ — 0 and the quotient

fgdy < V(Um1)e(suppo))
[odv — Jodv

remains bounded, this yields d;(¢) — 0 as ¢ — 0. O

Having Lemma 4.4.22 at hand, it is now easy to finish the proof of Proposition
4.4.21. Indeed, given any two ergodic P-invariant Radon measures 14, 5, for each
x € M and every compactly supported, real-valued function 1, almost surely we

have Su(r.w)  [ud
LY\, W V;
Sepww) | [ody

where i € {1,2}. Thus, [¢ dv; = X [ dvs, with X := [¢dy/ [ ¢ dvs. This
proves that 1y = Ay, and concludes the proof of Proposition 4.4.21.

Exercise 4.4.24. Show that the condition on ¢ in Lemma 4.4.22 can be relaxed to

¢ >0and ¢ Z 0.

We close with the next

Theorem 4.4.25. The conjugacy of a minimal action to a p-harmonic one is
unique up to post-composition by an affine map.

Proof. Given a minimal action ®: I' — Homeo, (R) and two homeomorphisms
¢i: R — R such that each ¢; 0 ® o ;! is p-harmonic, the images of the Lebesgue
measure by ), ;" are p-stationary for ®, hence they differ by multiplication
by a constant. Therefore, s 0 ;" sends the Lebesgue measure into a multiple
of itself, which means that ¢, 0 ;' is an affine map. U
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