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Guiding-Center-Drift Resonance in a Periodically Modulated Two-Dimensional Electron Gas
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A theory is developed for the recently discovered magnetoresistance oscillations in a two-dimensional
electron gas subject to a weak periodic potential. The effect is explained äs a resonance bctwecn the
periodic cyclotron orbit motion and the oscillating Ex B drift of the orbit center induced by a potential
grating.
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Spatially modulated semiconductor structures in a
magnetic field have unusual properties due to the inter-
play of the two independent periodicities of the modula-
tion and the cyclotron orbit. Recently, Weiss, von Klitz-
ing, Ploog, and Weimann' discovered a striking manifes-
tation of this interplay in the magnetoresistance of a
two-dimensional electron gas (2DEG) subject to a weak
periodic potential Variation in one direction (a potential
grating). At low magnetic fields B (perpendicular to the
2DEG) an oscillation periodic in l/B was observed in the
resistance, reminiscent of the Shubnikov-de Haas (SdH)
oscillations at higher fields—but with a different periodi-
city and a much weaker temperature dependence. The
new periodicity was found to be given by the condition
that the cyclotron orbit radius R=mvp/eB is an integer
multiple for the modulation period a (VF is the Fermi ve-
locity). Weiss et al. remarked that this periodicity corre-
sponds to SdH oscillations where only electrons within
the first Brillouin zone of the modulated structure con-
tribute, but no mechanism was found to support an ex-
planation along these lines.

Theoretically, the transport properties of a periodically
modulated 2DEG have been studied with the emphasis
on effects originating from the band structure of the
lateral superlattice.2 In the experiments of Weiss et al.,1

however, the period a—0.3-0.4 μτα is considerably
larger than the Fermi wavelength λρ=2π^ρ~50 nm,
suggesting a different origin of their effect. Moreover,
the weak temperature dependence of the oscillation am-
plitude indicates that magnetic quantization in Landau
levels (responsible for the SdH oscillations) does not
play an important role. These considerations motivated
me to look for a semiclassical explanation. I have found
that the magnetoresistance oscillation induced by a po-
tential grating is due to a resonance in the Ex B drift of
the cyclotron orbit (guiding) center. Such resonances
are known from plasma physics,3·4 and the experiment
by Weiss et al. appears to be the first observation of this
phenomenon in the solid state.

This paper consists of two parts. A detailed systemat-
ic transport theory is developed, based on the semiclassi-
cal Boltzmann equation in the relaxation-time approxi-
mation. The analysis is somewhat involved because of

the presence of both a magnetic field and an inhomo-
geneous electric field. Therefore, I first present a
simplified physical picture of the resonance mechanism
and its effect on the transport properties.

The guiding center (X, Y) of an electron at position
(x,y) having velocity (f*,^) is given by X—x — vy/(ac,
Y—y + vx/(ox, with <oc=eBlm the cyclotron frequency.
The choice of axes is such that the (homogeneous) mag-
netic field B is in the z direction, perpendicular to the
2DEG, and the potential grating V(y) induces an elec-
tric field E=—dV/dy in the y direction (see Fig. 1).
The time derivative of the guiding center is X—E(y)/B,
Ϋ—0, so that its motion is parallel to the χ axis. This is
the Ex B drift. In the case of a strong magnetic field
and a slowly varying potential (R«.a) one may approxi-
mate E(y)**E(Y) to close the equations for X and Ϋ.
This so-called adiabatic approximation cannot be made
in the weak-field regime (R £a) of interest here. I con-
sider the case of a weak potential, such that
eVtmJEF=f<£\, with Vrms the root mean square of
V(y) and Ep={mv^ the Fermi energy. ISmall values
of f on the order of a few percent are obtained experi-
mentally by Weiss et al.,1 using the (nonlithographic)
technique of holographic Illumination.] The guiding-
center drift is then simply superimposed on the unper-
turbed cyclotron motion. Its time average udrift K ob-
tained by integrating the electric field along the orbit,

*d4>E(Y+Rsin<l>).

For /?»a the field oscillates rapidly, so that only the
drift acquired close to the two extremal points Y±R
does not average out. It follows that uarift is enhanced or
reduced depending on whether E(Y+R) and E(Y—R)
have the same or opposite sign (see Fig. 1). Such an os-
cillatory guiding-center drift has been noticed before in a
plasma physical context.3 For a sinusoidal potential5

Vrms2
}/2sin(2ny/a) one easily calculates that for

the mean square drift on averaging over Yis

Wrift> - (VFC) 2(R/a )cos2(2;rÄ/a - π/4).

The guiding-center drift by itself leads, for ωΓτ» l, to
one-dimensional diffusion with diffusion coefficient SD
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FIG. 1. (a) Potential grating with a cyclotron orbit superim-
posed. When the electron is close to the two extremal points
K±/? the guiding center at Υ acquires an Ex B drift in the
direction of the arrows. (The drift along nonextremal parts of
the orbit averages out, approximately.) A resonance occurs if
the drift at one extremal point reinforces the drift at the other,
äs shown. (b) Numerically calculated trajectories for a
sinusoidal potential (f — 0.015). The horizontal lines are equi-
potentials at integer y/a. On resonance (2/?/a~6.25) the
guiding-center drift is maximal; off resonance (2Λ/α—5.75)
the drift is negligible.

(τ being the scattering lime). The term SD is
an additional contribution to the xx element of the un-
perturbed diffusion tensor D°, given by Dxx

 aDyy —Do,
-<ÖCT/>O, with D0= y ω(τ )2]

-r—
00

i r2" d<t>. __ — B L·—

τ Jo 2πτ

Here f(x,y,(j>} is the distribution function for electrons
at point i=(x,y) with velocity direction u=(cos0,sin0).
The magnitude of the velocity v(y) = vp [l+eV(y)f
E?] 1/2 (with derivative v'=dv/dy) is y dependent be-
cause of the potential grating. Short-ranged and isotrop-
ic elastic impurity scattering is assumed, leading to a
constant scattering time τ. If a solution to Eq. (2) can
be found with a constant density gradient c=(cx,cy)
(averaged over one period of the potential), then the
diffusion tensor follows from j "» — D· c, with the particle
current density given by j ""a ~lf§dyS$*d<!>fvit.

To determine D, I make a transformation from / to a
new unknown F, by equating

C ) . ( 3 )

Equation (2) is satisfied if JLF°~eE(y)lEF. Consider
the solution F=F(y,0) which does not depend on χ and
is periodic in y with period a. The distribution function

At this point I assume that for ω^τ» l the above contri-
bution SD from the guiding-center drift is the dominant
effect of the potential grating on the diffusion tensor D.
A justification of this assumption requires a more sys-
tematic analysis of the transport problem, which will be
given below in the second part of this paper. Once D is
known, the resistivity tensor p follows from the Einstein
relation p — (l/Ne2)O~\ with N—4nm/h2 the density
of states (which is energy independent in a 2DEG; N
contains a factor of 2 from the spin degeneracy). The
unperturbed diffusion tensor D° gives a longitudinal
resistivity which is isotropic and B independent,
Pxx"Pyy~Po=h/kFle2 (with l = mF the mean free
path). The Hall resistance is pxy ~ —pyX~wcTpo. Be-
cause of the large off-diagonal components of D°, an ad-
ditional contribution SD to Dxx modifies predominantly
the yy component of p, which is the resistivity to current
flowing perpendicular to the grating. To leading order in
e one finds that

pyy/po-l+2f2(l2/aR)cos2(2jiR/a-x/4). (l)

In the other components of p corrections appear which
are smaller by a factor (ö>cr)

2, and are spurious conse-
quences of retaining only the effect on Dxx of the poten-
tial grating (no such approximation is made below). I
defer a discussion on Eq. (1), and show first how this re-
suit is borne out by a more detailed and systematic
analysis.

The anaiysis is based on the Boltzmann equation in
the relaxation-time approximation, which is the usual
level of description in semiclassical transport theory.6 I
derive the required resistivity tensor by means of the
Einstein relation from the diffusion tensor, which itself
follows from the (stationary) Boltzmann equation for
noninteracting electrons at the Fermi level,7

(2)

/ then has the required constant average density gradient
c, while F does not depend on c. The components of D
can now immediately be extracted from ihe expression
for j [which is why the transformation (3) was chosen in
that wayl. Using the Einstein relation to go from D to p
one finds that only pyy is modified by the potential grat-
ing,

l-K
(4)

eE(y)
2π Ef

The other components of p remain those of p°. This is
an exacl consequence of the Boltzmann equation (2) for
arbitrary potential grating.

It remains to evaluate K, which for a weak potential
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can be done perturbatively. To first order in e, F is
determined by jCoF~eE(y)/Ep, where -£o is JL for
y(y)=0. This equation can be solved straightforwardly,
and for a sinusoidal potential I find

(5)

S- Σ /P
2(gÄ)[(pe» fT)2+l]-' ,

p ~ — oo

with q = 2n/a. Inserting K into Eq. (4) one finds that to
second order in e, and for8 ω^

-i (6)

For i?/?»l, Eq. (6) reduces to Eq. (1), which confirms
the main result of the simplified picture given in the first
part of this paper.

In Fig. 2 the theoretical pyy is compared with the ex-
perimental result of Weiss et o/.1 The parameters
a—382 nm, / — 12μηι, and kf "0.14 nm~' have been
obtained directly from Ref. 1. The experimental ampli-
tude of the periodic potential (which determines the pa-
rameter e) is not known precisely. In Fig. 2 I have
chosen e™ 0.015 to bring the scale on the vertical axis in
agreement with the experimental data. The scale on the
horizontal axis does not contain any free parameters, so
that the agreement obtained on the position of the resis-
tivity maxima and minima is a significant support for the
present theory. As illustrated by the arrows in Fig. 2,
the maxima in pyy are not at integer 2R/a, but shifted
somewhat towards lower magnetic fields. This phase
shift was noticed experimentally by Weiss et al., and is
reproduced quite accurately by Eq. (6). The resonance
mechanism for the oscillations presented here predicts a
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FIG. 2. Magnetic field dependence of the resistivily pyy for
current flowing perpendicular to the potential grating (see in-
set). The theoretical curve is from Eq. (6); the experimental
curve from Ref. l. Note the phase shift of the oscillations, äs
indicated by the arrows at integer 2R/a. For ß^0.4 T the ex-
perimental data show the onset of the Shubnikov-de Haas os-
cillations.

relative amplitude of order €2(l2/aR), which for a large
mean free path can be of order l—even if e4Cl . This
explains the surprising experimental finding that a
periodic modulation of the Fermi velocity of order 10 ~2

can double the resistivity.
At low magnetic fields the experimental oscillations

are damped more rapidly than the theory would predict,
and, moreover, a positive magnetoresistance is observed
around zero field which is not found here. Part of this
disagreement may be due to nonuniformities in the po-
tential grating, which become especially important at
low fields when the cyclotron orbit overlaps many modu-
lation periods. At high magnetic fields Ä^0.4 T the ex-
perimental data show the onset of SdH oscillations,
which are not described by the present low-field theory in
which Landau-level quantization is ignored. Neither pxx

nor pxy are affected by the potential grating in the
present theory. Experimentally1 a weak oscillatory
structure is found in the resistivity pxx to current flowing
parallel to the grating (the Hall resistance pxy does not
show any oscillations). This remains to be understood.

In summary, both a simplified physical picture and a
systematic transport theory have been presented for the
recently discovered1 magnetoresistance oscillations in-
duced by a potential grating in a 2DEG. It is proposed
that this effect is the first example of a new class of mag-
netotransport phenomena due to guiding-center-drift res-
onances. In view of the recent developments in ballistic
transport,9 it is to be expected that more of such plasma
physical effects in a 2DEG can be found.

I thank R. R. Gerhardts, K. von Klitzing, and D.
Weiss for introducing me to this problem, and G. E. W.
Bauer, H. van Houten, and M. F. H. Schuurmans for
frequent discussions.

Note added.— Results equivalent to Eq. (1) in the first
part of this paper have recently been obtained indepen-
dently by Gerhardts, Weiss, and von Klitzing10 and
Winkler, Kotthaus, and Ploog,'' who calculated the os-
cillatory B depeedence of the Landau bandwidth. Such
oscillatory behavior is indeed a consequence of the oscil-
latory guiding-center drift considered here. Note, how-
ever, that the Landau band quantization (i.e., the
discreteness of the band index) is not essential for the oc-
currence of the magnetoresistance oscillations—which äs
is demonstrated here follows basically from classical
mechanics.
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