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Ahstract 

A new scheme for p a r t i c l e s imulat ion based on the nyrophase-avpragcd 

Vlasov equat ion has been deve loped . I t Is s u i t a b l e for s tudying low-frequency 

m i c r o l n s t a h i l i t l es an<\ the a s soc ia t ed anomalous t r a n s p o r t In magne t i ca l ly 

confined plasmas. The scheme r e t a i n s the gy ro rad tus e f f c r t s hut not the 

gyromotton; I t I s , t h e r e f o r e , far more e f f i c i e n t and v e r s a t i l e than the 

convent lona l ones . Fur thermore , the reduced Vlasov equa t ion !s a l so amenable 

to a n a l y t i c a l s t u d i e s . 



I . I n t roduc t ion 

Oyroklnpt ic approach has been widely used In recent - vcars for studying 

' nw-f rpquenry m fern I n s t a h l l [ t l es In a nagne t l e a l ly c. o i f 1 ned plasma since I t s 

Incept ion more than a decade aRO.'> Tt employs the Ryroklnet l i cMerNip tha t 

i ho c-harar terf s 11c f requencies of the waves and g y r o r a d l l arp --.mal' c^.-ipared 

thn pvrof requencies and unperturbed sca l e lenp.ths, respcr cu-r-jy, an<J 

iH-irurhod p a r a l l e l sca le l e n g t h s are of the order of import ur^oi sca le 

' " " p t h s . S'.n'h m order ing enahles one to be r td of the e x p l i c i t depp-dpnep on 

thf phase angle of the Vlasov equat ion through gyrophase-.iveras; lig while 

rnt.Tininf, the p.yroradtus e f f e c t s to the a r b i t r a r y value of the gyr iv . id ius over 

I hi- perpendicu la r sca le l e n g t h . F i n i t e gyrorad tus e f f e c t s , as we know, a re 

i spn t l a l for many m l r r o i n s t a M l i t i e s of I n t e r e s t In magnetic corHnement 

ipvl rcs such .is tokamaks . Contrary to the o r i g i n a l approach, r ^ c t o J has 

r e c e n t l y developed a tfyr.iklnetic technique which f i r s t t ransforms the p a r t i c l e 

' /- irfahles n cl""1 gui.dfnj> r e n t e r v a r l a h l e s 1n the Vlisov eoi.il l;>n before 

I ' t -r 'oralnp the p,yrop'ias<=-averaplnp . The purpose of I t Is t. oh ta in f i n i t e 

.'.yrora<Mus e f r c t s li", a more convenient manner for arM ' ra ry magnetic 

f l p ) d s . As f; Mr.is o u t , t h i s technique of tryrok<nel Ic <-hamje or var iab i l i s 

a lso provides ,i s t a r t i n g point for the development of the p a r t i c l e s imula t ion 

L="v,'j!T»^ repor ted h e r e . 

P a r t i c l e code s imula t ion has long been recognized as a useful tool for 

unders tanding nonl inear plasma hehavior and has con t r i bu t ed s i g n i f i c a n t l y in 

t h i s regard over the y e a r s . Tn the area of n f c r o i n s t a b l l i t i e s t i tokatnatcs, 

thp e x c i t a t i o n nf the convect ive c e l l s due to uns tab le d r i f t waves'* and the 

magnetic f ie ld l i n e r econnec t ion caused hy shear-Alfven waves-1 a r e j u s t two 

examples. However, not un l ike o the r numerical schemes, p a r t i c l e code 

http://eoi.il
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s imula t ion a l so has I t s share of l i m i t a t i o n s . For convent ional codes which 

opera te on the f i r s t p r i n c i p l e s of Newtonian dynamics, the time s tep far 

p a r t i c l e pushing is l imi ted by the h ighes t c h a r a c t e r i s t i c frequency In the 

plasma, which can be severa l o rders of magnitude l a r g e r than the frequency of 

I n t e r e s t . I t I s , t h e r e f o r e , r a the r I n e f f i c i e n t , i f p o s s i h l e a t a l l , to 

s imulate low-frequency phenomena with such a code. Effor t s have been made In 

the past to e l imina te high frequency o s c i l l a t i o n s In the s imula t ion plasma. 

For example, dr t f t - k i n e t i c approximation for e l e c t r o n s has heen made In the 

codes used for the I n v e s t i g a t i o n s In Refs. i and 5. > ' •* However, the lower 

hybrid o s c i l l a t i o n , which r ep re sen t s the h ighes t frequency in the plasma for 

such c a s e s , Is s t i l l ™uch ' a r g e r than the frequency of I n t e r e s t . In t h i s 

paper, we will present a p a r t i c l e s imula t ion scheme which keeps f i n i t e 

gyrorad ius e f f e c t s t ha t a re v i t a l to the physics a t hand, hu t , a t the same 

t ime, e l i m i n a t e s the o s c i l l a t i o n s a s s o c i a t e d with p a r M i l e gyromotlon. 

Henceforth, p a r t i c l e pushing can he accomplished In the time sca le of the low-

frequency m i c r o i n s t a h i 1 1 t i e s . The scheme i s , t h e r e f o r e , most s u i t a b l e for the 

s imula t ion of tokamafc p lasmas . 

Recent ly , l o n g - t i a e - a t e p p a r t i c l e s imula t ion has a l so been tackled on a 

d i f f e r e n t f r on t . Several imp l i c i t schemes have been developed, in which the 

high-frequency o s c i l l a t i o n s a r e f i l t e r e d out through numerical 

methods. > 1 0 > ' * They r ep re sen t a basic d i f f e r ence in philosophy than the 

scheme discussed in t h i s paper as well as those In Refs. 6 and *, in which the 

e l im ina t i on of high-frequency o s c i l l a t i o n s i s cont ingent upon the under ly ing 

p h y s i c s . Although the I m p l i c i t schemes are more genera l in n a t u r e , t h e i r 

a p p l i c a b i l i t y to two and three-dimensional tokaoak plasmas has yet to he 

demonstrated . 

In the present paper , the focus i s on the development of an e l e c t r o s t a t i c 
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p a r t i c l e s imula t ion scheme In the s l ab geometry. The scheme i s accu ra t e 

l i n e a r l y for a r b i t r a r y va lues of k p where -i i s the Ion gyrorad tus . 

Non l inea r ly , I t I s va l id for k p. < I . The two-and-one-hal f -dImenslonal 

' K > y > v

x , v , v z ) s imula t ion r e s u l t s from the present scheme iqree very wnll (n 

every aspec t of the i n s t a b i l i t y with those obtained e a r l i e r iw'ng p a r t i c l e 

ions and guiding cen te r e l e c t r o n s - 1 ' • 1 ^ Tn a d d i t i o n to the u s ; -f 'ouj!?.-

t ime - s t eps Tor p a r t i c l e push ing , the scheme a l so can afford to use fewer 

p a r t i c l e s to s tudy weaker i n s t a b i l i t i e s because the numerical noise a s soc i a t ed 

u l t h the p a r t i c l e gy ra t i on Is no longer a problem. Therefore , It r e p r e s e n t s a 

tremendous saving in computing r e s o u r c e s . Since the procedures descr ibed here 

Is r a t h e r g e n e r a l , they can he used e a s i l y to ob ta in the el e c t r o s r a t i c find 

e l ec t romagne t i c (low- P) v e r s i o n s of the scheme in the t o r o i d a l geometry. In 

view of thr recent development of the m u l t i p l e - s c a l e p a r t i c l e simulate i':i 

model , ' '* In which the plasma equl lbr ium sca l e lengths are sep i ra lod from the 

p e r t u r h a t l n n sca le l e n g t h s , I t i s now p o s s l h l e to slmul.iri" ful ly t h r e e -

dimensional s t e a d y - s t a t e plasma turbulence In the t o ro ida l i>nop'.-try with t ' ' e 

p resent Renenu lor o' computers . This paper r e p r e s e n t s the F'r i ptpn toward 

tha t d i r e c t i o n . 

TVie paper Is organized as fo l lows . In Sec. Tl . the bas ic formnl.il Ion of 

the gvrokf iif t ic equat ion in genera l geometry Is p re sen ted . The procedures for 

the development of e l e c t r o s t a t i c p a r t i c l e s imula t ion scheme In the s l ab 

oeometrj- I s d i scussed in d e t a i l in S e c TIT. The p a r t i c l e pushing a lgor i thm 

and the s imu la t i on r e s u l t s a re given in Sec- TV. toge the r with t h e i r 

comparisons with previous p a r t i c l e code r e s u l t s . Conclusions and 

recommendations for fu tu re work a r e given In Sec- V. 

http://formnl.il
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I I . Basic Formulation 

Let us f i rs t apply Catro's gyroklnetle charge of variables-* 

from «, » "> 8 , |i , v . , • 'o the Vlasov equation In general geometry, 

E K b 

t L ~ l m Q - Q 

+ v . r(!*.) • tZ + l i t 2 _ £ + i^JL 1_L + a » a F i 

+ a E . [ J i | _ t + : | X - + ^ ^ 3 Z i , o (i) 
a ~ - B a u ~ 3 v . 2 o * ' 

uhere K(R, n, v , <&, t) Is Che distribution function, E(x) Is the perturhed 

electric field, B(x) = |j| and b (x) - B/B where R ts the total magnetic 
»> * « « 

l i e U , u - v"/2B, p = v, « b / o . 8 • qB/rac. v . - v.Ccos » e, +• s in * e „ ) , 
1 *^i ~ " i . i ~~i --/• 

v » = v „ h • h = e , * e->» R = * + P • * n < 1 

v 5 V. 
l i ± _ _ u ; 5 B _ i i . - - , 

a v a b 

rr " { *i ] ' *i • 

A * v « a b - a e-> 
r f r ^ ) ' f si " S ' + f n s l ) 

For a low-0 ( = plasma pressure/magnetic pressure) plasma, the e lec t r ic field 

is given by 

E - - » * - l L * i , (2) 
-- ox c a t 
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where * (x) 1B the e l e c t r o s t a t i c p o t e n t i a l and A fx) I s the p a r a l l e l vector 

p o t e n t i a l . Invoking the gyroklnet ic o rde r ing of w/ ' - ,- .-./L - ••, • .-•! 

L - I. where t Is a sraal lness parameter , p the g y r o r a d t u s , 1. the prjull Ihr liu-. 

s ca l e length and h the per turbed p a r a l l e l s ca l e l e n g t h , one can wr!!" lo,/> 

the lowest order equat ion of Eq. (1) as 

Here the per turbed f i e l d s a r e a l so considered to be 0 ( E ) - With 

F = f + r gf*) , (41 

where f Is the solution of Eq. (3) and Is independent of phase <]., r.q. (1) to 

the next order reduces to 

?! f r q • " h- , o f 0 r q * ^ f 1 

, f "* £ , ? < f o u n f ? ' v l » > f i ^ q r •" ^ ? „ / S i 
~ T x ft P M a (j ft x " v in - " • ' ' , 

Note that thf relations of 

whfch Is correct to the order E, and 

q IT"? Xj ' T-K f 7 ) 
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have been used in a r r i v i n g a t Eq . ( 5 ) . By assuming tha t a l l the f i e l d 

q u a n t i t i e s are Independent of * and ty taVinj. the gytophase average of Eq. 

('>'), we then recover the usual d r t f t - k l n e t l c equa t ion 

^ M v 1 + ^ l V ' - n + f V ^ E l 5 l ^ - » . w 

where 

a a 2 2 
v., » .. v 

^d 

2 
ft V V 

1 / " J* l rC s * n B i 

are the c u r v a t u r e and VB d r i f t s and the p a r a l l e l a c c e l e r a t i o n , r e s p e c t i v e l y . 

lYie p a r a l l e l d r i f t Is Ignored In Eq - (8) because Jt I s higher order (n c, and 

f v • ( <Wftxl rf* • f. I t should he mentioned here t h a t , toge ther with Eq. 

(2) and 

2 
H - v /2B = c o n s t a n t , 

Eq - (<?) can be used for p a r t i c l e pushing for e l e c t r o n s for a low-p plasma in 

the g e n e r a l geometry* IE we now assume tha t f i s the par t of the d i s t r i b u t i o n 

funct ion which can "be descr ibed by the d r i f t - k l n e t t c e q u a t i o n , &j. (5) then 

i n d i c a t e s tha t g » (q/ra) («/B) (d f /0 |i) which glVbS 

F = f + i | l ! . (9) 
m B 5 (i v ' 

Subsitutlng Eq. (9) Into Rq. (1), and using again Eqs. (6) and (:) together 
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with 

^ * 1 = o , >, t* B a ff = o , T u " ' FTT C10> 

we can wr i te the g y r o k i n e t i c equat ion as 

* F q E * t 3 F < l r ; & F 

*£ 
1 * F * v 

+ ft u ft_F n 3 F ^_jt 0 F 
* " * TTJ ft x f* 11 ?>x Pi v . ft x ft di 

+ j : f ?. i 2 - f t i££_£- 0. (in '. B m 2 0 $ ?Hl 

Hie l a s t terra in T5q. (11) can he e l iminated through gyrophase -ave rap lne . 

Thus, t h i s equa t ion , which i s the reduced form of Eq. ( 1 ) , i s amenable to the 

development of s y r o k l n e t l c p a r t i c l e s imula t ion schemes for e l e c t r o s t a t i c i s 

well as f l n l t e - P plasmas. In the following s e c t i o n s , our focus wi l l be on the 

development of .-in e l e c t r o s t a t i c p a r t i c l e s imu la t ion scheme In the s l ab 

Reometry. More genera l cases using Eq. (11) wi l l be repor ted l a t t r . 

TTI. E l e c t r o s t a t i c Oyroklnet ics in Slab 

The Ryrophase-avera^ed e l e c t r o s t a t i c g y r o k i n e t i c equat ion in the s l ab 

Reometry can he obta ined From Eq. (11) by n e g l e c t i n g the geometric te rms , and 

I t takes the form 

T ^ -Cit y T m IT y i T - 8 R m 0 R ~ o v 



o 

where < > = (2n)~* / d*. l^t the e l e c t r o s t a t i c p o t e n t i a l be 

* (x) - V .*. (k) expfik • x) - "> ff> (V)exp(ik • R - fk « c. , ( H ) 
"• k ~ ~ ~ k ~ ~ " ~ ^ 

and l i s gyrophaae average hecomes 

k v 
<* > = <* > = T * (k) J ( - - i - i 1 exp( ik • R) , (14) 

k ~ o 0 - -

In which 

< exp( j . i k . g) > = J 0 f k , v , / o ^ 

i s used, and J Q i s the Bessel func t ion . From Eq. ( ° ) , the gyrophase-aueraged 

d i s t r i b u t i o n can be expressed as 

<F> = f + al^IfL " 1 . MI) 
m B n u 

' ts ins the r e l a t i o n 

» k ' v k"v 
< exp f ± i ( k ' + k " l • D 1 > = T J f - i - i 1 J f - ^ - ^ 1 c o s n f i . 

(16) 

where 6 = cos fk'. • k'l /k' k"), the coupling term becomes 

<* * > = <* > Q <* > Q + 2 ^ ^ - ± • y l _ _ , (17) 

where only the first two leading term in Eq. (16) are kept and 
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k , v , 
<<*• > - Y e> (k ) ~ i J t f _ L i 1 expf tk • R) r i f i ) 

With t h e use of E q s . ( 1 4 ) - ( I S ) , Eq. ( 1 2 ) r e d u c e s t o 

ft <F> 
TTE 

a <F> q I ° w o * a <F> _ q _____ i •: a <F> 
•TTI m !5 "5~R " ' •j—R ra a R " ' 5 5 v 

q 1 ft x b « - [ _ I 
ft R mB a u 

q -̂  
m ft R 

ft <<* >, \7. , a „ , f 

ft R - ft v mB ft u n°> 

Assuming r I s Maxwell t a n tn v , we found from Rq. ( l " i ) 

f = < F > 
r- q r* T7T 

o 

(20) 

-mil 

Vote t h a t * < * "» /f tu = n . S u b s t i t u t i n g r ' q . ( ? t ) i n t n F q . ( 1 9 ) , WP o h t a i r 

ft T > ft <F> q 1 , ft <F> 
T r - + X ( * TTTT- ~ S * f TOT ff <* >o 1 " !? I R — 

B <F> tj ^ ft \ ** 
1 f _ _ a <* > ^ • b -. 
in ?TR o - ? v„ 
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T 
a<^> &<*> 

(l-q<»> /T> 
I f 1 ~_ x b • " + 0 ^ » | < F > 

- 5 v . 

ft<*> 12 
_ . . J - i - 0 

( 2 2 ) 

where 

cr = 1 - T w (i-q<*>~nT 
o o 

o <<* >j 

TTR 

This equa t ion , which Is t o t a l l y independent of 4, d e s c r i b e s the evo lu t ion of 

the guiding cen te r d i s t r i b u t i o n <F> in terms of the gyrophase-averaged f i e ld 

q u a n t i t i e s . The o r i g i n a l d i s t r i b u t i o n funct ion F in Eq. (9) i s r e l a t e d to <F> 

through Eqs. (11) and (21) as 

<n - < F > q r„ 
< F > l -q<* 5 T T T '* O 

(23 ) 

The next step is to transform the field quantities from t'.ie guiding 

center coordinates R back to the particle coordinates x• This transformation 

can he accomplished by performing the integration of # <?.*> f v nv on Eq*;. 

{S'.) and (21) and assuming 

<F> =- P(R, v | (, t) f r a(v x) 24) 

" ^ e r e m̂ - s Maxwellian in v. and homogeneous s p a t i a l l y . The raultiple-scale 

p a r t i c l e s imula t ion model ,1* which i s the ex t ens ion of the p resen t scheme, has 

to he used to handle cases Involving the pe rpend icu l a r tempera ture g r a d i e n t , 

i . e . , fm = f m ( J» v i ) - X t i s s t r a igh t fo rward to t a r r y out the i n t e g r a t i o n for 

terras in F-qs. (22) and (23) involving n e i t h e r <-E > nor <<B > . For those 

with <* > on ly , the i n t e g r a t i o n y i e l d s 
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ft (st) - y * (k) r Q ( k 2 v f / f t Z W p ( l k • x) , (25) 

where v = (T/m)^ i s ;he thermal velocity, and 

,(b> = I o f h ) e h = K f expf - v * / 2 v ' l ^ f - i - i 1 v i d v i , 
v t ° 

r?fi) 

where h - k p = k v /O , I I s the Besget funct ion^ TVie i n t e g r a t i o n 
I t I t o 

of <* > <.» > and <* >. <<T> >. can he c a r r i e d out us ing Eq. 0 6 ) , In which 

aga in only the two l ead ing terms a r e k e p t , snd the i n t e g r a l s of 

2 

2v? 2 
v t ° 

k jv , „ k'jv. 

2" ' "o ' ~0 ' "o ' ~, ' " l " ' l 
1 V l •> K V l -3 K I V I 
^ / expf - - i * ) J„2 f - £ I 1 J? f ± 1 ) v ,dv 

y <^J 2 i t J _? r ( b . j r ( t o + w + . . . . 
n=o n! ft(b')n n! a ( b " ) n ° ° 

( 5 7 ) 

i " w i k ! v i k ! v i k ' i v i k T v i 

\ ° 2 v t 

1. f v 1 l / ? ( V . , W 2 _ 3 ( b I ) l / 2 ( b „ , V 2 _ | ( b . j V Z ^ l A + (?«) 

.ind 

k ! v , - k"v , 
l y / e x P ( - v J / 2 v t

2 ] J* f - J J : ] J* f - ^ l i r ^ - £ b 'b~ + (29) 

. -2 2 ,.«2 . 2 where b ' = k[ p and b" » k" p . Consequent ly , the I n t e g r a t i o n of Rq - (22) 

In <j> and v . g i v e s 
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_ _ + v • - — — I a * i x b • •=— - — - s — a * I » b -r ™ (J 
F T ~ II o x m q ' o x - 5 x m B x ~ 8 v 

( 30 ) 

where 

2 

"•1 

and the I n t e g r a t i o n of Eq . (23) in * and v , as v e i l as in v . y i e l d s 

f Fdv - n - \ f * - *) (1 + ^ ») „ + 4 ) 2 p t

2 | £ J L | 2 n , (31) 

where 

n = f F (x , v t ) dv . (32) 

Since the d i f f e r ence between the p a r t i c l e c o o r d i n a t e s :: and the g u i d i n g - c e n t e r 

coo rd ina t e s R van ishes a f t e r two gyrophase-averag ing p r o c e s s e s , t he 

independent v a r i a b l e s in Eq. (30) a re now x, v , t . llie p o t e n t i a l s 

* (x) and % (x) are defined by Eqs. (13) and ( 2 5 ) , r e s p e c t i v e l y . Tt should be 

pointed out here tha t the terms of the o r d e r s of fk .p 1 _ Cq*/Tl and 

fk.^0^1 {q'Z'Tr' have been neglec ted in ob t a in ing Eqs. (30) and ( 3 1 ) . Thus, the 

term !*> $ in Eq. (31) i s a ccu ra t e only to k2 p* . From Kqs. (31) and ( 3 2 ) , 

P o i s s c n ' s equat ion can then be w r l t t r n as 

2 

' 2 * " k D i n^ l > " ^ ~ ^ V I ^ - 1 = " * ™ < n i " n

e > . 
o 1 

(35> 

2 2 where subscripts I and e denote species, Iti. = Au e n /T. and n 0 is the spatial 
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average i f n ( • Here e l e c t r o n gyrorae ' 'us e f f e c t s are assumed to hp SUM 11 and 

n e g l e c t e d • 

Tt Is I n t e r e s t i n g to observe tha t the g y r o k i n e t i c equn t lon , Gq . ( 3 0 1 , In 

essence Is a d r i f t - k i n e t i c quat ion with a K v r o P ' 1 ; ! s < ? ' " a v a r a R e d H e l d 3 *, .md 

the second term on the l e f t - h a n d s ide of Eq. (131 accounts for the 

; i l a r n a t i o n e f f e c t s . Fur.ihermc.-e, F, which i s r e l a t e d "o the phase-r.veraged 

q u a n t i t y <F> In Eq. ( 2 4 ) , I s now the g u i d i n g - c e n t e r d i s t r i b u t i o n and n is the 

guldlnp,-c-enter d e n s i t y . Thus, the ac tua l number d e n s i t y a s soc i a t ed with the 

o r i g i n a l d i s t r i b u t i o n F c o n s i s t s of two p a r t s , I . e . , the R u t d l n , - c e n t e r number 

dens i t y and the d e n s i t y due to p o l a r i s a t i o n e f f e c t s , as shown In Fq , ( 3 1 1 . 

Aquations (301 , (3?.) and (331 fonti a convenient s e t of equa t ions t h a t can he 

used for the p a r t ' c l c pushinR. Moreover, s ince these equa t ions are slirply the 

usual g y r o k l n e t l c - P o i s s o n system c a s t i n g in a d i f f e r e n t form, they can a l so he 

used for a n a l y t i c a l purposes- Contrary to the usua l g y r o k i n e t i c fo rmu la t i on , 

the p resen t scheme r e t a i n s the gyro rad ius e f f e c t s without the s u b s i d i a r y 

o rder ing of the d l s t r i h u t Ion funct ion F, These aqua t ions are c o r r e c t l i n e a r l y 

for a r b i t r a r y values of k p and n o n l t n e a r l y for k p < 1. The i nc lu s ion of 

9 2 2 2 

the gy ro rad iu s e f f e c t s to the next o r d e r , i . e . , (k~p ) (?«f>/T1 , can e a s i l y be 

accomplished by r e t a i n i n g the corresponding terras In Rqs. (27) - (29) tn the 

d e r i v a t i o n . Since the r e s u l t i n g formulat ion i s somewhat t e d i o u s , we prefer 

not to d i s c u s s i t a t the present t ime . The ex tens ion of the present scheme to 
2 2 3 

Inc lude t e r n s of the o rde r of (k p . ) (q*/T) and beyond r e q u i r e s the technique 

descr ibed In Ref. 14. 

The d e f i n i t i o n of a c t u a l number d e n s i t y , T5q. ( 3 1 1 , in the absence of the 

pertisrhed f i e l d s needs furcher d i g c u s s t o n . L e t ' s de f ine 

n^x l f f ¥ dv 

http://Fur.ihermc.-e
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and 

n(k) = __ / F e x p ( - i k ' x ) dx dv 
Li 

Since Jacohlan , J ( x , v / R , v ) , i s uni ty in the s l ab geometry, the l a t t e r can he 

w r i t t e n as 

nfk) = 1 ^ { F expf- ik«R) e- pf+ lk-g) <iR dv . ("54) 

From Eq. ( 2 3 ) , F = <F> when tf « <*> = 0 . S u h s l t u t t n g Fq . (24) i n t o Eq. (34) 

and ca r ry ing out the i n t e g r a t i o n in v , we o b t a i n 

1,2 2 1 k p 
n (k ) = ' ( n exp( - - V - 1 exp( - ik«R) dB. , (35) 

L 3 2 ~ ~ ~ 

where 

2 i, L 2 2 

v, k ,v , k i P j . - j - / exp f- — j - 1 J f~p—1 v i d v l ~ e x p 

"* 

has been used, and n(R) = f ? dv i s guiding cen te r nufflher d e n s i t y . 

For k^p < < 1 where v d e s c r i b e s the e q u i l i b r i u m v a r i a t i o n , Eq. (35) g ives 

n (x ) = n + 7 P c ^ n . (36) 

Hence, the a c t u a l number d e n s i t y assoc ia ted with the d i s t r i b u t i o n funct ion F 

should Include the c o n t r i b u t i o n from equ i l i b r i um d e n s i t y g r a d i e n t . [For ^ s s e s 

wi th a tempera ture g r a d i e n t , i . e . , for f (R,v ) , the c o n t r i b u t i o n 
m ~ 1 2 2 i s (1 /2 ) 7 p n»] Accordingly, the ion guid ing c e n t e r number d e n s i t y n j on the 
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right-hand aide of Polsson's equation, Eq. (33) , should be replaced 

by n (x) in Eq • (36), and becomes 

RHS of Eq. (33) - - 4it e(n± + \ p\ ^ n* q - n j . (37) 

Here n e t ' represent the part of the ion guiding center number density when the 

perturbed fleMs are absent, whereas n t Is the tota l numher density. The 

contribution of this additional term Is usually very small and has been 

neglected In most analyt ical s tudies . Jtowever, for some cases in the par t ic le 

simulation, i ts presence crnnot be ignored because of the large density 

gradient used and the boundary conditions imposed for Polsson's equation. 

IV Pyro':ltiP.':ic Simulation Code and Results 

As we rave mentioned e a r l i e r , the result ing gyroklnetic equation, Eq • 

(30), resembles closely the usual d r i f t -k ine t ic equation. Usinfe the 

dis t r ibut ion functioi ? in i t s discrete form, 

N 
F(x,v, , t> = M l n - x ' , t ) ] 6(v - v„ , ( t ) l , (3P) 

- o 1 = 1 - i " 
« i v 

where N is the tota l number of part ic les of the part icular s p e c i e in the 

system, we obtain from Eq. (3fl) the equations of motion for the i- th pa r t i c l e : 

d * i q 1 o(o3) I 
7Tr~ " -111 ~ m ~fi ~55t |x ,t * b (39) 

l ' 1 " 

dv 
-o f 

J l _ q o(qfl) I .u 
r- H - s i r [x,,t s • = <Zf 
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which are simply the character is t ics of Eq. (30) . They are the basic 

equations for our par t ic le puChing and can be solved numerically using the 

usual predictor-corrector finite-difference scheme.* In the code, the ions 

are pushed with a modified potential of 3$ , defined it: Eqs. (25) and (30), 

while the electrons are acted upon by the original potential f>. Since the 

part ic le gyration has been eliminated from the equations of motion, longer 

time-steps corresponding to the frequency of interest may be used in Bqs. 

(31). The additional constraint of kv At < 1 ordinari ly does not pose any 

problem for our purposes. At every time step the number density is c a l c i a t e d 

by 

N 
n = T 6fx - x / O ] (40) 

n=l 

and is substituted into Poisson's equation, Eqs. (33) and (37), to 

determine ®. The modified Poisson's equation without the err terra is in the 

form of an iriho'-.iogeneous Fredholm equation of the second kind in the 

Fouiier k-space, and i t can he solved readily using the method of successive 

approximations, -̂  with the constraint that number dens'. ~y associated with the 

polarization effects is conserved. The small nonlinear term can he includti 

perturbptively. The determination of nf*5 in Bq. (37) is somewhat d i f f icu l t 

due to part icle diffusion during the course of the simulation. However, i t 

can ><3 approximated hy taking the mean of the spat ial averages of e lect ' Dn and 

ion number densi t ies in the homogeneous d i rec t ions , i . e . , 

" i " " < "i + n e >homo. / 2 • 

This ambiguity can be removed in the multiple scale par t ic le simulation 
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m o d e l . 1 4 

The g y r o k i n e t l c p a r t i c l e s i m u l a t i o n scheme has been Implemented in a t vo -

a n d - o n e - h a l f d l raens iona l (x , y , v ^ , v y , v 7 > code *n the s l a b £(=rometry. To 

s i m p l i f y i t s a l g o r i t h m we have dropped a l l of t he n o n l i n e a r :>:•> >•; 

in * , l . e . , a = 1 in Kq. ("*<>} and 0 ? V? * ' = n In Rq. ( 1 1 * . The s i m u l a t i o n 

plasma i s bounded by two conduc t ing w a l l s in t he x d i r e c t i o n where the 

p o t e n t i a l <*> v a n i s h e s and the s imple r e f l e c t i n g c o n d i t i o n I s imposed for ; ' v 

p a r t i c l e s h i t t i n g the w a l l . The p e r i o d i c c o n d i t i o n i s used for hoth the waves 

and the p a r t i c l e s fn the y d i r e c t i o n . The magnet ic f i e l d i s in the y ~z p lane 

where B z ^> B y . In the c a s e of s h e a r , By i s a func t ion of x . The 

inhomogenel ty e x i s t s on ly in t h e x d i r e c t i o n wi th a c o n s t a n t r (=> - n ' / n ) . 

Tuo c a s e s , one with shea r and t h e o t h e r w i t h o u t , have been s t u d i e d us ing the 

c o d e . The r e s u l t s a g r e e very well in every a s p e c t of the i n s t a b i l i t y with 

t h o s e ob t a ined from t h e code which uses exac t dynamics for the ions md 

RUfdinj; c e n t e r anprot; Im.iMoti for the e l e c t r o n s . 

Case 1 

This I s a s b e a r l e s s c a s e . I 'slnp the R T M ":ZP A as a ha" I- HI ! t , the 

q fmt i l . i t lm pa rn ' t e t ^ rp a r e 

L '• I. = 64A x T?A, n = ] f i /A ? . in, /m = 1PT 7 , x y o If 

T !l = ° . to /to = 1 ° . ^„ /A = 1.">, p a r t i c l e s i z e / A = 1 . ^ , e l ce pe Pe 

3 /B = 0 . 0 0 5 1 , o.//\ - ? . 1 4 , ep. = 0 . 1 5 , y z 1 1 

k p . • 0.42Rm, to*/ci) » 0.00315m, where m = C, ± 1, ± 2, . . . y i pe 
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The simulation has been carried out with u At - «fl using the gyroktnetic 
pe 

code. The time evolution of eft/T for the most unstable ra * 1 mode measured 

at the middle of the plasma lei * and the corresponding frequency spectra are 

shown In Fig, l . * 6 Simulation results from the previous code" with u At = IS 

are shown In Fig. ?.. The agreement between the two is excellent In terms of 

the l inear f-equertcy and growth r a t e , the saturation amplitude and the 

nonlinear frequency sh i f t . The higher saturation amplitude In the gyrokinetic 

code is probahly caused hy the, absence, of nonlinear * terms, fts we can see, 

the simulation plasma Is much quieter In the gyroklnetlc code hecause of the 

elimination of the Ion gyromotlon. Thus, we can afford to use fewer par t ic les 

and milder density gradient in the simulation. It should also he mentioned 

her<= that the observed linear properties of the Ins tab i l i ty agree with the 

theory. '- 2 The nonlinear saturation and the frequency shift are mainly the 

resul t of the node coupling p rocesses . 1 7 The effect of n^ q In Eq . (37) on the 

Ins tabi l i ty is Insignificant (n this case. 

Case ? 

In this case, shear is included and the magnetic field <s descrihed hy 

5 = V 5 + X * ' V • 

where Ls l s the shear scale length. The rational surface x = 0 is locaced at 

the left-hand boundary of the system. Therefore, we only allow odd modes In 

the simulation. The other parameters are 

L x x L = 64A x 32A, aQ = 1.6/A2, m / n e = 100, 
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T It, - I , <•> /u - 1 ° . k - M - 2 .5 , p a r t i c l e s lze /A - 1.5 , e I ce pe De 

p/b - 2 . 5 , <o, = o , / I . - 0 .175 , t ,'L - 5A , 1 i 1 n s n 

k p f = O.bn, o)*/u o = f.OOR75m, where m « 0, i 1, ± 2, 

The time strp in the gyrokinetic code Is u At » 40 and the tirm associated 
pe 

with n G q in Eq. (57) i s a l so inc luded . Figure 3 shows the r e s u l t s for t he 

most u n s t a b l e in = 1 mode where the t i ne evo lu t i on of e*/T a t x/A = 25 and the 
e 

moue s t r u c t u r e for u/V* --• 0.7 are g iven . The corresponding r e s u l t s fr.-vn the 

previous code with u At = 4 a r e shown in F ig . 4 . In hoth cases a band-pass pe 

F i l t e r with the width of co* has been appl ied to e l i m i n a t e the numerical noise 

In e*>'T . The mode s t r u c t u r e s a r e obtained through the use of the two-po in t -

s p a t i a l c o r r e l a r f o n f u n c t i o n . 1 " Z-^air, the two r e s u l t s a re very s i m i l a r . The 

na tu re of the I n s t a b i l i t y , which i s not a bona f ide eigerimode, has Seen 

d i scussed in RE f. 13. When the tern Involving n ^ i s not included in. the 

r .y rokine t lc s i m u l a t i o n , S'wiewhat d i f f e r e n t r e s u l t s have been o b t a i n e d . In 

t h i s c a s e , the frequency I s lower , dj/w* •= 0 . 5 , and the s a t u r a t i o n ampl i tude i s 

a l so lower , e-VT • 42. Apparent ly , the ambipolar p o t e n t i a 1 . i r i s i n s from r.^ q 

has played a par t In the i n s t a b i l i t y . 

From the two cases s tudied he re , one can conclude tha t the g y r o k i n e t i c 

code can indeed reproduce a l l the re levant phys ics 'n d r i f t i n s t a b i l i t i e s with 

c o n s i d e r a b l e saving In computing r e s o u r c e s . The t ime- s t eps used in these two 

codes show a gain of a f ac to r of 5 - 10. fompared with the convent iona l codes 

where exact dynamics i s preserved for hoth e l e c t r o n s and ions and the t ime-

s t ep i s l imi ted by u < 0 . ? the Rain can he as high as 2 - 1 o r d e r s of 

pe -

magni tude . Moreover, the s imula t ion plasma Is much q u i e t e r which makeB the 

I n t e r p r e t a t i o n and the unders tanding of the r e s u l t s much e a s i e r . 



7.1 

Conclusions 

We have presented in this paper a new scheme ior par t ic le simulation 

based on the gyrokinetic approach. A 2-1/2-dimenaional e lec t ros ta t i c code in 

the slab geometry u t i l i z ing the scheme has given sat isfactory r e s u l t s . There 

are numerous advantages in using this code for studying microins tabi l i t ies -

long time-step being one of them. In conjunction with the multiple-scale 

model, ** the code can be used to study the phenomena associated with steady 

s ta te dr i f t turhulence such as anomalous par t ic le and energy diffusion. I t s 

extension to a fully 3- llmensional code similar to those in Ref- 7 should be 

straightforward. The procedures given In Sec. I l l also serve as a guide f">r 

the development jf conparaMe schemes for simulating e lec t ros ta i i c 

and low-p plasmas in the toroidal geometry. The assumption, that the 

dis t r ibut ion function is Maxvelllan in v leading to Fjqs. (30) and (31), can 

prohahly he removed by performing the second gyrophase-averaging 

numerically. Such a scheme has yet to be devised. Better s t i l l , tf one could 

obtain an efficient par t ic le simulation scheme based on Eqs. (11) or (12) 

alone without the prior gyrophase-averaging processes, a rb i t ra ry values 

of k. p could then be preserved in the nonlinear dynamics. 

V 
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Figure Captions 

F ig . 1. Time e v a l u a t i o n of e»/T for the m = 1 mode and the oo*r?SDorsdin£ 
e 

frequency spectrum (measured at the middle of the system i>- x) "s ing *hs 

g y r o k l n e t i c code . 

T'.?.. ' '. Time e v o l u t i o n of efr/T for m = 1 mode and the corresponding 

freq-npncy spectrum (measured a t tVie -middle of the system in rO uslnji the 

previous code . 

F lo . T. Time evo lu t ion of efl>/T for the m = 1 mode a t x/<i = ''S and the 

corresponding mode s t r u c t u r e for u>/bi* = 0 .7 using the g y r o k i n e t i c code . 

FiE. 4. Time e v o l u t i o n of e*/T for m = 1 mode a t x/A = 25 and the 

corresponding node s t r u c t u r e for u)/u* = 0.7 using the previous code . 
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