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H~, Sliding Mode Observer Design for a
Class of Nonlinear Discrete Time-Delay

Systems: A Delay-Fractioning Approach

Jun Hu, Zidong Wang, Yugang Niu and Lampros K. Stergioulas

Abstract

In this paper, the H, sliding mode observer (SMO) design problem is investigated for a class of nonlinear discrete
time-delay systems. The nonlinear descriptions quantify the maximum possible derivations from a linear model and the
system states are allowed to be immeasurable. Attention is focused on the design of a discrete-time SMO such that
the asymptotic stability as well as the H., performance requirement of the error dynamics can be guaranteed in the
presence of nonlinearities, time-delay and external disturbances. Firstly, a discrete-time discontinuous switched term is
proposed to make sure that the reaching condition holds. Then, by constructing a new Lyapunov-Krasovskii functional
based on the idea of “delay-fractioning” and introducing some appropriate free-weighting matrices, a sufficient condition
is established to guarantee the desired performance of the error dynamics in the specified sliding mode surface by solving
a minimization problem. Finally, an illustrative example is given to show the effectiveness of the designed SMO design
scheme.
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I. INTRODUCTION

During the past decades, the sliding mode control (SMC) theory has proven to be an effective tool for coping
with the model uncertainties and nonlinearities by taking advantage of the concepts of sliding mode surface
design and equivalent control. A variety of SMC approaches have been developed in the literature with respect
to various types of systems, see e.g. [11,13,20,21,25,34,37-39]. Comparing to the large amount of publications
on SMC problems for continuous-time systems, the reported results for corresponding discrete-time systems
have been relatively few. In the context of SMC for discrete-time systems, the quasi-sliding mode concept
has been proposed in [11] and the discrete-time sliding mode reaching condition has been thoroughly studied
based on a reaching law approach. Such a reaching condition has recently been shown in [18,38,39] to be a
popular and convenient way of addressing the SMC problems for a class of discrete-time systems.

It is well known that system states are not always available due mainly to the limit of physical conditions or
expense for measuring in reality. Therefore, the state estimation problem has received a great deal of research
attention [42]. In recent years, the sliding mode observer (SMO) theory has been successfully applied to a
wide range of areas such as induction motor drives, n-degree-of-freedom mechanical systems and single-link
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flexible joint robot systems [12,17,28,40]. When designing sliding mode observers, a suitable nonlinear output
injection is usually introduced to guarantee finite time convergence and induce a sliding motion. Most research
on SMO design has been carried out along this line, see e.g. [1,6,7,12,14-17,24,26-30,35,40]. To be specific,
by constructing an appropriate SMO, the fault reconstruction and estimation problems have been extensively
studied in [7,14,27,30,40] for uncertain systems. It should be pointed out that almost all results mentioned
above have been concerned with continuous-time systems, and the relevant results for discrete-time systems
have been very few despite the fact that nowadays digitalized control systems are inherently discrete-time
ones.

In reality, time-delays and nonlinearities are inevitably encountered in various industrial systems. The
occurrence of time-delays and nonlinearities would cause great degradation of the system performance. Ac-
cordingly, the SMO problem for nonlinear and /or time-delay systems has gained considerable research interest
and a variety of important results have been published in the literature, see [24,27,29,30,40]. To mention a
few, in [24], an Hy, SMO problem has been investigated for uncertain nonlinear Lipschitz-type systems with
fault and disturbances and a sufficient condition has been given such that the H, performance requirement is
satisfied. By using Taylor series expansion and employing a nonlinear transformation, the discrete-time model
has been derived in [29,30] from its continuous-time counterpart and then the discrete-time sliding mode state
estimation problems have been addressed for uncertain nonlinear systems. Unfortunately, to the best of the
authors’ knowledge, very few results have been available so far for the SMO problem of discrete-time systems
with time-delays.

In recent years, various delay-dependant approaches have been proposed in the literature in order to re-
duce the conservatism caused by the time-delays when analyzing the stability of time-delay systems. Such
approaches can be classified into four categories, i.e, bounding technique [19], descriptor system approach [9],
slack matrix variables [36] and delay-fractioning approach [23]. Generally speaking, the objective of investigat-
ing of the delay-dependent stability condition involves two aspects: 1) (conservatism) development of delay-
dependent criteria to provide a maximal allowable delay; 2) (complexity) development of delay-dependent
criteria by using as few decision variables as possible while guaranteeing the same maximal allowable delay.
When comparing between different approaches, both the conservatism and complexity serve as the criteria. In
fact, there does exist a tradeoff between the conservatism and the computational complexity. In other words,
it’s hard to find a globally best approach that is least conservative yet with least computational burden.
Compared with the bounding technique [19], descriptor system approach [9], slack matrix variables [36], the
delay-fractioning approach adopted in this paper is most efficient in reducing the conservatism caused by the
time-delays at the cost of introducing more computational complexity especially when the number of fractions
goes up. From a practical point of view, however, it is not difficult to handle the computational complexity
issue nowadays because of the rapid development of computing techniques. Therefore, we choose to use the
delay-fractioning approach which is arguably the up-to-date delay-dependence analysis method [23]. The main
purpose of this paper is to establish a unified framework for discrete time-delay systems by using the SMO
scheme based on delay-fractioning approach.

Motivated by the above discussion, in this paper, we aim to deal with the H,, SMO design problem for
a class of uncertain nonlinear discrete-time systems with time-delays. Firstly, a new nonlinear SMO is pre-
sented to estimate the unmeasured states where a discontinuous switched term is introduced to account for
the sliding mode strategy. Secondly, a linear discrete-time switching function is constructed to describe the
sliding mode surface, and a discontinuous switched term is synthesized to drive the state trajectories of the

error dynamics system onto the band of pre-specified sliding mode surface. Moreover, by constructing a new
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Lyapunov-Krasovskii functional associated with the delay-fractioning idea and introducing some appropriate
free-weighting matrices, a sufficient condition is presented to ensure the asymptotic stability as well as the Hy,
performance of the overall error dynamics by means of the feasibility of a certain semidefinite programming
problem with an equality constraint. Then, a minimization problem is presented to solve the original noncon-
vex problem. Finally, an illustrative example is used to show the effectiveness of the proposed discrete-time
Ho, SMO design scheme.

The main contribution of this paper lies primarily in two aspects: 1) a new design scheme of the discrete-time
H,, SMO design is presented for nonlinear discrete-time systems with time-delay and external disturbances;
2) the delay-fractioning approach is applied, for the first time, to design the SMO with hope to reduce the
possible conservatism caused by the time-delays. To the best of authors’ knowledge, the discrete-time SMO
design problem for nonlinear systems with time-delays has never been investigated in the literature. Our
research represents the one of the very first attempts in dealing with SMO problems for time-delay nonlinear
systems, where our aim is to present easy-to-verify conditions by taking advantage of the delay-fractioning
approach with hope to reduce the conservatism caused by the time-delay. The rest of this paper is organized
as follows. Section II briefly introduces the problem under consideration and presents a new discrete-time
SMO scheme. The reachability analysis is firstly conducted and the discontinuous switched term is synthesized
in Section III. Then, in the same section, the asymptotic stability as well as H., performance of the error
dynamics are given and, moreover, a minimization algorithm is presented to address the non-convex problem.
An illustrative example is given in Section IV and the paper is concluded in Section V.

Notations. The notations in this paper are quite standard except where otherwise stated. The superscript
“T” stands for matrix transposition; R"™ (R™*™) denote, respectively, the n-dimensional Euclidean space,
the set of all n x m matrices ; the notation P > 0 (P > 0) means that matrix P is real symmetric and
positive definite (positive semi-definite); I3[0, 00) is the space of square summable vectors; I and 0 represent
the identity matrix and a zero matrix with appropriate dimension, respectively; diag{--- } stands for a block-
diagonal matrix, col{-- -} denotes a vector column with blocks given by the vectors in {---}; ||-|| denotes the
Euclidean norm of a vector and its induced norm of a matrix. In symmetric block matrices or long matrix
expressions, we use a star “x” to represent a term that is induced by symmetry. Matrices, if their dimensions

are not explicitly stated, are assumed to be compatible for algebraic operations.

II. PROBLEM FORMULATION AND PRELIMINARIES

In this paper, we consider the following nonlinear discrete time-delay system:
z(k+1) = f(z(k)) + g(z(k — d)) + Bh(k) + Dw(k)

z(k) (1)
o(k), Vk € [-d,0]

I
Qi

(k
z(k)
where Z(k) € R" is the state vector, y(k) € RP is the measurement output, h(k) € R? denotes the unknown
input that is bounded in terms of Euclidean norm, w(k) : RT — R”" € [5[0,00) represents the exogenous
disturbances, f(-) € R" and g(-) € R are known nonlinear functions. d denotes the known state delay which
can always be described by d = 7m with 7 and m are integers. The parameters B € R"*9, C' € RP*" (p < n)

and D € R™" are known real matrices, B and C are assumed to be full rank, and ¢(k) is a given initial

condition.
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The nonlinear functions f(-) and g(-) are assumed to satisfy f(0) =0, g(0) = 0 and

[F(@(k) + (k) — F(@ (k) — An(k)[| < e1[In(k)] (2)
[9(@(k — d) +n(k)) — g(@(k — d)) — Aan(k)|| < e2[In(k)| (3)

where A € R™*" and A; € R™ ™ are known constant matrices, n(k) € R™ is a vector, and €1 and &5 are known
positive scalars.

Remark 1: The nonlinear descriptions in (2) and (3) have been extensively applied (see e.g. [31,32,41]) to
quantify the maximum possible derivations from a linear model with (A, A4). Such nonlinear descriptions,
though similar to the commonly used Lipschitz conditions on the nonlinear functions f(-) and g(-), give clearer
engineering insight from the mathematical modeling viewpoint.

Assumption 1: rank(C B)=rank(B).

Based on Assumption 1, we have the following easily accessible result.

Proposition 1: It follows from Assumption 1 that there exists a transformation such that

(Av Ad7B7é7D7f7g751752)
can be transformed into the following structure:

[ fool [B]s[a][z]) o

where A1 € RP*P, Ay € RPXP, By € RPXY, Dy € RP*", C7 € RP*P with C7 being nonsingular and By being

of full column rank. Moreover, the nonlinear functions f(-) and g(-) correspond to f(-) and g(-), and the

A A
Agr Ao

Aann Adiz
A1 Agz

By
0

9 9

positive scalars €;; (i, j = 1,2) correspond to the scalars e; and eo.

Remark 2: As pointed out in [7,40], Assumption 1 is a constraint on the input matrix and implies that

rank(B)<rank(C).
From Proposition 1, system (1) has the following form:
r1(k+1) = fi(z(k)) + g1(z(k — d)) + Bih(k) + Diw(k)
za(k +1) = fo(x(k)) + g2(x(k — d)) + Daw(k) (5)
y(k) = Crai (k)

where x(k) = col(z1(k),x2(k)) with z1(k) € RP, fi(x(k)) and g¢1(z(k — d)) are the first p components of
f(xz(k)) and g(xz(k —d)), fa(z(k)) and go(z(k — d)) are the last n — p components of f(z(k)) and g(z(k — d)).
It is not difficult to verify from (2)-(3) that f;(x(k)) and g;(z(k — d)) satisfy f;(0) =0 and ¢;(0) =0 (i = 1,2),

respectively, and

Jia(k) + B) = file®) = | An A | BR)|| < e 18R] (6)
gile(k— )+ Bk) = gi(wlk =) = [ Awa Aaa | B0 < 2 |BK)]. i =12 (")

In this paper, the SMO under consideration is of the following structure
T1(k+1) = fi(@(k)) + g1(&(k — d)) + L[y (k) — §(k)] + Bro(k)
(k)

Ta(k+1) = faf
9(k) = C121(k)
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where #(k) = col(z1(k),z2(k)) with Z1(k) € RP, L1 and Ly are the observer gains to be designed later.
Moreover, the discontinuous switched term v(k) is introduced to reject the effect of system unknown input
h(k) and also drive the trajectories of the estimation error onto the specified sliding surface. Noting that
x1(k) is observable due to the non-singularity of C, we only need to estimate z2(k). Unfortunately, in the
nonlinearities f(-) and g¢(-), z1(k) and xz4(k) are tightly coupled and we are unable to separate xs(k) from
x(k). As such, for mathematical convenience, we use 21 (k) as an auxiliary variable to facilitate the estimate
of xa(k).
Letting the error state be e(k) = z(k) — #(k), it follows from (5) and (8) that

er(k +1) = fi(z(k)) — f(@(k)) + g1 (z(k — d)) — g1(2(k — d))
k) — (k)] + Bi(h(k) — v(k)) + Diw(k)
&

(9)
ea(k +1) = fa(x(k)) — f2(2(k)) + g2(z(k — d)) — g2(2(k — d))
— Lo[y(k) — §(k)] + Daw(k)
where e; (k) and ey (k) are the first p and the last n — p components of e(k).
For notational convenience, set
Wk) = [flz(k)) — f(2(k)) — Ae(k) (10)
m(k—d) = g(z(k—d)) —g(&(k — d)) — Age(k — d) (11)
where
. App A A= Agii Agie
A21 A22 Ad21 Ad22
Then, taking (10) and (11) into account yields
€1 (k + 1) = (All — LlCl)el(k;) + Algeg(lﬁ) + Adnel(k: d) + Ad1262(/€ d)
+ [l1(k) + mi(k — d)] + Bi(h(k) —v(k)) + Diw(k) (12)
eg(k + 1) = (A21 — LgCl)el(k) + Aggeg( + Adglel(k} d) + Ad2262(k d)

)
+ [la(k) +ma(k — d)] + Daw(k)

where [1 (k) and my(k — d) are the first p components of [(k) and m(k — d), and l2(k) and mo(k — d) are the
last n — p components of [(k) and m(k — d), respectively.

The purpose of this paper is to design a discrete-time SMO of form (8) for the nonlinear discrete time-delay
system (5). More specifically, we are interested in looking for the observer gains L and Lo so as to synthesize
the discontinuous switched term v(k) such that the following requirements are simultaneously satisfied:

(Q1) The error system (12) is globally driven onto the pre-specified sliding mode surface and, in subsequent
time, the sliding motion is asymptotically stable.

(Q2) For a given scalar v > 0 with w(k) # 0, the error signal e(k) satisfies

o

(o]
2 2
le(®)]1> <+ llw (k)| (13)
k=0 k=0
under the zero initial condition.
Before proceeding further, we introduce the following lemmas that will be frequently used in the proofs of

our main results.
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Lemma 1: For any real vectors a, b and matrix P > 0 of appropriate dimensions, the following inequality
holds

a’b+bTa < o’ Pa + bT P~1b. (14)
Lemma 2: (Schur Complement) Given constant matrices Qp, Q2 and Qs where Q1 = Qr{ and Q9 = Qg > 0.
Then, Q; + Q%' Q;'Q5 < 0 if and only if

T _

Q% <0 or Q0 9 < 0. (15)
* — 9y * Q1
III. DESIGN OF THE SMO

In this section, we aim to establish a unified framework to solve the addressed Hy, SMO design problem in
the simultaneous presence of nonlinearities, time-delay and disturbances. A design scheme of the discontinuous
switched term is firstly proposed to guarantee the reachability of the specified sliding surface. Then, a sufficient
condition is derived such that the asymptotic stability as well as the H., performance requirement of the error

dynamics can be guaranteed.

A. Reachability Analysis

Let us first synthesize the discontinuous switched term v(k) in (8) such that the reachability of the specified

sliding surface is ensured. To begin with, we define the switching function in the space of estimation error as
s(k) = Gey(k), (16)

where G is a constant matrix to be designed such that GB; is nonsingular and GD; = 0. By considering the

discrete-time reaching condition given in [11], we only need to show that the following inequalities hold:

(3

s(k+1) —s(k) < —rUsgn[s(k)] — kVs(k) if s(k) >0

s(k+1) —s(k) > —rUsgn[s(k)] — kVs(k) if s(k) <0 (a7)

where x denotes the sampling period, U = diag{pu1, pa, - - , ptg} € R V = diag{vy, 1o, - , vy} € R?*9 and
wi >0, v; > 0 are properly chosen constants satisfying 0 < 1 —ry; <1 (1 =1,2,--- ,q).

Notice that the unknown input h(k) is bounded in terms of Euclidean norm, and let A.(k) := G[(A11 —
LlCl)]el(k:) + GAlgeg(k) + GAdHel(k: — d) + GAdlgeg(k - d) + G[ll (k) + ml(k: — d)] and Ah(k}) = GBlh(k),
then there exist &° (k), gi(kz), 3% (k), and Ez(k‘) (1=1,2,--- ,q) satisfying

8i(k) < 8L(k) < Tu(k), 84 (K) < i (k) <) (k) (18)

where 6. (k) and 8}, (k) are the ith elements in A.(k) and Ay (k), respectively. It should be pointed out that the
assumptions on the upper and lower bounds of A.(k) and Ap(k) are standard for dealing with discrete-time
sliding mode problems, see e.g. [11,18,39]. In addition, the bounds of A.(k) and Ay(k) are allowed to be

time-varying.
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By defining
Ack) = |8y B2) }T gé(k)zﬂk);ré’(k)’
Ac(k) = dlag{51(k) Sz(k),---,lig(k)}, 5@(@:@7
M) = [ B B - Bw | 32&#”’”—?“’“),
Bult) = ding{ BT T = AGEL) 9)

we are in a position to present the design technique of the discontinuous switched term v(k).
Theorem 1: Assume that the switching function (16) is given with G satisfying the nonsingularity of GB;
and GDy = 0. If the discontinuous switched term v(k) is given by

v(k) = (GBy) ' (kUsgn[s(k)] + kVs(k) — s(k)
+(Ac(k) + Ac(k)sgnls(k)]) + (An(k) + An(k)sgns(k)])), (20)
then the discrete-time sliding mode reaching condition of the error system (12) with specified sliding mode
surface (16) is satisfied.
Proof: Taking (12), (16) and (20) into consideration, we have
As(k) = s(k+1)—s(k)
= G[(All — LlCl)]el (k) + GAlgeg(k) + GAdHel(k; — d) + GAdlgeg(k — d)
+G[li (k) + mi(k — d)] + GBy(h(k) — v(k)) — s(k)
= —rUsgns(k)] = kVs(k) + Ac(k) — (Ac(k) + A, (k)sgn[s(k)])
+A5(k) = (An(k) + Ay (k)sgnls(k))). (21)
It follows from (19) that (17) holds and then the discrete-time sliding mode reaching condition is satisfied.
The proof is now complete. u
B. Performance analysis of the sliding motion

It is noted that the ideal quasi-sliding mode satisfies
s(k+1) =s(k)=0. (22)

Then, when the error trajectories of the system (12) enter into the sliding surface, the equivalent discontinuous
switched term ve,(k) can be obtained from (12), (16) and (22) as follows:

’Ueq(k‘) = (GBl)_lG(AH — LlCl)el(k‘) + (GBl)_lGA12€2(k7) + (GBl)_lGAdllel(k’ — d)

+(GB1) ' GAqzes(k — d) + (GB1) ' Gl (k) + ma(k — d)] + h(k). (23)
Substituting (23) as v(k) into (12), we obtain the error dynamics in the specified sliding surface s(k) = 0
as follows:
6
er(k+1) = (k) (24)
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where
(k) = (Ann — L1Cr)er(k) + Argea(k) + Agrier(k — d) + Agioea(k — d) + Diw(k),
y(k) = —Bi(GB1) 'G(Ay — L1Cy)ey (k),
ai3(k) = —Bi(GB;) 'GAey(k),
dy(k) = —Bi(GB)) 'GAgie1(k —d),
oty(k) = —Bi(GB)) 'GAgzea(k — d),
do(k) = (I —Bi(GB)'G)l(k) +mi(k—d)).

In the following, a sufficient condition will be established such that the overall error dynamics composed of
(24) and the second equation of (12) is asymptotically stable with H,, disturbance attenuation level +y in the
specified sliding surface (16).

Theorem 2: Let the reachability condition be satisfied. Consider the nonlinear time-delay system (5), the
SMO (8) and the sliding surface (16). For the given scalars a; € (0,1) (i = 1,2) and v > 0, assume that there
exist matrices P, > 0, Q; > 0, R; > 0, Y;, M; = M >0 (i = 1,2), X, Z and positive scalars A1, A2, A3
satisfying

Py < M1, (25)
P2 < >\317 (26)
BI'p D, =0, (27)
NI P B |
? } ! <0, (28)
* _Bl PlBl |
Mi+My, X Z ]
o = * o1 Py 0 >0, (29)
* * agPy |

\1’11 192{ l/zg \If14
* =P 0 0

U= <0, (30)
* * —P2 0
* * * \IJ44
where
Ty = Q1+ 0] + Qo+ Q3+ Q + Qs,
X = [ PiAn —YC1 Opxim—1)py PrAan PrAiz Opxm—1)yin—p) PrAamz PiD: } ;
¥y = [ PyAgy = Y2C1 Opn_pyx(m—1)p PoAa2r P2A22 Op—pyxm—1)in—p) PoeAdz D2 ],
Vi = | 0ZH(PAn OB 0EfALPB vETAL By 0L ATLPB |

Wy = diag{—-BIPB,,-BIPB,,-B P B,,-BIPB;},
¥ = 6(1+2aq7), v=1/2(1+ 2as7),

Ip><p _Ip><p Opx((m+1)n—2p+r) ]

o = | X 7]

Otn—p)x(m+1)p  Ln—p)x(n-p) ~Ln—p)x(n-p) On—p)x((m—1)(n—p)+r)
Qy = T(M1+M2),

Q3 = WARWE,
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5
—T N —
Q4 == E = ®i:i7
1=2
=T= | =T—= 2=T=
Qs = E5E9+ =333 —y"E7E7,

(1]
)
|

i IPXP Opx(mn—l—n—p—i—r) ] 5

(11
|

3 = | Ompyx(m+r)p  Lin—p)x(n—p) Otn—p)x(m(n—p)+r) ]

[1]
i
Il

| Opxmp  dpxp  Opx((m+1)(n—p)+r) }’

(11
|

5 = | Oo-p)xmntp)  Ln-p)x(n-p) 0(n—p>xr}7

[1]
AN
I

| 0r><(m+1)n Irxr ] )

[mpxmp Omp>< (m(n—p)+n+r)

Ompxp  Impxmp  Ompx ((m+1) (n—p)+r)

Om(n—p)x(m+1)p  Im(n—p)xmn—p) Om(n—p)x(n—p+r)

L Omnp)x(mpin)  Lmn—p)xm(n—p) Om(n—p)xr
R = diag{Ry,—R1, Rs,— R},

O = (T —1)P + 246%1(1 +2007) (A1 + M) + Q1 +4(1 + 20(27’)/\36%21,

O3 = (oot —1)Py+ 246%1(1 +2007) (A1 + X)) + Q2 + 4(1 + 20(27’)/\36%21,

Qs = 2463, (1+2097) (A1 + Xo)I — Q1 + 4(1 + 2097) Az€351,

Q5 = 24€3, (14 2017) (A1 + M) — Qo + 4(1 + 2a27) A3€2,1. (31)

By choosing G = B{ Py, the overall error dynamics is asymptotically stable with H,, disturbance attenuation
level v in the specified sliding surface (16). Moreover, the observer gains are given by L; = P; 1y; and
Ly = Py 'Ys.
Proof: Please see the Appendix. |
Remark 3: In the derivation of Theorem 2, we apply the “delay-fractioning” approach and construct a more
general Lyapunov-Krasovskii functional for addressing the discrete-time Ho,, SMO problem. Specifically, the
so-called “weighting” scalar parameters «; € (0,1) (i = 1,2) are introduced to fit both the delay-fractioning
idea and the sliding mode approach, and its value can be determined a priori to facilitate the design of the
SMO scheme. It is possible to conduct a linear search for the «; (i = 1,2) to help enhance the solvability of
(25)-(30) in Theorem 2.

C. Computational Algorithm
Notice that there exists a matrix equation constraint (i.e. Bf PD; = 0) in Theorem 2, which can be
equivalently converted into

trace[(Bf PLD1)T B P,D;] = 0.

Based on the algorithm presented in [20], by introducing (Bf PD1)"Bf PiD; < ul with u > 0 being a

sufficiently small scalar, it follows from Lemma 2 that

—ul D¥pB
[ 1% 141D1 (32)

* —I
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Hence, the Hy, SMO problem is now transformed to an equivalent problem of finding a global solution of the

following minimization problem

min u

subject to (25)-(26), (28)-(30) and (32). (33)

Remark 4: The minimization problem (33) is a convex optimization one that can be easily solved by using
standard numerical software. If the solution of the minimization problem (33) equals zero, the sufficient
conditions in Theorem 2 are satisfied and then the asymptotic stability as well as the H., performance of
the error dynamics can be guaranteed. In the implementation, we can always enhance the feasibility of
the addressed minimization problem by 1) increasing the disturbance attenuation level «y; 2) decreasing the
“weighting” scalar parameters «; (i = 1, 2); and 3) removing some terms in the Lyapunov-Krasovskii functional

(37) at the expense of introducing some possible conservatism.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, we aim to demonstrate the effectiveness and applicability of the proposed scheme. Following
[8,33], we consider the SMO problem for an F-404 aircraft engine system, where the nominal system matrix

A, is given as follows

—1.4600 0 2.4280
A= 0.1643 —0.4000 —0.3788
0.3107 0 —2.2300

As analyzed in [33], virtually all aircraft engine systems are in some way disturbed by external forces. The
disturbances may assume a myriad of forms, such as wind gusts, gravity gradients, structural vibrations,
and may enter the systems in many different ways. These perturbations generally degrade the performance
of the system and, in some cases, may jeopardize the outcome of the engineering task. By doing so, the
accurate fatigue life can be computed in a more reliable way and the engine design could be changed early
and inexpensively if necessary. As in [10], let the motion of the F-404 aircraft engine be determined by the
system of differential equations derived from the basic aerodynamics.

Therefore, when modeling the aircraft engine system, the time delay, linearization errors (nonlinear distur-
bances) and the external disturbances should all be taken into account. After discretization, we obtain the

following nonlinear discrete time-delay system:

x11(k + 1) = 0.2504x11 (k) + 0.391922 (k) + 0.015sin(z11 (k) + z2(k)) — 0.02211 (k — 4)
— 0.0222(k — 4) + 0.01sin (w11 (k — 4)) — 0.1sin(0.05k) + 0.025w(k)
x12(k 4+ 1) = 0.057211 (k) + 0.6188z12(k) — 0.0616x2(k) + 0.013sin(0.8212(k)) + 0.04z11 (k — 4)
—0.106x12(k — 4) + 0.01sin(z12(k — 4)) — 0.15sin(0.05k) — 0.03w(k)
xo(k 4+ 1) = 0.0502z11 (k) + 0.1262x2 (k) + 0.016 sin(z12(k) + x2(k)) — 0.068x11 (k — 4)
+0.10z12(k — 4) — 0.03422(k — 4) 4+ 0.011 sin(zo(k — 4)) — 0.013w(k)
y11(k) = 0.34x11 (k) + 0.15212 (k)
y12(k) = 0.23z11 (k) — 0.1z12(k)

T T
where z1(k) = | x11(k) z12(k) ] and y(k) = [ v (k) yi2(k) ]
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Considering the system (5), we have the system parameters as follows:

(02504 0 0.3919 002 0 —0.02
Ay = A= C Agyy = Ay = ,
1 | 0.0570 0.6188] 12 [—0.0616] dil [ 0.04 —0.106] a1z [ 0 ]
Ay = | 0.0502 0 } Ay = [ 0.1262 } Ay = [ —0.068 0.10 }  Aggs = [ —0.034 ]

[ —0.10 0.025 034 0.15
B, = D, = o= ,DQZ[—0.013},

| —0.15 —0.03 023 —0.1

and h(k) = sin(0.05k), d= 4, €11 = €12 = 0.018, €21 = €29 = 0.012.

Our aim is to design a discrete-time SMO in the form of (8) such that the error dynamics is asymptotically
stable with a guaranteed H., noise attenuation level. By setting v = 0.15, a3 = 0.002, ay = 0.0035, m = 1,
and solving the minimization problem (33) in the Matlab environment, we obtain y = 7.6291 x 107 (hence
the equality constraint is considered to be achieved) and

P = , P, =13.3573,

0.1461 1.8246

1.0966 0.7400
3.9956 5.2949

[ 2.1356  0.1461

- [ 0.9846 1.4546 ] .

Then, the observer gains are given by

. 54
L [03656 0.5480

CLy— { 0.0737 0.1089 ] :
21606 —2.9459

and the designed SMO for the nonlinear discrete time-delay system (34) is given by

211 (k + 1) = 0.2504211 (k) + 0.391929 (k) + 0.015sin (i1 (k) + Z2(k)) — 0.02211 (k — 4)
—0.0222(k —4) 4+ 0.01sin(Z11(k — 4)) + E1 L1 [y(k) — y(k)] — 0.1v(k)
#12(k +1) = 0.05721; (k) 4 0.6188212 (k) — 0.061625 (k) + 0.013 sin(0.8319(k)) 4 0.04d11 (k — 4)
—0.106&12(k — 4) + 0.01sin(d12(k — 4)) + ExyLi[y(k) — (k)] — 0.150(k) (35)
Zo(k + 1) = 0.0502211 (k) + 0.126242 (k) + 0.016 sin(#12(k) + 2(k)) — 0.0682 11 (k — 4)
+ 0.10219(k — 4) — 0.034d5(k — 4) + 0.011 sin (@9 (k — 4)) + La[y(k) — §(k)]
§(k) = C121(k)

T
with #1(k) = | #11(k) #12(k) | Br=[1 0], Ba=| 0 1] and u(k) is caleulated by (20).

For the simulation purpose, the external disturbance w(k) is described by

48, 10 < k < 30
w(k)={ —1.05, 35<k<60 (36)
0, else

The simulation results are given in Figs. 1-8. Among them, Figs. 1-3 (Figs. 4-6 with small scale) show
the actual states (solid line) and their estimations (dashed line) by taking x = 1.2 and p; = v; = 0.01
(j = 1,2), which confirm that the system states are well estimated by the proposed discrete-time H,, SMO

method. The response of error dynamics is shown in Fig. 7. The response of sliding surface is shown in Fig. 8.
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From the simulation results, it can be seen that the presented scheme effectively estimates the system states
and attenuates the effect of all time-delay, nonlinearities and external disturbances. Moreover, the discrete
time quasi-sliding mode is well achieved in finite time. Under the zero-initial condition, the Iy norms of the
estimation error e(k) and the exogenous disturbance w(k) are computed, respectively, as 1.3750 and 22.6386.
Accordingly, the actual [o-gain from the exogenous disturbance to the estimation error can be obtained as
0.0607, which is significantly lower than the given performance level v = 0.15. Therefore, the H,, performance

constraint (13) is well achieved.

V. CONCLUSIONS

In this paper, we have made an attempt to investigate the discrete-time H., SMO design problem for a
class of nonlinear systems with time-delay. A new discrete-time SMO with a discontinuous switched term has
been presented and the reachability analysis has been conducted. Moreover, by constructing a new Lyapunov-
Krasovskii functional associated with delay-fractioning idea, a sufficient condition has been given such that
the error dynamics is asymptotically stable and the estimation error satisfies the specified H, performance
requirement. A computational algorithm has been presented to make sure that the proposed scheme can be
easily checked by using the standard numerical software. Finally, the effectiveness and applicability of the
developed discrete-time H., SMO scheme have been demonstrated by an illustrative example. One of the
future research topics would be the extension of the main results obtained in this paper to networked control

systems [2-5].

APPENDIX

Proof of Theorem 2:
We first establish the asymptotic stability of the overall error dynamics with w(k) = 0. Based on the

delay-fractioning idea, we choose the following Lyapunov-Krasovskii functional candidate:

4
V(k) = Vi(k), (37)
=1
where
Vi(k) = e (k)Prea(k),
k—1 k—1 -1 k-1
Va(k) = > el (@ea()+ Y TTORTM)+ Y Y i (Do P (1),
I=k—d I=h—7 J—
Va(k) = €3 (k)Paea(k),
k—1 k—1 -1 k-1
Vi(k) = > eg(Qaea(l)+ Y T (MRoTo(D)+ Y Y w3 (DaaParp(l),
I=k—d I=h—7 J———_

Li(l) = col{e;(l),e;(l—7),...,ei(l—(m—=1)7)}, (i

I

—

DO
~—

with P, > 0, P» >0, Q1 >0, @2 > 0, R > 0, Ry > 0 being matrices to be determined. By calculating the

difference of V (k) along the trajectory of overall error dynamics, we have

4
AV (k) =) AVi(k), (38)
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where
AVl(k’) = e (k‘ + 1)P1€1(k7 + 1) —e] (k:)Plel(k:)
< szﬂ VProti(k) — e (k) Pres (k),
with
%T(k)Pl%(k) = 6{(1€)(A11 - LlCl)TGT(GBl) 1G(A11 - LlCl)el(kz),
i (K)Pras(k) = e (k)ATL,GT(GB1) ™' GArzes(k),
A (k)Pray(k) = ef (k= d)Aj, GT(GB1) ' GAqier(k — d),
AL (kYPLats(k) = e (k—d)AL,GT(GB)) 'GAgaes(k — d).
It follows from (2)-(3) and (10)-(11) that

I (k) (k) etile] (k)ei (k) + 3 (K)ea(k)],
mi(k—dymy(k —d) < é4lel(k—d)ei(k —d) + ek (k- d)ea(k — d)],

IN

where €11 and €97 are known constants.
Noting that G = BY Py, together with conditions (25), (28), (40) and (41), we obtain

A (k)Pratg(k) = [l(k) +mi(k —d)]"(I — By (GB1)™ )" Py
x(I = By (GB1) Y[l (k) + mi(k — d)]

< 20 (k) + ma(k — d)]" Pu[l (k) + ma(k — d)]

+2[11 (k) +my(k — d)]TGT(GBy) " G[ly (k) + my(k — d)]
< A+ 2T B (R) 4+ 40 + Ao)mT (k — d)ymy (k — d)
< 4N+ Ao)ef [ef (R)er (k) + €] (K)ea (k)]

+4(\ + Ao)ed[el (k — d)er(k — d) + e (k — d)ea(k — d)).

On the other hand, we have

AVa(k) = el (k)Qier(k) — el (k — d)Qrei(k — d) + TT(K)RiTy (k) — TT(k — 7)Ri Ty (K
k—1
+onnt (K)Pim(k) — a1 Y nf ()P ().
l=k—1

Considering 71 (1) = e1(I + 1) — e1 (1) and using Lemma 1, we obtain
ot (k)Pimy (k) < 2aq7]el (k4 1) Prey(k + 1) + el (k) Prey (k)]
Hence, it follows from (39) and (42)-(44) that
AVI(E) + AVa(k) < (14 2a17)el (k+1)Pres(k +1) + 2oq1 — 1)ed (k) Prey (k)
+ei (k)Qier(k) —ef (k — d)Qrer(k — d) + '] (k) RaTy (k)

k-1
T (k—7)RiT1(k —7) =1 > 0 ()P (1)
=

T

IN

+E25 AL, GT(GB1) T 'GALEs + = AL GT(GB1) ' GAgiEs
:gAgl2GT(GB1) 1GAd12:5 + 4611()\1 + Ag)(égég + égég)

—7)

k—
6(1 -+ 2(117)£T( )[&Tplél -+ E (AH — LlCl)TGT(GB ) 1G(A11 — Llcl)ég

13

(39)

(42)
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+4ed (M + Xo)(ETEs + ELE5)IE(K) + (2007 — 1)ET (k)25 PiEo€(K)

+el'(k)Qre1 (k) — eF (k — d)Qre1(k — d) + TT (k)R T (k)
k—1

~T{(k—7)RiT1(k —7) — i ()P (1), (45)
l=k—71
where
éw = [TT0) - TIR) k-a)]
E1 = :A11—L1Cl Opxc(m-1)p Adair 412 Opxm-1)(n—p) Adar2 |,
é2 = _Ipxzn 0pX(mn+n—p) }v
%5 = | Onp)xm+tp Lnp)x(n—p) O(np)xm(n—p) ]
é4 = :Opxmp Ipxp  Opx(m+1)(n—p) }’
%5 = | On—pxmntn)  Ln-p)x(n-p) }

Similarly, it can be obtained that

AVi(k) = e5(k+1)Pes(k+ 1) — e (k) Paea(k)
< 267 (k)ZE PaEol (k) + 2[l2(k) + ma(k — d)]" Palla(k) + ma(k — d)] — e (k) Paea(k)
< 2T(k)EE PoEeé (k) + 4Xs[13 (k)l2(k) +m3 (k — d)yma(k — d)] — €3 (k) Paea(k)
< 26T ()E§ PaEel (k) + Ahsleta(ef (K)er (k) + €5 (k)ea(k)) + e (k — der (k - d)
+ej (k — d)ea(k — d))] — €5 (k) Paea(k)
= 28T (R)ET PoEs + 20seha(BF s + B]E5) + 20y (B 5 + BTE5) — LT PEJER),  (46)
where

(1]

Ag1 — L2C1 Opym—1yp Aaz1 A2 Opx(m—1)(n—p) Ad22 |>
and

AVy(k) = e5(k)Qae2(k) — €3 (k — d)Q2€2(k‘ —d) + T3 (k)RaTa(k) — T3 (k — 7) Rol'2(k — 7)

+agri (k) Pana (k) — as Z 5 (1) Pama(1) (47)

l=k—71

Therefore, it can be derived that
AV3(k) + AVy(k) < (14 2a97)el (k+1)Poeg(k + 1) + (2007 — 1)ed (k) Prea(k)

+el (k)Qaea(k) — eI (k — d)Qoez(k — d) + TE (k) RyTo (k)

k-1
~TJ(k—7)Rola(k —7) — 0 > m3 (1) Pama(1)

l=k—1

ET(K)[2(1 + 2007)EE PyZ6 4 4(1 + 2007) A3e2, (1 25 + 21E5)
+4(1 + 2@27))\3622(:4 :4 + 55 :5) + (200 — 1):TP253]£(1<:)
+e3 (k)Qaea(k) — €3 (k — d)Qaea(k — d) + '3 (k) RaT2(k)

k-1

~T5(k—7)Rola(k —7) — g > 3 (1) Pama(0). (48)
l=k—T1

IN
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According to the definition of n;(l) (i = 1,2), for any matrices X, Z with appropriate dimensions, the

following equations always hold:

0 - zé%)X[el(k)—el(k—T)— m<z>], (19)

0 - 25T<k>2[e2<k> ~ealk —7) -

> m(l)]. (50)
=k—

Furthermore, for any appropriately dimensioned matrices M; = MT >0 (i = 1,2), the following equations

are true:
k—1 k—1
0 = Z £T Z T
I=k—71 I=k—71
k—1
= 7" (k) - > dwM, (51)
I=k—1

Then, substituting (45) and (48)-(51) into (40) yields

AV(E) < 6(1+2a17)ET (K)ETPE + 28 (A1 — L1C)TGT(GB) T 'G(A1 — L1C1)Es
+2T AL, GT(GB)) 'GAEs + ET AT GT(GB1) 1G4y 54
+2F AT L GT(GB) LG A28 + 4€2 (M + \o) (R, + 2155)
+4e3; (M + A2) (E1 8 + ELS5)1E(k) + (2007 — 1)ET (k)25 PLERE(K)
+el(k)Qurei(k) — el (k — d)Quei (k — d) + FT(k:)RIFI(k) —TT(k —)RT (K —7)
+ET(K)[2(1 4 2097) 28 PyZg + 4(1 + 2007 ) A3e20 (28 29 + 2L 2s)
+4(1 4+ 20(27’)/\3622(.:4 ;4 + :5 :5) + (2007 — 1):TP2:3]£(k:)

+e3 (k)Qaea(k) — €3 (k — d)Qaea(k — d) + I3 (k) RoT'y (k) — I3 (k — 7)Rola(k — 7)
k-1

+ET (k) (2 + O + Q)e(k) — > <" (k, D)Ps(k, 1),
I=k—71

ETR) O + QT + Q9+ Q5+ Qy + 6(1 + 2017)ET P 5y
6(1 + 20172 (A1 — L1C1)TGT(GBy) ' G(A1 — L1C1)Es
+6(1 + 20, 7)2F AL GT(GB1) ' GA12E3 + 6(1 + 201 7)2T AL GT(GBy) ' GAg11 By
+6(1 + 201 7)2L AL L GT(GB1) ' GAg12Z5 + 2(1 + 2007)EL PEg)E (k)
= B, (52

IN

where

N

T
ki) = [E&w do) o]

Ixp —Ipxp OpX((m+1)n—2p)

O = [;z 2]

On—p)x(m+1)p  Ln—p)x(n—p) ~Ln—p)x(n—p) On—p)x(m-1)(n—p)
5

Qy = T(Ml + Mg), Qg = W};RWR, Q4 = Zéf@zéz,

=2
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Impx mp 0m;u>< (m(n—p)+n)

A Ompxp  Lmpxmp Ompx((m+1)(n—p))

Om(n—p)x(m+1)p  Im(n—p)xm(n-p) Om(n—p)x(n—p)

i Om(n—p)x (mp+n)  Im(n—p)xm(n—p)
[ Ml + Mg X Z

b = * a1P1 0 5

* * 042P2

and R, ©9, O3, O4, O are defined in (31). It is not difficult to see from (30) that ¥ < 0 where W is defined in
(52). Then, it follows from the Lyapunov stability theorem that the overall error dynamics is asymptotically
stable in the specified sliding surface (16).

In order to deal with the H,, performance of the overall error dynamics with w(k) # 0, we introduce the
following index:

J(m) = 3" [T (Relk) — A% (Rjw(k)]
k=0

where 7 is a nonnegative integer. Obviously, our aim is to show J(n) < 0 (n — oo) under the zero-initial
condition. Along the same line of the above proof of the stability, it is easy to obtain

n

J(n) = > ["(k)e(k) — v*w” (k)w(k) + AV (k)] = V(n +1)

k=0
< > T (R)AL(R)),
k=0
where
N T
) = [E€m) W) |

A = U407 + 0+ Q3+ Q4 + Q5+ 6(1 +20,7)ET PE
+6(1 + 2017)28 (A1 — L1C)TGT(GBy) " 'G(A1 — L1Ch)Es
+6(1 4 201 7)22 AL, GT(GB1) " 'GA12E3 + 6(1 + 200 7)21 AL GT(GBy) " 'GAE,
+6(1 4 201 7)28 AL L,GT(GB1) " 'GAg2Es + 2(1 + 2007)EE Py,

1 = [ A — L1101 Opym-1)p Adatr A2 Opxm—t)(n—p) Aarz D1 ] ;

(1]
|

[1]

6 = [A21_L2C1 Opx(m—1)p Ad21 A22 Opx(m-1)(n—p) Ad22 Dz],

with Q; (i =1,...,5) and E; (j =2,...,5) are defined in (31).

According to Lemma 2, A < 0 is equivalent to

All ﬁE{Pl VEgP2 A14
_ —P; 0 0
A = i ! <0
* * —P 0

* * * A44
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where

Ay = U +09T + Q0+ Q3+ + Qs,
M = [ 025(An - Lo)TGT 0EfARGT 9fal,GT vEal,GT |,
Ay = diag{-BI'P,B,,-BI'P,B,,—BI'P,B,,—BIP,B,},

¥ = \/6(14‘2&17’), u:\/2(1+2a27).

By setting L; = P, 'Y; (i = 1,2), condition (30) (i.e. ¥ < 0) implies A < 0 and therefore we have J(n) < 0.

Letting n — oo, we obtain

Do lle®)* <7 ) k)],
k=0 k=0

which completes the proof of Theorem 2.

(1]

REFERENCES

F. J. Bejarano and L. Fridman, High order sliding mode observer for linear systems with unbounded unknown inputs,
International Journal of Control, Vol. 83, No. 9, pp. 1920-1929, Sep. 2010.

H. Dong, Z. Wang, D. W. C. Ho and H. Gao, Robust Hs fuzzy output-feedback control with multiple probabilistic delays
and multiple missing measurements, IEEE Transactions on Fuzzy Systems, Vol. 18, No. 4, pp. 712-725, 2010.

H. Dong, Z. Wang and H. Gao, Observer-based H~, control for systems with repeated scalar nonlinearities and multiple
packet losses, International Journal of Robust and Nonlinear Control, Vol. 20, No. 12, pp. 1363-1378, 2010.

H. Dong, Z. Wang, D. W. C. Ho and H. Gao, Variance-constrained H filtering for nonlinear time-varying stochastic
systems with multiple missing measurements: the finite-horizon case, IEEE Transactions on Signal Processing, Vol. 58,
No. 5, pp. 2534-2543, 2010.

H. Dong, Z. Wang and H. Gao, Robust H filtering for a class of nonlinear networked systems with multiple stochastic
communication delays and packet dropouts, IEEE Transactions on Signal Processing, Vol. 58, No. 4, pp. 1957-1966, 2010.
C. Edwards and S. K. Spurgeon, Sliding mode stabilization of uncertain systems using only output information, International
Journal of Control, Vol. 62, No. 5, pp. 1129-1144, Nov. 1995.

C. Edwards, S. K. Spurgeon and R. Patton, Sliding mode observers for fault detection and isolation, Automatica, Vol. 36,
No. 4, pp. 541-553, Apr. 2000.

R. W. Eustace, B. A. Woodyatt, G. L. Merrington and A. Runacres, Fault signatures obtained from fault implant tests
on an F404 engine, ASME Transactions Journal of Engineering for Gas Turbines and Power, vol. 116, no. 1, pp. 178-183,
Jan. 1994.

E. Fridman and U. Shaked, A descriptor system approach Hs control of linear time-delay systems, IEEE Trans. Autom. Con-
trol, Vol. 47, No. 2, pp. 253-270, Feb. 2002.

W. Glover and J. Lygeros, A stochastic hybrid model for air traffic control simulation, Seventh International Workshop
on Hybrid Systems: Computation and Control, Philadelphia, PA, U.S.A. Lecture Notes in Computer Science, Vol. 2993,
pp. 372-386, 2004.

W. Gao, Y. Wang and A. Homaifa, Discrete-time variable structure control systems, IEEE Trans. Industrial Electonics,
Vol. 42, No. 2, pp. 117-122, Apr. 1995.

M. Ghanes and G. Zheng, On sensorless induction motor drives: sliding-mode observer and output feedback controller, IEEE
Trans. Industrial Electonics, Vol. 56, No. 9, pp. 3404-3413, Sep. 2009.

X. Han, E. Fridman and S. K. Spurgeon, Sliding-mode control of uncertain systems in the presence of unmatched disturbances
with applications, International Journal of Control, Vol. 83, No. 12, pp. 2413-2426, Dec. 2010.

B. Jiang, M. Staroswiecki and V. Cocquempot, Fault estimation in nonlinear uncertain systems using robust/sliding-mode
observers, IEE Proceedings Control Theory and Applications, Vol. 151, No. 1, pp. 29-37, Jan. 2004.

K. Kalsi, J. Lian, S. Hui and S. Zak, Sliding-mode observers for systems with unknown inputs: A high-gain approach,
Automatica, Vol. 46, No. 2, pp. 347-353, Feb. 2010.

A. J. Koshkouei and A. S. I. Zinober, Sliding mode state observers for SISO linear discrete-time systems, in Proc. UKACC
Int. Conf. Control, UK., 1996, pp. 837-842.



FINAL VERSION OF RNC-11-0008 18

17
18]
[19]
[20]
[21]
[22)
23]
[24]
[25)
126]
[27]
28]
[29]
[30)
31]
[32)
33)
[34]
[35)
[36]
37)
[38)
[39)
[40]
1]

(42]

C. Lascu, I. Boldea and F. Blaabjerg, A class of speed-sensorless sliding-mode observers for high-performance induction
motor drives, IEEFE Trans. Industrial Electonics, Vol. 56, No. 9, pp. 3394-3403, Sep. 2009.

L. Ma, Z. Wang and Z. Guo, Robust H2 sliding mode control for nonlinear discrete-time stochastic systems, IET Control
Theory Appl., Vol. 3, No. 11, pp. 1537-1546, Nov. 2009.

Y. S. Moon, P. Park, W. H. Kwon and Y. S. Lee, Delay-dependent robust stabilization of uncertain state-delayed systems,
Int. J. Control, Vol. 74, No. 14, pp. 1447-1455, 2001.

Y. Niu, D. W. C. Ho and J. Lam, Robust integral sliding mode control for uncertain stochastic systems with time-varying
delay, Automatica, Vol. 41, No. 5, pp. 873-880, May. 2005.

Y. Niu and D. W. C. Ho, Robust observer design for It6 stochastic time-delay systems via sliding mode control, Systems &
Control Letters, Vol. 55, No. 10, pp. 781-793, Oct. 2006.

Y. Niu, D. W. C. Ho and Z. Wang, Improved sliding mode control for discrete-time systems via reaching law, IET Control
Theory Appl., Vol. 4, No. 11, pp. 2245-2251, Nov. 2010.

D. Peaucelle, D. Arzelier, D. Henrion and F. Gouaisbaut, Quadratic separation for feedback connection of an uncertain
matrix and an implicit linear transformation, Automatica, Vol. 43, No. 5, pp. 795-804, May. 2007.

R. Raoufi, H. Marquez, and A. Zinober, H sliding mode observers for uncertain nonlinear Lipschitz systems with fault
estimation synthesis, International Journal of Robust and Nonlinear Control, Vol. 20, No. 16, pp. 1785-1801, Nov. 2010.

P. Shi, Y. Xia, G. Liu and D. Rees, On designing of sliding-mode control for stochastic jump systems, IEEE Trans. Au-
tomat. Control, Vol. 51, No. 1, pp. 97-103, Jan. 2006.

S. K. Spurgeon, Sliding mode observers: a survey, International Journal of Systems Science, Vol. 39, No. 8, pp. 751-764,
2008.

C. P. Tan and C. Edwards, Robust fault reconstruction in uncertain linear systems using multiple sliding mode observers in
cascade, IEEE Trans. Automat. Control, Vol. 55, No. 4, pp. 855-867, Apr. 2010.

C. P. Tan, X. Yu and Z. Man, Terminal sliding mode observers for a class of nonlinear systems. Automatica, Vol. 46, No. 8,
pp- 1401-1404, Aug. 2010.

K. C. Veluvolu, Y. C. Soh and W. Cao, Robust discrete-time nonlinear sliding mode state estimation of uncertain nonlinear
systems, International Journal of Robust and Nonlinear Control, Vol. 17, No. 9, pp. 803-828, Jun. 2007.

K. C. Veluvolu, and Y. C. Soh, Discrete-time sliding-mode state and unknown input estimations for nonlinear systems, IEEE
Trans. Industrial Electronics, Vol. 56, No. 9, pp. 3443-3452, Sep. 2009.

Z. Wang and D. W. C. Ho, Filtering on nonlinear time-delay stochastic systems. Automatica, Vol. 39, No. 1, pp. 101-109,
Jan. 2003.

Z. Wang, J. Lam, and X. Liu, Filtering for a class of nonlinear discrete-time stochastic systems with state delays, Journal of
Computational and Applied Mathematics, Vol. 201, No. 1, pp. 153-163, Apr. 2007.

Z. Wang, Y. Liu and X. Liu, Hx filtering for uncertain stochastic time-delay systems with sector-bounded nonlinearities.
Automatica, Vol. 44, No. 5, pp. 1268-1277, May. 2008.

L. Wu and D. W. C. Ho, Sliding mode control of singular stochastic hybrid systems, Automatica, Vol. 46, No. 4, pp. 779-783,
Apr. 2010.

L. Wu, P. Shi and H. Gao, State estimation and sliding-mode control of Markovian jump singular systems, IEEFE Trans. Au-
tomat. Control, Vol. 55, No. 5, pp. 1213-1219, May. 2010.

M. Wu, Y. He, J.-H. She and G.-P. Liu, Delay-dependent criteria for robust stability of time-varying delay systems, Auto-
matica, Vol. 40, No. 8, pp. 1435-1439, Agu. 2004.

Y. Xia, G. Liu, P. Shi, J. Chen and D. Rees, Robust delay-dependent sliding mode control for uncertain time-delay systems,
International Journal of Robust and Nonlinear Control, Vol. 18, No. 11, pp. 1142-1161, Jul. 2008.

Y. Xia, M. Fu, P. Shi and M. Wang, Robust sliding mode control for uncertain discrete-time systems with time delay, IET
Control Theory Appl., Vol. 4, No. 4, pp. 613-624, Apr. 2010.

M. Yan and Y. Shi, Robust discrete-time sliding mode control for uncertain systems with time-varying state delay, IET
Control Theory Appl., Vol. 2, No. 8, pp. 662-674, Aug. 2008.

X. Yan and C. Edwards, Nonlinear robust fault reconstruction and estimation using a sliding mode observer, Automatica,
Vol. 43, No. 9, pp. 1605-1614, Sep. 2007.

E. Yaz and A. Azemi, Observer design for discrete and continuous non-linear stochastic systems, International Journal of
Systems and Science, Vol. 24, No. 12, pp. 2289-2302, Dec. 1993.

L. Zhang, E. Boukas and P. Shi, Exponential Hs filtering for uncertain discrete-time switched linear systems with average
dwell time: A p-dependent approach, International Journal of Robust and Nonlinear Control, Vol. 18, No. 11, pp. 1188-1207,
Jul. 2008.



FINAL VERSION OF RNC-11-0008

-3 L L L L I I

I
5 10 15 20 25 30 35
No. of samples, k

Fig. 1. The trajectories of z11(k) and

40

45 50 55 60

I I
25 30 35
No. of samples, k

40 45 50 55 60

19

%11 (k) with normal scale Fig. 2. The trajectories of z12(k) and £12(k) with normal scale

T T
Actual xz(k)
- = Estimated x2(k)

P\"Vy&‘-‘_ e

-3+

4 L L L L L L

.
5 10 15 20 25 30 35
No. of samples, k

Fig. 3. The trajectories of x2(k) and #2(k) with normal scale Fig.

40

45 50 55 60

-0.11

-0.8 L

Actual Xu(k)
- . = Estimated X12(k)

25 30

No. of samples, k

Fig. 5. The trajectories of x12(k) and #12(k) with small scale

35

40

-0.05

-0.15#

-0.25

-0.35

-0.4 L

Actual xu(k)

- = Estimated xu(k) ]

25 30

No. of samples, k

4. The trajectories of x11(k) and

35 40

Z11(k) with small scale

0.25

0.2

0.15

0.1

Actual xZ(k)
-~ Estimated x,,(k) I

25 30

Fig. 6. The trajectories

No. of samples, k

of z2(k) and

35 40

Z2(k) with small scale



FINAL VERSION OF RNC-11-0008

6 T
—e K
elz(k)
o —_—

. . .
5 10 15 20 25 30 35 40 45 50
No. of samples, k

Fig. 7. The trajectory of error e(k)

55 60

10

.
20 30 40 50 60
No. of samples, k

Fig. 8. The sliding surface s(k)

20



