H!/2 MAPS WITH VALUES INTO THE CIRCLE:
MINIMAL CONNECTIONS, LIFTING,
AND THE GINZBURG-LANDAU EQUATION

by Jeax BOURGAIN, Hami BREZIS, and Perrv MIRONESCU

1. Introduction

Let G C R? be a smooth bounded domain with = dG simply connected.
We are concerned with the properties of the space

H'2(Q;8") = {g e H2(Q;R?); |g| = 1 ae. on Q}.

Recall (see [12]) that there are functions in H'/2(€2; S') which cannot be written in
the form g = ¢¥ with ¢ € H/*(Q; R). For example, we may assume that locally,
near a point on €2, say 0, € is a disc B; then take

(1.1) g(x,») = (x, 2/ +)"* on B

Recall also (see [25]) that there are functions in H/?(€2; S') which cannot be ap-
proximated in the H!'/?-norm by functions in C*(2; S'). Consider, for example,
again a function g which is the same as in (1.1) near O.

It is therefore natural to introduce the classes

X ={ge H/*(Q;S"); g =¢" for some ¢ € H/*(Q; R)}

and

H/2

Y = C>=(22; SY)
Clearly, we have
XcYcH”?Ss).

Moreover, these inclusions are strict. Indeed, any function g € H/?(Q2;S") which
satisfies (1.1) does not belong to Y. On the other hand, the function

3
e?m/;

, B
g(x, ) = on

1, on Q\B,

with 7 = (x> +9*)/2 and 1/2 < a < 1, belongs to Y, but not to X (see [12]).

DOI 10.1007/510240-004-0019-5



2 JEAN BOURGAIN, HAIM BREZIS, PETRU MIRONESCU

To every map g € H'2(Q; R?) we associate a distribution T = T(g) €
2'(2; R). When g € H/*(Q; S'), the distribution T(g) describes the location and
the topological degree of its singularities. This is the analogue of a tool introduced
by Brezis, Coron and Lieb [19] in the framework of H'(G; S?) (see the discussion
following Lemma 2 below). In the context of H/?(2; S"), the distribution T(g) and
the corresponding number L(g) (defined after Lemma 1) were originally introduced
by the authors in 1996 and these concepts were presented in various lectures.

Given g € H2(Q; R? and ¢ € Lip (2;R), consider any U € H'(G; R?)
and any ® € Lip (G; R) such that

(1.2) U‘Q =g and CD‘Q = Q.
Set
H=2U AU, U AU, U AU);

this H is independent of the choice of direct orthonormal bases in R® (to compute
derivatives) and in R* (to compute A-products). Next, consider

(1.3) C/H V.

It 1s not difficult to show (se¢e Section 2) that (1.3) is independent of the choice

of U and ®; it depends only on g and ¢. We may thus define the distribution
T(g) € 7'(2; R) by

(T(). 9) = fH Vo,
G

If there is no ambiguity, we will simply write T instead of T(g).
When ¢ has a little more regularity, we may also express T in a simpler
form:

Lemma 1. — If g € HY2(Q; R2) NWH(Q; R?) N L2(Q; R2), then

(T(9), @) = / ((eng)e,—(gAg)e.), Yo €lLip (2 R).
Q

The ntegrand is computed pomntwise i any orthonormal frame (x,y) such that (x,y,n) s
direct, where n s the outward normal to G — and the corresponding quantity is frame-invari-
ant.
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By analogy with the results of [19] and [6] we introduce, for every g €
H'2(2; R?), the number

]
L(g = 9 Sup {(T(g),¢); ¢ € Lip (€; R), [p|, < 1}

1
= 2—7_[ Max {},

where ||, = Suple(x) —@(»)|/d(x, ) refers to a given metric d on 2. There are
x#Ey
three (equivalent) metrics on €2 which are of interest:

drs(x,9) = |x =y,
(1.4) di(x, y) = the geodesic distance in G,
dq(x, y) = the geodesic distance in £2.

When dealing with a specified metric, we will write Lgs, Lg or Lg. Otherwise, we
will simply write L (note that all these L's are equivalent). It is easy to see that

(1.5) 0 <L(g) <Clgliy.. VYgeHXQ;RY)
and
(1.6) IL(g) — L(W)| < Clig — hllwrelglmre + IAllae), Ve, h € H/2(Q; R?).

When g takes its values into S' and has only a finite number of singularities, there
are very simple expressions for T(g) and L(g):

loc

Lemma 2. — If g € HY/2(2:S) N H (sz\ UL, (a): sl), then

k
T(g) =27 ) ds,.

J=1

where d; = deg(g, aj). Moreover 1.(g) s the length of the mimimal connection associated to the
configuration (a;, d;) and lo the specific metric on 2 (in the sense of [19]; see also [27]).

Remark 1.1. — Here, deg(g, 4;) denotes the topological degree of g restricted
to any small circle around a;, positively oriented with respect to the outward nor-
mal. It is well defined using the degree theory for maps in H'Y?(S'; S') (see [17]
and [22]).
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By the definition of T(g), we see that (T(g), 1) = 0. Therefore, if g is as
in Lemma 2, then ) d = 0. Thus we may write the collection of points (g),
repeated with their multiplicity 4, as (Py, ..., P, Ny, ..., N;), where £k = 1/22|dj|
(we exclude from this collection the points of degree 0). A point g is counted
among the P’s if it has positive degree and among the N’s otherwise. Then L(g) =

Inf )" d(P;, Ny(;)). Here, the Inf is taken over all the permutations o of {I, ..., k}

and d is one of the metrics in (1.4).

The conclusion of Lemma 2 is reminiscent of a concept originally introduced
by Brezis, Coron and Liecb [19]. There, u is a map from G C R® into S? with
a finite number of singularities ¢; € G. To such a map u, one associates a distri-
bution T(x) describing the location and the topological charge of the singular set
of u. More precisely, if u € H'(G; S?), set

D=y Ny,  weUuy Nty U U A U)
and T(w) = divZ.
If u is smooth except at the g, it is proved in [19] that
T =47y _ds,.

Here, d; is the topological degree of u around a;.

Using a density result of T. Riviere (see [38] and Lemma 11 in Section 2;
see also the proof of Lemma 23, Remark 5.1 and Appendix B), we will extend
Lemma 2 to general functions in H'?(Q; S):

Theorem 1. — Given any g € H'/*(Q; S"), there are two sequences of points (P;)
and (N,) m 2 such that

(1.7) > IPi =N < o0
and
(1.8) (T(9),9) =27 Y (p(P) —9p(N)), Vg e Lip (R).

In addition, for any metric d i (1.4)
L(g) =1Inf ) "d(P;, Ny,

where the infimum s taken over all possible sequences (P;), (N;) satispying (1.7), (1.8).
If the distribution ‘T is a measure (of finite total mass), then

T(g) =2y ds,

finite

with d; € Z and a; € 2.
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Remark 1.2. — There are always infinitely many representations of T(g) as
a sum satisfying (1.7)—(1.8) and such representations need not be equivalent modulo
a permutation of points. For example, a dipole dp — dy may be represented as
dp—3dqg, +ijl(8Qj —8q,,,) for any sequence (Q ;) rapidly converging to Q. The
last assertion in Theorem 1 is the H'/*-analogue of a result of Jerrard and Soner
[28, 29] (see also Hang and Lin [28]) concerning maps in W!!(Q; S).

Maps in Y can be characterized in terms of the distribution T:

Theorem 2 (Riviere [38]). — Let g € HY*(Q2; SY). Then T(g) = 0 if and only if
gey.

This result is the H!/%-counterpart of a well-known result of Bethuel [3]
characterizing the closure of smooth maps in H'(B%; S?) (see also Demengel [24]).

The implication g€ Y = T(g) =0 is trivial, using e.g. (1.6). The converse
is more delicate; it uses the “dipole removing” technique of Bethuel [3] and we
refer the reader to [38]; for convenience we present in Section 4 a slightly different
proof.

As was mentioned earlier; functions in Y need not belong to X, ie., they
need not have a lifting in H'?*(Q; R). However, we have

Theorem 3. — For every g € Y there exists ¢ € HY/?(2; R) + WHI(Q; R), which
is unique (modulo 27), such that g = e¢'. Comversely, if g € H'/*(2; S") can be written as
g=2c"% with ¢ € H/? +W"', then g €Y.

The existence will be proved in Section 3 with the help of paraproducts (in
the sense of J.-M. Bony and Y. Meyer). The heart of the matter is the estimate

(1.9) l@llmziwt < Calle (a2 (1 + [l ),

which holds for any smooth real-valued function ¢; here Cg depends only on £2.

Using Theorem 3 and the basic estimate (1.9), we will prove that, for every
g € HY2(Q;SY, there exists ¢ € HY/2(Q; R) + BV(R2; R) such that g = ¢ (see
Section 4). Of course, this ¢ is not unique. There is an interesting link between
all possible liftings of ¢ and the minimal connection of g:

Theorem 4. — For every g € HY?(2; S") we have
Inf {lgolpv; g = ¢ 9 € HY? and ¢, € BV} = 4mLq(g),

where |@o|py = fgz |Dgs|.
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Another useful fact about the structure of H'/2(Q;S") is the following fac-
torization result:

Theorem 5. — We have
H2(@:8) = (X) - (=2 n W),

e, every g € HY2(Q;SY) may be written as g = ¢“h, with ¢ € HY*(Q;R) and
he H/2(Q; S NWEL(Q; SY. Moreover we have the control

2 2
e + lAlwe = Callgllie-

The interplay between the Ginzburg-Landau energy and minimal connec-
tions has been first pointed out in the important work of T. Riviere [37] (see
also [34] and [38]) in the case of boundary data with a finite number of singu-
larities. We are concerned here with a general boundary condition g in H'2

Given g € H'/2(Q; SY), set

(1.10) ty =6 = Min E,(u),
; H!(G:R?)

where

1 2 1 2 2
E.(u) = 5/ [Vul|” + @/-(M -1
G G

and
H,(G;R*) = {ue H(G;R*);u=g on Q}.
Theorem 6. — For every g € H'/?(2; S') we have, as ¢ — 0,
(1.11) . = Lo (9) log(1/6) + o(log(1/6)).

This result and some variants are proved in Section 5. For special g's (namely
g's with finite number of singularities), formula (1.11) was first proved by T. Riviere
in [37]. For a general g € H'/*(Q; S"), it was established in [12] that

e < CG(g)log(l/e)

where C(g) = C(G)||g||ill /25 another proof of the same inequality is given in [38].

Using Theorem 6, we may characterize the classes X and Y in terms of the
behavior of the Ginzburg-Landau energy as ¢ — 0. Indeed, Theorem 6 implies
that

Y ={ge H"*(Q;SY); ¢ = o(log(1/¢))}.
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On the other hand, it is easy to see that
X ={ge H"(Q2;8); e =0}

Next, we present various estimates for minimizers #, in (1.10). In Section 6,
we discuss the following theorem (originally announced in [13] and subsequently
established with a simpler proof in [5]):

Theorem 7. — For every g € H'*(Q; S') we have
(1.12) luellwirey < Gy V1< p<3/2.

In fact, we will prove the following slight generalization of Theorem 7:

Theorem 71'. — For every g € HY2(2; SY), the family (u.) is relatively compact in
W for every p < 3/2.

Remark 1.3. — It is very plausible that Theorem 7 still holds when p = 3/2.
However, the conclusion fails for p > 3/2; see the discussion in Section 9.

In Section 7, we will establish stronger nterior estimates:
Theorem 8. — For every g € H'/2(Q2; SY), we have
(1.13) llucllwiry < Cpx, V1 =<p<2, VK compact in G.
Consequently, (u;) 1s relatively compact in Wllof Jor every p < 2.

Remark 1.4. — The conclusion of Theorem 8 fails for p = 2. Here is an
example, with G = By, the unit ball in R® and g(x, xy, x3) = (x1, xQ)/,/xf —i—xg.
T. Riviere [37] (see also FH. Lin and T. Riviere [34]) has proved that in this case

Uy —> U= (xl,xg)/ X —i—xg, and clearly this « does not belong to H] (G).

loc

Finally, we have a very precise result concerning the limit of », when g€ Y:

Theorem 9. — For every g € Y, wnte (as i Theorem 3) g = ¢, with ¢ €
HY2 + WYL Then we have

uy —> Uy = €' in W(G)NC2(G), Vp<3/2,

where @ 1is the harmonic extension of .
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Theorem 9 and some of its variants are presented in Section 8. In Section 9
we prove some partial results about estimates in W' when p = 3/2. In Section 10
we list some open problems.

Most of the results in this paper were announced in [13].

The paper is organized as follows:

Lo Introduction . . .. ... 1
2. Elementary properties of the minimal connection. Proof of Theorem 1............ ... ... ... ... ... ... 8
3. Lifting for ¢ € Y. Characterization of Y. Proof of Theorem 3 ....... ... ... ... ... . ... ... ... ... ... 21
4. Lifting for a general ¢ € H'/?. Optimizing the BV part of the phase. Proof of Theorems 4 and 5 ............. 26
4.1. The dipole CONSIIUCHON . . . ..o\ttt ettt ettt e et e e e e e e e 27
4.2.  Construction of a map with prescribed singularities ........... .. ... . i i 30
4.3. Lower bound estimates for the BV part of the phase .......... ... .. i 41
5. Minimal connection and Ginzburg—Landau energy for g € H'/?. Proof of Theorem 6 ...................... 47
6. W!(G) compactness for p < 3/2 and ¢ € H/2. Proof of Theorem 7' ..............oooviiiiiiiiiaa... 59
7. Improved interior estimates. \V]](;{f (G) compactness for p < 2 and g € H"/2. Proof of Theorem 8 .............. 67
8. Convergence for g € Y. Proof of Theorem 9 . ... ... 79
9. Further thoughts about p=3/2 ... ... .. 87
9.1, Jerrard—SOoner TeVISILEA . . . . .. .. u ittt e 87
9.2. W2 —estimate of the HMIt. ... ..ottt 90
9.3. A geometric estimate related to Proposition 3 .. ... ... ... 98
10. Open problems . .. ..o 100
LLOAPPENICES ottt ettt e e 101
12, RefEIeNCEs . . oo 113

2. Elementary properties of the minimal connection. Proof of
Theorem 1

To every g € H'*(Q; R?) we associate a distribution T(g) € 2'(€2; R) in the
following way: consider any U € H'(G; R?) such that
Ugq=g¢
Given ¢ € Lip (©2; R), let & € Lip (G; R) be such that
Do =0.
Set
H=2UAU,U AU,U,AU).

Lemma 3. — The quantity [ H -V ® depends only on g and ¢.
G

Proof. — We first claim that [H - V® does not depend on the choice of ®.
G

Observe that, if U € C*(G; R?), then
div H = 0.
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By density, we find that
divH =0 in Z'(G)
for any U € H'(G; R?). It follows easily that

/H-VQJ:O, VYW e Lip (G;R) with W =0 on €.
G

This implies the above claim.
Next, we verify that [ H- V® does not depend on the choice of U. Let V be

G
another choice in H'(G; R?) such that Vig=g Set W=V -U ¢ H(l) Then, with

obvious notation,

G G

G G

with Ry = (W, AU. + U, AW, ..), Ro=W,AW,..).
We complete the proof of Lemma 3 with the help of

Lemma 4. — For each U € H'(G; R?) and W € H(l)(G; R?) we have

/R1 V®=0, V®e Lip (GR).

G

Proof of Lemma 4. — By density, it suffices to prove the above equality for U €
C®(G; R?), W € C(G; R?) and ® € C®(G; R). For such U and W, note that

W, AU +U, AW, =(WAU,),+ U, AW)..
Therefore,
/Rl VO = —/[(W/\Uz)CDU,—i-(U),/\W)CDXZ-I----] =0.
G

G

As a consequence of Lemma 3, the map
© —> / H- Vo
G

is a continuous linear functional on Lip (£2; R). In particular, it is a distribution. Again
by Lemma 3, this distribution depends only on g € HY*(Q; R?). We will denote

it T(g).



10 JEAN BOURGAIN, HAIM BREZIS, PETRU MIRONESCU

Remark 2.1. — It is important to note that T has a “local” character. More
precisely, if g, g € H'/?(2; R?) are such that g = g in  (where @ is an open subset
of €2), then

This 1s an easy consequence of Lemma 3 and of the fact that, if supp g N supp ¢
= (), then one may extend g to U € H' and ¢ to ® € Lip such that supp UN
supp ® = . Thus, one may define a local version of T as follows: if g € Hll/ozC (w; R?),
set

(T(g), ) = (T(h), ¢), Vo € Cy(w; R,
where % is any map in H'/2(Q; R?) such that £ = g in a neighborhood of supp ¢.
Remark 2.2. — Another important property is the invariance under diffeomor-

phisms. More precisely, let €2, G, g, ¢ be as above and let § : Q2 — Q be an orient-
ation-preserving diffeomorphism. Then

(T(9). ¢) = (T(D. @),
where § = go& and ¢ = ¢ 0 &. Clearly, & extends as an orientation-preserving diffeo-
morphism (still denoted &) from a small tubular neighborhood of € in G to a tubular

neighborhood of € in G (as in the proof of Lemma 5 below).
We have

(T(9). ) =/H-vq>=2/ Jac (6, ),
G G
since

H=2(U AU, U AU,U,AU,).

We may choose U and @ supported in a small tubular neighborhood of €2 and set
U=Uo& and ® = ® 0 &. Then, with obvious notation,

(T(2),9) = /H VCD_QfJaC (d> U)

=2 / Jac (®,U) = (T(9), ).
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Similarly, if @ is an open subset of €2 and & : ® — w is an orientation-preserving
diffeomorphism, then (using Remark 2.1) we have

(T(9), 9) =(1(2), 9)

1/2

loc

for every g € H'{_ (w; R?) and ¢ € Cy(w; R). This is extremely useful because we can
always choose a local diffeomorphism with € flat near a point. More precisely, let (;)
be a finite covering of € with each w; difftomorphic to a disc D via §; : D — ;. Let
(a;) be a corresponding partition of unity. Then, Yo € Lip (£2; R),

(T(9), 9) = Y (T(g), )
and we may compute each term (T'(g), @;¢) in D using the fact that
(T(g), aip) = (T(g o &), (i) 0 &).
Here is a noticeable fact about T(g):

Lemma 5. — Let g € HY*(2; R?). Then there exists an L'-section ¥ of the tangent
bundle 'T(2) such that

<U@w%i/FV% Yo € Lip (2 R).
Q

Proof of Lemma 5. — Yor B > 0, let
Gp={XeG X)<p}, Q={XeG X) =4}

where §(X) = dist (X, 2). Assuming that £ 1s sufficiently small, say B < f, for every
X € Gy there exists a unique point o(X) € £ such that 6(X) = |X — o(X)|. Let
IT: Gg — (0, B) xR be the mapping defined by IT(X) = (6(X), 0(X)). This mapping
is a C2-diffeomorphism and its inverse is given by

M 0) =0 — (o), VY 0) e (0,p) xQ,

where n(o) is the outward unit normal to @ at o. For 0 < ¢ < B, let K, denote the
mapping [17'(¢, -) of Q onto Q,.

Since n(0) is orthogonal to 2, = IT7!(¢, Q) at o — (o), it follows that, for every
integrable non-negative function f in Gg,

B B
[r=[a[ o= [a] sk
Gp 0 0 @

where do, do, denote surface elements on €2, €2, respectively.
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We now make a special choice of U and ®. Let
P(X) = ¢(0(X))2(8(X)),
where ¢ € C'(2; R) is the given test function and

)L, for 0 <t < By/2
60 = {O, for t = Bg. '

We take U to be any H' extension of g such that UX) = 0 if §(X) > By/2.
Hence

<T<g>,<p>=fH-v<I>= / H. Vo
G Ggy /2

(2.1) Bo/2
= / dl‘/H-VCD(K[(O’))(JaCK[)dO’.
Q

0

For every 0 € Q, fix a frame %, = (x,») as in Lemma 1. We already observed
that H- V® can be computed (pointwise) in any direct orthonormal frame of R®. We
choose, at any points X € Gy, 9, the special frame (F,x), n(0(X)). Then, we have,
Vi e (0, By/2), Vo € €,

(2.2) H - VO)(K,(0)) = 2(U, A U ) (K (0)g.(0) + 2(U. A U)(K,(0)¢,(0).
We now insert (2.2) into (2.1) and obtain the conclusion of Lemma 5 with

0 0
F(o) = F,(0)— + Fy(0)—, where
ox ay

Bo/2
Fito) =2 [ (U AUK (@) Jac K )il

and
Bo/2
Fy(o) = 2 f (U. A U)K (0)) (Jac K.

0

We now turn to the

Proof of Lemma 1. — It suffices to prove that

/H Vo = /[(gAgx)qo] — (g N g)ed
G Q
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when U € C®(G; R?) and ® € C°(G; R). We write
H=(UAU),+ U,AU),(UAU), + U, AL,
(UAU), + U, AL),).
Integration by parts yields

/H-VCD:/U/\ det (VU, VO, 7).
G Q

oU 0P
By Lemma 3, we may assume further that — =0 and F 0.
n n

For each o € ©, we compute det(VU, V®, 7) in the frame given by Lemma 1.
We have

L AU D AU 9o
det (VU, VD, 2) = — — — — — = 0,0, — 3¢,

and the conclusion follows.

Here are some straightforward variants and consequences of Lemma 1 and Re-
marks 2.1-2.2:

Lemma 6. — Let @ be an open subset of S2. Let
g€ H(0; RH NW"(w) N L®(w).
Then

2.3 (T(g). ¢) = / (e 7800, — (g Ag)e]. Vo e Cl(w:R).

Lemma 1. — Let @ be an open subset of Q2. Let g € H'?*(w; S"Y)Y NVMO(w; SY). Then
(T(9),9) =0, ¥y e Cyw;R).

Proof of Lemma 7. — In view of Remark 2.2, we may assume that @ is a disc.
There is a sequence (g,) € C®(w; S") such that g, — g in Hllo/f(a)) (see [22]). Hence
(T(g), ) = (T(2), ¢), Vo € Ci(w; R), by (2.5) below. On the other hand, by Lem-
ma 6,

(T'(g), ¢) = / [(g A 2@y — (G A Gw)pi]

= 2 f(gfzx /\g@f)(p =0

since |g,| = | on .
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There is yet another representation formula for T:

Lemma 8. — Let g = (g, &) € HV*(Q; R?). Then if o C Q is diffeomorphic to a disc
@ as in Remark 2.2, we have, Vo € C°(w; R),

<T(g)v §0> = (gla (g?{by)x - (g?‘bx)y)Hl/Q,H*l/Q

(2.4) - L "
- (gQa (é’l%)x - (gl(px)y>H]/2,H—l/2-
Observe that, e.g. 20, € H!'2(®), so that (20,)« € H'"%(®).

Proof of Lemma 8. — When g is smooth, (2.4) coincides with (2.3). The general
case 1s obtained by approximation.

We now describe some elementary but useful facts about T and L:
Lemma 9. — We have, for g, h € H/*(2; R?), ¢ € Lip (2; R),
(2.5) [(T(g) =T, )| = Clg — Alwr(lglue + lhlu2) @l
(2.6) IL(g) — LW = Clg — Alwr(lglurz + [oln2)
and, n particular,

L(g) < Clgl% -

If, in addition, g and h are S'-valued, then

(2.7) T(gh) = T(g) + T(h),

(2.8) L(gh) < Clg =kl (gl + Ali)
and

(2.9) L(gh) < L(g) + L(k).

Here, we have identified R? with C and gh denotes complex multiplication, while
| |i2 denotes the canonical seminorm on H'/? :

lg(x) — g

2 _

|g|H1/2 = f —d(x,y)3 dxd_y.
Q Q

The constant C in this lemma depends only on 2.
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Progf — Let U,V € H'(G; R?) be the harmonic extensions of g, respectively 4.
Then clearly, V® € Lip (G; R),

/HU-VCD
G

< /Hv VO + CI[VU = VV]2 (VU2 + [[VV][) IV P |lee,
G

so that (2.5) follows. Moreover, we find that
L(g) = L(#) + Clg — Alw2(lglar + [hlr2).
Reversing the roles of g and £, yields (2.6).
The proof of (2.7)+2.9) relies on the following

Lemma 10. — For g, h € H'2(Q; R>) N>, we have, Vo € G5 (w; R), with the same
notation as in Lemma 8,

(T(gh), @) = {1h*8, (&), — (2@.),)ue 12
- <|7l|2§2, (gl(p))x - (gl(px)y
+ <|§|2}l1, (hQ(p])x - (h2¢x))
(

— (|g1*ha, @) — Ga®y), e e

HI/Q’H—I/Q

)
)H]/2,H_]/2
)

Note that the above equality makes sense since H'/2 N L™ is an algebra.

Proof of Lemma 10. — When g and & are smooth, the above equality is clear by
Lemma 8. The general case follows by approximation, using the fact that, if g, — g in
H'Y2, h, — hin H/2, ||g,|li~ < C, |4l < C, then gk, — gh in HY/? (this is proved

using dominated convergence).

Proof of Lemma 9 completed. — When |g| = |h| = 1, we find that T(gh) = T(g) +
T(%#), by combining Lemma 8 and Lemma 10. Also in this case, we have

T(gh) = T(g) + T = T(g — T(h).
Using (2.5), we find that

L(gh) = Sup (T(g) — T(h), @) < Clg — Aluz (|glue + |Almie).

|¢|Lip§1

Finally, inequality (2.9) is a trivial consequence of (2.7).
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Remark 2.3. — There is an alternative proof of (2.7)~2.9), which consists of
combining Lemma 2 (proved below) with the density result of T. Riviere [38]; see
Lemma 11.

We now consider the special case where g € H/?(Q2; S") is “smooth” except at
a finite number of singularities:

Proof of Lemma 2. — The proof consists of 3 steps:
Step 1. — Supp T(g) C Uj’;l{aj}
This is a trivial consequence of Lemma 7.

Step 2. — T(g) = Y. 84

In view of Remark 2.2 we may assume that €2 is flat near each ;. We first note
that, by a celebrated result of L. Schwartz, T(g) is a finite sum of the form T(g) =

Zj’a 6. D*8,.

We want to prove that ¢, = 0 if @ # 0. For this purpose, it suffices to check
that (T'(g), ) = 0 if ¢(¢) = 0,V). Let ¢ be any such function. Then, clearly, there
is a sequence (p,) C CH(Q\ UL, {g;}) such that Vg, — Vg a.e. and [|Vg,[i~ < C.

=

Using Lemma 5, we obtain, by dominated convergence, that (T(g), ¢,) = (T'(g), ¢).
On the other hand, (T(g), ¢,) = 0 by Step 1.
Step 3. — We have ¢; = 2md; where d; = deg(g, ).

Let ¢ be a smooth function on €2 such that

’

1, for |x —a| <R/2

0, for [x —a| > R

where R > 0 is sufficiently small.
Note that Vg = 0 outside the annulus &/ = {x € Q; |x — 4| € [R/2, R]} and,
moreover, that ¢ € H' on the same annulus. By Lemma 8 we find that

<T(g)a ‘P) = / gl[(g?‘py)x - (gQ(px))] - /é’?[(é’l%)x - (gl(px))]

of of

Integration by parts yields

(T(9),p) = /[(gj NQe, + (g A gyl
o
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If g is smooth on &7, and if we integrate by parts once more, we find that

(T(9), ) /(g) A @V, —/(g/\gx)v,

where ) = {x € Q; [x — ¢ = R/2} and v is the inward normal to & on ) . With 7
the direct tangent vector on ), we have

—(g ANV — (N ZIV, =g N &

Since g is S'-valued, we find that

(T(9), ) = 2w deg(g, ).

For a general ¢ € H'(«;S'), we use the fact that COO(JZZ; S") is dense
in H'(#; S") (see [41], [10] and [22]) and the stability of the degree under H'/*-
convergence (see [17] and [22]), to conclude that (T'(g), ¢) = 27 deg(g, ).

We now recall a useful density result due to T. Riviere, which is the H!/? ana-
logue of a result of Bethuel and Zheng [10] concerning H' maps from B? to S? (see
also a related result of Bethuel [4] concerning fractional Sobolev spaces).

Lemma 11 (Rivire [38]). — Let Z denote the class of maps belonging to W''(S2; S"),
Vp < 2, which are C™ on 2 except at a finite number of points. Then X is dense in H'/*(2; S").

Remark 2.4. — The above assertion does not appear in Riviere [38] but it is
implicit in his proof; for the convenience of the reader we present a simple proof in
Remark 5.1 — see also Appendix B for a more precise statement.

Remark 2.5. — Similar density results hold in greater generality. Let 2 C R? be
a smooth bounded domain. Let 0 < s < 00,1 < p < 00 and

R = {ue W(2; S"); uis C® except at a finite number of points}.

Then Z*! is dense in W*#(£2; S') for all values of s and p (see [16]); this extends earlier
results in [10], [25] and [4].

The density result combined with Lemma 2 yields “concrete” representations of
the distribution T(g) and of the length of a minimal connection L(g) for a general
g € H'/2(; S"); this is the content of Theorem 1.

Proof of Theorem 1. — We start by recalling a result of Brezis, Coron and Lieb [19]
(see also [18]).
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Lemma 12 (Brezis, Coron and Lieb [19]). — Let (X, d) be a metric space. Let Py, ..., Py,
and Ny, ..., Ny be two collections of k pownts in X. Then

L= Mand(Pj, Na(j)) = Max{ Z(‘P(Pj) - (p(Nj))’ |(p|Lip = l}a

O'GSk .
J
where Sy denotes the group of permutation of {1, 2, ..., k}.

The analogue of Lemma 12 for infinite sequences, which we need, is

Lemma 12'. — Let (X, d) be a metric space. Let (P;), (N;) be two infinite sequences such
that y_ d(P;, N;) < o0.
Let

210) L= Swp | T - ot o, <11,
¢ i

Then

—Inf{Zd(PZ,NZ) Z((SP 5&):2(5&—5&)}.

(Ni)

Here, and throughout the rest of the paper, the equality

Z(&E — &) = 2(5& — éx)

for sequences (’E), (Ni), (P;), (N,) such that
Y d(P,N) <ooand Y d(P;,N)) < oo

means that

Y (@) —o(N)) =) “(9(P) — 9(N;)). Vg € Lip.

Remark 2.6. — A slightly different way of stating Lemma 12’ is the following.
Given sequences (P;), (N;) in a metric space X with ) . d(P;,N,) < oo, then

= Inf {Zd(Pl, N Z(ap 5%,) =Z(8P,.—8Ni)}

). N
(2.10)

= Sup { Y (@P) — p(N)): ¢ € Lip (X: R) and |y, < 1}.
¢ i

It is easy to see that the supremum in (2.10') is always achieved. (Let (¢,) be a maxi-
mizing sequence. By a diagonal process, we may assume that ¢,(P;) and ¢,(N;) con-
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verge for every ¢ to limits which define a function ¥, on the set {P;, N,,¢ = 1,2, ...}
with [Yolr, < 1. Next, ¥ is defined on all of X by a standard extension technique
preserving the condition [¥[r;, < 1). A natural question is whether the infimum in
(2.10%) is achieved. The answer is negative. An interesting example, with X = [0, 1],
has been constructed by A. Ponce [36].

Proof of Lemma 12'. — Let (N;) be such that

D (@Be, = 85) =D _(Be, — 8x)).

Y (pP) —p(N)) < Y d(@;, Ny

Then

and thus

L<Y d®,N).

Conversely, given ¢ > 0, we will construct a sequence (Ni) such that ) . d(P;, Ni)
<L+e¢and ) (8p, —85,) = D_.(6p, — n))-

Let ny be such that Zj>no d(P;,N;) < ¢&/2. Let 0y be a permutation of the inte-
gers {1, 2, ..., ny} which achieves

)

Min Y " d(P;, N(j).
(e ]:1
Set

J

N . NJO(J‘), for 1 E] < n
B N;, for 7> ng '

Clearly,
D (= 85) =) (6 —dx).
=1 =1

By definition of L, we have

L= Sup ) (@®P)—eN))

“ph‘ipfl jZl

no

> Max Y (p(P) — p(N)) — /2
=1

o |(p|Lip51 .

no

= Z d(P;, N)) — ¢/2,
J=1
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by Lemma 12. Thus

> d®.N) <L+e/2+¢/2.

Jj=1

Proof of Theorem 1 continued. — FYor g € # we have
k
L(g = Y d(®,N)
J=I
and

k
(T(9), 9} =27 Y (p(P) — o(N))
j=1
for some suitable integer £ depending on g and suitable points Py, ..., P;, Ny, ..., N;
in Q. Let now g € H/?(2; S') and consider a sequence (g,) C Z such that |g, — gl
<1/2"
By Lemma 2, T(g,+1) — T(g,) is a finite sum of the form 27 Z(cSQj —ds,). By
Lemma 12, after relabeling the points (Q ;) and (S;), we may assume that

ky
T(g) =21y (8, —8x)

J=1

and
kn1
T(g) = T(g) =21 Y (8p, — 8x), Vn = 1
J=kn+1
with
kg1
27 Y d(P;, N) = Sup ((T(gi1) — T(g), ¢);
Fn+1

¢ € Lip (€; R), |p[p < 1}
< Clgis1 — glure(gu1lue + |glue) < CG/2" (by (2.9)).

We find that T(g,) = 2 Y 1 (8, — 8x,) and that Y., d(P;,N)) < co.

Then for every ¢ € Lip (£2;R), the sequence ((T(gn), go)) converges to
21 3 o\ (p(P) — @(N))). By Lemma 9, we find that T(g) =27 )., (8, — éx))-

The second assertion in Theorem 1 is an immediate consequence of Lemma 12’
and Remark 2.6.
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The last property in Theorem 1, namely the fact that, if T(g) is a measure, then
T(g) may be represented as a finite sum of the form 2w Zj(8P/ — dy;), was originally
announced in [13] and established using a technique of Jerrard and Soner [31], [32],
which was based on the ( Jacobian) structure of T'(g). We do not reproduce this argu-
ment since Smets [43] has proved the following general result:

Theorem 10 (Smets [43]). — Let X be a compact metric space and let (P;), (N;) C X be
infinite sequences such that y_ d(P;, N;) < 0o. Assume that

> (@) — o(N)

J

Then one may find two finite collections of points (Q 1, ..., Q) and My, ..., My), such that

< GSup |p()], V¢ € Lip (X).

xeX

00 k
(@(P) —p(N)) = Y (¢(Q) — (M), Vg € Lip (X).
=1

j=1
We refer to [43] and to [36] for more general results.

Remark 2.7. — A final word about the possibility of defining a minimal connec-
tion L(g) when g € W*(2; S"), for 0 < s <00 and 1 < p < 0o. Recall (see [16] and
Remark 2.5) that 2°/ is always dense in W*#(€2; S') and note that we may always de-
fine L(g) for g € #Z*’. A natural question is whether there is a continuous extension
of L to W*?:

a) When sp < 1, the answer is negative. Indeed, let g € Z** be a map with sin-
gularities of nonzero degree, so that L(g) > 0. There is a sequence (g,) in C®(£2; S")
such that g, — g in W*’ (se¢e Escobedo [25]). Clearly, L(g,) = 0, Vr, and L(g,) does
not converge to L(g).

b) When sp > 2, the answer is positive since L(g) = 0, Vg € #*/ (any singularity
in W must have zero degree since W C VMO).

c) When | < sp < 2, the answer is positive. For s > 1/2 the proof is easy (indeed
if s € (1/2, 1), then W**(2; S') € H'2, while if s > 1, then W* C W!! and we may
apply the result of Demengel [24] which asserts the existence of a minimal connection
in Wh!). The case where s < 1/2 is delicate and studied in [16].

3. Lifting for g € Y. Characterization of Y. Proof of Theorem 3

The main ingredient in this Section is the following estimate, whose proof has
already been presented in Bourgain-Brezis [11]. We reproduce it here for the conve-
nience of the reader.
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Theorem 3'. — Let \r be a smooth real-valued function on the d-dimensional torus T¢ and
set g = e"V'. Then

(3.1) [V 2wt < GA)(L + gl gl

Here, | | denotes the canonical seminorm on H!'/? (respectively H!'/2 + W),

Proof of Theorem 3'. — Write ¢ — f g as a Fourier series,
i-fe= X a0
£€Z\{0}

The H'/2-component in the decomposition of ¥ will be obtained as a paraproduct of
g—fgandg—{g. Let

(3-2) P=Z[Zxk<|sgl>@e—m&][ 3 g@gew&],
k &

2t<]g <24+

where, for each &, we let 0 < A; < 1 be a smooth function on R, as below:

1

|

|

|

2|k—2 2k—1
We claim that
(3.3) [Pz < Cliglloolglee
and

1

(3.4) Iy — 7P|WH < Clglfe-

Proof of (3.3). — This is totally obvious from the construction since, with || ||,
standing for the L’-norm, we have

[Pl ~ D2 [Z)‘k(léﬂ)@@_m&][ > g(gl)e”fl]
‘ & oty |<2t+1
<y o
k

2
[ > |§<s>|2]
< CligliZ lglfne-

2

2

3.5 —
3 > (EDEEE

|&|~2*
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Proof of (3.4). — We estimate, for instance,

1

(3.6) Oy ——dP

1!
Thus, letting & = (£, ..., &%) € Z¢, we have
1_ S Are (81 —&
3.7 O =-_Thg= ), E2ENE) O
RIS A

and, by (3.2), we find

1 e NI (£ —E.
(3.8) 7am:Z D (& - &)mlEDEE)E) e
koot |<att!
&€Z?
and
1 ~ e\ 1 (E—&
3.9) Wy ——aP=>"" Y m. E)EENIE) .
! ko ok<g <ol
£€Z?

Here, by definition of A,

gy, if |&] <27
(3.10) mi(§1, &) =& — M(&D(E — &) = {;1’ " |§z| > gt
Estimate
1 -
3.11) HY - ;alP‘l =X X mEer@iEe )

bk T jg |~2k gy ~2"

We split the right-hand side of (3.11) as

Yor 3+ Y =619+ 313 + (3.14).

ki~ko k1 <ko—4 k1>ko+4

Clearly, 2 % m (&, &) restricted to [|&| ~ 2F] x [|&| ~ 2!] is a smooth multiplier
satisfying the usual derivative bounds. Therefore,

D gD

|&1]~2*

> aE)ee

|82 |~2¢

2
~ |§|H1/2~
2

(3.15) (312 <C) 2
k

2
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If ky < ky — 4, then |&] > 2" and my, (&), &) = &/, by (3.10). Therefore

3.13) = Y

Z £l 5(E)a(E) e~

hi<k—4 T g2k |2k !
(3.16) < D2 > g™ > i)
k1 <ko—4 |E1|~2k 2 |§2‘N2k2 2
1/2 1/2
< Zz’“( > |§<sl>|2) ( > |g(sg>|2) < Cleli.-
ki <k |&11<2h1 [&9]~2k2

If ky > ky+4, then |&| < 2872 and my, (&, &) = SQI and the bound on (3.14) is similar.
We now derive a consequence of Theorem 3:

Corollary 1. — Let G be a smooth bounded domain in R such that Q@ = 3G is con-
nected. Let v be a Lipschitz real-valued function on 2 and set g = e'V. Then

[V 2wt < Ca(l + Iglue) gl
Proof of Corollary 1. — It is convenient to divide the argument into 4 steps.

Step 1. — The conclusion of Theorem 3’ still holds if ¥ is Lipschitz. This is
clear by density:

Step 2. — The conclusion of Theorem 3’ holds if T is replaced by a d-dimen-
sional cube Q) and ¥ € Lip (Q). This is done by standard reflections and extensions
by periodicity.

As a consequence, we have

Step 3. — The conclusion of Step 2 holds when Q) is replaced by a domain in
Q diffeomorphic to a cube.

Step 4. — Proof of Corollary 1. Consider a finite covering (U,) of € by domains
diffeomorphic to cubes. Note that, if U, N Ug # 0, then

[V 2wt @oup ~ W Inewiiwy + W lnzewii ) -

Using the connectedness of €2, we find that

[V wii @) ~ Z [V 2wt U, -
o

The conclusion now follows from Step 3.
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Proof of Theorem 3. — First, let g € Y and consider a sequence (g,) C C®(€2; S")
such that g, = g in H'/2. Since € is simply connected, we may write g, = ¢'V*, with
¥, € C°(2; R).

Applying Corollary 1 to g,g,, we find

|wn - wm|H1/2+\V1v1 =< C(l + |gngm|H1/2)|gn§m|H1/2-

Since g, — g in H'/? and |g,| = 1, we have |g,g,|i2 — 0 as m, n — 00 (see the
proof of Lemma 10). Therefore, (v, —fQ ¥,) converges in H'/? + W"! to a map ¢.
Then, with C an appropriate constant, ¥ = ¢ + C € H/? + Wl ¢ = ¢ and ¢
satisfies the estimate

[V et < GO |glue) [glaye.
The uniqueness of ¥ is an immediate consequence of the following

Lemma 13. — Let S2 be a connected open set in R Let f 1 Q — Z be such that
S =L+ X ) with fy € Wi Q3 R) and ff € WP (Q:R), where 0 < 55 < 1, 1 < f; < 00,
sipi = 1. Then f is a constant.

The proof of Lemma 13 is given in [12], Appendix B, Step 2. The argument is
by dimensional reduction, observing that the restriction of f to almost every line is Z-
valued and VMO; thus it is constant (see [22]). This implies (see e.g. Lemma 2 in [20])
that / is locally constant in €2.

We now prove the last assertion in Theorem 3. Let g € H'*(Q; S") be such
that g = ¢'V for some ¥ € HY/2 + W'(Q; R). Let ¥ = ¥, + v, with ¥, € H'/? and
Yy € WL Set g = ¢Vi,j = 1, 2. Clearly, g; € X, so that g; € Y and thus T(g) = 0.
On the other hand, g € H'/2 N W!! since g = gz € H'Y2 Therefore, we may
use the representation of T(gy) given by Lemma | and find, after localization, as in
Remark 2.2,

(T(2). @) = / (Won, — Yn9) = 0, Vg € Cl(@; R,

Hence T(g,) = 0. By (2.7) in Lemma 9, we obtain that T(g) = 0. Using Theorem 2,
we derive that g € Y.

Remark 3.1. — Theorem 3 is not fully satisfactory since, whenever ¥ € W'!,
the function ¢'¥ need not belong to H'/? (but “almost”, since ¢V € W"'NL>, which is

almost contained in H'/?, but not quite). Here is an example: take some ¢ € W"'NL>®
with ¥ ¢ H'/2. We may assume || < 1. Then

|€m//(x) _ etW(}’)| ~ |w(x) — w(y)l,
so that

e w2 ~ |l = +oo.
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4. Lifting for a general g € H'/?2, Optimizing the BV part of the phase.
Proof of Theorems 4 and 5

Assume g is a general element in H'/?(2; S"). This g need not be in Y and thus
need not have a lifting in H'/? + W'!. However, ¢ has a lifting in the larger space
H'? + BV. This is an immediate consequence of Theorem 3 (and estimate (1.9)) and
of the following result of T. Riviere [38] (which is the analogue of a similar result of
Bethuel [3] for H' maps from B® to S?).

Lemma 14 (Riviere [38]). — Let g € HY*(Q; S"). Then there is a sequence (g,) C
C>(82; SY) such that g, — g weakly in H'/?.

Remark 4.1. — Lemma 14 implies that g — T(g) and g — L(g) are not con-
tinuous under weak H'/? convergence.

Here is a refined version of Lemma 14 which will be proved at the end of Sec-
tion 4.2:

Lemma 14'. — Let g € HY*(Q; SY). Then there is a sequence (g,) C C®(2; S") such
that g, — g weakly in H'* and

limsuplg, |7, < lglf» + Cal(g),

n—00

Jor some constant Cg depending only on 2. Moreover, for every sequence (g,) mn Y such that
g — g a.e., we have

lim inflg[f. > lglfpe + Col(g),

Jor some positive constant Cgy, depending only on S2.

Existence of a lfting in H'/? + BV

Let g € HY%(Q; SY). For g, as in the above Lemma 14, write, using Corollary 1,
g, = e, with ¢, € C*(2; S") and

2
l@aliwt < Ca(lgie + 1gl5)-

Then, up to a subsequence, there is some ¢ € H'/> +BV such that ¢, —f @, —> ¢ a.e.
We find that g = ¢, with ¢ = ¢ 4+ C and C some appropriate constant. Moreover,
we may write ¢ = ¢; + @y, with

(4.1) lo1]m2 + [@alpy < CQ(|§|H1/2 + |g|?{1/z)-
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An additional information about the decomposition is contained in Theorem 4.
On the other hand note that estimate (4.1) implies that every g € H'/? may be written
as g = g%, with

g =c¢" ecXand g = e H*NBV,
ie, H”? = X) - H”?NBV).

A finer assertion is H'/? = (X) - (H"2 N W"!), which is the content of Theorem 5.
The proofs of Theorems 4 and 5 require a number of ingredients:

a) the dipole construction (see Section 4.1). This is inspired by the dipole con-
struction in the H'(B?; S?) context (see [19] and [3]);

b) the construction of a map g € H/2(2; SHNW!"! having prescribed singularities
(with control of the norms). This is done in Section 4.2;

c) lower bound estimates for the BV part of the phase, which are presented in
Section 4.3, in the spirit of [19], [2], [27]. This is a typical phenomenon in the context
of relaxed energies and/or Cartesian Currents. More precisely, if one considers the
Sobolev space X = W*(U; SF), U C R, and if smooth maps are not dense in X for
the strong topology, then the relaxed energy is defined by

E(g) = Inf{liminf llgIfy.,; () C C¥(0; 89, g, > g ac}.

of the singular set of g. For example, in the H'(B®; S?) context, the gap is 87 L(2),
where L(g) is the length of a minimal connection associated with the singularities of g
(see [19]). We will consider, in Section 4.3, similar lower bounds for S'-valued maps
on 2.

The gap E(g) — ||g||{)wp > 0 has often a geometrical interpretation in terms

4.1. The dipole construction

Throughout this section, the metric d denotes the geodesic distance dg in €2 and
L(g) = La(9).

Lemma 15. — Let P,N € Q, P # N. Gien any € > 0 there exists some g(= g) such

that
(4.2) g€ WEX(Q\(P,N}; SHNW(Q; 8", Vp e [l,2),
(4.3) T(g) = 2m(8p — Ox),

(4.4) lglwit < 27d(P, N) + &,
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(4.5) |g|ill,2 < Cqd(P,N)  where Cgq depends only on 2,

4.6) there is a_function Y(= ¥,) € BV(2; R) such that g = 'V,

| with supp ¥ C A ={x e Q;d(x,y) <&} and |Y|py < 4wd(P,N) + ¢,
where y is a geodesic curve joining P and N,
(4.7) g =1 outside A.

Proof. — Extend y smoothly beyond P and N; denote this extension by y. For
&y > 0 sufficiently small (depending on y), the projection IT of

I'={x e Q;dx,y) <e&)

onto y is well-defined and smooth. Let x; be the arclength coordinate on ¥, such that

% (P) =0, x,(N) = d(P,N) = L.

For x € T, let xy = x;(IT(x)) be the arclength coordinate of Il(x) on y and
let xp = £d(x, y), where we choose “+” if the basis formed by the (oriented) tangent
vector at IT(x) to ¥, the (oriented) tangent vector at IT(x) to the geodesic segment
[TI(x), x] and the exterior normal z at [T1(x) to G is direct in R®; we choose “~ oth-
erwise. Define the mapping

xel > &k = (v, w) € R%

Let 0 < § < gy and consider the domain in R?
~ 26 .
Iy = {(tl, t) € R%;0<t <Land || < fmm(tl,L— tl)} .

and the corresponding domain I's in €2,
T;={xel; o) e Tyl
Set, on R?,

expo(Lt/28 min(4, L —¢)), on T,

1, outside Iy,

g0 =g, k) = {

a4+ DY, ifs<1

h is defined b = .
where ¢ 1s defined by ¢(s) {277, £o> 1
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An easy computation shows that
Fe We2®R\ {P,NL: SHNWIIR%: S, VI<p<2
where P = ®(P) = (0,0) and N = ®(N) = (L, 0). More precisely, we have
/2

L/2 +1
L =1 28 2
o=+ () [ ”p<<f) )
1
0 0

In particular, we find
(4.8) glwii iy < 27 (L4 9)

and, for every 1 < p <2,

~ 1 1
(4.9) lglwisy) < C/)(LcS)l/p (5 + E) )

For later purpose, it is also convenient to observe that, for any 1 < ¢ < 00,
(4.10) lg — Uy < 2(L5)1/(/-
We now transport the function g on € and define
i(P(x), ifxeTy
glx) = . :
I, outside I’y

It is not difficult to see that @ is a C?-diffeomorphism on I' and

(4.11) |Jac ®(x) — 1] < C,8 on I,

where C, is a constant depending on y. Combining (4.8)-(4.11) yields
(4.12) lglwii o) < 2m(L+ 8)(1 + G, ),

(4.13) MWMDEQﬂmW<§+%)U+CﬁL 1<p<2,
and

(4.14) lg = o < 2181 + C, 8).

From a variant of the Gagliardo—Nirenberg inequality (see e.g. [21] and the ref-
erences therein) we know that, if 1 < p < oo and

11
(4.15) -+ -=1,
rq
then
(4.16) |g|i[1/2(g2) < C(p, QD) lglwrr@ lglhs-

We now check properties (4.2)+(4.7): (4.2), (4.3) and (4.7) are clear. Estimate (4.4)
(resp. (4.5)) follows from (4.12) (resp. (4.16) applied e.g. with p = 3/2) provided § is
sufficiently small (depending on € and y).
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Construction of W and estimate (4.6)

In the region where § = 1, we take ¥ = 0. In the region T's where g lives, we
take

oLty /26 min(t;, L — 1)), if4 <0

I(t, ) = .
vin. &) {(p(Ltg/QSmin(tl,L—tl))—277, if 6, >0

Set

l/f(q)(X))a if x e F(g
0, outside T

Yx) = {

Then |[Dy| = |Dg| + 276, where 6, is the 1 — d Hausdorfl' measure uniformly dis-
tributed on y. Thus

|W|B\’=/-|D1/f| :/ng|+27TL§4T[L—|—8.

Q Q

4.2. Construction of a map with prescribed singularities

Let (P;), (N;) be two sequences of points in 2 = dG such that ) do(P;, N;) < oo.
Define

T =21 (8, — by
and

] .
L=1g= o sup{(T, ¢); ¢ € Lip (2; R), lo|;, =<1}.

Lemma 16. — a) For every g € W"'(Q2; S") N HY2(2; S") such that T(g) = T, we
have

[ 1Dd = 271 ad 1gf = Cal.
Q

where Cg, s a positive constant depending only on 2.
b) For every € > 0, there is some g(= g,) € Wh1(2; S NHY2(Q; SY) such that

(4.17) T(g) =T,
(4.18) lglwit < 27(L + #),

(4.19) lgl?, < CglL,
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4.20) there 1s a function (= ¥,) € BV(L2; R) such that
' g= ", and [Ylpy < 4m(L+e) ’
(4.21) meas (Supp ¥) = meas (Supp (g— 1)) <e.

In the proof of Lemma 16 we will use:

Lemma 17. — Let (w,) be a bounded sequence in H'/*(2; C) N L>° such that u, — 1
a.e. Then for every v € H/*(Q2; CG) N L>® we have

2
|unU|Hl/2 — //l ( NZ% + |U|i1/2 4 0(1) as n— OQ.

Proof of Lemma 17. — We have

2 _ 2

=/]|0FW“)Z“”'+|mﬂ+ﬂ4wa>

2
|unU|Hl/2

where

_ / (0(x) (1, (¥) — u,(9))) - (W, () ((x) — v(y)))
B d(x,)*

so that it suffices to prove that

], = // () = O [lo) =2
d(x,)*

Fix some ¢ > 0. Then

. // [, (x) — w, (P)|]o(x) — 0v(p)] + // [, (x) — u, (D) ||o(x) — ()]
B d(x, )’ d(x, )

d(xp)>e d(xp)<e
. |, (x) — u,(D)[[o(x) — v( )]
=o(l) + ff Gy’
d(x,p)<e
|o(x) — v(y)|?
<o(l) + |u |H]/2( // d(x -y)3 ) ,
d(x,p)<e

so that J, — 0.
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Proof of Lemma 16. — a) By Lemma 1, we have

(T(9),p) = /gA (g9, — g9, Ve € Lip (2;R),
Q

so that

I(T(2), ) Sflgl [Dgl Dol S/IDgI
Q Q

if |@|r;, < 1. Taking the Sup over all such ¢’s yields the first inequality.

The second inequality in a), namely L < Cglgﬁ[] 2, was already established in
Lemma 9.

b) Let € < L. By Lemma 12’, we may find a sequence (KT]-) such that

(4.22) T=27) (8, —dy) =21 ) (8 — %)
i J
and
(4.23) > d®,N) <L+ e/dnm.
-

By the dipole construction (Lemma 15), for each j and for each ¢ > 0, there is some
g =g such that

(4.24) T(g) = 2m(Sp, — 3x)),
(4.25) f IDg;| < 2wd(P;, N)) +¢;,
Q
(4.26) gl < Cad(®, N,
(4.27) there is a function ¥; € BV such that g; = ¢'",
with
(4.28) Wiley < 4md(P, N) + ¢
and

(4.29) meas (Supp ;) = meas (Supp (g — 1)) < ¢;.
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We claim that g = 1_[ g and ¢ = Z;;ol ¥; have all the required properties if we

J=1
choose the ¢&;’s appropriately.
Fix ¢ <¢/2 and let gy = g,. By Lemma 17, we have

: 2 2 : 2
lim SupLgng,slHl/Q = |g1|H1/2 + lim Sup|g2,s|H1/2-

e—0 e—0

Thus, we may choose & < &/4 and g, = g ., such that (using (4.5))
@@l < Cald®r, N +d(Py, Np) +¢/2.

Using repeatedly Lemma 17, we choose €3, &4, ..., such that

(4.30) g <e2”7 Vj>1,

and, for every £ > 2,

k

[1s

J=1

2

k k—1
<Co) d®,N)+e) 27
j=1 j=1

<Cq(L+¢)+e<CylL,

(4.31)

Hl/2

since & < L.

k
We claim that (ngj) converges in W'!, Indeed, set H = ijl |Dgj|. Then
J=1

clearly H € L and

(1)

On the other hand, for & > & > 1, we have, by (4.25),

ky
/ ‘D(ng) s Z/ |Dgj| < QNZd(Pj, N +e270+1.
2

< H.

J=h Jzhk Jzk
Thus
k ke ke
[le-Tlg| = fH‘l — [1Tg|+27 > d®.N)) + 27
j=1 j=1 web j=k+1 jzkt1

IA

2 / H+2r Y d®,N) +e27".

Usilng (0#£1) J 2t
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Since meas (Uj>,C Supp (gi — 1)) < €27* and )_d(P;, NJ]-) < 00, we conclude that

k
(1_[ gj-) is a Cauchy sequence in W'! (note that it is clearly a Cauchy sequence in L',
j=1

by (4.29)).
Set g = 1_[ g;- By construction

J=1

hor = [ H=2w Y a0, R 4o

Q J=1
€
<o (L+ E) +e (by (423) <2n(L+e).

This proves (4.18).
k
On the other hand, by (4.31), the sequence (ng-) is bounded in H'/?, so that
=1
g€ H"? and |g|?,,, < CyL; this proves (4.19).
We now turn to (4.17). By (2.7) and (4.24), we have

k k
T(]_[gj) =27 ) (8p — &%)

J=I J=1

By Lemma | and the convergence of (1_[;.;1 gj) to g in Wh! as k — o0, we have

k
<T<1_[gj),so>e (T(9).¢). Vpe Lip (R).
j=1
Thus,

(T(9), 9) =27 Y (¢(P) —p(N})), Vg e Lip (2 R).

=

From (4.22) we conclude that

T(g) =2m ) (8p, — bx).

Properties (4.20) and (4.21) are immediate consequences of (4.23), (4.28) and (4.29).
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We now derive some consequences of the above results. We start with a simple

Proof of Theorem 2. — Let g € H'/?(2; S") be such that L(g) = 0. We must show
12

that g € Y = C>(2; Sl)H . By Lemma 11 there exists a sequence (g,) in Z such that

g, — g in H? and thus L(g,) — 0. Since each g, has only finitely many singularities,
it follows from the dipole construction there exists a sequence (%,) such that

b€ Wh (Q\Z,; ') NW'(2; 81, Vp € [1,2), T(h,) = T(g),

loc

where ¥, is the singular set of g,(Z, is a finite set), and moreover
Vlnlill/Q < GoL(#,) — 0,
h, — 1 a.e. on Q.

Clearly k, = g, € WE2(Q\Z,; S N WH(Q; S, Vp € [1,2) and T(k) = T(g,) —

loc

T(h,) = 0. By Lemma 2, we have deg(k,,a) = 0 Va € X,. Therefore £, admits

a well-defined lifting on 2, k&, = ¢#, with ¢, € Wy (Q\Z,; R) N W'(Q; R),Vp €

loc

[1,2). In particular, £, € X C Y. In order to prove that g € Y it suffices to check that
k, — g in H'2, Write

b, — gliwe = gk, — glwre = (g — 9k + g(hy — D|wie
S |(gn _g)h_anl/2 + |£(}l_n - 1)|H1/2-

But
(g, — @l < lg, — gl + 2lh |z — 0O
and
— lg(x) — g
|g(}ln - 1)|i[1/2 =< C\/\/d(x——y)'jymn(x) — 1|2dxdy+ Clhnﬁ[l/? — 0.

Q Q

Corollary 2. — Given any g € H'?(2; SY), there exist h € Y,k € H'/2(Q; S N
WEY(Q; S and € BV(R2; R) such that

g=hk and k = ¢".
Moreover, for every € > 0, one may choose h, k, \y such that

/ IDH < 271(0) + & ke < CaL(),

Q

Vlliw < |g|§[1/2 + CQL(g)

and

[V lpy < 4mL(g) + &.
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Proof. — By Lemma 16 there exists a sequence (£,) in H'2(Q2; S NW"! such

that
T(k) =T(g9, Vn,
lim suplk, [wi < 27L(g),
|kn|12{1/2 =< CQL(g), Vn,
and

k,— 1 a.e. on Q.

Set A, = g/_fn, so that T(4,) = 0, Vn, and thus %, € Y. By Lemma 17 we have

limsupli, |5, < lgliy + Coli(g).

n— 00

The conclusion of Corollary 2 is now clear with £ = &,, # = £, and n sufficiently large.

Proof of Theorem 5. — As in the proof of Corollary 2 write g = h,k,. Since &, € Y,
we may apply Theorem 3 and write 4, = 'V with ¢, € H'/? and ¢, € W"'. An
inspection of the proof of Theorem 3 shows that

@iz < Collylwire < Cglglmre
and
[¥ulwir < Callulfye < Colglf
Thus
g=e" (""",
which is the desired decomposition since ¢k, € W'! and
ek lwi < [Wlwir + hlw < C,g/zlgﬁ[l/?-

Proof of the upper bound in Theorem 4. — We have to show that, for every g €
H/2(Q: 8,

Inf{|¥|av; g = ¢, 9 € H/ ¢ € BV} < 47L(g),
i.e., for every &€ > 0, we must find ¢, € H'/* and ¥, € BV such that g = ¢"“*V) and

[Velpy < 4mL(g) + €.
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Going back to the proof of Corollary 2 and Theorem 5, we may write, by (4.20),
k, = ¢'"™, with n, € BV and

limsup [1,|pv < 47L(g).

n— 00

On the other hand, since C®(2; R) is dense in W!"!(2; R), we may choose 1/;71 €
C*(£2; R) such that

”Wﬂ - 1ﬁn”W'l'l < 1/n

Finally, we may write

g= }lﬂkn — el(§0n+‘/fn+'7n) — e’(“’”+‘/’")+’(%z—1lfn+nn)’

with ¢, + ¥, € H'?, ¥, — ¥, + 1, € BV and
hm Sup |‘/fn - 1/’}n + nnlBV S 47TL(§),
which 1s the desired conclusion.

We now turn to the

Proof of Lemma 14'. — For the first assertion, we proceed as in the proof of Corol-
lary 2. Since %, € Y, Vi, we may find a sequence (4,) in C*(£2; S') such that

17 — hall?ys = 0 as n — oo.
Recall that

h, = gk, —> g a.c.
Thus, by Lemma 17, we find

limsup |%, 1%, < lgl%s + Cal(g)
and (passing to a subsequence)

h, —> g a.c., h,— g weakly in H'/?,

To prove the second assertion, let (g,) be any sequence in Y such that g, — ¢
a.e. Writing g, = (g,2)g and observing that g,g — 1 a.e., we deduce from Lemma 17
that

|gn|?ql/2 = |§|?q1/2 + |é’n§’|12{1/2 +o(1) as n — oo.
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On the other hand (se¢ Lemma 9),

L(g.9 =< CQ|§71§|%11/2-
But L(g,g) = L(g), since L(g,) = 0, and thus

&l = lgle + Col(g) + o(D),

Remark 4.2. — We have now at our disposal two different techniques for lifting
a general g € H/?(Q2; S') in the form

g =" with ¢ € H/? and ¢ € BV.

The first method, described at the beginning of Section 4, yields some ¢ € H!/?
and ¥ € BV such that

g= et(¢+1/f)’
with the estimate
(4.32) lplnie < Calglaye
and
(4.33) [¥lpy < Calgl?

The second method, described in the proof of Theorem 4 (upper bound), yields,
for every € > 0, some ¢, € H"/? and v, € BV such that

g= el(Ws'H/fs)

with
(4.34) [Velpy < 4ml(g) + ¢

and no estimate for ¢, in H'/%,
A natural question is whether one can achieve a decomposition of the phase in
the form

g= o (vl+u)

with the double control

|0f ], < Cle, lglire)
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and
W], <4nL(9) +¢?

The answer is negative even with g € Y. To see this, we may use an example studied
in [15]. Assume that, locally, near a point of 2, say 0, the square Q = I?, with [ =
(—=1,41), 1s contained in 2. Consider the function y;s(x) defined on I by

0, i —1<x<0
vs() = { 2mx/8, if 0<x<§
27‘[, if 0<x<1

where § 1s small.

On Q, set
g5(x,9) = ™Y for (x,9) € Q.
Clearly, we have g5 € Y, so that L(g5) = 0. We claim that
(4.35) lgsllmreg) <C, V9,

and that there exist absolute positive constants ¢, and C, such that, if

(4.36) g =Ygy e H(Q), s € BV(Q),
with

(4.37) [¥slsvio) < Cs,

then

(4.38) 105 2y = e 10g(1/8) as 8 — 0.

The verification of (4.35) is easy. Indeed, by scaling we have

lgsCo ) meg <G, V6, Vy,

and recall (see e.g. [1], Lemma 7.44) that
4.39) [ 1 Cotnad+ [ 176 sy~
I I

so that (4.35) follows.
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We now turn to the proof of (4.38) under the assumptions (4.36) and (4.37). By
Theorem 2 in [15] we know that, for a.e. y € I,

(4.40) l@s(-,») + ¥ ) @ = c(log(1/8))"?

for some absolute constant ¢ > 0, where
(4.41) 25 =1—(log1/8)7".

On the other hand, it is easy to see that

C
(4.42) |f|%1”(l) = m|f|1§va)’ v/ eBV(D), Vo <1/2
and
(4.43) | flae < Clflmweq, YfeHY? Vo <1/2,

with constants C independent of o. Combining (4.40), (4.41), (4,42) and (4.43) yields,
for a.e. y €1,

(4.44) los ) a2y + (log(l/a))w|‘/f5(',)/)|BV(1) = c(log(l/S))l/Q.

Integrating (4.44) in y and using the inequalities

1/2
/ |f('a,y)|Hl/2(I)dy S <2f |f(»_)’)|f11/z(l)@)>
1 1
<Clflarq), VYfE€ HI/Q(Q),

and

/ | fC)vaydy < Cl flevg), VS € BV(Q),
I

together with (4.37), we obtain
lpslizg) + Cu(log 1/8)'? > c(log 1/8)'/2,

and (4.38) follows, provided C, is sufficiently small.
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4.3. Lower bound estimates for the BV part of the phase

We start with a simple lemma about maps from S! into S'.

Lemma 18. — Let (g,) C BV(S; SH N COSY; SYY be such that g —> g a.e. fJor some
g€ BV(S'; SHNCOSY; SY and ||g,|lgv < C. Then

liminf<f |g,| — 2| degg, — deggl) > f I4P
n— o0 sl

Sl
Here, g denotes the measure £

Proof. — (We thank Augusto Ponce for simplifying our original proot). For g €
BV(S'; SH) N COS'; S, let £ € CO([0, 2]; R) be such that g(exp(:6)) = exp(if(0)).

1
Then degg = Q—(f(QJT) —f(O)). Moreover, we have / € BV and
b/

(4.45) ] 1= / 2l

where /7 is the measure o Indeed, since g is continuous, we have
x

/ lgl = Sup {Z lg(exp(itir1)) — glexp()|; 0 <4y <--- <4, < Qn}
(4.46) . -

n—1

= Sup { 3 lg(exp(t: 1) — gExpf); 0 < 4 < --- <14, < Qn}
=1

(with the convention 4,4 = £).
For a given 6 > 0, we have

(4.47) (I =)/ G1) =S @) < lglexp@t1)) — g(expi))| < | f(411) —f(B)I,

provided the partition () is sufficiently fine. We obtain (4.45) by combining (4.46) and
(4.47).

Let £, € BV([0, 27]; R) N C°([0, 27]; R) be such that g,(exp(i6)) = exp(i£,(6))
and || f]lzv < C. Up to a subsequence, we may assume that f, — % a.e. and in L' for
some h € BV.
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Since g = ¢ = ¢/, we find that & = f + k, where £ € BV([0, 27]; 27Z). Thus
k must be of the form

V4
k=2m Z o)y a.e.,
J=1

where o; € Z,I; = (4}, aj1,),0 = a; < --- < @y, = 2. Therefore

V4
(4.48) K=+ ab,.

J=2

We have to prove that

)zjzlf’l.

2 2
(4.49) liminf</-|ﬂ|—‘/(ﬂ —f)
' 0 0
It suffices to show that

2w 2w 2
aso ami ([0 [or-n) = [0
0 0 0

Indeed, (4.50) applied to g, gives

2 2
2
(4.51) 1iminf<f|f,[l —f(f,f —f’)) Zf |/l
n— 00 0
0 0

and the combination of (4.50) and (4.51) is equivalent to (4.49). We may rewrite (4.50)
as

2w 2w
(4.52) liminf / (fH* = / (7.
0 0

Let ¢ € C2(0,27),0 < ¢ < 1. Then

o 2 2
—fﬁ¢’= fﬂw < f(ﬂ)*
0 0 0
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and thus

2n 21

—/}zgo/ < liminf/(ﬂ)*.
0

0

Taking the supremum over such ¢’s yields

n—oQ

0 0 0

We conclude with the help of the following elementary

Lemma 19. — Let f € BV([0, 27]) N C([0, 27]). Then

2 2
[+ Xas) = [0+ e
0 finite 0

Sor any chowce of distinct pownts a; € (0, 27) and of a; in R.

21 21 2w
1iminff(ﬂ)+ > f(;z’)+ :f(furzozjsaj)+ by (4.48).

43

Proof of Lemma 19. — It suffices to consider the case of a single point a € (0, 27).
Let ¢, = {(n(x — a)), where ¢ is a fixed cutoff function with £(0) = 1,0 < ¢ < 1. For

any fixed ¥ € Cl([O, 27‘[]), we claim that

2
/f(inlﬁ)/ — 0.
0

Indeed,

2

2
f JEw) = f (f -/ @)@,
0

0

so that

2
‘ [rewr
0

since f is continuous at 4.

2
< / |f =@ &) = 0,
0
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Let & > 0. Fix some v € C}((0,27)),0 < ¢ < 1, such that

2 2
—/fw/ > /(f/)+ e
0 0

Then, with 0 < ¢ < 1,

2
/ (' + a1 — L)Y + 10,] =
0

2 2
—/f[(l — eIV A+ 1)+t > —/fw’+za.
0 0

Since 0 < (1 — )Y 4+ t¢, < 1, we find that

2 2
/(f’—l—oaSa)Jr 2/(f’)++toz—8, Ye>0,V¢el0,1],
0 0

and thus

0

2
/ (rasy = [+t
0
The opposite inequality
2 2
[ vasy < [0t +ar
0 0

being clear, the proof of Lemma 19 is complete.

Remark 4.3. — The assumption ||g,|lpyv < C in Lemma 18 is essential (A. Ponce,
personal communication).

Corollary 3. — Let T C RN be an oriented curve. Let (g,) C BV(I; SY) N CO(T; SY)
be such that g, — g a.e. and |\ g,||pv < C, where g € BV(I'; S") N CX(T; SY). Then

nminf( / 2l _2n|degg,,_degg|) > / 2l
I I
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In particular, if degg, = 0, Vn, then
imint [ 1] = 4| degg
r

(the assumption ||g,||sy < C s not required here).

Here, I' need not be connected. If I' = Uj ¥j, with each y; simple, we set

degg =) deg(g: ).

J

where Vi has the orientation inherited from that of T.

Remark 4.4. — It can be easily seen that the constants 27 in Lemma 18 and
47 in Corollary 3 cannot be improved.

We now prove a coarea type formula (in the spirit of [2]) used in the proof of
the lower bound in Theorem 4.

Lemma 20. — Let g € HY2(Q; SY) and ¢ € C*(Q2; R). If A € R is a regular value
of ¢, let

[ ={x € Q; {(x) = A}

We orient Ty such that, for each x € T';, the basis (t(x), D¢(x), n(x)) is durect, where n(x) s
the outward normal to 2 at x. Then

(T(9),¢) = 2nfdeg(g; T,)d.

R

Remark 4.5. — For a.e. & we have gr, € H/? € VMO. Therefore, deg(g; ;)
makes sense for a.e. A (see [22]). In general, T'; is a union of simple curves, I'; = [ ;.
In this case, we set

deg(g: ) = Y _ deg(g: ).
where on each y; we consider the orientation inherited from I'.

Proof of Lemma 20. — We write g = gh, with gg € X and £ € Wh(Q; S N
H'2(2; S"). For a.e. A, we have Iy, € W and gir, € H!'/2,
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Since g, = ¢! for some ¢, € H/?(Q;R), for a.e. A we have deg(g; T',) = 0,
so that deg(g; I';) = deg(%; ;) for a.e. L. Moreover, we have T(g) = T(4). It suffices
therefore to prove the statement of the lemma for 2 € W"!(Q; S") N H'/2(2; S'). In
this case, we have

(T(h). ¢) = / D¢ lh A (D/mﬁ)
’ _Q ID¢|

(see Lemma 1 in the introduction).
We recall the coarea formula (see, e.g.,, Federer [26], Simon [42])

(4.53) /f|D<p|:f(ffds)dx, ¢ € C*(Q;R), feLY(QR).
Q R Q=A
D¢

oh
Applying (4.53) with ¢ = ¢, f =h A (Dh A m) =hA 3 (where 7 is the oriented
T

tangent unit vector to I';) we find

(T(h), ¢) = / </}z/\ g—fds>d)\ = Qn/deg(h; I;)dA.
R R

1Y

The final ingredient in the proof of Theorem 4 is the lower bound given by

Lemma 21. — Let g € HV*(2; SY). If g = '™ with ¢ € H/*(Q; R) and ¢ €
BV (22; R), then

/ IDy| > 471,
Q

Proof. — Let h = ¢%g € H/*(Q; S"). Let (¥,) be a sequence of smooth real-
valued functions such that i, — 1 a.e. and

/ID%I —>/|le~
Q Q

Fix some ¢ € C*(2; R) and let, for A a regular value of ¢, I'y = {x € Q; ¢(x) = A}.
Let 4, = ¢¥". For a.e. A we have b, = hyr, a.e. and Ay, € H'”>NBV. For any such
L we have hr, € BV N C". Indeed, since £ = kr, € BV, k has finite limits from the
left and from the right at each point. These limits must coincide, since H'/? ¢ VMO

in dimension 1 (see e.g. [17] and [22]) and non-trivial characteristic functions are not
in VMO.
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By the second assertion in Corollary 3, we find that, for a.e. A,

n— o0

lim inf f |\, > 47| deg(h; Ty)|.
Iy

Thus, if |D¢| < 1, we have by the coarea formula,

liminf | |DA,| Zliminf/ IDA,| |D¢| :liminf/ (f |Dhn|ds)dk
Q R | DY

Q
> liminf/ (/ |h,l|ds)dk > 4nf | deg(h; T';)|dA
R Iy R

/deg(/z; FA)d)L‘.
R

>4

On the other hand, by Lemma 20, we have

47

/deg(k; Fx)d)»‘ = 2(T(), £)I.

R

Thus, if ¢ € C*(22; R) is such that [D¢| < 1, we have

/|Dw| :liminf/|Dwn|
Q Q

(4.54)
= liminf/ |Dh,| = 2[(T(R), &)1 = 2I(T(g), {)I.
Q

n—00

We conclude by taking in (4.54) the supremum over all such ¢’s.

5. Minimal connection and Ginzburg-Landau energy for g € H'/2. Proof
of Theorem 6

Throughout this section, the metric d denotes dg, the geodesic distance (on £2)
relative to G, and L = L.

Proof of Theorem 6. — We start by deriving some elementary inequalities. For g €
H'2(2; R?), let

¢y = Min{E,(u); u € Hy(G; R*)}.
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Let g, g € H/*(Q;S") and let 4, € H1 (G; B?) be such that e = Be(w), ) = 1,2.
Then uu, € H! (G; R?). We ﬁnd that, for each § > 0, we have

8182

1 1
Cego < Ee(uug) < = /(|Vu1| + | Vug])* + 162 /(1 — lwup]*)?
G

5.1 /lv ! +&f|w :

t iz /((1 — lw*) + (1 = ul*)

< (1 +8)e, + Cd)esy,.
Similarly, we have

(5.2) g = (1 —08)esq — C(d)e g,

The upper bound ¢, , < wl(g)log(l/e) + o(log(1/¢))
We will use Lemma A.1 in Appendix A, which asserts that, if g € %), then
5.3) ¢, < wL(g) log(l/e) + o(log(l/e)) as € — 0.

The class %), which is dense in H"/2(€2; S"), is defined in Appendix A. Inequality (5.3)
was essentially established by Sandier [40].

Another ingredient needed in the proof is the following upper bound, valid for
g € H'2(Q; S"), and already mentioned in the Introduction (see [12], Theorem 5 and
Remark 8; see also [38], Proposition II.1 for a different proof):

(5.4) ey < Clglfy (1 +log(1/¢)),

for some C = C(G).

We now turn to the proof of the upper bound. Let g € H'/2(2; S!). By Lemma
B.1 in Appendix B, there is a sequence (g;) in %, such that gi — g in H'/2, On the
one hand, since H'/?2 N L™ is an algebra, we find that |g/gi|m2 — 0. On the other
hand, recall that L(g.) — L(g). Fix some & > 0. By (5.4) applied to g/g;, we find that

(5.5) Coglg = Slog(1/e) for ¢ sufficiently small,

if £ 1s sufficiently large. Using (5.3) for g;, where £ is sufficiently large, we obtain
(5.6) e < (L(g) + d)log(l/e).

The upper bound follows by combining (5.1), (5.5) and (5.6).
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The lower bound e, , > mwl(g)log(1/e) + o(log(1/e))

We rely on the corresponding lower bound in [40] (Theorem 3.1, part I): if
2 € X, (where the class %, dense in H/?(Q2; S'), is defined in Appendix A), then

5.7 ¢, > wL(g)log(1/e) + o(log(1/e))  for & sufficiently small

(no geometrical assumption is made on £ or g). We fix some § > 0. Applying (5.7)
to g, for £ sufficiently large, we find that

5.8) tq = m(L(g) —8)log(1/e)  for & sufficiently small.

The lower bound is a consequence of (5.2), (5.5) and (5.8).

There is a variant of Theorem 6 when the boundary condition depends on e¢.
Let g € H'/2(Q; S') and let g, € H'/2(22; R?) be such that

(5.9) g — g in H/?
(5.10) lg:l < 1,

(5.11) gl = 1l < C/e.
Set

tep = Min{E.(0);u € H, (G; RY)}.

Theorem 6'. — Assume (5.9), (5.10) and (5.11). Then we have
(5.12) e, = wL(g) log(1/¢) + o(log(1/¢)) as € — 0.

The main ingredients in the proof of (5.12) are the following Lemmas 22 and
23.

Lemma 22. — Let ¢ € HY?*(Q; R?) and let u(= u,) be the solution of the linear problem
1
(5.13) —Aut Zu=0 G,
€
(5.14) u=¢ on Q2 =0G.
Then, for sufficiently small € > 0,

2 1 2 2 1 2
5.15) Vol + 5 [ 1* < Co9luem + - [ 1o)-
G G

Q
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Proof of Lemma 22. — Let ® be the harmonic extension of ¢ and fix some ¢ €
C5°(R) with £(0) = 1. Set

o(x) = ®(x)¢(dist (x, 2)/¢).
Using, for 0 <§ < §,(G), the standard estimate
®*<C / ¢’
{x; dist (v, 2)=6} Q
it is easy to see that, for 0 < & < g((G), we have

1 1
/nm?+;/wﬁsa{w@w+g/mﬁ)
G

G G

and the conclusion follows, since u is a minimizer so that,

1 1
/WW+—/W5/WW+—/W.
g2 g2
G G G G

For later use, we mention a related estimate, whose proof is similar and left to
the reader:

Lemma 22'. — For 0 < e < gy(G), set
G, ={xeR*\G; dist (v, Q) <s}.

Let ¢ € H*(Q; R?) and let u(= u,) be the solution of the linear problem

(5.16) —Au+ éu =0 G,

(5.17) u=¢ on 2 =0G,

(5.18) u=0 on9G,\ 3G.
Then

, 1 ‘ ‘ 1 ‘
(5.19) /quIZ—i-;/-IuIZ < CG(lef{l/wg[lwIZ).

GS GS Q
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Lemma 23. — Let (g,) in H/2(Q; R?) satisfy (5.10), (5.11) and
(5.20) llge I < C.

Then there is (hy) in HY2(2; SY) such that

(9.21) 2 I < C
and
(9.22) lige — fellr2 < C/e.

Moreover if, in addition,

(5.23) g — g in H'?,
then
(5.24) he — g in H'/?.

Proof. — We divide the proof in 4 steps

Step 1. — Let g} = g. x P, be an e-smoothing of g,.
Clearly

(5.25) lg: — & |l < Vellg e < CVe

and from (5.11), (5.25) we have

(5.26) 1= lg |l = CVe.

Also

(5.27) | |2 = G

and

(5.28) gt | < Ce™ P llgellme < Ce™'72,

Step 2. — Given a point a € R* with |a| < 1/10, let 7, : R?\ {a} — S' be the
radial projection onto S' with vertex at a, i.e.,

7,8 = a+ArE —a), § eR*\ {a)
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where A € R is the unique positive solution of
la+1(E —a)| = 1.

It is also convenient to note that

na(é) :];1 (2) for -’;‘_ ?é a
1§ — a
where j, : S' = S!,5.(2) = %, is a smooth diffeomorphism.
z—a
In particular,
G 9
(5.29) |Dm,(§)] < m V& € R\ {a},

and 7, 1s lipschitzian on {|§| > 1/2} with a uniform Lipschitz constant (independent
of a).
We claim that

(5.30) hye=m,08 1 Q— S

satisfies all the required properties for an appropriate choice of a = a, |a.| < 1/10.

For this purpose, it is useful to introduce a smooth function ¥ : [0, c0) — [0, 1]
such that

i< 1/4,

0
YO=11 510

and to write

(5.31) hie = 1) W (g ]) + () (1 =¥ (|g]) = ttae + vae.

Note that, in general, A, is not well-defined since g! may take the value a on a large
set. However, if a is chosen to be a regular value of g!, then

Y, = {xe Q;ggl(x) = a}

consists of a finite number of points and 4, is smooth on 2\ Z,, and we have, using

(5.29),

(5.32) V(m.(g))] < C Ve

A ‘gl—a| n Q\ ..
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Moreover, near every point o € X, we have |g!(x) — a| > ¢|x — o], ¢ > 0, and thus

[V(m(2))] =

In particular A,, € W'(2; S, Vp < 2.

Clearly, the function 7,(2)¥(|z]) is well-defined and lipschitzian on R? for any a,
la| < 1/10, with a uniform Lipschitz constant independent of a. Therefore, (5.27)
yields

C,

x—ol

(5.33) ltaellie < Cllg |, < C,

where C is independent of ¢ and e.
Next, we turn to v,,, which is well-defined only if a is a regular value of g!. On
Q\ X, we have

Vg, :
Vo] < C\;l = L|(1 =W (lg: ) + v (e )] V|
V! |
S C ‘gg _ a| X[|g€l|<l/2]a

with C independent of @ and .

We now make use of an averaging device due to H. Federer and W. H. Fleming
[FF] and adapted by R. Hardt, D. Kinderlehrer and F. H. Lin [29] in the context of
Sobolev maps with values into spheres. Recall that, by Sard’s theorem, the regular
values of g! have full measure and thus

(5.34) / f |V, | dxda < C, f |Vg€1 [’dx, for any p < 2.

Bijo & [la!]<1/2]
By Holder, (5.34), (5.26) and (5.28) we find
2
(5.35) f f|vv,,,8|ﬁdxda < |21 [e | < 1/2]] 7 < Cetelt < et
Bijio
Next, fix any 1 < p < 2 and estimate (see e.g. [21])
(5.36) el < Cllogell ) 12aellyr-

From the definition of ¥ we have

|20el = X[|g2]<1/2]
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and, using (5.26), we obtain
(5.37) el r < Ce'”
Substitution of (5.37) and (5.35) in (5.36) yields
(5.38) / logc 70 da < Ce'~"e' ™ < C.
Bi/10
In view of (5.38) we may now choose a = a, € B/, a regular value of gg, such that
5.39) ol < C.

Returning to (5.31), and using (5.33) and (5.39), we obtain (5.21) with &, = £, .

Step 3. — Write Z, = [|g!| > 1/2]. For any regular value a of g} we have

ha,é‘ _g);} HIQJ?(Lngl/Q) + ha’g _g; HIQJ?(ZS)

hue = 812, BY (5.26).

hue = & Hi?(sz) =

< Ce+

Next we estimate

1 1
has_l =< as_gs 'g_s_l
H ’ gs HLQ(ZS) — 4 |g;| 2@, |g81| & 7
1 1
:na;—na‘g—s "gg—; .
(g ) (‘é’gl|> 12(Ze) ‘é’gl| : L2(Ze)
Since 7,(£) 1s lipschitzian on [|§] > 1/2] we obtain
1 1 & 1
ha,s _gg }|L2(Z9) S C gg - sl ) S CHI - |g€ | HLQ(ZS)
‘é’s| L2(Ze)
< Cy/e, by (5.26).
Therefore
(5.40) hoe = & || 120y = CVE

with C independent of ¢ and &.
Combining (5.25) and (5.40) yields

20,e — gellize) < CVe,

which is (5.22) when choosing ¢ = a,.
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Step 4. — Suppose now, in addition, that g, — g in H'/2. We claim that 4, — g
in H'/2,
Indeed, we have

Hggl HHI = ”(gs _g) * Pellm + ”g * Pellm
< Ce_1/2||gg — gllwe + g * Pellm
= 0(8_1/2).

Returning to (5.35) and (5.38) we now find

/ /-|Vv”| dxda — 0 as € > 0

Bijio ©
and we may choose a, so that

”Uag,s”H]/? — 0ase— 0.
It remains to show that
(5.41) Uy e — g in H/? as e — 0.
Recall that

we =70 () ¥ (|&]) = Le(g),

where L, : R? = R? are lipschitzian maps with a uniform Lipschitz constant.
We have

lg! — gl = (g — &) % P + (g% P.) — gl
< Cllg — gllur + I(g % P.) — gllue,

so that
(5.42) lg! — gllmr — 0.

Finally we use the following claim:

If (k,) is a sequence in H'/?(2; R?) such that £, — £ in H'/? and
(5.43) L, : R? - R’ satisfy a uniform Lipschitz condition, then
L,(k) — L,(k) — 0 in H'2,
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Proof of (5.43). — It suffices to argue on subsequences. Since

kn —k _kn k :
|/fn—/f|§p/2=//| () — k() — k() + £O)| dvdy — 0,
Q Q

d(x,y)°

there is, (modulo a subsequence), some fixed %(x, y) € L'(€2 x ) such that

|/€,,(X) - kn(,y)|2 <

1)’ < h(x,y), Vn

We have

|Ln(kn) - Ln(k) |§[1/2

_ff |L,(k,(x)) — L,(k(x)) — L,(%,(»)) +Ln(/f(y))l2d
= , xdy,
d(x, )3

Q Q

and the integrand I,(x, ) satisfies

_ 2 . D)
Ly < o UBD) = RO+ 1K) = kO)P)
d(x, )’

=< Ch(x, ),

and also,

oIk () — kPP + k() — /f(y)IQ).

I?l 9 S
(x,9) i)’

Therefore, by dominated convergence,
This proves (5.43).

We now return to the proof of (5.41). Applying (5.43) to L,(§) = =, (5)y¥(I§])
and to k, =g — gin H'/? by (5.42), we find that

L(g)—LJ(g9 — 0in H”,

But L,(g) =g Vasince |g| = 1. Thus we are led to L,(g) ) — g in H'/?, which is
(5.41).

This completes the proof of Lemma 23.
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Remark 5.1. — It is interesting to observe that the construction used in the proof
of Lemma 23 gives a simple proof of Riviere’s Lemma 11. In fact, we have a more
precise statement. Fix any element ¢ € H'*(Q2; S') and apply the construction de-
scribed above with g, = g. The sequence

hs = T, (g * Ps)

satisfies the following properties:

5.44) he € WH(Q; SY),  Vp<2,Ve,
(5.45) he — g in H/? as ¢ — 0,

he 1s smooth except on a finite set ¥, C 2 and
(5.46) 1 Ce

IVi(0)| < ———=—, VYre Q\ X,

dist (x, X;)

for each o € X, there is a smooth diffeomorphism y = y,,,

from the unit circle in T,(£2) onto S', such that, assuming
(9.47) Q2 flat near o (for simplicity), we have

he(x) —y <Q> < C;|lx — o| for x € Q near o.

lx — o

Here, T,(£2) denotes the tangent space to 2 at o. Note that (5.47) implies that
deg(g, 0) = £1 for each singularity o.

All the above properties are clear from the proof of Lemma 23, except possibly
(5.47). Taylors’s expansion near o € X, gives

g2 (%) = gl (0) + M(x — 0) + O(|x — o]*)

where g/ (0) = ¢ and M = M., = Dgg1 (0) 1s a bounded invertible linear operator
from T,(2) onto R? (since ¢, is a regular value of g!). Thus

2 (x) —a _ Mx—o)
|g81(x) — a8|  IM(x — 0)]

1 — —
) = (L) i (M) O — ol

+ O(lx — o)

and therefore

gl (0 — @] IM(x — 0)|
where j, (§) = é — agl : S!' — S'. This proves (5.47) with
—a,
1 { Mz
y(2) =, i ,2 € Ty(R).

Clearly, y is a smooth diffeomorphism from the unit circle in T, (£2) onto S'. We will
present in Appendix B a more precise statement.
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Remark 5.2. — The averaging process over a in the proof of Lemma 23 can be
done on any ball B,,0 < p < 1/10, with p possibly depending on ¢. In particular,
when g. — ¢ in H'/2, one may choose some special p, — 0 and obtain a correspond-
ing a, with @, — 0. Then

1
7 8 — G

.6 —
) |ggl - a£|

has all the desired properties without having to consider
._1~
h{lg,& :]ag }l(lg,S'
The argument is similar, with a minor modification in Step 3.

Proof of Theorem 6'. — Let k, € H/?(Q; R?) with |k| < 1. We claim that

‘ 1 ‘
(5.48) ter. < Cg (|ks|f11/2 + g”ks - 1||iz> .

Indeed, let u = u, be the solution of (5.13), (5.14) corresponding to ¢ = k. — 1.
Using the function (u, + 1) as a test function in the definition of ¢, ;,, we find

1 ‘ 1 ‘ :
(5.49) s, < 5/ |V |* + Y (Jus + 1° — 1)2.
G G

From (5.15), we have
2 2 ! 2
(5.50> |Vus| < G |ks|H1/2 + ;”ks - 1||L2 .
G

On the other hand, by the maximum principle, we have
el )y < ks — e < 2,
and thus, by (5.15),

/(Ius-i- 17 = 1)? =/(|us+ = D%(lue + 11+ 1) < 16/|u€|2
G G

(5.51) G

) 1
< Qg? (|ks|§[1/2 + E“ks — 1||iz) .

Combining (5.49), (5.50) and (5.51) yields (5.48).
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Next, we write, using /. from Lemma 23,
& = (&h) (hd)g
and apply (5.1) to find
(5.52) g = (1 +08)ey + C0) ez + 6 47)-

We deduce from (5.48) (applied to k. = g.A,) that

- |
egygg/}g = G (|gshs|§[1/2 + E“gshs - 1“%2)
(5.53)

1
<G (|gs|$11/2 + |hs|${1/2 + g”gg - hs”?}) <C.

Applying (5.4) (with g replaced by #.g) yields

(5.54) tesz < Clheglfy (1 +log(1/e)).

Recall that |Ag|g2 — 0 as & — 0 (by (5.24)). By Theorem 6, we know that
(5.55) ¢, = mL(g) log(1/€) + o(log(1/¢)).

Combining (5.52)-(5.55) we finally obtain

lim sup—=%— < 7L(g)(1 +8), V&> 0.
e—0  log(l/e)

The lower bound

€,
liminf —%— > 7L(2)(1 —8), V&8>0,
imin Tog(1/2) > mL(g)( )

is deduced in the same way via (5.2). This completes the proof of Theorem 6'.

6. W'/(G) compactness for p < 3/2 and g € H'/°. Proof of Theorem 7
Proof of Theorem 7. — The estimate
llullwiry < Gy, V1 <p<3/2,

was established in [5]. We will now show that a simple adaptation of the argument
there yields compactness. We rely on the following
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Lemma 24. — The family (u; A du,) is compact in L'(G), 1 < p < 3/2.

Proof of Lemma 24. — Let X, = ue A du,. Since div(X,;) = 0, we may write
Xe = curl H,. As explained in Section 3 of [5], we may choose H, of the form
H, = H! + H% Here H* € W'(G), 1 < p < 3/2, depends only on g, while H! is
a linear operator acting on X, satisfying the estimate

1 1
HHgl H\Vl*/’(G) f C[)”dX&‘”[\Vl*‘](G)]*a 1 S p < 3/29 IZ + ; = 1-

Therefore, it suffices to prove that (¢X,) is relatively compact in [W"/(G)]*.
1 1 3
For 1 <p<3/2 and;—i——: l,let 0 < B <a =1——. Then the imbedding
_ 7 7_
WH(G) c C"#(G) is compact. Hence the imbedding (C*#(G))* ¢ (W'(G))* is

compact. The conclusion of Lemma 24 follows now easily from the bound
ld X o) < G derived in [5]; see Theorem 2bis in [5].

Proof of Theorem 7' completed. — Let A = A, = {x € G; |u.(x)| < 1/2}. Since
E.(#,) < Clog(l/¢e), we have |A,| < Cs?log(1/¢). In G\A,, we have

6.1) dite = 2y A ditp + —du].

| |? ||

We may thus write in G

Ly, U
dus = XAgdus + XG\A;(—Eus AN dus + —8d|us|)

| |? ||

Note that

S\ 2/2 .
/Iduslﬁf (f|dug|2) A= 0, 1<p<2.

Ag A

Recall the following estimate (see [9], Proposition VI. 4):

/|d|u8||f)—£>0, 1<p<2.
G

Applying (6.1) and Lemma 24 we see that (x,) is bounded in W', p < 3/2. In par-
ticular, up to a subsequence, we have u, 5 uy a.e. for some u,. Moreover, we see that
|ug | 5 a.e., since

1
- /(1 — u?)? < Clog(1/e),
G
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so that |uy| = 1. Thus, up to a subsequence, we find
&€ .
dus — tug(us A dug) — 0in LY, 1 <p<2.

Finally, Lemma 24 implies that, up to a further sequence, (du;) converges in L?(G),
1 <p<3/2.
The proof of Theorem 7" is complete.

As 1n the case of Theorem 6, Theorem 7" generalizes to the situation where the
boundary data is not fixed anymore:

Theorem 7". — Assume that the maps g, € H'?*(Q; R?) are such that:

(6.2) gz < C,

(6.3) lgl <1 on Q,

and

(6.4) lge] — 1z < C/e.

Let u, be a mimmizer of E, in H;S(G; R?). Then E,(u,) < Clog(1/¢) and (u.) is relatively
compact in W(G), 1 < p < 3/2.

An easy variant of the proof of Theorem 6" yields the bound E, (x,) <Clog(1/e).
To establish compactness in W' we rely on the following variant of Lemma 24:

Lemma 24'. — The family (ue A due) is compact in LY(G), 1 < p < 3/2.

Proof of Lemma 24'. — With X, = u, A du,, we may write X, = curl H,, where
H, is a linear operator acting on (X,, g A drg:) and satisfying the estimate

Hellwr < CGUld Xellwrayr + lge A drgelliwi-1sa@yr).

1 1
1 <p<3/2, —+-=1
L g

(see [5]). Here, dy stands for the tangential differential operator on £2.

The proof of Lemma 2 in [5] implies that (g A drg.) 1s bounded in [W7(2)]*

1
provided o > 1/2 and o¢ > 2. If we choose 0 > 1/2 such that - <o <1 — —, we

q
find that (g, A drg.) is compact in [W!'™/1(Q)]*.
It remains to prove that (¢X,) is compact in [Wl’q(G)]*._As in the proof of
Lemma 24, it suffices to prove that (¢X,) is bounded in [COYG)]* for 0 < & < 1.
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For this purpose, we construct an appropriate extension of «, to a larger domain. Let,
for 0 < e <¢gy(G), I1; be the projection onto €2 of the set

Q. ={xeR*\ Q; dist (x, Q) =¢}.

Set 72; = h,oll, € HZQ(QE) (where 4, is defined in Lemma 23) and let K, be the

harmonic extension of /%, to

GU{xeR’; dist (v, Q) <¢}.
By standard estimates, we have

lhe = Kejglliz < Colhelmee'?,
so that

lg: — Kepalliz < Ce'/

By Lemma 22" applied to ¢ = g. — K, o, we may find a map v, : G, — G such that

2, | 2
Vo " + = | leel” =G,
82
Ge Ge

. =8 —K;q on €, 2,=0 on &,
and
lo.] <2 1in G,.

Set

e in G
Us = : %n s
v + K., 1n G

which satisfies U, ='/¥8 on £2,. Since, for 0 < § < ¢, we have

/(1 —|UH? < /(I1 — [Kel[ 4 [z (1 + [Ke| + |2:])?
Qs Qs
S 32/(|h5 o H(S - K£|2 + |Us|2)’
Qs

we find by standard estimates that

(6.5) /(1 —[U})? < C<8|}l£|§11/2 + / IUSIQ)-

Qs Qs
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Integration of (6.5) over § combined with the obvious bound
1K [ uc,y < G
yields
(6.6) E.(Ug; G,) < C.
As we already mentioned, an easy variant of the proof of Theorem 6 gives
E(u; G) < Clog(1/¢)
and thus
(6.7) E.(Us; GUG,) < Clog(l/e).
Let now R > 0 be such that
G UG, CBg.

A straightforward adaptation of Proposition 4 in [5] implies that, for 0 < & < £,(G),
there is a map w, € H'(Bg \ (G U G,)) such that

(6.8) w,=h onQ,, w,=1 on 0By,
6.9) E(w.) < Clog(1/e),
and
(6.10) f | Jac w,| < C.
Br\(GUG)
Set

v — U,, in GUG,
" lw, inBr\(GUG,)"

By (6.7) and (6.9), we have
Ee(vs; BR) < C IOg(l/é‘),

so that Jac V, is bounded in [C*(Br)]* for 0 < a < 1 (see [33]). As in the proof of

loc

Theorem 2bis in [5], we may now establish the boundedness of dX, in [C*(G)]* for
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0 <a < 1. Indeed, let § > 0 be sufficiently small. For ¢ € CO*(G; /\I(R)),_let Y be an
extension of ¢ to R? such that [|{/||coems) < Cli¢llcoei) and Supp ¥ C Br_s. Then

‘/dxwxgs deQAdVQAww%/‘VOQAdVQAw
G Br BR\G
< Gull¥llcoe) + 1Yl / |Jac V| < Cll¢llcoecs)

Br\G

by (6.6) and (6.10).
The proof of Lemma 24" is complete.

Proof of Theorem 7”. — An inspection of the proof of Theorem 7" shows that it
suffices to establish the estimate

(6.11) /|V|u£||p—> Dase—=0, VI<p<2
G

We adapt the proof of Proposition V1.4 in [9]. Set n = n, = | — |« |?, which satisfies
2 9 .
(6.12) —An—i-?IusI n=2|Vu|" in G,

(6.13) n>0 on Q.

Let 77 be the solution of

(6.14) —Aﬁ+§wmﬁ:mvm21nq
(6.15) =0 on £2,
so that

(6.16) I —lu > =n=7=>0,

by the maximum principle. Set 7 = Min (77, ¢'/%). Multiplying (6.14) by 7, we find
(6.17) / Wm%g&@/wwﬁaomeea

fi<e!/2) G
On the other hand, we have

(6.18) {x; ) > 2} C o Jue(0)]> < 1 —¢'2}.
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Set ¢ = n — 7], which satisfies
2 .
(6.19) ~ALH—lulPr=0 inG,
3
(6.20) {=¢, on L,
|2

where ¢, = 1 — |g.|*. Clearly, we have |¢.|p/2 < C and by (6.4)

(6.21) lpelliz < Ce'/2,

By the proof of Lemma 22, we find that
(6.22) / IVe)? < C.
G

We claim that

(6.23) /|vg|ﬁ—>0 ase— 0, Vp<2.
G

Indeed, by the maximum principle, 0 < ¢ < ¢ where  is the solution of

—AZ=0 in G,
Z‘:(pg on 2.

In particular, from (6.21) we see that

(6.24) f 1Z]> = 0 as e = 0.
G
Let x € CG°(G) with 0 < x < 1 on G. Multiplying (6.19) by ¢x and integrating we

obtain
2 1 2 1 29
|V§|X§§ CIAX|§§ ¢ lAxI.
G G G

Combining this with (6.24) yields

(6.25) /|V§|2X — 0 VxeCX(G),0<yx<l.
G

From (6.22) and (6.25) we deduce (6.23).
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We now claim that

(6.26) / IVnl! - 0ase — 0, Vp<2.
G

Since n = ¢ + 7, in view of (6.17) and (6.23) it suffices to prove that

/ [Vl — 0.
z

where Z, = {x; |u.(x)]> < 1 —&"?}. But

f(l ~ e )? < Cellog(1/e),
G

and thus
6.27) 7.1 < Celog(1/e),

so that, by Hélder and (6.14)—6.15),

f VA < IVAIL,12Z.| %P7

z

(6.28)
< ClIVi|l,1Z|*P7 < Ce® P/ (log(1/€)) — 0 as & — 0.

Hence we have established (6.26). Similarly,

6.29 Vi ! < Vet || 1]Z] @272 < Ce@ P2 log(1/€)) — 0 as & — 0.
L
Ze

Finally, we note that, for ¢ sufficiently small, we have
(6.30) IViuel| = |Vue|xz. +1Vnl,

so that (6.11) follows by combining (6.26), (6.29) and (6.30).
The proof of Theorem 7” is complete.
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7. Improved interior estimates. Wllo’f (G) compactness for p <2 and
g € H'/2. Proof of Theorem 8

Remark 7.1. — As in the proof of Theorems 7’ and 7”, it suffices to establish
the estimate

(7.1) lue A duellioy <C, 3/2<p<2, K compactin G.
Estimate (7.1) will be proved under the following assumptions:

E.(u,) < Clog(1/e)
and

us is bounded in W''(G),  for some 4/3 <r < 3/2.

In view of Theorems 6, 7 and of their variants, we find that Theorem 8 extends to
minimizers . of E, when the variable boundary conditions satisfy (6.1)6.3).

Proof of Theorem 8. — In what follows, we establish (7.1) when K is any compact
subset of the unit ball B.
Fix some 3/2 <p<2and 0 <y <1. Fix

(7.2) 4/3 <r<3/2.
Denote u = u,. Since, by Theorems 6 and 7, we have

lullwirg < C and  [lullwe < Clog(1/e)'7?,
we may choose

l—y<p<l-y/2

such that

(7.3) ||U||w‘vf(aBp) <C,

and

(7.4) lulli s,y < C,(log(1/e))'.

Set now p = 2 — s, so that s > 0 and the conjugate exponent of p is

2—5

1 —s5

(7.5) 9<q= < 3.
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Perform on B, a Hodge decomposition

Ad
PR h4dL,
|u A dul*
where
(7.6) L = O-form, L =0 on dB,
and
un du l—s
k= 2-form, |lkllw. <C = Cllu A dull,™
(7.7) lun dul*f,
— =1,
= Cllu A dull)”;
here, we use the notation || [, =1 |,

Recalling the fact that div(u A du) = 0, we find that

(7.8) [lu A du||jjj = /(d*k) < (u A du) + / dL - (u N du) = /(d*k) A (u N du),
Bp Bp BP
since, by (7.6), we have L =0 on 0B,.
Let
(7.9) s§=¢"".

Assuming, for simplicity, 0B to be flat near some point, consider a partition of B, in

d-cubes Q.

0B,

0B

(we will average over translates of this grid in later estimates).
Define

7= {QIQﬂ [Iul < é] #w}.

We are going to estimate the number of cubes in .% with the help of the n-ellipticity
property of T. Riviere [37], that we state in a more precise form, proved in [8]:
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Lemma 23. — Let u, be a mimimuzer of E. in Br with respect to its own boundary condi-
tion. Then there is a unwersal constant C such that, for every n >0, 0 <& <1 and R > 0 we
have

E(4:; Br) < nRlog(R/e) = |u:(0)| = 1 — Cn'/*".

Let, for Q € .7, Q be the cube having the same center as ) and the size twice
the one of Q. From the n-ellipticity property, we have

(7.10) / e.(1) > C8log(8/e) ~ 8log(1/e), VQ € .Z,
Q
so that
(7.11) #F <Cs' and || Q| <G8
QeF
Define
(7.12) 2=8,\JQ
QeF

on which |u| > 1/2.
We have, by (7.8),

||u/\du||p=/(d>kk)/\(u/\du)+ /(d*k)/\(u/\du)
Q

B,\Q

(7.13)
< f (@5 ) A A du) + 20l | Vallo (B,\R) V21,

Q

By (7.7) and (7.11), the second term of (7.13) is bounded by
(7.14) Clog(1/eN"* - 8" u A dull,™ < llu A dull, ™,

provided ¢ is sufficiently small.
For the first term of (7.13), we use the identity

u U 1 )
u/\duzm/\<d(|7|))+(l —W)(u/\du) in Q

and the fact that

(i () =
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to get

/(d*k)/\(u/\du) :f(*k)/\ (iAd(i))
(7.15) J A |4 lul

+ Oll&llwre IVullo |1 — |u|2”2q/(q—2))'
Since |u| < 1 and
11— [ul*ll2 < 26(Be(ue))'* < Ce(log(1/e))'?,
the second term of (7.15) bounded by
(7.16) Cllu A dull, ™ (log(1/))! V1! < fJu A dull,™,

provided ¢ is sufficiently small.
Let ¢ : D = [|z]| < 1] = D be a smooth map such that ¢(Z) = ¢(z) and
@(2) = z/|z| if |z] > 1/10. Thus

/*k A (i A d(i» = / sk A (@) A do(n))
|ul |ul
Q2 0B

-y / kA (p(w) A dp(u))
Qe?aQ

= (7.17) — (7.18).
Using (7.3) and the fact that, by (7.5), we have ¢ > 2, we find that

(7.17) < C‘”””W‘*’(SB,,)”k”L"’(aB = C”k”Lr’(aBp) = C||k||Hl—2/r’(aB,,)

p) — -
(7.19) o
< Cll&llgso-2 s,y < Cllkllwrom,) < Cllu A dull,™.

In order to estimate the term (7.18) we replace, on each cube Q, £ by its
mean %q. The error is of the order of

Z/ |k—kQ||Vu|s/|k|-|w|+ > kgl / |Vl
Q

QeZ 9B, or%;iﬂ 9QNaB,
2Mob,
+y f k — %o ||Vl
QE‘QSQ\SB,,

= (7.20) + (7.21) + (7.22).
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As for (7.17), we find that

(7.23) (7.20) < Cllu A dul|, .
Since
1/r
[t < 87° f k| < W"’( f |k|"’)
Q Q
and

1/r
/ |Vu|582/”( / |Vu|'> ,

0QNoB, dQNoB,

we have

721 <cs N (/Ikr")l/'/( f IVul")m

QeF
Qb £ Q 9QN3B,,
_1/./ " 1/7,
<05l ([ )
uQ
QeF
QNIB,#0

1/+'—1/6

el J "

QeF.QNaB,#0
In view of (7.11) one may clearly choose 1 —y < p <1 — y/2 such that
(7.24) #HQ e Z1Q NaB, # 0} S 1)y,

and therefore

U Q‘ < s,
QeZ,QNaB,#0
This gives
(7.25) (7.21) = G878 P lkllwns < GO Pkl < flu A dul,

provided ¢ is sufficiently small.
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To bound (7.22), we use averaging over the grids. For A € R® with |A| < §,
consider the grid of é—cubes having A as one of the vertices and let .%; be the corres-
ponding collection of bad cubes. Then

7.22 53/53 / /dk —kO)IV
5 [ .22 < S [ e [ 150 KON

[h]<8 [n]<8 Qe
<Cst )y / / ddy k(x) — k()| V()]
QE?{) O x
< C§'/*0 Z Vulli2@) 1£(x) — £ oG 6)
Qe
/q
< G5Vl Y f f JKC) — k) ddy |
Qe
< a8~ Z/q(log(l/e))l/Q Z f|Vk|q .
QE/()N
< llu A dul)},

provided ¢ is sufficiently small. Therefore, by choosing the proper grid, we may as-
sume that

(7.26) (7.22) < Cllu A dul|, ™.

Combining (7.23), (7.25) and (7.26), it follows that
(7.27) (7.20) + (7.21) + (7.22) < ClluA dull) .
By (7.13), (7.14), (7.16) and (7.27), we have

(7.28) llu A dully = (7.29) + O(||u A du”/i_s),

where

(7.29) = — Z /*kQ A (@(u) A do(n)).
Qe&’aQ

For : =1, 2, 3, let 7; be the projection onto the axis Ox;. For x; € m;(0Q)), let

= ()" (x) N 3Q.
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Then

(7.30) 1(7.29)] < ZZ o ‘ f () A dp(w) /9T |dx

=l QeF 7i(Q) T,

Denote T the d-square with 9o I'=T and let
(7.31) 8 =868, =6"

Consider “good” sections I', 1.e., such that
(7.32) dist (I, [u] < 1/2]) > 6,

and, with

9 1 22
e (1) = e:(w)(x) = [Vul)|” + ?(1 — [ul)" (%),

(7.33) f e (1) < 8o6™".

r

Condition (7.33) implies that

(7.34) —/(1 lu|?)? < 8,67

Since |Vu| < C/e, it follows that the set rn [lu| < 1/2] may be covered by a family
¢ of e-squares such that

#9 =< 0082/8

and

(7.35) > length(S) < Cyedy/e = Coby.
Se¥

We next invoke the following estimate (see the proposition in Section 1 in [39]):

Lemma 26 (Sandier [39]). — Under the assumptions (7.32) and (7.35) we have, with G
the constant i (7.35),

[ Gl

Fnfu=1/2]

dx > K|d|log(8,/(2C8,)),

where d 1s the degree of wr and K is some uniersal constant.
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By Lemma 26 and our choice of §,, 89, we find that

Uu
deg (—

(7.36) ‘ [ ot ndotr| = ¥
r

r) §C/|Vu|2/log(l/8).
T

On the other hand, recall the monotonicity formula of T. Riviere (se¢e Lemma 2.5
in [37]):

Lemma 27 (Ruviere [37]). — Let x € G. Then, for 0 <r < dist(x, ), the map

1 3 o
7 - / Vi (0 + = (1 — |u|*)?
r 2e2

B, (x)
is non-increasing.

By combining (7.36) and Lemma 27, we see that the collected contribution of
the good sections in the rh.s. of (7.30) is bounded by

737 CY il f Val? log(1 /) < G5 3 Ik S 5° f (Y xa)

QeF QeF QeF
We consider an extension, denoted by 4, of || to R®, such that

l2llwromsy < C|||/f|||wlv4(Bp)~

We estimate the integral in (7.37) using the (B; » B l)) duality (for the definition of the

Besov spaces By , see e.g. H. Triebel [45]), where

. 1/r
738 Sl = 271 Pl D@ P = f P ]

J=2

We let here P; > 0 be a suitable L'-normalized smooth bump function supported in
the unit cube of R®, and denote P,(x) = A °P, (A 'x).
On the one hand, since ¢ > 2 we have

(7.39) I 720ls;, < Cll & llwia < Cll&llwie < ClluA dull, ™

9 - -

Letting /' = ZQE 7 Xq, we estimate next || f ”B,:,}' Without any loss of generality, we
may assume that Bg C G.
Assume first that j is such that 1 > 27 > §. If Q,CBsisa 27 —cube, then

(7.40) f e.(u) < C271og(1/¢),
Q1



H'/2 MAPS WITH VALUES INTO THE CIRCLE 75
by Lemma 27. On the other hand, if Q € .#, then (7.10) holds. Therefore
(7.41) #Q e Z;,Q CQ, ) <C27s".
Also, if Q; N.F # ), the n-ellipticity lemma implies

7.42) [ e = c2nogaye,
Qi

and hence the set [|u| < 1/2] intersects at most C2/ cubes Q | of size 2. Thus
I % Poi) — (f % Poss)ll, SIS * Posilly

1
| X g i,
Q1.QinFAp -~ 5
1
i 0 g~ 1/p
(7.43) S 2‘5f(25f|Q1034’|)/’]
TQLQINTAD
- . . 1/p
< 22—31(2?’]-53-2—15—1)?} by (7.41)
T QINF £

< 9=Uh9% g2 — §24.4/4,
Assume now that 27 < §. Estimate then

| % Py = Pyi)| < D |xq * (Pay — Pyin)].

Qe
In this case, it is easy to see that
Ixg * (Py-j — Pojr)| < Cxa,
where
A= {x; dist(x,0Q) < 27}.
In particular, each point in R® belongs to at most 8 A’s. Thus

(7.44) [ Z XQ * (Py-y — PQ*»/“)”i <C Z ”XQ * (Po — PQ*»/“)Hi =< Cs27.

QeF Qe
From (7.43), (7.44)
Y o6 N . . 1/ !
ISl < C[ Z(Q_JSZM/Q)P + Z(Q‘JSVPQ—]//?)P} !
<7. > 277>8 27<§
< (82/)+82+/J)1/p < (SQ.

Here, we have used the fact that p <2 <yg.
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From (7.37), (7.39) and (7.45), we find that
(7.46) (7.37) < Cllu A du||;,_’.

Next, we analyze the contribution of the “bad” sections I',, in (7.30). A bad
section I, = T fails either (7.32) or (7.33).
Fixi=1,2,3 and Q € .#. Define

(7.47) Jo = € m(Q); T, fails (7.32)},

(7.48) Jb = {x € m(Q): T, fails (7.33)),

and the surfaces

(7.49) e=e=Jr.

. /
Q xlejQ

(7.50) =&/ =JJr.

Q XLEJQ

Estimate the contribution of the bad sections in (7.30) by

3
(7.51) (gleai(Vle)Z f V.

=1
[CHV/CH

Estimate

Tq| < 5‘3/ K < 87°1Q P Ik, S 8 llEIwa,)
(7.52)

S un dul, .

Consider, for A € R?, the grid of d—cubes having A as one of the edges and let %, be
the grid defined by the boundaries of these cubes. For each A, we have

1/2 ‘
[ v = ([ 1va) s+ e

Sue; %,

=c( [19a)" (s X st +15aD)

‘(%L QE ?)\

(7.53)
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Since (7.33) fails for x; € J¢,, we have

/es(u) > / eg(u) = |Jé|828_1.

Q uf,,
xie\Ja
Thus
(7.54) D 1JG) S 68, log(1/e).
Qe&ﬁ

To estimate (7.53), we use again an average over the grids %;. Denote this averaging
by Av, (T refers to the translation).
Thus, taking (7.54) into account, we obtain

(7.55) (7.53) < < Avr/- |vu|2 [55 slog(1/8)+5Av,( Z IJQI)] /2.

4, Qe

Notice that the J’Q-intervals of points x; such that dist (Fxl., [|u| < %]) < §; do depend
on the grid translation — a fact that will be exploited next.
First, recalling (7.4), we have

(7.56) /|vu|2 /|Vu|2 fw 2 < logl/e logl/e

By the n—ellipticity lemma, we may cover [|u| < 1/2] N B with at most C8;' §,—cubes
o, @ < C87'. We fix such a covering (independent of A). Fix ¢, Q. If dist (I'y,, [[u| <
1/2]) < 8, then clearly x; € m;(q,) for some ¢, C Q with dist (¢, %) < é;.

qo —]

"

Hence

(7.57) Tl < 28, #{o: go € Q. dist (ga. %) < 8)
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and

(7.58) D 1ol = €8y - #en dist (g, %) < 81}
Q

We now average over the grid translation. On the one hand, for fixed «, the inequality
dist (g, %, \ 9B,) < 5,

holds with t—probability ~ §,/8. On the other hand, for fixed ¢ and 1 — y < p <
1 — y/2, the inequality

dist (¢q, 9B,) < 8,

holds with p—probability ~ §;/y.
Hence, by choosing p properly, we may assume that

#o; dist (¢4, 0B,) < 8} < C.

For any such p, we have

18 5
(7.59) Av(7.58) <8 — - — +C < 2
5 8 5

Hence
(7.60) Avr<Z |J’Q|) < c%.

Substitution of (7.56), (7.60) into (7.55) yields, for small ¢,

(7.61) (7.55) < (W%)I/Q(aa;lelog(l/s) + 51)1/2 < &,

by (7.9) and (7.31).
From (7.52) and (7.61),

(7.62) (7.51) < 867 2 lu A dull,™ < Cllu A dull,™

This completes the analysis. Indeed, by collecting the estimates (7.28), (7.30), (7.37),
(7.46), (7.51) and (7.62), it follows that

b4 1—s
(7.63) |l A du||L,j(Bp) <C,llun du||Lp€Bp),
and thus
lun dulliss, ) < G,.

Since 0 <y <1 and 3/2 < p < 2 are arbitrary, the proof of Theorem 8 is complete.
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8. Convergence for g € Y. Proof of Theorem 9

Proof of Theorem 9. — We already know that a subsequence of () converges in
W!2(G), 1 < p < 3/2. The main novelties in Theorem 9 are:
a) the identification of the limit

u, = e',

where g = ¢, ¢ € H'/2 + W"! and @ is the harmonic extension of ¢;

b) u, = u, in C*(G).

We first discuss b), which is easier. In view of a), it suffices to prove that ()
is bounded in C*(K) for every integer £ and every compact subset K of G. Since
E.(u.) = o(log1/¢e), by Theorem 6, we find, with the help of the n—ellipticity Lem-
ma 24 that, for every compact K in G, we have

1
|us| Z .
2

in K for small .
We next recall Theorem IV.1 in [9].
Lemma 28. — Let u; be a solution of
1
—Au, = —Qus(l — |u|*) in B,
I3
such that
(8.1) E.(u.; B)) < C.
Then (ug) is bounded in C*(B, ), for every k € N.

We now complete the proof of b) by establishing (8.1) on every ball B compactly
contained in G.
We write 4, = p.¢“ in B. Let ¢ be a cutoff function with ¢ = 1 in B. We start
by multiplying the equation for ¢,
div(p;Ve,) =0
bY §2(‘ps _fB ‘ps)-
We find that

/p§|v%|2;2 < prflvwsl 12| V¢ st—][wsl
B

1/2 ) 5/6
< C(prIV%IQCZ) (/IV%I‘)“) ,

by the Sobolev imbedding W'%/° c 1.2,
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We obtain that ¢, is bounded in H| ,
bounded in W% by Theorem 7.
Next consider the equation for p,,

since |Vg,| < 2|Vy| in B and u, is

1
—Aps + p Ve |* = ;pg(l — 7).

Multiplying by (1 — p.)¢, we find that

1 ‘
fIVpEIQCJr;/(l — )t < C<f|Vps|+f|V<psl2).

We conclude by noting that

|
E. (1 B) s/|Vpg|2+/|V¢s|2+—2/(l — )" = Cy.
B B & JB

We now turn to the proof of a).

We start by constructing an appropriate domain G, C G on which || ~ 1. For
simplicity, we assume €2 flat near some point. Fix some 0 < §; < 1 to be determined
later. Let 0 < § <6 and u = u,. Set

(8.2) As = {x € G; dist (x, Q) > /e, |u(x)] <1 —§}.

For x € A, let QQ be the cube centered at x such that one of its faces is contained in
2 and let Q be the conical domain

Q

Let also QF be the cube centered at x having the size a third the one of Q.
By Vitali’s lemma, we may choose a finite family (QF) of disjoint cubes such that
As; C UQ,. By the n-ellipticity property, there is some 1(8) > 0 such that we have,
with &, the size of Q,,

(8.3) Ec(u, Q%) = n(8)8,log(8./¢) = 1/2n(8)8. log(1/e),

since 8, > +/¢. Thus

2 E.(u, G)
8.4 g < ————.
8.4 23 < 5 Tog(17e)
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Since, by Theorem 6, we have E.(u, G) = o(log(1/¢)), we find that

(8.5) > 8. <,

provided ¢ is sufficiently small.
We now set

G, = {x € G; dist (x, ) > &} \ UQ,,

so that |u,| > 1 —6 in G,.
By (8.5) and the construction of G, there is a Lipschitz homeomorphism ®, :
G, — G such that

(8.6) D, [l < C, [D(®;) . = C.

D56, = Mg, Pejprec:dis(v)=25 = 1d,

provided & is sufficiently small, with constants C independent of &.
Here, IT is the projection on €2. In particular, G, is simply connected. We may
thus write in G,

(8.7) u=pe’, p=u,¥eC>

Assuming further that 6, < 1/2, we have p > 1/2 in G, and thus
(8.8) Vi, < 4luling, < 4lulipg, < 8log(1/e),
provided ¢ is sufficiently small. Moreover, by Theorem 7, we have
(8.9) [Wlwisgy < 2ulwirc,y < 2lulwirc) < G, 1 < p<3/2.

We are now going to prove that ¥|yg, is almost equal to ¢ o ITyg,, where ¢ €
H!2 + Wh(Q; R) is such that g = ¢'%.

Let n > 0 be to be determined later. Since ¢ € Y, we may find some /4 €
C>(£2; SY) such that ||g — Allg2 < 1. Let ¢ € C®(2; R) be such that & = ¢*. Let
T, = @S‘BG and U, = T,' : @ — 9G,. Fix a smooth map 7 : C — G such that
m(2) = z/1z| if |z] = 1/2 and let

'i:(x) :g(x) - g”/f(Us(X))’ X € Qa

so that

(8.10) E(x) = m(g(x)) — (@), x € Q\ UQ,.
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Therefore, we have
[ ewwsce [ D < e

2\UQ.q {x:dist (x,09) <5}
< Ce'*(log 1/e)"* < 1726,

(8.11)

provided ¢ is sufficiently small. It follows that

8.12) / () — VU g < g5,

2\UQ o
provided 7 is sufficiently small. Thus, with A = ¢ — ¥ o U, we have
(8’13> ”ei)\ — 1||L](Q\UQ(X) < 81/5.

By combining (8.6) and (8.8) (resp. (8.6) and (8.9)), we find that

(8.14) Az < 1¢ e + Cllvlhn e, < 877 (log(1/¢))'?
and
(8.15) IAllwirsas @) < 1S lwvss) + CllY llwivse,) < G,

provided ¢ is sufficiently small. In particular, we have
(8.16) A lLes @) < C.

By Lemma C.1 in Appendix G, if §y 1s sufficiently small and A satisfies (8.13),
(8.14) and (8.15), while the squares Q) , N €2 satisfy (8.5), then there is some integer «
such that

(8.17) A — 2mallLq < 8.

Without restricting the generality, we may assume that ¢ = 0, so that
(8.18) 1€ — 9 o Uelliiey < 8"

We actually claim that

(8.19) lp — ¥ o UpllLiey < 8%,

if we choose the lifting ¢ of g properly. Indeed, by estimate (1.9) in Theorem 3, the
map gh € Y has a lifting x € H/?2 +W?"! such that

(8.20) I loewts < C(G)|ghle (1 + |ghlie).
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Since
\ghlwie = |h(g — W)z — 0 as b — g,

we may choose 1 sufficiently small in order to have

8.21) I — f Xl < 8718

Using the fact that

lgh — ¢ Xl = [le* — T X < llx — f Xl <871
and
ligh — 1|12 < 8%,

provided 7 is sufficiently small, we find that, modulo 27 Z, we may assume that

8.22) 14 Ko <20

Since g = ¢'“™ inequality (8.19) follows by combining (8.20)-(8.22), provided & is
sufficiently small.

We now prove that ¥ and @ are close on compact sets of G. Set V= Yo
O, p=pod;!, so that W, p are defined on G and, in the set

M = {x € G; dist (x, ) > 2§},
we have ¥ = ¢ and p = p.

Recall that v satisfies the equation div (p*V) = 0 in G,. Transporting this
equation on G and using (8.6), we see that ¥ satisfies

8.23) div(A()p2VY) =0 in G
) vV=v%oU, onQ’
with
(8.24) CEIP =< A(WE, & >< CIEI*, p(x) = p(x) and A(x) =T if x € M.

Therefore, the function

S=¢—Y
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satisfies

Af = div (I—AW@WPHVY) in G

(8.25) .
f=9p—YolU, on 0G

Thus, for 1 < p < 3/2 and K compact in G, we have

(8-26> ||f||wlv/’(1<) < Cg(IX— A(x)f)Q)V‘/f”L/’(G) +llg—¢o Us”Ll(sz))-

As we already observed in the proof of part b) of the theorem, we have p — 1
uniformly on the compacts of G. Thus

(8.27) I = AP VY llLran — 0.
as € = 0. On the other hand, we have

(8.28) 1A = AWB) VY sy < CIVE ey < CliVall@a-

If we choose some r with p <7< 3/2, we find that
(8.29) 1T = AW B VT e < ClIValueanlG\M|T < C87

by Theorem 7. By combining (8.19), (8.26), (8.27) and (8.29) we find that, for some
0 <a <1 fixed, we have

(8.30) L/ lwiey < 6%,

provided ¢ is sufficiently small.

Since, for §, = §y(K) sufficiently small, we have /' = ¢ — ¢ in K, we find that,
ase—>0,p—yY — 0in Wllo’f(G), 1 < p<3/2. Using once more the fact that p — 1
in Cf (G), we find that u, — u, in Wllof (G). This proves Theorem 9.

loc

Remark 8.1. — Under the assumptions of Theorem 9 it is not true in general
that || — 1 uniformly on G. Indeed, if this were true, then w./|u.| would belong
to H'(G; S") for ¢ sufficiently small. Thus u,/|u,| admits a lifting ¢, € H'(G; R) and
g = ¢%12. Hence g must necessarily belong to X. But, even when g € X it is unlikely
that |u;| — 1 uniformly on G.

Remark 8.2, — Let g € HY*(Q;S") with L(g) = 0 and write g = ¢¥ with
@ € H/?2 + W', Let ¢ be the harmonic extension of ¢. One may wonder whether

(8.31) luge @ |wir < G Vp<2ase— 0?

The answer is negative. The argument relies on the following
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Lemma 29. — Fix € and let us be a minimizer for B, with u, = g on Q. Then
(8.32) U =g+ Y
where g 1s the harmonic extension of g and
(8.33) |Y(x)| < Ce™'dist (x, Q).

Progf. — Clearly ¥ = 0 on Q, || < 2, and |AY¥| < Ce? on G. By interpola-
tion one deduces that |Vy| < Ce™! (see e.g. [7]) and the conclusion follows.

1. Using (8.32), write

V()| = || IVl — |Vite|

(8.34) ~ _ _
> gl Vol = [ Vo] = [Vl

We have

2
Vel S (log E) < o0

and, by (8.33)

/(le IVoD? < 08_224_5/ (VeI
G d

=0 ist(x, 2)~2

<Ce ) 474270l < Ce ™ < oo,

s=>0

Consequently, assuming (8.31) were true for some p < 2, we necessarily must have, by
(8.34), that

(8.35) &l V@l € LY(G)

whenever g = ¢¥ € H/*(R, S").
This statement relates only to g and we show next that (8.35) cannot hold for

p>3/2.
2. Let 0 <5 <1 be small and take 0 < ¢ < (%)1_ such that
(8.36) supp @ C B(0, 26) C 2 (identified with the x,, xo-plane),

1—
(8.37) o= (%) on B(0, 8),

29—
8.38) Vol < (é) .
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Hence

1l < C.
Also, from (8.1)

11— |l < C&°.
Hence for x3 > G§

- ] o A p 1
(8.39) |1 —g(x1, X9, x3)]| S/ [T — e[ (x, x5) P (¥}, x5)dndxy < C8?||P, ]l < 10

Thus from (8.39)

12 1V@] llr 2 IV @lLrao:s>cs)
NH/IQMSWm“mvwf&
R2

L2 (x1,x9;43>C8)

> || IIEI@@e
(8.40) T
= I1E1e@ N, ]-8°
I~ T
1 2
v
~590-(5) 8
8
(8.41) ~ st

In (8.40), we use Hausdorff-Young inequality and (8.41) follows from (8.36), (8.37).

Since 1 —2 < 0 for p > 3/2, a gluing construction with the preceding as building
block and § — 0 will clearly violate (8.35).

As in the previous sections and with some more work, we may prove the follow-
ing variant of Theorem 9:

Theorem 9'. — Assume g € Y, and let g, be as in Theorem 6" of Section 5. Let u be
a mimmizer of B in Hélp Then

e — u, in W(G)NC™(G), Vp<3/2,

where u, 1s the same as m Theorem 9.
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9. Further thoughts about p = 3/2

Let ¢ € HY*(Q;S") and let () be a minimizer for E, in Hé1 In Section 6
we have established that (i) is relatively compact in W!'/(G) for every p < 3/2. It
is plausible that («) is bounded and possibly even relatively compact in W'3/2; e
Open Problem 2 in Section 10.

There are two directions of evidence suggesting that, indeed, (%) is bounded in
WI,S/Q'

The first one relies on a conjectured strengthening of the Jerrard-Soner inequal-
ity mentioned below.

The second one is a complete proof of the fact that any limit (in W', p < 3/2)
of (u.) belongs to W'3/2: se¢ Theorem 12.

9.1. Jerrard—Soner revisited

First recall the following immediate consequence of a result in [33]:

Proposition 1 (Jerrard and Soner [33]). — Let (v,) be a sequence in H'(Q; R?),
Q C R’ a cube, satisfying

9.1) E.(0: Q) = /

Livs 2+ i||y 12— 12| < Clog1/e
Q 2 &€ 4—82 & —

Jor all € < &y. Then for & € G (w), ® C Q. we have the mequality

< K¢ lwraq)

9.2 ‘ [y
where J(ve) w5 any 2 x 2 Jacobian determinant of v, ¢ > 3, and K = K(C, ¢, w).

Remark 9.1. — In fact in [33] one obtains a stronger estimate with the norm
I [lwre replaced by any [|¢]|coe-norm, o > 0.
In this subsection, we will show that:

a) The conclusion of Proposition 1 fails for any ¢ < 3.

b) The validity of Proposition 1 for ¢ = 3 (which we conjecture) would imply
the boundedness in W!'%/? of the minimizers (z,) of the Ginzburg-Landau
problem in G with boundary data g controlled in H'/2(2; S'), Q = 9G.

A basic tool is the following construction of an extension of g outside G.

Lemma 30. — Assume G C Q and ¢ € HY*(Q;S"). Then there is w, €
H'(Q\G; R?) satispying
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9.3) we =g on 0G and w, = 1 in some fixed newghborhood of 9Q) ,

(9.4) E,(w:; Q\G) < Cliglly2 log 1/,

(9.5) e lwir ey = Cyllgllaz for every p <2,

(9.6) we, — w in W(Q \ G) for every p < 2 with w e W(Q \G), Vp<2
9.7 jwl <10 Q\ G,

Proof. — We follow the same construction as in [5] which we briefly recall here.
First, let H be any smooth function in Q\G with H € H'(Q \ G; R?) satisfying the
boundary conditions H =g on 2 = 0G, H =1 near dQ, and [[H||ig < Cllglly/2.
Using the same notation as in the proof of Lemma 23, define

_(IH® —dl
0.0 = Y ) m(H).

It may be shown as in [3] (or as in the proof of Lemma 23) that for some ¢ = «a,
€ G, |a;| < 1/10, the functions (w,,,) satisfy all the required properties.

Next, we establish the following

Proposition 2. — Assume that the conclusion of Proposition 1 is valid for some 2 < ¢ < 3.
Let (u.) be a sequence of mimimizers of B, in G as above. Then (ug) ts bounded in WY(G) with

g =q/(g—1).

Progf — As in Section 6, it suffices to establish the boundedness of u. A du, in
the space L7 (G). Proceeding by duality, consider ¢ € L/(G; R?), <], < 1 and take

its Hodge decomposition as

=curl s+ VLin G
9.8) L =0 on €,
Wlth ”/‘C”W'lvfl((}) + ”L”W’]"I(Q) f C

(see e.g. [30] or [27]). Recall that, with the notations of differential forms we used ear-
lier, curl = d* and V = d. Let Q be a cube with G C Q and let @ be an open set
such that

GCwandwCQ.
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Next, extend £ to % on Q, k=0 on Q \ w, with control of ||/~f||wl,q(Q). We extend u,
to Q defining
{us in G
v, =

we in Q\G

where w, is provided by Lemma 30.
Recall that div(u, A du,) = 0, and thus

/(us Adu) - ¢ = /(u(E A du,) - curl k.
G G

Hence

(9.9) (ue AN due) - €

G

=

/(ysAdvg).curl k‘ +/ |Vw,| |VE.
o Q\G

From (9.5), the last term in (9.9) is bounded by C|lwk|l\1.v(\c)> hence by C'llgllu2,
since ¢’ < 2. 5
For the first term, perform an integration by part (k=0 on 0Q)) to get

fQ T -

and this quantity is bounded, by assumption, by C||/~f||w1.q(Q) (since suppk C @).
This proves Proposition 2.

9.10)

/ (v; A dv,) - curl /;‘ =2
Q

Remark 9.2. — The proof of Proposition 2 also provides an alternative quick
proof of Theorem 7.

Corollary 4. — The conclusion of Proposition 1 fails for every q < 3.

Proof. — By Proposition 2, one would otherwise obtain the boundedness of the
Ginzburg—Landau minimizers in W'#(G) for some p > 3/2. This is not true in gen-
eral, even for certain g € Y. Arguing by contradiction, one would otherwise obtain
that the limit «, obtained in Theorem 9 belongs to W' with p > 3/2. However, this
is false. Indeed

Remark 9.3. — In general u, ¢ W' for ¢t > 3/2. Here is an example (see [5]):
Suppose € is flat near 0 and choose g(r) = ¢'/"* with o« < 1, & close to 1 and g smooth

away from 0. This g belongs to Y. It is easy to see that the harmonic extension of 1/r%
does not belong to W'/, for ¢ > 3/(a + 1). Thus u, ¢ W'

Remark 9.4. — The preceding also shows that the improved interior estimates
from Section 7 can not be established via a strengthening of Jerrard—Soner but re-
quires additional structure (in particular the monotonicity formula).
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9.2. W2 — estimate of the Limit

We start with the simple case when g € Y.

Theorem 11. — Assume g € Y and let u, be as in Theorem 9. Then u, € W3/2,

Proof of Theorem 11. — Recall that u, = ¢'? where @ is the harmonic extension of
@ € H'2 + W', Therefore, it suffices to apply the following imbedding result, which
is an immediate consequence of Theorem 1.5 in Cohen, Dahmen, Daubechies and

DeVore [23]:
Lemma 31. — In 2-dimensions we have W"'(Q) C W%’%(Q).
For completeness we will prove a slightly more general form of this result in

Appendix D.
We now turn to the case of a general g € H/?(Q; S).

Theorem 12. — Let g € HY*(Q; SY) and let (u,) be a minimizer of B, in Hg} (G; R?).
In view of Theorem 7" we may assume that (modulo a subsequence)

u,, — U in W(G), Vp<3/2.
Then
U e WH4(G).

Proof of Theorem 12. — In the proof we will not fully use the fact that , is a min-
imizer. We will only make use of the properties

(9.0.1) div(u, A dus) =0 in G,
(9.0.2) ¢. = E.(1,) < Clogl/e,
(9.0.3) u, — U in W(G), Vp<3/2,
(9.0.4) o = g € H/2(Q; S1).

Claim.

9.0.5) U A dU belongs to L¥*(G).
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This implies that U € W'¥2. Indeed we have
61> = |a A B> + |a- b

for any vectors a, b in R? with |a| = 1; applying this with « = U and b = ‘3—? yields

|dU| = |U A dU] since U- & =0,

In order to prove the Claim (9.0.5) we will check that, for every ¢ € L3(G; RY),
we have

(9.0.6) ‘/Z (U A dU)| < C|IZ ]|z
G

Clearly, it suffices to verify (9.0.6) when e C5°. Consider the Hodge decomposition
ofE as above, 1.e.,

9.0.7) {=cul k+VL  inG,
(9.0.8) L=0 on 3G,
9.0.9) IFllwisy < CIE s

Then, by (9.0.1) and (9.0.8),

/VL- (UAdU)=0
G
and thus

9.0.10) f 7-(UAdU) = f(curl F) - (U A dU).
G G

We will establish the bound

/ (curl ) - (U A dU)

G

(9.0.11) < C|Fllwre

in 5 steps. The desired estimate (9.0.6) will be consequence of (9.0.10) and (9.0.11).
Step 1. — Extensions.

Let Q be a cube such that G € Q. Let £ € W"3(Q; R?) be such that supp &
is contained in a fixed compact subset of Q,

F=Fin G,
and

l£llwis) < Cll&llwis)-
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Next, we extend g to Q \ G using Lemma 30. Thus, we obtain a family w. € H'(Q \
G; R?) satisfying

9.1.1) Wejo; =
9.1.2) w, = 1 in some fixed neighborhood of 8Q,
(9.1.3) E.(w;; Q \ G) < Clogl/e
(9.1.4) lewe llwircorvay < Gy VP <2
(9.1.5) w,, — win W(Q\G), Vp<2,
for some w € W'(Q \ G;S"), Vp<2.
Set
_ {u in G
" lw. inQ\G,
so that #, € H'(Q; R?) and
9.1.6) i, — Uin W(Q), Vp<3/2,
where
& {u %n G
w inQ\G
and Ue W(Q;S"), Vp<3/2.
Clearly,
9.1.7) E.(u; Q) < Clogl/e.

It is convenient to introduce the following distribution denoted fjx A fjxj, 1 £y
~ ~ l ~  ~ 1 ~ ~
U, AU, = §(UM AU), + §(U AU,

acting on functions G3°(Q ; R).
An immediate computation shows that

1 ~ ~ ~ ~ ~ ~ ~ ~ ~
——f(curl H-OrdU=<U, AT F>4+<0, AT h>
9.1.8) 2]
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We will prove e.g. that
(9.1.9) | < U, AU, k> | < Cllkllws.

for every £ € C3°(Q; R) and similarly for the other terms.
Assuming (9.1.9) we then have

9.1.10) ‘ /(Curl B - (U A dU)| < CllEllwisg)

Q
and thus

‘ /(Curl Zf)) . (U AN dU) < / (Curl 7%) cw A dw + C”/;”V\lg(Q)
(9.1.11) J e

< l&llwisio o) llwlliszone) + Cll&llwisg)-

Finally we obtain, by (9.1.4),

(9.1.12) ‘ /(Curl /_f)) . (U AN dU)‘ < C”/_‘C)H\MI,S(G)
G
which is the desired estimate (9.0.11).
The rest of the argument is devoted to the proof of (9.1.9).
Step 2. — Use of a result of Jerrard—Soner.

For any %3 € R set
T = Q NR? x {x3)).
Consider X3 such that

Es (&s | 29?5) <

9.2.1 lim inf
(9-2.1) " Tog1/e

and

9.2.2) Uz, — Ops, in WH(25).

From (9.1.6), (9.1.7), this is the case for almost all xs.

It follgws t}’lven from Theorem 3.1 in [33] that (%), A (%,), converges in
7'(%5,) to U, AU, and that

9.2.3) U, AU, =7 ds,
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where di = dl(ﬁ_Cg) S Z, a; = di(ﬁ_Cg) S 25(3 satisfy

Es (le | E%g)

(9.2.4) nZ|di(5c3)|§li£rLi()rlf og /s

Thus, from (9.1.7)

(9.2.5) Z/ |d;(x3)|dx; < C

and we may write

(9.2.6) <U, AU, k>=n / dX3{ > di(xg)k(ai(xg))}.

To bound (9.2.6), we will need, besides (9.2.5), also certain cancellations that have to
do with the sign of d’s.

Step 3. — Use of minimal connections.

Take x5 as in Step 2 and consider the domain
Q7 =Q Nxs < xs] (or x5 = Xx3).

Since %, — Uin Wl’%_(aﬂ,—@), U, — Uin H'/2(3%23,). Remark also that, since U=1
on 0Q), the singularities of U on 09€2;, are necessarily in X_.
Invoke next Theorem 6’ to claim that

Es(aglﬁi.g) < Es(aé‘) <

9.3.1) "LUz,) = LU, ) < limint =

P logl/e

Note that assumption (5.11) is satisfied since

! =12 2
= | ("= 1) = Clogl/e
Q

implies

1 1
—/(Iﬁgl2 - )= —/%/(IZLSIQ - 1)?—0
& &

Q Ty
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and then

1 -
—/ (e, | = 1)* < h(xs)
o 2*3

for some fixed function 4 € L.
Thus, by (9.3.1), there is a reordering

{a;(d)} = {pr, s pe} U {m, oo, e}

with possible repetition, such that

9.3.2) > IpEs) — nG)l < C
r
and (9.2.5), (9.2.6) may be rewritten as
(9.3.3) /E(xg)dxg <C
(where 2£(x;) = 3 |d;(x3)])
and
9.3.4) <U, AU, k>=n f dxg{ > Tk(i(xs)) — k(nj-(xg))]}.
-

We will now establish the desired bound (9.1.9) with the help of the following

Proposition 3. — Assume (9.3.3) and (9.3.4), then, for every k € C3°(Q; R),

(9.3.5) ‘ /dX3{ Z [£(pi(x3)) — /f(ﬂj(xz))]}

< Cll&llwsq)-

Step 4. — Decomposition of W'3(R®)-function.

Let k€ WIS, lkllwes < 1 and let

/fZZAS/f

5>0

be a usual Littlewood—Paley decomposition (we assume suppk C Q).
Thus

(9.4.1) > 8 IAKI; < C.

95
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Denote

(9.4.2) A, = 8| A
hence

(9.4.3) Y a <.

First we estimate for fixed p > 0

9.4.4) meas [x3; sup |Ak(xy, xo, x3)| > p].

X1,X2

Clearly, for fixed xs,
IAKC) e, < C4 A Iy

X].x9

so that
(9.4.5) (9.4.4) <p’ /-(”Axk(x?))”Lglo_\.g)gdx?) < Cp P AKI; < Cp?27 4,

Denote ¢, the function on R

1 T
| |
| |
| |
| |
| |
| |
| |
| |
| |
\ j
- —5 0 b

Fix 5, and decompose for s > 5, 4 1

Ak=Fk +E, with £ =AK]L =) (D).
Hence
1
ky,xo S |A5k| X[\AJ/»'K(A*AO)iQ]
2
ky,so S |A5k| X[\Ax/c\>%(ﬁﬁ0)72].
Therefore
(9.4.6) L <
s>s0+1
and by (9.4.5)
(9.4.7) meas (Projx3 (supp kiso)) < C(s—s)° 27°A,.
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Step 5. — Estimation of (9.3.5).

Using the decomposition of Step 4, estimate

(9.5.0) (9.3.5) §/dx3{z > |/f(pj(x3))—/f(nj(x3))\}

0 il

and

9.5.1) k(py) — k)| < D 1AK(p) — Ak(n)|
9.5.2) + 3 (K ] + K, )])

9.5.3) + Y (JE, )] + £, m)]).

Contribution of (9.5.1)
Estimate
|AKCH) = Ak(m)| < |AKLip | — ml = G270,
Thus the contribution in (9.5.0) is bounded by
f dxg[ D 2T ) — mixs)| ~ 2—50}>]

50,550

by (9.3.3).

Contribution of (9.5.2)
Same, since (9.5.2) < C from (9.4.6).

Contribution of (9.5.3)

This is the crux of the argument.
Estimate, using (9.3.2) and the fact that |£* | < C,

5,50

> IR (B) S IR - x

M lpmi~2

, (x
Pn~oij<suppkﬁJU)( 3)

[ 1pi(xs) — mi(xs)| ~ 277}]
< G2%% (x3).

Projug (upp k)
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Integration in x3 gives therefore, using (9.4.7),
(9.5.4) C(s — 50)° 2707,

which, by (9.4.3), is summable in }_ .
This completes the proof of (9.3.5), and thus of Theorem 12.

9.3. A geometric estimate related to Proposition 3

With the same technique as in the proof of Proposition 3 we may derive the fol-
lowing estimate which has an interesting geometric flavour. It may be used to provide
an alternative proof of Theorem 12 as in [BOSI].

Proposition 4. — Let T be a closed, oriented, rectifiable curve in R®, and denote by 7 the
unit tangent vector along T; let k € W'3(R?; R®). Then

/i
r

Proof. — Part of the argument is a repetition of the proof of Proposition 3, but
we have kept it for the convenience of the reader who wishes to concentrate on Propo-
sition 4 independently of the rest of the paper. Assume |[I'| = 1 and let y : [0, 1]
— I" be the arclength parametrization (|y| = 1).

We need to bound

(9.6.1) //fa(V(S)))'/a(S)ds = /dxa[ > O(X)/fg(x)],
r

xerm

< Cll&]lws[T].

where I'y, = T' N [x = x3] is assumed finite (by choice of coordinate system) and

o(y(s)) = signys(s).
Thus I'y, = {P, ..., P,} U {Ny, ..., N,}, where o(P;) = | and 0(Q,) = —1. Also,

1
r=r(x3) = §Card(Fx3)

1
/T(Xs)dxz = §/|)73(5)|d5 <1,

(9.6.3) Y P—N| =M =1.

and
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Write £ for k3 and assume ||k||w1s < 1. Write, for fixed x3,

Z o (x)k(x)

(9.6.4) velg

r(x3)

< ) IRP) — k(N
=1

=Y > KP) — kN

50 [P;—N;|~27%

To estimate (9.6.4), we perform again the same decomposition of £ € W3,
Thus, for fixed s,

k=ky+Y K+ K,

5>50 >80

satisfying
(9.6.5) |V, | S 2°
(9.6.6) ki S Gs—50)7

£ | <1 and
9-6.7) ” o . :

supp &, ; contained in the union of < o,(s — s5)° cubes of size 27
with

(9.6.8) Y o <cC
(in fact 0!/% = || Akllwis, £ = D Ak, Littlewood-Paley decomposition).
Returning to (9.6.4), we get for fixed s,

9.6.9) > 1k, (P) — k(N

[P;—N;|~27%0

+
(9.6.10) > >

kL (@] + [k (D)
50 [Pi=Nj]~27%
+
(9.6.11) Yo R.@)+ R

=50 [Pi=N;|~27%0

Contribution of (9.6.9)

(9.6.5) = (9.6.9) < #{i| [P, = N,;| ~27"}.
Sum in 55 = 7(x3) satisfying (9.6.2).



100 JEAN BOURGAIN, HAIM BREZIS, PETRU MIRONESCU

Contribution of (9.6.10)

k!

50,

(9.6.6) = > <C.

550

Hence

(9.6.10) < #{i||P; — N;| ~ 27"}

Contribution of (9.6.11)

For fixed s > s, we need to restrict x3 to Proj,, (supp kfw) C R of measure
< 0,(s — 50)°27° by (9.6.7).

By (9.6.3), #{i||P, = N;| ~ 27} <29, Vs

Thus,

X3 2 i v | S OS5 — 5 T s
/d [ Z 2 (P)] + }< ( )59—(s=0)

[Pi—N;|~27%0

summable in s, 59, 5 > 50, taking also (9.6.8) into account.

10. Open problems

OP 1. — Let u, be a minimizer of E, in Hé1 with g € HY2(Q; SY). Is it
true that

/ |ué‘x,‘ A\ ué‘.)gl S C VZ,] as & —> O?

G

OP 2. — Let u, be a minimizer of E, in Hz with g € H/2(Q; Sh).
Is it true that

e llwis2y < Case—07?

Is (u) relatively compact in W13/2p

OP 3. — Assume «, : B — R? (B unit ball in R?) is smooth and satisfies

9 1 2 2
V| t2 (lue]” = 1)7 = Clog(1/e).
B B
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Is it true that for every compact subset K C B,

‘/(usx A usy)(p
B

(As explained in Section 9.1 a positive solution of OP3 yields a positive answer to the
first question in OP2)

= Ckllellwis - Vo € CF(K)?

OP 4. — Let u, be a minimizer of E, in Hz with g € H/2(Q; Sh).
Is it true that

lu.| is bounded in H'(G)?

11. Appendices
Appendix A. The upper bound for the energy

With G and = 9G as in Section 1, consider the following distinguished classes
in H'/2(Q; S"):

7 {g € g€ W (Q;S"),Vp < 2; g is smooth away from}

a finite set X of singularities

a2 - 18 € Z; |Vg(x)| < C/|x — o] near each 0 € &
*” land deg(g,0) ==+1, Vo € = ’

for each o € X, there is some R € &'(3) such that
‘g(x)—R(ﬂ) | < C|x — o|for x near o ’

lx—a|

%1:‘g€%0

where €/(3) denotes the group of linear isometries of R?. Here, we identify S! C R?
with S! x {0} viewed as a subset of R®. From the definition of %, we see that R must
map the tangent plane T,(2) into R? x {0} and thus R(n(0)) = (0, 0, £1), where
n(o) is the outward unit normal to Q. Clearly, deg(g,0) = +1 if R is orientation-
preserving and —1 otherwise.

This appendix is devoted to the proof of the following

Lemma A1, — Let g € Xy and let L be the length of a minimal connection corresponding
to the geodesic distance in G. Then

Min {E.(w); u € H!(G; R?)

A.1
(A1) < nLg(g) log(l/e) 4+ o(log(1/¢e)) as e — 0.
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The proof we present below uses some arguments from [40], Section 1.

Proof. — Given § > 0 small, we first construct a domain G; and a diffeomor-
phism &;: G — G; (with & : 0G — 9Gy) such that

A.2) ID& —1|| < €8 on G

and 0G; is flat in a §-neighborhood of each singularity &(aj) of g =go&; .

The construction of &; is standard. Assume, for simplicity, that 0 is a singular
point of g on € and that, near 0, the graph of Q is given by x3 = ¥ (x;, xy) with
smooth and V(0) = 0. Set

n(xr, X9, X3) = (X1, 29, X3 — Y(x1, X9))

so that |[Dn(x) —I|| < C|x| near 0. Let ¢ € C°(B;) with £ =1 on B,y. Then

Es(x) = x+ ¢(x/8)(n(x) —x),x € G

has all the required properties relative to one singularity. We proceed similarly for the
other singularities.

We now write G and g instead of G; and g5, so that we may assume that €2 is
flat in a §-neighborhood of each singularity.

After relabeling the singularities of g, we may assume that Lg(g) = Zj/.;l length
(¥;), where y; connects (in G) P; and N;. We now introduce a second parameter A, 0 <
A <4, and we choose some disjoint smooth curves I'; having the following properties:

a) Z length (I';) < Lg(g) + A;
b) T'j is a simple curve;
c) F is contained in G except for its endpoints P; and Nj;
d) the curve I'; is orthogonal to €2 in a A- nelghborhood of its endpoints.

Moreover, we may assume that I'; is parametrized in such a way that the tan-
gent vector at P; is outward and the one at N; is inward. We take the arclength as
parameter. We may thus write I'; = {X;(#); ¢ € [0, T}]}, with X;(0) = N;, X;(T)) = P,
where X; is smooth, into and an immersion, and T; = length(I’;).

We consider the unit tangent vector to I, e(X;(#)) = Xj’-(t). We may find two
smooth vector fields f, g on I'; such that { f(X;(¢)), g(X;(1)), e(X;(?))} is a direct or-
thonormal basis for each ¢.

We now define the map ®; : [0, T;] x B, —> R’ by

@;(t, u, v) = X;(0) + uf (X;(0) + 02(X;(0)),

where B, = {(u, v) € R?; * +¢* < A%}
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Clearly,
(A.3) ID®;(¢, u, v) — M()|| < CA on [0, T}] x By,

where M(¢) € 0(3). Thus, for A sufficiently small, ®; is a diffecomorphism from [0, T}]
x B, onto a A-tubular neighborhood U; of T';. Moreover U; C G for A small.

It is easy to see that the restriction of g to €\ U;U; has a smooth S'-valued
extension, g, to G\ U;U;. Indeed, let ¢ : G — R? be a diffeomorphism onto &(G)
with £;(G) C Br x[0, T}] and ¢;(U;) = B, x [0, T;]. Consider the function % : R’ — §!
defined by

k(x, 9, 2) = (6, ) ]/ (¢ +)"2.
Then
k=kot:G\U;— S
is smooth and
g=T"_k:G\ uy; — S!
is also smooth. Moreover
deg (g, Cf) =41V
where Cf = {x € Q; |x—P;j| = A} and C]-_ = {x € Q; [x — N;| = A}. Therefore
deg (/9. CF) =0 V.
Hence the function g/g restricted to €2\ E'JUj admits a smooth extension f : Q — S

Then f extends to a smooth map f : G — S'. Finally, the map g = /¢ has the desired
properties.
Clearly we have

A.4) E.(& G \UU) < C,.
J
Consider the map 7% : ([0, T;] x B,) — S' defined by

o ]8o®, on [0, Tl x 3B, o
! go®;, on {0} x B, and on {T;} x B;,
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Then £ is smooth on 9([0, T;] x B;) except at the points (0, 0, 0) and (1}, 0, 0). From
the construction in [40] we know that

AS Min {E.(x; (0, T)) x B,)); u € H, (0, T)) x B;; R%)}
< n'T;log(1/e) + C,.
Using (A.5) and (A.3) we return to U; via ®; and obtain a map
0 =105 U — R*
such that » = g on (9U;) N 2 and
(A.6) E.(»; U)) < (7T;log(1/e) + C;)(1 4+ CA).

Gluing the maps 7, ; defined above with the map ggyu,, we obtain a map
w, 5 : G — R? satisfying

wWe; = g on 2

and (by (A.4) and (A.6)),

A7) Ee(ex: G) < (()T)) log(1/) + G ) (1 4+ C) + G

Returning to the original notation G4 and 25 = 9G;, we have just constructed a map
w,,. : Gy — R? satisfying

We . = & =go§5_1 on s
and
(A.8) E.(we5; Gs) < (L, (g5) + 1) log(1/e)(1 4+ C1) + C.

Finally, coming back to the original domain G via &5, we obtain some @, ; 5 €
H;(G; R?) such that

A.9) E (@3 G) < [m(L, (&) + 1) log(1/e)(1 + Ch) + C;](1 + Cd).
It is easy to see that

L, (8) — Lo(9)| < C3

and thus we arrive at
(A.10) E: (@5 G) < mwLg(g) log(1/e)(1 + Cx 4 Cé) + C’M,

which yields the desired conclusion (A.1) since A < § are arbitrarily small.
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Appendix B. A variant of the density result of T. Riviere

We use the same notation as in Appendix A for Z, %, and #,. Recall that %,
is dense in H'?(Q; S"); see Riviere [38], quoted as Lemma 11, and see Remark 5.1
for a proof. This appendix is devoted to the following improvement:

Lemma B.1. — The class X, is dense in HY/?(2; SY).

Proof — Given g € H'/2(Q;S') and & > 0 we first use the density of %, to
construct a map & € %, such that || — g|lq2 <e.
Next, write, as usual, the singular set X of % as

Y2 ={P, Py, ..., P, N;, No, ..., NiJ.

For every o € €2, let T,(€2) denote the tangent plane to €2 at o; we orient it using the
outward normal n(o) to G. Let P, denote the projection onto €2 defined in a tubular

neighborhood of @ in R®.
For each 1 =1, 2, ..., £, fix two smooth maps:

vt {E € Tp(Q): 1§l =1} — S,
v & € Tn(Q); €] = 1} — S,
such that

(B.1) deg(y") = +1 and deg(y,") = —1.

The conclusion of Lemma B.1 is an immediate consequence of the following
more general:

Claim. — With % as above, there is a sequence (%,) in H/?(2; S') such that:
(B.2) h, — h in H'/?

(B.3) h, e C*(Q\ Z: S, Va,
(B.4) h, e W(Q\ 28, Va, Vp<2,
(B.5) |Vh,(x)] < C,/dist (x, &), Vn, VYxeQ\X,

for all 0 < ¢ < ¢ (sufficiently small, depending only on €2) and all ¢ = 1, 2, ...k, we
have:

(B.6) (P (P; +t6)) — v, (&) < Cot,  ¥n, V& € Tp(Q), [§] = 1,

(B.7) | (Po(N; +18)) —y;7 (O < Cyut,  Vn,¥§ € Tx (), |§] = 1.
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Proof of the Claim. — Fix an arbitrary function k£ € C®(Q\ ; S N W (Q, S,
Vp < 2 satistying

(B.8) IVE(x)] < C dist (x, £), VreQ\Z,
(B.9) |k(Po(P; + t§)) — ¥ (§)| < Ct,
(B.10) |k(Po(N; + #6)) — v, (§)] < Ct,

for all ¢,7,& as in (B.6)—~(B.7).

The existence of £ is proved as in Appendix A. First we define it on 9B, X
[0, T] using the parameter ¢ to homotopy ;" to the complex conjugate of ;. We
then extend it to B, x [0, T] by homogeneity of degree 0 and transfer it to a “tube-
like” region U; in G connecting P; to N;. Finally, we extend these functions smoothly
to G\ U,, take their complex product, and restrict it to €2.

To complete the proof of the claim, note that T(4) = T(k) = 27 Zi;l(Spi —N,)-
Thus T(4k) = 0 and, by Theorem 2, there exists a sequence 7, € C*(€2; S') such that
r, — hk in H'/2. Using the fact that points have zero H'-capacity in 2 — d (and thus
zero H'/? - capacity), we may also assume that 7,(P;) = r,(N,) = 1, Vn, Vi. Clearly, the
sequence #, = kr, has all the desired properties (B.2)-(B.7).

Lemma B.1 is obtained by choosing, in the claim, as y;" and y;~ any isometries
from Tp.(R2) and Ty.(2) onto R2

Appendix C: Almost Z-valued functions
The purpose of this section is to prove the following fact used earlier in Sec-
tion 8.

Lemma C.1. — Assume ¢ € H/*((0,1) x (0, 1)) and {Q 4} a collection of squares in
(0, ? such that

(C.1) lglls < C

(C.2) e — HlLiqoapuoan < €
(C.3) @l < 8(log(1/¢))'/
(C.4) Y o, <.

where € < & K 1 and o, denotes the size of Q 4.
Then there is some a € Z such that

(C.5) lg — 2mall < C8'8,
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The proof will rely on the following inequality (see also [15] and [35] for related
results).

Lemma C.2. — Let Q = (0, 1)%, f € LY(Q). Then for all 0 < p < p, poy sufficiently

small,
scuogprlff e
L A lx = (|x — 5| + p)

(C.6) Hf -

with C some constant.

Proof of Lemma C.1. — It follows from (C2) that we may write Q as a digomnt

union

Q=Ja.uz,ul JaA.

JEZL
where
(C.7) A; Cllg —2mj] < &'/
(C.8) 1Zo| < &¥/*.

Apply Lemma C.2 to f = xa, with p = &'/*. Hence, denoting Z = Zy U [, Q...

AT = 1A < Clloge| // =™ (=l + )

AX(Q\A)

< Clloge|™" ) // lx — 7% + C|loge| ™!
A AA

X/ lx =17 (x =l + )7

Ajx7Z

2

< Clloge|”! /f Iw(ﬁ) <p|(3y)| +Cllogel”!
AjxUA; .))
k#j

/ = (k= + ).

Ajx7Z
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Summation over j gives

D IAI =A< Cllogel™ lloll}..

4 Clloge|” f =™ (=l + )
7Zx(Q\Z)

by(C.3) .
<7 082 + Clloge|™!

X[Z // |X—y|‘1(|x—y|+p)_g]

* Qex(Q\Qa)
+ C|Z|. & 1.
For fixed «, estimate
.10 [ o=+ o

Qo x(Q\Qa)
Since for fixed x € Q 4, |x — y| > dist (x, 9Q ,), we get easily
(C.10) <C [dist (x, 0Q ,) + p] 'dx < C|log&|o,
Qo

with o, the size of Q.
Substitute in (C.9) and use (C.4), (C.8) to bound

L

(C.11) Y IAIN - IAD < C8*+CY o, +e 710 <G8+,
:

Take jp with [A;] = max [Aj]. Thus [Aj] < % for j # jo and by (C.11)
(C.12) YAl = CE+ ).
J#jo
Taking a = jy, finally estimate using (C.1), (C.7)
lg —2mally < llg = 27plluiay,) + @l + 2mlal [Q\A;]

< &% + CIQ\A |7 + 27lal [Q\A,]
where, by (C.4), (C.8), (C.12)
IQ\AL <D T 1Qul +1Zol + Y 1A < D o2+ ¥+ C6 +£77)
J#jo
< C(8 4 &*°).
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Hence

lp — 2mally < C(e"® + 8 + Clal(8 + £°°)
implying

2rr|al < llglly + 1 + |al
so that

la| < C and |l¢ — 2mal|; < C(Y* +£'/8) < €88
which is (C.5).

Proof of Lemma C.2. — We will derive the inequality by contradiction, using Theo-
rem 4 in [14]. Let thus (f,) be a sequence in L'(Q) and (g,) | 0 such that

0 | /u(x) = f.(0)]
(C.13) | log &, Q/é e ——— el

and

€.14) I — / Sl — os.

Denote by p, the radial mollifier on R?
(C.15) pu(x) = ¢, loge,| " (|x] + )

with ¢, such that [ p, =1 (hence ¢, ~ 1). Applying Theorem 4 from [14], with p = 1,
it follows that (f;) is relatively compact in L'(Q), contradicting (C.14). This proves
(C.6).

Appendix D. Sobolev imbeddings for BV

It is well-known that, if p > 1 and 0 <s < 1, then
WH(Q) c W(Q), 2 CR

with
11 (1—y)

qg b d

This imbedding fails for p = 1 and d = 1, i.e., W"! is not contained in W'/
for ¢ > 1. Surprisingly, the imbedding holds when p =1 and 4 > 2.
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Lemma D.1. — Assume d > 2 and 0 < s < 1. Then

BV(RY) c W*(R?)

When d = 2, this result is an immediate consequence of an interpolation result
of Cohen, Dahmen, Daubechies and DeVore [23]. It also seems to be contained in
an earlier work of V. A. Solonnikov [44] although the condition 4 > 2 does not ap-
pear in his paper. We thank V. Maz’ya and T. Shaposhnikova for calling our attention
to the paper of Solonnikov and for confirming that the assumption ¢ > 2 is indeed
used there implicitly; they have also devised another proof of Solonnikov’s inequality
(personal communication).

Our proof relies on the following one-dimensional elementary inequality:

Lemma D.2. — Let 1 <p<o00 and 0 <s<1/p. Then, for every f € C5°(R),

(I=sp) | o1 5°
(D.2) | Myvom < CILAI @) 111 &
where G depends only on p and s.

Here, | |ws¢®) denotes the canonical semi-norm on W*/(R), i.e.,

|f|/\)v«p(R) = fdxf FACREORAC) ll)dh.
0

Jl+sp
R

Proof. — Write, for A > 0,

A o
R 0 R

A
1—sp PV
+ 27| £ 1L,

1 —sp sp

<ot (1 2 e,
iy L! 1 . Sp LY S[) 3

—1 p—1
<27 Sl LS M

since sp < 1. Minimizing in A yields (D.2) with C = 2/~ /sp(1 — sp).
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Proof of Lemma D.1. — Let u € CP(R?). We will use the following equivalent
norm on W* (se¢ e.g. Adams [1], Lemma 7.44)

d o0
lu(x + he)) — u(x)|
(D.3> ”u”f\m/} ~ ”u”iﬁ + Z /- dx }l{—H]) dh
0

J=1 R
Note that BV C L' N L¥“"Y and thus we may estimate (via Holder)
lullry < Cllullgy,
1 (I —y9) s l—3s

D.4) Z:l— =1t T

We now turn to the second term in (D.3); without loss of generality we may take
J = 1. We apply Lemma D.I to the function

f(') = u('s X9y X3y v v vy Xd)
(note that, by (D.4), sp < 1) and we obtain

/dxl /Oo luCay + by x5 -y %) — ulxg, g, - xd)vjd}[
J 0

I+sp
(D.5) d

p(1—sp) p? p(1—3p) (1=s)p(1—sp) i
5@Vb®nﬂm®smUM‘HﬂW@>mep

On the one hand, we have

(D.6> / ”f/”Ll(R)dXQdX3. .. dxd < / |Vu|dx
R?

Rd-1
On the other hand, the imbedding BV C LY~V gives, with ¢ = d/(d — 1),
g
(D.7) ||f||iq(R)dx2dx3. Lodxg = ||u||iq ry < C |Vu|dx
RY)
Rd-1 R?
Finally we claim that

(d—1)/(d=2)

(D.8) / LI ) dvads. . . dxy < C / |V u|dx :
Rd
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when d = 2, inequality (D.8) reads
||f||LC;§(L1 f|Vu|

To prove (D.8) we use once more the imbedding BV C 1.7, but this time in R?"!, with

r=(d—1)/(d —2), and we obtain

(D.9) Il (xrs D)l wery < G / |Vu(xy, -)|dxodxs. . . dxy.

) : !

Next, we have

”f”L’(Rd*l;Ll(R)) = H / |f(X1, ')|dX1
R

L’(Rd_] )

< / I/ Cers )l e-1ydx by the triangle inequality

C/ |Vu(x)|dx by (D.9).
R?

Finally, we return to (D.5), integrate in dxydxs. . . dx,;, and apply Holder with exponents
P, Q, R such that

Psp(1 —sp) = (d = 1)/(d = 2),
Q1 = )p(l —sp) = d/(d = 1),
Rsp? = 1.

[A straightforward computation shows that 1l> + é +% = 1]. From (D.8), (D.7) and
(D.6) we deduce that

b
b
|u|“n./1(R(/) S C / |Vu|dx
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Added in proof:
1) After our work was completed some of our results were generalized to higher
dimensions in [ABO].

2) E Bethuel, G. Orlandi and D. Smets have solved our Open Problem 3 (and
thereby also the first part of Open Problem 2) in Section 10; see [BOS1] and [BOS2].

3) J. Van Schaftingen [VS] has given an elementary proof of our Proposition 4,
which extends easily to higher dimensions. His proof follows the same strategy as ours,
except that he uses the Morrey-Sobolev imbedding in place of a Littlewood Paley
decomposition.

4) An alternative approach to Proposition 4 is to use a new estimate for the
div-curl system (see [BB]), namely

llullt32 < Cllcurl u||11, Vu with div « = 0.

5) An interesting extension of Lemma C.2 may be found in [P].
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