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Abstract

In this paper we prove the Hadamard and the Fejér-Hadamard inequalities for the
extended generalized fractional integral operator involving the extended generalized
Mittag-Leffler function. The extended generalized Mittag-Leffler function includes
many known special functions. We have several such inequalities corresponding to
special cases of the extended generalized Mittag-Leffler function. Also there we note
the known results that can be obtained.
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1 Introduction

A real-valued function f : I — R, where [ is an interval in R is called convex if

flox+ (1 -a)y) <af@)+(1-a)f (),

where o € [0,1], x,y € I.
Convex functions play a vital role in mathematical analysis. They have been considered
for defining and finding new dimensions of analysis. In [1] Toader define the concept of

m-convexity: an intermediate between usual convexity and star shape function.

Definition 1.1 A functionf:[0,b] — R, b >0, is said to be m-convex, where m € [0,1], if
we have

S (tx+m(1 - t)y) < tf (x) + m(1 - O)f ()
forall x,y € [0,b] and £ € [0, 1].

If we take m = 1, then we recapture the concept of convex functions defined on [0, 5],

and if we take m = 0, then we get the concept of starshaped functions defined on [0, b]. We
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recall that f : [0, 5] — R is called starshaped if
f(tx) <tf(x) forallte[0,1] andx € [0,b].

If we denote by K,,,(b) the set of m-convex functions on [0, b] for which £(0) < 0, then we
have

K (b) C I(m(b) C Ko(b),

whenever m € (0,1). Note that in the class Kj(b) there are only convex functions f :
[0, 5] — R for which f(0) < 0 (see [2]). An m-convex function need not be a convex func-

tion, as the following example shows.

Example 1.1 [3] The function f : [0,00) — R, given by

f(x)— (x —5x% + 942 —Sx)

16

is a {7-convex function but it is not an m-convex function for m € (2,1].

17’7

For more results and inequalities related to m-convex functions one can consult for ex-
ample [2, 4—6]. In the literature the integral inequality

f(a;b)_ L /ﬂ r L@ )

where f : I — R is a convex function on the interval I of real numbers and a,b € I with
a < b, is known as the Hadamard inequality. If f is concave, then the above inequality
holds in the reverse direction. The Hadamard inequality has always retained the attention
of mathematicians and a lot of results have been produced about it, for example see [6—12]
and the references cited therein.

In [13] Fejér gave a generalization of the Hadamard inequality as follows.

Theorem 1.1 Letf : [a,b] — R be a convex function and g : [a, b] — R be a non-negative,
integrable and symmetric to ‘”b . Then the following inequality holds:

b b
f(“; )/ g(x)dx<ffx>g(x)d S0 )/ ) dx. (12)

In the literature inequality (1.2) is known as the Fejér—Hadamard inequality.

Nowadays the Hadamard and the Fejér—Hadamard inequalities via fractional calculus
are in focus of researchers. Recently a lot of papers have been dedicated to this field (see
[4, 14-16] and the references therein). Fractional calculus refers to integration or differ-
entiation of fractional order, the origin of fractional calculus is as old as calculus. For a
historical survey of this field the reader is referred to [17-21].

Fractional integral inequalities are useful in establishing the uniqueness of solutions for
certain fractional partial differential equations. They also provide upper and lower bounds
for the solutions of fractional boundary value problems. Many researchers have explored



Kang et al. Journal of Inequalities and Applications (2018) 2018:119 Page 3 of 11

certain extensions and generalizations of integral inequalities by involving fractional cal-
culus (see [14, 16, 22, 23]).

We are going to give the Hadamard and the Fejér—Hadamard inequalities for the
extended generalized fractional integral operator containing the extended generalized
Mittag-Leffler function [24]. We give a two sided definition of the extended generalized
fractional integral operator containing the extended generalized Mittag-Leffler function

as follows:

Definition 1.2 Let §,«, 8,7,¢ € C and R(8), R(«), R(B), R(t),R(c) >0, p > 0 and ¢, 7 > 0.
Then the extended generalized fractional integral operator ewfﬂq:c containing the ex-

tended generalized Mittag-Leffler function Ei’;g’?f for a real-valued continuous function

f is defined by
(et f)xp) = f (x = P B (e — 0% p)f (2) it (1.3)
and
(€0 f) (s p) = / (t — )PV (lt — %)% p)f () dt, (1.4)

where the function Ei’;;?f(t; p) is the extended generalized Mittag-Leffler function defined
as

érqc :3p(8+nq:c_8) (C)nq z"
t , 1.5
Fape 60) = Z B(,c-8) Tlan+p) (D (15)
where the generalized beta function g,(x,y) is defined by
1 -»
Bp(x,9) = / D1 - ¢y leD dt. (1.6)
0

For w = 0 along with p = 0, the integral operator ewaaﬂqrrc would correspond essentially to

the two sided Riemann-Liouville fractional integral operator

b f(x) = / x—-t)ff(@)dt, B>0,

T(8)

Iff( /(t—x)ﬂ_lf(t)dt, B >0.

T(B)

In [24-29] fractional boundary value problems and fractional differential equations are
studied along with properties of Mittag-Leftler function. In the following results we see

some properties of the Mittag-Leffler function [24].

Theorem 1.2 The series in (1.5) is absolutely convergent for all values of t provided that
)]R(o()

q <r+R(a). Moreover, if g = r + R(a), then E‘S rqc(t p) converges for |t| <~ qq



Kang et al. Journal of Inequalities and Applications (2018) 2018:119 Page 4 of 11

Theorem 1.3 Ifw,B,7,8,¢c € C, R(a), R(B), N(z) >0, R(c) >N(S) >0withp >0,r>0and
q<r+NRa), then

tr d (Srqc

E(6p) - e (6p) = T g Fapia G RO > 1; (1.7)
,1q,C ,q,C d »1q,C
iﬂqr(tp) ﬂEi{ilf(tp)wtd iﬂ’ilz(t p)- (1.8)

We organize the paper so that in Sect. 2 we give the Hadamard and the Fejér—Hadamard
inequalities via the extended generalized fractional integral operator € usﬂq: . Also we
mention the known results in particular. In Sect. 3 we extend the results of Sect. 2 via
m-convex functions and in particular we obtain the results of Sect. 2 on a reduced do-

main.

2 Hadamard and Fejér-Hadamard inequality for the extended generalized
Mittag-Leffler function

In the following we give the Hadamard and the Fejér—Hadamard inequalities for a convex

function via the extended generalized fractional integral operator containing the extended

generalized Mittag-Leffler function defined in (1.3) and (1.4). We also show that these

inequalities are generalizations of the Hadamard and the Fejér—Hadamard inequalities

for the fractional integrals given in [15, 16, 30].

Theorem 2.1 Let f : [a,b] — R be a positive function with 0 < a < b and f € L,[a,b]. If
f is a convex function on [a, b, then the following inequality for the extended generalized
fractional integral holds:

a) 18,q,1,¢ o 18,q,1,¢
a+b ' ,8,q,r,c a* a,B, tf)(b }9 + (Eb a,ﬁ,rf)(a;p)
f(T) (€xrapi1)(bip) < 5
(ﬂ) + (b) o, 8,q.r,¢
< (J% (€297 (s ), 21)
where ' = (b_"z)a .

Proof Since f is a convex function on [a, b], for t € [0, 1] we have

f<(m +(1-0b)+((1-0ba+ tb)) - flta+ (1 -t)b) + f((1 - t)a + tb)
2 - 2 )

Multiplying both sides of the above inequality with ¢# ‘lEi’;ff(wt“; p) we get

a+b
2w e et ()

< PES (ot p) (f (ta + (1 - D) + £ (1~ t)a + th)).
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Integrating with respect to ¢ over [0, 1] we have

a+b 1 _1 m8,1g,C o
of ( 2 )/o E g (otip) dt
1
< [ B ot a1 05)
0
1
[ (- 0a )
0

If we put u = at + (1 — t)b, then t = 2%, and if v = (1 — t)a + th, then t = =2, So using

—a b-a
Definition 1.2 one has

', 8,q,r,c o ,8,q,r,c
a+b ' ,8,q,r,c (€ﬂ+aﬁff)(b;p)+(Eb7aﬁff)(d;p)
2 (1) ) < .
f( 2 )(Ga ,o,0,T )( p)— 2

(2.3)

Again by using the fact that f is a convex function on [, b] and for ¢ € [0, 1] we have

fta+(1=0)b) +f((1-t)a+th) < tf(@) + (1 - O)f (b) + (1 - £)f (a) + tf (b). (2.4)

Now multiplying with tﬂ’lEg'%?f(wt”‘; p) and integrating over [0, 1] we get

1 1
/ tPVESS (ot p)f (ta + (1 - £)b) dt + / PE (b p)f (1 - )a + th) dt
0 0

1
<[f@+f0)] [ OB wrtsp)
0
from which by using a change of variables as for (2.3) and Definition 1.2 we get
(cavascf)sp) + (605 )@ p) < (f(@) +fB)) (€} -alys 1) @ p). (2.5)

From the inequalities (2.3) and (2.5) we get the inequality in (2.1). |

In the following remark we mention some published results.
Remark 2.1 In Theorem 2.1:

(i) if we take p = 0, then we get [30, Theorem 2.1];

(ii) if we take w = p = 0, then we get [16, Theorem 2];

(iii) if along w = p = 0 we take o = 1, then we get (1.1).

In the following we give the Fejér—Hadamard inequality for the extended generalized
fractional integral operator containing the extended generalized Mittag-Leffler function

defined in (1.3) and (1.4).

Theorem 2.2 Let f: [a,b] — R be a convex function with 0 < a < b and f € L,[a, b]. Also,

let g : [a,b] — R be a function which is non-negative, integrable and symmetric about %.
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Then the following inequality for the extended generalized fractional integral holds:

o ,8,q,1¢ b o Siane
f(“_;b>( are) iy < T p); (€21 asp)
b o', 8,q,r,¢
E‘JM( b i?grg)(ﬂ;p), (26)
where o' = (b,“;)a-

Proof Multiplying (2.2) with tﬂ‘lEZ’,;ff(wt“ ;p)E(thb + (1 — t)a) we get

2P~ 1}52734:( ta;p)f<¥)g(tb +(1- t)a)
<P lEi%qf(wt ip)(f(ta+ (1-0)b) +f((1 - t)a + th))g(th + (1 - t)a).

Integrating with respect to ¢ over [0, 1] we have

1
2f (“ s b) /0 tPVES (ot p)g (b + (1 - t)a) dt
5/ tPLESS (ot p)f (ta + (1 - )b)g (b + (1 - t)a) dt

0
+ / tPLE (wt; p)f (1 - Ha + th)g(th + (1 - t)a) dt
0

If we put u = at + (1 —t)b, then ¢ = Z—Z and if v = (1 - t)a + th, then ¢ = ;=2. So one has

2f<“+b>/ (b—u)P- 155””( ( > )g(a+b—u)du
/ (b - u)f~ 15;‘,7;1:( ( ),p)f(u)ga+b u) du
+ /h (v—a)ﬁ"lEi’;ff(a)<Zj) )/(v)g(a+b—v)dv

By the symmetry of the function g about % one can see g(a + b — x) = gx), x € [a, b],

therefore, using this fact and Definition 1.2, we have

(2.7)

a)é'qrc o', 8,q,1,¢
b ' ,8,q,r,c €t ng)(bp)+(6 o ng)(ﬂxp)
f(“; )(fi%rg)(b;p) iz rab

Now multiplying (2.4) with £/~ lEi ;q:(wt“, p)g(ta + (1 — t)b) and integrating with respect
to t over [0, 1] we get

/ tPLES (ot p)f (ta + (1 - )b)g(ta + (1 - )b) dt
0
+ / tPVES (ot p)f (1 - Oa + th)g(ta + (1 - )b) dt
0

< (f@) +£ () /0 tPVES T (ot p)g(ta + (1 - £)b) dt
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From this by a change of variables as for (2.7) Definition 1.2 we get

(220 (b p) + (€207 “fe) @i p) < (F(@) + FB)) (e g) (@i ). (2.8)
From inequalities (2.8) and (2.7) we get the inequality in (2.6). a
In the following we mention some published results.

Remark 2.2 In Theorem 2.2:
(i) if we take g = 1, then we get Theorem 2.1;
(ii) if we take p = 0, then we get [30, Theorem 2.2];
(iii) if we take w = p =0, then we get [15, Theorem 2.2].

3 Hadamard and Fejér-Hadamard inequality for m-convex function via the
extended generalized Mittag-Leffler function

In the following we give the Hadamard and the Fejér—Hadamard inequalities for an m-

convex function via the extended generalized fractional integral operator containing the

extended generalized Mittag-Leffler function defined in (1.3) and (1.4). We also show that

these inequalities are generalizations of the Hadamard and the Fejér—Hadamard inequal-

ities for the fractional integrals given in [4, 15, 16, 31].

Theorem 3.1 Let f: [0,00) — R be a positive function. Let a,b € [0,00) with 0 < a < mb
and f € Li[a,mb]. Iff is m-convex function on [a, mb), then the following inequality for the
extended generalized fractional integral holds:

b ',8,q,r,c
f(a +2m )(Ea{i:zé,; 1)(mb; p)

5, 2y s,
(€2 o) mb; p) + mPr (e L) (45 p)

- 2
PAT (@) = m*f(-5) | oa) same
m2 |: Wlb a (Eb‘,a,ﬂ,i‘lizr' 1) (%’p)
+ (f(b) + mf(%)) (eﬁ;;‘?;q’r’cl) (%;p)} (3.1)

’_ w
where o' = b

Proof Since f is an m-convex function on [a, mb], for t € [0, 1] we have

2
_Sflta+m-0b) + mf(1 - )5, +th)
< 5 ,

f((m+m(1 -1)b) + m((1-¢) + tb))

(3.2)
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8,15,

Multiplying with ¢/~ E ;% (wt*; p) both sides of the above inequality we get

a+mb
e o ()

< tﬂ*IEi’yz?f(wt“;p) (f(ta +m(1-t)b) + WIf<(1 - t)% + tb))-

Integrating with respect to ¢ over [0, 1] we have

b ! r,g,C
2f (6Z - ) / P E I (ot p) dt

0

1
< / PLE S (ot p)f (ta + m(1 — )b) dt

+m/ th- lEi;}q: "‘;p)f((l—t)£+tb) dt.
m

If we put u = at + m(1 — £)b, then ¢ = r”‘nlb’:z and if v=(1-1¢)~ +1tb, thent = Z:% So by

Definition 1.2 one has

b ',8,q,r,c
f(a +2m )(Eﬂ+%,; 1)(mb; p)

)5, ' ,8,q,r,
(€ ) mb; p) + mP (e L) (45 p)

< 5 (3.3)
Again by using that f is an m-convex function we have
f(ta+m-0b)+ mf<(1 - t)% ¥ th)
<tf(a) + m(1 - t)f (b) + m*(1 - t)f< ) + mtf (b). (3.4)

Now multiplying with tﬂ’lEi';;?f(wt"; p) and integrating with respect to ¢ over [0,1] we
get

/ tOVESS (ot p)f (ta + m(1 - )b) dt
+ m/ tPLES (oot ,p)f((l P tb) dt
m

< [ra-mir(5)] [ wrizctornar

+m[f(b)+mf(%):|/o PVEN A (w01 p) dt.
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From this by using a change of variables as for (3.3) and Definition 1.2 we get

mew',8,q,r,

/751 Ty
(€230 ) (mbs p) + mP (et 7<) (4 p)
2

m‘3+1 ((l) m2 ( mw’ r,c a
f f (Elf o fﬁr’?,r, 1) —pP
2 mb—a HPEL m

+ (f(b) + rnf(%))( b ;”,s‘iq”l)(%:p)]- (3.5)

From inequalities (3.3) and (3.5) we get the inequality in (3.1).

In the following remark we mention some published results.

Remark 3.1 In Theorem 3.1:
(i) if we take p =0, then we get [31, Theorem 3];
(ii) if we take w = p = 0, then we get [4, Theorem 2.1];
(iii) if along with @ =p =0, m =1, then we get [16, Theorem 2];
(iv) if we take w = p = 0 along with o = m = 1, then we get (1.1);
(v) if we take m = 1, then the inequality (3.1) gives the inequality (2.1) of Theorem 2.1
on the domain of f as [0, &].

In the following we give the Fejér—Hadamard inequality for an m-convex function via
the extended generalized fractional integral operator defined in (1.3) and (1.4).

Theorem 3.2 Letf : [0,00) — R be a m-convex function, a, b € [0,00) with0 < a < mb and
f € Lila,mb]. Also, let g : [a,mb] — R be a function which is non-negative and integrable
on [a, mb). Iff(a+mb—mx) = f (x), then the following inequality for an extended generalized
fractional integral holds:

a+ mb o Sarc a
(52 e s (o)

1 w e
< (Sor)

A[FO=IG) tigye (0
-2 mb —a brpried m’p

m(f(b) + mf(%)) (e;’fj‘iff;f;”g) (% p)} (3.6)

where o' = —%—.
UL

Proof Multiplying (3.2) with £/~ ES;" (wt®; p)g((1 — £) £ + th) we get

b
27 B (0t p)f (ﬂ +2m )g ((1 —) 4 tb)

< 7 E (s p) (f (ta + m(1-0)b)

+mf<(1 —t)% +tb)>g<(1 —t)% +tb>.
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Integrating with respect to ¢ over [0, 1] we have

b
2f<ﬂ +2m )/ P IEi%qrc(Wta;p)g((l—t)ﬁ +tb) dt
0 m

! -1 8,r,q,c a
< / PE) T (wt; p)f (ta + m(1 - t)b)g((l - t)E + tb) dt

+ m/ T R (O )f((l - t)% + tb>g((1 _ t)% + tb) dt. (3.7)

Setting x = (1 —¢)+- + tb and using f(a + mb — mx) = f(x) along with Definition 1.2 we get
a+mb o ,8,q,r,c a ' ,8,q,r,c

() e (o) < e mie S (Lon) 9

Now multiplying (3.4) with tf"lEi‘;S’?r’c(wt“ ;p)g((1—1).- + tb) and integrating with respect
to t over [0, 1] we get

/ P LEN (ot p)f (ta + m(1 - t)b)g((l - t)% + tb) dt
0
+m/ P (% )f((l—t)% +tb)g<(1—t)% +tb> dt
< [f(a) - mzf(%)] /0 tﬁEi;qf(wt )g<(1 - t)% + tb) dt
1
m[f(b) + mf(%)} fo PN (o p)g((l - t)% + tb) dt.

From this by setting x = (1 — ¢) - + tb and using f(a + mb — mx) = f(x) it can be seen

1+ m)

o', 8,q,r,c a
2 (eb il‘,IB+1 zfg) <%>

LA @ =121 (5) | s
<[P s 0 (2)

mb—a

m
a ' ,8,q,r,c a
+m<f(b) +mf<W>)(eb’a,ﬂ’rg)(;>]. (3.9)
From inequalities (3.8) and (3.9) we get the inequality in (3.6). O

Remark 3.2 In Theorem 3.2:
(i) if we take g = 1, then we get Theorem 3.1;
(ii) if we take g = 1, m = 1, then we get Theorem 2.1 on the domain of f as [0, b];
(iii) if we take w = p = 0 along with m = 1, then we get [15, Theorem 2.1].
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