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HADAMARD MATRICES AND ¿-CODES OF LENGTH 3n

C. H. YANG1

ABSTRACT. It is found that four-symbol ¿-codes of length t = 3n can be

composed for odd n < 59 or n = 2°10i,26c + 1, where all a, b and c > 0.

Consequently new families of Hadamard matrices of orders 4tw and 20tu> can

be constructed, where w is the order of Williamson matrices.

Introduction. An Hadamard matrix Hn = (hij) of order n is an n X n matrix

with entries 1 or —1 such that HnH^ = nln, where In is the nXn identity matrix

and T indicates the transposed matrix. In Hn, row vectors Vi = (hn,hi2, ■ ■ ■, hin)

are orthogonal, i.e. i>¿ • Vj = 53fc=i nikhjk = 0, i ?¿ j. Hn exists only if n = 1,2,

or 4k.

A sequence of vectors V = (vk)n — (vi,v2,...,vn), where Vk is one of m

orthonormal vectors i\,i2,. ■ ■ ,im or their negatives, is said to be an m-symbol

¿-code of length n, if

(I) v(j) = 0 for j y¿ 0, where v(j) = Y?k=i Vk ' vk+j ls the nonperiodic

auto-correlation function of V. Another characterization of V = (vk)n being

an m-symbol ¿-code is that its associated polynomial V(z) = J2l^=ivkzk~1 =

YLrj=\Pj{z)ij> where Pj(z) = J2kl=iPjkZk~1> 1 < j < rn, satisfies

(H) pjk £ {0,1, -1} and £7=i |pifc| = 1 (1 < k < n); and

(IE) T,JLi \Pj(z)? = n, for any z on the unit circle K = {z £ C: |.z| = 1} =

{z = exp(î'x): 0 < x < 27r}, where C is the complex field and i = \/—1.

Hadamard matrices of orders 4tw and 20tw can be composed if there exist a

four-symbol ¿-code of length t and Williamson matrices of order w (see [1]).

For four-symbol ¿-codes, we can let ¿i = (1,0,0,0), i2 = (0,1,0,0), ¿3 =

(0,0,1,0), t4 = (0,0,0,1) and vk = (qk, r-fc, 8k, tk). Then

(1) qk,rk,Sk,tk £ {0,1,— 1}    and    \qk\ + |rfc| + |sfc| + |ifc| = 1,

which corresponds to condition (II). Condition (I) becomes

(2) q(j) + r(j) + s(j) + t(j) = 0    îov j ^ 0,

where p(j) is the auto-correlation function of a sequence P = (pk).   And (HI)

b g come s

|<3|2 + |Ä|2 + |S|2 + |T|2 = n    for any zG if,

where P stands for the associated polynomial P(z) of a sequence (pk)- From now

on we shall use the same P to represent both a sequence (pk) and its associated

polynomial ^2pkZk~1.

Four sequences Q, R, S and T of length n satisfying conditions (1) and (2) are

called Turyn sequences (or T-sequences) of length n (abbreviated as TS(n)).
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Four (1, —1) sequences U = (uk)m+P, W = (wk)m+p; X = (xk)m and Y =

[yk)m (where p > 0) will be called Turyn base sequences for length 2m + p

(abbreviated as TBS(2m + p)) if they satisfy

(3) u(j) + w(j) + x(j) + y(j) = 0   forjVO.

Condition (3) is also equivalent to

\U\2 + \W\2 + |X|2 + |y|2 = 2(2m + p)   for any z£K.

If TBS(2m + p): U, W; X and Y exist, then TS(2m + p) can be formed (cf.

[1]) as follows: ¿(1/ + W, 0), ¿(17 — W, 0), ¿(0',X + r), and ¿(0',X — Y), where

0 = 0m (the sequence of zeros of length m) and 0' = 0m-|_p.

THEOREM. Lei C = (uk)m+p, W = (wk)m+P; X = (xk)m and Y = (yk)m be

TBS(n) for n = 2m + p. Then the following are TS(3n): 2

Q = \(U + W,X + Y;0',0;(U -W)*,0),

(4)

or

(5)

R=l(U-W,X-Y;0', 0; -(U + W)*, 0),

5 = i(0', 0;U + W, -(X + y); 0', (X - Y)'),

T = 1(0', 0; t/ - iy, -(X - Y); 0', -(X + Y)*),

Q = \((U -W)*,0;U + W,X + Y;0',0),

R = \(-(U + W)*,0;U -W,X -Y;0',0),

S = 1(0', (X - r)* ; 0', 0;U + W, -(X + Y)),

T = 1(0', -(X + Y)*;tf, 0;U-W, -(X - Y)),

where A* = (a^, a^r—i,..., ai) is the reverse of A = (ai,a2t..., a^v).

LEMMA.   Let a, b, c and d be polynomials with real coefficients in z £ K. And

let e = a -\- b -\- c, f = a — b-\- d, g = a — c — d, and h = b — c-\- d. Then

\e\2 + l/l2 + \g\2 + \h\2 = 3(|a|2 + |6|2 + |c|2 + |d|2)    for any z £ K.

The Lemma can be proved easily by straightforward computations and by ob-

serving that |p|2 = ppf, where p' = p(z—1) for any z £ K.

Proof of Theorem. Let a = U, b = —zn~mX, c = —z2n-mY*

and d = —z2nW* in the Lemma. Then as sequences, e = (U,—X;0',—Y*)

f = (U,X;0',0;-W*), g = (U,0;tf,Y';W*) and h = (Q,-X;V,Y*;—W*)
Consequently g* = (W,Y;0',0;U*) and h* = (—W,Y;0',—X*;0'). In case (4)

we have Q = (f-\-g*)/2, R = (f—g*)/2, S = zn(e—h*)/2, and T = zn(e+h*)/2

By noting that \z\ = 1 and |p*|2 = |p|2 since \p*(z)\ = \p(z~ 1)|, we obtain |Q|2 +

2This neat form of case (4), which contains less   *'s than my original one, was suggested by

R. J. Turyn.
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|fí|2 + |S|2 + |T|2 = (|e|2 + l/l2 + Iffl2 + |fc|2)/2 = 3(|a|2 + |6|2 + |c|2 + |d|2)/2 =
3(\U\2 -f- \W\2 + |X|2 + |YT)/2 = 3n, for any z G K. Similarly we can establish
case (5) by letting o = X*, b = zmU*, c = —zn+mW and d = z2nY in the

Lemma.

Since TBS(n) are known to exist for odd n < 59 or n = 2a10626c + 1 (cf. [1,

2, 3]), TS(3n) can be composed for these n. Consequently four-symbol ¿-codes of

length 3n can be found for these n.
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