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Abstract
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1 Introduction

By ‘H we denote a class of analytic functions in the unit disc A = {z € C: |z] <1}. Let K
denote the subclass of H consisting of functions normalized by f(0) = 0, f/(0) =1 and
satisfying

Re (1 + iji,;ij)) >0 forz e A. 1.1)

Of course the functions from K map the unit disc onto convex domains.

We say that the function f € H is subordinate to the function g € H in the unit disc A
(written f < g) if and only if there exists an analytic function w € H such that w(0) =0,
|w(z)| <1 and f(z) = g(w(z)) for z € A. Therefore f < g in A implies f(A) C g(A). If, addi-
tionally, g is univalent in A, then

f<g ifandonlyif f(0)=g(0) and f(A)Cg(A). (1.2)

Recall that the Hadamard product or convolution of two power series,

flz) = Zanz” and g(z) = anz”,

n=0 n=0

is defined as

(f x9)(2) = f(2) x g(2) = Zanbnz”.
n=0
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The convolution has the algebraic properties of ordinary multiplication. We now look at
some problems on convolution and at some of the relations between the convolution and

the subordination. One can consider the following problems.

Problem 1 Find the subclasses A, B, C of the class H such that
AxB=C,

where
AxB={h(z) = (f xg)(z) for all f € A and for all f € B}.

Problem 2 Letthesets M C Cand N C C be given. Find a set K C C, as small as possible,
such that

f(A)CcM and g(A)CN = (fxg)(A)CK forallf,geD,

where D is some subclass of H.

If M = F(A) and N = G(A), where F, G € H are univalent in A, then, by (1.2), Problem 2

above becomes the following one:

Problem 3 Let the univalent functions F, G be given. Find a function H, H(A) = K, and
a class D C H such that

f<F and g<G = fxg<H forallf,geD.

Ruscheweyh and Sheil-Small [1] proved the Polya-Schoenberg conjecture that the class
of convex univalent functions is preserved under convolution, namely K *x IC = . They
proved also that the class of starlike functions and the class of close-to-convex functions
are closed under convolution with the class IC. Another solution of Problem 1 is the fol-
lowing theorem.

Theorem A (see [2]) Let us denote
Py = {p € H:p(0)=1and E)%e{p(z)} > x}.
Suppose that o <1, B < 1. Then
Po xPg =Py,
wherey =1-2(1-a)(1 - B).
Problem 2, when the sets M and K are discs £(s;, R;) with center s; and radius R;, was

considered in [3] and in other papers. One of results obtained there is the following theo-
rem.
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Theorem B (see [3]) Lets; € C,R, € R;i=1,2.Iff,g € H and f(0) = a, g(0) = b, then the

following implication holds:

f(A) CR(s1,R1) and g(A) C R(s2,R) = (fxg)(A) CR(s,R) forallf,ge™H,

where

s=ab +m(s; —a)(sy — b), R = mRyR,,

B (R% — 51— ol|2)(R% —|sy —al?)

In this paper we shall look for a solution of the following modified Problem 3.

Problem 4 Find a function F € H and a class D C H such that
g<f = gxF<fxF forallfeD,geH.

The next theorem is a solution of Problem 4.

Theorem C (see [4]) Assume that f € H, f'(0) #0, and that it satisfies

Zf” ( Z)
")

Ifg <f, then

1
%e{l }>—5 forze A.

Llgl < L[f],

where
1@=2 /0 (o) de

is the Libera operator [5].

If f(2) = ag + a1z + a2z> + azz® + - - -, then we have
o0
n

1@ -~ [ o=y e

n=0

= f(z) * (glog L)
z 1-z

Therefore, Theorem C may be written as

2 1 2 1
o — “log —
§=f g*(z 0g1—z><f*<z Ogl—z)
forall f € K(-1/2),g € H,

where

zf"(2)
f(2)

K() = {f eH:f(0)#0and me{l +

RIR3 — |51 — al?|sy — al?

}>otforzeA}.

1.3)

(1.4)
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Theorem C improves an earlier result from [6] with the stronger assumption f € K(0)
and the same conclusion. Moreover, if we assume more, that f € X(0) and f is univalent
in A, then in (1.3) instead of F(z) = —2/zlog(l — z) we can put any convex univalent func-

tion. This is contained in the following result due to Ruscheweyh and Stankiewicz [7].

Theorem D (see [7]) Let F and G be convex univalent in A. Then, for all functions f,g € H,
f<F and g<G = f*xg<FxG. (1.5)

This relationship allows us to obtain several subordination results about convolution.
Note that there are no assumptions about the normalization of functions. It is one of the
solutions of Problem 3. Many of the convolution properties were studied by Ruscheweyh
in [8], and they have found many applications in various fields. The book [8] is also an ex-
cellent survey of the results. For the recent results on the Hadamard product in geometric
function theory, see [9-13].

2 A family of functions
Throughout this section we consider the family of analytic functions

Fi(z) = (ze A), (2.1)

z
1—sz2

where s € [0,1]. In Section 3 we prove that for given s € [0,1) the curve Fy(e¥), ¢ € [0,27)
is the Booth lemniscate. Let S* denote a class of starlike functions consisting of functions
f such that zf" € K.

Lemma 2.1 The function Fs given by (2.1) is a starlike univalent function for s € [0,1].

Proof We have

F’ 1 2
mQ{ZF:((ZZ))} =§Re{ 1:; } >0 forallzeA.

Thus, it is obvious that F; is a starlike univalent function for s € [0,1]. a

Lemma 2.2 Let the function F be of the form (2.1), and let K(-1/2) be given by (1.4). If
|s| <6 — /33~ 0.255437, then F, € K(~1/2).

Proof Assume that sz =r(cost +isint),0 <r<1,0 <t <2m and set

zF/(2) +9e 6(1+sz%) -4 _ 2+ 6rcost + 6irsint 2.2)

H(tr):= : .
&) F(2) 1— (sz2)? 1—r2cos2t — ir?sin2t

By (1.4) if Re{H(¢,7)} > 1/2 for all r € [0,1g), t € [0,27], then F; € K(-1/2) for all |s| < ry.

After some calculations, we obtain

—4r’x* + 6r(1—r)x+2(1+7°)  nlx,r)

mQ{H(t, V)} = (1 +72)2 — 4r2x2 = d(x, r):

(2.3)
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where x = cost. Thus we shall find ry in [0,1] such that

n(x,r)
d(x,r)

>1/2 forallr € [0,rg) and for all x € [-1,1]. (2.4)

It is easy to verify that d(x,r) > 0 for all r € [0,1) and for all x € [-1,1], and that n(-1,7) =
2(1 - r2)(1 - 3r) < 0 for all r € [1/3,1). Hence, to find r, in [0,1] satisfying (2.4), we may
restrict our considerations to the interval [0,1/3). Then, analyzing n(x, r) as a function of
one variable x, we get

min{n(x,7): -1 <x <1} =n(-Lr)=2(1-r*)(1-3r)>0
for all » € [0,1/3). Moreover, we see that

min{d(x, r):-1<x< 1} =d(-1,r) = (1 - r2)2 > 0.
Therefore, if 0 < r <1/3, then

[ nxr) _2(1-3r)
mln{d(x’r) X e [—1,1]} = ﬁ.

To find ry in [0,1/3) satisfying (2.4), it is sufficient to solve the inequality

20-3r) 1

— > _’

1-72 2
which is true for 0 <r <ry =6 —+/33. O

Moreover, analogous consideration as in the above proof leads us to the fact that F; ¢
KC(=1/2) for s > 6 — /33 ~ 0.255437. In Lemma 3.2 we show that F; € K for 0 <s <3 -
24/2 % 0.1715.

Theorem 2.3 If0 <s <6 — /33~ 0.255437 and f € H, then
f=<FE = L[fI<L[F] (2.5)
where
2 z
L) - - [ o
Z Jo

is the Libera operator.

Proof By Lemma 2.2 we obtain

F’ 1
Re 1+ZS(Z) >—— forzeA.
Fi(z) 2

Therefore, using Theorem C, we get (2.5). O
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Corollary 2.4 If0 <s<6-+/33 and

f@=) a",
n=1

then
0 00 0 a [} S,,_l
— — n —
§ :anzn < § sn IZZn 1 § Zn < § : ZZn 1.
n+l n+l
n=1 n=1 n=1 n=1

It is known [14] that if

o0 o0
E 7" < E B.z",
n=0 n=0

then
k k
D el <Y 1Bl
n=0 n=0

Hence, for 0 <s < 6 — +/33, Corollary 2.4 gives also that

i 2 anl? 2, s2-D) 1 (> ¢t
7" <F(z) = K = +—/ dt
;a” 5(2) HX:( +1)2 Z (n+1)2 2 o 2

s 52 et —s
n=

d(s2,2,1) -1
= 7‘5‘2 >

because for Re{a} >0, -1 <x <1, Re{c} >0,

00 pe- 1 —at

v060= 2 T rg | e

Theorem 2.5 If0 <s; <6 —+/33,i=1,2, and the functions g and g, are in the class H,
then

g <Fy and @<F, = LlglxL[g]<L[L[F,]] (2.6)

Proof By Theorem 2.3 we have L[g1] < L[F;,] and L[g,] < L[F;,]. By Lemma 2.1 F; € S%,
s € [0,1], so the functions L[Fj, ], L[F;,] are in K because L[S*] = K. Using Theorem D, we
obtain

Llgi] % L(g] < L[Fy,] % L[F,]

but L[Fy, ] * L[F;,] = L[L[Fj,5,]] because

z z z
E, (z) % F,, (2) = * = = Fy 5. (2).
WD *Fy@ = 5 = 1y = Fanld) 0
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3 Afamily of sets
In this section we investigate the properties of a one-parameter family of the sets D(s),
s € [0,1], such that

. 2, .2)\2 x? ¥
D(s):{x+zye(C:(x +y) —m—m<0}, (3.1)

when s € [0,1) and
D) ={x+iyeC:x+iyHitforallt € (~00,~1) U (1,00)}. (3.2)
Lemma 3.1 Lets € [0,1], then D(s) = F(A), where

z
F(z) = —— (zeA).
@)= (zen)
Proof The function F; is analytic in the unit disc, so for the proof we need to find an image
of the circle |z| = 1 under the function F;. For s € [0,1) and for ¢ € [0,27), we have

el 1—se~2 ev —se”iv

l(ﬂ = . =
(%) 1-se2¢ 1-—se 20 1+s2—s(e* +e29)

Fy

~(1-s)cosg +i(l +s)sing

3.3
1+s2—2scos2¢ (33)
Let us define
ngﬁe{F(ew)}:M (3.4)
: 1+s2—2scos2¢ '
and
= Jm{E,(e¥)) = _ (+s)sing (3.5)
4 : 1+s2-2scos2¢p ’
Then, after some calculations, we can obtain from (3.4) and (3.5) that
2,2 1
Xty = and (x,y) 7!(0, 0). (3'6)

1+s2—2scos2¢

Therefore, using the relations (3.3)-(3.5), we can find that F,(¢*) is an algebraic curve of
order four whose equation in orthogonal Cartesian coordinates is

2 2

Thus, because F;(0) = 0 for s € [0,1), the set F;(A) is bounded by the curve (3.7). Moreover,
for s = 1, the function F; becomes

z
he=12

and it is easy to see that F;(A) = D(1), see Figure 1. Then the proof is completed. O
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Figure 1 F1(A)=D(1). ~
Jm
1
Re
—1
Notice that a curve described by
(* +)/2)2 — (n* +2m*)x? — (n* = 2m*)y> =0 and (x,5) #(0,0) (3.8)

is called the Booth lemniscate, named after Booth [15, 16]. The Booth lemniscate is called
elliptic if n* > 2m?, while for n* < 2m? it is termed hyperbolic. Thus it is clear that the
curve (3.7) is the Booth lemniscate of elliptic type. The Booth lemniscate is a special case
of a Persian curve. The Booth lemniscate of elliptic type can be described geometrically
in the following equivalent ways.

1. Suppose that s € [0,1). Let &(S, R) be a circle with the center S and the length of the
radius R such that

5:<‘/E 0) and R= -

1-s% 21-s)

A ray is drawn from the point x on the circle €(S, R) through the origin o that cuts also the
circle €(S, R) at the point z. A point v is also on the ray and satisfies

lov| = |xz|. (3.9)

If the point x goes along the circle &(S, R), then the point v describes the curve (3.7), see
Figure 2.
2. Let s € [0,1). Then the curve (3.7) consists of points M such that

2

s
(1-s2)%’

1+s?
|F1]V[|2|F21V[|2 = m|OM|2 +

where O = (0, 0) and the points Fj, F, are the focuses

-3 s
F ;0 }) F ’O )
1(1—52 \1-¢2

see Figure 3.

We say that a closed curve y is convex when it is boundary of a convex bounded domain.
Otherwise, we say that the curve y is concave.
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Figure 2 D(s), s € [0,3 - 2+/2].

—i/(1+s)
Figure 3 D(s), s € (3-2+/2,1). Jm 4
_(A4s)i
4/s(-s)| M

|0 F | Re

NPV

Lemma 3.2 Suppose that F; is given by (2.1). If 0 < s < 3 — 2+/2 2 0.1715, then the curve
Fy(e'), ¢ € [0,2m) is convex and

max{Jm{F(e¥)} : ¢ € [0,27)} (3.10)

is attained at one point only. If s € (3 —2~/2,1), then the curve F,(e'¢), ¢ € [0,21) is concave
and (3.10) is attained twice. Moreover, in both cases this curve is symmetric with respect to

both axes.

Proof If s = 0, then the curve F;(e¥), ¢ € [0,27) becomes a circle and it is clear that (3.10)
is attained one time only. Suppose, in the sequel, that s € (0,1). From (2.2) and (2.3) we

have

eYF!'(e") _1-5*+65(1-5%)cosg
Fl(e) T (1+5s2)2-4s2coslp
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The denominator is positive, hence for the convexity of F(e/¥) we need the nominator to
be positive. Since s2—6s+1>0for 0 <s < 3—2+/2, then the nominator is positive because

1—54+6s(1—52)cosg021—s4—6s(1—32)

= (l—sz)(s2 —6s+1).

From (3.5) we have

. (1 +s)sing 1 +s)x
JmiF(e?)} = = = .
m{ S(e )} 1+52-2sc0os2¢ 1+s2—2s(1-2x2) /&)

Then f'(x) = 0 if and only if x> = (1 — 5)?/(4s). That is possible when (1 — 5)?/(4s) < 1
because x = sing. Therefore, using the elementary considerations, we can find that if
s € (3 — 24/2,1), then the curve F(e'), ¢ € [0,27) is concave and (3.10) is attained twice,
when sing = (1 - 5)/(24/5). In this case,

max{Jm{F(e¥)} : ¢ € [0,27)} = ﬁ’

see Figure 3. Moreover, if s € [0,3 — 24/2], then (3.10) is attained at one point only such
that

max{jm{Fs(ei"’)} ‘pe [0,271)} = jm{Fs(ei”/Z)} = ﬁ,
see Figures 2 and 3. O
Corollary 3.3 If0 <s <3 —-2+/2~0.1715, then F; € K.
By Lemma 2.1 the functions F;, s € [0, 1], are starlike univalent, hence by the geometric

interpretation (1.2) of a subordination under univalent functions, we obtain from Theo-
rem 2.3 the following corollary.

Corollary 3.4 If0 <s<6- /33 and f € H, then
f(A)CD(s) = L[fI(A) CLIE](A). (3.11)

Theorem 3.5 Assume that 0 < s; <3 — 24/2 2 0.1715, i = 1,2, and that the functions g
and g, are in the class H with g1(0) = g2(0) = 0. If

&(A) CD(s1) and  g(A) C D(s2), (3.12)
then

(g1 % 22)(A) C D(s152). (3.13)
Proof Using Lemma 3.1, we may rewrite (3.12) as

gi(A) CF(A) and g(A) CF,(A). (3.14)
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By Corollary 3.3, F; is convex univalent in A for s € [0,3 — 2+/2], so F;,, F;, are convex

univalent in A. From (1.2) and from (3.14), we obtain
g <F, and @& <F,. (3.15)

By Theorem D, we get from (3.15)

gixg < Fy xF,. (3.16)
But
z z z
Fy (2) iy (2) = 1- 522 1o §922 1 §18722 =Foe(2)
and hence by Lemma 3.1 the subordination (3.16) is equivalent to (3.13). a

Theorem 3.6 Assume that 0 <s < 3 — 2+/2 ~ 0.1715 and that the functions g, and g, are
in the class H with g1(0) = g2(0) = 0. Let R(c, R) be the disc with center ¢ € R and radius R

with |c| < R. If
&a(A)CD(s) and g (A) C R(cR), (3.17)
then
2 2 2
(@1 *2)(A) C R R ‘ D(%). (3.18)

Proof Using Lemma 3.1, we may rewrite (3.17) as

gi(A) CF;(A) and g(A) C Her(A), (3.19)
where
2 2
H)= B (e
R—cz

maps A onto R(c,R). By Corollary 3.3, F; is convex univalent in A, also H,r is convex
univalent in A. Therefore, by Theorem D we obtain

(R*-32)z
R—cz
R? - ¢? z
R 1-3sc222/R?
R? - ¢?

R ks

z
(@ #8)(2) < T—— *

22 (2).

The function F,2 2 is univalent as the convolution of a convex univalent function, so by
(1.2) we obtain (3.18). O
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Theorem 3.7 Assume that 0 <s < 3 —2/2 ~ 0.1715 and that the functions g and g, are
in the class H with g(0) = g2(0) = 0. Let £(p,d) = {z € C:Re{ze ™} > -d}, p € R, d > 0, be
the half-plane. If

&a(A) CD(s) and g(A) C L(p,d), (3.20)
then

(g1 *2)(A) C 2de™D(s). (3.21)

Proof Using Lemma 3.1, we may rewrite (3.20) as

g(A)CF (A) and g(A) C Guu(A), (3.22)
where
2de ¥z
Gpal2) = ——— (2€4)
-z

maps A onto £(¢,d). By Corollary 3.3, F; is convex univalent in A, also G, 4 is convex
univalent in A. Therefore, by Theorem D we obtain
z 2de ¥z
* )2 < —— % ————
@+ &)@ < T——
_ 2de™z
T 1-sz2

1-z

=2de " F,(2).

Hence by (1.2) we obtain (3.21). O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Received: 20 April 2013 Accepted: 15 August 2013 Published: 3 September 2013

References
1. Ruscheweyh, S, Sheil-Small, T: Hadamard product of schlicht functions and the Polya-Schoenberg conjecture.
Comment. Math. Helv. 48, 119-135 (1973)
2. Stankiewicz, J, Stankiewicz, Z: Some applications of the Hadamard convolution in the theory of functions. Ann. Univ.
Mariae Curie-Sklodowska, Sect. A 40, 251-265 (1986)
3. Pigjko, K, Stankiewicz, J: Convolution of functions with free normalization. Demonstr. Math. 34(1), 69-76 (2001)
4. Miller, SS, Mocanu, PT, Reade, MO: Subordination preserving integral operators. Trans. Am. Math. Soc. 283(2), 605-615
(1984)
5. Libera, RJ: Some classes of regular univalent functions. Proc. Am. Math. Soc. 16, 755-758 (1965)
6. Hallenbeck, DI, Ruscheweyh, S: Subordination by convex functions. Proc. Am. Math. Soc. 52, 191-195 (1975)
7. Ruscheweyh, S, Stankiewicz, J: Subordination under convex univalent function. Bull. Pol. Acad. Sci,, Math. 33, 499-502
(1985)
8. Ruscheweyh, S: Convolutions in Geometric Function Theory. Sem. Math. Sup., vol. 83. Presses University Montreal,
Montreal (1982)
9. Wang, Z-G, Sun, Y, Xu, N: Some properties of certain meromorphic close-to-convex functions. Appl. Math. Lett. 25(3),
454-460 (2012)
10. Deniz, E, Rdducanu, D, Orhan, H: On the univalence of an integral operator defined by Hadamard product. Appl.
Math. Lett. 25(2), 179-184 (2012)
11. Faisal, I, Darus, M: A study of a special family of analytic functions at infinity. Appl. Math. Lett. 25(3), 654-657 (2012)


http://www.journalofinequalitiesandapplications.com/content/2013/1/420

Piejko and Sokot Journal of Inequalities and Applications 2013, 2013:420 Page 13 0f 13
http://www.journalofinequalitiesandapplications.com/content/2013/1/420

14.
15.
16.

. El-Ashwah, RM, Aouf, MK: The Hadamard product of meromorphic univalent functions defined by using convolution.

Appl. Math. Lett. 24(12), 2153-2157 (2011)

. Sarkar, N, Goswami, P, Bulboacg, T: Subclasses of spirallike multivalent functions. Math. Comput. Model. 54(11-12),

3189-3196 (2011)

Rogosinski, W: On the coefficients of subordinate functions. Proc. Lond. Math. Soc. 48(2), 48-82 (1943)
Booth, J: A Treatise on Some New Geometrical Methods, vol. |. Longmans, Green, London (1873)
Booth, J: A Treatise on Some New Geometrical Methods, vol. Il. Longmans, Green, London (1877)

doi:10.1186/1029-242X-2013-420
Cite this article as: Piejko and Sokdt: Hadamard product of analytic functions and some special regions and curves.
Journal of Inequalities and Applications 2013 2013:420.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.journalofinequalitiesandapplications.com/content/2013/1/420

	Hadamard product of analytic functions and some special regions and curves
	Abstract
	MSC
	Keywords

	Introduction
	A family of functions
	A family of sets
	Competing interests
	Authors' contributions
	References


