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Abstract
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We propose a generalization of Hamilton’s principle in which the min-
imization is performed with respect to the admissible functions and the
order of the derivation. The Fuler—Lagrange equations for such minimiza-
tion are derived. They generalize the classical Euler-Lagrange equation.
Also, a new variational problem is formulated in the case when the order of
the derivative is defined through a constitutive equation. Necessary condi-
tions for the existence of the minimizer are obtained. They imply various
known results in a special cases.

MSC 2010: 26A33, 70H25, 46F12, 34K37

Key Words and Phrases: variable order fractional derivative, varia-
tional principle of Hamilton’s type

1. Introduction

Hamilton’s principle of least action is one of the fundamental principles
of physics. According to it a system moves in such a way that the time
integral over its Lagrangian takes an extreme value on the real path of the
system when compared with the neighboring paths having the same end
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points. In this paper, that has mainly expository character, we present dif-
ferent approaches to the Hamilton’s principle with variable order fractional
derivatives, indicating our further work in this direction.

When Hamilton’s principle is known, all the information regarding the
processes of a particular system are included into its Lagrangian. There
have been many generalizations of Hamilton’s principle, see for example
[25], [I] and references therein. Recently, the Hamiltons’s principle has been
generalized by replacing the integer order derivatives in Lagrangian with
the fractional ones (derivatives of real order). The first study of Hamilton’s
principle with fractional derivatives was conducted by Riewe ([19]), ([20])
while for other works, we refer to [6], [16], [4].

Our intention in this work is to generalize the fractional Hamilton’s
principle by introducing variable order fractional derivative into the La-
grangian. Variable order fractional derivatives are presented in several
publications (see for example [21], [15], [8], [23], [9] and [17]). In our work,
we shall replace the integer order derivative in the Lagrangian density with
the variable order fractional derivatives so that the action integral has the
form

t1
I:/ L(t,y(t), tha(t)y,a(t)) dt, (1)
to
where L is the Lagrangian density, y is a generalized coordinate, oDyf ®
denotes the left Riemann-Liouville fractional derivative of the order a =
a(t),t € [to,t1] of y and ¢y and ¢; are given time instants. Our main
assumption is that the minimization in (1) should be performed with respect
to both y and «. We believe that this constitutes a novel approach to
Hamilton’s principle that allows determination of both y and a. Also this
minimization leads to a new type of variational problem. To obtain the
necessary conditions for the optimality in the case of Lagrangian having
variable order fractional derivatives we need the corresponding integration
by parts formula. In Section [4] we derive this formula for one (of several
proposed) types of fractional derivatives of variable order.

We stress on the fact that our results depend on the definition of frac-
tional derivative of variable order. In publications that appeared lately
different definitions of variable order fractional derivatives have been in-
troduced. The questions raised in these publications have a deep meaning
from both mathematical and physical point of view (see [17], [8]). The in-
tegration by parts formula that we derive here and the resulting variational
principles, show that the definition based on distributional approach to
fractional derivatives has certain advantages among proposed definitions.

We recall the definitions of the fractional integrals of constant real (o =
const) order. Let t € [0,T],T > 0. The left and right Riemann-Liouville
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(RL) fractional integrals are given as

1 ¢ _1
Iy = t— 1)~ d <t<T 2
Y= gy | =D @ 0<i<T )
respectively
oy = 1 /T(T—t)a_l (r)dr, 0<t<T (3)
tiTly = T (Oé) ] ) 3 ~t x4,

Let 0 <a < 1,1 <p,q < 1. Then the operators o'y and ; /7y are bounded
and linear ones from L, ([0,7]) to Ly ([0,T]) if 1 <p<1/a,q=p/1—ap

(see [22]).
The left and right RL fractional derivatives are defined as
d 1 boy(n)
D%y = dr, 0<t<T 4
07y th(l—a)/o (t—neh VSt )
and .
d 1 y (1)
D&y = — dr, 0<t<T 5
Ty dtl“(l—oz)/t (r—)2 " ST (5)

respectively. If y € C1[0,T], the derivatives oDy and +DTy exist, belong
to L,[0,T] and are given by the following expressions (¢ € [O T))

o y(O+) 1 tyM (1)
DRV = b (1= gyee T (1—a)/()(t—7)o‘dT’O§t§T’
o y(T) 1 T y® (1)
PrY= 1 —a)(T-1)° ‘ru—ayl<f—w”ﬁ0§t§ﬂ

with 1 <r < 1/a.
Now suppose that « is not a constant but a given function of ¢, satisfying
0 <a(t) <1,t€ [0,T]. The problem is how to define oIy, (Dy, , 150y

and tD;(t)y. There are several definitions proposed in the literature. We
state some of them. In all results that follow we assume y(t) = 0 for ¢ < 0.

1) In [21] the following definition of left fractional integral of variable
order is proposed

= Ly [T @ 0<e<T @

2) In [15] several definitions are introduced. The first is identical to (@l).
The next one, is

t( — pyalm)-
olf“(t)yZ/o (tr(a)(T)) y(r)dr, 0<t<T. (7)
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3) We state another definition proposed in [15], where it is assumed
that « is a function of (¢t — 7), i.e.

IOé(t) /t (t - T)a(t_T)_l ( )d O < t < T (8)
= T)dr, 0 <t <T.
S I G (R S I

The fractional derivative of variable order could now be defined sim-
ply (as in the case of constant order) by taking the first derivative of the
(1 — «(t)) integral given by any of the expressions ([@)—(&). This leads to
the definition of the form

- (tﬂ')
a(t) d [t (t—71)71
D =
oFe Y dt/o P —q(,m? 0T

where ¢ (t,7) = a(t), ¢(t,7) = a(7) and ¢(¢,7) = a(t—17), in cases
([©)—(8). Thus, we obtain, respectively:

)

oD — CZ /0 t F(t(zj);?;))y(r) dr, 0<t<T, 9)
2)
oy d [t (t—7)0
oD y:dt/o R (1 (ryy (T DS EET, (10)
3)
oDy — jt /0 ! F(Efl—j()l ((Z(t_ :_)))y (r)dr, 0 <t <T. (11)

There are other definitions of variable order fractional integrals and
derivatives. As will be seen, all definitions have, as a starting point, cer-
tain form of fractional derivative of constant order. Then, this form is
generalized by allowing the constant « to become a function.

In [2I] the Marchaud fractional derivative is used as a starting point,
so that the variable order fractional derivative is defined as (0 < a(¢) < 1):

1)

alt) y(t) a(t) Py (t) -y (1)
DY = )] 400 +I‘[1—a(t)]/0 (1 e OSEST

(12)
In [I3] the following definition is proposed:
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5)

d [t y(t—r)
DYy — / dr,
o dt Jo Tl — (7)™

y (0) 1 y/* yM ()

= dr, 0<¢t+<T, (13
F(l—a)ta(t)+P(1—a) 0 ( m0st=T, (13)

or alternatively

t
oDy = d / y(7) AT, 0<t < T, (14)
dt Jo T[1—a(t—7)] -7t
which is ().

We present now the definition given in [8]. As a motivation, note that
starting from (@), assuming that y € AC ([0,¢]) and that o = const, we
obtain (see [22], p.32):

a 0+) 1 Ly (1)
pp®y = / dr, 0<t<T, (15

oDy = ra e Tra—a) ), gonedn 0stsT (15)
where y(" (1) = dy (1) /dr. By replacing o = const with « (t) in (I5) it
follows

toym
oDy — y(0) L1 / VIO ro<i<T
®) Jo (

Frl—a()t® TI'(l-« t—r)e®
(16)
The definition proposed in [§] (see also [18]) reads:
6)
pe, _ y(O0H)—y(0-) 1 /t G IS
VT I —a@)e® T —a) Jo (1 —pp@ " T STET
(17)

For functions that satisfy y(0) = 0 (since we assumed y (t) = 0 for
t < 0) the definitions (I6),([L7)) agree.

Next we present the definition of variable order fractional derivative
based on Griinwald—Letnikov definition for derivative of constant order.
This approach is especially useful in numerical treatment of differential
equations with variable order derivatives. The left Grinwald—Letnikov frac-
tional derivative of variable order (see [27]) is defined as:

7)

n

oDX0y = tim pe®3 " (1) ( @ ](,t) >y(t— jh).  (18)

h—0,nh=t -
3=0

It can be shown that in the case when y is continuously differentiable
(see [27]), then definitions (@) and (I8]) agree.
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The above definitions of variable order fractional derivatives are special
cases of a general fractional variable order derivative proposed in [24] as:

a d [*
D7y = o [ Kl ey (rydr o<t <, (19)
0
where p and v are real parameters and
1
ot _
KW (t,7) = 0<7T<t. (20)

T (1 — o (pt +vr)) (t — 7)2BET)’

The parameters p and v belong to the causality parallelogram of Lorenzo-
Hartley (u,v) € 11, where

D={(uv)eR®:0<pu<1,-1<v<1,0<pu+v<1}. (21)

Thus, for example with © = 0,v = 1, we recover (@) while with = 1,v =
—1, (I9) becomes ([II).

As it is stated in [I8] and [9], the problem of choosing a “proper”
definition of variable order fractional derivative is open. In the next section
we present an analysis which supports the definition given in (IJ).

2. Distributional setting of variable order derivatives

In this section we review within the theory of distributions the definition
of the fractional derivative of constant order and propose a generalization
to the case when the order of the derivative is also a function.

Let S(R) denote the space of rapidly decreasing functions in R (func-
tions ¢ is in S(R) if ¢ (¢) and all its derivatives tend to zero as ¢ — £oo
faster than the inverted value of every polynomial) and let S'(R) be its
dual, i.e., the space of tempered distributions; S;r (R) denotes its subspace
consisting of distributions supported by [0,00). We consider in S’ (R) the
family

s t e R+, o > 0,

fa®) =9 o T (22)

dthoH—N(t)v a§07a+N>07NEN7

where H is Heaviside’s function and I' is the Euler Gamma function. It is
well known that f, * f3 = fays, @, 3 € R, where * denotes the convolution
of fo and fg. The convolution operator fu,* in S;(R) is the operator of
fractional differentiation for o < 0 and of fractional integration for a > 0.
It coincides with the operator of derivation for —a € N and integration for
a € Ng =NU{0}. Note fo—o(t) =0 (t), where J is the Dirac Distribution.
Let « > 0 and y € L. _(R) be polynomially bounded with y (t) = 0 for

loc
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t < 0. Then I®y = f, *y. In general, for y € S;(R) the fractional
derivative of order a € [0, 1) is defined as

o d
ODty:f—a*y: dtf—oe+1*y7 (23)
where
d te
_a= . H(t , 24
so that

td 7o d 1 ¢ y (1)
Doy = - - :
oDry /0 dr (1 —a)? T dtP(l—a)/o (t— e

In [3] we proved that y ——¢ Df'y is linear and continuous mapping from

’

S, (R) to S (R).

Suppose that a € C!([0,00)),0 < «a(t) < 1. We consider a family in
S’ (R) given by o

d to t
t = _H(t

(see [9]). Let ¢ € S(R). Recall, the action of (f_u (t))Jr on ¢is (f_a@) (1), 0)
=— <f1_a(t) (t) ,¢(1)> . Thus, (f_a(t) (75))Jr is a tempered distribution.

With ([23) and (25]) we define the left variable order fractional RL inte-
gral and derivative as:

teR, (25)

DEFINITION 2.1. Suppose that a € C[0,00),0 < a(t) < 1 and y(t) =
0 for t < 0. The left RL fractional integral of variable order « (¢) is defined
as

OI?(t)y = (f—a(t) (t))+ *Y = A r (Oé (t _ T):)y((tT)_ T)l—a(t—T) dr t €R, (26)

and the left RL fractional derivative of variable fractional order « (t) is

a(t) d t (t 7_)—oz(t—q—)
D = = T)dr, t € R. 2

In ([27) the derivative is taken in the sense of distributions. Note that
tha(t)y = C‘ft OItl_a(t). Also if y € S;(R), then OIta(t)y € 8;(]1%)0 and
Dta(t)y € S\ (R) (since f_o(t),0 < a(t) < 1is a locally integrable function).
The definitions reduce to the classical ones when oo = const. From (27]) the
assumption of [15] that the arguments of « in the exponent of (t — 7) and in

the gamma function, of equation (II]) are the same, here follows naturally.
Physically, definition (26]) and (27) imply that a memory of the value of



HAMILTON’S PRINCIPLE WITH VARIABLE ... 101

order of integration « is taken into account in the evaluation of a fractional
derivative. Based on (27), we define for absolutely continuous functions
fractional derivatives as follows:

DEFINITION 2.2. Let o € C[0,7),0 < a(t) < 1 and y € AC ([0,T]).
Then left and right RL fractional derivatives of variable order « are defined
as:

t (1)
oDi "y = ra —ya( (()2)) o) /0 r(l—al(t g 7’)()7—()75 — 7)elt=7) dr, (28)
and
th_,l«(t)y _ y(T) o /T y@ (1) o,
FA—a(T—t)tT=0  Ji T(1—a(r—t) (-t
respectively. (29

3. Integration by parts formula

In this section we consider the integration by parts formula ([I4], p.76)
for fractional derivatives of variable order. Thus, let « € C[0,7),0 <
a(t) <1,y(t) =0fort <0 and y(t) =0 for ¢t > T. Recall that, for o =
const. and 0 < o < 1 we have: If f € oI (Lp[0,T]) and g € +I$ (L4[0,T7),
1/p+1/q <1+ «, then

T T
/ oD{f () g (1) dt = / F(8) Dy (1) dt, (30)
0 0

where oIf* (Lp[0,T]) and (I$ (Lg[0,T]) denote the class of functions f and
g that can be represented as Riemann-Liouville integrals, that is f = o[ ¢
for some ¢ € L,[0,T] and g = I$4 for some ¢ € L4[0,T], respectively.
Note that for the case when a—1 the equation (BQ) reduces to the known
result.

For variable order fractional derivative given by (28]),(29) we have the
following:

PROPOSITION 3.1. Suppose that y € AC ([0,T]), 0 < a(t) < 1,t €
[0,T]. Then the following integration by parts formula holds:

/ Tf<t>an‘“>y<t> dt = / Ty<t>t D" f (t) dt. (31)
0 0
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To prove the proposition, we transform the left hand side term

/f DEOy (1)t

as fOHOWS’

_ ! y() .
_f(t)/ F(l—at—T et "¢ _

T (1 T
_/T I(l—alt i 7.)§ ()t - T)Ol(t—T) dt dT/O y (1), D%(t)f (t)dt.

Thus, we conclude that the definition (28]),([29) preserves the form of
integration by parts formula ([B0). The expression (BIl) is the basis for
Variational principle with Lagrangian having derivatives of variable order
that we treat in the next section.

4. Variational principle for variable order fractional derivative:
Generalized Hamilton’s principle

Consider the Lagrangian density be given by
L(y,0) = Lty (t).a D}y (), (1))

with y and a belonging to specified spaces. We consider the problem of
minimizing the following functional

- /0 TL(t,y(t), DFVy (1) o (1)) (32)

Here we assume that L depends on time, generalized coordinate, fractional
derivative of generalized coordinate and order of the derivative function.
Also y € U, where U is the space of admissible functions and « € V where
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V is the space of admissible order functions. In each specific example U/
and V are specified in advance. Generally, i/ will be the set of functions
satisfying some regularity properties (for example y € AC ([0,7])) and
specified boundary conditions. For simplicity we assume again that 0 <
a(t) < 1,t €[0,7].

We shall distinguish the following cases:

1) Function « is given. The problem then becomes: Find y = y* such
that

T
. . a(t)
min (5. ) = miy /0 L (ty(0), oDf Oy (1), (1)) i

_ / 'L (t.7 (1), 0DF Oy (1), (1)) . (33)
0

To obtain necessary conditions for the minimum, we assume that y = y*+ch
where € € R, and h is such thaty € U for all €. Since « is given it is not
subject to variation. By substituting (33]) into (32]) we find that for each h

I(y* +ch,a) = /O L (5" (&) +eh (1), oD (" (8) + 2h (1) 0 (1)) s

is a function of € only. Thus ja (I (y* +e€h,a))._, = 0 leads to

Tl oL oL a(t)
h(t) + oDy h(t)| dt = 0. 34
/ lay O+ o poir, D20 (34)

Using (31I]) we obtain the necessary condition for the minimum of ([32) in
the form of Euler-Lagrange equation
oL oL
ot DR
Y 0.D; "y
Equation (35]) is a generalization of the classical Euler-Lagrange equations

as well as generalization of the Euler-Lagrange equations given in [6] for
o = const.

=0. (35)

2) Function « is a constant, i.e., & = const such that a € [0,1) but is
not given in advance. Then minimization of (32]) becomes

T
in / ,Q) = i L(t,y(t), oDfy(t),a))dt. 36
0= il J, DO oD N ()

The necessary conditions for optimality of (B6]) read (see [5])

oL . OL Tr oL oL
0y Do piey =0 /O <80DtayG(y,a) + a@) dt=0,  (37)
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= ;lt(fl*y)(t,a), hit,a) = taml_a) [¢(1—a)—Int],

(38)
t > 0, with the Euler function ¢(z) = jzlnf(z), and (f1 *y)(t,a) =
fot fi(r,a)y(t — 7)dr. The expression (38) holds for y being locally in-
tegrable function, i.e., y € L} (R) with y(t) = 0 for ¢ < 0. In [5] the
expression for 80{%% is determined also for the case when y € SLF (R) and

consequently ¢Di'y € SLF (R), where SLF (R) denotes the subspace of S" (R)
consisting of tempered distributions supported by [0, 00). In this case (see
[5], p.604)

80D°‘y . 8 d 11— . 8 11— () .
< an ’¢(t)>_8a<dt OIt y7¢(t)>__aa<(][t y7¢1>_

o .. do .
= - <604 OItl Y, ¢(1)> = <dt o Olzél Y, ¢>

= gy (et 0). (39)

_ 00Dty

G(y, o) P

where ¢ € S(R) and we used the fact (see Section 2) that 531 o}y =
(f1*y)(t,) with f; given by the second part of (B8]).

3) Function 0 < « (t) < 1,t € [0,T], is not given and must be deter-
mined form the minimization of ([32)). Thus, we have

T
in I — mi L(t,yt) ..y, a))dt. 4
Dinl (y,e) ye%lev/o (ty® . DF Py (1),0 1) (40)

Let y = y* and a = o* be the functions such that

r a(t) r a*(t)
min /0 L(t,y(t) o D y(t)) dt = /0 L(t,y (t) o DX Dy (t),a> dt.
(41)

To obtain the necessary conditions for the optimality in the problem (4I)
we let y = y* + e1h, a0 = o™ + €260 and 6 such that y € U, € V for all

€1,e2 € R. Again substituting this into fOTL (t,y (t),o DYy (t)) dt and by
observing that there is no relation between y and a we obtain (see [10]) the
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following necessary condition for optimality

T I o
/ oL, g aa(t) h(t)dt =0,
o \ 9y doDy

T( oL 9,0y oL
+ 0(t) dt =0. 42
/0 (aopf(t)y daw) Toaw)?W (42)

~

Now, by using (B8], it follows that

T
/ aLﬂD;(t) aaL(t) h (o) dt— o
0 Oy doD; "y
T oL oL
Qy, o) + 0(t) dt =0, 43
/ (atha(t)y (3.) aa@) (t (43)
80Df(t)

where Q(y, o) = Dax(t) Y. Under suitable conditions, (see [10], p. 9-11) we
obtain from (43])

OL OL oL oL

Dy = =0. 44

To determine Q(y, «) we proceed as in the case (38]),(B9) so that

oDy 4
Q(y7a) - dav (t) - dt (gl * y)(t,Oé),
1

tar(l —a (t)) W(l -« (t)) — lnt], t >0, (45)

g1(t,a) =

and

<ao§jy,¢(t)> = <jt (g1 % y)(t, @) ,¢> (46)

forye L. (R)and y € S:r (R), respectively.

4) Function « is not given explicitly, but is given in terms of ¢, « and
y by an additional differential equation equation. Thus, the optimization
problem is formulated as: Minimize

T
min (3, ) = /0 Lty (@), oDfy (1), 0 1) dr (47)

subject to
da

=V (ta®).y). (48)
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This situation is typical for internal variable theories. Namely, « is treated
in (47)) as an internal variable that is determined through constitutive equa-
tion (48]). Thus, we have to solve

T
. . a(t)
iy I(.0) = mip [ L (500 Df 0.0 ) e (@9

subjected to the constraint (48]). We rewrite (49),(d8) as: find a minimum
of

T
in [ = i L(t,y(t t t))dt 50
il s = win [ Ly®).z 0@ 60
where U, and V are given, subjected to the constraints
do a
=V @a®),y @), DIy =20). (51)

Using the Lagrange multiplier rule (see [6],[7], [I12]) we consider the modified
functional

T
iy T(,2.0) = min [ {L(ty(0).2(0).a (1) (52)

[z () = DFOy (0] + a [ (ra 1),y () — V] }at,

where p and ¢ are Lagrange multipliers. The necessary condition for the
optimality I = 0, after partial integration and the use of (31]), becomes

T (TOL a(t) ow
ot = [ { [y~ Prr ey |

a oL

[z = DOy )] op+ @ (7 a ),y (1) - aW] 5g + [az + p] 5z
oL 9,00 )
+ [8@ —P g, ) + ¢\ (t)| da p dt. (53)
Now, from (B3] we obtain
o = (r,a(t),y(t), DFyt)=2(1),
1)

a(t) . 8[/ 8\1’ (1) o _8L (%Dt . _8L

with boundary conditions on p and ¢ depending on the boundary conditions
on « and z. Thus, for example, if « (0) and « (1) are arbitrary, we have

q(0) = ¢ (1) = 0 (see [206]).
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REMARK 4.1. Condition (54) implies the following special cases: If
a = const that is prescribed, then ¥ (7, « (t),y (t)) = 0 and since da (0) =
da (1) = 0 we have dq (0) and dq (1) arbitrary. From (54]) we then obtain

a a oL oL
Dyt =20, D=0 p==0 (55)
. oL oL
, 0Ty, Doy = (56)

]. If we assume that a = const but is not given
(t),y(t)) = 0 and da (0) and dc (1) arbitrary.
0.

0
the result (56]) obtained in [6
a
= 0. From (54) we obtain

in advance, we have W (T,
This implies ¢ (0) = ¢ (1)

) . oL
oW =0, WD) =z(t). D=
tr 9L OL  0,D¢ oL
a() —/0 [‘aa LDy (1) aa(tﬂ R
or
OL OL
—+ Da - 07
dy "t dyDgy
Y oL  9,Dy
/0 [_&1 " LDy () da }dt‘o’ o

where we used the condition ¢ (1) = 0. The result (57) was obtained recently
in [5].

5. Conclusion

In this work we recalled several definitions of fractional derivative of
variable order. We concluded that definitions based on generalized distri-
butional definition of left (II) and left and right fractional derivative of
variable order (27 preserve the integration by parts formula. This enabled
us to formulate several variational principles (optimization problems) listed
as problems 1), 2) and 3) in Section Ml These variational principles may
be used to determine differential equations of process together with order
function « as a constant (Case 2) or as a function (Case 3). Also, we pro-
posed a new optimization problem (Case 4) in which « is determined as
a constitutive quantity. Central results on which our analysis is based are
relations (B8)) and its generalization ([45]). We believe that new variational
problem (47]),(48]) may be used to give rational basis for obtaining equations
of process when the order of the derivative changing with time and value
of the dependent (state) variable. An example of this type is presented in
[11] where the order of the derivative was taken to be defined as
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2
o (t) = 1+g (t)

Our analysis (equation ([48])) can be easily modified to include (58] as a
constraint.

(58)
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