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In view of a grave importance of the problem of initial singularity in theoretical cosmo-
logy, the dynamical behavior of expanding homogeneous universes (without rotation) in the
Brans-Dicke cosmology is studied by means of extending suitably the canonical formalism
due to Arnowitt, Deser and Misner. It is shown that, even if the inertial (scalar) mode
characteristic in their theory of gravitation is omitted, our Hamiltonian is somewhat different
from Ryan’s Hamiltonian in relativistic cosmology. This is due to the difference in the
manipulation of the source (consisting of matter and radiation assumed as a perfect fluid
whose total density and pressure are represented by p and p, respectively) Lagrangian, and
it seems that our manipulation is superior to Ryan’s. In spite of this, so far as 0=<p=<p/3,
there exists an extremely early stage at which the source term in our Hamiltonian becomes
negligible in such a way that it is reduced to a generalized version of Misner’s Hamiltonian
derivable from Ryan’s under the same approximation. If p/3<p=<p, however, such a stage
cannot exist because of some peculiar role of the inertial mode interacting with matter and
radiation. Accordingly, the dynamical behavior of gravitational and inertial modes at the
extremely early stage of both the Bianchi-type IX universe with p=p/3 and the Bianchi-type
I universe with p=p is analyzed in detail. The dynamical behavior is described as the three-
dimensional motion of a world point in the presence of either the tri-angular potential walls
(found by Misner) with gravitational origin or another potential field with inertial origin. It
is shown in the former case that the inertial mode plays a significant role to modify Misner’s
bounce law for the collision of the world point with the potential walls, but is incompetent to
eliminate the initial singularity of infinite density. On the other hand, in the latter case, the
initial singularity may be formally removed under some condition which, however, contradicts
with the requirement due to Brans-Dicke that the coupling constant w must be larger than
about 6.

§ 1. Introduction

In previous papers,” after examining the present status on the problem of
initial singularity in any general relativistic model-universe compatible with the
cosmological interpretation of the 3°K black-body radiation, we have proposed a
a new approach on the basis of an extended version of the renormalized theory
of gravitation due to Utiyama and DeWitt.”? As a result, we have shown that
there exists a homogeneous and isotropic model-universe which may bounce with
a finite density and tends asymptotically to the usual Friedmann universe, provided

* The content of this paper was reported in the meeting on relativistic astrophysics and
cosmology held at our Imstitute in December, 1971.
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Hamiltonian Approach to the Dynamics 1825

that the temperature of cosmic matter and radiation at the instant of bounce is
not lower than about 10”°K and that temporal behavior of the model before and
after the bounce is of a finite asymmetry. The motive of that approach was
the recognition that the renormalized theory of gravitation may stand opposite
» conclusion that quantum effects do not significantly
modify the nature of initial singularity in relativistic cosmology which has been

in another manner to Misner’s

studied in detail by Lifshitz and co-workers® on a classical level.

It is to be noticed, however, that Hoyle-Narlikar’s® C-field cosmology may
admit a bouncing model with homogeneity and isotropy,” if the C-field introduced
originally for describing the creation of matter becomes a massless scalar field
with negative energy-momentum but without clear physical meaning. On the
other hand, there appears another type of a massless scalar field in Jordan’s”
and Brans-Dicke’s® theories of gravitation for describing the variability of gravi-
tation constant. As regards the latter theory, its possible significance on the
problems of stellar collapse and galaxy formation has been studied by the author.”

In view of the present status on the problem of initial singularity in theo-
retical cosmology, it will be worthwhile to study what situation occurs at an
early stage of expanding homogeneous universes in the Brans-Dicke cosmology.
Of the two alternative approaches to the dynamics of homogeneous universes
in relativistic cosmology, i.e., Lifshitz-Khalatnikov’s approach® and Misner’s
Hamiltonian approach,” the latter seems to be more suitable to visualize the
dynamical behavior of gravitational modes with two degrees of freedom, while
the relation between them has recently beenm clarified by Belinski, Khalatnikov
and Ryan.'” Accordingly we shall seek for the dynamical behavior of gravita-
tional and inertial (scalar) modes at an early stage of Bianchi-type (I~IX)
universes™ in terms of a generalized version of ADM’s canonical formalism.'™
In order to do so, we must rely on Dicke’s™ field equations, which are derivable
from Brans-Dicke’s original ones® by means of the conformal regraduation (like
ours”) §,,—9..= (G§)§,, and M, —m.= (G¢)~"*m, assuring the invariance of both
the Planck constant and the light velocity. Here §,, and #, are the original
metric tensor and electron mass, respectively, and ¢ is the inertial scalar field
whose physical dimension is the same as that of G (G is Newtonian gravita-
tion constant).

In §2, the action integral from which Dicke’s regraduated field equations
are derivable is cast into the (3--1)-dimensional form by means of ADM’s
procedure.” In § 3 the rewritten action integral is applied to a general Bianchi-
type expanding universe whose constituent matter and radiation is assumed for
simplicity to be a perfect fluid without vorticity. After elimination of four
constraint equations (three of which become trivial in the case of no vorticity),
‘the action integral is reduced to the desired form from which canonical equations
of motion for the gravitational and inertial modes are derivable. Even if the
inertial mode is omitted, our Hamiltonian is somewhat different from Ryan’s'™

Zz0z 1snbny 0z uo 1senb Aq L9016 L/7281/9/L/e1onie/did/woo dno-olwepese//:sdyy wouy papeojumog



1826 H. Nariai

Hamiltonian because of the difference in the manipulation of the matter Lag-
rangian. In spite of this, if the ratio p/p (p and p are the total pressure and
density, respectively) is in the range 0=p/p=<<1/3, our Hamiltonian without inertial
mode is reduced to Misner’s Hamiltonian® in the case of homogeneous empty
‘universes at an extremely early stage such that the matter part is negligible
compared with the gravitational part. In §§4~5 the extremely early stage of
Bianchi-type I and IX universes are dealt with in order to see how the inertial
mode has influence upon Misner’s result® concerning the bounce phenomena with
the potential walls with gravitational origin. If, for instance, p=p as envisaged
by Zel’dovich,® the matter part of our Hamiltonian can survive even at an
extremely early stage, in addition to its explicit dependence on the inertial mode.
Accordingly the Bianchi-type I (for simplicity) universe consisting of matter
with p=p is dealt with in §6. The Appendix is devoted to the illustration of
various potential walls.

§2. The (3+1)-dimensional form of Dicke’s regraduated field equations

After the conformal regraduation mentioned in §1, the total Lagrangian
density L in the scalar-tensor theory of gravitation is represented by

L= (9" {R—(0+3/2)*g"”Pup, +161GL,} ¥ | 2-D
where
¢=In(G¢), ¢,=0.¢, (w is the coupling constant) 2-2)
and L, stands for the matter (plus radiation) Lagrangian. If the assemblage of
matter and radiation consists of a perfect fluid, we may put*®
Lnp=—3{(0+2) 9" uuu,+ (0—2)}, Co*uu,= —1) (2-3)

where 0, p and u,='g,,u” stand for the total density, the total pressure and the
fluidal 4-velocity, respectively, which are connected with their counterparts
0, P, #,) before the regraduation by the following expressions:'

o=e ¥p, p=e"Mp, u,=e"*u, . (2-4)

An application of the variational principle (due to §“9*” and 0¢) to the action
integral I= (1/167) [ Ld‘x leads to™

4‘Gl"v = 4Rlﬂu - %4R 4glbv = (a) + 3/2) (¢ﬂ¢v - % 4gﬂv¢)u¢a) +8nG 4T/w (2 ° 5)
and

3G

4 = ( —4q)~1/2 _4\1/2 4 py —
Clg= (—*¢)7"20,.{(—*9)"* *9*0,0} Giza)

T, (2-6)

*) This notation (such as {R=tg# ¢R,, for the scalar curvature) is due to ADM’s procedure.!?
**) We have used this form of the matter Lagrangian in the canonical treatment of the gra-
vitational modes appearing in the Friedmann universe.l”
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Hamiltonian Approach to the Dynamics 1827

where *T,, is the energy-momentum tensor of the perfect fluid, i.e.,
Tu=+p) wtt,+p*0p, T="9"*T,,=3p—0. 2-7

In the above derivation, it is to be noticed that (p, p, #,) are varied by the
variation 0¢ via Eq. (2-4), while they are independent of 0 ‘9*. Since *G,, is
divergence-free, it follows from Egs. (2-5) and (2:6) that

u T, = —§Tu"),, (2-8)

which does not contradict with the conservation of the total energy-momentum.
Following ADM’s procedure,”™ let us introduce the following quantities:

9:;="04; , N=(—49")7", N;="¢,;,
T = (=) (TS — 0pg0™* L) 972979, (2-9)
py=(8+20) N~'g"*(0:p — N'g:), .

where g% is the symmetric 3 X 3 matrix reciprocal to ¢;;, i.e., §¥0;= 0%, N'=9"N;,
and g==det(g;;)) = (=*¢)/N?*(>>0). On inserting Eq. (2:9) into Eq. (2-1), we

obtain

L= —0g,;,0m" + p,0up + 26 (0 + p) 9/ Wty + NC°+ N,C*

—2{9"*N"+ N, (z" — 319D} i (2-10)
where
C'=g¢"[’'R— (0+3/2) 9"¢:p; + 26{p— (0 + ) @'} ]
T g7/ (@) —mim — 32,7/ 3+ 20) ], 211)
C'=27"\;—p,9"¢;— 29" (0 + p) W&’
and "
uy=Nw+ Ntu;, o= — (¢Yuu;+ 1), (2-12)

Here g is an abbreviation of 87G, and the vertical bar indicates covariant differen-
tiation in the 3-space whose metric tensor and scalar curvature are given by ¢,;
and *R=¢"°R;;, respectively. On inserting Eq. (2-10) into the expression =
(1/167) [ Ld*x and discarding divergence-terms, we arrive at the required (3+1)-
dimensional form of the action integral

I=(1/167) j {70,915+ PO + 26 (0 + p) /Wy + NC°+ N,C d'z . (2-13)

Varying I with respect to N and N;, we obtain

C'=0 and C=0, , (2-14)
which, together with Eq. (2-11), are shown to be equivalent to four constraint
equations in the 4-dimensional form, i.e., *G.-eq. and *Gi-eqs., where *Gp.
=n"n"*G,,, ‘Gi=n"*G,’ and n*= (—1, N¥) /N being the unit normal to a space-
like. hyper-surface x"=¢=const. Varying I with respect to 7z and 9;;, we obtain
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1828 H. Nariai

0:9:;=2Ng~"* (14— $95;7") + Nijs+ Njje | (2-15)
0’ = — Ng'*['RY = Rg" — (0 +3/2) ('’ — 9" g™
—k{(o+p) u'e + pg¥}] —2Ng=" (z* 2’ — $7'7")
+ENGTV ™" — & (@) + $2,°/ (34 20) } 9V
gAY guNT™ Y 4 (NP — (N ™+ N ™), (2-16)

which are equivalent to ‘G;j-eqs. Similarly, it follows from the variations of [
with respect to p, and ¢, respectively, that

0up=Ng~""p,/ (3+20) + N'¢: , (2-17)
0:p,= (Np)yi+ (3+2w) 9" (NY): + £ (0 — 3p) Ng*~, (2-18)

which are equivalent to Eq. (2:6). We have regarded #, as a non-varied quantity
in the derivation of Egs. (2-15) ~(2-17), but Eq. (2-18) relies on the follow-
ing relation:

W (Ouo/0p — N0u;/0¢) = N(1/2+ w0w/0¢),

which is the (3+1)-dimensional form of ‘9”0 (u,u,)/0¢= —1 derivable from
Eq. (2-4). Moreover, we can reduce Eq. (2-8) to

0.0+ (0+p)0,ln (9w} — (/@) { (N + BN 0:0+ (p+p) (N + TN}
= —%N(p—3p) {97"*p,/ B+ 20) — (1/w) u’¢s} . (2-19)
A substitution of Eq. (2-14) in Eq. (2-13) gives

I[= (1/167[) J‘ {nijazgij+p¢8tgb+ 2K (Q+P) g‘/zﬂmo}dﬂr s (2- 20)

in which all of ¢;; and 7 can no longer be independent of each other because
of the existence of the constraint equations (2-14) with C* given by Eq. (2-11).
Our task Jies in reducing Eq. (2:20) to the following canonical form:

I: (1/1672:) J{nijTTatgijTT+P¢at¢ - L4[(9127'1”1‘9 niiTT, ¢)9 p(}» p: P)}d4$ s (2' 21)

by imposing a suitable set of coordinate conditions (in terms of which N and
N; are fixed without destroying the validity of Eqgs. (2:15) ~(2:18)) and solving
Eq. (2:14) with respect to L (longitudinal)- and T (transverse)-parts of ¢;; and
7" as functions of their TT (transverse-traceless)-parts, the inertial mode (¢, p,)
and the fluidal quantities (p, p).

§ 3. Hamiltonian treatment of a general Bianchi-type expanding universe

Following Belinski, Khalatnikov and Ryan,'” let us denote a general Bianchi-
type expanding universe by the metric

ds'= — N*(Dd2* + 0 (@) 0°0°,  (0°=eldx’) G-
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Hamiltonian Approach to the Dynamics 1829

where 2°=£ is Misner’s® time variable, and ef=¢? (z*) stand for three (a=1, 2, 3)
covariant 3-vectors such that the exterior derivative of ¢® obeys the relation
do®*=C%,0"/\0° in which C%.(= —C%,;) are the structure constants of the group
of motions specifying homogeneity of the 3-space £=const, i.e.,

[Xe Xo] =C0 X, (X.=e40.) (3-2)
where e} is the reciprocal of ¢! such that
ekel =00, ehed =07 . (3-3)
Then we can introduce the following quantities including ¢, in Eq. (3-1):
Gur (2) =eheds; (2, 2,
w5 (2) =ejein’; (2, 2,  n¥p=ein”|; (2 2N,
o (2) =eou; (2, 2%,  $o(2) =euf:i (2, 2F),
No(2)=eaN; (2, 2"),  Nap=eeelN;; (2, z),

(3-4)

which are scalars or scalar densities with respect to a transformation of coordi-
nates z'—>z'=f"(2?), but affine tensors or vectors with respect to a rotation
of e} and e? preserving relation (3-3). In the universe under consideration, we
must have

Ny=¢.=0, | (3-5)

in addition to the situation that p,, p and p are functions of £ alone.
Taking account of Egs. (3-4) and (3:5), we can reduce Eq. (2:20) with
t=20 and d*z=dQ/N\d* Nd*Ac® to . ‘

1= j (20 as+ podip + 26 (0 + 1) 0 Bued 2}, (3-6)

on the prescription that
jdlAJ?AU?’: (), 37

which is simply a normalization condition for the Bianchi-type IX universe with
closed 3-space, but becomes a periodicity condition for an open universe (e.g.,
Bianchi-type I and V).” By using again Eqs. (3-4) and (3:5), we can trans-
form Eq. (2:14) with C* given by Eq. (2-11) into

C'=¢""['R+2k{p— (0+ )0} ]+ 97 {3 @) —nsma— 11,/ 3+20)} =0,

(3-8)
C'=2x1",—2k(p+p) 9"*Bu*=0, (3-9)

where
wo=Nw= — N (9®uu,+ 1)". (3-10)

Similarly, it follows from Egs. (2-15) and (2-17) that
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1830 o H. Nariai

dg**/dQ= —4%Nrz, - (811

dy/dR=Ng="p,/(3+2w). o (3-12)
By the use of Eq. (3-12), we can reduce Eq. (2-19) to _
dp/d@+ (o+p)d{n(9*|w|)} /dl= —5(0—3p)dy/dR2. (3-13)

Let us introduce here an auxiliary 3-space with the metric
Al =7, (82) 0%, (3-14)
where

Yar= (ems)abER_zgab > (Baa = O)

. 3-15
R=Ry", (Ry=const=1/+/67, say) ( )

the last one showing that 2 is measured from future to past. If we denotes the
scalar curvature of the auxiliary space by K=R*(2)*R, we can derive the follow-
ing relation: ‘

‘R=31-V)R*(8), ‘ (3-16)
with
V=1-2K/3=1—3[{n"(€*)uws}’ — 2n""n"1 (%) 0p (€ )sq] + daacs (e~ )us ,
3-17)

where #*(=#n"") and a, are an affine tensor and vector, respectively, ‘with
constant values such that (cf. the second paper in Ref.4))

Cp=egpan™ + 03a, — 0%as , (n®ay=0) (3-18)

and egq 1s Levi-Civita’s anti-symmetric tensor. Moreover, it follows from Egs.
(3-11) and (3:15) that
N=6R*/7¢. (3-19)

Until now we have considered a general Bianchi-type universe, but let us
assume in what follows that the metric tensor 7., = (¢*®), is diagonal and the
0°frame is comoving with the fluid matter. In this case, we may put®

Basr=diag (Bs + B3, Br—B-3, —28.),  (Bea=0) -
p‘gzzn(n‘b’—S‘inﬁ/B) :% dlag (P+ +P-— '\/g-, P+ _P—'\/§9 _2P+), ' (Pg:O)

#u,=0.  (so that o= —1, uy=—N)
(3-20)
Moreover, let us put
91 _ _ 12 >1/2 y

A substitution of Egs. (3-15), (3:20) and (3-21) -in Eq. (3-13) gives

Zz0z 1snbny oz uo 1senb Aq L920161/7281/9/L/e1onie/did/woo dno-olwepese//:sdny wouy papeojumoq



Hamiltonian Approach to the Dynamics 1831

0’ —3+p) =—32(0—3p) B, (3-22)

which, together with an equation of state p=p(p), leads to a definite relation
among 0, B, and £, where a dash denotes differentiation with respect to £ in
what follows. On inserting Egs. (3-15), (3-16), (3:-20) and (3-21) into Eq.
(3:8) with k=87G and solving the latter with respect to 7}, we obtain

2rni={p+p 2+ ps+ 6”4”(V~ 1) + (16G/9) pe=*}. (3-23)

The remaining constraints (3:9) are automatically satisfied in the case under
consideration. Now it is an easy matter to transform the action integral (3-6)
into the desired form '

I= j<p+dﬁ++p_cz@_+podﬁo—Hdsa>, (3-24)

where
H= (2n7) — (8G/9) (o+p)e~*/ 2rrs), (3-25)

which, together with Egs. (3-22) and (3-23), denotes the Hamiltonian of the
system consisting of the gravitational modes (8., p.) and the inertial one (8, po).

Even if the inertial mode is omitted, our Hamiltonian is different from Ryan’s
Hamiltonian H=2775'"» This is due to the situation that Ryan has discarded
the last term on the right-hand side of Eq. (3-6) in his reduction. In spite of
this, if there exists an extremely early stage such that the contribution of gravi-
tational and inertial modes to H overwhelms that of matter, our Hamiltonian is
approximated by

H={p.'+p "+ p’+e*(V-D}", (3-26)

which is an extended version of Misner’s Hamiltonian® (derivable from Ryan’s
under the same approximation). Because of a nonvanishing nature of the right-
hand side (unless p=p/3) in Eq. (3:22), however, the existence of such a stage
will be confined to the case where 0=p=<<p/3. Accordingly we shall derive
the exact expressions for A in the typical two cases p=p/3 (suitable for the
radiation dominant stage of a big-bang universe) and p=p(envisaged by
Zel’dovich™), for comparison.

The case p=0p/3:
In this case, it follows from Eq. (3-22) that
3p=p=(0)e", (3-27)

where (0), is the value of p at £=0. On inserting Eq. (3-27) into Eq. (3-25)
with 277% given by Eq. (3:-23), we have

H={p+p_ 4 pi+ e (V—1) + (u/3) e} / {p. + p_°
+p e (V—1) + pe 4}, (3-28)
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1832 H. Nariai

where #=16G (p);/9. The above expression is reduced to Eq. (3-26) at an
extremely early stage such that e*> {u/(p.*+p-2+pd) 2

The case p=0p:
In this case, Eq. (3-22) can be integrated as

P=0=0x exp (B +642), (3-29)

where 04 is an integration constant. Then it follows from Egs. (3-23) and
(3-25) that

H={p +p +p’+e ™ (V-1}/{pS+p 1+ p’+ 1t +e (V-1
(3-30)

where ty=16Gp,/9.

§ 4. Gravitational and inertial modes at an exiremely early stage
of the Bianchi-type I universe with p=p/3

Let us consider an extremely early stage of a big-bang homogeneous universe
filled with matter and radiation obeying the relation p=p/3, so that the Hamiltonian
for gravitational and inertial modes is represented by Eq. (3-26). The only model-
dependent term in this expression for H is the potential term e **(V —1), which
vanishes only in the case of the Bianchi-type I universe specified by 7n*=a,=0
(cf. Eq. (3-17)). This means that the Bianchi-type I universe serves as a
kinematical background to analyze the dynamical behavior of gravitational and
inertial modes in other Bianchi-type universes. Our subject of this section is to
see what situation occurs by the presence of the inertial mode.

In this universe, we have

. H= (p+p- 2+ p )" 4-1)
Equations (3-24) and (4-1) lead to the following canonical equations of motion:
Bn' =0H/0pn=pn/H , (4-2)
P =—0H/08,=0 or p,=const, 4-3)
so that we obtain
H =0H/92=0 or H=const, ‘ “4-4)

where n=+, —, 0. By virtue of Egs. (4:3) and (4-4), Eq. (4:2) can be inte-
grated as

Be=(p/H)Z,  Bo= Boh+ (2o/H) L, (4-5)

where we have assumed without loss of generality that 8. =0 at £=0. Moreover,
we have

B7= B+ Y+ B-V+ BV =1, (4-6)
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Hamiltonian Approach to the Dynamics 1833

which, together with Eq. (4-5), shows that a world point in the (-space moves
with unit £-velocity along some straight line.

To make clearer the role of the inertial mode in the wuniverse under
consideration, let us transform here from the (£, ¢*)-frame to the usual (¢, x%)-
frame by means of the relations d¢t= — Ndf and dx'=¢el0*. Taking account of
Egs. (3-15), (3-19) and (4-4) with H=2z7; (at the extremely early stage),
and e;=0% (for the Bianchi-type I universe), we obtain

f=—%Inc, 0" =dx", “-7

where r=¢/¢, and #=(2/3H)R,. By making use of Egs. (3-15), (3-20), (3-21),
(4-5) and (4-7), we can reduce Egs. (3-1) and (2-2) to

ds’= —di* + R (*:d2? + 0°:dy’ + o*#:d2) | (4-8)
and
b= (™", (-9
where (¢)y=G'exp{2(Bo)o}, and
e _;_ %1 _(pet - V3) } e _:1))_ {1 _Le_-Hi@} , pszé (1+ 23) :
a=(2/3) (po/H). (4-10)

It is easily seen that the above model-universe specified by Egs. (4-8) ~
(4-10) is reduced to the Kasner universe®® in relativistic cosmology, if we
discard the inertial mode, i.e., if we put By=p,=¢=0 (so that we have H= (p.’
+p ). For the Kasner universe, the counterparts of (pi, ps, ps) given by
Eq. (4-10) satisfy the relations

P+t ps=pl Pl =1, (4-11)

and it has been shown by Lifshitz and Khalatnikov® that they are parametrized
as follows:

L S b S
@B +ut+1)’ s ) P

.u(u—}—kl) (4-12)

Pl (u2+u+‘i§ s

B (P +u+1)

which satisfy the inequalities p1<"p,<<p; for u=>1, and show further that the
isotropic case p,=p,=p; is prohibited.

On the contrary, the Brans-Dicke cosmology leads to a special isotropic
model-universe such that ‘

pr=p=ps=1/3, q=1/3. Gf pi=p-=0) (4-13)

If p.=~0, however, the model must inevitably be anisotropic and the three constants
(p1, ps, ps) must satisfy the relations

Prt+ptpi=1, pl+pt+pi=1—-6(q/), (4-14)
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1834 H. Naria:

the second one of which is permissible only when |¢|<{1/+/6. Then the counter-
part of Eq. (4-12) is given by

—u
\prW,_ (4-15)
[ 20 ()2 i)

where

{=(3+20)".  (cf. Eq. (3-21)) (4-16)

In order that p, and p; given by Eq. (4-15) may be real, we must have

A-0u"~Cu— 1+ =0. (4-17)

If 0=<{<1, (which is necessary for the inclusion of the Kasner universe to be
specified by {=0), it follows from Eq. (4-17) that

uZu=(C+ /4-3%/2(1-0), (4-18)

whose right-hand side is a monotonously increasing function of { such that #,(0)=1
and u, (1) =oco0. Moreover, we have

b)) =p(w), p(U/w) =ps(u), ps(1/u) =p; (), (4-19)

like (p1, p2, ps) given by Eq. (4-12). Because of the above two relations (4-18)
and (4-19), we see that p1<p2<p3 for u=u,, while p1<p3<p2 for u<<uy. In

addltlon we have
p1(0) =0, p(00) =31 —V1-8), ps(o0) =31+ V10,

p(Lju)=—4(V4-307-1), p2(U/uy) =ps(1/uy) =% (2+ \/4*3C2)-
/ ‘ (4-20)

§ 5. Dynamical behavior of the gravitational and inertial modes
in the Bianchi-type IX universe with p=p/3

Among the remaining Bianchi-type (II~IX) universes (for which respective
forms of the potential V=V (§,,5-) in Eq. (3-26) will be given in the Appendix),
let us pick up the Bianchi-type IX universe which is a generalized version of the
Friedmann universe with closed 3-space, for comparison with its general rela-
tivistic treatment due to Misner.”

The structure constants of this universe are given by CZ=eu. (or 7% =7§%
and a,=0 in Eq. (3-18)), so that Eq. (3:17) is reduced to

V=143 {ch(4v38-) — 1} —2* ch(2v3B.) + B, (5-1)

which has originally been derived by Misner.® A substitution of the above
potential function in Eq. (3:26) gives the Hamiltonian for the system of gravitational
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and inertial modes, which is available at an extremely early stage of the universe
under consideration. Then, by the variation of the action integral I given by
Eq. (3-24), the following canonical equations of motion arise:

B.'=0H/0p.=p./H, (5-2-1)

ps’=—0H/0B.= — (e*/2H) 0V /08, , (5-2-2)
and

B =0H/0p,=po/H , (5-3-1)

p=—0H/03,=0 or p,=const, - (6-3-2).

the last one of which is the only constant of motion, while we have four constants
of motion (cf. Egs. (4:3) and (4-4)) in the Bianchi-type I universe. On insert-
ing Eqgs. (6:2-1) and (5-3-1) into Eq. (3-26), we get

B’=B/ Y+ B+ B =1—e(V-1)H, (5-4)
which, together with H’'=0FH/0%, leads to
(In H*Y =4(8"—1). . (5-5)

The above two equations show that, unless V becomes sufficiently large for
f=oco, both F’~1 and H-—=Zconst for f£=co (just as in the Bianchi-type I
universe) hold good in a good approximation. For the potential V given by
Eq. (5-1), however, the required condition does not always hold. In fact, the
above potential varies from V=8w,* for @,=(8+"+F-)"*=0 to the following
asymptotic form:

VN%e—sﬁf for fi—>—o0, (5-6)

which is valid if |f_]<—+/38:. A substitution of Eq. (5-6) in the expression
H?%*V=1 (which assures a large discrepancy of §’* from unity) provides us
with

B+=(@g)yar= —%82—+ In(3H?), (5-7)

where (#g)w.u stands for an equi-potential wall in an @e-plane specified by f,=
const in the [-space. If the position of a world point is within the potential
wall, ie., @g= (B+’+ LDV <| @g)wan|, there hold |f’|=1, H=const and | (@)%l
=1/2 in a good approximation. Accordingly, if |@s"|== (1 —p,/)"*>1/2, the world
point collides soon after with the potential wall in an inelastic manner and
changes into again the rectlinear motion specified by |f/|=1 and H=const
(smaller than its initial value) till the subsequent collision with another potential
wall. The difference of this picture from its general relativistic counterpart is
the situation that the existence of the inertial mode makes the motion of a world
point to be three-dimensional.

In order to deal with the bounce phenomena of a world point with the tri-
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angular potential walls® derivable from Eq. (5-1) in more detail, let us consider
the effective Hamiltonian which is defined to be H given by Egs. (3:26) and
(5-6), i.e.,

H= (p*+p+p’+% exp(—8F,. —42) }'~. (5-8)

Then, from Egs. (5-2) and (5:3), we can derive the following additional constants
of motion (in the approximation adopted now):

p_=const , J=3%p,+ H=const. (5-9)
Since the motion of a world point before and after its bounce with the potential

wall specified by Eq. (5:7) is the same as that specified by Eqgs. (4-5) and (4-6),
we may put

(p+/H)i= (B+)i= —sin 0; cos ¢; , (p+/H);= (B.");=sin 0; cos ¢;,

(p-/H)i= (B-");=sin 0; sin ¢; , (P—/H)f: (6~,)f:Sin 0 sin ¢y,
(po/H);= (8)i=cos 0;, (po/H)s= (By")y=cos 0, (56-10)

where (0;, ¢;) and (0, ¢;) are the angular variables specifying the directions
of motion before and after the bounce. A substitution of Eq. (5-10) in Egs.
(5-3-2) and (5-9) gives

Hi sin 61 sin @Z:Hf Sil’laf sin @Pr s V (511)
H;(1—4%sin6; cos ¢;)=H;(1+ % sin 0, cos ¢y), (5-12)
H.,; coS HZ:Hf cOoS 6f, (5'13)

where we may assume that both 0; and 0, are smaller than 7/2 and they are
not equal to each other, because the case 0;=0,=n/2 corresponds to the general

relativistic model, and H;==FH, if p,=0. Eliminating H, and H, from Egs. (5-11)
~(5-13), we obtain
sin ¢;/sin 0; —sin ¢;/sin 0, =% sin (¢; + ¢;), (5-14)
tan §; sin ¢; =tan 0, sin ¢y, (5-15)
which, together with Eq. (5-13), are the bounce law in question. The bounce
phenomenon obeying the above law is schematically shown in Fig. 1.

To make the required calculation simple, let us pick up a special case such
that :

0:;+0;,=1/2, ¢it+o;=1/3. (5-16)
Then it follows from Egs. (5-14) and (5-15) that

sin ¢; 2‘/4—35in 0y cos 0;/(cos Oy —cos 0;), B-17)

4 (cos 0;—cos 0, =sin’ (0; + 0,) —% sin (20,) sin (26,). (5-18)
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kﬁo C"
—=1/2
0 C =
Cl

(b)

Fig. 1. Schematical representation of the bounce of a world point with one of the tri-angular
potential walls moving with 0.5 2-velocity.
(a) Situation in the (8., 8-)-plane. (b) Situation in the (B, &7 )-plane.

Since Eq. (5-18) is symmetrical with respect to the interchange of 6; and 0,
(=n/2—0;), it has two solutions such that 6;=1% arc sin(8—2+413) =0.4545 or
0;=7n/2—% arc sin(8—2+/13) =1.116. Of the two solutions, the latter alone makes
the value of ¢; given by Eq. (5-17) positive. Thus we obtain

0,=1.116(63.95°),  0,=0.4545(26.05°),
0;=0.1826 (10.46°), ¢;=0.8645(49.54°), (56-19)
H;/H;=cos 0;/cos 6,=0.4686.

On the other hand, Misner’s general relativistic result® (corresponding to the
case where 0;=0,=7/2 and ¢;+¢;=7/3) is as follows:

{ Q= 15.50, Q5= 44.50,

: : (5-20)
H;/H;=sin ¢;/sin ¢;=0.382 .

A comparison of both results shows that, owing to the presence of the inertial
mode, the damping rate of the “energy” per one bounce, i.e., (H;—H;)/H,, is
smaller about 14% and the incident angle ¢; in the @Wg-plane is smaller about
33% than their general relativistic counterparts. In spite of this, the inertial
mode is useless to modify the relation

Hiigi:Hfgf 5 (5'21)

whose quantum version led Misner® to the conclusion (cf. § 1) on the inevitability
of the initial singularity in relativistic cosmology. Here £, and Q; stand for the
time durations during which a world point moves in the (-space before and after
the bounce with one of the tri-angular potential walls, as shown in Fig. 1. This
is due to the situation that (F,sin0;, H,sin0,) and (£:/sin 6, ;/sin 0;) play
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the same roles as (H;, H;) and (£;, £,) in the derivation of Eq. (5-21).

To rewrite the bounce law (56-13) ~(5-15) in terms of the Lifshitz and
Khalatnikov’s parameter # appearing in Eq. (4-15), let us insert Eqs. (4-10)
and (4-16) into Eq. (5-10). Then we can rewrite Eqs. (5-14) and (5-15) as

{0 — (P} /{3 ()i + 1} = {(p2); — (P05t /3 (po)r+1}, (5-22)
{(P)i— (Pt /Ci={(2)r— (L5} /Cr » (5-23)
where (po)i=pa(us, &) and (po);=pa (uy, Cf) should be given by Eq. (4-15). Even

in the general relativistic case, however, the relation between u; and u, thus
derived is not the simple law u,=u;—1,% but its rewritten form 2u,u,+ u;+ u,
=0."" Taking account of such a situation, let us assume that

(Boe=pu( 200 C). r=pa (U C, (5-24)

where p,(a=1, 2, 3) are given by Eq. (4:15). Then it follows from Egs. (5-13),
(6-22) and (5-23) that '

2 2
. H,— :<uf+uf+1>< u; >, 5.95
1/ /s Py A v (5-25)

and
2Qus+up+1) (s +up+1) = (up+ 1" { (s + 20, — &5 (u” + wy + 1P
— iy + 1) {(uy — 1 =" (up + 1) (u® + w; + 1), (5-26)

which is much complicated than #;=u;—1 corresponding to the limiting case
such that £;—0, {;,—0 and &;/¢;— (u/+u,+ 1)/(ui2+z¢i+1). " This is the reason
why we have mainly relied on the Hamiltonian approach rather than on the
Lifshitz-Khalatnikov approach. '

§ 6. Dynamical behavior of the gravitational and inertial modes
in the Bianchi-type I universe with p=p

As pointed out in § 3, there exists an extremely early stage such that the
full Hamiltonian (3-25) can be approximated by the simplified form (3-26) only
when the constituent matter and radiation of the universe satisfy the inequalities
0=<p=<<p/3. This is clearly seen from an application of Egs. (4-3), (4-4), (4-5)
and (4-10) to the Bianchi-type I universe with p=p (but not p=p/3), because
Eq. (3-30) with V=1 leads to H=(G()otts) "(p >+ 2+ ps’) exp(—3¢2/2)—0
in contradiction with Eq. (4-4). Accordingly, we shall deal with the Bianchi-
type I universe with p=p in what follows.

In this universe, the exact Hamiltonian is of the form

H= (p +p 2+ ") /(o + p-2+ Do’ + pye )7, (6-1)
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which shows that there are three constants of motion

ps=const, H=const. (6-2)
If we put
v=(p."+p +p) /H,  vi=(ps'+p-)/H'=const, (6-3)
it follows from Egs. (6-1) and (3-29) that '
Ly =H* (v—1) (6-4)
and
p=0=(9H*/16G) v (v —1)e*. | (6-5)
Moreover, the remaining canonical equations of motion 8,"=0H/0p, (n=+, —,0)
are reduced to
eidQ=(7i—~1—)-7%—~v_*, (6-6)
d8./d9= (p./ )21 6-7)

where po=c¢H+vv—v, and e=41. An integration of Eq. (6-6) gives

L BN ="
2\/7) Vs -+ \/;*—_‘—1 arc tan Vs 1 N (lf 71*>1)
eA = . J /A
— . — V—Vgp — — Uk .
2(Vv—vy — 1 v*)+\/1—v* In Jo—v, + 1w, |’ Gf 0<<w,<<1)

(6-8)

where we have chosen an integration constant suitably. Similarly, it follows
from Egs. (6-7) and (6-8) that '

= : . ) )
«/v* arc tan o + \/v*—l arc tan = , Gf ve>1)
e\ ) 2 N/“{;—v,k N/m\
(p2/H) ™ | Vos <arc tany/ , Tare tany 0 )
1 Vo—v, —v/1—v
I < —F (G
i \/l”“U* & «/.0_7}* + \/1__‘0* (lf O<7J*<1)

6-9)
@A) The case vye>1:

Since the right-hand side of Eq. (6-8) is a monotonously increasing function
of v becoming infinitely large when v—co, the range of £ is either (—o0,0) or
(0, o0) according as ¢é=—1 or 1. In addition, irrespective of the sign of &, we
have
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v (B/D R for v>wv,. : (6-10)
A substitution of the above expression in Eq. (6:5) gives
0==(9/16G) (X *H/4)'Q*¢** for ef=~oo0, (6-11)
which shows that p—oco or 0 for £—o0(¢=1) or —oo(¢=—1). This means

that, so far as wv,>>1, the initial singularity of infinite density is inevitable.
Moreover, it follows from Eqs. (6-8) and (6-9) that

{(m/H){E”—g‘;l—)g for 90,
fe== vy —1

(6-12)
(po/H) (en/2) 1/ N vy +1/Voe—1) for ef~oo.

({1) The case 0<wvy<l:

Equation (6:8) shows that e@—>—oco or oo according as v—1 or oo.
Accordingly we have

N{(AZ/ZJ:).Q“’ for @~ — oo, (6-13)
T 1440 —vexp(— V1= v.2) for Q—=oo,
provided that py= — H+v—v, or e=—1. On inserting the second expression of

Eq. (6-13) into Eq. (6-5), we obtain
0= (9H*/16G) (1—vy)exp{(6—AV1—v, )2} for Q=co.  (6-14)

In order that the above p may be of a finite value even when £-—>oco0, the para-
meter 2={12/(3+2w)}”* (cf. Eq. (3-21)) must be equal to 6/v1—v,, so that
we have :

w=—(8+wvy)/6. (0<w<1) (6-15)

On the other hand, the scalar-tensorial versions divided by the Einstein formulae
for the so-called 3 tests of general relativity are represented by (the perihelion
advance of Mercury) = (4+3w)/(6+3w), (the gravitational deflection of light)
= (34+20)/(4+2w) and (the gravitational shift of the wave length of light) =1,
respectively.® A substitution of Eq. (6-15) in the first formula gives (the
perihelion advance of Mercury) =wvs/(v4e—4) <0 which contradicts with the
experimental evidence. If w=6 as insisted upon by Brans-Dicke,® we have 1<6/
V1—v, showing again the inevitability of infinite density for @—o0. Moreover,
it follows from Egs. (6-8) and (6:9) with ¢= —1 that

— (p:/H) (n/dVvy) for = —oco,
(p./H)R for Q==oco.

As is seen from Egs. (6:12) and (6:16), the functional form of 3. or the
metric component ¢q (cf. Eq. (8:15)) in the case p=p varies sensibly with the

lapse of time, while its counterpart (cf. Eq. (4-5)) in the case p=p/3 is inde-
pendent of time. In spite of this, it has been shown that the initial singularity

gi:{ (6-16)

Zz0z 1snbny 0z uo 1senb Aq L9016 L/7281/9/L/e1one/did/woo dno-olwepese//:sdny wouy papeojumoq



Hamiltonian Approach to the Dynamics 1841

of infinite density cannot be eliminated, by virtue of the situation that Eq. (6-15)
is incompatible with the requirement of »—=6.

Remark The dynamical system specified by the Hamiltonian H given by Eq.
(6-1) can be quantized by replacing (B, pn) (n=+, —,0) with the operators
satisfying the commutation relations Butn— PuBm =1th0ms. Then we must replace
the factor v(v—1) in Eq. (6-5) with its vacuum expectation value. Even if the
expectation value of p becomes finite for £—oco, the metric component ¢, itself
becomes singular because of the factor R*= (1/67)e *.
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Appendix

The potential walls in other Bianchi-type universes

As was shown in § 3, the canonical description of Bianchi-type expanding
universes in the Brans-Dicke cosmology is represented by the motion of a world
point in the three dimensional S-space in the presence of the potential walls with
gravitational origin, as well as of another potential with inertial origin (effective
in the case of p=p). In §§4~5 we have analyzed in what way the former
potential has influence upon the motion in the case of Bianchi-type IX universe,
while the role of the latter potential in the Bianchi-type I universe has been
studied in § 6. The subject of this appendix is to derive various potential walls
(with gravitational origin) corresponding to other Bianchi-type universes, by the
use of Egs. (3-17), (3-18) and (3-20).

We can prove that the asymptotic potential walls (in the @g-plane specified
by Bo=rconst) corresponding to Bianchi-types II and IV are a straight-lines and
two half-straight-lines intersecting with the corner angle 7/3, respectively. The
straight-line and one of the two half-straight-lines move with 0.5 f2-velocity, so
that they may bounce with the world point only one time. Moreover, the asymp-
totic potential walls corresponding to Bianchi-types III and VII are shown to
be of the same tri-angular form as that of the Bianchi-type VI. Accordingly,
we shall call attention to the universes of Bianchi-type V, VI and VIII, res-
pectively.

a) Bianchi-type V (specified by n®=0,a,=(1, 1, 1)/V8):
For this universe, Eq. (3-17) is reduced to
V=14 267 ch(2v/38.) + e, (A-1)

The above potential gives rise to the asymptotic tri-angular form shown in Fig. 2,
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B+

\

Fig. 2. The tri-angular potential walls in the  Fig. 3. The tri-angular potential walls in the
Bianchi-type V universe. Bianchi-type VI universe.

derivable from the condition that the potential becomes effective, i.e., H % ** V=1
(cf. Eq. (3-26)).

b) Bianchi-type VI (specified by n''= —n®=1, n*=q,=0):

For this universe, we have
V=14 %¢"*{ch(4v/3B8-) +1}, (A-2)

whose asymptotic form is shown in Fig. 3.

c) Bianchi-type VIII (specified by n"'=n"= —n*=1,a,=0):

For this universe, we have
V=1+2e"{ch(4v/3B-) —1} +4e~* ch (24/38-) + e, (A-3)

which is of the same form as Eq. (5-1), except for the plus sign in front of the
third term omn the right-hand side. However, the third term does not contribute
to the asymptotic form, so that the latter is identical with the one shown in
Fig. 1, in spite of the situation that the Bianchi-type VIII universe is an open
universe.

Among the above three universes, the first two provide us with the bounce laws
different from that discussed in §5. In the Bianchi-type V universe, the bounce
cannot at all occur, because each of the three walls AB, BC and CA moves with
unit Q-velocity, just as the world point. On the other hand, in the Bianchi-type
VI universe, the world point may collide only with the two walls BC and CA
whose Q-velocities are 1/2.
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