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1 Introduction

Energy and momenta of gravitational waves in the full non-linear general relativity were
first obtained by Trautman over 60 years ago [1] with his work followed by nowadays
standard approach of Bondi et al. [2].1 These results were further refined and extended to
the angular momenta in the eighties [4–6].

Independently, Hamiltonian description of GR was investigated [7, 8]. It was applied to
the problem of radiation in [9, 10]. Symplectic approach is endowed with certain ambiguities
— one is allowed to change Hamiltonian by a boundary term if it is followed by an analogous
change in the flux formula. Thus, an additional input is needed to fix physical values of local
fluxes. (Since the change is only in boundary terms, the global quantities are unchanged.)
Authors of [9] carefully chose topology on the phase space to recover Trautman-Bondi mass
loss formula. Another solution to this problem was offered in [11] (which followed [12])
where an algorithm for fixing boundary terms was proposed in terms of the presymplectic
potential Θ at I+ (or a boundary in general). In this way, the ambiguity of boundary
terms was reformulated as an ambiguity in the choice of Θ. It was shown that upon certain
additional restrictions, it is a unique object and thus this algorithm gives an unambiguous
answer which coincides with the results of [9]. Perhaps a more natural version of this
approach was recently presented in [13].

All those important developments started with an assumption that a cosmological
constant Λ is vanishing. However, observations show Λ > 0 [14]. The question of how
to define the energy of gravitational waves (GW) in the presence of such Λ attracted

1For a more detailed history, see [3].
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a lot of attention in the last few years (see e.g. [15, 16, 16–27] for different definitions,
proposal, arguments and calculations.) Since null infinity I is spacelike in asymptotically
de Sitter spacetimes, this task is much harder — no natural timelike asymptotic symmetry
is available. Moreover, there is virtually no universal structure at I (beyond that of a
smooth manifold) which could be used. In this work, we generalize Wald-Zoupas notion of
‘conserved’ charges to the case Λ > 0. Surprisingly, one finds that the answer to be much
less ambiguous than in the asymptotically flat spacetime.

It is highly non-obvious whether those charges could be interpreted as energy, momenta
and angular momenta because there is no natural way to distinguish vector fields that
could generate those particular physical quantities. Nevertheless, we show on examples
that expansion of our results around an exact solution equipped with a Killing vector has
a natural interpretation of a charge associated with that vector field.

Those formulas for charges and fluxes were obtained before in a more abstract con-
text [28]. However, to our best knowledge, this note contains the first proof that these
results are unambiguous. Similar work was also done in [29] but with much more se-
vere boundary conditions, which excluded gravitational waves carrying any de Sitter
charges. There is another Hamiltonian approach, based on the initial data at I+, given by
Friedrich [30], with a suitable fall-off as one approaches io and i+ along I+ [31]. Thanks
to these boundary conditions, it is possible to distinguish between gauge and symmetry
vector fields on I+ and associate global fluxes associated with symmetries across all of I+.
It was pointed out in [32] that the expression of local fluxes associated with arbitrary vector
fields on I+ have certain physically undesirable features. The global fluxes associated with
symmetries are free from this drawback. Relation between the framework presented in this
paper and that summarized in [31] will be discussed in a forthcoming publication.

The rest of the paper is organized as follows. In section 2 we introduce a necessary
theory of the asymptotically de Sitter spacetimes. In section 3 we quickly summarize the
Wald-Zoupas notion of ‘conserved’ charges. We stick to the conventions of [11] to avoid
confusion. Then, in section 4, we generalize Wald-Zoupas charges to this context and prove
their uniqueness. We discuss their physical meaning in subsection 4.3. The main results
are repeated and discussed in section 5. Technical details are relegated to the appendix.

2 Asymptotically de Sitter spacetimes

We will start with a quick review of the asymptotically de Sitter spacetimes. This is going
to be rather a practical introduction to the topic, for a more thorough discussion see [20].
For simplicity we restrict ourselves to the vacuum Einstein equations in four dimensions:

Rµν = Λgµν (2.1)

with Λ = 3
`2 > 0. Inclusion of the matter fields would not be very hard but one should be

a little bit careful with assumed asymptotics of a stress-energy-momentum tensor which
could alter the final results. An asymptotically de Sitter spacetime near2 I+ can be put

2The same is true for I−, we choose I+ only for convenience.
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into a Fefferman-Graham gauge [33, 34]:

g = −`
2dρ2

ρ2 + `2dxadxb

ρ2

∑
i=0

g
(i)
ab ρ

i, (2.2)

where ρ = 0 corresponds to the null infinity I+ which is spacelike. Tensors g(i)
ab are all

defined on I+. Since our considerations are all local, we do not assume anything about the
topology of the null infinity. However, one should keep in mind that an algebra of asymp-
totic symmetries is going to be a little bit different, depending upon that topology. More-
over, most results (like [30]) about existence and stability of solutions assume that I+ ∼ S3.

From the Einstein equations we obtain:

g
(1)
ab = 0 (2.3)

g
(2)
ab = R̊ab −

1
4R̊g

(0)
ab (2.4)

g(0)abg
(3)
ab = 0 (2.5)

Dag
(3)
ab = 0, (2.6)

where R̊ab and R̊ are Ricci tensor and scalar (respectively) of g(0) and D is its covariant
derivative. For convenience, let us introduce a holographic stress-energy tensor:

Tab =
√

3Λ
16πGg

(3)
ab (2.7)

which can be specified freely up to the constraints (2.5)–(2.6). Expansion (2.2) is not
unique, g(0)

ab and Tab are defined up to the conformal transformations:

g
(0)
ab 7→ Ω2g

(0)
ab

Tab 7→ Ω−1Tab,
(2.8)

which correspond to the choice of ρ = const. slices. Tab can be also easily expressed through
the electric part of a Weyl tensor:

Tab = − `

8πGEab := − `

8πG lim
ρ→0

ρ`−1Caρbρ, (2.9)

where Cµνσδ is the Weyl tensor of g. It follows from the pioneering work of Friedrich [30]
that a conformal class [(g(0)

ab , Tab)] is the full Cauchy data for gµν , at least in the neighbor-
hood of the de Sitter solution. In the case of the gauge (2.2), it means that g(n)

ab (n > 3)
are determined by (g(0)

ab , Tab) recursively, no additional integration constants arise.
Equations of motion (2.1) follow from the finite action (see [23, 35] for a derivation

using holographic renormalization)

SEH = 1
16πG

∫
M
d4x

√
|g| (R− 2Λ) + 1

16πG

∫
∂M

d3x
√
γ

(
2K + 4

`
− `R[γ]

)
, (2.10)

where γab is an induced metric on a (spacelike) boundary of M and K is a trace of the
second fundamental form of ∂M . Counterterms are chosen carefully to render the action

– 3 –
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finite. Incidentally, it follows from section 4.2 below that no additional counterterms are
allowed if ∂M = I+. Then, presymplectic current is finite on the slices ρ = const. Taking
the limit ρ→ 0 we find

ω(g(0), T ; δ1, δ2) = 1
`2
δ[1

(√
g(0)T ab

)
δ2]g

(0)
ab d

3x. (2.11)

One can show that integral of ω is equal to the presymplectic form on F .

3 Wald-Zoupas ‘conserved’ charges

In this section, we will discuss the general procedure of defining charges using Wald-Zoupas
prescription and show it on an example of the vacuum GR at null infinity. For the conve-
nience of the Reader, we will try to follow [11] as closely as possible.

We consider a diffeomorphic invariant theory with fields φ (such as a metric but possibly
also other tensor fields) defined on an n dimensional manifoldM . We assume that a suitable
configuration space F to which φ belongs was already chosen. Field dynamics is given by
a Lagrangian n-form L which depends on the fields φ in a diffeomorphism covariant way.3
Variation of L leads to a presymplectic potential current θ by

δL = E(φ)δφ+ dθ(φ; δφ), (3.1)

where E are equations of motions (so E(φ) = 0 on shell. We will denote a space of solutions
by F ⊂ F), d stands for the exterior derivative in M and δφ ∈ TφF . Clearly, such θ is
defined up to an addition of an (n − 1)-form in M which is a covariant function of φ and
is closed. θ can be used to define a presymplectic current ω:

ω(φ; δ1φ, δ2φ) = 2δ[1θ(φ; δ2]φ), (3.2)

that satisfies
dω(φ; δ1φ, δ2φ) = 0, (3.3)

for every pair of vectors tangent to F . The current ω in turn leads to functionals on F by

ΩΣ(φ; δ1φ, δ2φ) =
∫

Σ
ω(φ; δ1φ, δ2φ) (3.4)

where Σ is any (n − 1)-dimensional hypersurface such that right hand side exists. In
particular, if φ ∈ F , δ1φ, δ2φ ∈ TφF , then ΩΣ yields the same value for any Cauchy
surfaces Σ (assuming appropriate fall-off conditions). It is then, a presymplectic form on
F . (The prefix ‘pre-’ denotes the fact that such ΩΣ can be degenerate.)

Given Σ (not necessarily a Cauchy surface) and a vector field ξ, a function Hξ[Σ] :
F → R is called a Hamiltonian conjugate to ξ if for all φ ∈ F and δφ ∈ TφF :4

δHξ[Σ] = ΩΣ(φ; δφ,Lξφ). (3.5)
3Bold font is used to denote that our objects are differential forms in M rather than scalars.
4Note that in [11], it was only assumed that δφ ∈ TφF . If we found Hξ on F , we could extend it to F

(if needed) in such a way that the right hand side of (3.5) held so it does not change anything.
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i0i+ I+

∂Σ1 ∂Σ1∂Σ2 ∂Σ2

∆I+ ∆I+

Σ1

Σ2

Figure 1. An example of hypersurfaces extending to I+ in an asymptotically de Sitter spacetime.
∆I+ is a three dimensional portion of I+, both ∂Σ1 and ∂Σ2 are 2-spheres (each depicted as a pair
of bullets). Fξ integrated over ∆I+ provides the difference between charges located in ∂Σ2 and ∂Σ1.

For general ξ, the right hand side is not a full variation and thus there is no Hξ. To empha-
size this fact, we will write �δHξ instead of δHξ. Let us emphasize here that �δ is not an opera-
tor, it has no meaning outside of �δHξ which is defined by the right hand side of the eq. (3.5).
In diffeomorphic covariant theories (which we consider here) it can be rewritten as [12]

�δHξ[Σ] =
∫

Σ
ω(φ; δφ,Lξφ) =

∫
∂Σ

[δQ− ξ · θ], (3.6)

where Q is Noether charge (n − 2) form and ∂Σ is a boundary of Σ. We are mainly
interested in surfaces Σ which stretch up to the null infinity, hence an appropriate
limit procedure is needed to define the integral along ∂Σ. It may happen δQ and θ
do not possess a limit but this particular linear combination does. An example of such
hypersurfaces Σ in the asymptotically de Sitter spacetimes is shown in the figure 1.

Eq. (3.6) allows one to easily find an obstruction for Hξ to exist. Indeed, taking ‘the
second variation’, we obtain

δ1�δ2Hξ − δ2�δ1Hξ = −
∫
∂Σ
ξ · ω(φ, δ1φ, δ2φ). (3.7)

Generically, the right hand side does not vanish and thus �δHξ is not a closed form. Let us
also notice that since we do not know anything about topology of F , even vanishing of the
term involving ξ · ω does not imply that �δHξ is exact — one needs to check it explicitly.

Basic idea of [11] is to add something to the right hand side of eq. (3.6) to make it
exact. The most obvious choice would be θ. However, as mentioned before, its pullback to
∂Σ does not need to exist. Nevertheless, let us assume that pullback of ω to I does, let us
denote it by ω and by Θ(φ; δφ) its potential (since ω is defined only on I, so is Θ). Then,
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obviously a variation of ∫
∂Σ

[δQ− ξ · θ] +
∫
∂Σ
ξ ·Θ (3.8)

vanishes and thus it is a better starting point for the Hamiltonian. In practice, one requires
that charges for different choices of Σ exist and then they describe e.g. evolving Trautman-
Bondi energy which is associated to each cross-section of I. Of course, it is defined only
up to a constant which can be fixed on a reference solution φ0 (e.g. corresponding to the
vacuum). The difference of charges for two different cross-sections is flux Fξ through null
infinity. An easy calculation shows that

Fξ = Θ(φ;Lξφ). (3.9)

In general, Θ can be modified by addition of a closed one-form (on F). If we have found
such Θ that �δHξ is exact, then this ambiguity is further reduced — one can only add an
exact one-form to Θ. The following list of requirements to make it unique was proposed:

(i) Θ should be built only out of dynamical fields φ (or their limits) and an available
universal structure at I

(ii) Θ should not depend upon any arbitrary choices e.g. a conformal factor

(iii) If L depends analytically5 upon φ, then so should Θ

(iv) If φ is a stationary solution, then Θ(φ; ·) = 0.

It was found in [11] that there is only one Θ satisfying all points from the above list and
it leads exactly to Trautman-Bondi mass loss formula (and its generalization to the BMS
group as calculated in [5]).

One small element that we somehow glossed over is the choice of a reference solution φ0
on which all charges are fixed. This choice breaks the covariance of our theory since it distin-
guished somehow a background field. From the point of view of a full theory, φ0 is as good
as ψ?φ0 where ψ? is a diffeomorphism generated by an asymptotic symmetry. Thus, charges
should also vanish on ψ?φ0. This is a non-trivial constraint on φ0 (or on a theory in general).

In the next section, we will generalize this approach to the asymptotically de Sitter
spacetimes. It goes virtually identically, the only change one needs to make regards the
list of requirements above. One quickly notices that (iv) is void because there are no sta-
tionary spacetimes near I+ when Λ > 0. Surprisingly, it will not be needed — uniqueness
follows already from (i-iii). We will also see that the most natural choice of φ0, namely that
all charges vanish on the de Sitter background respects constraints mentioned above. On
the other hand, even seemingly stationary solutions like the Schwarzschild-de Sitter space-
time admit non-vanishing fluxes of at least certain asymptotic symmetries. The physical
meaning of those is unclear to us at this point.

5One should not mistake an analytical dependence on fields with some restriction on the class of solutions
— those are imposed in the very definition of F .
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4 Generalization to the asymptotically de Sitter spacetimes

4.1 Charges

We will now proceed according to the Wald-Zoupas prescription. Since the only universal
structure in the problem at hand is that of a smooth manifold I+, asymptotic symmetries
are all diffeomorphisms of null infinity. Thus, we want to calculate flux and Hamiltonians
associated to all vector fields on I. The (pseudo-)variational expression for the Hamilto-
nian (3.6) gives

�δHξ =
∫
∂Σ
d2x

(
δ
(√

σnaξbTab
)
− 1

2`2
√
g(0)naξaT

bcδgbc

)
, (4.1)

where σ is a metric induced on ∂Σ and na is normal to it. From the form of ω we see
that ‘the second variation’ of Hξ does not vanish. Thus, we need to add a presymplectic
potential Θ. The easiest (and, as we will see, the only) choice is:

Θ = 1
2`2T

abδg
(0)
ab dV ol. (4.2)

Thus, we have
δHξ = �δHξ +

∫
∂Σ
ξ ·Θ =

∫
∂Σ
d2xδ

(√
σnaξbTab

)
. (4.3)

Integration is trivial and it yields

Hξ =
∫
∂Σ
d2x
√
σnaξbTab, (4.4)

where we have chosen integration constants in such a way that all Hamiltonians vanish on
the de Sitter solution (on which, in particular, Tab = 0). Of course, equation Tab = 0 is
diffeomorphism-invariant and thus charges vanish on all solutions connected to our choice
of the vacuum by an action of an asymptotic symmetry. Flux is given by

Fξ = Θ = 1
2`2T

abLξg
(0)
ab dV ol (4.5)

Note that Hξ and Fξ are conformally invariant, as one would expect. Moreover, for
∫
I+ Fξ

to be finite, ξ must be a conformal Killing vector field near i0 and i+.
Charges (4.4) were first obtained in [36] in the case when ξ are asymptotic Killing

vectors. However, let us emphasize that generic asymptotically de Sitter spacetime does
not posses any asymptotic Killing vector field although one expects to find them near i0
and i+ [31].

Let {·, ·} be the Poisson bracket obtained from ω. It is clear that for an arbitrary
slice Hξ is not a gauge-invariant quantity since gauge transformations correspond to dif-
feomorphisms which can move the slice. However, if one restricts themselves to the gauge
transformations which do not move i0 and i+ (in the spirit of [31]), hamiltonians associated
with those ends are well-defined observables. In particular their difference, which is equal
to the integral of F, is gauge invariant and it make sense to calculate its Poisson bracket

– 7 –
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with different observables. Let ξ, ξ′ be two vectors fields on I+ which become conformal
Killing vector fields near i0 and i+. An easy calculation shows that on shell{∫

I+
Fξ,

∫
I+

Fξ′

}
=
∫
I+

F[ξ,ξ′]. (4.6)

Thus, no central extension appears in the algebra of fluxes, similarly to [37]. Since∫
I+

Fξ = Hξ[i+]−Hξ[i0] (4.7)

we can use (4.6) to determine Poisson bracket between charges. Since fields at i0 and i+
are independent, we have {

Hξ[i0], Hξ′ [i+]
}

= 0. (4.8)
This implies that{

Hξ[i0], Hξ′ [i0]
}

+
{
Hξ[i+], Hξ′ [i+]

}
=
{
Hξ[i+]−Hξ[i0], Hξ′ [i+]−Hξ′ [i0].

}
(4.9)

Using (4.6) and (4.7) we see that{
Hξ[i0], Hξ′ [i0]

}
+
{
Hξ[i+], Hξ′ [i+]

}
= H[ξ,ξ′][i+]−H[ξ,ξ′][i0]. (4.10)

Since we can take in particular ξ and ξ′ supported either on i0 and i+, we find that{
Hξ[i0], Hξ′ [i0]

}
= −H[ξ,ξ′][i0]{

Hξ[i+], Hξ′ [i+]
}

= H[ξ,ξ′][i+].
(4.11)

One could be a little bit surprised that although Hamiltonians depend only upon a vector
field at i0/i+, their Poisson bracket involves their derivatives. However, ξ is asymptotically
a conformal Killing vector, its transverse derivatives are also determined.

4.2 Uniqueness

We now want to show that our choice of Θ is unambiguous. We impose the following
requirements:

(i) Θ should be built locally (it means in a diffeomorphic covariant manner) only out
of g(0)

ab and Tab. (Since the only universal structure available at I is this of a smooth
manifold, we do not have any additional ingredient.)

(ii) Θ should be conformally invariant

(iii) Since Einstein-Hilbert action depends analytically upon the metric, so should Θ.

It is easy to notice that (4.2) satisfies them all. However, in no (possibly generalized) way
property (iv) from the list of requirements from [11] holds. Indeed, (4.2) is not zero even
when evaluated on the Schwarzschild-de Sitter solution.

Θ is defined up to an addition of an exact variation of a functional W [g(0), T ]. This
must be of the form:

W [g(0), T ] =
∫
I
d3x

√
g(0)w(g(0), T ), (4.12)

where w is a scalar with a conformal weight −3. Since it is supposed to be analytic, local
and covariant, it admits an expansion into monomials in the following:

– 8 –
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• g
(0)
ab (+2)

• g(0)ab (−2)

•
√
g(0)εabc (+3)

• Ricci tensor6 of g(0) and its covariant derivatives (0)

• Tab and its covariant derivatives (−1),

where numbers in the brackets denote the weight of each component under a constant
rescaling. The fact that we can restrict ourselves into such monomials will be explained in
appendix A. We will show that there is no not-trivial monomial with the rescaling weight
−3 and so there is no analytic, conformal invariant functional. Note, that if one abandons
analyticity, such functionals exist, with the simplest example being∫

I
d3x

√
g(0)

√
CabcCabc, (4.13)

where Cabc is a Cotton tensor of g(0).
Let us start our argument by accounting for the factors containing εabc in w. One has

a simple formula for a product of εabc with itself√
g(0)εabc

√
g(0)εdef =

∑
σ

(−1)|σ|gaσ(d)gbσ(e)gcσ(f), (4.14)

where σ are all permutations of a three-element set. Thus, we can assume without loss of
generality that there is at most one factor εabc in our expansion.

First, let us consider the case when there is at least one T . The most general form of
w is thus:

w = Da1Da2 . . . DakTabPb1b2...bn and
(
n+ k

2 + 1
)
contractions. (4.15)

Notice that this factorization does not need to be unique. Let degP be a weight of Pb1b2...bn .
It satisfies

degP ≤ n, (4.16)

where the equality holds only when Pb1b2...bn is built out of gab and
√
gεabc alone. On the

other hand, we have

− 3 = −1 + degP − 2
(
n+ k

2 + 1
)

= −3 + degP − n− k ≤ −3− k (4.17)

Thus, k = 0, degP = n. Since we have n+k
2 + 1 contractions, it implies that n is an even

number. Thus
Pb1b2...bn ∼ gb1b2 . . . gbn−1bn (4.18)

(up to permutations of indices and a proportionality constant.) But that means that w is
proportional to the trace of Tab which vanishes if the equations of motion are satisfied.

6Notice that since I+ is three dimensional, the Ricci tensor encodes the whole curvature.
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We are left with the case when considered functional is T -independent. Then, it would
mean that w is an analytical, scalar conformal invariant (of weight −3). We will again show
that w cannot be a monomial in fields which has a weight (−3) under constant rescalings.
Since it is supposed to have an odd weight, it must contain a factor √gεabc. But then,
ε needs to be contracted with an object with three indices. Since both the metric and
Ricci tensor have two indices, it means that w must contain an odd number of covariant
derivatives acting on the Ricci tensors. In particular, there is at least one Rde on which
acts an odd number of Dai . We thus can write

w = √gεabcDa1 . . . DakRdePb1...bn and
(
n+ k + 5

2

)
contractions, (4.19)

where k and n are odd and even, respectively. Again P satisfies

degP ≤ n, (4.20)

when the equality holds when Pb1...bn is built out of gab alone. On the other hand, we have

− 3 = 3 + degP − (n+ k + 5) = −2− k + degP − n ≤ −2− k. (4.21)

It follows that k = 1 and n = degP (so it is built out of gabs alone) and w reads

w ∼ √gεabcDa1Rde and 3 contractions. (4.22)

As a result of those contractions, we could either have w ∼ √gεabcDaRbc or w ∼
√
gεabcDaRgbc and both possibilities vanish due to the symmetry of indices.

Thus, Θ is unique at least on-shell.7 Since at the end of the day we are only interested
in charges and fluxes only on F , there is no ambiguity.

Notice that in particular ‘another’ choice of Θ:

Θ′ = −δ
(
T ab

√
g(0)

)
gabd

3x = Θ− δ
(
T abgab

√
g(0)d3x

)
= Θ (4.23)

is perfectly equivalent to the one we made.

4.3 Special cases

In this part, we will deal with spacetimes expressed in the Bondi coordinates. Fortunately,
there is a dictionary between Bondi and Fefferman-Graham gauges given in [23].

In [27] flux of energy in the GR linearized around the de Sitter was calculated. To this
end, we used a Killing vector ∂u which generates translation from one null-cone to another
in the Bondi coordinates in which the formula for the metric tensor reads

g̊ = −
(

1− Λr2

3

)
du2 − 2dudr + r2γ̊ABdx

AdxB. (4.24)

7The difference between on-shell and off-shell here lies in the definition of F . We could have restricted
ourselves to traceless Tabs from the very beginning and then uniqueness would hold also off-shell.
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Boundary terms were fixed by imposing invariance with respect to certain asymptotic
symmetries dubbed superpseudotranslations. It yields

F∂u = 1
16πG`EcdL∂ug

(0)
ab g̊

(0)acg̊(0)bd
√
g̊(0)d3x, (4.25)

where g̊(0) is a metric induced on I+ without any perturbation. Looking at (2.9), it is
evident that this expression is Taylor expansion of (4.5) up to the quadratic terms. (The
difference of signs is compensated by orientation of I) It was also shown in [27] that (4.25)
reduces to the Trautman-Bondi mass loss law in the limit Λ→ 0 which suggests that this
is the correct formula for the energy density at null infinity.

Let us now look at the Schwarzchild-de Sitter (also known as Kottler) metric:

g̊ = −
(

1− Λr2

3 − 2M
r

)
du2 − 2dudr + r2γ̊ABdx

AdxB. (4.26)

Initial data on I reads [20]

g(0) = du2 + `2γ̊ABdx
AdxB, (4.27)

E = −3GM`−3
(
du2 − 1

3g
(0)
)
. (4.28)

where γ̊ is a standard metric on a unit sphere. This metric g is equipped with a 4-
dimensional space of the Killing vectors. This algebra contains a one-dimensional center
generated by ∂u which corresponds to the ‘time’-translation (and thus ‘energy’) and unique
three-dimensional subalgebra so(3) of rotations generating angular momenta. Notice that
those come with a natural scaling given by a commutator:

[Ri, Rj ] = εijkRk. (4.29)

The scaling of the time-translation generator ∂u can be fixed because metric g(0) coincides
with g(0) of the de Sitter spacetime. Note that the fact that E 6= 0 on this background
changes a little bit the nature of fluxes. If we consider a purely magnetical gravitational
wave (it means, a perturbation which changes a conformal class of g(0) but not E), we
would obtain non-zero F . Nevertheless, this addition integrates to zero over the whole I+

and vanishes in the limit Λ→ 0.
Now we will comment on how to define energy on the Kerr-de Sitter (also known as

Carter) background. Kerr-de Sitter metric is equipped with a 2-dimensional abelian algebra
of Killing vectors generated by ∂u, ∂φ. We want to find appropriate generators. 1-dim.
algebra generated by ∂φ possesses a unique property that its integral curves on I are closed8

and thus could be rotation generator. We can fix its ‘length’ by demanding that period of φ
is 2π. There is nothing distinguished about ∂u. The only geometric condition to be satisfied
on I we were able to think of to somehow choose ‘time’-translation generator T was

g(0)(T, ∂φ) = 0 (4.30)
8A priori one could also close integral curves of ∂u by saying that u is periodic. This would obviously

change topology of the whole spacetime. Nevertheless, even then ∂φ is distinguished because it vanishes at
some points.
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since it is a conformally invariant requirement. It turns out, that the conformal metric
defined on I admits that possibility. We discuss it in detail now. According to [20], the
conformal metric tensor induced on I is

g(0) = du2 − 2asin2θdudφ
(1 + a2

`2 )2
+ `2sin2θdφ2

1 + a2

`2

+ `2dθ2

1 + a2

`2 cos2θ
(4.31)

Then, (up to a rescaling)
T = ∂u + a

a2 + `2
∂φ. (4.32)

Such T has the correct limit as Λ→ 0. To learn more about the vector field T let us trans-
form the metric tensor to the coordinate system (u, θ, φ′) adapted to T , namely such that

T a∂aφ
′ = 0, φ′ = φ− a

`2 + a2u. (4.33)

Then

g(0) =
1 + a2

`2 cos2 θ

(1 + a2

`2 )3
du2 + `2sin2θ

1 + a2

`2

dφ′2 + `2

1 + a2

`2 cos2θ
dθ2, (4.34)

while
T = ∂u. (4.35)

Now we can see, that the Killing vector T is non-twisting - it is orthogonal to the surfaces

u = const. (4.36)

Nevertheless, it is unclear to us whether some physical reasons are standing behind this
particular choice. Moreover, noticed that since g(0)

Kerr 6= g
(0)
dS , we do not have a tool to fix

the scaling of the energy.
Finally, let us consider more general background given by [g(0), E ]. One could ask

when, given a representative (g(0), E) this structure (and thus the whole spacetime) possess
certain symmetry. In other words, when there are a positive function Ω : I → R>0 and a
vector field K such that

LKΩ2g(0) = 0
LKΩ−1E = 0.

(4.37)

The answer is relatively simple. It follows that K must be a conformal symmetry of both
(g(0), E):

LKg(0) = αg(0)

LKE = βE ,
(4.38)

where α = −2β. Since our Hamiltonians and fluxes are conformally invariant, we do not
need to find Ω — knowledge of its existence is enough.
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5 Summary and discussions

In this work, we have introduced ‘conserved’ charges associated with the diffeomorphism of
null infinity in the asymptotically de Sitter spacetimes. We have shown that our definition
is unambiguous under certain natural conditions. Moreover, we have checked that in the
perturbative regime the limit Λ → 0 reproduces familiar expressions for the Trautman-
Bondi mass. Nevertheless, a few questions remain. First of all, what is the physical meaning
of the charges and fluxes associated with a diffeomorphism of I+ (if any)? For now, we
were only able to answer that question for the isometries of certain backgrounds. The
general answer is still lacking. Even in the case of the Carter spacetime, we do not find any
physical (in contrast to geometrical) guide to distinguish the ‘time’-translation generator.
The harder question of whether one can do it at all in the full theory is currently being
investigated in detail. Since Λ is extremely small, it is not the question one needs to answer
to extract even Λ-dependent effects from the observations of the gravitational waves but
rather one of a more fundamental character.

From the point of view of a quantum theory, it would be beneficial to have a Poisson
bracket {·, ·} between just introduced observables. However, this would require inverting
symplectic form. Since we are in the infinite-dimensional phase space, it is rather a delicate
task. One should understand the topology of F first. For example, phase space in [9] was
taken to be a manifold modeled on a Frechet space. In our case situation seems to be even
more complicated. On the other hand, it seems to be easier than in the usual initial value
problem so we hope it should be manageable. Indeed, taking care of an algebraic constraint

g
(0)
ab T

ab = 0 (5.1)

is rather automatic and so one is left only with a condition

DaT
ab = 0. (5.2)

We hope to adress it in the future.
Let us now compare our results with the ones presented so far in the literature. As

we have mentioned, eq. (4.4) was obtained for the first time in [28] but an argument for
the uniqueness was lacking. We have filled this gap in section 4.2. Analogous results
were also derived in [20, 29] but under much stricter boundary conditions. Namely, it
was assumed that g(0)

ab was conformally flat and that ξ is a conformal Killing vector field
of [g(0)]. Then, it was found that all 10 fluxes vanish in the agreement with eq. (4.5).
Finally, in [37] it was assumed that I+ is equipped with a distinguished foliation. This
restricts the group of the asymptotic symmetries from all diffeomorphisms of I+ to only
those which preserve this foliation. Associated charges were calculated in section 2 of [37]
and they agree with our results (restricted to the smaller algebra). A presented argument
for their uniqueness was entirely different than the one from this work. It was shown that
it is the only possible choice of Hamiltonians (given by a split into ‘integrable’ and ‘non-
integrable’ parts of (3.5)) which makes the charge algebra closed under the adjusted Dirac
bracket [38]. This agreement is quite remarkable, given that there is still no derivation of
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that bracket from the covariant symplectic formalism in this context. However, in section
4 authors noticed that this expression (in a radial Bondi gauge) has an ill-defined limit as
Λ→ 0 which led them to the change of considered boundary terms in Lagrangian9 and thus
different presymplectic form, potential and so also Hamiltonians and fluxes. Divergences
in the limit Λ→ 0 are in tension with [10, 27] where this limit was explicitly checked (for
the linearized gravity) but in an ‘anti-radial’ Bondi gauge. Thus it seems that this limit
may depend non-trivially on the choice of gauge10 and further investigations are needed.

To conclude, we have (re-)discovered charges and fluxes in the asymptotically de Sit-
ter spacetimes. Without any doubt, those can be used while working within the linearized
gravity (on a suitably symmetrical background) to define physical quantities. As we re-
marked in the Introduction, thanks to the relative simplicity of the initial value problem at
I+ [30], it is also possible to construct a canonical phase space at I+ by imposing suitable
fall-off conditions on the initial data as one approaches i+ and io [31]. As in the standard
ADM phase space description in asymptotically flat space-times, the boundary conditions
make it possible to single out symmetries from gauge, and define 2-sphere ‘charges’ at i+
and io and global fluxes across I+ associated with the symmetries. This suggests that it
should be possible to combine advantages of the ‘local’ approach adopted here with those
of the ‘global’ approach adopted in [31] to obtain also ‘local’ 2-sphere charges and fluxes
associated with symmetries. This issue is under investigation. Having succeed in under-
standing this relationship, one could try to quantize the system using proposed ‘conserved’
quantities as building blocks for the observables-to-be. We hope to address it in the future.
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A From analytical functionals to monomials

Consider the tensors
g

(0)
ab , Tab, Rab, (A.1)

and their covariant derivatives

Da1 . . . DakTbc, Da1 . . . DalRbc (A.2)

to an arbitrary order at a point
x ∈ I. (A.3)

9It is by no means in contradiction with the results of section 4.2 because that addition depends explicitly
upon the distinguished foliation.

10Since we consider transformations at I+, there is an additional subtlety, whether solutions considered
in [37] and in [19, 27] differ only by a gauge or rather an asymptotic symmetry.
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Let
f(g(0)

ab , Tab, Rab, Da1 . . . DakTbc, Da1 . . . DalRbc) (A.4)

be an invariant. Suppose that f can be expanded to perhaps an infinite series of finite
monomials

f = . . .+ Pa1...an
b1...bm + . . . (A.5)

in the arguments of f .11 Finally, suppose the expansion commutes with the Haar integral
of f over the compact group SO(g(0)) of the rotations of the tangent space TxI endowed
with the metric g(0). Clearly, the invariant f is insensitive on the integration with respect
to the rotations (the measure is normalized to 1). On the other hand, we may perform the
integral term by term. For each of them, the result takes the following form∫

dµH(h)Pa′1...a′n
b′1...b

′
mh−1a′1

a1 . . . h
−1a′n

anh
b1
b′1
. . . hbmb′m

= Pa′1...a′n
b′1...b

′
m
∑
l

ι(l)
a′1...a

′
n
b′1...b

′
m
ι(l)a1...an

b1...bm (A.6)

where each factor
ι(l)

a′1...a
′
n
b′1...b

′
m

(A.7)

is an invariant tensor. Consider a term

Pa′1...a′n
b′1...b

′
mι(l)

a′1...a
′
n
b′1...b

′
m

(A.8)

The invariant ι(l) is a sum of products of the elementary SO(g(0)) invariants:

ga′ia
′
j
, ga′i

b′j , gb
′
ib
′
j ,
√
g(0)εa′ia

′
ja
′
k
,
√
g(0)εa′ia

′
j

b′k ,
√
g(0)εa′i

b′jb
′
k ,
√
g(0)εb

′
ib
′
jb
′
k . (A.9)

The ε terms can be absorbed into P . Then, the result takes the form of a monomial with
all the indices contracted with ga′ia′j , ga′i

b′j , and/or gb
′
ib
′
j considered in section 4.2 above.
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any medium, provided the original author(s) and source are credited.
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