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Abstract. Assuming the existence of a real torus acting through holomorphic
isometries on a Kihler manifold, we construct an ansatz for Kihler-Einstein
metrics and an ansatz for Kéhler metrics with constant scalar curvature. Using this
Hamiltonian approach we solve the differential equations in special cases and find,
in particular, a family of constant scalar curvature Kdhler metrics describing a
non-linear superposition of the Bergman metric, the Calabi metric and a higher
dimensional generalization of the LeBrun Kihler metric. The superposition
contains Kéhler—Einstein metrics and all the geometries are complete on the open
disk bundle of some line bundle over the complex projective space P". We also
build such Kihler geometries on Kéhler quotients of higher cohomogeneity.

Introduction

In this paper, we construct ansidtze for Kéhler geometries with commuting
holomorphic isometries. We express the Kidhler—Einstein condition and the
condition for constant scalar curvature Kéhler metrics as a system of differential
equations with respect to the Kdhler quotient coordinates and the Hamiltonian
functions. This symplectic approach to special Kihler geometry with symmetry
has recently been exploited most successfully by LeBrun [7-9]. Also, our concern
with Kéahler metrics of constant scalar curvature was inspired by the work of
Calabi [2,4].

In the case of Kihler metrics with circle action, we solve the equations under
some reasonable geometrical assumptions and find, in particular, a family of Kahler
geometries with constant negative scalar curvature on the open disk bundle of
any complex line bundle @(— p) over the complex projective space P* when p is
sufficiently large. If one considers the open disk bundle to be differentiably
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isomorphic to the underlying differentiable manifold of the total space of O(— p),
one shall see in Sect. 3 that both the complex structures and the Riemannian
metrics are varying within this family. Our family of metrics is in fact almost
Einstein and in the limit, when one of the parameters vanishes, we obtain
Kahler—Einstein metrics.

We extend our result to metrics of higher cohomogeneity in Sect. 4 by allowing
the Kéhler quotient to be different from P”. Finally, the case of a higher dimensional
torus acting through holomorphic isometries is considered. Readers may consider
materials in Sect. 2 and 3 as motivation for, as well as concrete examples of, the
general theorems stated in this last section.

1. The Kihler—Einstein Ansatz

It is well-known that a Kihler manifold with Kihler form £ is Einstein with
scalar curvature 2mA if and only if

p=AQ, (1.1)

where p is the Ricci form and m is the complex dimension. This is usually expressed
as a system of partial differential equations in the coefficients of the metric with
respect to complex coordinates. These equations are most often studied in the
realm of the complex Monge-Ampére equation. However, when there are
holomorphic isometries, we shall rewrite condition (1.1) in terms of Hamiltonian
functions and solve the equations explicitly when there are additional geometric
assumptions.

If TV is a real torus acting freely through holomorphic isometries on a Kéhler
manifold M with Kéhler form £, then M can be considered as a torus bundle
over a real manifold of dimension 2m — N, where m is the complex dimension of
M. The Riemannian metric defines a connection 1-form 8 =(0,,6,,...,0y). The
fibre coordinate is chosen to be (¢,,t,,...,ty)- To choose coordinates on the base
manifold, let X;,i=1,2,..., N, be the Hamiltonian vector fields generated by this
torus action, and z; be the Hamiltonian functions, i.e.

dZ,- = lX'.Q.

When £, are the complex coordinates of the manifold obtained by the Kéhler
quotient by the torus, ({,, £,, z;) forms coordinates on the base manifold. Then the
metric on M can be expressed as

g=h+wydzdz; + W™ )00,

where h is a Kidhler metric on the quotient space of each level set of the
Hamiltonians and w; =dt; + 6;. Note that (w™1),; is precisely the inner product
between the vector fields X, X ;.

To find the Kahler form of this metric, one expresses h as

h=h,d¢,dE,.
When I is the complex structure,
g(IX;, Xj) =X, Xj) = dZi(Xj)'
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Therefore, — Iw; = w;dz;, ie.
w;dz; + iw; (1.2)
are type (1, 0)-forms. Then the metric can be expressed as
g= hm,déudé_v + W™ Vawidz; + i) (Widz; — i),
and the Kéihler form is
Q=0,+dz; A 0,

=L, dE, A dE, +dz, A o (1.3)

The fact that @ is a closed form and that the differential ideal generated by
type (1,0)-forms is closed is equivalent to a system of differential equations
describing the relation between partial derivatives of the coefficients of 0,, the w;;
and the h,,. Due to the fact that we have a Kihler quotient and that the vector
fields are commuting holomorphic isometries, these equations can be expressed
concisely as

i Oh 2 — ow Wy ow Wi
df, =——"LdE, AdE, +i dz;nd dz;nd 14
kzazkéz &, aéuléaélf (1.4)
Moreover, there is an intrinsic condition that ddf, =0. This condition can be
expressed as

Phau g P _

= (1.5)
02,0z, 0¢;0¢,
To derive the condition that the metric is Einstein, recall that
—iddlogdet g. (1.6)
As detg=dethdetw™!, set
u=logdeth —logdetw,
and let A = —2A, then (1.1) is equivalent to
dldu = AQ.
Comparing with (1.3), we obtain
o*u 1 Ohy,
- = Ah,;,, 1.7
0L, é ( )u " (L.7)
ou . _
(6_(W 1)kl>
N T, (18)
0¢,
ou  _
(EZ‘(W 1)kl>
AL S AL (1.9)

0z;
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In particular,

Ou
— W )u=A4z+B,
5Zk
where B, are integration constants, and (1.7) can be simplified using the last

equation.
The above discussion then provides a proof for the second part of the following
proposition:

Proposition 1.10 (cf. [7]). Let w be a positive definite symmetric matrix and h a
positive definite hermitian matrix of smooth functions on an open set U in C" ™V x RY
which satisfy

otu

4 — +(4 M Ah, 1.11
66156 (Az oz, A ( )
a——(w ), = Az, + B, (1.12)
k
2 2
T L 4 ¥ _, (1.13)

02,0z,  0&,0¢,

Suppose also that the closed form

T (’ah‘"dg/\df 4y, AdE,— aw"'dz,/\d{) (1.14)
2n 27\ 2 0z, o¢, oL,

is an integral form for each k. Let M be a torus bundle over U such that it has a
connection 1-form o = (wy,...wy) whose curvature is (F,... Fy). Then

g=h+wdzdz; +(w™ )00

is a Kdahler—Einstein metric with scalar curvature — mA.
Conversely, any Kdahler—Einstein metric with a torus acting freely through
holomorphic isometries, can locally be constructed as above.

Remark. Note that generically (1.13) follows from (1.11) and (1.12) by differentiating
(1.11) with respect to z, and substituting (1.12) into the resulting equation.

2. A Superposition of the Calabi Metric and the Bergman Metric

In this section, we are looking for metrics with S* symmetry. In this case, Egs. (1.11),
(1.12) and (1.13) in Proposition (1.10), can be simplified as follows:

2

= = Ah,,, 2.1
06155‘, Au ( )
ou _,
—w '=Az+B, (2.2)
0z
0%h 0
wy g 0¥ 2.3)

022 0508,
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Before we begin to find new solutions to these equations, let us look at some
examples.

(i) The Bergman Metric on the Ball. This is the standard metric defined in the
interior of the unit ball in C™ With a complex coordinate system {,,...{,, it can
be written as

(1 = Y LL)(N dldl,) — (3 Ladl) (X Ludl)
(1=20L)

g=4

We take the rotation

to get

and
wl=z+4z%

Obviously, a generic level set is a sphere and the Kéhler quotient is the complex
projective space P™~ !, Note also that although the Hamiltonian function z is
approaching infinity as a point is approaching the boundary of this disk, the disk
with its center removed is the unit disk bundle of O(— 1) over P"~! with the zero
section removed. We shall see these phenomena in a more general situation.

(ii) The Multi-Eguchi-Hanson Metrics. This is a family of Ricci-flat Kéahler
metrics. In order to obtain an §! symmetry, one can consider the MEH metric
corresponding to multi-monopoles on a line. More precisely, the metric is

g=Vidx-dx+V 'o?
where x = (rcos 0,rsin 8, x), w = dt + y such that
dy==dV,
with
N
V=Y P+ x—1))" "2
a=0

In this case, the rotation field §/06 is a holomorphic isometry.
For the case when N =1, set 1, =0, 1; = 4, that is the Eguchi—-Hanson metric,
then the Hamiltonian function and the length of the vector field is

z2 — A2

4

7= (7’2 + x2)1/2 + (r2 + (x . 2)2)1-/2’ w™ 1

Note that the Eguchi-Hanson metric is globally defined on the total space of the
canonical bundle over P!, This metric is also known as a Calabi metric.
In view of these examples we impose additional geometric conditions as foliows:

(i) the length of the. Hamiltonian vector field is constant on each level set:
(i) the Kéhler quotient metrics obtained from each level set are homothetic.
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We shall see that the Kidhler quotient metric is necessarily Einstein under these
two conditions.

Remark. If M is compact and g is Kdhler—Einstein with positive Ricci curvature
then (i) is equivalent to the Kdhler quotient metric being Einstein. ([5], p. 106).

Let q,,, be the coefficients of the quotient metric with respect to the coordinates
¢, Then condition (ii) implies that

hul2,8, 8 = (2,06 8.
With condition (i), Eq. (2.3) is equivalent to require
f(e)=Cz+ D,
for some constants C, D. Now,
u=logdeth —logdetw=1logdetq + nlog(Cz + D) — logw, (2.4)

where n is the complex dimension of the quotient space. Then (2.1) is equivalent to

0% logdet
4908 | (47 4 B)Cq,, = A(Cz + D)y
0,08,
As a consequence of this equation, g satisfies
0% logdetq
— ==k,
0¢,08,
with
-4k + BC = AD. (2.5)

Thus g is a Kdhler—Einstein metric with scalar curvature 4nk. Moreover, (2.1)

is equivalent to (2.5).
The remaining equation is (2.2). Substituting (2.4) into (2.2), we have

nC dlogw
Cz+D dz
Let K =w™?, then this equation is transformed to be a linear equation in K:

dK+ nC
dz Cz+D

(Az + Bw =

K=Az+ B,

and hence
K =(Cz+ D) "{[(Az + B)(Cz + DY'dz + E}.

Note that as long as C # 0, one can assume that C = 1, D = 0 because in this case,

K= <z +2>_n{§(Az +B)<z +B>ndz +£}.
C C ct

D . . .
Then we can choose z + ¢ to be a Hamiltonian function.
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Therefore, generically, one may assume that C = 1,D =0, and hence

n

w= z : 2.6)

izn+2+izn+1+E
n+2 n+1

To obtain a metric on a bundle, one must also verify that

1 ioh, ow ow =
~—F=—| -—"d dé, + dznd i—dz A d
. (2 = &N 5 165,, zAdE,— l@é,‘ z A éu>

is integral. Now,

1 1 ioh,

- F=——_1 d
ont w2 oz N 2
1 zaquﬂ

d d

27z2 Jz L f
1 —
=£5Q1ud€1Ad5”-

Since g is a Kahler—Einstein metric, this is the first Chern form of the quotient
metric q. In particular, it is integral. The local construction is finished.
Now we shall study the global nature of these metrics. The metric tensor is

given by
g=1zq+ wdz? + w™ lw?,

where w is given in (2.6) and w =dt + 0 with df = (q), the Kéahler form of q.
Furthermore, we now assume that g is the Fubini-Study metric

_ 4+ XLL)(E AT — (L Ldl) (2 LudL)
(1+200)

with constant holomorphic sectional curvature 1. Then (2.5) implies that B=n + 1.
Also since the Fubini-Study metric is Kidhler—Einstein and the canonical bundle

of P"is O(—(n+ 1)) we get

a6 =9,
2
n+ lpq

= the curvature of O(— 2).

We shall prove that we have a metric satisfying
py=AL,
with A <0 and complete on a disk bundle on P". Let us first prove a necessary

condition on the degree of such a bundle and then go on to see that this condition
is also sufficient: Let Z be the zero section of O(— p) — P" and let K be the canonical
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bundle of O(— p). From the adjunction formula we have
Klz=0(p—(n+1)z.
Thus,
p—(n+1)=degree(K)= | ¢;(K)

P!

=—[p=—Af0>0
P! Pt

Hence, as a necessary condition we must have p = n+ 1 with equality if and only
if A=0. To prove that our family of Kédhler—Einstein metrics contains a metric
on O(— p) for all p in the range p=n+ 1 we proceed as follows: Set z = r? and
E=— (g) . Then the metric is given by

r2 7‘2
g=V_ldr*+ 29 + 1 V(dt + 0)%, 2.7
where 0 <t <4x and
2n+2
V=1—Cg _ A4 . 2.8)
r 2(n+2)
We have apparent singularitics at the zeroes of V. Now set
2n+2 A
U=m+1(° _ r? 2.9)
r 2(n+2)
and assume that o > 0 satisfies
U(x) = peZ, (2.10)
V(e)=0. (2.11)
Then
?=2A"Yn+1-p), 2.12)
1
a2 = QA 4 1 =yt P 2.13)
n+2

Then from (2.12) we again see that if A <0 we need p = n + 2. Restrict attention
to fibres of the Hopf map C"*! — {0} — P, then g becomes

2
,
Gliiver =V~ tdr?* + 7 Vdt?,

where g?"*2

is given by (2.13). Now dividing out by the action of Z,, introducing
. t . . . .
a new angular coordinate t =p5, and simultaneously introducing a new radial

coordinate R? = r?V, the fiber-wise metric becomes
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RZ
Iliwer =U (1 + U 'R*>r~?)72dR* + _2de
p
. RZ
U1 = 20 RS AR+ R g2
p
1
~ = (dR* + R%r?),
p

Thus, the metric extends smoothly across the origin R = 0. Finally, note that

dv 2 2 A
a_mt a¥*t?2_—_— _r>0, for r>0,
dr p¥nt3 n+2

so the metric is non-singular for all r > a = QA" *(n + 1 — p))V/%
Again Z denotes the zero section of O(— p)—P". Let

U,={(z¢5.-.,2,)€P"2; #0},

Vi = {(ZO’ o 5Zn)E(C"+1 - {O})/Zplzt # 0}’
i=0,1,...,n Then consider the isomorphisms h;:V,— U; x (C — {0}), where

z Z,
hi(zgs...,2,) = <—°,..., A ,...,—,z{’) = (Lein
k #1,0 £k <n. Then since
M=mGC),
and U, x (C — {0}) covers ¢(— p)\Z we have an isomorphism
(€ —{0})/Z, = O(— P\Z,

and by sending Z to {0} we get a desingularization O(— p)—C"*'/Z,.
The two processes above of desingularization are compatible: On the fiber of

C"*1 — {0} - P" we have

Idz =w1dr,
s0 we get

I1dR =(V + U)Ridt ~ Rdr.
Then 5 &~ Re'™ and we have proved that our metric is defined in a neighbourhood
of the zero section of the bundle O(— p) over P". As the metric is defined for all
r 2 a, the metric is complete on a manifold diffeomorphic to the total space of
O(— p). However, one can see that, when A <0, the Kéhler metric is only defined

on an open disk bundle of ¢(— p) over P" as foliows:
We have seen that the fibre-wise metric is given by

P?9liore = PPwdz? + 4w d7?,

where w is given in (2.6), with B=n+1, A =0,E £0. This is a metric on the
complex plane such that 7 is the angle-coordinate. Therefore, by uniformization,
there is a function p of z and a function g of p such that

p*wdz? + 4w 1de? = g*(p)(dp? + prd?).
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Then
d 1/2
_p = pL’ 4W—1 = ngz-
dz g

Differentiating the second equality, one has

dw™? dg dp ( _.2dg >
4 =2gp* 2 +2pg*— =4[ w == +p).
dz g dz e dz gdz P

Therefore,
dlog(g®w) _

— pW,
dz P

50
g*w = Cexp{ —pfwdz},
where C is a positive constant. Then
pr=4g wl=4C"! exp{p;'wdz}.

As

E
W—1=Z+7+ ZZ,

" n+2

for any given large positive constant C,, there is z, = «, such that for all z 2 z,,

E A A
wil=z4"+ 22z —22+Cj.
" n+2 n+2
Then
fwdz= | wdz + | wdz
a a zZo
Zg z d
< j wdz + f z
* T 24 C2
n+2
Zo A
= [ wdz + —% ( arctan-—- — arctan z_(,),
9 (OF A, Ao
(n+2) : . .
where 4, = C, . Now, one can see that as z is approaching infinity, p is

approaching a positive constant, i.e. p is a bounded function of z and hence the
metric on each fibre is defined only on an open disk. This is precisely a generaliza-
tion of the phenomena of the Bergman metric. However, our metrics can be extend-
ed over the zero section which gives the existence in the following proposition.
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Proposition 2.14. For any integer p =n+ 2, the open disk bundle of O(— p)—P"
admits a complete Kihler—Einstein metric with negative scalar curvature. Up to
multiplication by an overall constant, there is exactly one such metric which is
U(1) x SU(n + 1) invariant.

Proof. The invariance forces the length w™' of the symmetry only to depend on
the Hamiltonian function z and then the uniqueness follows from the unique
solution in (2.6) of the differential equation.

-1

Remark. B. Bergery has produced a series of Kdhler—Einstein metrics of cohomo-
geneity one on complex line bundles ([1], p. 276). From the symmetry and unique-
ness our metric must correspond to an object in his work. However, B. Bergery
claims that his Kédhler—Einstein metrics are defined on a line bundle. This can
only be true as a Riemannian metric.

Remark. If we set A =0 in the metric, we get a Ricci-flat metric on the canonical
bundle of P”. This metric has previously been discovered by Calabi in [3]. Also,
if a =0 we get the Bergman metric. This we also see by comparing (2.6) with the
first example. Thus the family of metrics is a kind of non-linear superposition of
the Calabi metric and the Bergman metric. For n=1 see also [11].

3. The Constant Scalar Curvature Kihler Ansatz

In [6], LeBrun constructed a family of Ké&hler metrics with vanishing scalar
curvature. The metrics in this family are complete on complex line bundles on P*.
The metrics are not Einstein but the conformal class contains an Einstein metric
on the ball in R* previously found by Pedersen [10]. In this section we shall
construct a family of Kéhler metrics with constant scalar curvature and complete
on disk bundies over P". This family of metrics contains a higher dimensional
generalization of the LeBrun metric.

To obtain the ansatz for constant scalar curvature Kéihler metrics with
symmetry, one essentially performs a contraction on Eq. (1.11), (1.12) and get the
following:

Proposition 3.1. Let w be a positive definite symmetric matrix and h a positive definite
hermitian matrix of smooth functions on an open set U in C™ ™V x R" which satisfy

6

o oh 05, 0
<4 ( Na uv)hlu b=, (3.2)
66166 0z 0z,
62h,1,, %wy,
02,0z, 0&,0,

Suppose also that the closed form

=0. (3.3)

1 i Oh, = 0wy, 0wy z )
——F,= £d dé, +i—dz; ndé, —i—dz; nd 34
I k 27'C<2 aZk 61 A éu 1 a&u Zp N ép, l aé” 2 éu ( )

is an integral form for each k. Let M be a torus bundle over U such that it has a
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connection 1-form o = (w4, ..., wy) whose curvature is (F,... Fy). Then
g= h + WUdZ,dZJ + (W_l)ua)lw}

is a Kdhler metric with constant scalar curvature —mA.
Conversely, any constant scalar curvature Kdhler metric with a torus acting freely
through holomorphic isometries, can locally be constructed as above.

Now, consider the S! case. We assume we have a Kihler metric with one holo-
morphic symmetry in complex dimension n+ 1 and we assume the length of the
symmetry is constant on each level set and that the quotient metrics obtained
from each level set are homothetic. From Sect. 2 we know that such a metric has
the local form

g=h+wdz* +w lw?, (3.5
where
h=1zq, (3.6)

and g is the metric on the Kihler quotient. Furthermore, the quotient metric is
assumed to be Einstein with scalar curvature 4nk so that

0*logdetq
—— == qlﬂ'
0,08,

Under these assumptions the equation for constant scalar curvature (3.2) is
equivalent to

z(‘;—qS +n¢ =(n+ 1)4 + 4kn, (3.7
z
where
ou_ _,
b= gw .

Solving this equation, we get

A
(—~>z"+2 + (4—k>z"+1 +Gz+E
o n+2 n+1

= , (3.8)

n

z

where G and E are integration constants.

To study the global properties of this Kédhler metric we proceed as in Sect. 2.
We fix the quotient metric to be the Fubini-Study metric with constant holomorphic
sectional curvature 1. Furthermore we set z = 4r? and

E H Ar?

—_—t
r2n+2 r2n 2(n + 2)

where E, H and A are constants. Then the metric takes the following form:

V=1 (3.9

-14.2 r? r? 2
9=Vt + g+t Vi oy, (3.10)
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where w =dt + 6 and df = curvature of O(— 2). Now set

(n+1E nH  Ar?
P22 _ﬁ;_z(n+2)’ G0

E=k,a®*% H= —kya®, (3.12)

Ulr)=

. . t .
divide out by the action of Z, and introduce = %; then we may proceed in much

the same way as in Sect. 2, using V and U as in (3.9) and (3.11), to resolve the
apparent singularity, and to show that the metric is complete on the open disk
bundle of @(— p)—P". Thus we obtain the following proposition.

Proposition 3.13. Let p be aninteger and k, and k, be non-negative numbers such that

Ad?
n+ Dk, +nk,—p= R
( )k 1 2— P 2An+2)
2
l_kl—kzzﬂ‘—,
2(n+2)
ki+ky,>1.

Then (3.9), (3.10) and (3.12) define a complete Kdhler metric with constant negative
scalar curvature on the open disk bundle of O(— p)— P". This is the unique family
of such metrics which is U(1) x SU(n + 1) invariant.

Remark. When the parameter G in (3.8), or equivariantly the k, in Proposition
(3.12), is small, the metric is almost Einstein. In fact, the Ricci form is

1

p=AQ~ZG<
Z

Q —LdzAw>.

q
Zn+1

Then

2n n?

1
lp—AR|? =4G2<ﬁ<gq’%> _Zz,.—+1<gq’dz AW +W<dz A w,dz A w}).

As {0, 0,5 is constant, dz A whas length equal to 1,2, and dz A w are orthogonal
and z is bounded away from zero, there is a constant C such that
lo—AQ|* < CG
In particular, if G = 0, the metric is the Einstein metric in Proposition (2.14).
Remark. For A =0, we obtain a scalar flat Kdhler metric when
ky=p—n, k,=(m+1)—p,
and this metric is in fact complete on the entire total space of O(— p):

Proposition 3.14. For any integer p = n, the bundle O(— p)— P" admits a complete
Kdhler metric with vanishing scalar curvature. Up to multiplication by an overall
constant, there is exactly one such metric which is U(1) x SU(n + 1) invariant.

Remark. For n= 1, this scalar flat Kdhler metric is the LeBrun metric. Thus the
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metric in Proposition (3.13) may be thought of as a non-linear superposition of
the Calabi metric, the Bergman metric and a higher dimensional version of the
LeBrun metric. Also for n = 1, the LeBrun metric is locally conformal to an Einstein
metric. However, we have the following proposition:

Proposition 3.15. For n = 2, the constant scalar curvature Kihler metric in (3.13) is
conformally equivalent to an Einstein metric of cohomogeneity 1 only when it degene-
rates into the Calabi metric. For n =1, only the LeBrun metric is locally conformally
Einstein with cohomogeneity 1.

Proof. Let Z be the tracefree part of the Ricci tensor of our metric. When § = ¢ ~%g
is an Einstein metric, then

Ag
Zo +2n| Vdo + =0, 3.16
0] n< o 2(n+1)g> (3.16)

where the covariant derivative and the Laplacian are associated to the metric in
(3.13). Now, we have Idz=w ™ 'w and Z(X, Y)= — p(IX, Y), where p is the Ricci
form. Then we obtain

nG 1 _
Z= <£n—+—1—2A>(wdz2 +w 1(1)2)—<

1
S +§A>zq, (3.17)

where w™ ! is given in (3.8). The property of cohomogeneity one forces ¢ to depend
only on z and we get

d’¢ _ d(p<dw_1 n ))
A= — 1 4o + M), 3.18
? <d22w az\ dz " (3.18)
d*e ld(pdw'1>
Vg =42y 14242 dz
? <d22w 2dz dz waz
ldedw™ _ . 1 _, _ do
—— W o+ -z W —zq. 3.19
2dz dz 2° dz" G19)

Then (3.16) is a system of three equations

G 1 2 1 -1
(L ~A>¢+2n(d_<0w—l+ do dw )

2271 2 dz? 2dz dz
n (d*¢ _, deofdw ' n 1)
- £0y-1,220 +2w 1)) =0, 3.20
n+1<d22w dz\ dz zW (3.20
G 1 do _, _ n (d*¢ _ dgo(dw_1 no_ ))
g tAle+n—zlw !~ — w4+ — +-wt]}=0,
<22”‘rl 2 )(p "zt n+1<dzzw dz \ dz 2"

(3.21)
nG 1 dpodw™' n [(d% _ d(p(dw’1 no_ >>
Aot — (ST 5T +ow ) )=0.
(22"+1 2 )(0 ndz dz n+1<d22w dz \ dz 2"

(3.22)

2
Now, subtracting (3.22) from (3.20) we get Z—f =0, so ¢(z) = az + b. But if we sub-
¥4
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stitute this into (3.21), we see that 4 =0 and that for n # 1 this equation will only
be satisfied if G =0, i.e. if the metric is the Calabi metric.

4. Further Applications of the Ansiitze

(i) Higher Cohomogeneity. In all the constructions above, we fixed the Kéahler
quotient to be P" with the Fubini-Study metric. This was done to make the
examples more explicit and transparent. However, we can also build metrics on
non-homogenous Kéhler quotients to obtain metrics of higher cohomogeneity.
Thus, let X be Kihler—Einstein of complex dimension n with metric g. We assume
that

Py= A8

with A, = Fle,e= —1,0, or 1. Here ! is the index of X in case A, #0,i.e. the biggest
positive integer such that there exist a line bundle L on X with L' isomorphic to
the canonical bundle of X. In the Ricci-flat case, we shall assume that g is a Hodge
metric on X and then L is the line bundle represented by the Hodge form. Again,
let g be the metric

r2 r2
g=V7lar’+—q+—V(dt+ 06y,
4 4
where
o le  kia®*? kya®™  Ar?
T n+1 2 2 2(n+2)

Furthermore, let p be an integer and k,, k, be non-negative numbers such that

4.1)

Aa?
+ 1)k, +nk, —p= ,
(n )k n2p2(n+2)
Ie L Ad?
n+l P 2+ 2
le
ki+k,> . 4.2
> @)

Then we get

Proposition 4.3. Let the parameters satisfy (4.2). Suppose that A <0,k, >0 and
k, > 0, then g is a Kdhler metric with constant negative scalar curvature and complete
on the open disk bundle of L*— X.

We also obtain the special cases of Einstein metrics and scalar flat metrics:

Proposition 4.4. Let the parameters satisfy (4.2). Suppose that A <0,k; >0 and
k, =0, then g is a Kdhler—Einstein metric with negative scalar curvature and complete
on the open disk bundle of L*— X.

Propesition 4.5. Let A=0,e=1;k, =p—n,k,=n+1—p and p be an integer such
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that p = n, then g is a scalar flat Kahler metric complete on L? > X. For p=n+ 1,
the metric is Ricci-flat.

(i) Torus Symmetry. A trivial way to obtain Kihler—Einstein metrics with § x S*
symmetry is to take the product of the metrics which were constructed in Sect. 2.
In this case, the Kihler quotient is the product of Ké#hler—Einstein metrics.
Similarly, we choose an S x S? action on the complex disk with dimension
n, +n,+2 so that one S! is rotation in the first n, + 1 coordinates and acts
trivially on the rest, another S* acts in the complementary way, then the Kihler
quotient is a product of Fubini-Study metrics on P x P"2, Motivated by these
two examples, we shall find solutions to the Finstein ansatz with the following
assumptions:

(a) the matrix w is a function of z,,z, only; (b) the Kdhler quotient metric
obtained from any level set has the form

h = fl (Zl, ZZ)qllwdiudgv + fz(zla ZZ)qiﬂdCadCﬁa

where g*, q% are Kihler—Einstein metrics on manifolds of dimension n; and scalar
curvature 4n;k;.

As a consequence of (1.13), condition (a) and (b) are compatible only if f,, f,
are affine functions of z; and z,. We set f; =z,. i.,,

h=z,q"+ 2,4
As
u =logdet(hw™1)
=1logdet q' + logdet g* + log(z"'z%> det K),
where K=w"1, (1.11) is equivalent to require n;B; to be the scalar curvature of
the Kéhler—Einstein metric ¢'. Finally, (1.12) is a system of two equations in the

entries of the matrix K. Assuming that K, depends on z, and K,, depends on
z, only, this system can be simplified as follows:

0K, n oK%, n
<_ll+_1K11‘(A21+Bl)>K22= P 124 2K}, —Ky5(4z, + By),

0z, z4 Zy I
oK n oK%, n

( 224 2Ky —(Az,+ B,) )K= 12+—2Kf2—K12(A21+B1).
Z,  Z, 0z; 2,

When K, =0, one obtains the product of metrics constructed in Sect. 2.

The matrix
2
K= )
212, Z,+25

is another solution. This solution corresponds to the Bergman metric.
However, there is a family of non-trival solution obtained by solving the
following systems:

oK

¢+EK11 = Az; + By;
0z, z,

0K,

n
+-2K,,=Az, + By;
0z, 2z,
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0K

222 Mg Az, 4+ By
0z, z4
0K n

2*12+'—2K12 =A21 +Bl'
0z, 2z,

This system has solutions only if n, = n,, say it is n. Moreover, B; =B, =0. It
means that both g' and g2 are Ricci-flat. Then the solution is

izz+E A Z1Zy+ F

k| mt2oA n+2 23?27
F A E2
n+22122+z'1‘/22';/2 n+2 2+Z

However, we have not been able to decide the completeness of this metric.
Remark. We also worked on the constant scalar ansatz, then Az, + B, is modified
G;
by adding a factor —. But such a system could have a solution only if G;=0.
z l
We have also obtained another Ricci-flat Kihler metric with TV symmetry with-
out deciding the completeness. We still keep the geometrical assumptions which
imply that the inner products K;; = g(X;, X ;) only depend on the Hamiltonians z;
and that

h,,=(Ciz; + D)q,,,
for constants C;, D. Also,
u=1logdetq,, + nlog(C;z; + D) + logdet K.
If we furthermore assume that K;; is diagonal,
K;;=Kly,
then (1.12) leads to the differential equations

i [(Ciz; + DY'™K] = %(Azk + B,)(C;z; + D)"~. 4.6)
Zx

This is exact if we assume the metric has vanishing scalar curvature, ie. 4 =0,
and set C,=1and B,=4,forall k=1,...,N.
Then we may solve (4.6) to get

——(Z l)+(z )"/N,

where we have D =0. Now, again assuming that the metric g is the Fubini-Study
metric with constant holomorphic sectional curvature 1 the equation correspond-

ing to (2.5) gives A = %(n + 1). Then df, = curvature of O(— 2). Thus, the Ricci-flat

Kdihler metric is given by

N N N
g=(z z,->q+K"1 Y dz2+ K Y (dt; + 6,)*

i=1 i=1
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with

n+1 X

IS

N(n+N)l= (Z )"/N

For N =1, this is the Calabi metric.

One may also allow I to be replaced by a positive definite symmetric matrix

with constant coefficients. Then one obtains a family of Ricci-flat Kihler metrics.
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