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Abstract. In this paper we determine the Hamiltonian stability of Gauss images, i.e.,
the images of the Gauss maps, of homogeneous isoparametric hypersurfaces of exceptional
type with g = 6 or 4 distinct principal curvatures in spheres. Combining it with our previous
results in [12] and Part I [14], we determine the Hamiltonian stability for the Gauss images
of all homogeneous isoparametric hypersurfaces. In addition, we discuss the exceptional Rie-
mannian symmetric space (E6, U(1) · Spin(10)) and the corresponding Gauss image, which
have their own interest from the viewpoint of symmetric space theory.

1. Introduction. This paper is a continuation of Part I ([14]). The image of the Gauss
map, i.e., the so-called Gauss image, of any compact oriented isoparametric hypersurface in
the standard unit sphere Sn+1(1) is a compact minimal Lagrangian submanifold embedded
in the complex hyperquadric Qn(C). This provides a nice class of compact Lagrangian sub-
manifolds embedded in complex hyperquadrics. For example, the Gauss image of a compact
oriented isoparametric hypersurface with g distinct constant principal curvatures in Sn+1(1)

is orientable if and only if 2n/g is even ([19]). Moreover, it is a compact monotone and cyclic
embedded Lagrangian submanifold with minimal Maslov number 2n/g = m1 + m2 ([14]).
Here mi is the multiplicity of the i-th distinct principal curvature which satisfies mi = mi+2

for i (mod g). Thus inspired by Y. G. Oh’s work ([18]), it is an interesting problem to investi-
gate the Hamiltonian stability of those compact minimal Lagrangian embedded submanifolds
in Qn(C) obtained as the Gauss images of isoparametric hypersurfaces in Sn+1(1).

It is well-known that all homogeneous isoparametric hypersurfaces in the standard unit
sphere are obtained as principal orbits of the isotropy representation of rank 2 Riemann-
ian symmetric pair (U,K) ([9] , [22]). We have determined the Hamiltonian stability of
Gauss images of homogeneous isoparametric hypersurfaces of classical type with g = 1, 2, 3
([12]) and g = 4 distinct principal curvatures ([14]). In this paper we study the remain-
ing cases for Gauss images of homogeneous isoparametric hypersurfaces of exceptional type
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with g = 6 or 4 distinct principal curvatures. Our method is based on harmonic analysis
over compact homogeneous spaces and fibrations on homogeneous isoparametric hypersur-
faces. In particular, we prove the following theorem in the case when (U,K) is an exceptional
symmetric space of rank 2, which was announced and proved for classical symmetric spaces
(U,K) of rank 2 in Part I ([14]).

THEOREM 1.1. Suppose that (U,K) is not of type EIII, that is, (U,K) �= (E6, U(1) ·
Spin(10)). Then the Gauss image L = G(N) is not Hamiltonian stable if and only if m2 −
m1 ≥ 3. Moreover if (U,K) is of type EIII, then (m1,m2) = (6, 9) but L = G(N) is strictly

Hamiltonian stable.

General discussion on our method was described in [14]. Sections 1, 2 and 3 of [14]
are especially prerequisite for what follows. We continue to use the notation and the general
introduction of Part I. This paper is organized as follows: For the convenience of readers, we
review the most necessary background and formulations briefly in Section 2. In Sections 3 and
4, we determine the strict Hamiltonian stability of the Gauss images of compact homogeneous
isoparametric hypersurfaces with g = 6. In Section 5, we discuss the exceptional Riemann-
ian symmetric space (E6, U(1) · Spin(10)) and determine the strict Hamiltonian stability of
the corresponding Gauss image, which may have their own interest from the viewpoint of
symmetric space theory.

Acknowledgments. The main results were already announced in [13]. This work was done during
the first named author stayed at Osaka City University Advanced Mathematical Institute (OCAMI) in
2008–2009 and the second named author visited to Tsinghua University in Beijing. The authors are
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fessors Quo-Shin Chi, Josef Dorfmeister, Reiko Miyaoka and Zizhou Tang for their continuous interest
and helpful conversation on this work.

2. Preliminaries. Let Nn be a compact oriented homogeneous isoparametric hyper-
surface immersed in the standard unit sphere Sn+1(1) ⊂ Rn+1 with g distinct principal cur-
vatures, where g must be 1, 2, 3, 4 or 6 ([17]). Denote by x its position vector of a point of N

and n the unit normal vector field of N in Sn+1(1). Then the image G(Nn) of the Gauss map

defined by

G : Nn ∋ p �−→ x(p) ∧ n(p) ∼= [x(p) +
√

−1n(p)] ∈ G̃r2(R
n+2) ∼= Qn(C)

is a compact minimal Lagrangian submanifold embedded in the complex hyperquadricQn(C)

with the Deck transformation group Zg . Let gstd
Qn(C)

be the standard Kähler metric of Qn(C)

induced from the standard inner product of Rn+2. Note that the Einstein constant of gstd
Qn(C)

is equal to n. The Gauss image G(Nn) ⊂ Qn(C) is Hamiltonian stable if and only if the first
(positive) eigenvalue of G(Nn) is n (cf. [2]). By Hsiang-Lawson ([9]) and Takagi-Takahashi
([22]), any homogeneous isoparametric hypersurface in a sphere can be obtained as a principal
orbit of the isotropy representation of a compact Riemannian symmetric pair (U,K) of rank 2.
Let u = k+ p be the canonical decomposition of u as a symmetric Lie algebra of a symmetric
pair (U,K) of rank 2 and a be a maximal abelian subspace of p. Define an AdU -invariant
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inner product 〈 , 〉u of u from the Killing-Cartan form of u. Then the vector space p equipped
with the inner product 〈 , 〉u can be identified with the Euclidean space Rn+2 and Sn+1(1)

denotes the (n + 1)-dimensional unit standard sphere in p. The linear isotropy action Adp of
K on p and thus on Sn+1(1) induces the group action of K on G̃r2(p) ∼= Qn(C). For each
regular element H of a ∩ Sn+1(1), we get a homogeneous isoparametric hypersurface in the
unit sphere

Nn = (AdpK)H ⊂ Sn+1(1) ⊂ p ∼= Rn+2 .

Its Gauss image is

Ln = G(Nn) = K · [a] = [(AdpK)a] ⊂ G̃r2(p) ∼= Qn(C) .

Here N and G(Nn) have homogeneous space expressions N ∼= K/K0 and G(Nn) ∼= K/K[a],
where we define

K0 := {k ∈ K | Adp(k)(H) = H }
= {k ∈ K | Adp(k)(H) = H for each H ∈ a} ,

Ka := {k ∈ K | Adp(k)(a) = a} ,

K[a] := {k ∈ Ka | Adp(k) : a → a preserves the orientation of a} .

Let Σ(U,K) be the set of (restricted) roots of (u, k) and Σ+(U,K) be its subset of positive
roots. We have the following root space decompositions of k and p as follows:

k = k0 +
∑

γ∈Σ+(U,K)

kγ , p = a +
∑

γ∈Σ+(U,K)

pγ ,

where

k0 :={X ∈ k | [X, a] ⊂ a}
={X ∈ k | [X,H ] = 0 for each H ∈ a} ,

kγ :={X ∈ k | (adH)2X = (γ (H))2X for each H ∈ a} ,

pγ :={Y ∈ p | (adH)2Y = (γ (H))2Y for each H ∈ a} .

For each γ ∈ Σ+(U,K), set m(γ ) := dim kγ = dim pγ . Define

(1) m :=
∑

γ∈Σ+(U,K)

kγ and a⊥ :=
∑

γ∈Σ+(U,K)

pγ .

Then the tangent vector spaces TeK0(K/K0) and TeK[a](K/K[a]) can be identified with the

vector subspace m of k. We can choose an orthonormal basis of m and a⊥ with respect to
〈 , 〉u

{Xγ,i ∈ kγ | γ ∈ Σ+(U,K), i = 1, 2, . . . ,m(γ )}
and

(2) {Yγ,i ∈ pγ | γ ∈ Σ+(U,K), i = 1, 2, . . . ,m(γ )}
such that

(3) [H,Xγ,i] =
√

−1γ (H)Yγ,i , [H,Yγ,i] = −
√

−1γ (H)Xγ,i
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for each H ∈ a. Let 〈 , 〉 denote the Adm(K0)-invariant inner product of m corresponding to
the induced metric G∗

g
std
Qn(C) on K/K0. Thus we know ([12]) that

{
1

‖γ ‖u
Xγ,i | γ ∈ Σ+(U,K), i = 1, 2, . . . ,m(γ )

}

is an orthonormal basis of m relative to 〈 , 〉.
The Laplace operator △0

Ln = δd acting on C∞(K/K0, C) with respect to the induced
metric G∗

g
std
Qn(C)

corresponds to the linear differential operator −CLn on C∞(K, C)K0 , where
CLn is the Casimir operator relative to the Adm(K0)-invariant inner product 〈 , 〉 of m defined
by

(4) CLn :=
∑

γ∈Σ+(U,K)

m(γ )∑

i=1

1

||γ ||2u
(Xγ,i)

2 .

Suppose that Σ(U,K) is irreducible. Let γ0 denote the highest root of Σ(U,K). For g =
3, 4, or 6, the restricted root system Σ(U,K) is of type A2, B2, BC2 or G2. Then for each
γ ∈ Σ+(U,K),

‖γ ‖2
u

‖γ0‖2
u

=

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1 if Σ(U,K) is of type A2 ,

1 or 1/3 if Σ(U,K) is of type G2 ,

1 or 1/2 if Σ(U,K) is of type B2 ,

1, 1/2 or 1/4 if Σ(U,K) is of type BC2 .

Set

(5) Σ+
1 (U,K) := {γ ∈ Σ+(U,K) | ‖γ ‖2

u = ‖γ0‖2
u} .

Define a symmetric Lie subalgebra (u1, k1) by

k1 := k0 +
∑

γ∈Σ+
1 (U,K)

kγ , p1 := a +
∑

γ∈Σ+
1 (U,K)

pγ ,

u1 := k1 + p1 .

Let K1 and U1 denote connected compact Lie subgroups of K and U generated by k1 and u1.
Suppose that Σ+(U,K) is of type BC2. Define

(6) Σ+
2 (U,K) := {γ ∈ Σ+(U,K) | ‖γ ‖2

u = ‖γ0‖2
u or ‖γ0‖2

u/2} .

Define a symmetric Lie subalgebra (u2, k2) by

k2 := k0 +
∑

γ∈Σ+
2 (U,K)

kγ , p2 := a +
∑

γ∈Σ+
2 (U,K)

pγ ,

u2 := k2 + p2 .
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Let K2 and U2 denote connected compact Lie subgroups of K and U generated by k2 and u2.
We have the following subgroups of K in each case:

K0 ⊂ K , if Σ(U,K) is of type A2;
K0 ⊂ K1 ⊂ K , if Σ(U,K) is of type B2 or G2;
K0 ⊂ K1 ⊂ K2 ⊂ K , if Σ(U,K) is of type BC2 .

Set

CK/K0,〈 , 〉u :=
∑

γ∈Σ+(U,K)

m(γ )∑

i=1

(Xγ,i)
2 ,

CK1/K0,〈 , 〉u :=
∑

γ∈Σ+
1 (U,K)

m(γ )∑

i=1

(Xγ,i)
2 ,

CK2/K0,〈 , 〉u :=
∑

γ∈Σ+
2 (U,K)

m(γ )∑

i=1

(Xγ,i)
2 .

(7)

Then the Casimir operator CLn can be decomposed as follows:

LEMMA 2.1.

CLn =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

‖γ0‖2
u

CK/K0,〈 , 〉u if Σ(U,K) is of type A2 ;

3

‖γ0‖2
u

CK/K0,〈 , 〉u − 2

‖γ0‖2
u

CK1/K0,〈 , 〉u if Σ(U,K) is of type G2 ;

2

‖γ0‖2
u

CK/K0,〈 , 〉u − 1

‖γ0‖2
u

CK1/K0,〈 , 〉u if Σ(U,K) is of type B2 ;

4

‖γ0‖2
u

CK/K0,〈 , 〉u − 2

‖γ0‖2
u

CK2/K0,〈 , 〉u − 1

‖γ0‖2
u

CK1/K0,〈 , 〉u

if Σ(U,K) is of type BC2 .

Moreover, the Casimir operators CK/K0, CK1/K0 (and CK2/K0) commute with each other.

For homogeneous isoparametric hypersurfaces of exceptional type with g = 6 or 4
distinct principal curvatures, we have the following interesting fibrations on homogeneous
isoparametric hypersurfaces by lower dimensional homogeneous isoparametric hypersurfaces,
which give rise to the decompositions of the Casimir operators.

(i) In the case g = 6 and (U,K) = (G2, SO(4)), (m1,m2) = (1, 1) .
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K1/K0 = SO(3)/(Z2 + Z2)

N6 = K/K0 = SO(4)/(Z2 + Z2)

❄

K/K1 = SO(4)/SO(3) ∼= S3

(ii) In the case g = 6 and (U,K) = (G2 × G2,G2), (m1,m2) = (2, 2).

K1/K0 = SU(3)/T 2

N12 = K/K0 = G2/T 2

❄

K/K1 = G2/SU(3) ∼= S6

(iii) In the case g = 4 and (U,K) = (E6, U(1) · Spin(10)), (m1,m2) = (6, 9).

K
K0

= U(1)·Spin(10)

S1·Spin(6)

K1
K0

= S1·(Spin(2)·(Spin(2)·Spin(6)))

S1·Spin(6)

K2
K0

= U(1)·(Spin(2)·Spin(8))

S1·Spin(6)

K
K2

= U(1)·Spin(10)
U(1)·(Spin(2)·Spin(8))

✲
N30 = K

K0
= U(1)·Spin(10)

S1·Spin(6)

=

❄ ❄

K
K1

= U(1)·Spin(10)

S1·(Spin(2)·(Spin(2)·Spin(6)))

K2
K1

= U(1)·(Spin(2)·Spin(8))

S1·(Spin(2)·(Spin(2)·Spin(6))

✲

3. The case (U,K) = (G2 × G2,G2). Let U = G2 × G2, K = {(x, x) ∈ U | x ∈
G2} and (U,K) is of type G2. Then K0 = {k ∈ K | Ad(k)H = H for each H ∈ a} ∼= T 2 is
a maximal torus of G2 and N12 = K/K0

∼= G2/T 2 is a maximal flag manifold of dimension
n = 12. Thus its Gauss image is L12 = G(N12)(∼= N12/Z6) = K · [a] ∼= (K/K[a]) ⊂
Q12(C).

Set 〈 , 〉u = −Bu( , ), where Bu( , ) denotes the Killing-Cartan form of u. Let 〈 , 〉 be the
inner product ofm corresponding to the invariant induced metric on Ln from (Qn(C), gstd

Qn(C)).
The restricted root system Σ(U,K) of type G2, can be given as follows ([5]):

Σ(U,K) ={±(ε1 − ε2) = ±α1 ,±(ε3 − ε1) = ±(α1 + α2) ,

± (ε3 − ε2) = ±(2α1 + α2) ,±(−2ε1 + ε2 + ε3) = ±α2 ,

± (ε1 − 2ε2 + ε3) = ±(3α1 + α2) ,

± (2ε3 − ε1 − ε2) = ±(3α1 + 2α2) = α̃} ,
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where Π(U,K) = {α1 = ε1 − ε2 , α2 = −2ε1 + ε2 + ε3} is its fundamental root system.
Here

‖γ ‖2
u =

⎧
⎪⎪⎨
⎪⎪⎩

1

24
if γ is short ,

1

8
if γ is long .

Now K1 = SU(3) and K0 = T 2 ⊂ K1 = SU(3) ⊂ K = G2.
In Lemma 2.1 the Casimir operator

CL = 3

‖γ0‖2
u

CK/K0,〈 , 〉u − 2

‖γ0‖2
u

CK1/K0,〈 , 〉u ,

of Ln with respect to 〈 , 〉 corresponding to −∆L12 becomes

CL = 24 CK/K0,〈 , 〉u − 16 CK1/K0,〈 , 〉u

= 12 CkK/K0
− 8 CkK1/K0

= 12 CkK/K0
− 6 Ck1

K1/K0
,

(8)

where CkK/K0
and CkK1/K0

denote the Casimir operators of K/K0 and K1/K0 relative to the K0-

invariant inner product induced from the Killing-Cartan form of k, respectively, and C
k1
K1/K0

denotes the Casimir operator of K1/K0 relative to the K0-invariant inner product induced
from the Killing-Cartan form of k1.

Let {α1, α2} be the fundamental root system of G2 and {Λ1,Λ2} be the fundamental
weight system of G2. In our work we frequently use Satoru Yamaguchi’s results ([26]) on the
spectra of maximal flag manifolds.

LEMMA 3.1 (Branching law of (G2, T
2) [26]).

D(K,K0) =D(G2, T
2) = D(G2)

= {Λ = m1Λ1 + m2Λ2 | m1,m2 ∈ Z,m1 ≥ 0,m2 ≥ 0}
= {Λ = p1α1 + p1α2 | p1, p2 ∈ Z, p1 ≥ 1, p2 ≥ 1} .

(9)

The eigenvalue formula of the Casimir operator CK/K0 relative to the inner product induced

from the Killing-Cartan form of G2 is

(10) −c(Λ, 〈 , 〉g2) = 1

24
(m1p1 + 3m2p2 + 2p1 + 6p2)

for each Λ ∈ D(G2, T
2) = D(G2).

Since

−CL = −
(

4 Cg2
K/K0

+
∑

γ :short

16 (Xγ,i)
2
)

≥ −4 Cg2
K/K0

,

if the eigenvalue −cL of −CL satisfies −cL ≤ n = 12, then −cΛ ≤ 3.



202 H. MA AND Y. OHNITA

By using the formula (10), we obtain

{Λ ∈D(G2, T
2) | −c(Λ, 〈 , 〉g2) ≤ 3}

= {0,Λ1((p1, p2) = (2, 1)), 2Λ1((p1, p2) = (4, 2)), 3Λ1((p1, p2) = (6, 3)),

Λ2((p1, p2) = (3, 2)), 2Λ2((p1, p2) = (6, 4)),Λ1+Λ2((p1, p2)=(5, 3)),

2Λ1 + Λ2((p1, p2) = (7, 4))}.
Let {α′

1, α
′
2} be the fundamental root system of SU(3) and {Λ′

1,Λ
′
2} be the fundamental

weight system of SU(3). For each Λ ∈ D(G2, T
2) with −c(Λ, 〈 , 〉g2) ≤ 3, by using the

branching law of (G2, SU(3)) in [15], we can determine all irreducible SU(3)-submodule
VΛ′ with the highest weight Λ′ = m′

1Λ
′
1 + m2Λ

′
2 contained in an irreducible G2-module VΛ

as in Table 1.
Since

gC
2 = tC +

∑

α∈Σ(G2)

gα = tC +
∑

α:short

gα +
∑

α:long

gα ,

su(3)C = tC +
∑

α:long

gα ,

we know that

T 2 · Z6 ={a ∈ G2 | Ad(a)(t) = t preserving the orientation of t}
⊃{a ∈ SU(3) | Ad(a)(t) = t preserving the orientation of t}
= T 2 · Z3 .

Now we use results on SU(3)/T 2, which were already treated in the case of g = 3 and m = 2
([12]).

LEMMA 3.2 (Branching law of (SU(3), T 2) [26]).

D(K1,K0) =D(SU(3), T 2)

={Λ′ = m′
1Λ

′
1 + m′

2Λ
′
2 | m′

i ∈ Z,m′
i ≥ 0}

={Λ′ = p′
1α

′
1 + p′

2α
′
2 | p′

i ∈ Z, p′
i ≥ 1} ,

(11)

where

m′
1 = 2p′

1 − p′
2 ≥ 0 , m′

2 = −p′
1 + 2p′

2 ≥ 0 .

The eigenvalue formula is

(12) −c(Λ′, 〈 , 〉su(3)) = 1

6
(m′

1p
′
1 + m′

2p
′
2 + 2p′

1 + 2p′
2)

for each Λ′ ∈ D(SU(3), T 2).

Using Lemma 3.2, we get that Λ′ = m′
1Λ

′
1 +m′

2Λ
′
2 ∈ D(SU(3), T 2) such that VΛ′ ⊂ VΛ for

some Λ ∈ D(G2, T
2) with −c(Λ, 〈 , 〉g2) ≤ 3 satisfies

(m′
1,m

′
2) ∈ {(1, 1), (3, 0), (0, 3), (2, 2)} .

By using the formula (12), we compute the corresponding eigenvalues of CK1/K0 given in
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TABLE 1. All irreducible SU(3)-submodule VΛ′ contained in an irreducible G2-module VΛ.

(m1,m2) (p1, p2) −c dimC VΛ irred. SU(3)-submodules (m′
1,m′

2)

(1, 0) (2, 1) 1
2 7 (1, 0), (0, 1), (0, 0)

(2, 0) (4, 2) 7
6 27

(2, 0), (1, 1), (0, 2), (1, 0), (0, 1),

(0, 0)

(3, 0) (6, 3) 2 77
(3, 0), (2, 1), (1, 2), (0, 3), (2, 0),

(1, 1), (0, 2), (1, 0), (0, 1), (0, 0)

(0, 1) (3, 2) 1 14 (1, 1), (1, 0), (0, 1)

(0, 2) (6, 4) 5
2 77

(2, 2), (2, 1), (1, 2), (2, 0), (1, 1),

(0, 2)

(1, 1) (5, 3) 7
4 64

(2, 1), (1, 2), (2, 0), 2(1, 1), (0, 2),

(1, 0), (0, 1)

(2, 1) (7, 4) 8
3 189

(3, 1), (2, 2), (1, 3), (3, 0), 2(2, 1),

2(1, 2), (0, 3), (2, 0), 2(1, 1), (0, 2),

(1, 0), (0, 1)

TABLE 2. Eigenvalue computation for CK1/K0 .

(p′
1, p′

2) (m′
1,m′

2) −c′ = −c(Λ′, 〈 , 〉su(3))

(1, 1) (1, 1) 1

(2, 1) (3, 0) 2

(1, 2) (0, 3) 2

(2, 2) (2, 2) 8
3

Table 2.
Therefore, for all Λ ∈ D(G2, T

2) and all Λ′ ∈ D(SU(3), T 2) such that VΛ′ ⊂ VΛ

and −c(Λ, 〈 , 〉g2) ≤ 3, the corresponding eigenvalues of −CL = −12 CkK/K0
+ 6 Ck1

K1/K0
=

−12c + 6c′ are given in Table 3:
Since Λ′

1 + Λ′
2 ((m′

1,m
′
2) = (1, 1)) corresponds to the complexified adjoint representa-

tion of SU(3), we see that (V ′
Λ′

1+Λ′
2
)T 2 ∼= t2 and (V ′

Λ′
1+Λ′

2
)T 2·Z3

= {0}. Then

Λ′
1 + Λ′

2 �∈ D(SU(3), T 2 · Z3) ,

and thus

2Λ1,Λ2 �∈ D(G2, T
2 · Z6) .

Now we obtain that G(G2/T 2) ⊂ Q12(C) is Hamiltonian stable.
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TABLE 3. Eigenvalues of −CL for L = G2/(T2 · Z6).

(m1,m2) (p1, p2) dimC VΛ −c (m′
1,m′

2) −c′ −12c + 6c′

(2, 0) (4, 2) 27 7
6 (1, 1) 1 8

(3, 0) (6, 3) 77 2 (1, 1) 1 18

(3, 0) (6, 3) 77 2 (3, 0) 2 12

(3, 0) (6, 3) 77 2 (0, 3) 2 12

(0, 1) (3, 2) 14 1 (1, 1) 1 6

(0, 2) (6, 4) 77 5
2 (1, 1) 1 24

(0, 2) (6, 4) 77 5
2 (2, 2) 8

3 14

(1, 1) (5, 3) 64 7
4 2(1, 1) 1 15

(2, 1) (7, 4) 189 8
3 2(1, 1) 1 26

(2, 1) (7, 4) 189 8
3 (3, 0) 2 20

(2, 1) (7, 4) 189 8
3 (0, 3) 2 20

(2, 1) (7, 4) 189 8
3 (2, 2) 8

3 16

We need to examine whether 3Λ1 ∈ D(K,K[a]) = D(G2, T
2 · Z6) or not. Consider

(V3Λ1)T 2 = (V ′
3Λ′

1
)T 2 ⊕ (V ′

3Λ′
2
)T 2 ⊕ (V ′

Λ′
1+Λ′

2
)T 2 .

Since

V ′
3Λ′

1

∼= Sym3(C3) = spanC{ei1 · ei2 · ei3 | 1 ≤ i1 ≤ i2 ≤ i3 ≤ 3} ,

where {e1, e2, e3} is the standard basis of C3 , we get

(V ′
3Λ′

1
)T 2 = (V ′

3Λ′
1
)T 2·Z3

= spanC{e1 · e2 · e3} .

Similarly, we get V ′
3Λ′

2

∼= Sym3(C̄3) and (V ′
3Λ′

2
)T 2 = (V ′

3Λ′
2
)T 2·Z3

with dimension 1. On

the other hand we know that (V ′
Λ′

1+Λ′
2
)T 2 ∼= t and (V ′

Λ′
1+Λ′

2
)T 2·Z3

= {0}. Hence we get

dimC(V3Λ1)T 2 = 4 and dimC(V3Λ1)T 2·Z3
= 2. However dimC(V3Λ1)T 2·Z6

= 1. In fact,

T 2 · Z6 ⊂ G2, T 2 · Z6 �⊂ SU(3), T 2 · Z3 ⊂ SU(3) and (T 2 · Z6)/(T
2 · Z3) ∼= Z2. Thus

there exists an element u ∈ T 2 · Z6 ⊂ G2 with u �∈ SU(3) which satisfies Ad(u)(SU(3)) ⊂
SU(3) and provides the generators of both (T 2 · Z6)/T 2 ∼= Z6 and (T 2 · Z6)/(T

2 · Z3) ∼=
Z2. Then we observe that ρ3Λ′

1
◦ Ad(u)|SU(3)

∼= ρ3Λ′
2

and ρ3Λ1(u)(V ′
3Λ′

1
) = V ′

3Λ′
2
. Thus

ρ3Λ1(u)(V ′
3Λ′

1
)T 2·Z3

= (V ′
3Λ′

2
)T 2·Z3

and (ρ3Λ1(u))2|(V ′
3Λ′

1
)
T 2·Z3

= (ρ3Λ1(u
2))|(V ′

3Λ′
1
)
T 2·Z3

=

Id, because u2 ∈ T 2 · Z3. Hence we have (V3Λ1)T 2·Z6
⊂ (V ′

3Λ′
1
)T 2·Z3

⊕ (V ′
3Λ′

2
)T 2·Z3

and

dim(V3Λ1)T 2·Z6
= 1. Therefore 3Λ1 ∈ D(G2, T

2 · Z6) and its multiplicity is equal to 1. It
follows that

n(L12) = dimC(V3Λ1) = 77 = 91 − 14 = dim(SO(14)) − dim(G2) = nhk(L
12) ,
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that is, G(G2/T 2) ⊂ Q12(C) is Hamiltonian rigid.
Let

∧2
R14 = o(n + 2) = adp(g2) + V ∼= g2 + V . Then

2∧
C14 =

( 2∧
R14

)C

= o(n + 2)C = o(n + 2, C) = adp(g
C
2 ) + VC ∼= gC

2 + VC ,

where dimV = 77 and dimC VC = 77. More precisely, we observe that V is a real 77-
dimensional irreducible G2-module with (V)T 2·Z6

�= {0}, and VC is a complex 77-dimensional

G2-module with (V)C
T 2·Z6

�= {0}. Moreover, we have VC ∼= V3Λ1 with dimC(V)C
T 2·Z6

= 1.

From these arguments we conclude that

THEOREM 3.3. The Gauss image L12 = G(G2/T 2) = G2/(T
2 · Z6) ⊂ Q12(C) is

strictly Hamiltonian stable.

4. The case (U,K) = (G2, SO(4)). Let U = G2, K = SO(4) and (U,K) is of
type G2. Let u = k+ p be the orthogonal symmetric Lie algebra of (G2, SO(4)) and a be the
maximal abelian subspace of p. Here u = g2, k = so(4) ∼= su(2) ⊕ su(2). Let

p : K̃ = Spin(4) = SU(2) × SU(2) −→ K = SO(4)

be the universal covering Lie group homomorphism with kernel Z2.
Recall that the complete set of all inequivalent irreducible unitary representations of

SU(2) is given by

D(SU(2)) = {(Vm, ρm) | m ∈ Z ,m ≥ 0} ,

where Vm denotes the complex vector space of complex homogeneous polynomials of de-
gree m with two variables z0, z1 and the representation ρm of SU(2) on Vm is defined by
(ρm(g)f )(z0, z1) = f ((z0, z1)g) for each g ∈ SU(2). Set

(13) v
(m)
k (z0, z1) := 1√

k!(m − k)!
zm−k

0 zk
1 ∈ Vm (k = 0, 1, . . . ,m)

and define the standard Hermitian inner product of Vm invariant under ρm(SU(2)) such that

{v(m)
0 , . . . , v

(m)
m } is a unitary basis of Vm. Let (Vl ⊗Vm, ρl ⊠ρm) denote an irreducible unitary

representation of SU(2) × SU(2) of complex dimension (l + 1)(m + 1) obtained by taking
the exterior tensor product of Vl and Vm and then

{(Vl ⊗ Vm, ρl ⊠ ρm) | l, m ∈ Z, l,m ≥ 0}

is the complete set of all inequivalent irreducible unitary representations of SU(2) × SU(2).
The isotropy representation of (G2, SO(4)) is explicitly described as follows (cf. [8]):

Suppose that (l,m) = (3, 1). The real 8-dimensional vector subspace W of V3 ⊗ V1 spanned



206 H. MA AND Y. OHNITA

over R by
{

v
(3)
0 ⊗ v

(1)
0 + v

(3)
3 ⊗ v

(1)
1 ,

√
−1 (v

(3)
0 ⊗ v

(1)
0 − v

(3)
3 ⊗ v

(1)
1 ) ,

v
(3)
1 ⊗ v

(1)
0 − v

(3)
2 ⊗ v

(1)
1 ,

√
−1 (v

(3)
1 ⊗ v

(1)
0 + v

(3)
2 ⊗ v

(1)
1 ) ,

v
(3)
0 ⊗ v

(1)
1 − v

(3)
3 ⊗ v

(1)
0 ,

√
−1 (v

(3)
0 ⊗ v

(1)
1 + v

(3)
3 ⊗ v

(1)
0 ) ,

v
(3)
2 ⊗ v

(1)
0 + v

(3)
1 ⊗ v

(1)
1 ,

√
−1 (v

(3)
2 ⊗ v

(1)
0 − v

(3)
1 ⊗ v

(1)
1 )

}

gives an irreducible orthogonal representation of SU(2) × SU(2) whose complexification
is V3 ⊗ V1, i.e., W is a real form of V3 ⊗ V1. Then the isotropy representation Adp of
(G2, SO(4)) is given by AdC

p ◦ p ∼= ρ3 ⊠ ρ1 and the vector space p is linearly isomorphic to
W . Moreover a corresponds to a vector subspace

R(v
(3)
0 ⊗ v

(1)
0 + v

(3)
3 ⊗ v

(1)
1 ) + R(v

(3)
2 ⊗ v

(1)
0 + v

(3)
1 ⊗ v

(1)
1 ) .

For each X =
(√

−1x u

−ū −
√

−1x

)
, Y =

(√
−1y w

−w̄ −
√

−1y

)
∈ su(2), the following useful for-

mula holds:

LEMMA 4.1.

[d(ρl ⊠ ρm)(X, Y )]
(
v

(l)
i ⊗ v

(m)
j ±v

(l)
l−i ⊗ v

(m)
m−j

)

={(2i − l)x + (2j − m)y}
√

−1(v
(l)
i ⊗ v

(m)
j ∓v

(l)
l−i ⊗ v

(m)
m−j )

−
√

i(l − i + 1) Re(u) (v
(l)
i−1 ⊗ v

(m)
j ∓v

(l)
l−i+1 ⊗ v

(m)
m−j )

+
√

i(l − i + 1) Im(u)
√

−1(v
(l)
i−1 ⊗ v

(m)
j ±v

(l)
l−i+1 ⊗ v

(m)
m−j )

−
√

j (m − j + 1) Re(w) (v
(l)
i ⊗ v

(m)
j−1∓v

(l)
l−i ⊗ v

(m)
m−j+1)

+
√

j (m − j + 1) Im(w)
√

−1(v
(l)
i ⊗ v

(m)
j−1±v

(l)
l−i ⊗ v

(m)
m−j+1)

+
√

(l − i)(i + 1) Re(u) (v
(l)
i+1 ⊗ v

(m)
j ∓v

(l)
l−i−1 ⊗ v

(m)
m−j )

+
√

(l − i)(i + 1) Im(u)
√

−1(v
(l)
i+1 ⊗ v

(m)
j ±v

(l)
l−i−1 ⊗ v

(m)
m−j )

+
√

(m − j)(j + 1) Re(w) (v
(l)
i ⊗ v

(m)
j+1∓v

(l)
l−i ⊗ v

(m)
m−j−1)

+
√

(m − j)(j + 1) Im(w)
√

−1(v
(l)
i ⊗ v

(m)
j+1±v

(l)
l−i ⊗ v

(m)
m−j−1) .

(14)

REMARK 4.2. By using the formula (14) we can check that the real vector subspace
W is invariant under the action of SU(2) × SU(2) via ρ3 ⊠ ρ1.

Define an orthonormal basis of the real vector space W ∼= p by

H1 : = 1√
2
(v

(3)
0 ⊗ v

(1)
0 + v

(3)
3 ⊗ v

(1)
1 ) ,

H2 : = 1√
2
(v

(3)
2 ⊗ v

(1)
0 + v

(3)
1 ⊗ v

(1)
1 ) ,

E1 : = 1√
2

√
−1 (v

(3)
0 ⊗ v

(1)
0 − v

(3)
3 ⊗ v

(1)
1 ) ,
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E2 : = 1√
2
(v

(3)
1 ⊗ v

(1)
0 − v

(3)
2 ⊗ v

(1)
1 ) ,

E3 : = 1√
2

√
−1 (v

(3)
1 ⊗ v

(1)
0 + v

(3)
2 ⊗ v

(1)
1 ) ,

E4 : = 1√
2
(v

(3)
0 ⊗ v

(1)
1 − v

(3)
3 ⊗ v

(1)
0 ) ,

E5 : = 1√
2

√
−1 (v

(3)
0 ⊗ v

(1)
1 + v

(3)
3 ⊗ v

(1)
0 ) ,

E6 : = 1√
2

√
−1 (v

(3)
2 ⊗ v

(1)
0 − v

(3)
1 ⊗ v

(1)
1 ) .

Then we have the matrix expression as follows:

[d(ρ3 ⊠ ρ1)(X, Y )] (H1,H2)

= (E1, E2, E3, E4, E5, E6)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−(3x + y) 0√
3 Re(u) −(2 Re(u) + Re(w))√
3 Im(u) 2 Im(u) + Im(w)

Re(w) −
√

3 Re(u)

Im(w)
√

3 Im(u)

0 x − y

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

The inner product 〈 , 〉 corresponding to the metric induced from g
std
Q6(C) is given as follows:

For (X,X′), (Y, Y ′) ∈ su(2) ⊕ su(2),

〈(X,X′), (Y, Y ′)〉
:= (3x + x ′)(3y + y ′)

+ 3 Re(u)Re(w) + (2 Re(u) + Re(u′))(2 Re(w) + Re(w′))

+ 3 Im(u)Im(w) + (2 Im(u) + Im(u′))(2 Im(w) + Im(w′))

+ Re(u′)Re(w′) + 3Re(u)Re(w)

+ Im(u′)Im(w′) + 3Im(u)Im(w)

+ (x − x ′)(y − y ′)

= 10xy + 2x ′y + 2xy ′ + 2x ′y ′

+ 10 Re(u)Re(w) + 2 Re(u′)Re(w) + 2 Re(u)Re(w′) + 2Re(u′)Re(w′)

+ 10 Im(u)Im(w) + 2 Im(u′)Im(w) + 2 Im(u)Im(w′) + 2Im(u′)Im(w′) .

Thus the Casimir operator of (K̃, K̃[a]) relative to the inner product 〈 , 〉 is given as follows:

CL = 1

2
(X1, 0) · (X1, 0) + 1

2
(X2, 0) · (X2, 0) + 1

2
(X3, 0) · (X3, 0)

+ 5

2
(0,X1) · (0,X1) + 5

2
(0,X2) · (0,X2) + 5

2
(0,X3) · (0,X3)

− (X1, 0) · (0,X1) − (X2, 0) · (0,X2) − (X3, 0) · (0,X3) ,

(15)

where

X1 := 1

2

(√
−1 0
0 −

√
−1

)
, X2 := 1

2

(
0 1

−1 0

)
, X3 := 1

2

(
0

√
−1√

−1 0

)
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is a basis of su(2) and {(X1,0), (X2,0), (X3,0), (0,X1), (0,X2), (0,X3)} is a basis of su(2) ⊕
su(2). Hence, we have the following formula for the Casimir operator:

LEMMA 4.3.

[d(ρl⊠ρm)(CL)](v(l)
i ⊗ v(m)

a )

= −
{

l(l + 2)

8
+ 5m(m + 2)

8
− (2i − l)(4a − m)

4

}
(v

(l)
i ⊗ v(m)

a )

+ 1

2

√
(i + 1)(l − i)a(m − a + 1)(v

(l)
i+1 ⊗ v

(m)
a−1)

+ 1

2

√
i(l − i + 1)(a + 1)(m − a)(v

(l)
i−1 ⊗ v

(m)
a+1) .

Set

K̃0 := {(A,B) ∈ K̃ | Ad(p(A,B))H = H for each H ∈ a } .

Then using this description of the isotropy representation we can compute directly

K̃0 =
{((

1 0
0 1

)
,

(
1 0
0 1

))
,

((√
−1 0
0 −

√
−1

)
,

(√
−1 0
0 −

√
−1

))
,

((
−1 0
0 −1

)
,

(
−1 0
0 −1

))
,

((
−

√
−1 0

0
√

−1

)
,

(
−

√
−1 0

0
√

−1

))
,

((
0 −1
1 0

)
,

(
0 −1
1 0

))
,

((
0

√
−1√

−1 0

)
,

(
0

√
−1√

−1 0

))
,

((
0 1

−1 0

)
,

(
0 1

−1 0

))
,

((
0 −

√
−1

−
√

−1 0

)
,

(
0 −

√
−1

−
√

−1 0

))}
.

In particular, the order of K̃0 is 8. This result is consistent with thoes of [3, p.611], [4, p.651]
and [25, p.573] in the topology of transformation group theory. Moreover we obtain

K0 =
{
p

((
1 0
0 1

)
,

(
1 0
0 1

))
= p

((
−1 0
0 −1

)
,

(
−1 0
0 −1

))
,

p

((√
−1 0
0 −

√
−1

)
,

(√
−1 0
0 −

√
−1

))
=p

((
−

√
−1 0

0
√

−1

)
,

(
−

√
−1 0

0
√

−1

))
,

p

((
0 −1
1 0

)
,

(
0 −1
1 0

))
= p

((
0 1

−1 0

)
,

(
0 1

−1 0

))
,

p

((
0

√
−1√

−1 0

)
,

(
0

√
−1√

−1 0

))
=p

((
0 −

√
−1

−
√

−1 0

)
,

(
0 −

√
−1

−
√

−1 0

))}

∼= Z2 + Z2 .

Hence the order of group K0 is equal to 4 and

K̃/K̃0 ∼= K/K0 = SO(4)/Z2 + Z2 .
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For each l,m ∈ Z with l,m ≥ 0, the vector subspace of Vl ⊗ Vm

(Vl ⊗ Vm)K̃0

:={ξ ∈ Vl ⊗ Vm | [(ρl ⊠ ρm)(A,B)](ξ) = ξ for any (A,B) ∈ K̃0 }
can be described explicitly as follows:

LEMMA 4.4. When (l + m)/2 is even,

(Vl ⊗ Vm)K̃0
=

{
ξ =

∑

i+a:even

ξi,a(v
(l)
i ⊗ v(m)

a + v
(l)
l−i ⊗ v

(m)
m−a) | ξi,a ∈ C

}

and when (l + m)/2 is odd,

(Vl ⊗ Vm)K̃0
=

{
ξ =

∑

i+a:odd

ξi,a(v
(l)
i ⊗ v(m)

a − v
(l)
l−i ⊗ v

(m)
m−a) | ξi,a ∈ C

}
.

Next we describe the subgroups of K̃ defined as

K̃a :={(A,B) ∈ K̃ | [(ρ3 ⊠ ρ1)(A,B)](a) = a} ,

K̃[a] :={(A,B) ∈ K̃ | [(ρ3 ⊠ ρ1)(A,B)](a) = a

preserving the orientation of a} ⊂ K̃a .

For (A,B) ∈ K̃ = SU(2) × SU(2), we compute that (A,B) ∈ K̃a if and only if (A,B) is
one of the following elements:

⎛
⎝
⎛
⎝e

√
−1θ1 0

0 e−
√

−1θ1

⎞
⎠ ,

⎛
⎝e

√
−1θ ′

1 0

0 e−
√

−1θ ′
1

⎞
⎠
⎞
⎠ ,

where θ1 = π
4 k1, θ ′

1 = π
4 k′

1, k1, k
′
1 ∈ Z, k1 − k′

1 ∈ 4Z ,
⎛
⎝
⎛
⎝ 0 −e−

√
−1θ2

e
√

−1θ2 0

⎞
⎠ ,

⎛
⎝ 0 −e−

√
−1θ ′

2

e
√

−1θ ′
2 0

⎞
⎠
⎞
⎠ ,

where θ2 = π
4 k2, θ ′

2 = π
4 k′

2, k2, k
′
2 ∈ Z, k2 − k′

2 ∈ 4Z,
⎛
⎝
⎛
⎝

1√
2
e
√

−1θ1 − 1√
2
e−

√
−1θ2

1√
2
e
√

−1θ2 1√
2
e−

√
−1θ1

⎞
⎠ ,

⎛
⎝

1√
2
e
√

−1θ ′
1 − 1√

2
e−

√
−1θ ′

2

1√
2
e
√

−1θ ′
2 1√

2
e−

√
−1θ ′

1

⎞
⎠
⎞
⎠

where θ1 = π
4 k1, θ2 = π

4 k2, θ ′
1 = π

4 k′
1, θ ′

2 = π
4 k′

2 and k1, k2, k′
1, k′

2 ∈ Z, k1 + k2, k1 − k2,
k′

1 + k′
2, k′

1 − k′
2 ∈ 2Z, k1 − k′

1, k2 − k′
2 ∈ 4Z, k1 + k2 − k′

1 − k′
2, k1 − k2 − k′

1 + k′
2 ∈ 8Z.

In particular, the order of K̃a is equal to 16 + 16 + 32 + 32 = 96.
Moreover, for (A,B) ∈ K̃ = SU(2) × SU(2), we have that (A,B) ∈ K̃[a] if and only if

(A,B) is one of the following elements:
⎛
⎝
⎛
⎝e

√
−1θ1 0

0 e−
√

−1θ1

⎞
⎠ ,

⎛
⎝e

√
−1θ ′

1 0

0 e−
√

−1θ ′
1

⎞
⎠
⎞
⎠
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where θ1 = π
4 k1, θ

′
1 = π

4 k′
1, k1, k

′
1 ∈ 2Z, k1 − k′

1 ∈ 4Z,
⎛
⎝
⎛
⎝ 0 −e−

√
−1θ2

e
√

−1θ2 0

⎞
⎠ ,

⎛
⎝ 0 −e−

√
−1θ ′

2

e
√

−1θ ′
2 0

⎞
⎠
⎞
⎠

where θ2 = π
4 k2, θ

′
2 = π

4 k′
2, k2, k

′
2 ∈ 2Z, k2 − k′

2 ∈ 4Z,
⎛
⎝
⎛
⎝

1√
2
e
√

−1θ1 − 1√
2
e−

√
−1θ2

1√
2
e
√

−1θ2 1√
2
e−

√
−1θ1

⎞
⎠ ,

⎛
⎝

1√
2
e
√

−1θ ′
1 − 1√

2
e−

√
−1θ ′

2

1√
2
e
√

−1θ ′
2 1√

2
e−

√
−1θ ′

1

⎞
⎠
⎞
⎠

where θ1 = π
4 k1, θ2 = π

4 k2, θ ′
1 = π

4 k′
1, θ ′

2 = π
4 k′

2 and k1, k2, k
′
1, k

′
2 ∈ 2Z + 1, k1+k2, k1−k2,

k′
1 + k′

2, k
′
1 − k′

2 ∈ 2Z, k1 − k′
1, k2 − k′

2 ∈ 4Z, k1 + k2 − (k′
1 + k′

2), k1 − k2 − (k′
1 − k′

2) ∈ 8Z.
In other words, (A,B) ∈ K̃[a] if and only if (A,B) is one of the following elements:

⎛
⎝
⎛
⎝e

√
−1θ1 0

0 e−
√

−1θ1

⎞
⎠ ,

⎛
⎝e

√
−1θ ′

1 0

0 e−
√

−1θ ′
1

⎞
⎠
⎞
⎠ ,

where θ1 = π
2 l1, θ

′
1 = π

2 l′1, l1, l
′
1 ∈ Z, l1 − l′1 ∈ 2Z,

⎛
⎝
⎛
⎝ 0 −e−

√
−1θ2

e
√

−1θ2 0

⎞
⎠ ,

⎛
⎝ 0 −e−

√
−1θ ′

2

e
√

−1θ ′
2 0

⎞
⎠
⎞
⎠ ,

where θ2 = π
2 l2, θ ′

2 = π
2 l′2, l2, l

′
2 ∈ Z, l2 − l′2 ∈ 2Z,

⎛
⎝
⎛
⎝

1√
2
e
√

−1θ1 − 1√
2
e−

√
−1θ2

1√
2
e
√

−1θ2 1√
2
e−

√
−1θ1

⎞
⎠ ,

⎛
⎝

1√
2
e
√

−1θ ′
1 − 1√

2
e−

√
−1θ ′

2

1√
2
e
√

−1θ ′
2 1√

2
e−

√
−1θ ′

1

⎞
⎠
⎞
⎠

where θ1 = π
2 l1 + π

4 , θ2 = π
2 l2 + π

4 , θ ′
1 = π

2 l′1 + π
4 , θ ′

2 = π
2 l′2 + π

4 , l1, l2, l
′
1, l

′
2 ∈ Z,

l1 − l′1, l2 − l′2 ∈ 2Z, l1 + l2 − (l′1 + l′2), l1 − l2 − (l′1 − l′2) ∈ 4Z. In particular, the order of
K̃[a] is equal to 8 + 8 + 16 + 16 = 48 = 8 × 6 = ♯K̃0 × ♯Z6. Then we obtain

LEMMA 4.5. K̃[a]/K̃0
∼= Z6.

PROOF. We compute

A =

⎛
⎝

1√
2
e
√

−1( π
2 l1+ π

4 ) − 1√
2
e−

√
−1( π

2 l2+ π
4 )

1√
2
e
√

−1( π
2 l2+ π

4 ) 1√
2
e−

√
−1( π

2 l1+ π
4 )

⎞
⎠ ,

A3 =
(

−
√

2 cos(π
2 l1 + π

4 ) 0

0 −
√

2 cos(π
2 l1 + π

4 )

)

=
{

−I2 if l1 ≡ 0 or 3 (mod 4)

I2 if l1 ≡ 1 or 2 (mod 4)
,

A6 = I2 .
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TABLE 4. Small eigenvalues of CL on K̃/K̃0.

(l,m) dim(Vl ⊗ Vm)
K̃0

eigenvalues of CL −λ ≤ 6

(1, 1) 1 −3 *

(2, 0) 0

(0, 2) 0

(3, 1) 2 −3,−3 *

(1, 3) 2 −9,−9

(4, 0) 2 −3,−3 *

(0, 4) 2 −15,−15 *

(2, 2) 3 −5, −5, −8 *

(5, 1) 3 −8,−5,−8 *

(6, 0) 1 −6 *

(4, 2) 3 −6,−9,−9 *

(3, 3) 4 −9,−12, −12,−15

(8, 0) 2 −10,−10

(7, 1) 4 −12,−12,−8,−8

(6, 2) 5 −15,−12, −8,−8,−12

The generator of K̃[a]/K̃0
∼= Z6 is represented by the element

⎛
⎝
⎛
⎝

1+
√

−1
2 − 1−

√
−1

2

1+
√

−1
2

1−
√

−1
2

⎞
⎠ ,

⎛
⎝

− 1+
√

−1
2

1−
√

−1
2

− 1+
√

−1
2 − 1−

√
−1

2

⎞
⎠
⎞
⎠ .(16)

✷

Then using Lemmas 4.3 and 4.4 we can determine directly all eigenvalues of CL on
K̃/K̃0 less than or equal to dim L = 6 and corresponding representations of K̃ as in Table 4.
Hence we get

{(l,m) | −cL ≤ 6 and (Vl ⊗ Vm)K̃0
�= {0}}

={(1, 1), (4, 0), (2, 2), (3, 1), (6, 0), (5, 1), (4, 2)} .

Using the generator (16) of K̃[a]/K̃0 ∼= Z6, we compute that (Vl ⊗ Vm)K̃[a]
= {0} for

(l,m)=(1, 1), (4, 0), (3, 1), (5, 1) and dimC(Vl⊗Vm)K̃[a]
=1 for (l,m)=(2, 2), (6, 0), (4, 2).

But we observe that the fixed vector in (V2 ⊗ V2)K̃[a]
�= {0} corresponds to the larger eigen-

value 8 > 6. Hence we obtain that the Gauss image L6 = G
(

SO(4)
Z2+Z2

)
= SO(4)

(Z2+Z2)·Z6
⊂ Q6(C)

is Hamiltonian stable.
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Moreover from the above dimension computation we have

n(L6) = dimC V6 ⊠ V0 + dimC V4 ⊠ V2 = 7 × 1 + 5 × 3 = 7 + 15 = 22

= dimSO(8) − dimSO(4) = nhk(L) .

Thus the Gauss image L6 = G

(
SO(4)
Z2+Z2

)
= SO(4)

(Z2+Z2)·Z6
⊂ Q6(C) is Hamiltonian rigid. From

these results we conclude

THEOREM 4.6. The Gauss image L6 = G

(
SO(4)
Z2+Z2

)
= SO(4)

(Z2+Z2)·Z6
⊂ Q6(C) is strictly

Hamiltonian stable.

5. The case (U,K) = (E6, U(1)·Spin(10)). Let U = E6 and K = U(1)·Spin(10).
Then (U,K) is of type BC2. First we settle our notations for a symmetric space of type EIII ,
following [21], [27], [10] and the references therein.

5.1. Cayley algebra. Let K be the real Cayley algebra. Let {c0 = 1, c1, . . . , c7} be
the standard basis of K satisfying the following relations ([21]):

cici+1 = −ci+1ci = ci+3 , ci+1ci+3 = −ci+3ci+1 = ci ,

ci+3ci = −cici+3 = ci+1 , c2
i = −1 for i = 1, . . . , 7 .

K is a noncommutative and nonassociative normed division algebra with the conjugation x �→
x̄ and the canonical inner product ( , ) defined respectively by

x0 +
7∑

i=1

xici = x0 −
7∑

i=1

xici ,

( 7∑

i=0

xici,

7∑

i=0

yici

)
=

7∑

i=0

xiyi .

We extend the conjugation and the inner product C-linearly to the complexified algebra KC

of K and denote them by the same notions x �→ x̄ and ( , ) respectively. The automorphism
group

G2 := {α ∈ GLR(K) | α(xy) = α(x)α(y), ∀x, y ∈ K}
of the Cayley algebra K is well-known to be a simply connected, connected compact Lie
group of type G2.

5.2. Exceptional Jordan algebra. The exceptional Jordan algebra H3(K) is defined
as a real vector space

H3(K) = {u ∈ M3(K) | ūt = u} ,

equipped with the Jordan product

u ◦ v = 1

2
(uv + vu) for u, v ∈ H3(K) .

H3(K) is of real dimension 27 and a typical element

(17) u =

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ , ξi ∈ R, xi ∈ K
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of H3(K) is expressed as

u = ξ1e1 + ξ2e2 + ξ3e3 + x1u1 + x2u2 + x3u3 .

In H3(K), we define a trace tr(u) and an inner product (u, v) respectively by

tr(u) = ξ1 + ξ2 + ξ3, (u, v) := tr(u ◦ v)

for each u, v ∈ H3(K). Moreover, the Freudenthal product u × v is defined by

u × v := 1

2
(2u ◦ v − tr(u)v − tr(v)u + (tr(u)tr(v) − (u, v))I3) ,

where I3 is the identity matrix of degree 3, and a trilinear form (u, v,w) and the determinant
det u are defined respectively by

(u, v,w) = (u, v × w) , det u = 1

3
(u, u, u) .

Set

SH3(K) = {u ∈ M3(K) | ūt = −u , tr(u) = 0} .

Each element u ∈ SH3(K) of the form

(18) u =

⎛
⎝

z1 x3 −x̄2

−x̄3 z2 x1

x2 −x̄1 z3

⎞
⎠ , zi , xi ∈ K, z̄i = −zi ,Σzi = 0

is expressed as

u = z1e1 + z2e2 + z3e3 + x1ū1 + x2ū2 + x3ū3 .

Now we define two injective linear maps R : H3(K) → gl(H3(K)) and D : SH3(K) →
gl(H3(K)) by

R(u)v = u ◦ v = 1

2
(uv + vu) for u, v ∈ H3(K) ,

D(u)v = 1

2
[u, v] = 1

2
(uv − vu) for u ∈ SH3(K) , v ∈ H3(K) .

(19)

Denote by D and R the images of D and R in gl(H3(K)), respectively. Introduce real vector
subspaces of D and R as follows:

D0 = {δ ∈ D | δ(ei) = 0 (i = 1, 2, 3) } ,

Di = {D(xūi) | x ∈ K } for i = 1, 2, 3 ,

R0 =
{
R
(∑

ξiei

)
| ξi ∈ R,

∑
ξi = 0

}
,

Ri = {R(xui) | x ∈ K } for i = 1, 2, 3 .

Remark that dimD0 = 28, dimD1 = dimD2 = dimD3 = 8, dimR0 = 2 and dimR1 =
dimR2 = dimR3 = 8. Moreover, we know that D0 is a subalgebra of gl(H3(K)) generated
by the set {D(

∑
ziei) | zi ∈ K, z̄i = −zi,

∑
zi = 0}. In fact, D0 is isomorphic to the Lie

algebra o(8) and its basis can be chosen as {Di,r (1 ≤ r ≤ 7),Di,pq (1 ≤ p < q ≤ 7)} for
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i = 1, 2 or 3 ([6], [10], [27]). We now explain in details by using Ise’s notions ([10, p.82]).
Set

Di,r = D(cr (−ej + ek)) , (1 ≤ i ≤ 3, 1 ≤ r ≤ 7) ,

and

(20) Di,pq = [Di,p,Di,q ], (1 ≤ i ≤ 3, 1 ≤ p, q ≤ 7) ,

where {i, j, k} is a cyclic permutation of {1, 2, 3}. Then from

D

( 3∑

i=1

ziei

)
(v) = 1

2

∑

{i,j,k}
(zjxi − xizk)ui ,

we obtain ⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Di,r (xui) =

⎧
⎨
⎩

−crui if x = c0

c0ui if x = cr

0 if x = cq(q �= r) ,

Di,r (xuj ) = 1
2 (crx)uj ,

Di,r (xuk) = 1
2 (xcr)uk ,

and ⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Di,pq(xui) =

⎧
⎨
⎩

cqui if x = cp

−cpui if x = cq

0 if x = cr (r ≤ 0, �= p, q) ,

Di,pq(xuj ) = 1
2 {cp(cqx)}uj ,

Di,pq(xuk) = 1
2 {(xcq)cp}uk .

These mean that every Di,r ,Di,pq leave Ti = {xui |x ∈ K} invariant (1 ≤ i ≤ 3, 1 ≤
p, q, r ≤ 7) and identifying Ti with K, it is represented as a skew-symmetric matrix with
respect to the basis {c0, c1, . . . , c7}, that is, Di,r = E0r −Er0 and Di,pq = Eqp −Epq , where
Epq denotes the 8 × 8 matrix with all 0-components except (p, q)-component, 1. Moreover,

[Di,r ,Di,pq ] = Di,pδqr − Di,qδrp ,(21)

[Di,pq ,Di,rs ] = Di,prδsq + Di,qsδpr + Di,rqδsp + Di,spδrq ,(22)

where 1 ≤ i ≤ 3 and 1 ≤ p, q, r, s ≤ 7. Particularly, we have

[Di,r ,Di,pq ] = 0 , [Di,pq ,Di,rs ] = 0 ,

if p, q, r, s are all different from each other. Denote by Di,0 a real linear space spanned by all
Di,r ,Di,pq (1 ≤ p, q, r ≤ 7). Then all Di,0(1 ≤ i ≤ 3) are isomorphic to each other, and
they are isomorphic to the Lie algebra o(8). We shall use D0 = D1,0 in the next argument.

Let

H3(K)C := H3(K) +
√

−1H3(K)
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be the complexification of H3(K). Then there are two complex conjugations on H3(K)C,
namely,

u1 +
√

−1u2 = ū1 +
√

−1ū2 , τ (u1 +
√

−1u2) = u1 −
√

−1u2 ,

where u1, u2 ∈ H3(K). Then H3(K)C is canonically identified with

H3(K
C) = {u ∈ M3(K

C) | ūt = u} .

An element u ∈ H3(K
C) of the form (17), with ξi ∈ C, xi ∈ KC, is also expressed as

u = ξ1e1 + ξ2e2 + ξ3e3 + x1u1 + x2u2 + x3u3. The standard Hermitian inner product 〈 , 〉
of H3(K

C) is defined by 〈u, v〉 := (τu, v). Meanwhile, the complexification SH3(K)C of
SH3(K) is identified with

SH3(K
C) = {u ∈ M3(K

C) | ūt = −u, tr(u) = 0} ,

whose element u of the form (18), with zi , xi ∈ KC, is also expressed as u = z1e1 + z2e2 +
z3e3 + x1ū1 + x2ū2 + x3ū3. Then D(u) ∈ gl(H3(K

C)) for u ∈ SH3(K
C) and R(u) ∈

gl(H3(K
C)) for u ∈ H3(K

C) can be defined in the same way as (19).

5.3. The groups F4 and E6. We shall use the setup in [27] and [10]. The automor-
phism group of the Jordan algebra H3(K)

F4 :={α ∈ GL(H3(K)) | α(u ◦ v) = αu ◦ αv}
={α ∈ GL(H3(K)) | det(αu) = det u, (αu, αv) = (u, v)}

is known to be a connected, simply connected, compact Lie group of type F4. Its Lie algebra
f4 is thus given by

f4 := {δ ∈ gl(H3(K)) | δ(u ◦ v) = δu ◦ v + u ◦ δv} ,

which is isomorphic to D = D0 + D1 + D2 + D3. We are interested in the following two
subgroups of F4:

(F4)e1 := {α ∈ F4 | αe1 = e1} ∼= Spin(9) ,

(F4)e1,e2,e3 := {α ∈ F4 | αei = ei (i = 1, 2, 3)} ∼= Spin(8) .

Note that the Lie algebra of (F4)e1,e2,e3 is isomorphic to D0.
The group G2 can be realized as a subgroup of F4. For each α ∈ G2, we define an

R-linear transformation α̃ of H3(K) by

α̃

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ :=

⎛
⎝

ξ1 αx3 αx2

αx3 ξ2 αx1

αx2 αx1 ξ3

⎞
⎠ ,

for xi ∈ K (i = 1, 2, 3). Then α̃ ∈ F4. Identifying α with α̃, we consider G2 as a subgroup
of F4.

The groups E6 and EC
6 defined by

E6 := {α ∈ GLC(H3(K)C) | det(αu) = det u, 〈αu, αv〉 = 〈u, v〉} ,

EC
6 := {α ∈ GLC(H3(K)C) | det(αu) = det(u)} ,
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are known to be a connected, simply connected, compact Lie group of type E6 and its com-
plexification, respectively. Hence F4 is a compact subgroup of E6. The Lie algebras of E6

and EC
6 are given respectively by

e6 := {φ ∈ glC(H3(K)C) | (φu, u, u) = 0, 〈φu, v〉 + 〈u, φv〉 = 0} ,

eC
6 := {φ ∈ glC(H3(K)C) | (φu, u, u) = 0} .

We know ([27, p.68]) that any element φ ∈ eC
6 is uniquely expressed as

φ = δ + ς, δ ∈ DC , ς ∈ RC,

where DC and RC denote the complexifications of D and R respectively. So we get the so-
called Chevalley-Schafer model ([6]) of eC

6 : eC
6 = DC + RC as a subalgebra of gl(H3(K)C).

The inclusion φ : eC
6 ⊂ gl(H3(K)C) is a 27-dimensional irreducible representation of eC

6 .
Moreover, any element φ ∈ e6 is uniquely expressed as

φ = δ +
√

−1ς , δ ∈ D , ς ∈ R .

Thus we have the direct sum decomposition e6 = D +
√

−1R.

5.4. Basic formulas in e6.

LEMMA 5.1. For v = ξ1e1 + ξ2e2 + ξ3e3 + x1u1 + x2u2 + x3u3 ∈ H3(K
C), we have

R
(∑

ηlel

)
v = η1ξ1e1 + η2ξ2e2 + η3ξ3e3 + 1

2
(η2 + η3)x1u1

+ 1

2
(η3 + η1)x2u2 + 1

2
(η1 + η2)x3u3 ,

D
(∑

zlel

)
v = 1

2
(z2x1 − x1z3)u1 + 1

2
(z3x2 − x2z1)u2 + 1

2
(z1x3 − x3z2)u3 ,

D(xūi)v = (x, xi)(ej − ek) + 1

2
(ξk − ξj )xui − 1

2
(x̄x̄k)uj + 1

2
(x̄j x̄)uk ,

R(xui)v = (x, xi)(ej + ek) + 1

2
(ξj + ξk)xui + 1

2
x̄x̄kuj + 1

2
x̄j x̄uk ,

where {i, j, k} is a cyclic permutation of {1, 2, 3}.
The relations (20), (21), (22) and the following list give commutation rules for eC

6 . Here,

x, y, zi ∈ KC, z̄i = −zi for i = 1, 2, 3,
∑

i zi = 0, and ξ1, ξ2, ξ3 ∈ C with
∑

l ξl = 0. In
formulae (23) (31), (i, j, k) is a cyclic permutation of (1, 2, 3). In formulae (33) and (34),
i = 1, 2, 3.

[R(xui), R(yuj )] = −(1/2)D(xy ūk) ,(23)
[
R(xui),D(yuj )

]
= [D(xūi), R(yuj )] = (1/2)R(xy ūk) ,(24)

[
D(xūi),D(yūj )

]
= −(1/2)D(xyūk) ,(25)

[
D(xūi), R(yūi)

]
= (x, y)R(ej − ek) ,(26)

[
R
(∑

ξlel

)
, R(xūi)

]
= (1/2)(ξj − ξk)D(xūi) ,(27)
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[
R
(∑

ξlel

)
,D(xūi)

]
= (1/2)(ξj − ξk)R(xūi) ,(28)

[
D
(∑

zlel

)
,D(xūi)

]
= (1/2)D((zjx − xzk)ūi) ,(29)

[
D
(∑

zlel

)
, R(xūi)

]
= (1/2)R((zjx − xzk)ui) ,(30)

[
R
(
xui

)
, R(yui)

]
= −[D(xūi),D(yūi)](31)

= D

((
y + ȳ

2

x − x̄

2
− x + x̄

2

y − ȳ

2

)
(ej − ek))

−
[
D

(
x − x̄

2
(ej − ek)

)
,D

(
y − ȳ

2
(ej − ek)

)]
,

[
RC

0 ,RC
0 + DC

0

]
= {0} ,(32)

[
R(xui), [R(xui), R(yui)]

]
= R(((x, x)y − (x, y)x)ui) ,(33)

[
D(xūi), [D(xūi),D(yūi)]

]
= D(((x, y)x − (x, x)y)ūi) .(34)

We remark that the Killing-Cartan form B of eC
6 is given by ([10, p.88] or [27, p.74])

(35) B(u, v) = 4 tr(uv),

for each u, v ∈ eC
6 ⊂ gl(H3(K)C).

5.5. Realization of E6/(U(1) · Spin(10)). Consider a C-linear transformation σ of
H3(K)C defined by

σ

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ =

⎛
⎝

ξ1 −x3 −x̄2

−x̄3 ξ2 x1

−x2 x̄1 ξ3

⎞
⎠ .

Then σ ∈ E6 and σ 2 = 1. σ induces an involutive automorphism of E6 by α �→ σασ , which
is also denoted by σ . In order to investigate the subgroup (E6)

σ of all fixed elements by σ ,

(36) (E6)
σ = {α ∈ E6 | σα = α} ,

consider two subgroups

(E6)e1 = {α ∈ E6 | αe1 = e1} ∼= Spin(10)

and

U(1) = {φ(θ) ∈ GLC(H3(K)C) | θ = e
√

−1t/2, t ∈ R} ,(37)

where φ(θ) := exp(t
√

−1R(2e1 − e2 − e3)) ∈ GLC(H3(K)C) and

(38) φ(θ)

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ =

⎛
⎝

θ4ξ1 θx3 θx̄2

θx̄3 θ−2ξ2 θ−2x1

θx2 θ−2x̄1 θ−2ξ3

⎞
⎠ .

Here the subgroups U(1) and Spin(10) of (E6)
σ are elementwise commutative. Define a

mapping
p : K̃ = U(1) × Spin(10) ∋ (θ, α) → φ(θ)α ∈ K = (E)σ ,
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which is a surjective Lie group homomorphism. Since

U(1) ∩ Spin(10) = {1 = φ(1), φ(−1), φ(
√

−1), φ(−
√

−1)} ,

we have Ker(p) = {(1, φ(1)), (−1, φ(−1)), (
√

−1, φ(−
√

−1)) , (−
√

−1, φ(
√

−1))}, which
is isomorphic to Z4. Thus

K = (E6)
σ = K̃/Z4 = (U(1) × Spin(10))/Z4 =: U(1) · Spin(10) ,

and U/K = E6/(U(1) · Spin(10)). Correspondingly, we have

k = (e6)σ = {φ ∈ e6 | σ∗φ = φ} = (e6)e1 + R
√

−1R(2e1 − e2 − e3) .

Since for any φ ∈ e6 there exist u ∈ SH3(K) and v ∈ H3(K) such that

φe1 = D(u)(e1) +
√

−1R(v)(e1) ,

it holds that φe1 = 0 if and only if

u = z1e1 + z2e2 + z3e3 + a1ū1 ∈ SH3(K) , v = ξ2e2 + ξ3e3 + x1u1 ∈ H3(K) ,

where a1, x1 ∈ K, ξ2, ξ3 ∈ R with ξ2 + ξ3 = 0. Hence

(e6)e1 := {φ ∈ e6 | φe1 = 0}
= D0 + D1 + R

√
−1R(e2 − e3) +

√
−1R1

∼= o(10) .

Therefore, the Cartan decomposition of a compact simple Lie algebra u = e6 of type EIII is
given as

u = e6 = D +
√

−1R ,

k = (e6)σ = D0 + D1 +
√

−1R0 +
√

−1R1 ,

p = (e)−σ = D2 + D3 +
√

−1R2 +
√

−1R3 ,

where k is isomorphic to u(1) + o(10),

[k, k] = D0 + D1 +
√

−1RR(e2 − e3) +
√

−1R1 = (e6)e1

is isomorphic to o(10) and the center of k is spanned by

Z =
√

−1R(2e1 − e2 − e3) .

On the other hand, a compact Hermitian symmetric space of type EIII can be defined by
([1, p. 74–75])

EIII = {u ∈ H3(K)C | u × u = 0, u �= 0}/C∗ ⊂ P(H3(K)C) ,

which is considered as a compact complex submanifold embedded in a complex projective
space CP 26. Since E6 acts transitively on EIII and the isotropy subgroup of E6 at o = [e1]
is (E6)

σ , we know that EIII ∼= E6/(E6)
σ = E6/(U(1) · Spin(10)). Under the Hopf fibration

H3(K)C ⊃ S53(1) ∋ e1 �→ o = [e1] ∈ P(H3(K)C), the tangent vector space To(U/K) at o

is linearly isomorphic to a vector subspace

To(EIII) ∼= {u ∈ H3(K)C | u × e1 = 0, 〈u, e1〉 = 0}
= {x2u2 + x3u3 | x2, x3 ∈ KC} .
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The differential of the natural projection p : U = E6 → U/K = EIII induces a linear
isomorphism p∗ : p → To(EIII). Then p∗(φ) = φ(e1) and

p∗
(
2(D(x2ū2) − D(x3ū3)) + 2

√
−1(R(x ′

2u2) + R(x ′
3u3))

)

= (x2 +
√

−1x ′
2)u2 + (x3 +

√
−1x ′

3)u3 .
(39)

5.6. Restricted root systems of EIII. Define H1,H2 ∈ p by

H1 = Dū2 +
√

−1R(c4u2) ,

H2 = Dū2 −
√

−1R(c4u2) .

Then by (26), [H1,H2] = 0. Hence

(40) a = {H(ξ1, ξ2) = ξ1H1 + ξ2H2 | ξ1, ξ2 ∈ R}

is a maximal abelian subalgebra in p. We remark that this maximal abelian subalgebra a is
different from ones given by M. Ise and used in [21]. Then by direct computations using
(20)–(34), we get the following restricted root system decomposition of k and p:

k= k0 + k2ξ1 + k2ξ2 + kξ1+ξ2 + kξ1−ξ2 + kξ1 + kξ2 ,

p= a + p2ξ1 + p2ξ2 + pξ1+ξ2 + pξ1−ξ2 + pξ1 + pξ2 ,

where

k0 = {X ∈ k | [X,H ] = 0 for each H ∈ a} ,

= spanR{
√

−1R(e1 − 2e2 + e3)} + spanR{−D1,4 + D1,12,D1,12 + D1,36 ,

D1,36 + D1,57,−D1,1 + D1,24,−D1,2 − D1,14,−D1,3 + D1,46,−D1,5 − D1,47 ,

− D1,6 + D1,34,−D1,7 + D1,45,D1,13 − D1,26,D1,15 + D1,27,D1,16 + D1,23 ,

D1,17 − D1,25,D1,35 − D1,67,D1,37 − D1,56} ,

k2ξ1 = spanR

{
1

2
(−D1,4 − D1,12 + D1,36 − D1,57) +

√
−1R(e3 − e1)

}
,

k2ξ2 = spanR

{
1

2
(D1,4 + D1,12 − D1,36 + D1,57) +

√
−1R(e3 − e1)

}
,

kξ1+ξ2 = spanR

{
− D1,1 − D1,24 − D1,37 − D1,56 = 2D2,1 ,

− D1,2 + D1,14 − D1,35 − D1,67 = 2D2,2 ,

− D1,3 − D1,46 + D1,17 + D1,25 = 2D2,3 ,

− D1,5 + D1,47 + D1,16 − D1,23 = 2D2,5 ,

− D1,6 − D1,34 − D1,15 + D1,27 = 2D2,6 ,

− D1,7 − D1,45 − D1,13 − D1,26 = 2D2,7

}
,
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kξ1−ξ2 = spanR

{
− D1,1 − D1,24 + D1,37 + D1,56 = 2D2,24 ,

− D1,2 + D1,14 + D1,35 + D1,67 = 2D2,14 ,

− D1,3 − D1,46 − D1,25 − D1,17 = −2D2,46 ,

− D1,5 + D1,47 − D1,16 + D1,23 = 2D2,47 ,

− D1,6 − D1,34 + D1,15 − D1,27 = −2D2,34 ,

− D1,7 − D1,45 + D1,13 + D1,26 = −2D2,45

}
,

kξ1 = spanR

{
D(x1ū1) +

√
−1R(y1u1) | (x1, y1) = (1, c4), (c1,−c2), (c2, c1) ,

(c3, c6), (c4,−1), (c5,−c7), (c6,−c3), (c7, c5)

}
,

kξ2 = spanR

{
D(x1ū1) +

√
−1R(y1u1) | (x1, y1) = (1,−c4), (c1, c2), (c2,−c1) ,

(c3,−c6), (c4, 1), (c5, c7), (c6, c3), (c7,−c5)

}
,

p2ξ1 = spanR{D(c4ū2) −
√

−1Ru2} ,

p2ξ2 = spanR{D(c4ū2) +
√

−1Ru2} ,

pξ1+ξ2 = spanR{D(ci ū2), i = 1, 2, 3, 5, 6, 7} ,

pξ1−ξ2 = spanR{
√

−1R(ciu2), i = 1, 2, 3, 5, 6, 7} ,

pξ1 = spanR{D(x3ū3) +
√

−1R(y3u3) | (x3, y3) = (1, c4), (c1, c2), (c2, c1) ,

(c3, c6), (c4,−1), (c5,−c7), (c6,−c3), (c7, c5)} ,

pξ2 = spanR{D(x3ū3) +
√

−1R(y3u3) | (x3, y3) = (1,−c4), (c1,−c2), (c2, c1) ,

(c3, c6), (c4, 1), (c5,−c7), (c6,−c3), (c7, c5)} .

Thus we see that

k0 = k′0 + c(k0) = k′0 + R
√

−1R(e1 − 2e2 + e3) ∼= so(6) + R ,

k1 := k0 + k2ξ1 + k2ξ2

= k′0 + R
√

−1R(e1 − 2e2 + e3) + R(D1,4 + D1,12 − D1,36 + D1,57)

+ R
√

−1R(e3 − e1)

∼= so(6) + R + R + R ,



HAMILTONIAN STABILITY OF THE GAUSS IMAGES II 221

k2 := k1 + kξ1+ξ2 + kξ1−ξ2 = D0 +
√

−1R0

= D0 + R
√

−1R(e1 − 2e2 + e3) + R
√

−1R(e3 − e1)

= D0 + R
√

−1R(e2 − e3) + R
√

−1R(2e1 − e2 − e3)

∼= so(8) + R + R ,

k := k2 + kξ1 + kξ2 = D0 +
√

−1R0 + D1 +
√

−1R1

= (D0 + D1 +
√

−1R1 + R
√

−1R(e2 − e3)) + R
√

−1R(2e1 − e2 − e3)

= k′ + c(k) ∼= so(10) + R .

Consider the subgroup

K̃2 = U(1) × Spin(2) × Spin(8) ⊂ K̃ = U(1) × Spin(10) ,

where U(1) is given by (37), Spin(2) ⊂ Spin(10) ∼= (E6)e1 is generated by

α23(t) := exp(t
√

−1R(e2 − e3)) :
⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ �→

⎛
⎜⎜⎝

ξ1 e
t
√

−1
2 x3 e− t

√
−1
2 x̄2

e
t
√

−1
2 x̄3 et

√
−1ξ2 x1

e− t
√

−1
2 x2 x̄1 e−t

√
−1ξ3

⎞
⎟⎟⎠ ,

and Spin(8) = (E6)e1,e2,e3 whose Lie algebra is just D0. Therefore,

Spin(2) ∩ Spin(8) = {α23(t) | et
√

−1 = 1} = {α23(0), α23(2π)} .

Then the natural projection

p2 : Spin(2) × Spin(8) ∋ (α23(t), β) �→ α23(t)β ∈ K ′
2

has the kernel

Kerp2 = {(α23(t), α23(t)
−1) | t = 2kπ, k ∈ Z}

= {(α23(0), α23(0)), (α23(2π) , α23(2π))} ∼= Z2 .

Hence K ′
2

∼= (Spin(2) × Spin(8))/Z2.
On the other hand, we also have

K̃2 = S1 × Spin(2) × Spin(8) ,

where this S1 is generated by

exp(t
√

−1R(e1 − 2e2 + e3)) :

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ �→

⎛
⎜⎜⎜⎜⎝

et
√

−1ξ1 e− t
√

−1
2 x3 et

√
−1x̄2

e− t
√

−1
2 x̄3 e−2t

√
−1ξ2 e− t

√
−1
2 x1

et
√

−1x2 e− t
√

−1
2 x̄1 et

√
−1ξ3

⎞
⎟⎟⎟⎟⎠

,
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Spin(2) ⊂ E6 is generated by

α31(t) := exp(t
√

−1R(e3 − e1)) :

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ �→

⎛
⎜⎜⎜⎜⎝

e−t
√

−1ξ1 e− t
√

−1
2 x3 x̄2

e− t
√

−1
2 x̄3 ξ2 e

t
√

−1
2 x1

x2 e
t
√

−1
2 x̄1 et

√
−1ξ3

⎞
⎟⎟⎟⎟⎠

,

and Spin(8) = (E6)e1,e2,e3 . Here Spin(2) × Spin(8) ⊂ (E6)e2
∼= Spin(10). Similarly, here

Spin(2) ∩ Spin(8) = {α31(t) | et
√

−1 = 1} = {α31(0), α31(2π)} .

Then the natural projection

p′
2 : Spin(2) × Spin(8) ∋ (α31(t), β) �→ α31(t)β ∈ K ′

2

has the kernel

Kerp′
2 = {(α31(t), α31(t)

−1) | t = 2kπ, k ∈ Z}
= {(α31(0), α31(0)), (α31(2π), α31(2π))} ∼= Z2 .

Thus,

K2 = (S1 × (Spin(2) · Spin(8)))/Z4 ,

Spin(2) · Spin(8) = (Spin(2) × Spin(8))/Z2 .

Furthermore, we have

Spin(8) ⊃ Spin(2) · Spin(6) ∼= (Spin(2) × Spin(6))/Z2 ,

where

Spin(8) = {(α1, α2, α3) ∈ SO(K) × SO(K) × SO(K) |
(α1x)(α2y) = α3(xy) for each x, y ∈ K}

acts on H3(K) by

(α1, α2, α3)

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ :=

⎛
⎝

ξ1 α3x3 α2x2

α3x3 ξ2 α1x1

α2x2 α1x1 ξ3

⎞
⎠ ,

Spin(2) := {(α1, α2, α3) ∈ Spin(8) | α2(ci) = ci, if i �= 0, 4}

is generated by D1,4 + D1,12 − D1,36 + D1,57 and

Spin(6) := {(α1, α2, α3) ∈ Spin(8) | α2(1) = 1, α2(c4) = c4}

is generated by k′0. Note that

Spin(2) ∩ Spin(6) = {(Id, Id, Id), (−Id, Id,−Id)} ,
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we see that Z2 = {((Id, Id, Id), (Id, Id, Id)), ((−Id, Id,−Id), (−Id, Id,−Id))}. Thus, a con-
nected compact Lie subgroup K1 of K generated by k1 is

K1 = (S1 × (Spin(2) · (Spin(2) · Spin(6))))/Z4 .

Moreover,

S1 ∩ Spin(6) = {(Id, Id, Id) , (−Id, Id,−Id)},

hence a connected compact Lie group K0 of K generated by k0 is

K0 = (S1 × Spin(6))/Z2 ,

where Z2 = {((Id, Id, Id), (Id, Id, Id)), ((−Id, Id,−Id), (−Id, Id,−Id))}.
5.7. Isotropy representation of (E6, U(1) · Spin(10)). Via the linear isomorphism

p∗ : p → To(EIII) given by (39), we can describe the isotropy representation of (E6, U(1) ·
Spin(10)).

LEMMA 5.2. (1) For each a ∈ K and each ξ ∈ p ,

p∗(Ad(a)ξ) = (Ad(a)ξ)(e1) = (a ◦ ξ ◦ a−1)(e1) .

(2) For each T ∈ k and each ξ ∈ p ,

p∗(ad(T )ξ) = p∗([T , ξ ]) = ([T , ξ ])(e1) .

The restriction (ρK , V = H3(K
C)) of Chevally-Schafer’s representation (ρ̃,H3(K

C)) of
E6 to K can be decomposed into three irreducible representations

(ρK , V ) = (ρ1, V1) ⊕ (ρ2, V2) ⊕ (ρ3, V3) ,

where V1, V2 and V3 are given as follows:

V1 = {ξe1 | ξ ∈ C} ,

V2 = (H3(K
C))−σ = {x2u2 + x3u3 | x2, x3 ∈ KC} ∼= To(EIII) ,

V3 = H2(K
C) = {ξ2e2 + ξ3e3 + x1u1 | x1 ∈ KC, ξ2, ξ3 ∈ C} ,

and V1 ⊕ V3 = (H3(K
C))σ . Note that ρ1 is a scalar representation, the restriction of ρ2

to Spin(10) is equivalent to one of the half-spin representations of Spin(10, C), denoted
by △+

10, and the restriction of ρ3 to Spin(10) is equivalent to the standard representation of
Spin(10, C).

Now we discuss the linear isotropy action of an element φ(θ) = exp(t
√

−1R(2e1 −
e2 − e3)) : H3(K

C) → H3(K
C) generating the center U(1) of K on both p and V2 =

(H3(K
C))−σ , which are linearly isomorphic to To(EIII). Using the formula (38) and Lemma
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5.2, we compute

p∗(Ad(φ(θ))D(x2ū2)) = θ−3p∗(D(x2ū2)) ,

p∗(Ad(φ(θ))R(x2u2)) = θ−3p∗(R(x2u2)) ,

p∗(Ad(φ(θ))D(x3ū3)) = θ−3p∗(D(x3ū3)) ,

p∗(Ad(φ(θ))R(x3u3)) = θ−3p∗(R(x3u3)) .

On the other hand, the tangent vector space To(EIII) at o = [e1] ∈ EIII ⊂ P(H3(K)C) is
linearly isomorphic to a vector subspace V2 = (H3(K

C))−σ , which is a horizontal vector
subspace at a point e1 under the Hopf fibration H3(K)C ⊃ S53(1) → P(H3(K)C). By the
formula (38) we see that a vector x2u2 + x3u3 ∈ (H3(K

C))−σ at a point e1 in a vector space
H3(K)C representing a tangent vector of EIII at o = [e1] is moved by the linear action of
φ(θ) to a vector θx2u2 + θx3u3 ∈ (H3(K

C))−σ at θ4e1. Thus its corresponding tangent
vector of EIII at o = [e1] must be θ−4(θx2u2 + θx3u3) = θ−3(x2u2 + x3u3) ∈ V2 =
(H3(K

C))−σ at e1. Hence the linear isotropy action of φ(θ) on V2 = (H3(K
C))−σ is given by

the multiplication by θ−3 on V2 = (H3(K
C))−σ . Therefore the linear isotropy representation

of (E6, U(1) · Spin(10)) is (μ3 ⊗C △+
10)R.

5.8. The subgroup K[a]. The maximal abelian subspace a of p is described as fol-
lows:

a = RH1 ⊕ RH2 = R(Dū2 +
√

−1R(c4u2)) ⊕ R(Dū2 −
√

−1R(c4u2))

and

p∗(a) = R(1 +
√

−1c4)u2 ⊕ R(1 −
√

−1c4)u2 .(41)

We shall use the map ϕ : Sp(4) → E6 given by Yokota ([27]) and known results for the case
(Ǔ , Ǩ) = (Sp(4), Sp(2) × Sp(2)) in order to describe a generator of K[a].

The Cayley algebra K naturally contains the field H of quaternions as

H = {x0 + x2c2 + x3c3 + x5c5|xi ∈ R} .

Any element x ∈ K can be expressed by

x = x0 + x1c1 + x2c2 + x3c3 + x4c4 + x5c5 + x6c6 + x7c7

= (x0 + x2c2 + x3c3 + x5c5) + (x4 + x1c2 + x6c3 − x7c5)c4

=: m + ae ∈ H ⊕ He = K ,

where we set m := x0 + x2c2 + x3c3 + x5c5 ∈ H, a := x4 + x1c2 + x6c3 − x7c5 ∈ H and
e := c4. In H ⊕ He, we define a multiplication by

(m + ae)(n + be) = (mn − b̄a) + (an̄ + bm)e .

More explicitly,

(ae)n = (an̄)e , m(be) = (bm)e , (ae)(be) = −b̄a .
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We can also define a conjugation and an R-linear transformation γ on H⊕He respectively by

m + ae = m̄ − ae , γ (m + ae) = m − ae .

Thus γ ∈ G2 ⊂ F4. Any element

X =

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ =

⎛
⎝

ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

⎞
⎠ +

⎛
⎝

0 a3e −a2e

−a3e 0 a1e

a2e −a1e 0

⎞
⎠ ,

of H3(K), where xi = mi + aie ∈ H ⊕ He = K and ξi ∈ R, can be identified with an element
⎛
⎝

ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

⎞
⎠ + (a1, a2, a3)

in H3(H) ⊕ H3. Hereafter, we often use an identification H3(K) ∼= H3(H) ⊕ H3.
Let the C-linear mapping γ : H3(K

C) → H3(K
C) be the complexification of γ ∈

G2 ⊂ F4. Then γ ∈ E6 and γ 2 = 1. Recall that τ is the complex conjugation of H3(K
C)

with respect to H3(K). Consider an involutive complex conjugate linear transformation τγ of
H3(K

C) and the following subgroup (E6)
τγ of E6:

(E6)
τγ = {α ∈ E6 | τγ α = ατγ } .

Correspondingly, H3(K
C) can be decomposed into the following two real vector subspaces:

H3(K
C) = (H3(K

C))τγ ⊕ (H3(K
C))−τγ ,

where

(H3(K
C))τγ := {X ∈ H3(K

C) | τγX = X}

=

⎧
⎨
⎩

⎛
⎝

ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

⎞
⎠ +

√
−1

⎛
⎝

0 a3e −a2e

−a3e 0 a1e

a2e −a1e 0

⎞
⎠ | ξi ∈ R,mi , ai ∈ H

⎫
⎬
⎭

= H3(H) ⊕
√

−1H3 ,

(H3(K
C))−τγ := {X ∈ H3(K

C) | τγX = −X}

=

⎧
⎨
⎩

√
−1

⎛
⎝

ξ1 m3 m̄2

m̄3 ξ2 m1

m2 m̄1 ξ3

⎞
⎠ +

⎛
⎝

0 a3e −a2e

−a3e 0 a1e

a2e −a1e 0

⎞
⎠ | ξi ∈ R,mi , ai ∈ H

⎫
⎬
⎭

=
√

−1H3(H) ⊕ H3 .

In particular, H3(K
C) = ((H3(K

C))τγ )C.
Let H4(H)0 := {P ∈ H4(H) | trP = 0}. Define a C-linear isomorphism g : H3(K

C) =
H3(H

C) ⊕ (H3)C → H4(H)C
0 by

g(M + a) :=
( 1

2 tr(M)
√

−1a

√
−1a∗ M − 1

2 tr(M)I

)
,
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for M + a ∈ H3(K
C). Then we have

g((H3(K
C))τγ ) = H4(H)0 , g((H3(K

C))−τγ ) =
√

−1H4(H)0 .

The map ϕ : Sp(4) −→ (E6)
τγ ⊂ E6, defined by ϕ(A)X := g

−1(A(gX)A∗) for
each X ∈ H3(K

C), is a surjective Lie group homomorphism and Ker(ϕ) = {I,−I} ∼= Z2.
Therefore we obtain

Sp(4)/Z2
∼= (E6)

τγ .

Consider real vector subspaces (H3(K
C))τγ,σ,(H3(K

C))τγ,−σ of (H3(K
C))τγ and (H3(K

C))−τγ,σ ,
(H3(K

C))−τγ,−σ of (H3(K
C))−τγ , which are eigenspaces of σ , respectively given by

(H3(K
C))τγ,σ = {X ∈ H3(K

C) | τγX = X, σX = X}

=

⎧
⎨
⎩

⎛
⎝

ξ1 0 0
0 ξ2 m1

0 m̄1 ξ3

⎞
⎠ +

√
−1

⎛
⎝

0 0 0
0 0 a1e

0 −a1e 0

⎞
⎠ | ξi ∈ R,m1, a1 ∈ H

⎫
⎬
⎭ ,

(H3(K
C))τγ,−σ = {X ∈ H3(K

C) | τγX = X, σX = −X}

=

⎧
⎨
⎩

⎛
⎝

0 m3 m̄2

m̄3 0 0
m2 0 0

⎞
⎠ +

√
−1

⎛
⎝

0 a3e −a2e

−a3e 0 0
a2e 0 0

⎞
⎠ | m2,m3, a2, a3 ∈ H

⎫
⎬
⎭ ,

(H3(K
C))−τγ,σ = {X ∈ H3(K

C) | τγX = −X, σX = X}

=

⎧
⎨
⎩

√
−1

⎛
⎝

ξ1 0 0
0 ξ2 m1

0 m̄1 ξ3

⎞
⎠ +

⎛
⎝

0 0 0
0 0 a1e

0 −a1e 0

⎞
⎠ | ξi ∈ R,m1, a1 ∈ H

⎫
⎬
⎭ ,

(H3(K
C))−τγ,−σ = {X ∈ H3(K

C) | τγX = −X, σX = −X}

=

⎧
⎨
⎩

√
−1

⎛
⎝

0 m3 m̄2

m̄3 0 0
m2 0 0

⎞
⎠ +

⎛
⎝

0 a3e −a2e

−a3e 0 0
a2e 0 0

⎞
⎠ | m2,m3, a2, a3 ∈ H

⎫
⎬
⎭ .

Thus we have the following decompositions

(H3(K
C))σ = (H3(K

C))τγ,σ ⊕ (H3(K
C))−τγ,σ ,

(H3(K
C))−σ = (H3(K

C))τγ,−σ ⊕ (H3(K
C))−τγ,−σ .
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Note that the images of (H3(K
C))τγ,σ and (H3(K

C))τγ,−σ of the homomorphism g defined
above is expressed explicitly as follows:

g((H3(K
C))τγ,σ )

=

⎧
⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

1
2 (ξ1 + ξ2 + ξ3) −a1 0 0

−ā1
1
2 (ξ1 − ξ2 − ξ3) 0 0

0 0 1
2 (−ξ1 + ξ2 − ξ3) m1

0 0 m̄1
1
2 (−ξ1 − ξ2 + ξ3)

⎞
⎟⎟⎠

| ξ1, ξ2, ξ3 ∈ R, a1,m1 ∈ H} ,

g((H3(K
C))τγ,−σ ) =

⎧
⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0 0 −a2 −a3

0 0 m3 m̄2

−ā2 m̄3 0 0
−ā3 m2 0 0

⎞
⎟⎟⎠ | a2, a3,m2,m3 ∈ H

⎫
⎪⎪⎬
⎪⎪⎭

.

For each element A ∈ Sp(2) × Sp(2) ⊂ Sp(4), we can check that ϕ(A)σ = σϕ(A),
hence ϕ(A) ∈ (E6)

σ and we have

ϕ : Sp(2) × Sp(2) −→ (E6)
τγ,σ ⊂ (E6)

σ ∼= U(1) · Spin(10) .

Next, the restriction of ϕ to the subgroup Sp(1) × Sp(1) × Sp(1) × Sp(1) gives

ϕ : Sp(1) × Sp(1) × Sp(1) × Sp(1) −→ {α ∈ E6 | α(ei) = ei (i = 1, 2, 3)} ∼= Spin(8) .

And the group Sp(1)×Sp(1) can be considered as the diagonal subgroup of Sp(1)×Sp(1)×
Sp(1) × Sp(1), namely, each (a, b) ∈ Sp(1) × Sp(1) corresponds to (a, b, a, b) ∈ Sp(1) ×
Sp(1) × Sp(1) × Sp(1). Thus the restriction of ϕ to Sp(1) × Sp(1) is mapped to a subgroup
K0 = S1 · Spin(6) of K = Eσ = U(1) · Spin(10). In fact, for a 2-dimensional real vector
subspace

ã :=

⎧
⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0 0 a2 0
0 0 0 m2

a2 0 0 0
0 m2 0 0

⎞
⎟⎟⎠ | a2,m2 ∈ R

⎫
⎪⎪⎬
⎪⎪⎭

⊂ g((H3(K
C))τγ,−σ ) ,

it follows from
⎛
⎜⎜⎝

a 0 0 0
0 b 0 0
0 0 a 0
0 0 0 b

⎞
⎟⎟⎠

⎛
⎜⎜⎝

0 0 a2 0
0 0 0 m2

a2 0 0 0
0 m2 0 0

⎞
⎟⎟⎠

⎛
⎜⎜⎝

a∗ 0 0 0
0 b∗ 0 0
0 0 a∗ 0
0 0 0 b∗

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

0 0 a2 0
0 0 0 m2

a2 0 0 0
0 m2 0 0

⎞
⎟⎟⎠
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that ã corresponds to the subspace

⎧
⎨
⎩

⎛
⎝

0 0 m2 −
√

−1a2e

0 0 0
m2 +

√
−1a2e 0 0

⎞
⎠ | m2, a2 ∈ R

⎫
⎬
⎭ ⊂ (H3(K)C)τγ,−σ ,

which corresponds to the image p∗(a) of the maximal abelian subspace a of p under the linear
isomorphism p∗ given by (41). It implies that ϕ maps the subgroup Ǩ0 = Sp(1) × Sp(1) for
the exceptional symmetric space (E6, Sp(4)/Z2) of type EI to the subgroup K0 = S1·Spin(6)

for the exceptional symmetric space (E6, U(1) · Spin(10)) of type EIII.
Recall that

ǩ :=

⎛
⎜⎜⎝

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

⎞
⎟⎟⎠ ∈ Ǩ[ǎ] = (Sp(1) × Sp(1)) · Z4

is a generator of Z4. Its adjoint actions on g((H3(K
C))τγ,σ ) and g((H3(K

C))τγ,−σ ) are given
as

ǩ

⎛
⎜⎜⎝

1
2 (ξ1 + ξ2 + ξ3) −a1 0 0

−ā1
1
2 (ξ1 − ξ2 − ξ3) 0 0

0 0 1
2 (−ξ1 + ξ2 − ξ3) m1

0 0 m̄1
1
2 (−ξ1 − ξ2 + ξ3)

⎞
⎟⎟⎠ ǩ−1

=

⎛
⎜⎜⎝

1
2 (ξ1 − ξ2 − ξ3) −ā1 0 0

−a1
1
2 (ξ1 + ξ2 + ξ3) 0 0

0 0 1
2 (−ξ1 − ξ2 + ξ3) −m̄1

0 0 −m1 − 1
2 (−ξ1 + ξ2 − ξ3)

⎞
⎟⎟⎠ ,

ǩ

⎛
⎜⎜⎝

0 0 −a2 −a3

0 0 m3 m̄2

−ā2 m̄3 0 0
−ā3 m2 0 0

⎞
⎟⎟⎠ ǩ−1 =

⎛
⎜⎜⎝

0 0 −m̄2 m3

0 0 a3 −a2

−m2 ā3 0 0
m̄3 −ā2 0 0

⎞
⎟⎟⎠ .

Taking (H3(K
C))τγ = (H3(K

C))τγ,σ ⊕(H3(K
C))τγ,−σ and H3(K

C) = ((H3(K
C))τγ )C

into account, together with the above computation, we know that any element

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ =

⎛
⎝

ξ1 m3 +
√

−1a3e m̄2 −
√

−1a2e

m̄3 −
√

−1a3e ξ3 m1 +
√

−1a1e

m2 +
√

−1a2e m̄1 −
√

−1a1e ξ3

⎞
⎠
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in H3(K
C) is mapped by the adjoint action of ǩ to an element

⎛
⎝

ξ1 a3 −
√

−1m3e −a2 −
√

−1m̄2e

ā3 +
√

−1m3e −ξ2 −m̄1 +
√

−1ā1e

−ā2 +
√

−1m̄2e −m1 −
√

−1ā1e −ξ3

⎞
⎠

=

⎛
⎝

ξ1
√

−1(−
√

−1a3 − m3e) −
√

−1(−
√

−1a2 + m̄2e)√
−1(−

√
−1ā3 + m3e) −ξ2 −(m̄1 +

√
−1ā1e)

−
√

−1(−
√

−1ā2 − m̄2e) −(m1 +
√

−1ā1e) −ξ3

⎞
⎠

=α23(π) ◦ (α1, α2, α3)

⎛
⎝
⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠
⎞
⎠ ,

where α1, α2, α3 ∈ SO(K) ∼= SO(8) are defined by

α1(m1 + a1e) := −(m̄1 − ā1e) ,

α2(m2 + a2e) := −ā2 − m̄2e ,

α3(m3 + a3e) := −a3 − m3e .

(42)

By a simple computation, we have

α1(m1 + a1e) α2(m2 + a2e) = α3((m1 + a1e)(m2 + a2e)) .

Hence, (α1, α2, α3) ∈ Spin(8). Notice that

α23(π)(α1, α2, α3)(u2) = α23(α2(u2)) = α23(π)(−eu2) =
√

−1eu2 ,

α23(π)(α1, α2, α3)(
√

−1eu2) = α23(π)(α2(−
√

−1eu2)) = α23(π)(
√

−1u2) = −u2 .

It follows that

α23(π)(α1, α2, α3) ∈ Spin(2) · Spin(8) ⊂ (U(1) × (Spin(2) · Spin(8)))/Z4 = K2

induces a linear isometry of the maximal abelian subspace a of order 4 which is a π/2-rotation
of a, we obtain

α23(π)(α1, α2, α3) ∈ K[a]
and it is a generator of K[a]/K0

∼= Z4.
5.9. Description of the Casimir operator. Define 〈u, v〉u := −tr(uv) for each u, v ∈

e6 ⊂ gl(H3(K)C). Now the positive restricted root system is Σ+(U,K) = {2ξ1, 2ξ2, ξ1 +
ξ2, ξ1 − ξ2, ξ1, ξ2} and

Hξ1 = 1

12
(D(ū2) +

√
−1R(c4u2)) , Hξ2 = 1

12
(D(ū2) −

√
−1R(c4u2)) .

The square lengths of the restricted roots with respect to 〈 , 〉u are given by

‖γ ‖2
u = 1

3
,

1

6
or

1

12
.

Then the Casimir operator CL with respect to the induced metric G∗
g

std
Q30(C) can be expressed

as

(43) CL = 12 CK/K0 − 6 CK2/K0 − 3 CK1/K0 ,
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where CK/K0 , CK2/K0 and CK1/K0 are the Casimir operators of compact homogeneous spaces
K/K0, K2/K0 and K1/K0 relative to the K -invariant Riemannian metric induced from an
inner product 〈 , 〉u of E6.

5.10. Descriptions of D(K), D(K2), D(K1) and D(K0). A maximal torus T̃ 5 of
Spin(10) can be given by

T̃ 5 ={t̃ = (cos θ1 − e1e2 sin θ1) · (cos θ2 − e3e4 sin θ2) · (cos θ3 − e5e6 sin θ3)

· (cos θ4 − e7e8 sin θ4) · (cos θ5 − e9e10 sin θ5) | θi ∈ R (i = 1, 2, 3, 4, 5)} .

Under the standard universal Z2-covering map p : Spin(10) → SO(10) defined by

(p(α))x := α · x · tα ∈ R10 ⊂ Cl(R10)

for each α ∈ Spin(10) and each x ∈ R10, an element of the maximal torus T̃ 5 of Spin(10) is
mapped to an element in the maximal torus T 5 of SO(10) as

T̃ 5 ∋(cos θ1 − e1e2 sin θ1) · (cos θ2 − e3e4 sin θ2) · (cos θ3 − e5e6 sin θ3)

· (cos θ4 − e7e8 sin θ4) · (cos θ5 − e9e10 sin θ5)

�−→

⎛
⎜⎜⎜⎜⎜⎝

(
cos 2θ1 − sin 2θ1

sin 2θ1 cos 2θ1

)
0 0

0 · · · 0

0 0

(
cos 2θ5 − sin 2θ5

sin 2θ5 cos 2θ5

)

⎞
⎟⎟⎟⎟⎟⎠

∈ T 5 .

Hence we have the exponential map as follows:

exp : t̃ =t = {(θ1, θ2, θ3, θ4, θ5) | θi ∈ R (i = 1, 2, 3, 4, 5)}
−→ T̃ ={ (cos (θ1/2) − e1e2 sin (θ1/2)) · (cos (θ2/2) − e3e4 sin (θ2/2))

· (cos (θ3/2) − e5e6 sin (θ3/2)) · (cos (θ4/2) − e7e8 sin (θ4/2))

· (cos (θ5/2) − e9e10 sin (θ5/2))

| θi ∈ R (i = 1, 2, 3, 4, 5)} ⊂ Spin(10) .

Thus

Γ (Spin(10)) = {ξ = (θ1, θ2, θ3, θ4, θ5) ∈ t̃ | exp(ξ) = e}

={ξ = 2π (k1, k2, k3, k4, k5) | ki ∈ Z (i = 1, 2, 3, 4, 5),

5∑

i=1

ki ∈ 2Z} ⊂ Γ (SO(10)) .

Denote by yi (i = 1, . . . , 5) a linear function yi : t̃ ∋ t̃ �→ θi ∈ R. Then

D(Spin(10)) =
{
Λ = p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| (p1, . . . , p5) ∈ Z5 + ε(1, 1, 1, 1, 1), where ε = 0 or
1

2
,

p1 ≥ p2 ≥ p3 ≥ p4 ≥ |p5|
}

⊃ D(SO(10)) .
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A maximal torus TK of K = (U(1) × Spin(10))/Z4 can be given as follows:

TK =
{(

e
√

−1θ0,

(
cos

θ1

2
− e1e2 sin

θ1

2

)(
cos

θ2

2
− e3e4 sin

θ2

2

)

(
cos

θ3

2
− e5e6 sin

θ3

2

)(
cos

θ4

2
− e7e8 sin

θ4

2

)(
cos

θ5

2
− e9e10 sin

θ5

2

))

| θ0, . . . , θ5 ∈ R

}
/Z4 ,

where t0 = 2θ0, t1 = θ1, U(1) = {exp(t0
√

−1R(2e1 − e2 − e3)) | t0 ∈ R}, Spin(2) =
{exp(t1

√
−1R(e2 − e3)) | t1 ∈ R} and

Z4 := {(1, 1), (−1,−1), (
√

−1,−e1e2 · · · e10), (−
√

−1, e1e2 · · · e10)} .

The corresponding maximal abelian subalgebra t of k is

t = {(θ0, θ1, θ2, θ3, θ4, θ5) | θi ∈ R (i = 0, 1, 2, 3, 4, 5)} .

Then

Γ (K) =
{
ξ = 2π

(
k0

2
, k1, k2, k3, k4, k5

)
+ πε

(
1

2
, 1, 1, 1, 1, 1

)

| k0, k1, k2, k3, k4, k5 ∈ Z, ε = 0 or 1,

5∑

α=0

kα ∈ 2Z

}
,

D(K) =D((U(1) × Spin(10))/Z4)

=
{
Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| 1

2
p0 + p1 + p2 + p3 + p4 + p5 ∈ 2Z , p0 ∈ Z ,

(p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1) , ε = 0 or
1

2
,

p1 ≥ p2 ≥ p3 ≥ p4 ≥ |p5|
}

.
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Since TK is also a maximal torus of K2 = (U(1) × (Spin(2) · Spin(8)))/Z4 ⊂ K ,
Γ (K2) = Γ (K) and

D(K2) =D((U(1) × Spin(2) · Spin(8))/Z4)

=
{
Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ t∗

| 1

2
p0 + p1 + p2 + p3 + p4 + p5 ∈ 2Z , p0 ∈ Z ,

(p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1) , ε = 0 or
1

2
,

p2 ≥ p3 ≥ p4 ≥ |p5|
}

.

On the other hand, K2 = (S1 × (Spin(2) · Spin(8)))/Z4, where

S1 = {exp(t̂0
√

−1R(−e1 + 2e2 − e3)) | t̂0 ∈ R} ,

Spin(2) = {exp(t̂1
√

−1R(e3 − e1)) | t̂1 ∈ R}

and here Spin(2) · Spin(8) ⊂ (E6)e2
∼= Spin(10). Since

exp(t0
√

−1R(2e1 − e2 − e3)) · exp(t1
√

−1R(e2 − e3))

= exp

(
− t0 − t1

2

√
−1R(−e1 + 2e2 − e3)

)
· exp

(
−3t0 + t1

2

√
−1R(e3 − e1)

)
,

one can take t̂0 = − t0−t1
2 , t̂1 = − 3t0+t1

2 such that the maximal torus TK2 = TK of K2 can also
be described as

T̂K2 = TK2 = TK =
{
t̂ =

(
e
√

−1θ̂0,

(
cos

θ̂1

2
− e1e2 sin

θ̂1

2

)(
cos

θ̂2

2
− e3e4 sin

θ̂2

2

)

(
cos

θ̂3

2
− e5e6 sin

θ̂3

2

)(
cos

θ̂4

2
− e7e8 sin

θ̂4

2

)(
cos

θ̂5

2
− e9e10 sin

θ̂5

2

))

| θ̂0, . . . , θ̂5 ∈ R

}
/Z4 ,

where θ̂0 = t̂0/2, θ̂1 = t̂1. Taking account of the triality of Spin(8) = (E6)e1,e2,e3 ⊂ (E6)e1
∼=

(E6)e2
∼= Spin(10), we choose a new basis ŷi : t̂ �→ θ̂i for t∗ satisfying

ŷ0 = −1

2
y0 + 1

4
y1 , ŷ1 = −3y0 − 1

2
y1 , ŷ2 := 1

2
(y2 + y3 + y4 + y5) ,

ŷ3 := 1

2
(y2 + y3 − y4 − y5) , ŷ4 := 1

2
(y2 − y3 + y4 − y5) ,

ŷ5 := 1

2
(−y2 + y3 + y4 − y5) .
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Thus any Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + p5y5 ∈ D(K2) can also be written as
Λ = p̂0ŷ0 + p̂1ŷ1 + p̂2ŷ2 + p̂3ŷ3 + p̂4ŷ4 + p̂5ŷ5, where

p̂0 = − 1

2
p0 + 3p1 , p̂1 = −1

4
p0 − 1

2
p1 , p̂2 = 1

2
(p2 + p3 + p4 + p5) ,

p̂3 = 1

2
(p2 + p3 − p4 − p5) , p̂4 = 1

2
(p2 − p3 + p4 − p5) ,

p̂5 = 1

2
(−p2 + p3 + p4 − p5) .

Thus D(K2) has the following another expression:

D(K2) =D((S1 × Spin(2) · Spin(8))/Z4)

=
{
Λ = p̂0ŷ0 + p̂1ŷ1 + p̂2ŷ2 + p̂3ŷ3 + p̂4ŷ4 + p̂5ŷ5 ∈ t∗

| 1

2
p̂0 + p̂1 + p̂2 + p̂3 + p̂4 + p̂5 ∈ 2Z, p̂0 ∈ Z,

(p̂1, p̂2, p̂3, p̂4, p̂5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
,

p̂2 ≥ p̂3 ≥ p̂4 ≥ |p̂5|
}

.

Notice that the subgroup K1 = (S1 × (Spin(2) · (Spin(2) · Spin(6))))/Z4 also has
the same maximal torus TK1 = T̂K2 = TK2 = TK and the corresponding maximal abelian
subalgebra tk1 of k1 is

tk1 = t̂k2 = {(θ̂0, θ̂1, θ̂2, θ̂3, θ̂4, θ̂5) | θ̂i ∈ R (i = 0, 1, 2, 3, 4, 5)} = tk2 = t ,

we get

D(K1) =
{
Λ = p̂0ŷ0 + p̂1ŷ1 + p̂2ŷ2 + p̂3ŷ3 + p̂4ŷ4 + p̂5ŷ5 ∈ t∗k1

= t∗

| 1

2
p̂0 + p̂1 + p̂2 + p̂3 + p̂4 + p̂5 ∈ 2Z , p̂0 ∈ Z ,

(p̂1, p̂2, p̂3, p̂4, p̂5) ∈ Z5 + ε(1, 1, 1, 1, 1) , ε = 0 or
1

2
,

p̂3 ≥ p̂4 ≥ |p̂5|
}

.

Finally, the maximal torus of K0 = (S1 × Spin(6))/Z2 is given as follows:

TK0 =
{(

e
√

−1θ̂0,

(
cos

θ̂3

2
− e5e6 sin

θ̂3

2

)(
cos

θ̂4

2
− e7e8 sin

θ̂4

2

)

(
cos

θ̂5

2
− e9e10 sin

θ̂5

2

))
| θ̂i ∈ R (i = 0, 3, 4, 5)

}
/Z2 ⊂ T̂K2 = TK
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and the corresponding maximal abelian subalgebra of k0 is

tk0 = {(θ̂0, 0, 0, θ̂3, θ̂4, θ̂5) | θ̂i ∈ R (i = 0, 3, 4, 5)} ⊂ tk2 = t .

Then

D(K0) =
{
Λ = q̂0ŷ0 + q̂3ŷ3 + q̂4ŷ4 + q̂5ŷ5 ∈ t∗k0

| 1

2
q̂0 + q̂3 + q̂4 + q̂5 ∈ 2Z, q̂0 ∈ Z ,

(q̂3, q̂4, q̂5) ∈ Z3 + ε(1, 1, 1) , ε = 0 or
1

2
,

q̂3 ≥ q̂4 ≥ |q̂5|
}

.

5.11. Branching laws. Based on the branching laws of (SO(2n + 2), SO(2)×
SO(2n)) obtained by Tsukamoto ([24]), we formulate the following branching laws.

LEMMA 5.3 (Branching Law of (Spin(10), Spin(2) · Spin(8))). For each

Λ = p1y1 + p2y2 + p3y3 + p4y4 + δp5y5 ∈ D(Spin(10)) ,

with δ = 1 or − 1 and

(p1, p2, p3, p4, p5) ∈ Z5 + ε(1, 1, 1, 1, 1), ε = 0 or
1

2
,

p1 ≥ p2 ≥ p3 ≥ p4 ≥ p5 ≥ 0 ,

VΛ contains an irreducible Spin(2) · Spin(8)-module with the highest weight

Λ′ = q1y1 + q2y2 + q3y3 + q4y4 + δ′q5y5 ∈ D(Spin(2) · Spin(8))

with δ′ = 1 or − 1 and

(q1, q2, q3, q4, q5) ∈ Z5 + ε(1, 1, 1, 1, 1) , ε = 0 or
1

2
,

q2 ≥ q3 ≥ q4 ≥ q5 ≥ 0 ,

if and only if Λ′ satisfies the following conditions:

(1)

p1 + 1 > q2 > p3 − 1 ,

p2 + 1 > q3 > p4 − 1 ,

p3 + 1 > q4 > p5 − 1 ,

p4 + 1 > q5 ≥ 0 .

(2) The coefficient of Xq1 in the following power series expansion in X of

Xδδ′ℓ5

( 4∏

i=1

Xℓi+1 − X−ℓi−1

X − X−1

)
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does not vanish. Here

ℓ1 := p1 − max{p2, q2} ,

ℓ2 := min{p2, q2} − max{p3, q3} ,

ℓ3 := min{p3, q3} − max{p4, q4} ,

ℓ4 := min{p4, q4} − max{p5, q5} ,

ℓ5 := min{p5, q5} .

Moreover its multiplicity is equal to the coefficient of Xq1 .

LEMMA 5.4 (Branching Law of (Spin(8), Spin(2) · Spin(6))). For each

Λ = p2y2 + p3y3 + p4y4 + δp5y5 ∈ D(Spin(8)) ,

with δ = 1 or − 1 and

(p2, p3, p4, p5) ∈ Z4 + ε(1, 1, 1, 1), ε = 0 or
1

2
,

p2 ≥ p3 ≥ p4 ≥ p5 ≥ 0 ,

VΛ contains an irreducible Spin(2) · Spin(6)-module with the highest weight

Λ′ = q2y2 + q3y3 + q4y4 + δ′p5y5 ∈ D(Spin(2) · Spin(6))

with δ′ = 1 or − 1 and

(q2, q3, q4, q5) ∈ Z4 + ε(1, 1, 1, 1), ε = 0 or
1

2
,

q3 ≥ q4 ≥ q5 ≥ 0 ,

if and only if Λ′ satisfies the following conditions:

(1)

p2 + 1 > q3 > p4 − 1 ,

p3 + 1 > q4 > p5 − 1 ,

p4 + 1 > q5 ≥ 0 .

(2) The coefficient of Xq2

Xδδ′ℓ5

(
4∏

i=2

Xℓi+1 − X−ℓi−1

X − X−1

)

does not vanish. Here

ℓ2 := p2 − max{p3, q3} ,

ℓ3 := min{p3, q3} − max{p4, q4} ,

ℓ4 := min{p4, q4} − max{p5, q5} ,

ℓ5 := min{p5, q5} .

Moreover its multiplicity is equal to the coefficient of Xq2 .
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5.12. Description of D(K,K0). Let

Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + εp5y5 ∈ D(K) ,

Λ′ = p′
0y0 + p′

1y1 + p′
2y2 + p′

3y3 + p′
4y4 + ε′p′

5y5

= p̂′
0ŷ0 + p̂′

1ŷ1 + p̂′
2ŷ2 + p̂′

3ŷ3 + p̂′
4ŷ4 + ε̂′p̂′

5ŷ5 ∈ D(K2) ,

Λ′′ = p̂′′
0 ŷ0 + p̂′′

1 ŷ1 + p̂′′
2 ŷ2 + p̂′′

3 ŷ3 + p̂′′
4 ŷ4 + ε̂′′p̂′′

5 ŷ5 ∈ D(K1) ,

Λ′′′ = p̂′′′
0 ŷ0 + p̂′′′

3 ŷ3 + p̂′′′
4 ŷ4 + ε̂′′′p̂′′′

5 ŷ5 ∈ D(K0) .

Assume that the corresponding representation spaces satisfy

VΛ ⊃ WΛ′ ⊃ UΛ′′ = UΛ′′′ �= {0} .

Suppose that UΛ′′′ �= {0} is a trivial representation of K0, that is, Λ′′′ = 0. Then we have

p̂′′′
0 = p̂′′

0 = 0 , p̂′′′
3 = p̂′′

3 = 0 , p̂′′′
4 = p̂′′

4 = 0 , p̂′′′
5 = p̂′′

5 = 0 .

Thus Λ′′ = p̂′′
1 ŷ1 + p̂′′

2 ŷ2 ∈ D(K1) with p̂′′
1 , p̂′′

2 ∈ Z, p̂′′
1 + p̂′′

2 ∈ 2Z.
By the branching law of (Spin(8), Spin(2) · Spin(6)), we get

p̂′
2 ≥ p̂′′

3 = 0 ≥ p̂′
4 ,

p̂′
3 ≥ p̂′′

4 = 0 ≥ p̂′
5 ,

p̂′
4 ≥ p̂′′

5 = 0 ≥ 0 .

Thus (p̂′
4, p̂

′
5) = (0, 0) and p̂′

2 ≥ 0, p̂′
3 ≥ 0. It follows that

ℓ2 = p̂′
2 − max{p̂′

3, p̂
′′
3 } = p̂′

2 − max{p̂′
3, 0} = p̂′

2 − p̂′
3 ,

ℓ3 = min{p̂′
3, p̂

′′
3 } − max{p̂′

4, p̂
′′
4 } = min{p̂′

3, 0} − max{0, 0} = 0 − 0 = 0 ,

ℓ4 = min{p̂′
4, p̂

′′
4 } − max{p̂′

5, p̂
′′
5 } = min{0, 0} − max{0, 0} = 0 − 0 = 0 ,

ℓ5 = min{p̂′
5, p̂

′′
5 } = min{0, 0} = 0 .

Then the coefficient of Xp̂′′
2 in the (finite) power series expansion in X

Xε̂′ ε̂′′ℓ5

4∏

i=2

Xℓi+1 − X−ℓi−1

X − X−1
= Xp̂′

2−p̂′
3+1 − X−(p̂′

2−p̂′
3)−1

X − X−1

is equal to its multiplicity. Hence we have

−(p̂′
2 − p̂′

3) ≤ p̂′′
2 = p̂′

2 − p̂′
3 − 2i ≤ p̂′

2 − p̂′
3

for some i ∈ Z with 0 ≤ i ≤ p̂′
2 − p̂′

3. Moreover, p̂′
0 = p̂′′

0 = 0, p̂′
1 = p̂′′

1 . Thus we get

Λ′ = p̂′
1ŷ1 + p̂′

2ŷ2 + p̂′
3ŷ3 ∈ D(K2)

with

p̂′
1 = p̂′′

1 , p̂′
2, p̂

′
3 ∈ Z , p̂′

1 + p̂′
2 + p̂′

3 ∈ 2Z ,

− (p̂′
2 − p̂′

3) ≤ p̂′′
2 = p̂′

2 − p̂′
3 − 2i ≤ p̂′

2 − p̂′
3

for some i ∈ Z with 0 ≤ i ≤ p̂′
2 − p̂′

3. Therefore,

Λ′ = p′
0y0 + p′

1y1 + p′
2y2 + p′

3y3 + p′
4y4 + ε′p′

5y5 ∈ D(K2)
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with

p′
0 = −1

2
p̂′

0 − 3p̂′
1 = −3p̂′

1 ,

p′
1 = 1

4
p̂′

0 − 1

2
p̂′

1 = −1

2
p̂′

1 ,

p′
2 = 1

2
(p̂′

2 + p̂′
3 + p̂′

4 − ε̂′p̂′
5) = 1

2
(p̂′

2 + p̂′
3) ,

p′
3 = 1

2
(p̂′

2 + p̂′
3 − p̂′

4 + ε̂′p̂′
5) = 1

2
(p̂′

2 + p̂′
3) ,

p′
4 = 1

2
(p̂′

2 − p̂′
3 + p̂′

4 + ε̂′p̂′
5) = 1

2
(p̂′

2 − p̂′
3) ,

ε′p′
5 = 1

2
(p̂′

2 − p̂′
3 − p̂′

4 − ε̂′p̂′
5) = 1

2
(p̂′

2 − p̂′
3) .

In particular, ε′ = 1, p′
2 = p′

3 = 1
2 (p̂′

2 + p̂′
3), p′

4 = p′
5 = 1

2 (p̂′
2 − p̂′

3). Then p0 = p′
0 and by

the branching laws of (Spin(10), Spin(2) · Spin(8)), we get

p1 ≥ p′
2 ≥ p3 , p2 ≥ p′

3 = p′
2 ≥ p4 ,

p3 ≥ p′
4 ≥ p5 , p4 ≥ p′

5 = p′
4 ≥ 0 .

Thus p1 ≥ p2 ≥ p′
2 = p′

3 ≥ p3 ≥ p4 ≥ p′
4 = p′

5 ≥ p5 ≥ 0. It follows that

ℓ1 = p1 − max{p2, p
′
2} = p1 − p2 ,

ℓ2 = min{p2, p
′
2} − max{p3, p

′
3} = p′

2 − p′
3 = 0 ,

ℓ3 = min{p3, p
′
3} − max{p4, p

′
4} = p3 − p4 ,

ℓ4 = min{p4, p
′
4} − max{p5, p

′
5} = p′

4 − p′
5 = 0 ,

ℓ5 = min{p5, p
′
5} = p5 .

Then the coefficient of Xp′
1 = X− 1

2 p̂′
1 = X− 1

2 p̂′′
1 in the (finite) power series expansion in X

Xεε′ℓ5

4∏

i=1

Xℓi+1 − X−ℓi−1

X − X−1

=Xεε′p5
Xp1−p2+1 − X−(p1−p2+1)

X − X−1

Xp3−p4+1 − X−(p3−p4+1)

X − X−1

=Xεε′p5

p1−p2∑

i=0

p3−p4∑

j=0

X(p1−p2)+(p3−p4)−2(i+j)

is equal to its multiplicity. Then we have Λ = p0y0 +p1y1 +p2y2 +p3y3 +p4y4 + εp5y5 ∈
D(K,K0) with p0 = p′

0 = −3p̂′
1 = 6p′

1 ∈ 3Z.

5.13. Eigenvalue computation. Recall that the standard basis eα (α = 0, 1, . . . , 5)

of t = {(θ0, θ1, θ2, θ3, θ4, θ5) | θα ∈ R} corresponds to 2
√

−1R(2e1 − e2 − e3) ∈ u(1) and√
−1R(e2 −e3),D1,4,D1,12,D1,36,D1,57 ∈ spin(10), respectively. With respect to the inner

product 〈u, v〉u = −truv for u, v ∈ k ⊂ e6 ⊂ gl(H3(K)C),
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〈e0, e0〉 = 72 , 〈ei , ei〉 = 6 , 〈eα, eβ 〉 = 0

for 1 ≤ i ≤ 5 and 0 ≤ α �= β ≤ 5. It follows that the inner products of the dual bases
{y0, y1, y2, y3, y4, y5} of t∗ corresponding to {e0, e1, e2, e3, e4, e5} of t are given by

〈yα, yβ〉 = 0 , (0 ≤ α �= β ≤ 5) ,

〈y0, y0〉 = 1

72
, 〈yi , yj 〉 = 1

6
, (1 ≤ i �= j ≤ 5) .

For

Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + εp5y5 ∈ D(K,K0) ,

Λ′ = p0y0 + p0

6
y1 + p′

2y2 + p′
2y3 + p′

4y4 + p′
4y5

= −p0

3
ŷ1 + (p′

2 + p′
4)ŷ2 + (p′

2 − p′
4)ŷ3 ∈ D(K2,K0) ,

Λ′′ = −p0

3
ŷ1 + p̂′′

2 ŷ2 ∈ D(K1,K0) ,

the eigenvalue formulas of the Casimir operators CK/K0, CK2/K0 and CK1/K0 with respect
to the inner product 〈 , 〉u are given respectively by

−cΛ = 1

72
p2

0 + 1

6
{(p1 + 8)p1 + (p2 + 6)p2 + (p3 + 4)p3 + (p4 + 2)p4 + (p5)

2} ,

−cΛ′ = 1

72
(p′

0)
2 + 1

6
{(p′

1)
2 + (p′

2 + 6)p′
2 + (p′

3 + 4)p′
3 + (p′

4 + 2)p′
4 + (p′

5)
2}

= 1

72
(p̂′

0)
2 + 1

6
{(p̂′

1)
2 + (p̂′

2 + 6)p̂′
2 + (p̂′

3 + 4)p̂′
3 + (p̂′

4 + 2)p̂′
4 + (p̂′

5)
2}

= 1

72
(p0)

2 + 1

6

{(
1

6
p0

)2

+ (p′
2 + 6)p′

2 + (p′
2 + 4)p′

2 + (p′
4 + 2)p′

4 + (p′
4)

2

}
,

−cΛ′′ = 1

72
(p̂′′

0 )2 + 1

6
{(p̂′′

1 )2 + (p̂′′
2 )2 + (p̂′′

3 + 4)p̂′′
3 + (p̂′′

4 + 2)p̂′′
4 + (p̂′′

5 )2}

= 1

6

{(
1

3
p0

)2

+ (p̂′′
2 )2

}
.
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Then for each Λ ∈ D(K,K0), we have the following eigenvalue formulas

−cL = −12cΛ + 6cΛ′ + 3cΛ′′

= 2{(p1 + 8)p1 + (p2 + 6)p2 + (p3 + 4)p3 + (p4 + 2)p4 + (p5)
2}

− {(p′
2 + 6)p′

2 + (p′
2 + 4)p′

2 + (p′
4 + 2)p′

4 + (p′
4)

2} − 1

2
(p̂′′

2 )2

= 2(p1 + 8)p1 + 2((p2)
2 − (p′

2)
2) + 12p2 − 10p′

2 + 2(p3)
2 + 8p3

+ 2((p4)
2 − (p′

4)
2) + 4p4 − 2p′

4 + 2(p5)
2 − 1

2
(p̂′′

2)2

= 2(p1 + 8)p1 + 2((p2)
2 − (p′

2)
2) + 2p2 + 10(p2 − p′

2) + 2(p3)
2 + 8p3

+ 2((p4)
2 − (p′

4)
2) + 2p4 + 2(p4 − p′

4) + 2(p5)
2 − 1

2
(p̂′′

2 )2

≥ 2(p1 + 8)p1 + 2p2 + 2(p3)
2 − 1

2
(p̂′′

2 )2 + 8p3 + 2p4 + 2(p5)
2

= 2(p1 + 8)p1 + 2p2 + (2(p′
5)

2 − 1

2
(p̂′′

2 )2) + 8p3 + 2p4 + 2(p5)
2

≥ 2(p1 + 8)p1 + 2p2 + 8p3 + 2p4 + 2(p5)
2 ,

(44)

where the equalities hold if and only if p2 = p′
2, p4 = p′

4, 2p3 = 2p4 = 2p′
4 = 2p′

5 = |p̂′′
2 |

since we have

p1 ≥ p2 ≥ p′
2 = p′

3 ≥ p3 ≥ p4 ≥ p′
4 = p′

5 ≥ p5 ≥ 0 ,

− 2p′
4 = −2p′

5 = −(p̂′
2 − p̂′

3) ≤ p̂′′
2 ≤ p̂′

2 − p̂′
3 = 2p′

5 = 2p′
4 .

Notice that if p1 = 0, then −cL = 0 and if p1 ≥ 2, then −cL ≥ 40 > 30. In case
p1 = 3/2, the possible Λ = (p0, p1, p2, p3, p4, p5) ∈ D(K,K0) are
(

p0,
3

2
,

3

2
,

3

2
,

3

2
,

3

2

)
,

(
p0,

3

2
,

3

2
,

3

2
,

3

2
,−3

2

)
,

(
p0,

3

2
,

3

2
,

3

2
,

3

2
,

1

2

)
,

(
p0,

3

2
,

3

2
,

3

2
,

3

2
,−1

2

)
,

(
p0,

3

2
,

3

2
,

3

2
,

1

2
,

1

2

)
,

(
p0,

3

2
,

3

2
,

3

2
,

1

2
,−1

2

)
,

(
p0,

3

2
,

3

2
,

1

2
,

1

2
,

1

2

)
,

(
p0,

3

2
,

3

2
,

1

2
,

1

2
,−1

2

)
,

(
p0,

3

2
,

1

2
,

1

2
,

1

2
,

1

2

)
,

(
p0,

3

2
,

1

2
,

1

2
,

1

2
,−1

2

)
.

In these cases, the eigenvalue of the Casimir operator CL is given by

−cL ≥2(p1 + 8)p1 + 2p2 + 8p3 + 2p4 + 2(p5)
2

≥2 ·
(

3

2
+ 8

)
· 3

2
+ 2 · 1

2
+ 8 · 1

2
+ 2 · 1

2
+ 2 ·

(
1

2

)2

=35 > 30.

Hence in order to determine the Hamiltonian stability, i.e., to compare the first eigenvalue
−cL and 30, we have only to treat the cases when p1 = 1/2 or 1.
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TABLE 5. Small eigenvalues of −CL for L = U(1) · Spin(10)/(S1 · Spin(6) · Z4).

Λ Λ′ Λ′′ −cL

3, 1
2 , 1

2 , 1
2 , 1

2 , 1
2 3, 1

2 , 1
2 , 1

2 , 1
2 , 1

2 0,−1, 1, 0, 0, 0 15

3, 1
2 , 1

2 , 1
2 , 1

2 , 1
2 3, 1

2 , 1
2 , 1

2 , 1
2 , 1

2 0,−1,−1, 0, 0, 0 15

−3, 1
2 , 1

2 , 1
2 , 1

2 ,− 1
2 −3,− 1

2 , 1
2 , 1

2 , 1
2 , 1

2 0, 1, 1, 0, 0, 0 15

−3, 1
2 , 1

2 , 1
2 , 1

2 ,− 1
2 −3,− 1

2 , 1
2 , 1

2 , 1
2 , 1

2 0, 1,−1, 0, 0, 0 15

6, 1, 0, 0, 0, 0 6, 1, 0, 0, 0, 0 0,−2, 0, 0, 0, 0 18

−6, 1, 0, 0, 0, 0 −6,−1, 0, 0, 0, 0 0, 2, 0, 0, 0, 0 18

0, 1, 1, 0, 0, 0 0, 0, 0, 0, 0, 0 0, 0, 0, 0, 0, 0 32

0, 1, 1, 0, 0, 0 0, 0, 1, 1, 0, 0 0, 0, 0, 0, 0, 0 20

6, 1, 1, 1, 0, 0 6, 1, 1, 1, 0, 0 0,−2, 0, 0, 0, 0 30

−6, 1, 1, 1, 0, 0 −6,−1, 1, 1, 0, 0 0, 2, 0, 0, 0, 0 30

0, 1, 1, 1, 1, 0 0, 0, 1, 1, 0, 0 0, 0, 0, 0, 0, 0 36

0, 1, 1, 1, 1, 0 0, 0, 1, 1, 1, 1 0, 0, 0, 0, 0, 0 32

0, 1, 1, 1, 1, 0 0, 0, 1, 1, 1, 1 0, 0, 2, 0, 0, 0 30

0, 1, 1, 1, 1, 0 0, 0, 1, 1, 1, 1 0, 0,−2, 0, 0, 0 30

6, 1, 1, 1, 1, 1 6, 1, 1, 1, 1, 1 0,−2, 2, 0, 0, 0 32

6, 1, 1, 1, 1, 1 6, 1, 1, 1, 1, 1 0,−2,−2, 0, 0, 0 32

6, 1, 1, 1, 1, 1 6, 1, 1, 1, 1, 1 0,−2, 0, 0, 0, 0 34

−6, 1, 1, 1, 1,−1 −6,−1, 1, 1, 1, 1 0, 2, 2, 0, 0, 0 32

−6, 1, 1, 1, 1,−1 −6,−1, 1, 1, 1, 1 0, 2,−2, 0, 0, 0 32

−6, 1, 1, 1, 1,−1 −6,−1, 1, 1, 1, 1 0, 2, 0, 0, 0, 0 34

It follows from the description of D(K,K0) in Section 5.12 that the element in D(K,K0).

when p1 = 1/2 is given by
(

p0,
1

2
,

1

2
,

1

2
,

1

2
,

1

2

)
or

(
p0,

1

2
,

1

2
,

1

2
,

1

2
,−1

2

)

and the element in D(K,K0) for p1 = 1 is given by

(p0, 1, 0, 0, 0, 0) , (p0, 1, 1, 0, 0, 0) , (p0, 1, 1, 1, 0, 0) ,

(p0, 1, 1, 1, 1, 0) , (p0, 1, 1, 1, 1, 1) or (p0, 1, 1, 1, 1,−1) .

Using the branching laws, the descriptions of D(K2,K0), D(K1,K0) in Section 5.12 and
the eigenvalue formula (44), by direct computation we get the following small eigenvalues in
Table 5. Here, Λ = (p0, p1, p2, p3, p4, p5) ∈ D(K,K0), Λ′ = (p′

0, p
′
1, p

′
2, p

′
3, p

′
4, p

′
5) ∈

D(K2,K0) and Λ′′ = (p̂′′
0 , p̂′′

1 , p̂′′
2 , p̂′′

3 , p̂′′
4 , p̂′′

5 ) ∈ D(K1,K0). The next lemma follows from
Table 5.
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LEMMA 5.5. Λ = p0y0 + p1y1 + p2y2 + p3y3 + p4y4 + εp5y5 ∈ D(K,K0) has

eigenvalue −cL ≤ 30 if and only if (p0, p1, p2, p3, p4, p5) is one of

{
0,

(
3,

1

2
,

1

2
,

1

2
,

1

2
,

1

2

)
,

(
−3,

1

2
,

1

2
,

1

2
,

1

2
,−1

2

)
, (6, 1, 0, 0, 0, 0) , (−6, 1, 0, 0, 0, 0)

(0, 1, 1, 0, 0, 0) , (6, 1, 1, 1, 0, 0) , (−6, 1, 1, 1, 0, 0) , (0, 1, 1, 1, 1, 0)

}
.

Since Λ1 = (3, 1
2 , 1

2 , 1
2 , 1

2 , 1
2 ) corresponds to the complexified isotropy representation of

EIII and it is conjugate to Λ2 = (−3, 1
2 , 1

2 , 1
2 , 1

2 ,− 1
2 ), we see that Λ1,Λ2 �∈ D(K,K[a]).

Suppose that Λ = (p0, p1, p2, p3, p4, p5) = (6, 1, 0, 0, 0, 0) ∈ D(K,K0). Then by
the branching laws we get Λ′ = 6y0 + y1 ∈ D(K2,K0), Λ′′ = −2ŷ1 ∈ D(K1,K0) and
Λ′′′ = 0 ∈ D(K0). Hence, the eigenvalue of the Casimir operator is −cL = 18 < 30.

On the other hand,

VΛ
∼=

⎧
⎨
⎩

⎛
⎝

0 0 0
0 ξ2 x1

0 x̄1 ξ3

⎞
⎠ | ξ2, ξ3 ∈ C, x1 ∈ KC

⎫
⎬
⎭

∼= C10

⊃ WΛ′ = UΛ′′ = UΛ′′′ = (VΛ)K0

and ρΛ = μ6 ⊠σC10 , where σC10 denotes the standard representation of SO(10), and for each
φ(θ) ∈ U(1),

μ6(φ(θ))

⎛
⎝

0 0 0
0 ξ2 x1

0 x̄1 ξ3

⎞
⎠ = θ−6

⎛
⎝

0 0 0
0 ξ2 x1

0 x̄1 ξ3

⎞
⎠ ,

where θ = e
√

−1t0/2. Since for any exp(t̂0
√

−1R(e1 − 2e2 + e3)) ∈ S1 ⊂ K0,

exp(t̂0
√

−1R(e1 − 2e2 + e3))

= exp

(
t̂0

1

2

√
−1R(2e1 − e2 − e3)

)
exp

(
−t̂0

3

2

√
−1R(e2 − e3)

)

∈ U(1) · Spin(2) ⊂ K ,
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we compute

ρΛ(exp(t̂0
√

−1R(e1 − 2e2 + e3)))

⎛
⎝

0 0 0
0 ξ2 x1

0 x̄1 ξ3

⎞
⎠

=(μ6 ⊠ σC10)(exp(t̂0
√

−1R(e1 − 2e2 + e3)))

⎛
⎝

0 0 0
0 ξ2 x1

0 x̄1 ξ3

⎞
⎠

=μ6

(
exp

(
t̂0

1

2

√
−1R(2e1 − e2 − e3)

))
α23

(
−t̂0

3

2

)⎛
⎝

0 0 0
0 ξ2 x1

0 x̄1 ξ3

⎞
⎠

=(e
√

−1 1
2 t̂0

1
2 )−6

⎛
⎜⎝

0 0 0

0 e−
√

−1t̂0
3
2 ξ2 x1

0 x̄1 e
√

−1t̂0
3
2 ξ3

⎞
⎟⎠

=e−
√

−1 3
2 t̂0

⎛
⎜⎝

0 0 0

0 e−
√

−1t̂0
3
2 ξ2 x1

0 x̄1 e
√

−1t̂0
3
2 ξ3

⎞
⎟⎠

=

⎛
⎜⎝

0 0 0

0 e−
√

−13t̂0ξ2 e−
√

−1 3
2 t̂0x1

0 e−
√

−1 3
2 t̂0 x̄1 ξ3

⎞
⎟⎠ .

In particular,

ρΛ(exp(t̂0
√

−1R(e1 − 2e2 + e3)))

⎛
⎝

0 0 0
0 0 0
0 0 ξ3

⎞
⎠ =

⎛
⎝

0 0 0
0 0 0
0 0 ξ3

⎞
⎠

for each t̂0 ∈ R. Hence,

(VΛ)K0
∼=

⎧
⎨
⎩

⎛
⎝

0 0 0
0 0 0
0 0 ξ3

⎞
⎠ | ξ3 ∈ C

⎫
⎬
⎭ .

But as a generator of Z4 of K[a], the action of α23(π)(α1, α2, α3) ∈ K[a] given by (42) is

ρΛ(α23(π)(α1, α2, α3))

⎛
⎝

0 0 0
0 0 0
0 0 ξ3

⎞
⎠

=(α23(π))

⎛
⎝

0 0 0
0 0 0
0 0 ξ3

⎞
⎠ =

⎛
⎝

0 0 0
0 0 0
0 0 −ξ3

⎞
⎠ .

Therefore (VΛ)K[a] = {0} and Λ = 6y0 + y1 �∈ D(K,K[a]). Similarly, Λ = −6y0 + y1 �∈
D(K,K[a]).
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Suppose Λ = (p0, p1, p2, p3, p4, p5) = (0, 1, 1, 0, 0, 0) ∈ D(K,K0). Then by the
branching laws we get

Λ′ = (p′
0, p

′
1, p

′
2, p

′
3, p

′
4, p

′
5) = (0, 0, 1, 1, 0, 0) ∈ D(K2,K0) ,

Λ′′ = (p̂′′
0 , p̂′′

1 , p̂′′
2 , p̂′′

3 , p̂′′
4 , p̂′′

5 ) = (0, 0, 0, 0, 0, 0) ∈ D(K1,K0) .

Here ρ′
Λ′ = Id ⊠ Id ⊠ AdC

Spin(8) = Id ⊠ Id ⊠ AdC
SO(8) ∈ D(K2). Notice that WΛ′ = o(8)C =

o(2)C ⊕ o(6)C ⊕ M(2, 6; R)C, and the subgroups U(1) and Spin(2) of K2 = (U(1) ×
(Spin(2) · Spin(8))/Z4 act trivially on o(8)C. The subgroup Spin(6) of Spin(2) · Spin(6)

acts trivially on o(2)C, hence (WΛ′)K0 = o(2)C. For α23(π)(α1, α2, α3) ∈ K[a] a generator
of Z4 given in (42), α23(π) and (α1, α2, α3) commute to each other. α23(π) ∈ Spin(2) acts
trivially on o(2)C. α2 of (α1, α2, α3) acts on R1 + Re as

(
0 −1

−1 0

)
and preserves the vector

subspace orthogonally complementary to R1 + Re in K ∼= R8. Thus the Spin(2)-factor of
(α1, α2, α3) in Spin(2) · Spin(6) corresponds to

(
0 −1

−1 0

)
∈ O(2). Since its adjoint action

on o(2)C is −Id, the adjoint action of (α1, α2, α3) ∈ Spin(8) is not trivial on o(2)C. Hence
(WΛ′ )K[a] = {0} and in particular we obtain Λ = y1 + y2 �∈ D(K,K[a]).

Suppose Λ=(p0, p1, p2, p3, p4, p5) = (6, 1, 1, 1, 0, 0) ∈ D(K,K0). Then dimC VΛ =
120. By the branching laws we get Λ′ = 6y0 +y1 +y2 +y3 = −2ŷ1 + ŷ2 + ŷ3 ∈ D(K2,K0),
Λ′′ = −2ŷ1 ∈ D(K1,K0) and Λ′′′ = 0 ∈ D(K0). Hence, the eigenvalue of the Casimir
operator is −cL = 30.

On the other hand, ρ′
Λ′ = Id ⊠ μ−2 ⊠ AdC

Spin(8) = Id ⊠ μ−2 ⊠ AdC
SO(8) ∈ D(K2).

Here WΛ′ = o(8)C = o(2)C ⊕ o(6)C ⊕ M(2, 6; R)C. Same as the previous case, we get
(WΛ′ )K0 = o(2)C. Notice that for the generator α23(π)(α1, α2, α3) of Z4 in K[a] given by
(42), the action of α23(π) ∈ Spin(2) on H3(K

C) is given by

⎛
⎝

ξ1 x3 x̄2

x̄3 ξ2 x1

x2 x̄1 ξ3

⎞
⎠ �→

⎛
⎜⎜⎜⎝

ξ1
√

−1x3 −
√

−1x̄2

√
−1x̄3 −ξ2 x1

−
√

−1x2 x̄1 −ξ3

⎞
⎟⎟⎟⎠ .

In particular, α23(π) transforms u2 to −
√

−1u2 and eu2 to −
√

−1eu2, which says that α23(π)

acts on o(2) ∼= R1 + Re as the matrix multiplication by
(−

√
−1 0

0 −
√

−1

)
. Thus μ−2(α23(π))

acts on o(2) ∼= R1 + Re is just the matrix multiplication by −Id. On the other hand, α2 of
(α1, α2, α3) acts on R1+Re as

(
0 −1

−1 0

)
. Thus the Spin(2)-factor of (α1, α2, α3) in Spin(2) ·

Spin(6) corresponds to
(

0 −1
−1 0

)
∈ O(2). Hence its adjoint action on o(2)C is −Id. Therefore,

(VΛ)K[a] = o(2)C, i.e., Λ = 6y0+y1+y2+y3 ∈ D(K,K[a]) = o(2)C. Thus Λ = 6y0+y1+
y2 +y3 ∈ D(K,K[a]) with multiplicity 1. Similarly, Λ = −6y0 +y1 +y2 +y3 ∈ D(K,K[a])
with multiplicity 1.
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Suppose Λ = (p0, p1, p2, p3, p4, p5) = (0, 1, 1, 1, 1, 0)∈D(K,K0). Then dimC VΛ =
210. By Subsection 5.12, we describe explicitly (VΛ)K0 as follows:

(VΛ(0,1,1,1,1,0))K0

= WΛ′
1(0,0,1,1,1,1) ∩(VΛ)K0 ⊕ WΛ′

2(0,0,1,1,0,0) ∩ (VΛ)K0

= (UΛ′′
1 (0,0,0,0,0,0) ⊕UΛ′′

1 (0,0,2,0,0,0) ⊕ UΛ′′
1(0,0,−2,0,0,0))K0 ⊕ UΛ′′

2 (0,0,0,0,0,0) .

Then the Casimir operator −CL has eigenvalues −cL = 32, 30, 30 or 36 along this decompo-
sition.

On the other hand, Λ′
1 = 2ŷ2 ∈ D(K2,K0), WΛ′

1
∼= S2

0 (C8) ∼= S2
0 (K8) and

WΛ′
1
∩ (VΛ)K0 = UΛ′′

1(0,0,0,0,0,0) ⊕ (UΛ′′
1 (0,0,2,0,0,0))K0 ⊕ (UΛ′′

1(0,0,−2,0,0,0))K0 .

Recall that {1, c1, . . . , c7} denote the standard basis of the Cayley algebra K and e := c4.
Then

3(1 · 1 + e · e) − (c1 · c1 + c2 · c2 + c3 · c3 + c5 · c5 + c6 · c6 + c7 · c7) ∈ S2
0 (KC) .

For any A =
(

cos t − sin t
sin t cos t

)
∈ SO(2), A(1, e) = (1, e)

(
cos t − sin t
sin t cos t

)
. Hence

A(1 · 1) =(cos t1 + sin te) · (cos t1 + sin te)

= cos2 t (1 · 1) + sin2 t (e · e) + 2 sin t cos t (1 · e) ,

A(e · e) =(− sin t1 + cos te) · (− sin t1 + cos te)

= sin2 t (1 · 1) + cos2 t (e · e) − 2 sin t cos t (1 · e) ,

A(1 · e) =(cos t1 + sin te) · (− sin t1 + cos te)

= − 1

2
sin 2t(1 · 1 − e · e) + cos 2t(1 · e) .

In particular, A(1 · 1 + e · e) = 1 · 1 + e · e and

A(3(1 · 1 + e · e) − (c1 · c1 + c2 · c2 + c3 · c3 + c5 · c5 + c6 · c6 + c7 · c7))

= 3(1 · 1 + e · e) − (c1 · c1 + c2 · c2 + c3 · c3 + c5 · c5 + c6 · c6 + c7 · c7) .

Thus, 3(1 · 1 + e · e) − (c1 · c1 + c2 · c2 + c3 · c3 + c5 · c5 + c6 · c6 + c7 · c7) ∈ UΛ′′(0,0,0,0,0,0).
On the other hand, 1 · 1 − e · e − 2

√
−1(1 · e), 1 · 1 − e · e + 2

√
−1(1 · e) ∈ S2

0 (KC), and we
see that

A(1 · 1 − e · e − 2
√

−11 · e) = e
√

−12t (1 · 1 − e · e − 2
√

−11 · e) ,

A(1 · 1 − e · e + 2
√

−11 · e) = e−
√

−12t (1 · 1 − e · e + 2
√

−11 · e) .

Hence, 1 · 1 − e · e − 2
√

−11 · e ∈ UΛ′′(0,0,2,0,0,0), 1 · 1 − e · e + 2
√

−11 · e ∈ UΛ′′(0,0,−2,0,0,0).
Therefore,

(VΛ)K0 ∩ WΛ′
1

= C(3(1 · 1 + e · e) − (c1 · c1 + c2 · c2 + c3 · c3 + c5 · c5 + c6 · c6 + c7 · c7))

⊕C(1 · 1 − e · e − 2
√

−11 · e) ⊕ C(1 · 1 − e · e + 2
√

−11 · e) .
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Since the action of the generator α23(π)(α1, α2, α3) is given by

(α23(π)(α1, α2, α3))(2
√

−1(1 · e)) = 2(
√

−1e · (−1)) = −2
√

−1(1 · e) ,

(α23(π)(α1, α2, α3))(1 · 1 − e · e) = 1 · 1 − e · e ,

(α23(π)(α1, α2, α3))(1 · 1 + e · e) = −(1 · 1 + e · e) ,

we obtain

(VΛ)K[a] ∩ WΛ′
1

= C(1 · 1 − e · e) ,

and thus Λ = y1 + y2 + y3 + y4 ∈ D(K,K[a]), which has eigenvalue 30 of −CL with the
multiplicity 1. Therefore,

n(L30) = dimC V(6,1,1,1,0,0) + dimC V(−6,1,1,1,0,0) + dimC V(0,1,1,1,0,0)

= 120 + 120 + 210 = 450

= dim SO(32) − dim U(1) · Spin(10) = nkl(L
30) .

Then we conclude that

THEOREM 5.6. The Gauss image

L30 = (U(1) · Spin(10))/(S1 · Spin(6) · Z4) ⊂ Q30(C)

is strictly Hamiltonian stable.

Combining with the results on Hamiltonian stabilities of Gauss images of all homoge-
neous isoparametric hypersurfaces, we obtain our main theorem.
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