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Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

For an oriented Riemannian manifold M of dimension n, given G a Lie
subgroup of SO(n), M is said to be equipped with a G -structure, if there
exists a subbundle G(M), with structure group G , of the oriented orthonormal
frame bundle SO(M) .
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Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

For an oriented Riemannian manifold M of dimension n, given G a Lie
subgroup of SO(n), M is said to be equipped with a G -structure, if there
exists a subbundle G(M), with structure group G , of the oriented orthonormal
frame bundle SO(M) .

G dim M name of the G -structure

U(n) 2n almost Hermitian
SU(n) 2n special almost Hermitian
U(n)× 1 2n + 1 almost contact metric
Sp(n) 4n almost hyperHermitian
Sp(n) Sp(1) 4n almost quaternion Hermitian
G2 7 G2-structure
Spin(7) 8 Spin(7)-structure
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Harmonic almost contact structures

Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

For a fixed G ,

’which are the best G -structures on a given Riemannian manifold (M, 〈·, ·〉)?’

(M, 〈·, ·〉M), (N, 〈·, ·〉N)

f : M → N

For M compact and oriented, the energy of f is given by:

E(f ) =
1

2

∫
M

‖f∗‖2dv

‖f∗‖2 = 〈f∗ei , f∗ei 〉N
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Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

E(f ) =
1

2

∫
M

‖f∗‖2dv

Tension field
τ(f ) = ∇̃ei (f∗ei )− f∗∇ei ei ,

where ∇̃ is the induced connection by ∇N on f ∗TN

the pullback bundle f ∗TN = {(m, X̃ ), m ∈ M and X̃ ∈ Tf (m)N}

f harmonic map if and only if τ(f ) = 0

J. Eells and J. H. Sampson, Harmonic mappings of Riemannian manifolds,
Amer. J. Math. 86 (1964), 109-160.
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Harmonic almost contact structures

Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

(M, 〈·, ·〉) compact and oriented, G ⊆ SO(n), G closed and connected

G(M) ⊆ SO(M)

The presence of a G -structure is equivalent to the presence of a section

σ : M → SO(M)/G

〈A,B〉SO(M)/G = 〈π∗A, π∗B〉+ 〈φA, φB〉.

The energy of a G -structure σ

E(σ) =
1

2

∫
M

‖σ∗‖2dv

C. M. Wood, Harmonic sections of homogeneous fibre bundles, Differential
Geom. Appl. 19 (2003), 193-210
J. C. González-Dávila and FMC, Harmonic G -structures, Math. Proc.
Cambridge Philos. Soc. (to appear). arXiv:math.DG/0706.0116
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Energy of a G-structure

Harmonic almost contact structures

Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

so(n) = g⊕m, 〈ϕ1, ϕ2〉 = 〈ϕ1(ui ), ϕ2(ui )〉

(g .ϕ)(x) = gϕ(g−1x), x ∈ Rn

so(M) = gσ ⊕mσ,

G -connection: ∇̃, torsion: ξ̃X = ∇̃X −∇X ∈ so(M)

ξ̃X = (ξ̃X )gσ + (ξ̃X )mσ

minimal connection of σ: ∇G
X = ∇̃X − (ξ̃X )gσ

intrinsic torsion of σ: ξGX = (ξ̃X )mσ = ∇G
X −∇X ∈ mσ
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Harmonic almost contact structures

Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

For a G -structure σ:

minimal connection ∇G , intrinsic torsion ξG ∈ T ∗M ⊗mσ

∇G = ∇+ ξG ,

S. Salamon, Riemannian Geometry and Holonomy Groups, Pitman
Research Notes in Math. Series, 201, Longman (1989).

R. L. Bryant, Metrics with expceptional holonomy, Ann. of
Math. 126 (1987), 525–576.

R. Cleyton and A. F. Swann, Einstein metrics via intrinsic or
parallel torsion, Math. Z. 247 no. 3(2004), 513–528.
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Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

SO(M)/G as a Riemannian manifold

SO(M)
πSO(n)−→ M SO(M)

πG−→ SO(M)/G

TSO(M)/G = V⊕H

V = πG∗(ker πSO(n)∗) H = πG∗(kerω)

ω : TSO(M)→ so(n) is the connection one-form of the Levi
Civita connection ∇

J. C. González-Dávila and F. Mart́ın Cabrera Harmonic almost contact structures via the intrinsic torsion
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Energy of a G-structure

Harmonic almost contact structures

Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

SO(M)/G
π−→ M

π∗so(M) = SO(M)×G so(n) = gSO(M) ⊕mSO(M),

where gSO(M) = SO(M)×G g and mSO(M) = SO(M)×G m.

A fibred metric on π∗so(M) is defined by

〈(pG , ϕm), (pG , ψm)〉 = 〈ϕm, ψm〉
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Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

φ|VpG
: VpG →

(
mSO(M)

)
pG

Any vector in VpG is given by πG∗p(a∗p), for some a = (aji ) ∈ m

φ|VpG
(πG∗p(a∗p)) = (pG , aji p(ui )

[ ⊗ p(uj))

p is an orthonormal frame on m ∈ M, p : Rn → TmM, and
ui = (0, . . . , 1, . . . , 0) ∈ Rn.
Extending φ to TpGSO(M)/G , by saying φ|HpG

= 0, one can define

〈A,B〉SO(M)/G = 〈π∗A, π∗B〉+ 〈φA, φB〉

π : SO(M)/G → M is a Riemannian submersion with totally
geodesic fibres [Vilms] (Besse’s book)
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Energy of a G-structure

Harmonic almost contact structures

Energy of a map between Riemannian manifolds
G -structures
SO(M)/G as a Riemannian manifold

〈A,B〉SO(M)/G = 〈π∗A, π∗B〉+ 〈φA, φB〉

π : SO(M)/G → M is a Riemannian submersion with totally
geodesic fibres

E(σ) =
1

2

∫
M
‖σ∗‖2dv =

n

2
Vol(M) +

1

2

∫
M
‖φσ∗‖2dv
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Harmonic almost contact structures

Energy of a G-structure σ : M → SO(M)/G
the first variation formula
Harmonic G-structures

E(σ) =
1

2

∫
M
‖σ∗‖2dv =

n

2
Vol(M) +

1

2

∫
M
‖φσ∗‖2dv .

φ σ∗ = −ξG

Total bending

B(σ) =
1

2

∫
M
‖φσ∗‖2dv =

1

2

∫
M
‖ξG‖2dv
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Harmonic almost contact structures

Energy of a G-structure σ : M → SO(M)/G
the first variation formula
Harmonic G-structures

t → σt ∈ Γ∞(SO(M)/G ) variation such that σ0 = σ
variation field m→ ϕ(m) = d

dt |t=0
σt(m), ϕ ∈ Γ∞(σ∗V).

Therefore, Γ∞(σ∗V) ∼= TσΓ∞(SO(M)/G )

σ∗V ∼= σ∗mSO(M)
∼= mσ

Then TσΓ∞(SO(M)/G ) ∼= Γ∞(mσ)

The first variation formula

If σ is a G -structure, then, for all
ϕ ∈ Γ∞(mσ) ∼= TσΓ∞(SO(M)/G ), we have

dEσ(ϕ) = −
∫

M
〈ξG ,∇ϕ〉dv = −

∫
M
〈d∗ξG , ϕ〉dv ,

where ξG is the intrinsic torsion of σ.
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Energy of a G-structure σ : M → SO(M)/G
the first variation formula
Harmonic G-structures

Harmonic G-structures

The coderivative d∗ξG is a global section of mσ and is given by

d∗ξG = −(∇ei ξ
G )ei = −(∇G

ei
ξG )ei − ξ

G
ξG
ei

ei
.

the following conditions are equivalent:

(i) σ is a critical point for the energy functional on
Γ∞(SO(M)/G ).

(ii) d∗ξG = 0.

(iii) (∇G
ei
ξG )ei = −ξG

ξG
ei

ei
.
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Harmonic almost contact structures

Energy of a G-structure σ : M → SO(M)/G
the first variation formula
Harmonic G-structures

(∇Xσ∗) (Y ) = ∇q
Xσ∗Y − σ∗(∇XY ),

If σ is a G -structure on (M, 〈·, ·〉), then:

(a) φ(∇Xσ∗)Y = − 1
2

(
(∇X ξ

G )Y + (∇Y ξ
G )X

)
.

(b) 2〈π∗(∇Xσ∗)Y ,Z〉 = 〈ξG
X ,R(Y ,Z)〉+ 〈ξG

Y ,R(X ,Z)〉.

τ(σ) = (∇eiσ∗) (ei ), π∗τ(σ) = 〈ξGei
,R(ei , ·)〉], φτ(σ) = d∗ξG

A G -structure σ on a closed and oriented Riemannian manifold
(M, 〈·, ·〉) is harmonic as a map if and only if σ is a harmonic
G -structure such that

〈ξGei
,R(ei , ·)〉 = 0.

J. C. González-Dávila and F. Mart́ın Cabrera Harmonic almost contact structures via the intrinsic torsion



Introduction
Energy of a G-structure

Harmonic almost contact structures

Energy of a G-structure σ : M → SO(M)/G
the first variation formula
Harmonic G-structures

∇∗∇Ψ = −
(
∇2Ψ

)
ei ,ei

, (∇2Ψ)X ,Y = ∇X (∇Y Ψ)−∇∇X Y Ψ

Let (M, 〈·, ·〉) be an oriented Riemannian n-manifold equipped with
a G -structure, where the Lie group G is closed, connected and
G ⊆ SO(n). If Ψ is a (r , s)-tensor field on M which is stabilised
under the action of G , then

∇∗∇Ψ = (∇G
ei
ξG )ei Ψ + ξGξG

ei
ei

Ψ− ξGei
(ξGei

Ψ).

Moreover, if the G -structure is harmonic, then

∇∗∇Ψ = −ξGei
(ξGei

Ψ).
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Harmonic almost contact structures

Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

An almost contact metric manifold (M2n+1, 〈·, ·〉, ϕ, ζ)

〈ϕX , ϕY 〉 = 〈X ,Y 〉 − η(X )η(Y )

ϕ2 = −I + η ⊗ ζ, ζ[ = η

G = U(n)× 1 ⊆ SO(2n + 1), T ∗mM = Rη + η⊥

so(2n+1) ∼= Λ2T ∗M ∼= Λ2η⊥+η⊥∧Rη = u(n)+u(n)⊥|ζ⊥+η⊥∧Rη

u(n)⊥ = u(n)⊥|ζ⊥ + η⊥ ∧ Rη

T ∗M⊗u(n)⊥ = η⊥⊗u(n)⊥|ζ⊥ + η⊗u(n)⊥|ζ⊥ + η⊥⊗η⊥∧η + η⊗η⊥∧η
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

T ∗M⊗u(n)⊥ = η⊥⊗u(n)⊥|ζ⊥ + η⊗u(n)⊥|ζ⊥ + η⊥⊗η⊥∧η + η⊗η⊥∧η

η⊥ ⊗ u(n)⊥|ζ⊥ = C1 + C2 + C3 + C4 (Gray&Hervella’s modules)

η⊥ ⊗ η⊥ ∧ η = C5 + C8 + C9 + C6 + C7 + C10

η ⊗ u(n)⊥|ζ⊥ = C11

η ⊗ η⊥ ∧ η = C12

Fundamental two-form, F = 〈·, ϕ·〉

J. C. González-Dávila and F. Mart́ın Cabrera Harmonic almost contact structures via the intrinsic torsion
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

ξU(n) → −ξU(n)F = ∇U(n)F − ξU(n)F = ∇F ,

D. Chinea and J. C. González-Dávila, A classification of almost
contact metric manifolds, Ann. Mat. Pura Appl. (4) 156 (1990),
15–36.

1 if n = 1, ξU(1) ∈ T∗M ⊗ u(1)⊥ = C5 ⊕ C6 ⊕ C9 ⊕ C12;

2 if n = 2, ξU(2) ∈ T∗M ⊗ u(2)⊥ = C2 ⊕ C4 ⊕ · · · ⊕ C12;

3 if n > 3, ξU(n) ∈ T∗M ⊗ u(n)⊥ = C1 ⊕ · · · ⊕ C12.
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

ξ
U(n)
X = −1

2ϕ ◦ ∇Xϕ+∇Xη ⊗ ζ − 1
2η ⊗∇X ζ

= 1
2(∇Xϕ) ◦ ϕ+ 1

2∇Xη ⊗ ζ − η ⊗∇X ζ

if the almost contact structure is of type C5⊕ · · · ⊕ C10⊕ C12, then

ξ
U(n)
X = ∇Xη ⊗ ζ − η ⊗∇X ζ

Ricac(X ,Y ) = 〈Rei ,Xϕei , ϕY 〉

Ricac(ϕX , ϕY ) = Ricac(Yζ⊥ ,Xζ⊥), Ricac(X , ζ) = 0

J. C. González-Dávila and F. Mart́ın Cabrera Harmonic almost contact structures via the intrinsic torsion
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

Ricac(X ,Y ) = 〈Rei ,Xϕei , ϕY 〉

Lemma

If (M, 〈·, ·〉, ϕ, ζ) is an almost contact metric 2n + 1-manifold, then the almost
contact Ricci curvature satisfies

Ricac
alt(Xζ⊥ ,Yζ⊥) =〈(∇U(n)

ei
ξ)ϕeiϕXζ⊥ ,Yζ⊥〉+ 〈ξξei ϕeiϕXζ⊥ ,Yζ⊥〉,

Ricac(ζ,X ) =((∇U(n)
ei

ξ)ϕei η)(ϕX ) + (ξξei ϕei η)(ϕX ),

for all X ,Y ∈ X(M). Furthermore, we have:

(i) The restriction Ricac
alt|ζ⊥ of Ricac

alt to the space ζ⊥ is in u(n)⊥|ζ⊥ and

determines a U(n)-component of the Weyl curvature tensor W .

(ii) The one-form Ricac(ζ, ·) is in η⊥ and determines another
U(n)-component of W .

As a consequence, if an almost contact metric 2n + 1-manifold with n > 1 is
conformally flat, i.e. W = 0, then Ricac

alt|ζ⊥ = 0 and Ricac(ζ, ·) = 0, or
equivalently, Ricac

alt = 0.
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Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

d2F = 0, (∇F )(i) = (−ξF )(i) → ξ(i)

Lemma

For almost contact metric structures of type C1 ⊕ . . .⊕ C10, the following
identity is satisfied

0 = 3〈(∇U(n)
ei ξ(1))ei Xζ⊥ ,Yζ⊥〉 − 〈(∇

U(n)
ei ξ(3))ei Xζ⊥ ,Yζ⊥〉

+(n − 2)〈(∇U(n)
ei ξ(4))ei Xζ⊥ ,Yζ⊥〉+ 〈ξ(3)X

ζ⊥
ei , ξ(1)ei

Yζ⊥〉

−〈ξ(3)Y
ζ⊥

ei , ξ(1)ei
Xζ⊥〉+ 〈ξ(3)X

ζ⊥
ei , ξ(2)ei

Yζ⊥〉

−〈ξ(3)Y
ζ⊥

ei , ξ(2)ei
Xζ⊥〉 − n−5

n−1
〈ξ(1)ξ(4)ei

ei
Xζ⊥ ,Yζ⊥〉

− n−2
n−1
〈ξ(2)ξ(4)ei

ei
Xζ⊥ ,Yζ⊥〉+ 〈ξ(3)ξ(4)ei

ei
Xζ⊥ ,Yζ⊥〉

+(n − 2)(ξ(5) ei
η) ∧ (ξ(10) ei

η)(Xζ⊥ ,Yζ⊥)− 2(ξ(8) ei
η) ∧ (ξ(10) ei

η)(Xζ⊥ ,Yζ⊥)

+(n − 2)(ξ(6) ei
η) ∧ (ξ(10) ei

η)(Xζ⊥ ,Yζ⊥)− 2(ξ(7) ei
η) ∧ (ξ(10) ei

η)(Xζ⊥ ,Yζ⊥).

[A. Swann and FMC]
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Almost contact metric structures with minimal energy

Lemma

For almost contact metric manifolds of type C1 ⊕ . . .⊕ C10, the following
identity is satisfied

0 = −
(

(∇U(n)
ei ξ(5))ei η

)
(Yζ⊥)− 3

(
(∇U(n)

ei ξ(6))ei η
)

(Yζ⊥)

−3
(

(∇U(n)
ei ξ(7))ei η

)
(Yζ⊥)−

(
(∇U(n)

ei ξ(8))ei η
)

(Yζ⊥)

+3
(

(∇U(n)
ei ξ(9))ei η

)
(Yζ⊥) +

(
(∇U(n)

ei ξ(10))ei η
)

(Yζ⊥)

−(ξ(6)ei
η)(ξ(1)ei

Yζ⊥)− (ξ(7)ei
η)(ξ(1)ei

Yζ⊥)− (ξ(10)ei
η)(ξ(1)ei

Yζ⊥)

−(ξ(6)ei
η)(ξ(2)ei

Yζ⊥)− (ξ(7)ei
η)(ξ(2)ei

Yζ⊥) + (ξ(10)ei
η)(ξ(2)ei

Yζ⊥)

+(ξ(5)ei
η)(ξ(3)ei

Yζ⊥) + (ξ(8)ei
η)(ξ(3)ei

Yζ⊥) + (ξ(9)ei
η)(ξ(3)ei

Yζ⊥)

+ n
n−1

(ξ(8)ξ(4)ei
ei
η)(Yζ⊥)− (ξ(10)ξ(4)ei

ei
η)(Yζ⊥).
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Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

In particular, if the almost contact manifold is of type C5 ⊕ · · · ⊕ C10, then

0 = (n − 1)(∇U(n)
ei

ξ(5))ei + 2(∇U(n)
ei

ξ(6))ei + 2(∇U(n)
ei

ξ(7))ei

−(∇U(n)
ei

ξ(8))ei − 2(∇U(n)
ei

ξ(9))ei + (∇U(n)
ei

ξ(10))ei ,

0 = (n − 2)(∇U(n)
ei

ξ(5))ei − (∇U(n)
ei

ξ(6))ei − (∇U(n)
ei

ξ(7))ei

−2(∇U(n)
ei

ξ(8))ei + (∇U(n)
ei

ξ(9))ei + 2(∇U(n)
ei

ξ(10))ei .

Example: C5 ⊕ C6 (trans-Sasakian)

0 = (n − 1)(∇U(n)
ei ξ(5))ei + 2(∇U(n)

ei ξ(6))ei ,

0 = (n − 2)(∇U(n)
ei ξ(5))ei − (∇U(n)

ei ξ(6))ei ,

}
⇒ ∇U(n)

ei ξ(5))ei = 0,

∇U(n)
ei ξ(6))ei = 0

ξei ei = bζ, ξξei ei = bξζ = 0
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Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

If (M, 〈·, ·〉, ϕ, ζ) is an almost contact metric 2n + 1-manifold with fundamental
two-form F , then the following conditions are equivalent:

1 The almost contact metric structure is harmonic.

2 ∇∗∇ϕ ∈ u(n) + ζ⊥c , where ζ⊥c = {a⊗ ζ − η ⊗ a] | a ∈ η⊥} ∼= η⊥ ∧ η, and
∇∗∇ζ = −ξei ξei ζ.

3 ∇∗∇F ∈ u(n) + η⊥ ∧ η, i.e. ∇∗∇F (ϕX , ϕY ) = ∇∗∇F (Xζ⊥ ,Yζ⊥), and
∇∗∇η = −ξei (ξei η).

4 For all X ,Y ∈ X(M), we have:

〈(∇U(n)
ei

ξ)ei Xζ⊥ ,Yζ⊥〉+ 〈ξξei ei Xζ⊥ ,Yζ⊥〉 = 0,

(∇U(n)
ei

ξ)ei η + ξξei ei η = 0.

In particular, if the structure is of type C5 ⊕ . . .⊕ C10 ⊕ C12, then it is harmonic
if and only if ∇∗∇ζ = ‖∇ζ‖2ζ, that is, ζ is a harmonic unit vector field.

E. Vergara-D́ıaz and C. M. Wood, Harmonic Almost Contact Structures,
Geom. Dedicata 123 (2006), 131–151.
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Theorem

For an almost contact metric 2n + 1-manifold (M, 〈·, ·〉, ϕ, ζ), we have:

(i) If M is of type D, where D = C1 ⊕ C2 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8,
C1 ⊕ C2 ⊕ C9 ⊕ C10, then the almost contact structure is harmonic if and
only if Ricac

alt(Xζ⊥ ,Yζ⊥) = 0 and Ricac(ζ,X ) = 0, for all X ,Y ∈ X(M).

(ii) For n 6= 2, if M is of type C1 ⊕ C4 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8, then the almost
contact metric structure is harmonic if and only if

(n − 1)(n − 5) Ricac
alt(Xζ⊥ ,Yζ⊥) = 2(n + 1)(n − 3)〈ξξei ei Xζ⊥ ,Yζ⊥〉,

Ricac(ζ,X ) = − 2(ξξei ei η)(X ),

for all X ,Y ∈ X(M).
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(iii) For n 6= 2, if M is of type C1 ⊕ C4 ⊕ C9 ⊕ C10, then almost contact metric
structure is harmonic if and only if

(n − 1)(n − 5) Ricac
alt(Xζ⊥ ,Yζ⊥) = 2(n + 1)(n − 3)〈ξξei ei Xζ⊥ ,Yζ⊥〉,

Ricac(ζ,X ) = 2(ξξei ei η)(Xζ⊥),

for all X ,Y ∈ X(M).

(iv) For n 6= 2, if M is of type C2 ⊕ C4 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8, then the almost
contact metric structure is harmonic if and only if

(n − 1) Ricac
alt(Xζ⊥ ,Yζ⊥) = 2n〈ξξei ei Xζ⊥ ,Yζ⊥〉,

Ricac(ζ,X ) =− 2(ξξei ei η)(X ),

for all X ,Y ∈ X(M).

(v) For n 6= 2, if M is of type C2 ⊕ C4 ⊕ C9 ⊕ C10, then the almost contact
metric structure is harmonic if and only if, for all X ,Y ∈ X(M),

n−1
2n

Ricac
alt(Xζ⊥ ,Yζ⊥) =〈ξξei ei Xζ⊥ ,Yζ⊥〉, Ricac(ζ,X ) = 2(ξξei ei η)(X ).
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(vi) If M is normal (C3 ⊕ C4 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8), then the almost contact
metric structure is harmonic if and only if

Ricac
alt(Xζ⊥ ,Yζ⊥) =− 2〈ξξei ei Xζ⊥ ,Yζ⊥〉, Ricac(ζ,X ) = −2(ξξei ei η)(X ),

for all X ,Y ∈ X(M).

(vii) If M is of type C3 ⊕ C4 ⊕ C9 ⊕ C10, then the almost contact metric
structure is harmonic if and only if

Ricac
alt(Xζ⊥ ,Yζ⊥) =− 2〈ξξei ei Xζ⊥ ,Yζ⊥〉, Ricac(ζ,X ) = 2(ξξei ei η)(X ),

for all X ,Y ∈ X(M).

(viii) If M is of type D, where D = C1 ⊕ C5 ⊕ C9, C1 ⊕ C6 ⊕ C8, then the
almost contact structure is harmonic if and only if Ricac(ζ,X ) = 0, for all
X ∈ X(M).

(ix) For n 6= 2, if M is of type D, where D = C4 ⊕ C5 ⊕ C6, C4 ⊕ C5 ⊕ C7,
C4 ⊕ C5 ⊕ C9, C4 ⊕ C8, then the almost contact structure is harmonic if
and only if Ricac(ζ,X ) = 0, for all X ∈ X(M).
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In particular:

(i)∗ If M is of type D, where D = C1 ⊕ C5, C1 ⊕ C8, C1 ⊕ C9, C3 ⊕ C6,
C3 ⊕ C7, C3 ⊕ C10, C5 ⊕ C6 ⊕ C7, C5 ⊕ C8, C5 ⊕ C9, C5 ⊕ C10,
C6 ⊕ C7 ⊕ C8, C6 ⊕ C7 ⊕ C10, C8 ⊕ C9, C9 ⊕ C10, then the almost contact
structure is harmonic.

(ii)∗ For n 6= 2, if M is of type D, where D = C4 ⊕ C5, C4 ⊕ C6, C4 ⊕ C7,
C4 ⊕ C9, then the almost contact structure is harmonic.
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Corollary

(a) If an almost contact metric structure is of type D, for D = C5 ⊕ C6 ⊕ C7,
C5⊕C8, C5⊕C9, C5⊕C10, C6⊕C7⊕C8, C6⊕C7⊕C10, C8⊕C9, C9⊕C10,
then the characteristic vector field ζ is a harmonic unit vector field.

(b) For a locally conformally flat 2n + 1-manifold (M, 〈·, ·〉) with n > 1:

(i) If an almost contact structure compatible with 〈·, ·〉 is of type
D, where D = C1 ⊕ C2 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8,
C1 ⊕ C2 ⊕ C9 ⊕ C10, C1 ⊕ C5 ⊕ C9, then it is harmonic.

(ii) For n > 2, if an almost contact structure compatible with 〈·, ·〉
is of type D, where D = C4 ⊕ C5 ⊕ C6, C4 ⊕ C5 ⊕ C7,
C4 ⊕ C5 ⊕ C9, C4 ⊕ C8, then it is harmonic.
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2d∗ Ric +ds = 0

weakly-ac-Einstein, Ricac(X ,Y ) = 1
2n

sac(〈X ,Y 〉 − η(X )η(Y ))

Lemma

For almost contact manifolds of type C1 ⊕ . . .⊕ C10, we have

2d∗(Ricac)t(X ) + dsac(X ) = 2〈R(ei ,X ), ξϕeiϕ〉 − 4 Ricac(X , ξei ei )

+ 4〈Ricac, ξX 〉 − 2d∗F (ζ) Ricac(ζ, ϕX ).

where (Ricac)t(X ,Y ) = Ricac(Y ,X ) and ξ[X (Y ,Z) = 〈ξX Y ,Z〉. In particular, if
the manifold is weakly-ac-Einstein, then

(n − 1)dsac(X ) + (dsac(ζ) + sacd∗η)η(X ) = 2n〈R(ei ,X ), ξϕeiϕ〉 − 2sac〈ξei ei ,X 〉.
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For an almost contact metric 2n + 1-manifold (M, 〈·, ·〉, ϕ, ζ), we have:

(i) If M is of type D, where D = C1 ⊕ C2 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8 or

D = C1 ⊕ C2 ⊕ C9 ⊕ C10, then the almost contact metric structure is a

harmonic map if and only if it is a harmonic almost contact structure and

2d∗ Ricac +dsac = 0. In particular:

(a) If the structure is of type C1 ⊕ C2 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8 and the
manifold is weakly-ac-Einstein, then the almost contact
structure metric structure is a harmonic map if and only if sac

is such that n dsac = sac d∗η η = −sac ξ]ei
ei .

(b) If the structure is of type D = C1 ⊕ C2 ⊕ C9 ⊕ C10,
C1 ⊕ C2 ⊕ C6 ⊕ C7 ⊕ C8 and the manifold is weakly-ac-Einstein,
then the almost contact metric structure is a harmonic map if
and only if sac is constant.

(c) If the manifold is nearly-K-cosymplectic (C1), then almost
contact metric structure is a harmonic map. Furthermore, if
the nearly-K-cosymplectic structure is flat, then it is
cosymplectic, i.e., ξ = 0.
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(ii) If M is of type D, where D = C3 ⊕ C4 ⊕ C5 ⊕ C6 ⊕ C7 ⊕ C8 or
D = C3 ⊕ C4 ⊕ C9 ⊕ C10, then the almost contact metric structure is a
harmonic map if and only if it is a harmonic structure and

2d∗(Ricac)t(X ) + dsac(X ) + 4 Ricac(X , ξej ej)

−4〈Ricac, ξ[X 〉+ 2d∗F (ζ) Ricac(ζ, ϕX ) = 0,

for all X ∈ X(M). In particular,

(a)∗ If Ricac is symmetric, then the almost contact structure is a
harmonic map if and only if ξξei

ei = 0 and
2d∗ Ricac +dsac + 4ξei eiy Ricac = 0. Furthermore, if the
manifold is weakly-ac-Einstein, then the almost contact
structure is a harmonic map if and only if ξξei

ei = 0 and

(n − 1)dsac + (dsac(ζ)− sacd∗η)η + 2sacξ[ei
ei = 0.

(b)∗ If the almost contact metric structure is of type C3 ⊕ Ci ,
i = 6, 7, 10, then it is a harmonic map if and only if

2d∗ Ricac +dsac = 0.

Furthermore, if the manifold is also weakly-ac-Einstein, then
the almost contact metric structure is a harmonic map if and
only if sac is constant.

(c)∗ For n 6= 2, if the almost contact metric structure is of type
C4 ⊕ Ci , i = 5, 6, 7, 9, then it is a harmonic map if and only if

2d∗ Ricac +dsac + 4ξei eiy Ricac = 0.
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For an oriented and compact Riemannian n-manifold (M, 〈·, 〉̇) equipped with a
G -structure, G ⊆ SO(n) and a differential p-form φ preserved by the action of
G , the following Bochner type formula is satisfied∫

M

(
1

p+1
‖dφ‖2 + p‖d∗φ‖2 − ‖∇φ‖2

)
=

∫
M

〈R̃φ, φ〉

G. Bor and L. Hernández Lamoneda, Bochner formulae for orthogonal
G -structures on compact manifolds, Diff. Geom. Appl. 15 (2001), 265–286.

altα(x1, . . . , xp) =
∑
τ

sign(τ)α(xτ(1), . . . , xτ(p))

(Rcφ)(x1, . . . , xp) = (R(x1, ei )φ)(ei , x2, . . . , xp)

R̃(φ) = alt(Rcφ)
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∫
M

(
1
3
‖dF‖2 + 2‖d∗F‖2 − ‖∇F‖2

)
= 2

∫
M

(s − sac − Ric(ζ, ζ)).∫
M

(
1
2
‖dη‖2 + ‖d∗η‖2 − ‖∇η‖2

)
=

∫
M

Ric(ζ, ζ).

∫
M

(
8‖ξ(1)‖2 − 4‖ξ(2)‖2 + ‖ξ(5)‖2 + (2n − 1)‖ξ(6)‖2 − ‖ξ(7)‖2 + ‖ξ(8)‖2

−‖ξ(9)‖2 − ‖ξ(10)‖2 − 4‖ξ(11)‖2 − ‖ξ(12)‖2 + ‖2(∇η)(10) ◦ ϕ− (∇ζF )(11)‖2

+2‖ − eiy(∇ei F )(4) + (∇ζη)(12) ◦ ϕ‖2
)

= 2

∫
M

(s − sac − Ric(ζ, ζ))

∫
M

(
(2n − 1)‖ξ(5)‖2 + ‖ξ(6)‖2 + ‖ξ(7)‖2 − ‖ξ(8)‖2 − ‖ξ(9)‖2 + ‖ξ(10)‖2

)
= 2

∫
M

Ric(ζ, ζ)
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Theorem

Let (M, 〈·, ·〉) be a (2n + 1)-dimensional conformally flat compact Riemannian
manifold, where n > 1. If s is the scalar curvature and C〈·,·〉 =

∫
M

s, that is, a
constant depending on the metric 〈·, ·〉, then every almost contact structure σ
compatible with 〈·, ·〉 satisfies

2(n−1)
2n−1

C〈·,·〉 =

∫
M

(
4‖ξ(1)(σ)‖2 − 2‖ξ(2)(σ)‖2 + (n − 1)‖ξ(5)(σ)‖2

+(n − 1
2n−1

)‖ξ(6)(σ)‖2 − 1
2n−1
‖ξ(7)(σ)‖2 + 1

2n−1
‖ξ(8)(σ)‖2

−(1− 1
2n−1

)‖ξ(9)(σ)‖2 − 1
2n−1
‖ξ(10)(σ)‖2 − 2‖ξ(11)(σ)‖2

−‖ξ(12)(σ)‖2 + 1
2
‖2(∇ησ)(10) ◦ ϕσ − (∇ζσ Fσ)(11)‖2

+‖ − eiy(∇ei Fσ)(4) + (∇ζσησ)(12) ◦ ϕσ‖2
)
.
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Theorem

Moreover:

(i) If σ0 is an almost contact structure compatible with 〈·, ·〉 of type C1 ⊕ C4

and n = 3, then σ0 is an energy minimiser such that its total bending is
B(σ0) = 1

10
C〈·,·〉. Furthermore, in this situation any other energy

minimiser is of type C1 ⊕ C4.

(ii) If n = 2 or n ≥ 4, and σ0 is an almost contact structure compatible with
〈·, ·〉 of type C4, then σ0 is an energy minimiser such that its total
bending is B(σ0) = 1

2(2n−1)
C〈·,·〉. Furthermore, in this situation any other

energy minimiser is of type C4.

(iii) If σ0 is an almost contact structure compatible with 〈·, ·〉 of type C2, then
σ0 is an energy minimiser such that its total bending is
B(σ0) = − n−1

2(2n−1)
C〈·,·〉. Furthermore, in this situation any other energy

minimiser is of type C2.
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Theorem

Let (M, 〈·, ·〉) be a (2n + 1)-dimensional compact Einstein manifold. If s is the
scalar curvature, then every almost contact structure σ compatible with 〈·, ·〉
satisfies∫

M

(
(2n − 1)‖ξ(5)(σ)‖2 + ‖ξ(6)(σ)‖2 + ‖ξ(7)(σ)‖2

−‖ξ(8)(σ)‖2 − ‖ξ(9)(σ)‖2 + ‖ξ(10)(σ)‖2
)

= 2s
2n+1

Vol(M).
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Moreover:

(i) For n = 1, if σ0 is an almost contact structure compatible with 〈·, ·〉 of
type C5 ⊕ C6 (trans-Sasakian), then σ0 is an energy minimiser such that
its total bending is B(σ0) = s

3
Vol(M). Furthermore, in this situation any

other energy minimiser is trans-Sasakian.

(ii) For n > 1, if σ0 is an almost contact structure compatible with 〈·, ·〉 of
type C5 (α-Kenmotsu, where 2nα = −d∗ησ0 ), then σ0 is an energy
minimiser such that its total bending is B(σ0) = s

4n2−1
Vol(M).

Furthermore, in this situation any other energy minimiser is of type
α-Kenmotsu with 4n

∫
M
α2 = s

4n2−1
Vol(M).

(iii) If σ0 is an almost contact structure compatible with 〈·, ·〉 of type C8 ⊕ C9,
then σ0 is an energy minimiser such that its total bending is
B(σ0) = − s

2n+1
Vol(M). Furthermore, in this situation any other energy

minimiser is of type C8 ⊕ C9.
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Example

1 Cn+1, (〈·, ·〉, J) S2n+1(r), U is a unit normal vector field, on
S2n+1(r), a-Sasakian structure, 〈·, ·〉, ϕ = tan ◦ J, ζ = JU

a2 = 1
r2 , Ric = 2n

r2 〈·, ·〉, Ricac = 1
r2 (〈·, ·〉 − η ⊗ η) .

S2n+1(r) is Einstein, ac-Einstein and conformally flat

± 1
r

-Sasakian structure is a harmonic map

2 Different generalisations of the Heisenberg group admit almost contact
structures of type C6 ⊕ C7 and C8 + C9. Therefore, they are harmonic
almost contact structures. Most of them satisfy 2d∗ Ricac +dsac = 0. As
a consequence, these almost contact structures are harmonic maps.

The characteristic vector fields are harmonic unit vector fields.

3 S6 × S1 admits a structure of strict type C1. Therefore, it is an energy
minimiser.

4 S2n+1 × S1 × S1 admits a structure of strict type C4. Therefore, it is an
energy minimiser.
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