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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

For an oriented Riemannian manifold M of dimension n, given G a Lie
subgroup of SO(n), M is said to be equipped with a G-structure, if there
exists a subbundle G(M), with structure group G, of the oriented orthonormal

frame bundle SO(M) .
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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

For an oriented Riemannian manifold M of dimension n, given G a Lie
subgroup of SO(n), M is said to be equipped with a G-structure, if there
exists a subbundle G(M), with structure group G, of the oriented orthonormal
frame bundle SO(M) .

G dimM  name of the G-structure
U(n) 2n almost Hermitian

SU(n) 2n special almost Hermitian
U(n) x 1 2n+1 almost contact metric

Sp(n) 4n almost hyperHermitian
Sp(n) Sp(1) 4n almost quaternion Hermitian
G2 7 Ga-structure

Spin(7) 8 Spin(7)-structure

J. C. Gonzilez-Davila and F. Martin Cabrera Harmonic almost contact structures via the intrinsic torsion



Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

For a fixed G,

'which are the best G-structures on a given Riemannian manifold (M, (-, -})?' J

Gonzalez-Davila and F. Martin Cabrera Harmonic almost contact structures via the ic torsion



Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

For a fixed G,

'which are the best G-structures on a given Riemannian manifold (M, (-, -})?' J

(M7 <'7'>M)7 (N7<'7'>N)

f:M—N

For M compact and oriented, the energy of f is given by:
1 2
E(f) = > | |"dv
M

I£l? = (feer, feeidn
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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

E(F) = / I£. [2dv

7(f) = (f &) — Ve ei,

Tension field

where V is the induced connection by V¥ on f* TN
the pullback bundle f* TN = {(m,)~(), me M and X € TemyN}

f harmonic map if and only if 7(f) =0 J

J. Eells and J. H. Sampson, Harmonic mappings of Riemannian manifolds,
Amer. J. Math. 86 (1964), 109-160.
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Introduction Energy of a map between Riemannian manifolds

G-structures
8O(M)/G as a Riemannian manifold

(M, (-, -)) compact and oriented, G C SO(n), G closed and connected

§(M) € 80(M)

The presence of a G-structure is equivalent to the presence of a section

oc: M—8O(M)/G

(A, BYsomy/c = (m+A, mB) + (¢A, $B).
The energy of a G-structure o

1
()= 3 | lowlPev

C. M. Wood, Harmonic sections of homogeneous fibre bundles, Differential
Geom. Appl. 19 (2003), 193-210

J. C. Gonzilez-Davila and FMC, Harmonic G-structures, Math. Proc.
Cambridge Philos. Soc. (to appear). arXiv:math.DG/0706.0116
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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

so(n) = g m, (p1, p2) = (p1(ui), pa(ui))
(g.9)(x) =gp(g"'x), x€R"

so(M) = g, & my,

G-connection: V, torsion: EX = %x — Vx € so(M)

gX = (gX)ga =+ (gx)ma
minimal connection of ¢: Vf‘é = Vx — (gx)g(,

intrinsic torsion of o: 5)(3 = (Ex)ma = V§ —Vx €mg,
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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

For a G-structure o:

minimal connection V¢, intrinsic torsion £¢ € T*M @ m,,
Ve =v+¢°,
S. Salamon, Riemannian Geometry and Holonomy Groups, Pitman
Research Notes in Math. Series, 201, Longman (1989).

R. L. Bryant, Metrics with expceptional holonomy, Ann. of
Math. 126 (1987), 525-576.

R. Cleyton and A. F. Swann, Einstein metrics via intrinsic or
parallel torsion, Math. Z. 247 no. 3(2004), 513-528.
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Introduction Energy of a map between Riemannian manifolds
G-structures
8O(M)/G as a Riemannian manifold

8O(M)/G as a Riemannian manifold

sO(M) =29 m SO(M) & 8O(M)/G

TSOM)/G =V H
V = mg«(ker mso(ny«) H = 7g«(kerw)

w : TSO(M) — so(n) is the connection one-form of the Levi
Civita connection V
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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

SO(M)/G =5 M

m's0(M) = 8O(M) x ¢ s0(n) = gsom) & Msom),
where gsomy = SO(M) x¢ g and mgg(py = SO(M) x g m.
A fibred metric on 7*s0(M) is defined by

(PG, om), (PG, ¥m)) = (Pm; Ym)
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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

P, * Vo6 — (mSO(M))pG
Any vector in V6 is given by mgp(ap), for some a = (a;) € m
Sv,6(TGep(ap)) = (PG, aji p(ui)” ® p(uj))

p is an orthonormal frameon me M, p : R” — T,,M, and
ui=1(0,...,1,...,0) e R".
Extending ¢ to T,cSO(M)/G, by saying ¢3¢, = 0, one can define

(A, B)somy/c = (meA, mB) + (A, $B)

m : SO(M)/G — M is a Riemannian submersion with totally
geodesic fibres [Vilms| (Besse's book)
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Introduction Energy of a map between Riemannian manifolds
G-structures

8O(M)/G as a Riemannian manifold

(A, B)somy/c = (meA, mB) + (A, $B)

7w 8O(M)/G — M is a Riemannian submersion with totally
geodesic fibres

1 n 1
&(o) = > /M HO'*||2dV = EVOI(M) + 5 /M ||qz$a*||2dv
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Energy of a G-structure 0 : M — SO(M)/G
Energy of a G-structure the first variation formula

Harmonic G-structures

&(0) = = / lol2a = 2Vol(M) + 2 / |64 2dv.

$o. = —¢° J

Total bending

1 1
Bo) =5 [ loouPdv =5 [ €€l
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Energy of a G-structure 0 : M — 8O (M)/G
Energy of a G-structure the first variation formula

Harmonic G-structures

t — o € *°(8O(M)/G) variation such that g = o
variation field m — ¢(m) = %|t=00t(m)' @ € I®°(c*V).
Therefore, [°(c*V) = T,*(SO(M)/G)

o*V = U*mgo(/\/l) =m,

Then T,I®(8O(M)/G) = I (m,)

The first variation formula

If o is a G-structure, then, for all
v elM®(m,) =2 T,M*(8O(M)/G), we have

42, (p) = /M (€6, Vip)dv = — /M (d*€S, p)dv,

where £€ is the intrinsic torsion of o.
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Introduction Energy of a G-structure 0 : M — 8O (M)/G
Energy of a G-structure the first variation formula
Harmonic almost contact structures Harmonic G-structures

Harmonic G-structures

The coderivative d*£€ is a global section of m, and is given by

d*¢€ = —(Vet®)e = —(VEE®)e, — ffcf,-e'"

the following conditions are equivalent:
(i) o is a critical point for the energy functional on
> (80(M)/G).
(i) d*¢¢ =0.
(iii) (VEEC)y = —f,scge,-'
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Energy of a G-structure 0 : M — 8O (M)/G
Energy of a G-structure the first variation formula

Harmonic G-structures

(Vxos) (Y) = VoY —o.(VxY),

If o is a G-structure on (M, (-, -)), then:
(a) ¢(Vxo.)Y = =3 ((VxE%)y + (VvE®)x).
(b) 2m(Vx0.)Y,Z) = (€5, R(Y, Z)) + (€S, R(X, Z)).

7(0) = (Veoi) (6i), met(o) = <§eG,» R(e;, .))ﬁ’ ¢7(0) = d*gG

A G-structure o on a closed and oriented Riemannian manifold
(M, (-,-)) is harmonic as a map if and only if o is a harmonic
G-structure such that

<§(57 R(ei,-)) = 0.
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Introduction Energy of a G-structure 0 : M — 8O (M)/G
Energy of a G-structure the first variation formula

Harmonic almost contact structures Harmonic G-structures

VAV = — (VW) (VW) xy = Vx(VyV) — Vy, yV

€;,&j

Let (M, (-,-)) be an oriented Riemannian n-manifold equipped with
a G-structure, where the Lie group G is closed, connected and

G C SO(n). If W is a (r,s)-tensor field on M which is stabilised
under the action of G, then

VIV = (VEEC)e W + EG, W — E5(E5V).
Moreover, if the G-structure is harmonic, then

VIV = —£8 (8.
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

An almost contact metric manifold (M2"+1 (...} © ()

(X, 0Y) = (X, Y) = n(X)n(Y)
P=—l+n®¢ =1

G = U(n) x 1 C SO(2n + 1), T:M =Ry +nt

50(2n+1) = NP T*M = Np* 4 ARy = u(n)+u(n)ice +n ARy

u(n)™ = u(n)ice + 0" ARy

T*Mu(n)" = n-@u(n)ie +neu(n)ics +m@ntAn+nentAn
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

T*M@u(n)® = 7 @u(n)ics +n@u(n)ice +nt @A+ 0@ An

nt® u(n)f@ = C1 + G2+ C3+ C4 (Gray&Hervella's modules)

nt@ntAn = G5+ Cg+ Co+ Cs+ Cr+ Coo
n®u(n)|L<L = Cn1

n@ntAn = Co

Fundamental two-form, F={,¢)
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

§U(n) N _gU(")F —yUnF _ fU(")F = VF,

D. Chinea and J. C. Gonzélez-Davila, A classification of almost
contact metric manifolds, Ann. Mat. Pura Appl. (4) 156 (1990),
15-36.

Qifn=1¢"DecT*Meu(l): =0Cs®Cs @ Cy® Cpy;
Qifn=2¢ ecTMeu2)=CaCd - @& C;
Q@ ifn>3 YN eTMeun)t=Ca - &Cn.
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Almost contact metric structures
Harmonic almost contact structures

Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

Harmonic almost contact structures

x| = —300Vxp+Vxn®(—in®Vx(
= LVUxp)op+iVxn®(—n®Vx¢

if the almost contact structure is of type Cs & - - - ® C10 D C12, then

¢ = Vxn®¢—n® Vx(

RiCac()<7 Y) = <Re,-,X§0ef7 90Y>

Ric*(0X, oY) = Ric® (Y1, Xc1),  Ric*(X,¢) =0

J. C. Gonzilez-Davila and F. Martin Cabrera
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Almost contact metric structures
Introdu N Harmonic almost contact structures
Energy of a G-structure Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

RiCac()<7 Y) = <Re,-,Xsoel'7 SDY>

If (M, {-,-), »,C) is an almost contact metric 2n + 1-manifold, then the almost
contact Ricci curvature satisfies
RiC;it(XCl7 YCL) :<(vé}f(n)£)§0€i§0x(l, Ygi> + <£§e,-<Pef<pX§l7 Y(L>7
Ric*(¢, X) =((VeP€)pen) (9X) + (e 0em) (9X),

for all X,Y € X(M). Furthermore, we have:
(i) The restriction Ricf‘jtKL of Ric%, to the space ¢ is in u(n)fZL and
determines a U(n)-component of the Weyl curvature tensor W'.
(ii) The one-form Ric*(, ) is in n- and determines another
U(n)-component of W.

As a consequence, if an almost contact metric 2n + 1-manifold with n > 1 is
conformally flat, i.,.e. W =0, then Ricjﬁtlcl =0 and Ric*(¢, ) =0, or
equivalently, Ric2j, = 0.

J. C. Gonzilez-Davila and F. Martin Cabrera Harmonic almost contact structures via the intrinsic torsion



Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

d?F=0, (VF)y=(-¢F)y—¢

For almost contact metric structures of type C1 @ ... ® Cyo, the following
identity is satisfied

0= 3((Veem)eXer, Yer) = (Ve @))eXer, Yer)
(1 = 2)((VePew)eXer, Yer) + (Epx, 1 & Eaye Yer)
—(E@yv, L & EmeXcr) + (Eax . & E@e Yer)
—(E@v, L € E@eXcL) = 123 {Emeue e Xets Yer)
22w Xets Yer) + (@t e Xcts Yer)

+(n = 2)(&5) M) A (Eo) M (Xer, Yer) = 2(&(s) 1) A (§aoy ) (Xews Yer)
+(n— 2)(5(5 )eill n) A (5 10) ein)(XCL’ YCL) —2(§ @) &'l m) A (5(10 e,-?])(XCL, YCL)'

[A. Swann and FM(]
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Almost contact metric structures
Harmonic almost contact structures

Harmonic of almost Hermitian structures and classes
Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

Lemma

For almost contact metric manifolds of type C1 & ... & Cyo, the following
identity is satisfied

0= - ((Vg(")f(f»))e’ ) Yo )-3 ( Ve¢@e) e,??) (Yer)

=3 (Ve )am) (Yer) = ((T6¢@)em) (Ye, )

+3 ((Vee@)em) (Ye,) + ((ve, 5(10 Jern) (Yo, )
—(E@emEme Yer ) = Emem)(Ewe (€aoem) (Ewe Ve )
(€@ (E@e Yer ) = Emem(E@e Yo ) + (Saoem) (@) Yo )

(

(€)M (E@)e Yer ) + @))€ Yci) §@)em (€@ Yeu )
n71(£(8)§(4)eiei m(Yer) — (g(IO)E(A)eiéfn)( L)

) -
)+
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

In particular, if the almost contact manifold is of type C5 & - - - @ Ci0, then

0 = (n—1)(VE%e)e +2(VE¢e)e +2(VE e e
*(Vu(n 8))er — 2(Vg(n)§(9))e/ + (Vg(n)'f(lo))em
0 = (n—zxvs Ves))e — (VEe6))e — (VI Er))e,

—2(VE ) + (Ve¢0))e; + 2(VEE10) )6, -

Example: Cs @ C¢ (trans-Sasakian)

0 = (n— 1)(V%E";€(5))e,- + 2(VU§()")€(6))en N V%(("))i(S))e; =0,
(n - 2)(v€i ‘5(5))61' - (ve/‘ 5(6))6,'7 Ve, 5(6))91' =0

o
I

Ee6i = bC, €eee; = bEc =0
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Almost contact metric structures
Introduction Harmonic almost contact structures
Energy of a G-structure Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

If (M, (-,-),,¢) is an almost contact metric 2n + 1-manifold with fundamental
two-form F, then the following conditions are equivalent:

@ The almost contact metric structure is harmonic.

Q V'Vy € u(n)+ (-, where (¢ ={a®(—n®a'|aen'}=n" An, and
V*VC = _geigeig'

©Q V*'VFeu(n)+n" An, ie V*VF(pX,pY)=V*VF(X., Y1), and
V*Vﬁ = —ﬁe;(ﬁe;n)-

Q For all X, Y € X(M), we have:

(VEE) e, Xor, Yei) + (EeqeXer, Yer) =0,
(Ve €)en + Ee,em = 0.

In particular, if the structure is of type Cs @ ... @ Ci0 @ Ci2, then it is harmonic
if and only if V*V¢ = ||[V¢|?¢, that is, ¢ is a harmonic unit vector field.

E. Vergara-Diaz and C. M. Wood, Harmonic Almost Contact Structures,
Geom. Dedicata 123 (2006), 131-151.
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

For an almost contact metric 2n + 1-manifold (M, (-, ), ¢, ¢), we have:

(i) If M is of type D, where D = C1 & C2 ® Cs @ Cs & C7 @ Cs,
C1 @ Cr @& Cg @ Cqo, then the almost contact structure is harmonic if and
only if Ricjjg(Xc1, Y; L) = 0 and Ric**(¢, X) = 0, for all X, Y € X(M).

(i1) For n# 2, if M is of type C1 @ C4 @ Cs ® Ce @ C7 @ Cg, then the almost
contact metric structure is harmonic if and only if

(n—1)(n — 5 RIcu(Xc 1, Yer) = 2(n + 1)(n — 3)(€eye Xer s Yer ),
RICE(, X) = — 2(¢eqem)(X),

for all X, Y € X(M).

J. C. Gonzilez-Davila and F. Martin Cabrera Harmonic almost contact structures via the intrinsic torsion



Almost contact metric structures
Introduction Harmonic almost contact structures
Energy of a G-structure Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

(iii) For n # 2, if M is of type C1 @ C4 & Cy @ C10, then almost contact metric
structure is harmonic if and only if

(n—=1)(n = B) Ricii (Xcr, Yer) = 2(n+1)(n — 3) (e, e Xe L, Yei),
Ricac(c’ X) = 2(‘55&,-9{77)(XCL)7
for all X, Y € X(M).

(iv) For n# 2, if M is of type Co @ Cs @ Cs5 & Cs @ C7 @ Cs, then the almost
contact metric structure is harmonic if and only if

(n—1) RiC:ﬁt(XCL, YCJ_) = 2n<€§eie’.XCJ_, YCJ‘>’
Ric*(¢, X) = — 2(&e,n)(X),
for all X, Y € X(M).

(v) For n# 2, if M is of type Co @ Cs & Cg & €0, then the almost contact
metric structure is harmonic if and only if, for all X, Y € X(M),

% RiC;?t(XCJ_, Y(J-) :<§§e,~eiX(J-7 YCJ->7 Ricac(C7 X) = Q(fée,eﬂl)(x)-
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Introduction Harmonic almost contact structures
Energy of a G-structure Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

(vi) If M is normal (C3 & Cs @ Cs @ Cs P C7 @ Cs), then the almost contact
metric structure is harmonic if and only if

Ric:ﬁt(X(J-a Y(J-) = 2<£§e;5iX(J-7 YgJ- >7 RiCaC(C7 X) = _2(§£e,»e;77)(x)7

for all X, Y € X(M).

(vii) If M is of type C3 @ C4 & Cy ® C1o, then the almost contact metric
structure is harmonic if and only if

RicGi:(Xer, Yer) = — 2eq e Xer, Yer ), RIS(( X)) = 2(8e,,m)(X),

for all X, Y € X(M).

(viii) If M is of type D, where D = C1 & Cs ® Cg, C1 ® Ce @ Cg, then the
almost contact structure is harmonic if and only if Ric**(¢, X) = 0, for all
X € X(M).
(ix) For n# 2, if M is of type D, where D = C4 @ C5 @ Cq, Cs @ C5 & Cr,
Ca ® Cs5 @ Cg, Cs @ Cg, then the almost contact structure is harmonic if
and only if Ric**(¢, X) = 0, for all X € X(M).
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Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

In particular:

(i)* If M is of type D, where D = C; @ Cs, C1 P Cg, C1 D Co, C3 P Ce,
C3® C7, C3® C10, C5 B Cp @ C7, Cs5 B Cs, C5 D Cy, Cs5 ® Cyp,
Ce ® C7 P Cg, Cs D C7 P C1o, Cg @ Cog, Cog D Cqg, then the almost contact
structure is harmonic.
(i1)* For n # 2, if M is of type D, where D = C4 @ Cs, Cs & Cq, C4 @ C7,
C4 @ Cg, then the almost contact structure is harmonic.

J. C. Gonzilez-Davila and F. Martin Cabrera Harmonic almost contact structures via the intrinsic torsion



Almost contact metric structures
Harmonic almost contact structures
Harmonic of almost Hermitian structures and classes

Harmonic almost contact structures Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

Corollary

(a) If an almost contact metric structure is of type D, for D = Cs @ Cs @ C7,
Cs D Cs, C5 P Co, C5 D C10, C6 B C7 D Cg, C6 P C7D C10, C3® Co, Cog D Cro,
then the characteristic vector field { is a harmonic unit vector field.

(b) For a locally conformally flat 2n + 1-manifold (M, (-,-)) with n > 1:

(i) If an almost contact structure compatible with (-, -) is of type
D, where D = C; & Co & Cs5 P Cs & C7 & Cg,
C1 B Cr® Cq @ Crg, C1 B Cs @ Cy, then it is harmonic.

(ii) For n > 2, if an almost contact structure compatible with (-, -)
is of type D, where D = C4 & Cs5 @ Cq, C4 & C5 B C7,
Cs @ Cs @ Cg, Cq @ Cg, then it is harmonic.
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Almost contact metric structures

Harmonic almost contact structures

Harmonic of almost Hermitian structures and classes
Almost contact metric structures as harmonic maps
Almost contact metric structures with minimal energy

Harmonic almost contact structures

2d* Ric+ds =0
weakly-ac-Einstein, Ric™(X, Y) = £s*((X, Y) — n(X)n(Y))

Lemma

For almost contact manifolds of type C1 & ... ® Ci9, we have

2d" (Ric™)"(X) + ds*“(X) = 2(R(¢; x), §pe 0) — 4RI (X, Eq 60)
+ 4(Ric™, £x) — 2d" F(C) Ric™(¢, X).

where (Ric*)!(X, Y) = Ric*(Y, X) and (Y, 2Z) = (éxY, Z). In particular, if
the manifold is weakly-ac-Einstein, then

(n=1)ds™(X) + (ds™(C) + s™*d"m)n(X) = 2n(R(e; x), Epep) — 257 (Eerei, X))

J. C. Gonzilez-Davila and F. Martin Cabrera
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For an almost contact metric 2n 4+ 1-manifold (M, (-,-), ¥, ¢), we have:

(i) If M is of type D, where D =C1 & C2 @ Cs ® Cs ® C7 ® Cg or
D =C1 @ Cr @ Co @ Cyo, then the almost contact metric structure is a
harmonic map if and only if it is a harmonic almost contact structure and
2d* Ric* +ds*® = 0. In particular:

(a) If the structure is of type C; @ Co @ Cs @ Cp @ C7 @ Cg and the
manifold is weakly-ac-Einstein, then the almost contact
structure metric structure is a harmonic map if and only if s¢
is such that nds®® = s d*nn = —s*¢ §gl_e,-.

(b) If the structure is of type D = €1 @ Ca & Cg @ Co,

C1 8 Co ® Cs & C7 @ Cg and the manifold is weakly-ac-Einstein,
then the almost contact metric structure is a harmonic map if
and only if s?¢ is constant.

(¢) If the manifold is nearly-K-cosymplectic (Cy), then almost
contact metric structure is a harmonic map. Furthermore, if
the nearly-K-cosymplectic structure is flat, then it is
cosymplectic, i.e., £ = 0.
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(ii) If M is of type D, where D = C3® C4 B C5 & C6 & C7 P Cg or
D = C3 @ Cs @ Cg @ Cyo, then the almost contact metric structure is a
harmonic map if and only if it is a harmonic structure and

2d"(Ric*)*(X) + ds™*(X) + 4 Ric*(X, & €))
—4(Ric*, &%) + 2d" F(Q) Ric*“(¢, X) = 0,

for all X € X(M). In particular,

(a)* If Ric®* is symmetric, then the almost contact structure is a
harmonic map if and only if &_., = 0 and
2d* Ric*® +ds?© + 4&,. e 1 Ric*® = 0. Furthermore, if the
manifold is weakly-ac-Einstein, then the almost contact
structure is a harmonic map if and only if &, ., = 0 and
(n—1)ds®® + (ds®°(¢) — s?°d*n)n + 2sa052/_e,- =0.

(b)* If the almost contact metric structure is of type C3 @ C;,
i =6,7,10, then it is a harmonic map if and only if

2d* Ric* +ds*¢ = 0.
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For an oriented and compact Riemannian n-manifold (M, (-,)) equipped with a
G-structure, G C SO(n) and a differential p-form ¢ preserved by the action of
G, the following Bochner type formula is satisfied

[ (Fslldol? + plaal? = Ival*) = [ ®o.0)

G. Bor and L. Herndndez Lamoneda, Bochner formulae for orthogonal
G-structures on compact manifolds, Diff. Geom. Appl. 15 (2001), 265-286.

alt axi, ..., xp) = Z sign(7)o(xrq), - - > Xr(p))
(Rcd))(xlv s vXP) = (R(X17 Ei)¢)(6i,X2, s aXP)

R(¢) = alt(R°9)
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[ (BeFIP + 20" P = IV FIE) =2 [ (s = 5% = Ric(<, ).
[ Glenl® + 1eale = 19al) = [ Rictc. )

/M (8H5(1)||2 — 4l lI? + 16517 + (20 — DI lI” = 1Em I* + €@ I
— &> = €ao)ll” = 4llEan i — €a P + 12(Vn)ao) © ¢ — (Ve F)anli?

+2|| - eiJ(veiF)(4) + (Vcn)(lz) © 90||2> =2 /M (s —s™ —Ric(¢, €))

/M ((2n =D& |I? + &6 l* + 16 ® — g1 = IEe 1 + ||£(10)H2>

=2 [ Rie(¢.0
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Theorem

Let (M, (-,-)) be a (2n + 1)-dimensional conformally flat compact Riemannian
manifold, where n > 1. If s is the scalar curvature and C,. .y = fM s, that is, a
constant depending on the metric (-,-), then every almost contact structure o
compatible with (-, -) satisfies

..y = /M (4||€(1)(ff)||2 = 2[¢) (@)1 + (n = 1)|s) ()]
+(n — 5206 ()7 — 525160 (@)% + 525 €@ ()1
—(1 = 325)€0) ()P = 5551160y (@) 1P = 2[1&ay (o)1
— €2 (@)I1* + 2112(Vn0) 10y © 9o — (Ve, Fo)apll®
—‘,—|| — e,-_n(Ve,.Fg)(4) aF (VCUUU)(12) ° 900”2) o
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eorem

Moreover:

(i) If oo is an almost contact structure compatible with (-, -) of type C1 @ Cs4
and n = 3, then oq is an energy minimiser such that its total bending is
B(oo) = %Q.’.). Furthermore, in this situation any other energy
minimiser is of type C1 @ Ca.

(ii) Ifn=2orn>4, and oo is an almost contact structure compatible with
(-,-) of type Ca, then oq is an energy minimiser such that its total

bending i.? 'B(('To) = ﬁc‘(.,.). Furthermore, in this situation any other
energy minimiser is of type Ca.

(iii) If oo is an almost contact structure compatible with (-,-) of type C», then
o0 is an energy minimiser such that its total bending is
B(UP) = __2(5%1) C,.,.y. Furthermore, in this situation any other energy
minimiser is of type Cs.
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heorem

Let (M, (-,-)) be a (2n + 1)-dimensional compact Einstein manifold. If s is the
scalar curvature, then every almost contact structure o compatible with (-, -)
satisfies

| (@n=Dlga@I + o @I + & @I

~ &)@ = lge)(@)I* + g (@)I?) = 527 Vol(M).
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Moreover:

(i) For n=1, if og is an almost contact structure compatible with (:,-) of
type Cs @ Cs (trans-Sasakian), then og is an energy minimiser such that
its total bending is B(oo) = 5Vol(M). Furthermore, in this situation any
other energy minimiser is trans-Sasakian.

(i1) For n > 1, if g is an almost contact structure compatible with (-, -) of
type Cs (a-Kenmotsu, where 2na = —d* 1, ), then og is an energy
minimiser such that its total bending is B(oo) = ;=— Vol(M).
Furthermore, in this situation any other energy minimiser is of type

a-Kenmotsu with 4n [, o = .2 Vol(M).

(iii) If oo is an almost contact structure compatible with (-, -) of type Cs & Cy,
then og is an energy minimiser such that its total bending is
B(00) = — 3,7 Vol(M). Furthermore, in this situation any other energy
minimiser is of type Cg & Co.
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Q@ C™  ((,-),Jd) S*>T(r), Uis a unit normal vector field, on
S$?™1(r),  a-Sasakian structure, (-,-), @=tanoJ, (=JU

2 ] & ]
=%, Ric=Z(,), Rc“=%(()-n®n).
S2™1(r) is Einstein, ac-Einstein and conformally flat
:I:% -Sasakian structure is a harmonic map
@ Different generalisations of the Heisenberg group admit almost contact
structures of type Cs @ C7 and Cg + Co. Therefore, they are harmonic

almost contact structures. Most of them satisfy 2d™ Ric®*® +ds®® = 0. As
a consequence, these almost contact structures are harmonic maps.

The characteristic vector fields are harmonic unit vector fields.

S® x S* admits a structure of strict type €;. Therefore, it is an energy
minimiser.

§21t1 5 S x S admits a structure of strict type €4. Therefore, it is an
energy minimiser.
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