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Chapter 1: Lie Groups

I. Definitions and examples.

We assume that the reader is familiar with the idea of a (smooth) manifold. For our purposes, it will
be enough to think of a manifold which is embedded (as a submanifold) in some R™. For example, the
sphere S~ 1 = {z € R" | ||z|| = 1} is embedded in R".

We assume also that the reader understands the concept of tangent bundle. If X is a submanifold of
R™, the tangent space to X at a point z € X is the space of “tangent vectors to curves in X through
z”, i.e.,

T.X ={y'(0) | v: (=& €) = R",y(—€,€) € X,7(0) = a}.

Here, 7/(0) = %’y(tﬂo = D”yo(%). (In the case of S™~!, it is easy to verify the usual description of
T,S™"1 as the set of all vectors which are orthogonal to z.) The tangent bundle of X can then be
defined as

TX ={(z,U) e X xR" | U €T, X}.

This is a submanifold of X x R™, and there is a natural projection map 7: TX — X. If f: X — Y is
a (smooth) map, then the derivative of f is a map Df : TX — TY.

Using the tangent bundle, one can define another basic object: A vector field on X is a (smooth) map
V : X — T X such that moV is the identity map of X. The value of V' at x will be denoted by V,; V, is
an element of T, X. An important property of vector fields is that they act on (smooth) functions “by
differentiation”: If V' is a vector field, and f : X — R, then we obtain a function V f by means of the
formula (V f)(x) = (Df).(V.). Here we use the standard convention that 7, R is identified canonically
with R, for any u € R.
Definition. Let X be a (smooth) manifold. We say that X is a (real) Lie group if
(1) X has a group structure, o, and
(2) the map X x X — X, (z,y) — xz oy~ is smooth.
A complex Lie group may be defined in a similar way: It is a complex manifold X, with a group
structure, such that the map X x X — X, (z,y) — z oy~ ! is complex analytic (holomorphic).

The main examples of Lie groups are matriz groups.

Examples:

(1) M,R = {real n x n matrices}, o = matrix addition. Similarly for M, C, M,,H. More generally, any
real (or complex) vector space is a real (or complex) Lie group.

(2) GL,R = {A € M,R | A is invertible}, o = matrix multiplication. Similarly for GL,,C.
(3) SL,R={A e GL,R | det A =1}, o = matrix multiplication. Similarly for SL,,C.

(4) 0, = {A € M,R| A* = A71}, o = matrix multiplication. Similarly we have U,, = {4 € M,,C | A* =
AN Sp,={Ae M,H | A* = A~}

(5) SO, ={A €O, | det A =1}, o = matrix multiplication. Similarly for SU,,.

Ezercises:

(1.1) In the above list of examples, which are real Lie groups? Which are complex Lie groups?
(1.2) Why are GL,H, SL,H and SSp,, omitted from the above list of examples?

(1.3) Show that GL,,C is connected.
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(1.4) Show that SO, is compact and connected.

(1.5) Show that O,, has two connected components, each of which is diffeomorphic to SO,,. Is it true
that O,, is isomorphic (as a group) to SO,, x {£I}?

Definition. Let G1,G2 be Lie groups. Let © : G — G4 be a (smooth) map. We say that © is a (Lie
group) homomorphism if ©(gh) = ©(g)O(h) for all g,h € G.

Similarly, we define the concepts of monomorphism, epimorphism, isomorphism, etc.
Ezxample:

The determinant map det : GL,R — R* is a homomorphism. (Here, R* = GL;R, the group of
non-zero real numbers.)

The concept of “subgroup” requires a little care:

Definition. Let G1,Gs be Lie groups, such that Gy is an (algebraic) subgroup of Go. We say that G,
1s a Lie subgroup of Go if the inclusion map G1 — G2 is an embedding.

If G is an (algebraic) subgroup of G2, and also a submanifold, then G is certainly a Lie subgroup
of GGo. However, for reasons which will become clear in the next chapter, we do not insist that a
Lie subgroup should also be a submanifold. The standard example of this is given by the (algebraic)
subgroup G1 = {[ta,tb] | t € R} of the Lie group Go = R?/Z? (for a fixed choice of a,b € R with
(a,b) # (0,0)). We give G the structure of a Lie group by using the natural homomorphism R — Gy,
t — [ta,tb]. There are two cases to consider: (1) G is isomorphic (as a Lie group) to R/Z if b =0 or
if a/b is rational; (2) G is isomorphic to R if a/b is irrational. In both cases, G is a Lie subgroup of
G5. But only in case (1) is G a submanifold of Gb.

It is well known that a Lie subgroup is a submanifold if and only if it is closed (see Varadarajan
[1984], Theorem 2.5.4). From Chapter 3 onwards, we shall usually abbreviate the expression “closed
Lie subgroup” to “subgroup”.

II. The exponential map.

Let GG be a Lie group. We use the following standard notation:
e = the identity element of G (= I if G is a matrix group)
g = T.G = the tangent space to G at e.

The relationship between G and g is very important. It is useful, therefore, to have an explicit descrip-
tion of g. Here are some examples, for matrix groups:

Examples:

(1) T.M,R = M,,R (because M,R is a vector space).

(2) T.GL,R = M, R (because GL,R is an open subset of a vector space).
(3) T.O,, = skew, R={4A € M,R | A' = —A}.

(Proof: If X C R", we use the description of T, X given earlier, i.e., the space of tangent vectors v'(0)
with v : (—¢,e) = X C R"™ and 7(0) = z. In the case of O,, C M, R, x = I, we have v(t)'y(t) = I for
all t € (—e, €). By differentiation, we obtain ~/(0)*y(0) + v(0)*y/(0) = 0, hence ~/(0)* = —4/(0). Thus,
T.0,, C skew, R. Conversely, if A € skew, R, let v(t) = exp tA. Then we have v : R — M,R, such
that v(R) C O,, and 7(0) = I. By differentiation, 4'(0) = A. Hence skew,, R C T.O,,.)



1 Lie Groups 5

The (matrix) exponential function

epr:Z%,

n>0
which appeared in Example (3), is very useful. (It is easy to show that the series converges for any A.)
It has the following properties:
Proposition.
(1) The exponential map exp : M, R — GL,R is a local chart at I € GL,R.
(2) Let G be a Lie subgroup of GL,R. Then the exponential map restricts to a map g — G, and this
map is a local chart at I € G. W

(This proposition may be proved by calculating the derivative of the exponential map at 0 € M,R. If

f is any (smooth) function, then the derivative Df is given by the formula (Df),(V) = < f(y(t))|o,
where V = “~(t)|o. Hence, (Dexp)oA = < exp tA|op = A. Thus, (D exp)o is the identity map!)

More generally, it is possible to define exp : g — G for any Lie group. We shall not need the general
definition. However, the following useful property of the exponential map (which is valid also in the
general case) should be noted: For any X € g, the map ~ : ¢ — exp tX provides a curve in G with
~v(0) = e and +'(0) = X.

Ezercises:

(1.6) Let ,0 : (—e,€) — M,R. Show that (v + )" =+ + 0" and (yd) =+'0 +~¢".
(1.7) Let A, B € M, R. Is it true that exp Aexp B = exp(A + B)?

(1.8) Show that T.U,, = skewHerm,, C = {A € M,,C | A* = —A}.

(1.9) Show that T.SL,R = {A € M, R | trace A = 0}.

(

1.10) Show that the exponential map exp : skewHerm,, — U, is surjective.

Bibliographical comments.

See the comments at the end of Chapter 3.
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Chapter 2: Lie Algebras
I. Definitions and examples.

Definition. Let V be a vector space (real or complex). We say that V is a Lie algebra (real or complex)
if

(1) there is a bilinear map |, | : V x V — V, such that

(2) [X,Y] = —[Y, X] and [X, Y], Z] + [[Y, 2], X] + [[Z, X], Y] = 0 for all X,Y,Z € V.

Examples:
(1) V = any vector space, [X,Y] =0 for all X, Y € V. (In this case, we say that V is abelian.)

(2) V' = the vector space consisting of all vector fields on a manifold M, [, | = bracket of vector
fields. (Recall that the bracket of vector fields Vi, Vs on any manifold M is defined by [Vi, Va]f =
Vi(Vaf) — Va(Vif), where f: M — R is any function.)

(3) V=R3 [X,Y] =X xY (vector cross product).

(4) V = End(W), the vector space of all endomorphisms of a vector space W, [X,Y] = XY - Y X. (If
V=R"or C", End(V) = M,R or M,C.)

Let G be a Lie group. Let g =T.G. We can construct a Lie algebra structure for g, as follows. For
any X € g, we define a vector field X* on G by

X} =DLy(X) = Lgexp tX|o.

(Here Ly, : G — G is given by Ly(h) = gh. Later, we shall need the analogous map R, : G — G,
R,(h) = hg.) In this way, we can identify g with a subspace of the Lie algebra of all vector fields on

G (see Example (2)). This subspace consists precisely of the left-invariant vector fields on G, i.e., the
vector fields V' such that Vy, = DL,(V},) for all g, h € G.

Lemma. If U,V are left-invariant vector fields on G, then so is [U,V].

Proof. For any f: G — R we have
Vonf =V f(gh) =V foLg(h)
DLy(Vi)f = DLg(V) f(h) = Df(DLg(V))(h) = V(f o Lg)(h),

so the condition Vy, = DL4(V},) (for all h € G) is equivalent to the condition V foLy(h) = V(foLy)(h)
(forall h € G, f : G — R). If U,V satisfy this condition, we have

[U,V](foLyg) =UV(foLy))—V(U(f o Ly))
( V(

=U((Vf)oLy) =V(Uf)o )
=UWVf)eLy— (VU)o
= ([U,V]f) o Ly

So [U, V] satisfies the same condition. W

It follows that g inherits the structure of a Lie algebra; it becomes a subalgebra of the Lie algebra of
all vector fields. We therefore obtain [, | : g x g — g (satisfying conditions (1) and (2) above). By
definition we have [X*,Y*] = [X,Y]*, for any X,Y € g. In future, we call g the Lie algebra of the Lie
group G.
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Proposition. If G is a matriz group, then the Lie algebra structure of g is given by
(X,)Y]=XY -YX
(where XY denotes the product of the matrices X,Y ).

Sketch of the proof. We have X* f(g) = %f(gexp tX)|o. Hence,

(V*(X*F))(e) = & & flexp sY exp tX)|olo.

If f is linear, the proposition follows from this. The general case can be deduced from the case where
f is linear. A

Exercise:
(2.1) If G = SO3 (and if g is identified with R?), show that we obtain Example (3) above.

The main significance of the Lie algebra (of a Lie group) is demonstrated by the next theorem:

Theorem. There is a one to one correspondence between
(1) connected Lie subgroups G of GL,R (or GL,C), and
(2) Lie subalgebras V of M,R (or M,,C). R

The correspondence assigns to a Lie group G its Lie algebra g. (It follows from the definition of a Lie
subgroup in Chapter 1 that this procedure is valid.) A proof of the theorem can be found in Varadarajan
[1984], Theorem 2.5.2. There is a more general result, the “Fundamental Theorem of Lie Theory”, which
establishes a one to one correspondence between arbitrary Lie groups (up to local isomorphism) and
Lie algebras. Details of this may also be found in Varadarajan [1984], section 2.8.

Examples:
(1) G = SO, V = skew, R.
(2) For fixed a,b € R, with (a,b) # (0,0), let

B exp v—1at 0
G_{( 0 expﬁbt)‘teR}

B v=1at 0
v_{( ! \/jbt)‘teR}.

Observe that G is isomorphic to S = U; if b = 0 or a/b is rational, and G is isomorphic to R = MR
otherwise. (For comments on the topology of G, see the end of section II of Chapter I.)

(3) Let G be a Lie subgroup of GL,R. Hence, g is a (real) Lie subalgebra of M,R, and g ® C is a
(complex) Lie subalgebra of M, C. By the theorem, there exists a (complex) Lie subgroup G° of GL,,C
whose Lie algebra is g ® C. The complex group G¢ is called the complexification of G. For example,
GL,,C is the complexification of GL,R. Warning: It is possible to have G{ = G§ and G # G3! For
example, the complexification of U, is also GL,,C.

The correspondence between Lie groups and Lie algebras is extremely important because (very
roughly speaking) it reduces the study of Lie groups to linear algebra. The Lie algebra is also a useful
tool in the study of the differential geometry of Lie groups. As an example, we mention the following
simple result.

A Riemannian metric (, ) on a manifold X is by definition an inner product ( , ), on each tangent
space T, X (and it is assumed that ( , ), depends smoothly on z). If X = G, a Lie group, then a
left-invariant Riemannian metric is a Riemannian metric ( , ) such that (X,Y), = (DL, X, DLpY )
for all X,Y € TG, and all h, k € G.
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Proposition. There is a one to one correspondence between
(1) left-invariant Riemannian metrics (, ) on G, and

(2) inner products {(( , )) ong. M

(Given (, ), we define ((, )) = (, )e. Conversely, given ((, )), we define (X,Y), = ((DL,-1 X, DL ,-1Y)),
where X,Y € T,G.)

II. The adjoint representation.

Definition. Let G be a Lie group. Let V be a vector space. A representation of G on V' is a homo-
morphism G — GL(V).

(The notation GL(V) means the group of invertible linear transformations 7" : V' — V. For example,
GL(R") = GL,R.)

Definition. Let G be a Lie group, and let g be the Lie algebra of G. The adjoint representation of G
on g 1s the homomorphism

Ad:G — GL(g), g+ D(LgoRy1)e.

Alternatively:
Ad(9)X = £gexp tX g~ i=o.

Proposition. If G is a matriz group, then Ad(4A)X = AXA™L.

Proof. Ad(A)X = 4 A(exp tX)A 7 o =4 exp tAXA™ 'y =AXA"'. W

There is a version of the adjoint representation for Lie algebras. First, a representation of a Lie
algebra g on a vector space V is defined to be a Lie algebra homomorphism g — End(V). Next, the
adjoint representation of g on g is defined to be the homomorphism

ad = D(Ad). : g — End(g).
Proposition. If G is a matriz group, then ad(X)Y = XY — Y X.

Proof. D(Ad).(X)Y = & Ad(exp tX)Y |y = L (exp tX)Y(exp —tX)[p = XY - YX. W

dt
(More generally, for arbitrary Lie groups, it can be shown that ad(X)Y = [X,Y].)

From now on, we shall only consider matriz groups! This is not a serious restriction, and it simplifies
our calculations.

The adjoint representation is useful in studying the geometry of G. For example:

Proposition. There is a one to one correspondence between

(1) bi-invariant Riemannian metrics (, ) on G (bi-invariant means left invariant and right invariant),
and

(2) Ad-invariant inner products (( , )) on g (Ad-invariant means that ((Ad(g)X,Ad(9)Y)) = ((X,Y))
forall X, Y €egandallge G). B
This is proved in the same way as the proposition at the end of the last section.

By “averaging over G” any inner product on g, and using the above correspondence, it is possible to
prove the following existence result:
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Proposition. If G is a compact Lie group, then there exists a bi-invariant Riemannian metric on G.
|

For example, if G = O,,, an Ad-invariant inner product on skew, R is given by ((A4, B)) = — trace AB.
By the proposition, we obtain a bi-invariant Riemannian metric on O,,.

A deeper property of the adjoint representation is that it measures the non-commutativity of G. For
example, if G is abelian, then Ad(g)X = X for all g € G, X € g. The next definition helps to clarify
this idea.

Definition. Let G be a compact Lie group. A Cartan subalgebra of g is a mazximal abelian Lie subal-
gebra of g.
For example, let
v—11T1
Cp = VL T1,...,Zn €R

V—1Zn
Then c,, is a Cartan subalgebra of skewHerm,, C.

Theorem (Cartan). Let G be a compact Lie group. Let g be the Lie algebra of G. Let cq,co be two
Cartan subalgebras of g. Then there exists some g € G such that Ad(g)cy =co. B

Corollary. Let G be a compact Lie group. Let g be the Lie algebra of G. Let ¢ be a Cartan subalgebra
of g. If X € g, then there exists some g € G such that Ad(g)X € c. R

This is a “diagonalization theorem”. For example, let us take G = U,,, g = skewHerm,, C, and ¢ = c,,.
Then we obtain the following familiar fact from linear algebra: If X € skewHerm,, C, then there exists
some A € U,, such that AXA™! € ¢c,,.

There is a version of Cartan’s theorem for (compact, connected) Lie groups, where the concept
of “Cartan subalgebra” is replaced by the concept of “maximal torus”. As a corollary, we obtain
diagonalization theorems for Lie groups. The appropriate definition is:

Definition. Let G be a compact connected Lie group. A mazimal torus of G is a maximal connected
abelian subgroup of G.

The name “torus” comes from the following well known fact:

Proposition. If T is a connected abelian compact Lie group, then T is isomorphic to S1 x --- x St (r
factors), for some integer r. W

Example:

Let G =U,. Let

<1

z2 )
T, = ) 2 €Clzi|=1,i=1,...,n

Zn
Then T,, is a maximal torus of U,,.

Cartan’s theorem is:
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Theorem (Cartan). Let G be a compact connected Lie group. Let Ty, Ty be two mazximal tori of G.
Then there exists some g € G such that g1 g~ =T,. N

FExercises:

(2.2) Let Ad : Sp1 — GL3R be the adjoint representation of Sp;. Show that Ad(Sp;) = SO3. Show
that the kernel of Ad is {£7}. (It follows that SOj3 is diffeomorphic to three-dimensional real projective
space RP3.)

(2.3) Find a Cartan subalgebra of skew,, R.
(2.4) Show that SO, is isomorphic to Sp; x Sp1/{£(1,1)}.

Bibliographical comments.

See the comments at the end of Chapter 3.
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Chapter 3: Factorizations and homogeneous spaces

I. Decomposition of Lie groups.

If {v1,...,v,}is a basis of R™, the Gram-Schmidt procedure gives a new orthonormal basis {u1, ..., u,}.
We may consider the vectors vy, ..., v, to be the column vectors of a matrix A € GL, R, and the vectors
Ui, ...,U, to be the column vectors of a matrix B € O,,. In terms of A and B, the Gram-Schmidt
process gives a factorization A = BC i.e.,

| | | | *
V1 Un = (751 Unp

where C' is an upper triangular matrix.

* X X ¥
* Kk X X ¥

For example, if n = 2, then u,us are given by

u; = v1/|v1| = awi, say, and

ug = (vg — (va,up)uyr)/|ve — (vo, ur)ur| = Bvg + Y1, say.

— a 7
s=a(5 7).

A=B <O‘(;1 _Vﬁ/f?ﬁ)).

This may be written

or

It follows that we have a decomposition of Lie groups, namely
GL,R =0,A,,
where A,, is the subgroup of upper triangular matrices in GL,,R. We have
O,NA, =2,
where Z,, is the (finite) group of matrices of the form

+1
+1
+1
+1
+1

Similarly, using an oriented basis, we obtain the decomposition
SL,R =50,4A,, SO,NA,=12,.

Here we are using the (rather dangerous, but convenient) convention that A, denotes the group of
upper triangular matrices in SL,R (not GL,R!), and similarly for Z,.
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If we use complex vectors instead of real vectors, we obtain the decomposition
GL,C=U,A,, U,NA,=T,
where A,, is the group of upper triangular matrices in GL,,C, and T;, is the group of diagonal matrices

in U,.

We also have a decomposition
SL,C=SU,A,, SU,NA,=T,

where A,, and T}, denote the upper triangular and diagonal subgroups of SL,,C and SU,,, respectively.

There is a general decomposition theorem for Lie groups, called the [wasawa decomposition (see
Helgason [1978]):

Theorem (Iwasawa decomposition). Let G be a compact connected Lie group. Then there is a
decomposition
G°=GAN, GNA=ANN=GNN = {e}

where A is abelian and N is nilpotent. R

Let us examine how this applies to the examples G = U,,, SU,, above. (For the examples O,,, SO,,,
a slightly different theorem is available — see section I of Chapter 7.) In the case G = U,,, we have seen
that GL,C = U,A,,. It is easy to see that A,, = T,,A,N,, where A, is the group of real diagonal
matrices with positive entries, and where N,, is the group of matrices in A,, of the form

—_
= % %X ¥
— % % % %

Since T,, C U,,, we have GL,C = U, A, N,,, and this gives the Iwasawa decomposition of GL,,C.

(A Lie group is said to be nilpotent if its Lie algebra is nilpotent; a (matrix) Lie algebra is said to
be nilpotent if each element X is a nilpotent matrix, i.e., X* = 0 for some k. The Lie algebra of the
group N,, consists of all strictly upper triangular matrices.)

Ezxercise:
(3.1) Find the Iwasawa decomposition explicitly, in the case of the group GLoC.

Next we describe a geometrical version of the decomposition GL,,C = U, A,,.

Definition.

(1) F=Fi14,  ,-1(C") =

{{0} CELCE,C...CE, 1 CC"| E; asubspace of C" of dimension i}.

(2) ¥ ={(L1,...,Ly) | L1,..., Ly are orthogonal lines in C™}.
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Proposition.
(1) F = GL,C/A,.
(2) F =2U,/T,.

Proof. (1) The group GL,,C acts naturally on F. The isotropy subgroup at the point
{occccic...cctcer (eF)

is A,. We claim that the action is transitive. To see this, let vq,...,v, be a basis of C” such that
E; = Span{vy,...,v;}. Then the matrix

U1 Un,

| |
defines an element of GL,,C which maps {0} CCCC?C...CC"!1CC"to {0} CE, CE,C...C
E,_1 C C". (2) The group U, acts naturally on F’. Let ey, ..., e, be an orthonormal basis of C*. The

isotropy subgroup at the point
(Cey,...,Ce,) (€F)

is T},. The action is transitive, by an argument similar to the argument for (1). W
Corollary. GL,C =U,A,,.
Proof. The map F' — F, given by
(Ly,...,Ly) — {0} CE, CE,C...CE, 1, CC", E=L & &L,
is bijective. (In fact, it is a diffecomorphism.) This can be identified with the natural map
U,/T, — GL,C/A,,.
From the surjectivity of this map, we obtain GL,,C =U,A,,. R

The manifold F (or F') is called a flag manifold.
More generally, the following theorem holds:

Theorem. Let G be a compact connected Lie group. Let T be a mazximal torus of G. Then there is a
subgroup B of G¢ such that G/T = G°/B. B

The group B is called a Borel subgroup of G°. The manifold G°/B (or G/T) is called a generalized flag
manifold. This theorem is a consequence of the proof of the general Iwasawa decomposition (esssentially,
we have B = TAN).

II. Homogeneous spaces.

The following result is elementary.
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Proposition. Let G be a Lie group. Let H be a closed Lie subgroup of G. Then the coset space
G/H ={gH | g € G} has the structure of a (smooth) manifold. W

We call G/H a homogeneous space. If g € G, we sometimes write [g] = gH, and o = [e] = eH. We have
hCg.

Examples:

(1) The flag manifolds F (or F’). The generalized flag manifolds G¢/B (or G/T).

(2) The spheres S™.

(3) The Grassmannians Gr,,(R"), Gr,,,(C"), Gr,,,(H").

Exercise:

(3.2) Find suitable groups G, H, for Examples (2) and (3) above.

Homogeneous spaces are more general than Lie groups, but they have some similar properties. For
example, there is a close relationship between a homogeneous space G/H and its tangent space T,G/H
at 0. We have an isomorphism

g/h=T,G/H,

given by
[X] > fexp tX]|o.

For any X € g, we can define a vector field X* on G/H by:
Xog = 4 (exp tX)gH|o = £[(exp tX)g]|o-

(Beware: This differs from the formula for Lie groups in Chapter 2!)

The adjoint representation Ad = Ad® of a Lie group G is related to the isotropy representation of a
homogeneous space:

Definition. Let G/H be a homogeneous space. The isotropy representation of H on T,G/H is the
homomorphism

AdST . H - GL(T,G/H), Ad°/"(h)X = DL,(X)
where Ly, : G/H — G/H is the map Ly ([g]) = [hg].

FEzercise:

(3.3) Check that Ad®/# is well defined.

Next, we explain the precise relationship between Ad® and AdG/H

Definition. The homogeneous space G/H is reductive if there exists a subspace m C g such that
g=hdm and Ad(h)m Cm for all h € H.

(If G is compact, then G/ H is reductive, because we can take m = h', with respect to an Ad-invariant
inner product on g.)

Proposition. Assume that G/H is reductive. Let h € H, and let X € h, Y € m. Then we have

AdC(h)(X,Y) = (Ad® (R) X, AdS/H (h)Y).
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Proof. 1t suffices to prove this for (i) X = 0, and (ii) Y = 0. The result is obvious for case (ii). For
case (i), we use the fact that Y (in m) corresponds to % [exp tY]|o (in T,(G/H)). Hence, we must show

that 4 [exp t Ad®(h)Y]|o is equal to AdG/H(h)%[eXp tY]|o. We have:

Ad“ (h) & lexp Y]] = & [hexp tY]o
= Lh(exp tY)h™ "o
= Llexp t Ad“(R)Y]|o

as required. H

In the language of representation theory, we say that the restriction of Ad® to H splits into the sum
Ad g AQ9/H,

Ezercise: (This exercise assumes some knowledge of representation theory.)
(3.4) Identify Ad®, Ad®, Ad9/H in terms of “standard representations”, in Examples (1),(2),(3) above.

Finally, we mention the following description of certain Riemannian metrics on a reductive homoge-
neous space G/H:

Proposition. There is a one to one correspondence between

(1) invariant Riemannian metrics ( , ) on G/H (invariant means that (X,Y) = (DLp X, DLyY") for
all X,Y € Ty G, and all bk € G), and

(2) AdY/H invariant inner products ((, )) onm (AAH -invariant means that ((AdS/H (h) X, AdS/H (h)Y)) =
(X, Y)) forall X,)Y emand allh e H). R

This is similar to the propositions in Chapter 2, concerning Riemannian metrics on G.

Bibliographical comments for Chapters 1-3.

The literature on Lie groups and Lie algebras is very well developed, and the reader will experience
no difficulty in finding books on the subject. We just mention some particularly useful sources for
the topics of Chapters 1-3. Accessible introductions are given in Warner [1984], the first chapter of
Brocker and tom Dieck [1985], and the first two chapters of Adams [1969]. An excellent reference for
all the material of Chapters 1-3 is the book by Carter et al. [1995]. (There is a concise discussion of the
Fundamental Theorem of Lie Theory on pages 75-81.) For a more detailed study see Helgason [1978];
Postnikov [1986]; Varadarajan [1984].
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Chapter 4: Hamilton’s equations and Hamiltonian systems

I. Hamilton’s equations.

Newton’s equations for the motion of a particle of mass m, in a field with potential V' = V(q), are
(%) maj = =g

where ¢ = (¢1,-..,qn) € R™ denotes the position of the particle. Let us introduce
n
pj=mg; and H(p,q) =55 p?+V(q),
j=1

the “momentum” and “total energy”, respectively. Then we obtain Hamilton’s equations for (p, q):

. 0 . o)
(%) qj:—H pj:—a_g-

Equations (x),(*%) are equivalent, but (%) has various advantages. For example, (*) contains only first
order derivatives, whereas () contains second order derivatives. Equation (k%) is “more symmetrical”
than (x), perhaps.

If we introduce

then (x*) becomes:
(x * ) t=J(VH),.

In this equation, the gradient VH of H : R" x R™ — R is defined (as usual) in the following way:
((VH)y,W)) = DHy (W) for all VW € R™ x R", where ({ , })) is the standard inner product on
R" x R"™.

Equation (x x ) has the following generalization:
(1) Let M be a (smooth) manifold.

(2a) Let (, ) be a Riemannian metric on M (i.e., a smoothly varying inner product ( , ),, on each
tangent space 1, M ).

(2b) Let J be an almost complex structure on M (i.e., a smoothly varying automorphism .J,,, of each
tangent space T, M, such that (J,,)? = —1I).

(3) Let H : M — R be any (smooth) function.

Then we may consider equation (* * ), in this situation. It is a first order differential equation for a
path x : R — M.

More generally still, we may replace (2a) and (2b) by:

(2) Let w be a non-degenerate 2-form on M (non-degenerate means that if w(X,Y) =0 for all Y, then
X =0).

Given (1), (2) and (3), we may consider the equation

=V,
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where V' is the vector field such that w(V, ) = dH. This equation is called a Hamiltonian system; H
is called the Hamiltonian function (of the system), and V is called the Hamiltonian vector field (of the
system). Of course, this equation is simply the equation for an integral curve of the vector field V. If we
define w by w(X,Y) = (X, JY) in the previous situation (with (2a) and (2b)), then we have V = JVH.

It is usual in the definition of a Hamiltonian system to insist that w is closed, i.e., that dw = 0. (This
is the case in the above example.) A non-degenerate closed 2-form is called a symplectic form, or a
symplectic structure (on M).

I1. Example: A height function on an Ad-orbit.
We discuss an important example of a Hamiltonian system. First we must define M, w, and H.
(1) Definition of M.
Let GG be a compact Lie group. Let P € g.
Definition. Mp = Ad(G)P = {Ad(9)P | g€ G} C g.
This Mp is called an “adjoint orbit” (or “Ad-orbit”). If Hp = {g € G | Ad(g)P = P}, i.e., the isotropy

subgroup at P, then Mp = G/Hp, so Mp is an example of a homogeneous space. The point P € Mp
corresponds to the point 0 = [e] € G/Hp.

Examples:
vV-1x1
(1) G=U,, P= VoIT ,
with x1,...,x, distinct real numbers. In this case, Hp =T,, and so Mp =F; 5 ,_1(C").
V-121
(2) G=U,, P= Vol ,
with 1 = -+ = 2, = 2, ©gp41 = --- = z, = y, where z,y are distinct real numbers. In this case,

Hp = Uk X Un—k and so Mp = GI‘k(Cn)
Exercise:
(4.1) Find some more examples!

As in the case of a flag manifold (see Chapter 3), it can be shown that G/Hp = G°/Gp, for a suitable
subgroup Gp of G°.

The next proposition gives us a description of the “abstract” tangent space of Mp:
Proposition. The isotropy subgroup Hp is equal to
C(Sp)={9€ G | ghg™ =h for all h € Sp}
where Sp = exp RP. The Lie algebra of Hp is given by hp = {X cg | [P, X]=0}. W
We have the decomposition g = hp ® mp, where mp = (hp)*. (The orthogonal complement is taken

with respect to an Ad-invariant inner product ( , ) on g.) Thus, the tangent space (at P) of Mp is
TP(MP) S mp = {X cg | [P,X] = O}J‘
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On the other hand, we can use the embedding Mp C g to give another description of the tangent
space to Mp:
Tp(Mp) = {& Ad(exp tX)Plo | X € g}
= {%(exp tX)P(exp —tX)|p | X € g}
={XP-PX | X eg}
={[X,P] | X € g}.

Let Ap : g — g be defined by Ap(X) = [P, X]. Then we have two descriptions of Tp(Mp), namely
(i) (Ker Ap)*, and (ii) Im Ap. It turns out that these are the same:

Proposition. Im Ap = (Ker Ap)*.

The proof is given in the following exercises.

Ezercises:

(4.2) Show that ([X,Y],Z) = (X,[Y,Z]) for all X,Y,Z € g. (Hint: Use
(a) [X,Y] = & Ad(exp tX)Y]o, and
(b) (Ad(g)X, Ad(g)Y) = (X,Y).)

(4.3) Show that Ker Ap 1 Im Ap. (Hint: Use (4.2).) B

The embedding Mp = {Ad(g)P | g € G} C g is often useful for computational purposes. For
example, we can obtain a simple formula for the vector field X* on Mp:

Xag)p = & Ad(exp tX) Ad(g)Plo
= %(exp tX)Ad(g)P(exp —tX)]o
= [X, Ad(g)P].

(2) Definition of w.

For any reductive homogeneous space G/H, there is a one to one correspondence between
(1) invariant 2-forms w on G/H
(2) Ad®/H invariant skew-symmetric bilinear forms €2 on m.

This is similar to the corresponding statement for Riemannian metrics, in Chapter 3. If G is a compact
Lie group, and H = Hp, we shall define (2 as follows:

Definition. For any X, Y e m, Q(X,Y) = (P, [X,Y]).

(Here, (, ) is an Ad-invariant inner product on g, as usual.)

Ezercises:

(4.4) Show that Q(Ad(h)X,Ad(h)Y) = Q(X,Y) for all h € Hp.

(4.5) Let w be the 2-form corresponding to (2. Show that w(X;p, Y)y) = QX,Y) for all XY € g.
(4.6) Show that w is non-degenerate.

(4.7) Show that dw = 0.

These exercises show that w is indeed a symplectic form on Mp.

(3) Definition of H.
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Definition. Let Q € g. Define H? : Mp — R by H?(X) = (X, Q).

(Of course, we also have a function H? : g — R defined by H?(X) = (X, Q), and H? = H®|y;,.) We
call H? a height function on Mp.

(Another natural function is the distance function
K?(Ad(9)P) = | Ad(9)P - Q.

But this is essentially the same as H?, because K@ = a + bH® for some constants a, b.)
This completes the definition of M, w, and H.

We now have a Hamiltonian system & = V,.. In this example it is possible to find a complex structure
J and a Riemannian metric ( , ) on Mp, such that V = JVH®. These may be defined explicitly, by
using the roots of G. We quote the following result without proof:

Proposition. VH? = JQ*. &

Our Hamiltonian system is & = J(VH®),. From the last proposition we have J(VH®?), = —Q* =
[z, Q]. Hence our differential equation for x : R — Mp is

= [z,Q)].
It is easy to find the (unique) solution to this differential equation:
Theorem. The solution of the differential equation
& =lz,Q], x(0)=P
is given by x(t) = Ad(exp —tQ)P
Proof. 1t suffices to show that xz(t) = Ad(exp —tQ)P satisfies the differential equation. We have

z(t) = d%x(t +3)o

= % Ad(exp —(t+ s)Q)Plo

= Ad(exp —tQ) 4 Ad(exp —sQ)P|o
= Ad(exp —tQ)[-Q, P]

= Ad(exp —tQ)[P, ]

= [Ad(exp —tQ) P, Ad(exp —tQ)Q)]
= [z(¢),Q]. W

Before we leave this example, let us consider the differential equation for the vector field VH®:
i=(VH?), ie, i=Jz Q.

(This is not a Hamiltonian system.) The solutions to this equation are slightly more complicated, but
it is possible to find them explicitly by using the Iwasawa decomposition G¢ = GAN (of Chapter 3).
We shall not give the proof, because we have not defined J precisely. In the following statement, we
shall write g = g, 949, for the factorization of g € G°.
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Theorem. The solution of the differential equation
i=JzQ], x(0)=P
is given by x(t) = Ad(exp v=1tQ),P. N

FEzercises:

(4.8) Let G = SU,, and let

_(v=T 0 (0 1
r= (0 A) e= (5 0)
Show that Mp = S2. Determine explicitly the embedding Mp C g = R3.
(4.9) Show that X (in Mp) is a critical point of H? : Mp — R if and only if [Q, X] = 0.

Bibliographical comments.

The modern theory of classical mechanics (in terms of symplectic manifolds) is discussed in the book
by Arnold [1978]. A broader treatment of symplectic manifolds in physics is given in the book by
Guillemin and Sternberg [1984].

The example of section II appears infrequently, but in various guises, in the literature. The height
function H? was studied from the point of view of Morse theory in Bott [1956]. It turns out that H?
is a “perfect Morse function”; this allows one to obtain information on the homology of Mp. (The
classical reference for Morse theory is the book by Milnor [1963]. A brief summary of the Morse theory
of H? is given in the Appendix of Guest and Ohnita [1993].) A more general (symplectic) point of view
was taken in Frankel [1959], and subsequently in Atiyah [1982].

From the point of view of Morse theory, it is natural to consider the “gradient flow” curve ¢ —
Ad(exp v=1tQ), P; its closure is a curve of finite length from a (higher) critical point of H? to a
(lower) critical point. From the Hamiltonian point of view it is natural to consider the “orthogonal”
curve t — Ad(exp tQ)P; the closure of this is the orbit of P under the torus Sg. (We assume here that
P is not a critical point of H?, i.e., not a fixed point of the action of Sq, otherwise both curves are just
the point P itself.) The reader is advised to contemplate these two curves in the situation of Exercise
(4.8). There, the critical points of H® are just the antipodal points +Q. Thinking of £@Q as the north
and south poles, the first curve is a “line of longitude” between the poles, and the second curve is a
“circle of latitude”.
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Chapter 5: Lax equations

I. Flows on adjoint orbits.

An equation of the form

L =1[L,M]

is called a Lax equation. In the last chapter we considered an example, namely & = [z, @], where
r:R —g, Q€g, and G is a compact Lie group. In this chapter we shall consider the following more
general example:

(%) & =[z,yl, =(0)=V

where x,y : R — g, and G is any Lie group. The key to solving this equation (for certain y, at least)
is the geometrical property established in the next proposition. We shall denote the adjoint orbit of V'
by Oy, i.e., Oy = {Ad(g)V | g € G} = Ad(G)V.

Proposition. If x is a solution of (%), then we have x(t) € Oy for all t.

Proof. We proved in Chapter 4 that T,,0y = {[X,z] | X € g}, if G is compact. The same proof is valid
if G is non-compact. Therefore, @(= [z,y|) € T,O,. It can be deduced from this that z(¢) € Oy for all
t. 1

Therefore, we may write z(t) = Ad u(t)V (= u(t)Vu(t)™1), for some u : (—¢,€) — G. (This is justified
by the fact that the natural map G — G/H = Oy is a locally trivial fibre bundle.) Differentiating the
equation z = uVu~!, we obtain

& =uVu "t —uVu tuu™?

= (wu ) (uVu™) — (uVu ) (dut)

= [uut, uVu™ "

= [z, —uu"].
Comparing this with (x), we see that (%) is equivalent to the following equation:
(xx) wut = —y, u(0) =e.
Thus, the “change of variable” suggested by the above geometrical property leads to a simplification of
the equation.

If y is constant (i.e., independent of ¢), then the equation (%) has the obvious solution u(t) = exp —ty.
We therefore obtain the solution z(t) = Ad exp(—ty)V of equation (x). This explains the formula given
in the last chapter!

A slightly more general example may be obtained by “working backwards”. Suppose that we have
a decomposition G = G1G3, where G1, G2 are subgroups of G such that Gy N G2 = {e}. If g € G, we
may write g = g192, where g1 € G1, g2 € G5. Let us consider u = g1, where g(t) = exp tW, for some
W € g (W is independent of ). We shall find an equation for which u is a solution. We have!:

W =gg~!
= (g192 + 9192)95 "g7 "
=197 " + 91(g295 ar -

ITwo technical points should be mentioned. First, the notation g1 means %(gl), and the notation gfl means (g1) !,
i.e., factorization always occurs first. Second, the smoothness of ¢t — g1 (), g2(t) follows from the smoothness of t — g(t),
as the hypothesis on G1, G2 implies that the map G1 x G2 — G, (a,b) — ab, is a diffeomorphism.
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Now, we have g = g1 @ go, and glgl_1 € g1, ggggl € go. If we assume that Ad G1(g2) C g, then
au~t = g1g7 ' = mW. (Here m;W means W, where W = (W;, W5).) Bearing in mind the relationship
between (%) and (**), we have just proved the following fact:

Proposition. Let G = G1G2, where G1, Gy are subgroups of G such that G1 NGy = {e}. Assume that
Ad G1(g2) C go. Let W € g. Then the solution of the differential equation

Tt=lz,mW], z(0)=V
is z(t) = Ad(exp —tW),V. R

This result is closely related to the example of Chapter 4. The latter may be obtained by taking
G1 = G,Gy = {e}. Alternatively we may regard the proposition as a special case of that example,
with P =V, @Q = mW. The solution given by Chapter 4 is then z(t) = Ad(exp —tm W)V — which
appears to be different from the formula of the proposition. However, the two formulae are in fact the
same, as (exp —tW); = exp —tmW here. This follows from the condition Ad G1(g2) C go and the
Baker-Campbell-Hausdorff formula.

If we consider u(t) = (exp tW);!, then we obtain another, less trivial, example:

Proposition. Let G = G1G2, where G1,Gy are subgroups of G such that Gy NGy = {e}. Then the
solution of the differential equation

& =[z,mz|, x(0)=V
is 2(t) = Ad(exp tV); V.

Proof. The calculation is similar to that in the previous case, but we shall give it in full in order to
emphasize how elementary it is. To simplify notation, we write g(t) = exp tW, u = g; and x = v~ Vu.
Differentiating the last equation, we obtain:

(1) & = [, u” ).
As in the previous proposition, we have
W =197 "+ 91(g295 )i
hence
90 W1 =971+ gogs
and so g7 'g1 = m1(g; ' Wa1). If we take W = V now, then we have
(1) g1t = ma.
Comparing (1) and (f1), we see that = satisfies the equation & = [z, mz], as required. W

II. Example: The Toda lattice.

We shall consider an important example of the above theory, namely the Toda lattice. 1t is a Hamil-
tonian system which describes the motion of n particles? moving in a straight line, with “exponential

2This is the popular interpretation of the Toda lattice. However, in Toda’s original interpretation, ¢; was regarded as
the angular parameter of a particle which moves on a circle. Adjacent particles are connected by springs. This accounts
for the appearance of q; — q;+1 rather than |g; — ¢;+1| in the potential. I am grateful to Professor B. Kostant for this
information.
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interactions”. (Mathematically, this is equivalent to a problem in which a single particle moves in R",
so we may use the framework of Chapter 4.)

Let the positions of the particles at time ¢ (in R) be ¢1(t),...,qn(t), respectively. We assume that
each particle has mass 1. The momentum of the i-th particle at time t is therefore p; = ¢;. The
Hamiltonian function is defined to be

H = % p? + e2(4i—=gqj+1)
Jj=1 Jj=1
The Hamiltonian system
_ OH _0H
qj 8Pj ’ pj 8‘1]

is

b = _9¢2(a1—42)
P = —2e2(05=+1) 4 9e2(0105) s =9 . p—1
pn — 262(Qn—17qn).

We shall assume in addition that 2?21 qj = Z?Zl p; = 0. The coordinates ¢, ..., g, may be chosen
so that this condition is satisfied.

(Strictly speaking, we have defined the finite, open Toda lattice; this is also known as the Toda
molecule. We may also consider the infinite Toda lattice, in which there are infinitely many particles,
or the periodic Toda lattice, in which the first particle interacts with the last.)

Let us now define two n x n matrices L, M:

p1 QLQ O P 0 0
Qi2 p2 Q23 ... 0 0
0 Q273 P3 e e 0 0
L= . ) ) . .
0 0 0 - Pn—1 Qn-1n
0 0 0 ) C\2n71,n Pn
where Q; j = e¥ "%, and
0 Ql,g 0 0 0
Q1,2 0 Q2,3 0 0
0 —Q23 0 0 0
M = .
0 0 0 . 0 Qn-1n
0 0 0 ... —Qn-1n 0

By direct calculation, we find the following amazing fact:
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Proposition. The Hamiltonian system for the Toda lattice is equivalent to the Lax equation L= [L, M].
|

The functions L, M take values in the Lie algebra sl, R, and the operation [L, M| = LM — ML is the
usual Lie bracket operation.

Let us now consider the decomposition SL,R = SO, A, of Chapter 3. We have a similar decom-
position SL,R = SO,A!, where A/ denotes the subgroup of lower triangular matrices. Observe
that

A, =Z,A,N,, A =Z,A,N],

where Z,,, A,, are (respectively) the subgroups consisting of matrices of the form

+1 dy
+1 ds
+1 dn
with dy,...,d, > 0, and N,,, N/, are the subgroups consisting of matrices of the form
1 x % % 1
1 x % * 1
PR I R
1 * % ... 1

We shall use the decomposition G = G1G4 given by
SL,R = SO,N!, where N/, = A,N.
The corresponding Lie algebras are
sl,R={X € M,,R | trace X =0}
skew, R = {X €sl,R | X' = - X}

n, ={X esl,R | X = (z;;),2;; =0if i <j}

n, ={Xen, | X = ()11 == Tpy =0}

a, ={X €sl,R | X = (z;),z;; =01if i # j},
and the corresponding Lie algebra decomposition is

sl,R = skew, R @ 1), where n/, = a, ®n,,.

The resulting decomposition of an element X € sl,R may be found explicitly, as follows. First, we
consider the decomposition
sl,R=n, ®a, ®n,.

For any X € sl, R, we write X = X + Xy + X_. Hence our decomposition of X is
X =(X; - XU) 4+ (X_+ Xo+ Xb),
where X — X! € skew,, R and X_ + X, + X! € n/,.
It follows from this explicit formula that M = 7 L. Our Hamiltonian system can now be written

L=I[L,mL]

which is the equation considered (and solved) in section I! Therefore, we arrive at the following conclu-
sion:
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Theorem. The solution of the Hamiltonian system for the Toda lattice is given by L(t) = Ad(exp tV)[ 'V,
where V= L(0). A

Let us write down the solution explicitly, in the case n = 2. Writing ¢y = —¢q, ¢2 = q and p; = —p,

ps = p, we have
_(p Q _ (0 @
i=(5 5) u=(% )

where Q = e~2¢. The solution of L = [L, M] with

w2
L(t) = Ad [expt(g 8)[1 (2 g)

oxh 0 v\ _ (coshtv sinhtv
*p v 0/) \sinhtv coshtv /"’

The decomposition SLoR = 502]\75 is given by

is

In this expression, we have

(¢ 0)= [ (G D)l [ (ot wie)]

{expt(o U)} - 1 ( cosh tv  sinh tv)
v 0/, \/ sinh? tv + cosh? tv \ — sinh tv cosh tv

We conclude that

Hence

L(t) — v —2sinh tv cosh tv 1
 sinh? to + cosh? tv 1 2sinh tvcosh tv ) °
This means that
sinh 2tv )
t) = —p— H=—"
p(t) Y osh 2ty Q) cosh 2tv

The original problem concerns the motion of a single particle on the real line, and the position of the
particle is given by ¢(t), where Q(t) = =24, It follows that

alt) = —% tog (o 201)

1 1
=3 log v + 3 log cosh 2ut.

In Chapter 14, we show how to find such an explicit formula for any n, by using “r-functions”.

Bibliographical comments.

See the comments at the end of Chapter 8.
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Chapter 6: Adler-Kostant-Symes
Let us look at the Toda lattice again. We shall try to express everything in terms of the Lie group
SL,R.
1. Lie algebraic coordinates

Let E;; be the matrix (xy;), where xy; = d;50;;. We shall need the following elements of the Lie
algebra sl, R:

Ej=FEjj+1, 1<j<n-1
E_j=ELjy lsjsn-1
Hj:Ej,j_Ej-i-l,j-l—lﬂ 1§j§n—1

(The vectors Ej, E_; are the “simple root vectors” of sl,,R, and the vectors H; are the “simple co-root
vectors”.)

It is easy to verify the following formulae:

[Hj, Hy] =0
[Ej, E_] = 01 Hy
[Hj, Ex] = cjrEx

where C' = (c¢;5) is the matrix

2 -1 0 0 0
-1 2 -1 0 0
0 -1 2 0 0
0 0 0 2 -1
0 0 0 -1 2

(This matrix is called the “Cartan matrix” of sl,,R.)

If we introduce the variables
ap = ek T I+ — Qk,k+1 k= 1, NN 1

1
bk:E[(n—k)(pl—k-“—#pk)—k(pk+1+"'+pn)] k=1,...,n—1

then the matrices L, M of the Toda lattice may be expressed as follows:
n—1 n—1
L=) biH;+> a;(E;+E_;)
j=1 J=1
n—1
M = Zaj(Ej — E,j).

j=1

2. The Hamiltonian function
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The Lie algebra sl,, R has a natural Ad-invariant non-degenerate bilinear form
(A, B) = trace AB.

(This is — up to a constant multiple — the “Killing form” of sl,R.) Our Hamiltonian function may be
expressed very simply in terms of this form:

H(p,q) = %(L,L).

3. The phase space M

For the solution of the Hamiltonian system we need the Lie algebra decomposition
sL,R(=g) = skew,R(=g1) & n,(=g)

(which comes from a decomposition G = G1G2 of Lie groups — see Chapter 5). Using the bilinear form,
we have an identification

(sl,R)* = sl,R.
FEzxercise:

(6.1) Show that (via the above identification) we have

(skew, R)* = ()t =n/,

(7),)* = (skew, R)* = symm,, R.

(Hint: If (, ) is a non-degenerate bilinear form on a vector space V @& W, then we have an identification
(VeWw)* - V*eW* given by f — (f|v, flw). Next, observe that the image of the natural composition
Wt CVaeW — (Ve W)* is contained in the subspace V* of (V @ W)*. Similarly, the image of
VICVeW — (Ve W)*is contained in W*.)

We have already discussed the adjoint action of SL,R on sl,R. It is given by conjugation:
Ad(A)X = AXA™L
We also have the co-adjoint action of SL,R on (sl,R)*. It is given by
Ad*(A)f =g where g¢(X)=f(A'XA).

Since we have an Ad-invariant bilinear form on sl, R, we obtain an equivariant identification sl, R —
(sl,R)*, and the adjoint action on sl,R is thereby identified with the co-adjoint action on (sl,R)*.
However, not every® Lie algebra g admits an Ad-invariant bilinear form, and so the co-adjoint action
may differ in an essential way from the adjoint action. This is illustrated by the next example.

FEzercise:

(6.2) Show that the co-adjoint action of N’ on (@/,)* 2 (skew, R)* = symm, R is given explicitly by

Ad*(A)X = Toymm(AX A

3The Lie algebra of a compact Lie group admits a positive definite Ad-invariant bilinear form. The Lie algebra of a
semisimple Lie group (such as sl,R) admits a non-degenerate Ad-invariant bilinear form, for example, its Killing form.
The group N/, is neither compact nor semisimple, however.
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where 7gymm denotes the projection on the first summand of the decomposition sl, R = symm, R@&n/,.

The phase space of our Hamiltonian system may be taken as the subspace of symm,, R consisting of
matrices of the form

dl S1 0 Ce 0 0
S1 dg S9 0 0
0 S92 d3 NN 0 0
0 0 0 ... dyn-1 Sn-1
0 0 0 ... sp_1 dy

where d;, s; € R,s; > 0. In other words, it is the manifold
M ={> bjH;+> a;(E;+E_;) | a;,b; € R and a; > 0}.
The Lie algebraic significance of this manifold is explained by the next proposition:

Proposition. Let m =Y. (F;+FE_;) € symm, R. Then M = Ad*(N/,)m, i.e., M is a co-adjoint orbit
of the group N .

Sketch of the proof. Let A € N!. Then we have
Taymm(AD  Ej+ E_j)A™") = Taymm (A E;A™Y).

If X = A E;)A™Y, then mgymmX = X4 + X! + X, where we use the notation X = X| + Xo + X_
as in Chapter 5.

We claim first that msymm (A Fj)A™1) € M. It suffices to show (i) that X is of the form

* €1 0 0 0
* * €y ... 0 0
¥ ok ok L. % enp_

and (ii) that e1,...,e,—1 > 0. It is easy to verify (i) and (ii).
From the same calculation, one can show that every element of M is of the form mgymm (A(> E;) A1),
for some A. W
Ezercise:
(6.3) Give a proof of the last proposition for n =2 and n = 3.
4. The symplectic structure

Let us recall the main example of Chapter 4, namely the symplectic form w on an adjoint orbit
M = Ad(G)P. For any X € g, we have a vector field X* on M, defined by

X}, = 4 Ad(exp tX)R|o = [X, R].

We define w by
w(Xg, Yg) = (R, [X,Y]),
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where (, ) denotes an Ad-invariant inner product on g. We have TpMp = {X} | X € g}, so w is
completely determined by the given formula.

This example is a special case of a more general construction, due to Kirillov, Kostant, and Souriau.
Let M be a co-adjoint orbit, i.e., M = Ad*(G)f, where f € g*. For any X € g, we have a vector field
X* on M, defined this time by

Xy =4 Ad*(exp tX)hlo.

Then there is a symplectic form w on M, defined by

w(Xp, Yy) = h([X, Y]).

Ezercises:
(6.4) Verify that w is indeed a symplectic form.

(6.5) Let (, ) be an Ad-invariant non-degenerate bilinear form on g. Show that any co-adjoint orbit
may be identified with an adjoint orbit, and that the Kirillov-Kostant-Souriau form w may be identified
with the symplectic form of Chapter 4.

It follows from the last proposition that our phase space
M = Ad*(N)m C ()"

acquires a symplectic form w. We aim to show that the Hamiltonian system (M,w, H) is exactly the
same as the Toda lattice. This follows from the next proposition:

Proposition. Let M,w, H be as above, where
M C symm, R Csl,R.
Then the Hamiltonian vector field V is given by
Vx =[X,mX]|, XeM,

where 1 is the projection sl,R = skew,, R @ n/ — skew,, R. (Hence, the differential equation of the
Hamiltonian system is X = [X,m X].)

Proof. From the definition of V, we have dH(Z) = w(V,,, Z) for all Z € T,,M, m € M. We shall use
the embedding M C symm,, R given by Exercise (6.2) and the previous proposition, i.e.,

M = {TgymmA(>_E;j+E_j)A™" | A€ N} }.
For any X € M, we have the identification

TxM ={Ux | U € 1y,
- {%Wsymm(eXp tU)X (exp tU) o | U € 1,
= {Tsymm[U, X] | U € 1}, }.
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We must now interpret the formula dH (U ) = w(Vx,U%). The left hand side is:

dH(UY) = 4 H(Tsymm(exp tU)X (exp tU) o)
= L L (Tsymm(exp tU)X (exp tU) ™", Tymm (exp tU) X (exp tU)™")|o
(Tsymm X, Tsymm[U, X])
= (X, Tsymm|[U, X]) (as X € symm, R)
= (m2 X, Tsymm U, X]) (as X = m X + m X, skew,, R L symm, R)
= (m X, [U, X]) (using i, 1 n!))
— (X,[U,X]) — (m X, [V, X])
= (mX,[X,U]) (as (X, [U, X]) =0, by Exercise (4.2))
(i) = ([mX, X],U) (by Exercise (4.2)).

For each X, there exists some W € i/, such that Vx = W%. Using this, the right hand side is:

w(Wx,Ux) = (X, [W,U])
= ([X,W],U) (by Exercise (4.2))
_(WXvU)
(ii) =—(Vx,U).

Equations (i) and (ii) hold for all U € n/,. In addition, they hold for all U € skew, R, because
Vx,[mX,X] € symm, R and symm, R | skew, R. Since ( , ) is non-degenerate, we deduce that
Vx = —[mX, X] = [X,m X], as required. W
Summary: Lie algebraic version of the Toda lattice

(1) The phase space is M = Ad*(N!)m, where m = S)(E; + E_;). We have M C (i))* =
(skew,, R)* = symm, R.

(2) The symplectic form w is the Kirillov-Kostant-Souriau form.
(3) The Hamiltonian function H is given by H(X) = (X, X).
The differential equation of the Hamiltonian system is X = [X,m X]|, where 71 denotes projection

on the first summand of sl,R = skew, R @& N/.. The solution of this differential equation is X (t) =
Ad(exp tV)[ 'V, where V = X(0).

At this point we may feel that we know all there is to know about the Toda lattice. However, two
further questions will be addressed in Chapters 7 and 14:

(1) What is the advantage (if any) of the purely Lie algebraic version of the Toda lattice?

(2) Can the formula for X (¢) be made even more explicit? (The original functions ¢, ..., ¢, cannot yet
be read off very easily, if n > 2.)

Bibliographical comments.

See the comments at the end of Chapter 8.
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Chapter 7: Adler-Kostant-Symes (continued)

I. The generalized Toda lattice.

From Chapter 6, we can see how to generalize the Toda lattice. Let’s summarize this briefly, following
section 4.5 of Perelomov [1990]. We shall use some terminology and results from Lie theory in this
section, which can safely be ignored by the reader who is unconcerned with such abstraction.

The main new ingredient is the real version of the Iwasawa decomposition (see Appendix C of
Perelomov [1990], or Helgason [1978]).

Theorem (Iwasawa decomposition). Let G be a semisimple connected Lie group, which is not
compact. Then there is a decomposition

G=KAN, KNA=ANN=KNN ={e}

where K is compact, A is abelian and N is nilpotent. (In fact, K is a mazimal compact subgroup of
G.) n

We shall need the decompositions
G =G1Gy=KN, where N = AN

and
g=g1dg=kon

Let (', ) be the Killing form of g. Using (, ), we have an isomorphism g* 2 g. Via this isomorphism,
the decomposition g* = k* @& n* corresponds to a decomposition

g=ntakt=ntop.

Let 0 be the “Cartan involution” of g, i.e., the automorphism given by multiplication by 1 on k, and
multiplication by —1 on p. Let {E, },cr+ be a set of positive root vectors (in g), with (E,) = —E_,,.
Let

m=Y E,+E_,
where the sum is over the simple roots a. Observe that m € p.

Now we have all the necessary ingredients for the generalized Toda lattice, which is the Hamiltonian
system (M,w, H) defined as follows:

1. The phase space M
M = Ad*(N)m
(Recall that N acts on ii*, and that A* is identified with p.)
2. The symplectic form w
For any X,Y € g, and any h € n*, w(X;,Y) = h([X,Y]).
(This is the Kirillov-Kostant-Souriau symplectic form.)
3. The Hamiltonian function H
H(X)= %(X,X).

The Hamiltonian system of Chapter 6 (the Toda lattice) is evidently a special case of the above
definition. By the same argument as in Chapter 6, we have:
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Theorem. The differential equation of the above Hamiltonian system is X = (X, m X], where m

denotes projection on the first summand of g = k @& n. The solution of this differential equation is
X (t) = Ad(exp tV)[ 'V, where V = X(0). W

It is possible to interpret the generalized Toda lattice as a system of particles, where the forces
between the particles depend on the (Dynkin diagram of the) Lie group G.

I1. Integrals of motion, commuting Hamiltonians.
Two questions arise from the previous discussion:
(1) What is the significance of the point m? (Could we could use any m in p?)
(2) What is the significance of the function H(X) = 1(X, X)? (Could we use other functions?)
We shall now consider these questions.

An important idea in the theory of Hamiltonian systems is the idea of “integrals of motion” or
“conserved quantities”. An integral of a Hamiltonian system (M,w, H) is a function I : M — R such
that I(X(t)) is constant, for any solution X of the differential equation. If V7 is the Hamiltonian vector
field associated to I, then we have:

LI(X(t) =dI(X)=dI(V)=w(V,V).
It is obvious that the function H itself is an integral, because V' = V. (This corresponds to “conser-

vation of energy” in mechanics.) If I is an integral, then (under suitable conditions) we can obtain a
new Hamiltonian system on a smaller phase space

M =1"1c)/R, dimM' =dimM — 2.

(The action of R on I~!(c) is given by the “flow” of the vector field V;.) The new system is a “reduction”
of the old system.

We shall not explain the details of this procedure, which is called symplectic reduction (see Arnold
[1978]; Perelomov [1990]). However, we remark that we have already seen an example of this procedure,
for the Toda lattice. Namely, if we impose the condition ) ¢; = 0, it follows that Y p; = 0, and so we
reduce the phase space from R?" to R?"~2. (This corresponds to “conservation of momentum”.)

If I1,..., I, are independent integrals, and if they are in involution, then (under suitable conditions)
we obtain a new Hamiltonian system on a phase space M’, with dim M’ = dim M — 2m. (We say that
Iy,...,1I,, are independent if dI;,...,dI,, are linearly independent at each point, and that Iy,...,1I,,
are in involution if w(V;,V;) =0 for 1 <i,j < m, where V; is the Hamiltonian vector field associated
to Iz)

In general, integrals (apart from H) do not exist (and even if they exist, they are not easy to find). If
there exist n independent integrals in involution, where dim M = 2n, then we say that the Hamiltonian
system (M,w, H) is completely integrable. This is a very special situation. For further explanation of
this, and for many examples from mechanics, we refer again to Arnold [1978]; Perelomov [1990].

It turns out that the Toda lattice (and the generalized Toda lattice) is completely integrable! This
important theoretical property provides an answer to questions (1) and (2) above. Therefore, we shall
now describe some integrals of the (generalized) Toda lattice.

We say that a function f: g — R is invariant if it is invariant under the adjoint action, i.e.,

f(Ad gX)=f(X) forallge G, X €g.
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Lemma 1. Let f:g — R be an invariant function. Then:
(1) (df)x[X,Y] =0 for all X,Y € g, and
(2) (df)ad gx Ad gY = (df)x(Y) for all X, Y € g. B

FEzercises

(7.1) Prove Lemma 1. (Differentiate the equation f(Ad gX) = f(X). For (1), put g = exp tY. For (2)
replace X by X +tY.)

(7.2) Let Vf be the gradient of f with respect to (, ). Using Lemma 1, show that (1) [(Vf)x,X] =0
for all X € g, and (2) Ad g(Vf)x = (Vf)ada gx for all X € g,g € G. (Here, f is an invariant function
on g.)

Using this lemma, we obtain the following theorem:

Theorem. Let fi,..., fm :g — R be invariant functions. Then
(1) f1,..., fm are integrals of the generalized Toda lattice.
(2) w(Vi,V;) =0 for 1 <1i,5 <m, whereV; denotes the Hamiltonian vector field associated to f;.

Proof. (1) Let X be a solution of the generalized Toda lattice, i.e., a solution of the differential equation
X =[X,mX]. Let f: g — R be an invariant function. Then

S F(X(®) = (df) x 0 X (1) = (df) x (o [X(8), 11 X (1))

and this is zero by Lemma 1. (2) Let f,g : g — R be invariant functions, and let V},V, be the
corresponding Hamiltonian vector fields. We shall prove later (in Lemma 2) that (V) x = [X, m(Vg)x].
Hence

w((Vi)x, (Vo) x) = (df)x (Ve) x) = (df)x ([X, m1(Vg)x])

and again this is zero by Lemma 1. W

For the (original) Toda lattice, we have n — 1 invariant functions:
fi :sl,R =R, f;(X)=traceX’, i=2,...,n.

Since dim M = 2n — 2, we see that the Toda lattice is completely integrable. Thus, we can answer
question (1): The importance of the point m is that its co-adjoint orbit is “small”. If we choose any
point of symm R, then we obtain a Hamiltonian system, but this Hamiltonian system will not in
general be completely integrable. A similar statement applies to the generalized Toda lattice.

It is easy to see directly that the functions X — trace X* are integrals of the Toda lattice. We know
that the explicit solution is given by X (t) = Ad(exp tV); 'V, so the eigenvalues of the matrix X (¢) are
constant (independent of ¢). Hence the symmetric functions of the eigenvalues are constant, and hence
the functions f;(X(¢)) = trace X (t)" are constant. This suggests a generalization of the Toda lattice,
which is based on the following result:

Lemma 2. Let f : g — R be an invariant function. Then the associated Hamiltonian vector field Vy
s given by

(Vi)x = [X, m(Vf)x]

where V f is the gradient of f with respect to the bilinear form ( , ).
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Proof. In the case f = H, we have already proved this in Chapter 6. The proof in the general case is
very similar; it depends on the following calculation of df (U%), for U € p:

(df)x(Ux) = ((Vf)x,mp|U, X]) by definition of V f

Vf)X77Tp[U’ X])

(Vf

— (7-(-1

X [UvX]) - (Wl(vf)Xa [U7 X])
Vf)Xa [U7 X])

)
(
where the last line follows from Lemma 1. W

Hence, we have a new Hamiltonian system (M, w, f) for every invariant function f! The differential
equation of this Hamiltonian system is

X =[X,m(Vf)x]

This is very similar to the Lax equations from Chapter 5. In fact, we can solve the equation explicitly
by the same method that we used in Chapter 5:

Theorem. The solution of the differential equation

X=[Xm(Vf)x], X(0)=V
is given by X (t) = Ad(exp t(Vf)v); V.

Proof. Let g(t) = exp tW and u(t) = g(t)1, with W = (Vf)y. As in Chapter 5, we see that
(a) X = Ad v~V is a solution of the equation X = [X, v '], and

(b) vt = mg; "Wy

By Exercise (7.2), we have g7 'Wg, = g7 "(Vf)vg: = V)goivg, = (V)x. W

This gives an answer to question (2).

It is well known that
I(g) ={f:g— R | f is invariant }

is a finitely generated algebra. Let fi,...,f., be a set of independent generators. (In the case of
g = sl,R, we have the functions f;(X) = trace X*, i = 2,...,n.) Therefore, we have a natural
“hierarchy” of Hamiltonian systems, namely (M,w, f;), ¢ = 1,...,m. This “Toda hierarchy” has the
following properties:

(1) The differential equation of the i-th Hamiltonian system (M,w, f;) is X = [X, 7 (Vfi)x].
(2) The explicit solution of this equation is X (¢) = Ad(exp t(V f;)y); 'V, where V = X (0).
(3) The functions fi,..., fiveoisfm (with f; omitted) are integrals of the i-th Hamiltonian system.

(We have already proved (1) and (2). To prove (3), we must prove that w(V;,V;) = 0. We have
w((Vi)x,(Vi)x) = (dfi)x(V;)x. By Lemma 2 this is (df;) x ([X,m1(V f;)x], which is zero by Lemma
1. It should also be noted that dfi,...,df,, are independent; this follows from Euler’s formula for the
derivative of a homogeneous polynomial.)
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Remark: If f,g : g — R are (not necessarily invariant) functions, we define the Poisson bracket of f
and g to be

{f97 = w0V, V).

If {f,g} = 0, we say that f and g Poisson commute. Thus, the invariant functions fi,..., f,, are
sometimes called “commuting Hamiltonians”. The concept of a Poisson structure is more general than

the concept of a symplectic structure. Further information on this subject may be found in Perelomov
[1990)].

Bibliographical comments.

See the comments at the end of Chapter 8.
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Chapter 8: Concluding remarks on one-dimensional Lax equations

I. Further generalizations of the Toda lattice.

In Chapter 7, we used the Iwasawa decomposition G = KAN = K N of a (real) Lie group to obtain
many examples (M, w, f) of Hamiltonian systems. Namely, we took
(1) M = Ad*(N)m, for some m € p,
(2) w = the Kirillov-Kostant-Souriau symplectic form, and
(3) f: g — R an invariant function.

It is not surprising that this idea can be generalized even further. In this section we discuss three such
generalizations. For more details we refer to section §1.12 of Perelomov [1990].

Modification of the group decomposition

Let G be a Lie group, with Lie algebra g, and let g1, g2 be subalgebras of g such that g = g; & g».
Let G1, G2 be the corresponding subgroups of G. (Warning: G is not necessarily equal to G1G2!) Let
(, ) be a non-degenerate bilinear form on g. Then we have

g=g dg- (fromg>g~g* g
and we can define
M = Ad*(Gy)m (for m € g1 ).

We have the usual Kirillov-Kostant-Souriau symplectic form w on M. If f : g — R is an invariant
function, then we obtain a Hamiltonian system (M, w, f). The differential equation of this system is

X =[X,m(Vf)x]

(by the usual calculation).

If G # G1G4, in general we do not have the usual formula for the solution X : R — M of the above
differential equation. However, if we apply the Inverse Function Theorem to the map G; x Gy — G,
(g, h) — gh, then we see locally that G = G1G4 (near e). So we can show that there is a local solution

X(t) = Ad(exp t(VH)v)]'V, teE (—¢e)

for some € > 0.
Example:
Let G = SL,R. We have the decomposition

g=g dg=n,&n,

(“lower triangular” and “strictly upper triangular” matrices, respectively). Here, SL,R # N/ N,,.
Ezercise:
(8.1) Verify that SLoR # NjNs.

The decomposition sl, R = n/, ® n,, and the corresponding “partial decomposition” SL,R D N{an
are called Gauss decompositions. (This name is explained in Chapter 14.)

Modification of the phase space
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As a second generalization, let us consider the Lax equation

X=[XmX] for X:R—g

(or more generally X = [X,m1(Vf)x]). Here we assume that g = g1 & g2, but we do not choose a
co-adjoint orbit. The argument of Chapter 5 (and the previous paragraph) shows that we have a local
solution X (t) = Ad(exp tV);'V, t € (—e,¢€), for some € > 0. We shall discuss in detail an example of
this situation.

Example:

Let G = SL,R, and consider the Gauss decomposition g = 1), & n, (as in the previous example).
Consider the Lax equation

X = [X,m, X]
where X has the following special form:
bl a1 0 0 0
1 bg as 0 0
0 1 b3 0 0
X = . .
0O 0 O bn-1 an—1
0O 0 0 1 b

0 ai O 0 0

0 0 ao 0 0

0O 0 O 0 0
™, X = . . : : )

O 0 0 ... 0 ap_1

O 0 0 ... 0 0

and so the equation reduces to the following system:
a; = a;(b; — bit1)
i)i = Q;—1 — A .

If we make the change of variable
a; =4a;, by =20

we obtain the system
&; = a;(Bi — Biv1)
Bz’ = 2(0%2—1 - 0412)-

This is the same as the Toda lattice system! To see this, recall that the Toda lattice system is

4i = pi
P = 2¢2(qi-1=ai) _ 9,2(¢i=qi+1)
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If we put Q); = e?*~%+1 then we obtain the system

Qi = Qi(pi — Pit1)
Di = 2( 12—1 - Q?)

This is the same as the earlier system. (So, we see that different Lax equations may be equivalent to the
same differential equation.) We know from our earlier discussion of the Toda lattice that the solution

is defined for all ¢ (i.e., in this case, € = 00).

Let us verify that this agrees with the method of Chapter 5, in the case n = 2. We have

b «a 0 a
x_(l _b), wmx_(o 0).

The solution of X = [X, m,, X| with
0 1
xo= (1 o)

is

xw=aafet (93] (0 4)

We have
; 0 1\ (cosht sinht
PP\1 0)  \sinht cosht)
The Gauss factorization is given by
a b\ (1 b/d 1/d 0
c d) \0 1 c d)’

(This is valid only when d > 0!) We obtain

2
xo= (T )
Thus 1 sinh ¢
alt) = cosh? ¢’ o(t) = ~cosh t’
ie., . -
sin
a(t) = 2cosh t’ Blt) = ~ 2cosh t’

This agrees with the explicit formula obtained in Chapter 5, if we take v =

Modification of the Lax equation

% in that formula.

The form of the Lax equation itself can be generalized in various ways. We shall discuss two of these.

The analysis of the Lax equation in Chapter 7 depended only on certain properties of the vector field
Vf, where f : g — R is an invariant function. More generally, we say that a function J : g — g is
an dnvariant vector field if Ad(g)Jy = Jaq(g)y for all g € G, Y € g. (Because we want to think of .J
as a vector field on g, we use the notation Jy for the value of J at Y, instead of J(Y').) The various
properties of V f used in Chapter 7 are special cases of the following general results:
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Lemma.
(1) If J is an invariant vector field, then (X, Jy| = ([X,Y]-J)y and [X,Jx] =0 (for any X,Y € g).

(2) If Jy, Jo are invariant vector fields, then [(J1)y, (J2)y] =0 (for any Y € g), i.e., the pointwise Lie
bracket of Jy, Jo is zero.

Proof. (1) (By [X,Y]-J we mean the result of differentiating the function J in the direction of the
vector [X,Y].) The first equation follows from the definition of an invariant vector field, on putting
g = exp tX and then differentiating with respect to t. The second equation is obtained by putting

Y = X in the first equation. (2) By (1) we have [(J1)y, (J2)v] = ([J1)y,Y] - J2)y =0. B
Exactly as in section II of Chapter 7, we obtain:

Theorem. Let J:g — g be an invariant vector field. The solution of the differential equation

X=X mJx], X(0)=V
is given by X (t) = Ad(exp tJy);'V. B

As a final generalization, we mention Lax equations which arise from “R-matrices”. Let g be a Lie
algebra, and let R : g — g be a linear transformation. For any X,Y € g, we define

[X,Y]r = [RX,Y] + [X, RY].

We say that R is a classical R-matriz if the bilinear form [, |g defines a Lie algebra structure on g.
(In this case, g possesses two Lie algebra structures.)

Example:
If g = g1 @ go, we may define R: g — g by R(X) = %(mX — m3 X)), where 71, mo are the projection
maps to g1, g2-

FEzercise:

(8.2) Show that R (in the last example) is a classical R-matrix. (The main problem is to verify the
Jacobi identity.)

We may consider the Lax equation X = [X, R(V f)x] for any invariant function f : g — R. For the
above example, this equation reduces to the usual equation X = [X, 71 (V f)x]|. More generally still, we
may consider the Lax equation X = [X, RJx], for any invariant vector field J.

I1. Group theory.

We shall describe here some elementary group theoretic aspects of Lax equations. Although these
give no new information in our simple examples, they are important in the study of more complicated
integrable systems. There are two ways in which group actions arise: (a) each solution of the Lax
equation is given by the action of a one parameter subgroup, and (b) there is a group action on the
space of solutions.

Regarding (a), recall that we have considered two basic examples of Lax equations so far. They are

with solution X (t) = Ad(exp —tW),V),
(i) X = [X,m(Vf)x], X(0)=V
with solution X (t) = Ad(exp t(Vf)y){ V).
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In each case, the solution is given by the action of a one parameter subgroup {exp tU | t € R} on the
initial point V. It turns out that the two actions arise naturally, and are closely related.

To explain this, we need the following algebraic observation. Let G be (any) group. Assume that
G = G1G2, where G1, Gy are subgroups of G, with G; N G2 = {e}. Then we obtain two group actions
of (the group) G on (the set) Gy, from the formulae

(1) g-h=(gh)
(2) g-h=(gh™ ")

(As usual, we write g = g1g2 for the factorization of g € G.) These two actions are called “dressing
actions”.

Ezxercise:

(8.3) Verify that (1) and (2) define group actions, i.e., that ab-c=a- (b-¢) for any a,b € G, ¢ € G;.
The solution of (i) is given by Ad(exp —tW -e)V, where exp —tW -e is defined using (1); the solution

of (ii) is given by Ad(exp t(Vf)y - )V, where exp t(Vf)y - e is defined using (2).

If g € Gy and h € Gy, then the first action g - h = (gh); has a particularly simple interpretation: It
is a measure of the extent to which GG; and G5 commute.

Regarding (b), let us consider a solution X = Ad u='V, where u(t) = (exp t(Vf)y)1. Let g be any
element of G5. We compute g - u:

g(exp t(Vf)v)i
glexp t(Vf)v)i(exp t(Vf)v)2)h
gexp t(Vf)v)h

g-u(t) = (

= (

= (

= (g(exp t(Vf)v)g gh
= ( )

= (

= (

v)g~!

glexp t(Vf)v)g~ ) (since g € Ga)
exp tg(Vflvg ™' h

exp tV fgvg-1)1.

Thus, ¢ - u has the same form as u, but with gV ¢~! instead of V. We conclude that the action of G5
on (G; induces an action of G5 on solutions of the Lax equation.

III. The Toda flow and the gradient flow.

In this section we describe a relationship between the Lax equations (i) and (ii) above. This was
discovered only recently (see Bloch et al. [1992]).

A

The Toda lattice (equation (ii)) is defined in terms of the co-adjoint orbit Ad*(N)’m. On the other
hand, we know that the explicit solution of the Toda lattice lies in the adjoint orbit Ad(K)m. Therefore,
we ask: Is it possible to define the Toda lattice in terms of Ad(K)m? It turns out that the answer to
this question is “yes”. Moreover, it turns out that there is a surprising relationship between equations
(i) and (ii) in this case.

To explain this, we shall begin by reviewing the example of equation (i) which was given in Chapter
4. Let G be a compact Lie group, and let P,@Q € g. Then we have a Hamiltonian system (Mp,w, H?).
The definitions are as follows:

Mp = Ad(G)P
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w(X5, YE) = (R,[X,Y]) (where (, )is an Ad-invariant inner product on g, and where X}, = [X, R] €
TrMp, for any R € Mp C g).

H?(R) = (R, Q).

The differential equation of this Hamiltonian system is X = [X,Q], and the solution is X(t) =
Ad(exp —tQ)V (where V = X (0)).

We have another differential equation here, namely the equation for the “gradient flow” of H?. This
equation is:
X = (VHO x = JQ% = J[Q, X].
This is not a Lax equation. However, its solution is given by the explicit formula X (¢) = Ad(exp v=1tQ),V .
This formula is similar to the formula for the solution of the Lax equation (ii).

Now we come to the main point of this section: If we modify the gradient flow equation, then we get
a Lax equation! The gradient of H? (i.e., VH®) depends on the choice of a Riemannian metric ( , )
on Mp. So far, we have used the Riemannian metric ( , ) such that

w(Xg, Vi) = (Xk, JYR)

(where J is a certain complex structure on Mp). From now on we shall use a different Riemannian
metric (, ). This is defined by the formula

<X1*%7 YE)I = (X17 Yl)
where X = X; + X5 denotes the expression of X € g with respect to the decomposition g = Im Ar @
Ker Ap.

FEzercise:

(8.4) Show that ( , )" is well defined.

Proposition. The gradient of H? with respect to the Riemannian metric ( , ) is given by (VH®?)r =
[R.[Q. R]].

Proof. By definition of VH®?, we have (for all X € g)
(VHO)R, X3)' = (dH?) r(XF)
= 4 [9(Ad(exp tX)R)lo
= (X, R, Q)
= (X, [R,Q]).

On the other hand, by definition of { , )’, we have

(VHO) R, X3) = (Y1,X1) where we write (VH?) g = Y7,
= (Y1,X) as Ker Ag 1L Im Ap
— (Y — Ya, X).

Hence [R,Q] = Y — Y, and on applying [R, | we obtain [R,[R,Q] = [R,Y] = —Y; = VH)pg, as
required. W
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Thus, the new gradient flow equation is
X = [X,[Q, X,

which is a Lax equation.

Let us consider this equation for G = SL,R. (This G is not compact, but the above discussion is
still valid if we take (, ) to be the Ad-invariant bilinear form (A, B) = trace AB. The only difference
is that ( , )’ is not necessarily positive definite in this case.) We take

n
n—1
Q =
1
If we take
P1 QLQ 0 e O 0
Qiz2 p2 Q23 ... 0 0
O Q2,3 P3 e 0 0
X = . . . . .
0 0 0 e Pn—1 Qn—l,n
0 0 0 oo Qnoin Pn
then we have
0 Q1,2 0 0 0
—Q1,2 0 Q23 ... 0 0
0 —Q2,3 0 0 0
[Q:X] = : : : : .
0 0 0 0 Qn-1n
0 0 O “ e _Qn_lyn O

Hence, the equation X = [X,[Q, X]] is the equation of the Toda lattice! This shows that the “Toda
flow” can be identified with a “gradient flow”.

Bibliographical comments for Chapters 5-8.

Lax equations are ubiquitous in the modern theory of integrable systems. The Lax form of the Toda
lattice was discovered by Flaschka, and the exponential formula for the solution was obtained by Symes.
The co-adjoint orbit point of view is due to Adler and Kostant. (The title “Adler-Kostant-Symes” is
taken from Burstall and Pedit [1994], which contains a summary of this material.) A general treatment
of both the non-periodic and periodic Toda lattices is given in Goodman and Wallach [1984b]. This
article also has references to the work of the above authors.

We have mainly followed the exposition of the book by Perelomov [1990], which is an excellent survey
of integrable systems from the point of view of Lie groups and Lie algebras. The reader will find a much
more comprehensive treatment in Perelomov [1990]; Arnold and Novikov [1990; 1994], as well as many
references to the parallel Russian literature.

Atiyah [1979] contains several accessible articles which are related to the material of the preceding
chapters. There is a survey of Lie algebras by MacDonald, a survey of compact Lie groups (including
height functions on adjoint orbits, as discussed in section I of Chapter 4) by Bott, and an article on
the Toda lattice by Kostant.
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The idea of “integrals of motion” is at the heart of the relationship between integrable systems and
group theory. The most famous classical result is Noether’s theorem, which says (roughly) that integrals
of motion correspond to symmetries of the system. In modern language, this can be expressed as follows.
Assume that a group G acts on a phase space M of a Hamiltonian system, preserving the symplectic
form w. Then (under mild conditions) we have a map p : M — g* such that dp, (Vi )(X) = w(Vin, X))
for any vector field V on M and any X € g. This map pu is called the “moment map” or “momentum
map”; it is a vector-valued map whose components are the integrals of motion which arise from G.
Under further conditions, the space u=1(c)/G (for certain ¢ € g*) inherits a symplectic form.

For a completely integrable system, one has such an action of G = R*, with k = % dim M. Each level
set u~1(c) has a linear structure, and in favourable situations this leads to “action-angle coordinates”
on M, in terms of which the differential equation may be solved “by quadrature”. This is (essentially)
the content of Liouville’s theorem (see Arnold [1978]). (We postpone discussion of this kind of explicit
integration of the Toda lattice until Chapter 14.)

The importance of completely integrable systems comes from this possibility of explicit integration.
It is in general a hopeless task to find an explicit formula for the integral curves of a vector field, but
the special case of a completely integrable system is considerably more tractable. Remarkably, many
examples from classical mechanics are of this type.

The concept of an R-matrix is another prominent feature of the theory of integrable systems. As this
has no immediate application to our examples, we mention it only briefly, in Chapter 8. The reader
will find further information in Perelomov [1990].

The idea of a “dressing action” comes originally from a part of the theory of integrable systems
that we consider in Chapter 10. (For references on this subject, see the bibliographical comments for
Chapter 10.) Group theoretic aspects of this theory have been developed in Lu and Weinstein [1990].

For the relationship between Toda flows and gradient flows, and its consequences, see Moser [1975];
Deift et al. [1983], and other references in Bloch et al. [1992].
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Two-dimensional integrable systems
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Chapter 9: Zero-curvature equations

I. Zero-curvature equations.

Let g be the Lie algebra of a complex Lie group G. (For example, G = GL,C.) Let A,B: C — g.
An equation of the form

(%) Az — B. = [A, B

is called a zero-curvature equation.

This should be compared with the Lax equation (%) of Chapter 5, i.e., # = [z,y]. In fact, it is a
generalization of that equation, because we obtain the Lax equation A; = [A, B] if B, = 0. (We use
complex coordinates z, Z because of the specific examples which we will introduce later. Some comments
on real and complex coordinates appear at the end of this chapter.)

The name “zero-curvature” can be explained as follows. Let o = Adz 4+ Bdz; this is a 1-form on C

“with values in g”. Equation (x) can be written
(%) da+ e Aa] =0.

This is called the Maurer-Cartan equation. If we interpret « as a connection in the (trivial) G-bundle
C x G, then the Maurer-Cartan equation says that the curvature of this connection is zero. This
explanation does not play any role in the rest of this book, except in the proof of the next proposition,
so the reader who is unfamiliar with the theory of connections should not be unduly disadvantaged.

Proposition. Let G be a complex Lie group. Let a« = Adz 4+ Bdz, where A, B : C — g. The following
statements are equivalent:

(1) a satisfies the equation do + %[a ANa] =0, ie, A; — B, = [A, B|
(2) There exists a map F : C — G such that « = F~dF.

Sketch of the proof. Given (2), we have A = F~1F, B = F~1F,. By direct calculation we obtain
As — B, = [A, B]. Conversely, if (1) is true, then the horizontal distribution (with respect to the
connection «) is integrable. Let M be an integral manifold. Then it can be shown that M is — locally
— the graph of a map F' (see Chapter 5, section 2, of Sternberg [1964]). Since C is simply connected,
this is true globally. W

The function F here is not unique: If g € G, then (¢F)~'d(gF) = F~'dF = . However, it is easy to
show that F'is unique up to left translation by an element of G.

As in the proof of the proposition, statement (2) can be written explicitly in terms of A and B as

(%) F7'F,=A, F'F.=B.
This should be compared with equation (**) of Chapter 5, i.e., tu~! = —y. From the point of view of
the function F', equation (k%) is simpler than equation (x), because it is first order.

The above discussion can also be carried out in the case of a real Lie group. In this case, a =
Adz+ Bdz is a 1-form with values in g® C. It takes values in the subspace g = {X € g®C | ¢(X) = X}
if and only if B = ¢(A), where the map c: g® C — g® C given by X ® z — X ® Z is “conjugation
with respect to the real form g”. (For example, if G = U,,, then ¢(X) = —X*.) In this case we have:
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Proposition. Let G be a real Lie group. Let « = Adz + Bdz, where A,B: C — g® C and B = c¢(A).
The following statements are equivalent:

(1) a satisfies the equation da+ Sla Aa] =0, i.e., A; — B, = [A, B]
(2) There exists a function F : C — G such that o = F~'dF. W

In Chapter 5, we studied some examples of the equation wu~! = —y. For certain y, we found the

solution explicitly, in terms of an exponential function. It is much more difficult to find all solutions to
the above equation (xx). However, we might expect that some solutions can be obtained in terms of
exponentials (and we shall see later that this is so).

II. Example: The two-dimensional Toda lattice.

The two-dimensional Toda lattice (or the 2DTL) is the following system of partial differential equa-

tions:
2(wi)25 — 2(wip1—ws) _ 2(wi—wi1)

Here we have w; : C — R for i = 0,...,n, and we put
W-1 = Wn, Wnp41 = Wo-
We also assume that > jw; = 0. (Strictly speaking, this is the elliptic, periodic 2DTL.)

This is an obvious generalization of the Toda lattice. (We shall refer to the latter from now on as the
one-dimensional Toda lattice, or the 1DTL.) However, it is not an artificial generalization, as it includes
some geometrically important examples. For example, when n = 1, we have 2(wy),; = e 4wt — edv1,
Putting w = 2w, we obtain

W,z = —2sinh 2w,

which is the “sinh-Gordon equation”. This equation is important because its solutions are related to
surfaces in R? of constant mean curvature. A geometrical interpretation of the general 2DTL is given
in Chapter 21.

From our experience with the 1DTL, we now ask the question: Can we express the 2DTL as a matrix
equation?

Let W; ; = eVi="i. We introduce two matrices A, B as follows:

(wo), 0 0o ... 0 Wo.n
Wl,O (wl)z 0 0 0
0 W271 (UJQ)z 0 0
0 0 0 ... (wp_1). O
0 0 0 ... Wpnor (wp).

A straightforward calculation gives:

Proposition. The 2DTL is equivalent to the equation Az — B, = [A, B|, where A, B are as defined
above. W
Furthermore, from section I, we conclude that the 2DTL is equivalent to the system
F7'F,=A, F'F;,=B.

In other words: If we can find a function F: C — SU,,,; such that F~'F,, F~1F, have the forms A, B
(respectively), then we obtain a solution to the 2DTL. Conversely, any solution of the 2DTL gives rise
to such a function F'.
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II1. Example: Harmonic maps from surfaces to Lie groups.

Let G be a compact (real) Lie group. The following discussion is valid for any such G, but to simplify
the exposition we shall assume as usual that G is a matrix group.

The equation for a harmonic map ¢ : C — G is the following partial differential equation:

(¢ ¢2). + (¢72): = 0.

It is well known that this equation is the Euler-Lagrange equation for the functional ¢ — [, ||de||?
(where D is a compact domain in C). In other words, ¢|p satisfies the harmonic map equation if and
only if it is a critical point of this functional. Therefore, harmonic maps are a natural generalization of
geodesics.

Various important objects in differential geometry are examples of harmonic maps. Some of the
most relevant ones for us are minimal surfaces in symmetric spaces, and Gauss maps of surfaces in R?
of constant mean curvature. We refer the reader to the bibliographical comments at the end of the
chapter for further background information on harmonic maps.

If we write A = ¢~ '¢,, B = ¢~ ¢z, then the harmonic map equation is A; + B, = 0. Here we have
A,B: C — g® C with B = ¢(A). It turns out that the harmonic map equation can be expressed
entirely in terms of A and B, without reference to ¢:

Proposition. The harmonic map equation is equivalent to the system

AE—BZ:[A,B]
A5+BZ:0

where A,B: C — g® C and B = c¢(A).

Proof. Let ¢ : C — G be a harmonic map (i.e., a solution of the harmonic map equation). Let
a = Adz + Bdz, where A = ¢~ '¢,, B = ¢~ '¢s. Then the first equation follows from section I, and
the second equation follows from the harmonic map equation. Conversely, let A, B be solutions of the
above system. From the first equation, and section I, there exists ¢ : C — G (which is unique up to
left translation by an element of G) such that A = ¢~1¢,, B = ¢~ '¢-. From the second equation, this
¢ is harmonic. W

This situation is slightly different from the situation of section I, as we have a zero-curvature equation
together with an ertra equation. However, we can re-write the system in two interesting ways:

(i) The harmonic map equation is equivalent to the system

(Proof: Elementary algebra.) This system consists of two Lax equations.

(ii) The harmonic map equation is equivalent to the equation
(A)\)g — (B,\)Z = [A/\,B,\] for all A € C with |)\‘ =1

(1-A"1HA, By =1(1 - \)B, and B = ¢(A). (Proof: Elementary algebra, again!)

where Ay = %



48 Part II Two-dimensional integrable systems

This equation is a “zero-curvature equation with parameter”. By section I, this equation is equivalent
to the following system:

(s5) FYUE). =21 - 1)A, FY(ER)): = 3(1-)N)B.

1
2
Observe that it is easy to reconstruct a harmonic map ¢ from Fy. Namely, ¢(z) = F_1(z). On the
other hand, it is not always easy to construct I from ¢. The map F) contains “hidden information”
about ¢.

Note on real and complex derivatives: We are primarily interested in maps R? — G, where G is a real
Lie group. However, it is very convenient to identify R? with C, and to introduce the complexification
G° of GG, because holomorphic maps play a fundamental role in some of our examples. To prevent
any possible confusion when switching between the real and complex worlds, we state here some basic
definitions and conventions.

First, the identification between C and R? is accomplished by means of the usual formula z =
T+ v—1y, and we write Z = x — /=1y. The formulae

o _ 170 0 0 _ 170 0
5: =3(os —vV13;) 3z =3(g: tv-1g)

define complex vector fields on R%. (Whereas a vector field on a manifold X is a section of the tangent
bundle T X, a complex vector field is a section of TX ® C.) If V' is a real vector space, and f: C — V
is a function, then we have f;, f, : C — V, but

(fo—v=ify):C—>V®C

S(fot+tv=ify):C—V®C.

For a function g : C — V ® C, similar definitions of g, gy, 9., gz apply. The Cauchy-Riemann equation,
gz = 0, is the condition for g to be holomorphic.

The complex vector space V' ® C has an involution ¢, namely “conjugation with respect to the
real form V7. A typical element of V' ® C may be written in the form ) v; ® z;, and by definition

c(dov ®z) => v; ®Z;. We have ¢(f,) = fz.

Now suppose that F': C — G, where G is a real Lie group. We obtain F~'F,, F7'F, : C — g, and
also

FlF, =
F'F =

(F'F,—v=1F'F):C—-gaC
(F'F,+v=iF'F,):C—g®C.

N[= N=

If c: g®C — g ® C is conjugation with respect to the real form g, we have c¢(F~1F,) = F~1F;.
Warning: When we identify a function f : R?> — V with a function f : C — V, we usually write
f(2) instead of f(z,Zz). The notation f(z) does not necessarily imply that f is a holomorphic function,
however.

Bibliographical comments.

See the comments at the end of Chapter 10.
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Chapter 10: Some solutions of zero-curvature equations
It is usually difficult to find the general solution of a zero-curvature equation
(%) A; — B, =[A, B].

In this chapter we describe a well known method of finding some non-trivial solutions. The method has
two steps:
Step 1: Find a “trivial” solution (e.g., by guessing!).

Step 2: From the trivial solution, construct non-trivial solutions, by using “dressing transformations”.

I. Trivial solutions.

As seen in Chapter 9, equation (x) is equivalent to the following system of equations:
(*%) F'F,=A, F'F.=B.

From the form of these equations, and from our previous experience with Lax equations, we might
expect to find solutions of the form “F = exp( )”. We shall find some solutions for the two examples
of Chapter 9.

Ezamples:
(1) The 2DTL.

The 2DTL equation
Q(wi)zz — 62(w¢+1—wi) . 62(wi—wi_1)

obviously admits the constant solution
wo(2) = =wy(z) = 1.
The corresponding solution of (x) is given by

A(Z) = Ao, B(Z) = Bo

where
0O 00 0 1 0O -1 0 0 0
1 0 0 0 O 0 0O -1 0 0
Ap=10 1 0 0 0|, By=-4;= 0 0 0O -1 0
0 01 00 0 0 0 0 -1
0 0010 -1 0 0 0 0

ann

A corresponding solution of (xx) is given by
F(z) = exp(zAo + zZBy).

Here we use the fact that [Ag, By] = 0.
(2) Harmonic maps C — G.

We use the following version of the harmonic map equation (see Chapter 9):

(*) (A)\)g — (B)\)Z = [A)\,BA] for all A € C with |/\| =1.
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This is equivalent to

(%) FyUE). =11-1)A, F'(F)):=3(1-N)B.

The original harmonic map equation (¢ ~1¢z). + (¢~ 1¢.)s = 0 obviously admits any constant function

i)

P(z) =g

as a solution (where g € GG). A corresponding solution of (x) is simply the zero solution: Ay = By = 0.
This corresponds to a constant solution of (k).

A slightly more interesting solution of (xx) is given by
Fy(2) = exp(b2(1 — 1) Ao + 32(1 — ) Bo)

where Ay, By € g®C and By = ¢(Ayp), [Ao, Bo] = 0. This is similar to the formula of Example (1) — but
in the present case the corresponding harmonic map ¢ is not constant (it is given by ¢(z) = F_1(z) =
exp(zAo + ZBy)).
II. Dressing transformations.

The purpose of the “dressing method” is to construct a new solution from an old solution.

We have seen a simple example of such a procedure in Chapter 8, in the case of a Lax equation.
Starting with a solution u : R — G and an element g € G2, we obtained a new solution g - u = (gu);.
This can be written in a slightly different way, namely g-u = gu(gu)s 1 Since gu is obviously a solution
of the same equation as u, we have

new solution (g-u) = old solution (gu) x function ((gu);*').

We shall examine the harmonic map equation from the same point of view. If F is a solution, we
try to obtain a new solutign of the form F)\ = F)\G), for some function G,. Following the previous
example, we try to define F by

Ex = (A F))1 = gaFa(gaF)\)5 L,

where gy is independent of z. (Thus, we take Gy = (gaFh); ', essentially.) However, there are two
difficulties with this procedure. First, we have not explained the meaning of (  );. Second, it is
certainly not obvious that F is a solution. We need a new idea!

We shall make the following (non-trivial) assumption:

Assumption. There exist Hy, Ky : C — G° such that g\F\ = H K, and

(i) Hx, Fx are meromorphic in A on CU oo, and holomorphic in A on a region Ry C C U oo,
(i) Ky, gx are meromorphic in A on C U oo, and holomorphic in A on a region Ry C C U oo,
where Ry U Ry = CU o0 and 0,00 € Ry. In addition, Hy(z) = F1(2) = e for all .

We write Hyx = (gaF)\)1, Kx = (gaF))2. This kind of factorization is called a Riemann-Hilbert factor-
1zation.
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Proposition. Let F be a solution of

(%) FyUE). =1-1)A, Fy'(F\):=3(1-)NB.

1
2
Then, under the above Assumption, Fy = (grF))1 = gaF)\ (gAFA)g_l 15 also a solution.

Sketch of the proof. We must calculate Fy *(F)), and Fy *(Fy)s, and show that they have the correct
form. We shall just calculate the first one; the calculation of the second is similar. From F = gxF\J, !
(where Jy = (gAF)\)2), we have:

FUHEN) = Iy g3 Y0 (Fa) I3t + o Fa(—J5 () d50Y)
= INFHEN)) I = (D) J5
=1(1— 1) AT = (In):J5

From this formula, we see that F N 1(F )\ )= is holomorphic in A on the region Rs, except for a simple pole
at A = 0. From the formula F) = (gxF))1, it follows that F; 1(1:3\)2 is holomorphic in A on the region
R,. Hence, ﬁ’)\_ 1(15,\)2 is meromorphic on the Riemann sphere C U oo, with a simple pole at A = 0. It
follows that*
FA(2)"'Fx(2). = C(2) + 3 D(2)
for some C,D. For A\ = 1 we obtain 0 (by the last part of the Assumption), hence C' = —D. We
therefore have
FUHE). = 5(1- $)(20),

as required. W

Although the Assumption may appear strange, such a factorization is often possible. Moreover, it
can often be obtained from a group decomposition G = G1G,, where G, Gy, Gy are infinite dimensional
Lie groups (as we explain in Chapter 12). Thus, this situation is analogous to the situation of the
previous example.

Finally, we remark that the same method applies to the 2DTL. For this, we need a version of the
2DTL equation which involves the parameter \. We define Ay, By (for A € C*) by

(’LUQ);; 0 0 Ce 0 )\W()’n
)\WLO (wl)z 0 N 0 0
0 )\Wg’l (wg)z e 0 0
Ay = : . . . : , By=-A4%.
0 0 0 ... (wp_1): O
0 0 0 oo Mpmoa (wn).

Ezercise:
(10.1) Show that the zero-curvature equation
As; — B, = [A, B|
(for the 2DTL) is equivalent to the zero-curvature equation
(A))s — (Bx), = [Ax, By] for all A € C*
(where Ay, By are defined above).

This (rather mysterious) fact puts the 2DTL into the same form as the harmonic map equation, i.e., a
“zero-curvature equation with parameter”.

4Note that Fy(z), C(z), and D(z) are actually functions of z and Z.
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Bibliographical comments for Chapters 9-10.

Like Lax equations, zero-curvature equations appear throughout the literature on integrable systems.
An introductory survey is given in Semenov-Tian-Shansky [1982].

Our discussion of the periodic 2DTL here (and later in Chapters 13-15) follows McIntosh [1994a;
1994b]; Bolton et al. [1995]. References to earlier work may be found in these articles, and in the article
of Fordy in Fordy and Wood [1994], and in Wilson [1981].

The concept of harmonic map makes sense for maps f : M — N whenever M, N are Riemannian
manifolds. Such a map is said to be harmonic if it is a critical point of the energy functional f —
Ip lldf |2, for all compact D. The form of the Euler-Lagrange equation depends on M and N; we
obtain the equation of Chapter 9 if we take the standard Riemannian metric on M = C and a bi-
invariant Riemannian metric on N = (G. There are several reasons for studying this special case. The
most relevant one for us is the existence of a zero-curvature form for the harmonic map equation, in this
situation. Other reasons are the special relationship with classical differential geometry (e.g., minimal
surfaces), and with mathematical physics (the non-linear sigma model or chiral model).

Good introductions to the general theory of harmonic maps can be found in the lecture notes of Eells
and Lemaire [1983] and the book by Urakawa [1993]. The breadth of the subject can be appreciated
from the survey articles of Eells and Lemaire [1978; 1988]. All these sources contain information on the
applications of harmonic maps in differential geometry and physics.

The zero-curvature form of the harmonic map equation first appeared in Pohlmeyer [1976]. The
method of dressing transformations (also called the vesture method) is a standard technique of the
theory of integrable systems. This method appeared in the context of harmonic maps in Zakharov and
Mikhailov [1978]; Zakharov and Shabat [1979]; a general survey of the method appears in the book by
Faddeev and Takhtajan [1987].

The article of Uhlenbeck [1989] was the first comprehensive treatment in the mathematical literature
of the zero-curvature equation and dressing transformations for harmonic maps. We discuss this theory
in Chapters 16-22.
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Chapter 11: Loop groups and loop algebras

I. Loop groups.
Let G be a Lie group. Let ST = {\ € C | |\ =1}.

Definition.
(1) AG = {v:S* = G | v is smooth}
(2) QG = {v: S8 — G | v is smooth,v(1) = e}.

We refer to AG, QG as loop groups. More precisely, AG is the free loop group of G, and QG is the based
loop group of G.

It is obvious that AG, QG are groups. The group AG is a semi-direct product G x QG: As a set,
G x QG is equal to G x QG, but the group operation is given by

(91,71)(92,72) = (9192, 11917297 *)-

(The isomorphism AG — G x QG is given by v — (v(1),yy(1)71).) It can be shown that AG, QG are
(infinite dimensional) Lie groups. The model spaces for the smooth manifold structures are the infinite
dimensional vector spaces

Ag={f:S'— g fis smooth}
Qg ={f:5'— g| fissmooth, f(1) = 0}.

Indeed, the map f — exp of defines a local chart (at the identity loop e € AG or QG), whereexp : g — G
is the exponential map for G. (For further discussion of the definition of the manifold structure, we
refer to Milnor [1984]; Pressley and Segal [1986].) As a manifold, AG is diffeomorphic to G x QG. The
connected components of AG or G are indexed by m G (if G is connected).

It is very convenient to represent an element of Ag by its Fourier series. More generally, any element
f of Ag ® C has a Fourier series representation

FO) =D AN,

<Y/

The condition for such an f to belong to Ag is A; = ¢(A_;) for all i. We continue to assume that G is
a matrix Lie group, so any v € AG (or AG®) has a Fourier series representation as well.

II. The role of loop groups in Lie theory.

Let g be the Lie algebra of G. We call Ag, Qg loop algebras. Tt is obvious that Ag, g are Lie
algebras. Because of this (and the earlier discussion), we consider Ag, (g to be the Lie algebras of
AG, QG.

Despite this suggestive terminology, infinite dimensional Lie theory is not very well developed (com-
pared with finite dimensional Lie theory). One of the difficulties is that there is no correspondence
between Lie groups and Lie algebras, in general. However, loop algebras are related to an important
general class of Lie algebras, namely the affine Lie algebras, for which corresponding Lie groups are
known to exist.

We shall now give a “concrete” description of affine Lie algebras and their corresponding Lie groups.
There are two kinds, un-twisted and twisted. We shall describe each kind separately. In the rest of this
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section, we assume that G is a compact semisimple Lie group, with complexification G¢. (We use the
definition of complexification which was given in Chapter 2. Thus, the Lie algebra of G¢ is g ® C.)

(1) The (un-twisted) affine Lie algebra associated with g ® C is defined as follows. Consider the vector
space
CaCa(g®C)®CA\AT

where C[\, A\~1] denotes the (infinite dimensional) vector space of polynomials in A\, \™!. Let us intro-
duce the notation ¢ = (1,0), d = (0,1) for the standard basis of C @ C. Then we define a Lie bracket
operation by

[ANY, BN = [A, BN + kdg11.0(A, B)e

(where the Lie bracket on the right hand side is the Lie bracket of g® C, and ( , ) is the Killing form),
and
[e,d] =0 [c,AN] =0, [d, ANF] = EANE,

This is the required affine Lie algebra.

What is a corresponding Lie group? To find one, we should take a suitable completion of the above
Lie algebra, for a start. Another potential difficulty is that the complexification procedure (for Lie
groups) does not work very well in infinite dimensions, so we should work with real Lie groups. We
shall therefore have to be satisfied with a real Lie group whose complexified Lie algebra contains the
above Lie algebra as a dense subspace.

The construction of this Lie group has three steps. First, we have the loop group AG; this “corre-
sponds” to (g ® C) ® C[\, A7 !]. Next, we consider the semi-direct product S' x AG, where the group
structure is given by

(A1, 11 (A)(A2,72(AN) = (A1 Az, 11(A3 T A)12(N).

This corresponds to the Lie algebra Cd @ (g ® C) ® C[A\, A7!]. Finally, there is a Lie group with the
structure of an S'-bundle over S x AG, which corresponds to Cc @ Cd @ (g ® C) ® C[A\,A71]). The
construction of this group is more complicated, and is given in Pressley and Segal [1986].

(2) Let « be an outer automorphism of g, and hence of g ® C. Let k be the order of o (necessarily 1,
2, or 3). Let w be a primitive k-th root of unity. Then the twisted affine Lie algebra associated with
g ® C and « is defined to be C & C @ ((g ® C) ® C[A\, A7!]), where

(@ C)®CAA])a={f€(g®C)®CAAT] | a(y(N) = f(wA)}.

It is possible to construct a corresponding Lie group in this case also. Namely, we replace AG by the
twisted loop group

(AG)a = {7 € AG [ a(v(A)) = 7(wA)}

(where aw now means the automorphism of G induced by the original o). Then we perform two extensions
by S, as in the un-twisted case.

Affine Lie algebras are important for another reason: They can be characterized “abstractly” in terms
of generalized Cartan matrices (or generalized Dynkin diagrams). This is explained in Kac [1990]. The
characterization can in fact be extended to a larger class of Lie algebras, the Kac-Moody Lie algebras.
For this we refer again to Kac [1990].

The above definition of twisted loop groups (or algebras) makes sense both for real and complex Lie
groups (or algebras), and for arbitrary automorphisms (inner or outer). We shall make use of these
definitions from now on without further comment. The reason for using only outer automorphisms in
the above discussion is the following result (see Kac [1990], Chapter 8):
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Proposition. If « is an inner automorphism of g, then the twisted Lie algebra (Ag) is isomorphic to
the un-twisted Lie algebra Ag. M

To illustrate all this, we conclude with a simple example.

Example:

. . . . 1 L
Let G = SUs, and let o be the automorphism of GG or g given by conjugation by ( 1 ) This « is
an (inner) automorphism of order 2, so we take w = —1 in the definition of a twisted loop group.

Using the Fourier series representation y(\) = Y, 5 A; A" of an element v € ASU,, we have
a(y(\) = 7(=A) <= a(A;) = (—1)"A; for all i

* 0
( ) for 7 even
0 =

0 =x*
( ) for 7 odd.
* 0

Exactly the same analysis applies to the Fourier series representation of an element of the Lie group
(ASL2C),, or the Lie algebras (Asus)q, (AslaC),.

Using this, one can check that the map

Asuy — (Asuz)a, Y(A) — (1 A) ") (1 A)_l

is an isomorphism of Lie algebras. This verifies the last proposition, in this case.

= A, =

III. The difference between AG and QG.
For the rest of this chapter, we assume that G is a compact Lie group.

There is a surprising, and important, difference between AG and QG. Roughly speaking, AG is
analogous to a compact Lie group, and QG is analogous to a compact generalized flag manifold (i.e.,
adjoint orbit of a compact Lie group). (The definitions of these terms are given in section I of Chapter
3 and section II of Chapter 4.)

The Lie algebra v=TR x Ag may be considered as the Lie algebra of S' x AG. The formula
Ad(A ) (v=Ta, ) = £ (A (Y exp tF) (A7) Mo (A=eV"T)

defines an action of S!' x AG on v=TR x Ag. This may be considered as the adjoint representation of
St x AG.

Proposition. The orbit M( /=1 o) of (v=1,0) € v=1R x Ag may be identified with QG.

Proof. Tt is easy to verify that the isotropy subgroup at (v=1,0) is S x G. Hence M /=10 = (St x
AG)/(S' x G) 2 AG/G = QG, as required. W
More generally, for any X € g, the orbit of (v=1,X) is
M /=1 x) = (S x AG)/(S* x C(Sx)) = AG/C(Sx)
where C'(Sx) denotes the centralizer of the torus Sx which is generated by X (as in Chapter 4).
Bibliographical comments.

See the comments at the end of Chapter 12.
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Chapter 12: Factorizations and homogeneous spaces

I. Decomposition of loop groups, and homogeneous spaces.

The Gram-Schmidt decomposition
GL,C=U,A,

(where A,, denotes the subgroup of GL,C consisting of upper triangular matrices; see Chapter 3)
generalizes to a decomposition of AGL,,C. The decomposition is

(1) AGL,C = QU, A, GL,C,

where

AL GL,C = {v € AGL, C | v extends holomorphically for |A| < 1}.

(The condition on v means that v = 4|1, where 4 : {\ € C | |\]| < 1} — GL,C is continuous for
|A| <1 and holomorphic for [A| < 1. In terms of the Fourier series representation y(\) = >, .5 A;\’,
the condition simply means that A; = 0 for all i < 0.)

Let us define
A2GL,C={y€ A,GL,C | v(1) € A,}.

Then, using the facts that AU,, = QU,, U,, and A,GL,C = U, AﬁGLnC, we see that (f) is equivalent
to the following decomposition:

(1) AGL,C = AU, A2GL,C.

In principle, () can be proved by a generalization of the Gram-Schmidt procedure. However, it
is better to take a geometrical approach, as in Chapter 3. Namely, we introduce “flag manifolds”
Gr(™, F17 such that

Gr™ ~ AU, /U, = AGL,C/A,GL,C
FI™ =~ AU, /T, = AGL,C/A2GL,C

where T;, is the subgroup of U,, consisting of diagonal matrices. Before we can define these manifolds,
we need to introduce some notation.

Let H™ be the Hilbert space L?(S,C"). If ey,...,e, denote the standard basis vectors for C",
then the functions .
A= XNej, 1€Z, j=1,...,n

are a basis for H™ . In other words,
H™ = Span{\e; |i € Z,j =1,...,n}

where “Span{X}” means “the closed subspace generated by X”. Those functions with ¢ > 0 generate
a closed subspace
HJ(rn) = Span{\e; |i>0,7=1,...,n}

of H™ . Let Grass(H™)) denote the space of all vector subspaces W C H™ such that
a) W is closed,

b) the projection map W — HEL”) is Fredholm, and the projection map W — (HJ(r”))L is Hilbert-
Schmidt,

c) the images of the projection maps W+ — HJ(:L), W — (HJ(:L))L are contained in C*°(St, C™).

The meaning of “Fredholm” and “Hilbert-Schmidt” can be found in books on functional analysis; we
do not use these concepts explicitly, so we omit any further explanation of them.

The definitions of Gr™, F1™ are as follows.
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Definition.
(1) Gr'™ = {W € Grass(H™) | \W C W}.
(2) FI™ = (W, CW,_1 C...C Wi C Wy | Wy € Gr™), AWy = W, dim W; /W41 = 1}.

Note: If W € Gr'™| then it is known that dim W/AW = n.
One of the basic results of Pressley and Segal [1986] is:

Theorem 1 (Grassmannian model of QU,,).
Gr™™ ~ AU, /U, = AGL,C/A,GL,C
(and hence Gr™ =~ QU,, ). W

The method of proof is to show that AGL,,C acts on Gr'™ in a natural way, and that the subgroup
AU, acts transitively. The formula for the action is simply

YW ={f|feW}

By considering Fourier series, it is easy to see that the isotropy subgroup at H J(rn) is Ay GL,C (for the
action of AGL, C), or U, (for the action of the subgroup AU,).

This theorem is a generalization of the (elementary) identifications
GI‘k(Cn> = Un/(Uk X Un,k) = GLnC/P

where P denotes the isotropy subgroup of Span{e,...,ex} € Gri(C™) under the natural action of
GL,C.

Regarding the space Fl("), there is a similar result:
Theorem 2. FI™ =~ AU, /T,, = AGL,C/A2GL,C. B

The proof is similar to the proof of Theorem 1. This time, the isotropy groups are calculated at the
following element of F1(™:
)\Hg_n) C Span{e; } & AHE_”) C...
... C Span{ey,...,en_1} P )\HJ(:L) cCC"o )\HEL") = Hfrn).

This theorem is a generalization of the identifications
Fi2. n1(C")=U,/T, =2 GL,C/A,

(which are discussed in Chapter 3).

From the end of the previous chapter, we see that Gr(™) = M /=1 o), and also that F1(") o~ M /=1 x)
if X has distinct eigenvalues. These are generalizations of the corresponding facts for Gry(C™) and
F12..n-1(C™), which we describe in section II of Chapter 4.

The decompositions (1), (1) follow immediately from Theorem 1 and Theorem 2. (Note that AU, N
AL GL,C = U, and AU, N AﬁGLnC = T,.) We can refine these decompositions, using the Iwasawa
decomposition

GL,C=U,A,N,
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of Chapter 3. (Recall that A, denotes the group of diagonal matrices with positive diagonal entries,
and that N,, denotes the subgroup of GL,, C consisting of matrices of the form

1 *x % *x
1 * * x%
1 x x
1 x
1
Thus, A,, = T, A, N,,.) We obtain:
(1) AGL,C = AU, A, AYGL,C

where AfGLnC = {y € AL,GL,C | v(1) € N,}. The three subgroups AUn,An,AfGLnC have
(pairwise) trivial intersections, and it can be shown that AGL,C is diffecomorphic to AU, x A, X
AYGL,C.

We refer to any of the three decompositions (1), (1), (1) as “the Iwasawa decomposition of
AGL,C”.

The results of this section can be generalized to arbitrary compact Lie groups G (see Pressley and
Segal [1986]).
I1I. Riemann-Hilbert problems.

We describe an important analytical interpretation of the Iwasawa decomposition AGL,C = QU,ALGL,C.
It depends on another (partial) decomposition, called the Birkhoff decomposition.

We begin by describing the finite dimensional analogue of this new decomposition, which is the Gauss
decomposition of Chapter 8. (In Chapter 8, we use the “real” version, i.e., for sl,R, SL,R.) The Lie
algebra decomposition is

(M,C =) gl,C=n ®d,,

where

n, = {strictly lower triangular complex n X n matrices}

dn = {upper triangular complex n X n matrices}.
The corresponding partial decomposition of Lie groups is
GL,C 2 N/ A,

where N/, denotes the subgroup of GL,,C consisting of matrices of the form

* K X ¥ =
* ¥ ¥ =
—

The space N A,, is an open dense subspace of GL,,C.

Next we consider the generalization to loop algebras and loop groups.
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First we have a Lie algebra decomposition
Agl,C=Agl, C® A, gl,C.
where

A, gl,C = Span{AX | A€ gl C,i> 0}
A_gl,C = Span{AX' | A c gl C,i <0}
Algl C={feA_gl C|f(1)=0}=Span{A(N' —1)| Aegl C,i<0}.

The above decomposition is quite elementary.

Then, we have a partial decomposition
AGL,C D A'GL,CA,GL,C
where

A_GL,C = {v € AGL, C | v extends holomorphically for co > |A| > 1}
A GL,C={yeA_GL,C|~(1) =1}

This is called the Birkhoff decomposition of AGL,, C. It is easy to see that A GL,CNA,GL,C = {I}
(because A_GL,CNA;GL,C consists of the loops which extend holomorphically to the entire Riemann
sphere CU oo, i.e., the constant loops). It is known that A GL,,CA;GL, C is an open dense subspace
of the identity component of AGL, C. (In fact — see Pressley and Segal [1986], Chapter 8 — any
v € AGL, C can be factorized as v = v_~oy4 with v_ € A1 GL,C, v, € A,GL,C, and

PLs
Y0(A) =
Nk
for some integers kq,...,k,. The case k; = --- = k, = 0 gives all loops in A GL,CA_.GL,C. We
discuss this further in Chapter 17.)
This partial decomposition arises naturally if one considers the following kind of problem:
Riemann-Hilbert Problem. Let I' be a (not necessarily connected) simple closed contour in the

Riemann sphere C U oco. Let F be a (smooth) matriz-valued function on I'. When can we find matriz-
valued functions F, F_ such that

(1) F = F_|r Fi|r
(2) Fy (F_) is holomorphic on the interior (exterior) of I'?

Ezxzamples:

(1) Let

F=s'={\[]Al=1}
F:S8'— GL,C, smooth.
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We define the interior and exterior of I' by

interior = Dy = {\ | [A\| < 1}
exterior = D_ = {A | 1 < |\| < oo}

When do there exist

F,:D, — GL,C, holomorphic

F_:D_ — GL,C, holomorphic
such that F' = F_|g1F|s1? The previous discussion tells us that such Fy, F_ exist for “generic” F' in
the identity component of AGL,, C.
(2) Let

I=ceuche
F= (Fe,Fl/E) . C°UCY¢ = GL,C, smooth
where C™ = {\ | |\| = r} for r = ¢,1/¢, and where we assume 0 < € < 1. Thus the contour I" consists of
two disjoint “circles of latitude”, one in the northern hemisphere and one in the southern hemisphere.
Let
interior = I = {\ | [\| < e} U{A | 1/e < |A| < o0} = IFUTYC
exterior = E = {\ | e < |\| < 1/e}.

When do there exist

Fr = (FF,F}/E) . I°UI'Y¢ - GL,C, holomorphic
Fg: E — GL,C, holomorphic

such that F€ = F Ff on C¢ and F'/ = Fg F}/¢ on CV/<?
Like Example (1), Example (2) also involves a “partial decomposition”, namely
A“Y¢GL,C D ALGL,CA;GL,C
where
ASYGL,C = {~:C°UCY* - GL,C | v smooth} = AGL,C x AGL,C

and where A}EGLnC, A;GL,C are defined in the obvious way. It can be shown that the right hand
side is an open dense subspace of a component of A“Y/¢GL, C (see Bergvelt and Guest [1991]).

Example (2) is interesting because the above partial decomposition is related to the Iwasawa decom-
position, and this leads to a “complete answer” to the corresponding Riemann-Hilbert problem. To see
this, we shall consider a special case of Example (2) where we assume equivariance with respect to the
involutions

CUx — CUoo, A 1/A
GL,C — GL,C, A A1 (=(A™H").

In other words, we make the following assumption:
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Reality Assumption. F(1/)\) = F(\)~1*.
(For the purposes of later applications, this turns out to be a very natural assumption.) We then have:

Proposition. In Ezample (2), assume that

(1) F = (F€, F'/€) satisfies the Reality Assumption, and

(2) F€ extends holomorphically to {\ | e < |\| <1} (ie., F =G
A <1} - GL,C).

Then the required Fg, Fr exist. Moreover, Fg is given by Fr = Gp, where G|ls: = G1Gy is the
factorization of G with respect to the Iwasawa decomposition AGL,C = QU,, A,GL,C.

ce for some holomorphic G : {\ | € <

Proof. The reality condition is equivalent to the condition
FYe(\) = Fe(1/)) 1.

Since G|g1 and G2 extend holomorphically to {\ | € < |A] < 1}, the same is true of G;. Since
G1(A)* = G1(A)~! for |A| = 1, we can further extend G holomorphically to {\ | € < [A] < 1/e}, by
defining G1(\) = G1(1/A)"1* for 1 < || < 1/e.

We have

(FN),F(1/2)™) =

(G1(Mlee, GLL/N) ™ o1 ) (G2 (V)] ee, Ga(1/X) T cae).

Hence we can take

Fg=Gi, Fr=(G2(N)|ce,G2(1/N) | crse)

and the proof is complete. W

Hypothesis (2) was included in order to simplify the proof of the proposition. It turns out that
the proposition remains true if this hypothesis is dropped. This is a consequence of the fact that the
partial decomposition A“'/¢GL,,C 2 ALGL,C A;GL,C becomes a decomposition, under the Reality
Assumption:

Proposition (MclIntosh [1994a], Proposition 6.2). We have
Ag“GL,C = AL RGL,C ArrGL,C,
where the suffix R indicates that the Reality Assumption is in force.

Proof. For ('ye,’yl/e) € A;’tl/EGLnC, we must find vg € A}ERGL,LC and v; € A; rGL,C such that
v = vg7r. At the beginning of this section, we mentioned the factorization v = v_~v9y4+ of a loop
v € AGL,C. This is easily modified to give a factorization v = ¢ ~§vS, where v¢, v{ are defined
(respectively) for |A| > €, |A| < ¢, and 7§ is defined for all A € C*. In addition, we may assume that

Y= (M5(1) = 1.
We seek «, 8 such that
(7,7 = (VL) (a5, B)
where a, 3 are defined for || < 1/e, |A| > 1/e, and «(1) = I. This equation is equivalent to /¢ =
YE§aB, or (4§) " (7€) "1y € = af, on the circle |A| = 1/e. When we impose the Reality Assumption
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FME(1/X) = 4¢(N)7*, we claim that we can find such o and 3. To do this, we re-write the above
equation (on |A\| = 1/¢) as

Y6 () TSN T/ A) TG/ T = a()BA)E (/)"

The left hand side is §(1/A)*3()\), where §(A) = v (1/X)"1*~5(1/A)~1*. Observe that & is defined for
e < |\ < 1/e. Let § = 0162 be the factorization of § with respect to the Iwasawa decomposition
AGL,C = AU, A} GL,,C. We have

S(L/A)"8(A) = 85(1/A)"81(1/X)"81(N)da(N)

= 02(1/A)"02(A).

Here, §; is defined for |A| > 1, and in particular for |A\| > 1/e. A priori, 5(1/A)* is defined for || < 1,
but it must extend to the region 1 < |A| < 1/e, because of the above equation (and the fact that ds,
both extend to 1 < [A| < 1/€). We may therefore take a(X) = d2(1/N)*, BA)YL(L/A)* = 62(N). Tt is
easy to verify that the resulting vz and ~; satisfy the Reality Assumption. W

Bibliographical comments for Chapters 11-12.

An introduction to infinite dimensional Lie groups is given in Milnor [1984]. The standard reference
for loop groups is the book by Pressley and Segal [1986]; the article of Freed [1988] is also a useful
reference. The standard reference for affine Lie algebras (and, more generally, Kac-Moody Lie algebras)

is the book by Kac [1990].

The idea of using infinite dimensional Grassmannians in the theory of integrable systems is due to
Sato (see Sato [1981]). For the loop group theoretic point of view, see Goodman and Wallach [1984al;
Wilson [1985]; Segal and Wilson [1985]. In the following chapters we are concerned with the application
of this theory to the 2DTL and the harmonic map equation.
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Chapter 13: The two-dimensional Toda lattice

I. The 2DTL, again.

Recall from Chapter 9 that the (elliptic, periodic) two-dimensional Toda lattice (or the 2DTL) is the
system of equations
2(w;)ss = e2(Wit1—ws) _ 62(11)1'_’1111'—1)’ i=0,...,n

where w; : C — R, w_1 = Wy, Wp11 = wo, and >, jw; = 0.

From Chapter 9 we know also that the 2DTL is equivalent to the zero-curvature equation

Ag _BZ - [A,B]

where
(wo)z 0 0 0 Won
WLQ (wl)z 0 0 0
0 W2 1 (wg)z 0 0
A= . = B~
0 0 0 (Wn-1) 0
0 0 0 Win—1 (wn):

and Wi,z’—l = eWiTWi-1,

Moreover, because of the geometrical interpretation of zero-curvature equations, we know that the
2DTL is equivalent to the system

F'F, =A
F'F; =B
where F': C — SU,,+1. The second equation here is equivalent to the first equation: It may be obtained

from the first equation by applying the involution X +— —X* of sl,,;1C. It is for this reason that F'is
SU,,+1-valued, rather than SL,,;C-valued.

From Chapter 10 we know that the zero-curvature equation
A; =B, = [A7 B]
is equivalent to the zero-curvature equation
(A))s — (By), = [Ax, By| forall A € C with [A| =1

where Ay, By are defined as follows:

(wo). 0 0o ... 0 AWo.n
)\WI,O (wl)z 0 Ce 0 0
0 )\W271 (wg)z 0 0
Ay = . . . . . = —B;.
0 0 0 ... (wn-1)s 0
0 0 0 . AMpmo1  (wn).

Thus, the “parameter” A\ may be inserted, without changing the problem.
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Surprisingly, this “unnecessary parameter” is the key to finding solutions of the 2DTL. This is because
the 2DTL admits a very large symmetry group — namely a loop group. In the original formulation of the
2DTL (above), this symmetry group is not visible. It is revealed only when we include the parameter
A

To explain this, we must
(1) identify the appropriate loop group, and
(2) show that it acts on the space of solutions of the 2DTL.

These are the aims of this chapter.

II. The loop group formulation of the 2DTL.

From the geometrical interpretation of zero-curvature equations, we know that the 2DTL is equivalent
to the system

FyH(Fy)

z A)\
FyN(F\): = By

where F) : C — SU,11. By “equivalent” we mean: If we can find F) such that FA_I(FA)Z, F/\_l(FA)Z
have the forms Ay, By (respectively), then we obtain a solution to the 2DTL. Conversely, any solution
of the 2DTL gives rise to such a function F). It is clear how the loop group ASU,, 11 enters the picture,
because I’ corresponds to a map

F:C— ASUpy, F(2)(\) = Fi(2).

Notation: From now on, F' will always denote the ASU,, ;1-valued map corresponding to F), so there
should be no possibility of confusion with the earlier meaning of F'. Similarly, we shall denote by A, B
the Asl,,+1C-valued maps corresponding to Ay, By. To simplify the notation further, we shall write
F(z, ) instead of F(z)()), and similarly for A, B.

In fact, it is better to consider a certain subgroup of ASU, ;. Recall that the twisted loop group
(ASU,+1), is defined as follows:

(ASUn11)o = {7 € ASUpn41 [ v(wA) = a(v(N))}
where w = €2™V~1/% and ¢ is an automorphism of order k. We choose o to be the (inner) automorphism

1

o = conjugation by . (= w, say)

where w = e27V=1/(n+1),

The Lie algebra (Asu,41), of (ASU,+1), has a simple description. The eigenvalues of o on g =
sl,,+1C are 1,w,...,w™. The w"-eigenspace, which we denote by g, is

g, = {(aij)o<ij<n €8lp+1C | a;; =01if ¢ # j +rmodn + 1}.

In other words, the eigenspaces
g0, 81, --- ,8n
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consist (respectively) of matrices like this:

* 0 0 0 O 0 0 0 0 = 0O = 0 0 0
0O «= 0 0 O * 0 0 0 O 0 0 = 0 0
O 0«0 O0],/]0 «x 0 O0O{,...,10 0 0 x O
0 0 0 = O 0 0 = 0 O 0 0 0 0 =x
0 0 0 0 =« 0 0 0 x O * 0 0 0 O

We can extend the notation g, in a convenient way, by defining g, 1 j,+1) = g, for any j € Z.

It follows that the twisted Lie algebra (Asl,1C), is given by the subalgebra
Span{A;\' | A; € g;,i € Z}

of Asl,,;1C = Span{AN | A € g,i € Z}. (For the case n = 1, see section II of Chapter 11.)

The relevance of the twisted loop group to our problem is that the maps
A,B:C — Asl,;1C

take values in the twisted subalgebra (Asl,+1C), (see the formulae for Ay, By at the beginning of this
chapter). Hence the map F takes values in the twisted subgroup (ASU,,+1),.

We are led to consider the following conditions on a map F : C — (ASU;41)0:

(Asy) F~'F, = linear in \

F~'F. = linear in %

Any solution of the 2DTL gives a solution of (A,). Conversely, if F' is a solution of (A, ), then we have

ag 0 bo
a1 bl 0
FF, = . + A
an b, O
(and F71F; = —(F~1F,)*), where aq,...,an,bo,...,b, € C. In addition, we have various conditions

on a; and b; from the identity
(F7'F); — (F7'F,), = [F'F,,F7'F,].

These conditions are given by writing down the coefficients of X, 1, A71:

(A) (bi)z = bi(a; — a;—1)
(1) (ai)z + (@:)z = |bia|* — |bs]?
(A7) (b)) = bi(a; — ai_1).

Let us now impose the additional conditions

(T) bo,...,bn, >0, bg...b,=1.
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Equation (A™1) becomes (logb;). = a; —a;_1. This may be written in matrix form as L, = A—Ad(FE)A,

where L is diagonal with diagonal terms log by, ...,logb,, A is diagonal with diagonal terms ag, . .., a,,
and
0 1
1 0
E =
1 0

It is easy to verify that the linear transformation I — Ad E on (sl,,41C), is invertible, with inverse
Z?:_Ol(n —i)Ad E'/(n +1). Hence, a; = (w;), for some real function w;, and (logb;). = (w; — w;_1)..
Since b; and w; are real, we obtain b; = u;e"~"i-1 for some positive constants u;. We can arrange that
u; = 1 for all ¢, by replacing F' by

1

€n
where e; = (uj ...u;)”t. We end up with
a; = (w;)., by = it

which is precisely the form of the 2DTL.

We have therefore arrived at a loop group theoretic form of the 2DTL, which is independent of the
original functions w;. Symbolically:

9DTL <= (A,)+ (T).

Note on the parameter \: It is interesting to compare the zero-curvature equation

(Z) AZ - Bz = [AvB]
where
ap 0 bO
ay b1 0
A= + = B~
Qn, b, O

with the “zero-curvature equation with parameter”

(Zx) (Ax)z — (By): = [Ax, By

where
ap 0 bO

ai b1 0

n b, 0
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As we have seen, (Zy) is equivalent to equations (A), (1) and (A~!). Equation (Z) turns out to be
1

equivalent to these three equations as well, when n > 1. But for n = 1, (Z) is equivalent to:
(1) (@i)z + (ai)= = biga|* = |bif?
(2) (bi)z + (biy1)z = bi(a; — a;—1) + biy1(@iy1 — a;)

(equation (2) is obtained by adding the (i + 1)-th equation of ()\) to the i-th equation of (A71)).

In the special case where a; = (w;), and b; = e”i~"i-1 —j.e., in the presence of condition (T) — then
equations (\) and (A™1) become identities. So in this case we see that (Z,) is equivalent to (Z) for all
n.

III. The symmetry group of the 2DTL.

A method of constructing symmetries has already been suggested in Chapter 10. Let us review
that method, using the language of loop groups this time. Let v € (ASL,11C), be a loop, and let
F:C — (ASU,+1), be a solution of

(As) F~'F, = linear in A
F~'F., = linear in %
(We ignore condition (T) in this section.) Then we consider a new map
F:7~F:(7F)1.

This means: We assume that vF' can be factorized in the form vF = (yF);(vF)2, where (7F); extends
holomorphically (in A) to a region Ry, and (vF')3 extends holomorphically (in A) to a region Ry, where
R; and Rs are as in Chapter 10.

We claim:
(1)yd-F=~-(6-F) for all v, € (ASL,+1C), (i.e., we have a group action), and
(2) - F is a solution of (A,)
(assuming that all relevant factorizations are possible).

The proof of (1) is elementary algebra:
Yo F = (y0F)1 = (y(6F)1)1 =7 (6F)1 =~-(6- F)
(as in section IT of Chapter 8).

To prove (2), we use the argument of the proposition of Chapter 10. Namely, we observe that (a)
F~1'F, is holomorphic on R; (by definition of F'), and (b) F~'FE, has the same poles as F~'F, on Ry
(by substituting F = vF(yF )3 ' and doing a short calculation). It follows that F~'F, has the same
poles as F~1F, on the entire Riemann sphere C U co. Now, F~!'F, has a simple pole at A\ = oo, and
no other poles. Therefore, the same is true of F'~1F, — and this means that F~'F, is linear in A. A
similar argument shows that F~1F; is linear in A~

We have now proved (1) and (2), under the assumption concerning the factorization. Let us now
examine this assumption, and in particular the nature of the regions R; and Rs.

It is tempting to choose Ry = D_ and R = D,, because the domain of our loops is precisely
D_ N D, = S'. However, it is much better to choose the regions

Ri=E={\|e<|N<1/e}
Ro=I={\||N<eUN|1/e<|A < oo} =TI UTVe



68 Part II Two-dimensional integrable systems

The factorization problem (or Riemann-Hilbert problem) with respect to these regions has already been
discussed in Chapter 12. It is related to the partial decomposition

ASYGL,C D ALGL,CA;GL,C
of the group
ASYGQL,C = {~:C°uCY* - GL,C | v smooth}.

Because of the nature of the 2DTL, we use the following modification of this partial decomposition:
(A SLus1C)o 2 (AprSLnt1C)s (AfH SLnt1C)s.

In this (admittedly quite appalling) notation,

(i) A4 is the subgroup of SL,,1C consisting of diagonal matrices with positive diagonal entries,
(i) A4S L, 1 C = {(656) € A;SLn1C | 65(0) € Apy1, 6Y/(00) € Apyi},

(iii) R indicates that the Reality Assumption is in force, i.e., 7(1/A) = v(A\)~!*, and

(iv) o indicates that we have twisted loops.

With this terminology, our factorization assumption can be stated clearly. It has two components:

(F1) We assume that F' : C — (ASU,,+1), is a solution of (A,) which extends to a map F' : C —
(A RSLp+1C)s.

(F2) Let v = (76,71/6) € (A§1/€SLH+1C)U, and let F = ~F. We assume that F = F\F;, where F|, F)
take values (respectively) in (AgrSLn+1C)s, (AIAﬁSLnHC)U.

Remarkably, both (F1) and (F2) are automatically satisfied! This follows from:

Lemma.

(1) For any solution wy, ..., w, of the (original version of the) 2DTL, there exists a corresponding
solution F' which takes values in (Ag rSL,+1C),.

(2) (A;’l/eSLnJrlC)g = (A rSLn+1C), (AIA;;SL”JAC)J, i.e., the above partial decomposition is ac-
tually a decomposition.

Proof. (1) This is because Ay, By are well defined for any A € C*, and in particular for A € E. (2) The
result for un-twisted loops is given at the end of Chapter 12. The necessary modification for twisted
loops is proved in the same way, using the twisted Birkhoff and Iwasawa decompositions (given in
Theorem 2.3 of Dorfmeister et al. [in press]). W

We reach the following conclusion:

Theorem. The group (A;’{I/GSLnJrlC)U acts on the set of (A rSLy,11C)q-valued solutions of (A,).
[ |

This is the “hidden symmetry group” of the 2DTL.

IV. A family of solutions of the 2DTL.
In Chapter 9 we found the following “trivial” solution of the 2DTL:

Fy(z,\) = exp(2AA4o + 25 Bo)
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where
0O 0 00 1 0O -1 0 0 0
1 0 0 0 O 0 0O -1 0 0
Ap=10 1 0 0 0], By= 0 0 0O -1 0
0 01 00O 0 0 0 0o -1
0 0 010 -1 0 0 0 0

(By analogy with other differential equations of mathematical physics, such a trivial solution is some-
times called a vacuum solution.) It is easy to verify that Fj is a solution (one needs to use the fact that
[Ag, Bo] = 0), and that F' satisfies the Reality Assumption. In fact, Fy is a (Ag,rSLy,+1C)s-valued
solution.

In the last section we showed that the group (A;UESLRHC)J acts on the set of (AgrSL;+1C),-
valued solutions of (A,). (This group action is called the dressing action.)

Therefore, for every (y¢,v'/€) € (A;,Ll/ESLn+1 C), we obtain a new (Ag rSLy+1C),-valued solution

F =) Fo = (v, 7" Fo)r.

(The solution F' is said to be obtained by dressing the vacuum.) If F also satisfies condition (T), it
corresponds to a solution of the 2DTL. This is the family of solutions of the 2DTL that we wish to
consider.

We do not claim that all solutions of the 2DTL are of this form, of course. Nevertheless, these
solutions are in general non-trivial, and we shall investigate them in more detail.
Bibliographical comments.

See the comments at the end of Chapter 15.
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Chapter 14: 7-functions and the Bruhat decomposition

I. Explicit solutions of the 1DTL.

In preparation for a more detailed study of the 2DTL, we return to the 1DTL in this section. In
Chapter 5, we saw that the (general) solution of the 1DTL is given in terms of a group decomposition
SL,R =G =G1G;

by
L(t) = Adu(t)"'V

where u(t) = (exp tV); and V = L(0). In this chapter we show that there is a more ezplicit formula
for the general solution L(t¢) of the 1DTL.

The groups G, G5 are
G1=50,, Gy = Aan’z = N;L
and so we have a factorization

exp tV = S(H)A()N (1)

where S(t), A(t), N(t) take values (respectively) in SO,,, A,, N),. Thus, (exp tV); = S(t), (exp tV), =
A(t)N(t), and A(t) is a diagonal matrix whose diagonal entries di(t),...,d,(t) are positive. It turns
out that, because of the special form of the matrix L(t), the solution of the IDTL may also be expressed
in terms of the “middle factor” A(t):

Lemma. In terms of the original variables q1,...,q, of the IDTL, we have

qi(t) = ¢i(0) +1log di(t), i=1,...,n.

Proof. We have S(t) = exp tVN(t) L A(t)™1, so it follows that L = S™'V.S = ANVN~1A~!. Now, L
is of the form

* Q1,2
Q1,2 * Q2.3
Q2,3 * e s
e Qunm
Qn—l,n *
hence NV N1 is of the form
* Q1,2(0)
* * Q2,3(0)
* * * e ,
* * * % Qn-1n(0)
* * * * *
and ANVN 1A~ is of the form
x  di1Q12(0)dy "
* * d2Qo,3(0)d3
*k *k *
* * * dnlenfl,n(O)dgl
* * *
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Comparing this with L, we see that
d.
Qiit1 = 7—Qii1(0).
i+1
As Q;i11 = €%~ %41 we obtain €%~ %) /d; = e%i+179+1(0) /g, ;. Since [ e% = [[d; = 1, we must have

e%~%(0) = yd; where u is an n-th root of unity. Since d;(0) = 1, we must have u = 1. W

Thanks to this lemma, it suffices to find an explicit formula for A(t). Using elementary matrix theory,
we can do this in the following two steps.
Step 1: From Iwasawa to Gauss.
From exp tV = S(t)A(t)N(t), we have
(exp tV)!(exp tV) = N ()" A(t) S(t
= N(t)"A(t)"A(t
= N(t)'A(t)>N(t).
Since V' is symmetric, we may re-write this formula as
exp 2tV = N(t)' A(t)*N ().

This is the factorization of exp 2tV with respect to the Gauss decomposition (or, more precisely, partial

decomposition)
SL,R D N,A,N’.

Step 2: From Gauss to T-functions.

Surprisingly, it is very easy to find an explicit formula for the “diagonal factor” D in a Gauss
decomposition X = UDL, where X € SL,R, U € N,,, L € N/,. (We do not assume that the diagonal
entries of D are positive, here.) This works because the determinant of a triangular matrix is the
product of its diagonal entries, as we shall explain.

Let Xy, Uy, Dy, Ly, denote (respectively) the “lower principal k x k minors” of X,U, D, L. (In other
words, X}, is the k x k matrix (2i;)n—k+1<i,j<n, if X = (2ij)1<i j<n, €tc.) Then we have

Xk = UrDy Ly
and therefore d,,_g41 ...d, = det Xj;. We conclude that the diagonal entries of D are given by
det ani+1 .
di=——— i=1,...,
det X,_; "

(with the convention that det Xy = 1). We use the notation 7;,(X) = det X;.

Hence we obtain our explicit formula for the solution of the 1DTL.

Theorem. v n
Tp—it1(t
qz(t) — Qz<0) + 5 log TV_Z' t) , = 17 , 1

where 7 (t) = det(exp 2tV);. W

(When n = 2, this agrees with the explicit formula obtained in Chapter 5.)

The functions 7;,7) are called 7-functions.

The following proposition illustrates the significance of the 7-functions. (In addition, the proof reveals
why we use the term “Gauss decomposition”!)
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Proposition. Let X € SL,R. The Gauss factorization X = U DL is possible if and only if 71 (X), ..., Th—1(X)
are all non-zero.

Sketch of the proof. 1t is easy to see that the existence of a Gauss factorization
X =LDU
is equivalent to the solvability of the linear system
Xu=wv
by “Gaussian elimination, without re-ordering the equations”.

For example, consider the following system:

- + y + z = 1
T -z = 1
r — y + z = -1
Let us add the first equation to the second and third equations. We obtain the simpler system
-z + y + z =1
y = 2
2z = 0

from which we can read off the solution z =1, y = 2, 2 = 0. By “Gaussian elimination” we mean this
method, where the system is transformed (if possible) into triangular form.

In terms of matrices, the transformation can be expressed as

100\ /-1 1 1 11 1
1 10 1 0o -1|=(0 10],
101 1 -1 1 0 0 2
or
1 1 1 1 00\ /=10 0\ /1 -1 -1
1 0 —-1]=|-110 0o 1 0fllo 1 o
1 -1 1 -1 0 1 o o2/ \o o 1

In other words, the calculation produces a Gauss factorization of the original matrix.

If we perform this calculation with the general 3 x 3 system

alr + a2y + a3z = b1
as1r + axy + azz = b
as1x + aszy + aszz = b

then — if a1 # 0 — we obtain the system

ai2 ai3 b
x + —Y + — Z = —
a1 a1 ai
11022 — (12021 y + 411023 — 13021 o a11bs — az
a1 a1 ai
11032 — (12031 y + 411033 — 130431 o a11bs —az
a1 a1 ai

We may perform the final step (to reach triangular form) if aj1a22 — aj2az; # 0. Thus, in this case,
Gauss elimination works if and only if 71 (X),72(X) #0. B

The above discussion is based on section 4.3 of Perelomov [1990]. The proposition can be found in
Chapter 4 of Strang [1976].
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II. 7-functions, representations, and Grassmannians.

We sketch now a Lie theoretic proof of the last proposition. The Lie theoretic significance of the
(complex) 7T-functions
7, :SL,C—-C, X—det X;, i=1,...,n—1

is the key to finding explicit solutions of the 2DTL.

First, we observe that

det qu = <X(€n7i+1 VAN en), €n—i+1 VANIWA €n>

= <X€n_¢+1 ANoo.ANXep,en—ig1 Ao A €n>
where eq, ..., e, is the standard basis of C”, and where ( , ) is the standard Hermitian inner product
on A'C™. Let A : SL,C — SL,C be the standard (irreducible) representation of SL,C (i.e., A

is the identity map, considered as a representation). In the terminology of representation theory,
€n—it1 A ...\ e, is a highest weight vector of the (irreducible) representation

A'X:SL,C — SLnC.

Next, consider the map

X = [X(en_is1 A... Nen)] € P

(the “projectivized orbit of the highest weight vector”). The isotropy subgroup at the point [e,,_;11 A
... A ey] under this action of SL,,C is

P,={XcSL,C|X(C"Htc(cHhy

where (C"~%)+ = Span{e,_i11,...,e,}. Hence the orbit of [e, ;11 A ... A e,] (i.e., the image of
the above map) is a copy of the Grassmannian Gr;(C") = SL,C/P,. For X € SL,C, the element
X(C" )L of Gr;(C") corresponds to the coset X P;. We use this notation interchangeably from now
on.

Finally, let Det denote the (holomorphic) line bundle on Gr;(C™) whose fibre over the i-plane
Span{vy,...,v;} is the line Span{v; A ... Av;}. The total space of Det may be identified with
SL,C xp, Span{e,_i+1 A ... Nep}

where P; acts on Span{e, ;11 A...Ae,} via AP

We now have all the necessary ingredients for our Lie theoretic description of 7;:

Proposition.
(1) 7; defines a holomorphic section of the dual bundle Det*.
(2) For any element X (C"~%)* of SL,C/P;, 7:(X(C"~%)*) = 0 if and only if X(C"~")+ ¢ N, (C" )+,

Sketch of the proof.

(1) Let G/H be any homogeneous space, and let 6 : H — Aut(V') be any representation of H. Then
there is a one to one correspondence between sections s of the associated bundle

GXHV—>G/H
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and maps
S:G—-V

such that S(gh™1) = 0(h)S(g) for all h € H, g € G. The correspondence is given by s(gH) = [(g,5(g))]-
In our case, the map S : SL,,C — Span{e,_;+1 A ... Ae,}* is given by

S(X)(cen_izi N...Nep) =c(X(en_ix1 Ao ANep),eniv1 A... Nep).

(2) Let E = X(C"~%)1. The condition E € N,(C"~ %)L corresponds to the “Schubert condition”
dimC" 'NE =0, dmC" "' NnE=1, ..., dmC"NE =i.
This is equivalent to the condition
X(ep—it1 A...ANey) = non-zero constant X e,_;+1 A...Aep,
(as one sees by writing each X (e;) in terms of the basis vectors). W
To relate this to the proposition of the previous section, we use the fact that

Pin- NPy =A

Proposition. Let X € SL,,C. We have X € N, PN ---N N, P,_1 if and only if X € N,Al. &
This can be proved directly.

III. The Bruhat decomposition.

The theory of the previous section has an important geometrical interpretation. Although this
geometrical interpretation is not strictly necessary at this point for our study of the 1DTL (or 2DTL),
it is related to the Hamiltonian system of Chapter 4, and it will be very useful in our study of harmonic
maps in Chapters 16-20. It has various aspects — algebraic, topological, and analytic — and because of
its fundamental nature we give a brief description of it in this section.

The algebraic version is based on the (disjoint) decompositions

SL,.C= |J NasA,

SEX,

SL,.C= ] NusA,
s€X,

(which may be proved by the well known procedure of reduction of a matrix to “echelon form”). Here,
Y, denotes the (finite) group of permutation matrices.

These induce (disjoint) decompositions of the flag manifold

Fi2..n(C") = [J Nus((Ccm )t c(cr?)tc...c(o)f ccn
SEYX,
Fi2. 2(C") = U N,s(Ccc?c...ccrtccn.

SEX,
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Each piece here is a “cell”, i.e., homeomorphic to C" for some N. This fact may be seen by elementary
matrix considerations; we give an example in a moment.

Let P; be the isotropy subgroup at (C"~%)+ (under the action of SL, C on Gr;(C")), as in the last
section. Since P; O A/, we have

52,0 | MosP and Gr(©) = | Ms(@"
sGEn Sezn

This time, we do not have a disjoint decomposition. However, any two pieces are either disjoint or
equal, and the condition to be equal is obviously given by:

s(C" )t =t(C" )t «—= s 'te P
It follows that each piece corresponds to a choice of i basis vectors from the standard basis ey, ..., e,.

This decomposition of Gr;(C"™) into cells is called the Schubert decomposition.

As a very concrete example, let us consider the case i = 1, i.e., Gr;(C") = CP"!. In this case we
have

crl= | Nos(C )t = |J DNusV
SEX, i€{1,...,n}

where V; = Ce;. There are n disjoint pieces here, and the i-th piece is homeomorphic to C*~!:

(/1 ... % x %k ... % 0\ )
1 = 0
N, V; = 1 1
1 0
\ ]' 0 Vs
(/1 0 = 0 0 0\ )
1 « 0 0 0
= 1 0 0 1
1 0 0
\ ]' O Vs

There is one “big cell”, namely N,,V;,, = C"~!. Since the other cells have lower dimension, the big cell
is open and dense in CP" 1.

It would not make any difference in the above discussion if we replaced N,, by A, (i.e., we allow
arbitrary non-zero diagonal entries). We use NN,, because it is more economical.

There is a dual decomposition, in which orbits of N, are replaced by orbits of N/. The dual
decomposition of Gr;(C") is also called the Schubert decomposition. These two decompositions admit
a Morse theoretic interpretation; to describe this we identify Gr;(C™) with an adjoint orbit Mp in u,,
as in section I of Chapter 4 (see Example (2)). Consider the height function H? : Gr;(C") — R,
where () is any element of u,, with distinct eigenvalues. Then the critical points of H? are the points
s(C" 9+ for s € B,,. The cells N, s(C* )L and N/ s(C"~ %)L are — not necessarily respectively —
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the unstable (“descending”) and stable (“ascending”) manifolds of the critical point s (C"~%)+. (The
precise correspondence depends on the choice of Q).)

These decompositions, and the Morse theoretic interpretation, are also valid for any flag manifold
Fr,...n.(C"). In fact, they are valid for any generalized flag manifold G°/P, where P is a parabolic
subgroup of G°. These more general decompositions (of G¢ or G¢/P) are called Bruhat decompositions.

Bibliographical comments.

See the comments at the end of Chapter 15.
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Chapter 15: Solutions of the two-dimensional Toda lattice

Let (v¢,7'/¢) € (A;’{l/eSLnHC)U. Let Fy(z,\) = exp(2Ad4o + 2A71By), i.e., the trivial solution of
the 2DTL (as in Chapter 10). Consider the factorization

(VNN Folz,3) = F(2,) (D(2)N(2,A), D(2) " N(2,1/A) )

(as in Chapter 13). We have D(z) € A, 1 (the group of diagonal matrices in SL, 41 C with positive
diagonal entries), and N(z,0) = I. We know that the factor F is a solution of (A, ). If F also satisfies
(T), then from Chapter 13 we know that F' corresponds to a “new” solution of the 2DTL. Assuming
this to be the case, we consider the problem of finding explicit formulae for the corresponding functions
Wo, .-y Wp-

As in the case of the 1DTL, it turns out that the functions w; depend only on the “middle factor”

do
dy
D=
dn
The precise relationship is given by the next lemma.
Lemma. In terms of the original variables wy, ..., w, of the 2DTL, we have

wi(z) = —log di(2), i=0,...,n.

Proof. We have

ap 0 bo

an b, O
We claim that a; = (log d; 1)Z and b; = uid;1 / d;_ll for some constants u;. The procedure of Chapter
13 then gives w; = log di_l.
Restricting to |A\| =€, we have F' = v*FuN~1D~! and hence

F7'F, = (WFoN'D Y '(v*F,N~'D™1),
= DNF; ' (Fy).N"'D™* ~DN._N"'D™!' - D_,D™*
= ADNAN"'D'—DN,N"'D-!'—D,D7 .

This remains valid in the region {\ | |\| < €}. Using the fact that N(z,0) = I, and evaluating at A = 0,
we obtain a; = —(log d;),. As in Chapter 13 we have

(bi)z (@; — ai—1)
bi): = bi(a; — a;_1).

(bi)

b
bi
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From this, and our assumption that b; is real, we obtain

(bid;/di—1)z = (bid;/di—1). = 0.
Hence b; = u;d;—1/d; for some constants u;, as required. W

To find the “middle factor” (in terms of the initial data Ay, By), we can use the same method
that we used for the 1DTL. To simplify the exposition, we assume that v¢ extends holomorphically to
{A | e <|A| < 1}. In this case, the factorization

~°Fy = FDN

is simply the Iwasawa factorization of v¢Fy|s: (see the end of Chapter 12).
Step 1: From Iwasawa to Birkhoff

Since F satisfies the Reality Assumption, we have FT = F~! where FT(\) = F(1/\)*. From
v¢Fy = FDN, we have
(Y Fy) (v Fy) = N'D'TFTFDN = NTD?N.

We see that the right hand side is a factorization with respect to the Birkhoff (partial) decomposition

(ASL,+1C)s 2 (ALSL,41C)y Apyr (AL SL,11C),.

Step 2: From Birkhoff to T-functions

In the corresponding step for the IDTL (“From Gauss to 7-functions”, Chapter 14), we explained
how to find the middle factor in terms of 7-functions. Those 7-functions (for the group SL,,C) depend
on the following ingredients:

(1) maximal parabolic subgroups P, ..., P,_1, such that P, N---NP,_; = Al;
(2) a bundle Det on each Grassmannian Gr;(C") = SL,,C/FP;;
(3) a holomorphic section of Det*, whose zero set is the complement of the “big cell” [N,,| € SL,C/P;.

These ingredients exist in the case of any finite dimensional complex semisimple Lie group. It turns
out that the ingredients exist also in the case of the infinite dimensional Lie group (ASL,+1C),! We
sketch very briefly the generalization of (1)-(3) above, in the case of the (un-twisted) group ASL,1C.

(1) Let

where K; = Span{eq,...,e;} ® AHE:LH). Thus, P, = Ay SL,.1C. The homogeneous space
ASLn+1C/Pn - ASLn+1C/A+SLn+1C

is a subvariety of
AGL,1C/A GL,1C = Gr("tD

We have
ASL,+1C/P, = ASL,1C/P,

for : =0,...,n. The fact that
Pon---NP, =A2SL,41C

has already been noted in Chapter 12.
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(2) There exists a holomorphic line bundle Det on the Grassmannian Gr("*1)

the bundle Det on Gr;(C").

, which is analogous to

(3) There exists a holomorphic section of Det*, whose zero set is the complement of the “big cell”
[A]_V/GL,,LHC] C AGL,+1C/A+GL,+1C. (A similar statement holds for the restriction of Det to
ASL,+1C/ALSL,1C.)

A full discussion of (2) and (3) is given in Pressley and Segal [1986]. (A brief summary is also given in
Segal and Wilson [1985].)

Let v € ASL,11C. From (3) we obtain a condition for the existence of a factorization v = 7179
where v; € A]f/SLnHC, Yo € AﬁSLnHC. It can be shown that the “middle factor” of v, is given in
terms of an “infinite determinant”. It follows from this that each d; can be expressed in terms of an
infinite determinant. This leads to an explicit formula for our solutions of the 2DTL.

Bibliographical comments for Chapters 13-15.

A more detailed loop theoretic treatment of the 2DTL can be found in McIntosh [1994a; 1994b]. We
have presented a simplified version of this theory.

A good reference for the Schubert decomposition of a Grassmannian, and its role in topology, is Milnor
and Stasheff [1974]. For the Morse theoretic interpretation of this decomposition, see Parker [1972].
Just as the Schubert decomposition of a Grassmannian is a special case of the Bruhat decomposition
of G¢/P, the theory of Chapter 14, section II, generalizes to the case of any complex semisimple
Lie group G°¢. The subgroups P; must be replaced by the maximal parabolic subgroups of GG, and the
representations A’ by the fundamental irreducible representations. This is part of “Borel-Weil theory”,
a brief summary of which is given in Segal [1982]; Carter et al. [1995].

The 7-functions for the 1DTL are a manifestation of the deep relationship which exists between
Lax equations and representation theory of finite dimensional Lie groups. Further information on this
theory, which is due to Kostant, may be found in Kostant [1979]; Goodman and Wallach [1984b].

The generalization of 7-functions to the case of infinite dimensional Lie groups has played an impor-
tant role in other integrable systems. Some references for this are Kashiwara and Miwa [1981]; Date et
al. [1981-2]; Wilson [1985]; Segal and Wilson [1985].
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Chapter 16: Harmonic maps from C to a Lie group

I. The loop group formulation of the harmonic map equation.

Recall from Chapter 9 that a map ¢ : C — G is harmonic if and only if

(07 102). + (¢~ '¢2)z = 0.

Here, GG is a compact Lie group. We assume that G is a matrix group, as usual.

In addition, from Chapter 9, we know that the harmonic map equation is equivalent to the zero-
curvature equation

(Ax)z — (Ba): = [Ax, Bi]
where Ay = 1(1 - A"1)A, By =1(1-)\)B.

Because of the geometrical interpretation of zero-curvature equations, we know that this is equivalent
to the system

(€2) F'F, =
FF, =

where F' : C — QG. Here we have A,B : C — g ® C, with A = ¢(B), where c: g® C — g® C
is “conjugation with respect to the real form g”, as in section I of Chapter 9. (If G = U,, then
c¢(X) = —X*.) The second equation here is equivalent to the first equation: It may be obtained from
the first equation by applying the involution c.

Let us repeat our justification for saying that (€2) is equivalent to the harmonic map equation, as this
is very important. Given maps F, A, B which satisfy (£2), then the map ¢(z) = F(z,—1) is harmonic
(and we necessarily have A = ¢~1¢,, B = ¢"1¢;). Conversely, given a harmonic map ¢, there exist
maps F, A, B which satisfy () with ¢(2) = F(z,—1) (and we necessarily have A = ¢~ 1¢,, B = ¢~ 1¢5).
This F' is unique up to multiplication on the left by a loop v € QG such that y(—1) = e.

This formulation of the harmonic map equation was first treated systematically in Uhlenbeck [1989].
Following Uhlenbeck, we sometimes call a solution F' of () an extended solution, or an extended
harmonic map.

The above three versions of the harmonic map equation are analogous to the three versions of the
2DTL in Chapter 13. As in the case of the 2DTL, it is the last version, (£2), which we use, because this
version reveals the role of the loop group.

It is useful to reformulate (£2) as follows:

(Q) F~'F, =linear in 1 (= U + 1V for some U, V)
F~'F, =linear in A (= X + \Y for some X,Y)
where F': C — QG and U,V, XY : C - g® C, with U = ¢(X),Y = ¢(V). This seems at first sight to

be a weaker condition, but it isn’t. The fact that F takes values in QG implies that F~'F, and F~1F}
take values in (0g. Hence we must have U +V =0, X +Y = 0.

A slightly more subtle reformulation is:

(A) F7'F, =linear in § (= U + +V for some U, V)
F~!'F, = linear in A (= X 4+ \Y for some X,Y)
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where ' : C — AG. In other words, we allow F' to take values in AG, rather than QQG. We claim that
(A) is equivalent to (£2). It is obvious that a solution of (€2) is a solution of (A). Conversely, if F' is a
solution of (A), then we claim that

H(z,\) = F(z, \)F(z,1)"!
is a solution of (2). To prove this, let us write h(z) = F(z,1)". Then we have

H'H, =h'F~Y(Fh),
=h 'FYF.h+ Fh.)
=h 'F'E.h+hth,
= (W 'Uh+h™ " h.) + $(h"'Vh).

Thus, H is another solution of (A). Since H(z,1) = 1, H must actually be a solution of (2).

This argument says that if ' : C — AG is a solution of (A), then [F] : C — AG/G = QG is a
solution of (£2).

One advantage of (A) over (£2) is that it reveals an action of S': If u € S, and F' is a solution of (A),
then (u- F)(z,\) = F(z,u)) is obviously a solution of (A) as well. This action of S* can be transferred
to (2), but it is given there by the less natural formula (u - F)(z,\) = F(z,u)\)F(z,u)™ .

On the other hand, passing from (2) to (A) introduces further “gauge ambiguity”. If F' is a solution
of (), then 7F is a solution which represents essentially the same harmonic map, for any v € QG. But
if F'is a solution of (A), then vFh represents essentially the same harmonic map, for any v € AG and
any (smooth) h: C — G.

II. The symmetry group of the harmonic map equation.

Let F' be a solution of (A). As in the case of the 2DTL, we may assume that F(z,\) extends
holomorphically in A to the region C*, because the equation (A) is defined for all A € C*. To be more
precise: We may assume that we have F': C x C* — G°, holomorphic in the second variable, such that
F(z,1/\) = C(F(z,)\)), where C : G — G° is the involution corresponding to c: g® C — g ® C. (If
G = Uy, we have G¢ = GL,C, and C(A) = A7, ¢(X) = —X*.)

In particular, we may assume that
F:C — AgrG",

where E' = {) | e < |A\| < 1/¢} (as in Chapter 12), and where “R” indicates that we make the Reality
Assumption y(1/X) = C(v(N)).

Let (7¢,7'/€) be any element of A;’ll/ ‘G°. We have the decompositon
MGG = A RGO AYE G

as in Chapter 12. (There we considered the case G¢ = GL,,+1C, but the general case is equally valid.)
Hence we may define

F =y ") F=((7)F)e.
Proposition. F is a solution of (A).

Proof. We use the argument of Chapter 10, exactly as we did in the case of the 2DTL in Chapter 13.
Since this is such a fundamental result, however, we shall repeat the argument here.
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First, by definition, F extends holomorphically in A to the region E. Hence the same is true of
F-'F,.

Next, on re-writing F as F = (¢, )FH~', where H = ((4¢,7"/€)F);, we have

F*lﬁﬂz — HF*I(,YG’71/6)71((767,}/1/6>FzH71 . (76,’}/1/6)FH71H,ZH71)
=H'F'FH'-HH!
=H "(A++B)H '—H.H "

This extends holomorphically in A to the region I — {0}, with a simple pole at A = 0.

It follows from this and elementary complex analysis that F~1F, extends holomorphically in A to
C* U 0o, with a simple pole at A = 0. This means that it is linear in 1/\.

By the Reality Assumption (or by a similar argument for F~1F;), we see that F~1F, is linear in \.
Hence F' satisfies (A). W

Thus, as in the case of the 2DTL, we have found a symmetry group of the harmonic map equation,
namely A;’{l/ ‘Ge:

Theorem. The group A;l/ch acts on the set of Ap rG -valued extended harmonic maps. W

It should be noted that the action of the subgroup A?{é\] 'G* is the main point here. The subgroup
AprG® acts simply by multiplication, and this corresponds to translation of a harmonic map by a
(constant) element of G.

Remark: If we wish to use (£2) instead of (A), then we must use the decomposition
AR Ge = AL RGC ArRGE
instead of the above decomposition. This change does not seriously affect the theory, however.

III. Some families of harmonic maps.

By applying the action of the symmetry group to an obvious solution, we obtain a family of (less
obvious) solutions. We shall now consider two such examples.

Examples:

(1) From Chapter 10 we have the following obvious solution of (£2):

Fo(5, ) = exp(b2(1 — 1) 4y + L3(1 — X)Bo)
where Ay, By € g ® C and By = ¢(Ay), [Ag, Bo] = 0. The corresponding harmonic map ¢ is given by
¢d(z) = exp(zAo + ZBy) = exp zApexp ZBy.

Similarly, the map
Fy(z,A) = exp(z5 Ao + ZABo)

is an obvious solution of (A).

(2) The following solution is perhaps not obvious, but it is very simple, and it arises naturally from
the differential geometric theory of harmonic maps. It is

p=iof
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where
f:C—G/K

is a holomorphic map into a compact Hermitian symmetric space G/K, and where
i:G/K—G

is the “Cartan immersion”. (The Cartan immersion of a symmetric space will be discussed in Chapter
18.)

It is well known (see Eells and Lemaire [1978]) that a holomorphic map u : M — N between Kéhler
manifolds is harmonic, and that the composition of a harmonic map u : M — N with a totally geodesic
map v : N — P is harmonic. Hence, from these general principles, our map ¢ =i o f is harmonic. We
give a direct proof of this, for the special case where G = U,,, G/K = Gri(C"). Let f : C — Gri(C")
be holomorphic. We have an embedding

i:Grg(C") = U, V—my—mye

where my : C" — C" denotes the Hermitian projection operator onto the k-plane V. (This is essentially
the Cartan immersion, which is an embedding in this case.) Let us consider

F:.C—QU,, F(Z, )\) =Tf(z) + )\Wf(Z)L.

An elementary calculation (see below) shows that F' is a solution of (£2). The harmonic map ¢(z) =
i(f(z)) = F(z,—1) is simply the composition

c L e —— U,
as required

Example (2) suggests the question: Is there a loop theoretic version of the harmonic map equation,
for maps C — G/K? The answer is yes, and we consider this theory in Chapter 18. In particular, we
shall explain Example (2) from this point of view.

[Here is the calculation referred to above. We have
F( ,)\)7le( ,)\) = (ﬂ'f + %ﬂ'fj_)aﬁz(ﬂ'f + )\7TfJ_)
= (mp+ xmp)lgz o (mp + Amps) = (mp + Ampa) o 7]

by making use of the identity
aﬁ X — @ o SS — SS le) i
z 0z 0z

for X : C — M,C, where %,X on the right hand side are considered as operators on functions
s: C — C™. Thus,

F(,A)T'E(,A) = (mp+ $mp1) 0 % o(my+AmpL) — %
=(t-DrproZomp+(A—1)mpoZomsu.
We claim that 7y o % omsr = 0. To see this, we use the well known identification
T Gry(C") ® C =T1,0 Gri(C") & Tp,1 Gri(C™)
= Hom(H, H') @ Hom(H™*, H)

where H is the tautological vector bundle (of rank k) on Gry(C"™). Since f is holomorphic, the (0, 1)-part
of Df (%) is zero. Now, in the above identification, we have

Df(%):WfLO%Oﬂ'f@ﬂ'fO%Oﬂ'fL

so we conclude that 7y o % oms1 = 0, as required.]
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IV. Example: An orbit of the action.

Let’s consider in detail the orbit under A;’{l/ ‘GL,C of the extended solution 7y +Am ;. (from Example

(2) above). As we explained in section II, it suffices to consider the orbit of the group A; rGL,C.

First, for the special case of a constant loop, i.e., (’ye,’yl/e) = (X, X ), X € GL,C, it is easy to
compute the action:

Proposition. (X, X~ !*). (mp 4+ Ampr) = mxy + AT(X )L

Proof. Let (X, X~ 1) (7 + Ampr) = F1F;, where Fi, Fy take values in A}EyRGLnC, ArrGL,C
respectively. We have to show that Iy = mxy + Am(xs)1. To do this, it suffices to show that (wx; +
)\W(Xf)¢)_1X(7Tf + A1) takes values in A; rGL,C. And to do this, it suffices to verify that the value

of this expression at A = 0 is an invertible matrix. The value is just mx s X7s + 7 x s)+ X7s1, which is
indeed in GL,,C. 1

We claim next that the action of the whole group A;rGL,C “collapses” to the above action of
GL,C. Let A’I,RGLnC be the subgroup of A; rGL, C whose elements are of the form

(Y(A),7(1/X)7"), where y(A) = Y A\ with Ag = 1.
i>0
The quotient group A; rGL,C/ A’LRGLnC is isomorphic to GL,,C. We justify our claim by showing
that the group A} gGL,C acts trivially:

Theorem (Uhlenbeck [1989]; see also §2 of Guest and Ohnita [1993]). If (y¢,7'/¢) € A} rGL,C,
then we have (v¢,yY/€) - (my 4+ Ampr) = mp + Ampu.

Proof. First we derive an explicit integral formula for (gh)g, where g € A;’{l/ ‘GL,C, h € A%E,RGLnC.

For a fixed A\ € E, we integrate the following function over the contour C¢ U C/¢. (The circle C¢ is
given the clockwise orientation, and C''/€ the opposite orientation.)

((h~tgh)="(p) = D)(h~ ' gh)p(u)

fr = G D0~
_ (hT'gh) () — (W gh)e(p)
B (t =1 =)
__(h‘lghﬁ4(u)__h‘%ﬂ0E(u){ 11 }
(=)= A) A=1 lp=A p-1f
Integrating, and using the Cauchy integral formula, we obtain
-1 —1

(" gh)s(\) ~ I
1—AX
T A k)N ~ T
1—A ‘

So our formula is

(gh)s(A) — h(A) =

h(A)(1 — A h=lgh) " (u) — I)(h ' gh) g
(A)( {Awmk« gh) " (w) = D "gh)s(k) ; ,

2mV=1 (= 1) (= A)
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If {g+} is a curve in A7 g GL, C, with go = I, then differentiation of the formula gives

(A =1h(N) / h_l(ﬂ)%gﬂt:oh(ﬂ)
CeuCt/e

aloh)mlizo = 5 - (1= 1) (=)

If we take

h()\) =7Tf—|—)\7TJu_
%gt|t:0 = ZA’L)‘Z (On Ce)

i>1

then % (gth) glt=0 is zero, because the numerator in the integrand extends holomorphically to the regions

< €} an > 1/€}. It follows that the “infinitesimal” action o nC fixes me+ATpL.
A A d{\||A>1 It follows that the “infinitesimal” acti fA; RGL,Cfi FHAT,
Since the group A’LRGL»,LC is a connected Lie group, it must act trivially as well. W

We conclude that the orbit of 7y + Am;1 under A; rGL,C is the same as the orbit of 7 + Ams.
under the much smaller group GL,,C. The action of the latter group is induced by the natural action
of GL,,C on Grg(C™). It turns out that this behaviour is typical of the case when the harmonic map
extends from C to C U oo. For more general harmonic maps, however, the orbits of A; rGL,,C are
usually infinite dimensional.

Bibliographical comments.

See the comments at the end of Chapter 17.
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Chapter 17: Harmonic maps from C to a Lie group (continued)

In this chapter we describe an alternative action of the group A;l/ ‘G on harmonic maps ¢ : C — G,
following Guest and Ohnita [1993].

There are two restrictions on our discussion. First, we assume that
G=U, G°=GL,C.

(The case of general G' can be treated by embedding G in some suitable U,,.) Second, and this is a
more serious matter, it is known only that the action agrees with the action of Chapter 16 if ¢ extends
to the compactification S? = C U oo of C (or, more generally, if ¢ has “finite uniton number”, a term
we explain in due course). Subject to these restrictions, the new action has considerable technical
advantages over the old action.

I. A new symmetry group for the harmonic map equation.
As motivation, we reconsider the harmonic map i o f of Chapter 16, where
f:C — Grg(C")
is holomorphic, and
i:Grg(C") — U,
is given by i(V) = my — my . This corresponds to the solution

F(2,X) = p(z) + Ay

of (2). We showed in section IV of Chapter 16 that the orbit of F under A;’{l/ ‘GL,C is given simply

by the orbit of f under GL,,C, where GL,,C acts on Gri(C") in the natural way.

The new action is a generalization of this example. We consider a solution F' : C — QU,, of (£2), then

identify QU,, with Gr™ as in Chapter 12, and finally apply the natural action of AGL,,C on Gr™. We
shall see that this new action agrees with the old action, at least when F' corresponds to a harmonic
map S? — U,.

First we reformulate our system of equations (€2) in terms of Gr'™, in a way that was first pointed out
in Segal [1989]. Let W : C — Gr™ correspond to F : C — QU,,, under the identification QU,, = Gr™.
Thus, W(z) = F(z, )HJ(rn). Consider the following conditions:

(Gr) W, C 1w
W, C W.

The first condition means that the vector ds(z)/dz is contained in the subspace A=W (z) of H™) for
every (smooth) map s : C — H™ such that s(z) € W(z). The second condition is interpreted in a
similar way. By the calculation at the end of section III of Chapter 16, the second condition says that
W : C — Gr™ is holomorphic.

Proposition. F' is a solution of (2) if and only if W is a solution of (Gr).

Proof. If F is a solution of (£2), then it is obvious that W is a solution of (Gr). Conversely, assume that
W=F Hg_") satisfies (Gr). Then we have

- (n) (n) - (n) g
F'F.H™ C+HY", F'F:HY CH".
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From the first of these, we have F~1F, = Zi2—1 A;\'. From the second, we have F~1F; = Zizo B\
On applying the transformation X + —X*, we obtain F'~1F; = ZiZ—I Cidx""and F1F, = Zizo D; 7%

Combining all four expressions, we find that F'~!F, is linear in A=!, and F~!F} is linear in )\, as required.
|

For any v € AGL,,C and any solution W (= FHJ(rn)) of the system (Gr), we define
VW =AW (=yFH),

i.e., we use the natural action of AGL,,C on Gr(™ = AGL,C/ALGL,C.

Via the identification QU,, = Gr(”), this action of AGL, C on QU,, is given simply by v -6 =
(70)w, where the factorization v6 = (79),(7v0)4+ is the factorization with respect to the decomposition
AGL,C = QU,A,GL,C. Hence, YW : C — Gr™ corresponds to the map (vF), : C — QU,. We
could therefore define our action in the following equivalent way:

v E=(VF)u

However, to avoid confusion, we generally express the old action in terms of F', and the new action in
terms of W.

Proposition. - W is also a solution of (Gr).

Proof. The proof is trivial: AGL,,C acts linearly on Hfrn), and commutes with multiplication by A~!!
|

Let us now consider the relationship between the new action of AGL,C and the old action of
A;’{l/ ‘GL,C. We begin with some preliminary remarks.

(1) For the old action, we must use the decomposition ASYeGL, C = A}ERGLHC A1 rGL, C (because
we use () rather than (A)).

(2) As pointed out in Chapter 16, it suffices to consider the action of A; rGL,,C.

(3) Let v € Ay GL,,C. Thus, v extends holomorphically to {A | |[A\| < 1}; let us choose such an extension
and call it 4'. We construct an element 4 of A; rGL,,C by defining

Ay for [\ = ¢
)= { YN forA| = 1/e.

(4) Let F : C — QU,, be a solution of (€2). As explained in Chapter 16, we may consider F' as a map
from C to A}QRGLHC.

We are now in a position to state the relationship between our two actions:
Theorem. If W corresponds to F', then ~v- W corresponds to 7 - F.
Proof. To find 4-F, we must find the “E —I” factorization of ¥F(z, ) : C°UC"Y¢ — GL, C. Fortunately

we are in the special situation considered at the end of Chapter 12. Namely, 9F(z, ) is defined for all
A with € < |A| < 1. Hence 4 - F' is given by the first factor of

YE(z, )lia=1
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with respect to the decomposition AGL,C = QU,,A;GL,C. This is simply (yF),. By the remarks
above, this corresponds to v-W. W

We have shown that the new action of A;GL,C corresponds to the old action of a subgroup of

ArrGL, C. Since the new action of QU,, and the old action of Ag rGL,,C are just given by translation,
it follows that the new action of AGL,,C (= QU,AGL,C) is entirely determined by the old action of

A;l/EGLnC (= A}E’RGLHC ArrGL,C). We do not claim that the converse is true, in general — we
return to this matter in section III.

II. An example.

Let us return briefly to Example (2) of Chapter 16, i.e., the solution F(z,\) = m¢(,) + )\ﬂ'f(z)J‘ of
(©2). The corresponding solution W of (Gr) is given by

W (z) = F(z, VH™ = f(z) @ AH!™.
The new action makes it very easy to obtain the results of section IV of Chapter 16. First we have:
Proposition. For X € GL,,C, X - (7 + )\7rfL) =7xf+ )\WXfL.
Proof. X(f(z) @ H") = Xf(z) @ H". W
Next, we prove that the subgroup

N, GL,C ={y € AyGL,C | y(A\) =T+ > AN}

i>1
fixes W'

Theorem. Fory € A, GL,C, we have v - (7§ + Amp) =75 + Ampt.
Proof. (I+ Y5, AXN)(f(z) @ AHY) = f(z) @ AH. m

As in the case of the old action, we conclude that the orbit 7; + A+ under AL GL,C is given by
the orbit of f under GL,,C = A, GL,C/A, GL,C.
II1. Description of harmonic maps S? — U,, in terms of unitons.

One of the main results of Uhlenbeck [1989] concerning harmonic maps ¢ : S? — U, is:

Theorem A (Uhlenbeck [1989]). Let ¢ : S? — U,, be harmonic. Then there exists a corresponding
solution F' of () and an element ~ of QU,, such that

(i) YN F (2, ) = > i_g Ai(2) N, i.e., vF is a polynomial in \;
(ii) vF may be factorized in the form
YNV A) = (g, + Amp, =) oo (g, + Ay, )

where f; : S? — Gry, (C") for some k;;
(i5i) and finally, r <n—1. R
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The first factor 7y, + Amp, L in part (ii) is of the type considered in the previous section, i.e., fi is
holomorphic. This is called a uniton in Uhlenbeck [1989]. The maps f; for i > 2 are not necessarily
holomorphic; they are holomorphic in a “twisted” sense, and Uhlenbeck calls F' an r-uniton. This
description is not quite so useful as it seems, because of the difficulty of dealing with the twisting.
However, an interesting application of this description (Wood [1989]) is that any harmonic map S? — U,
can be constructed by performing elementary operations (algebraic operations and integrations) on
meromorphic functions. We prove a version of this result in Chapter 22.

Part (i) of the above theorem is the fundamental “finiteness property” of harmonic maps defined on
S2. In Segal [1989)], a different version of this was proved:

Theorem B (Segal [1989]). Let ¢ : S? — U, be harmonic. Then there exists a corresponding solution

W of (Gr) and an element v of AGL,C such that the image of YW : 52 — Gr(™ lies in the algebraic
Grassmannian

Gr(m-ale — {W C H™ | \W C W and )\THJ(:L) CW C )\_THS:L) for some r}.
Furthermore, this element v may be chosen so that )\THJ(rn) CWC HJ(:L), for somer. A

The algebraic Grassmannian is the subspace of Gr™ which corresponds to the algebraic loop group

QMey, = {y e QU, | v(\) = Z A;\" for some 1},

1=—T

Theorem B is equivalent to part (i) of Theorem A. Segal deduces parts (ii) and (iii) of Theorem A
from this by considering the flag

W=Wu CWe_1)C...C Wy C HEL")

where W,_jy = A=W N H™.

The number r appearing in Theorems A and B is called the uniton number of ¢. (More precisely, the
least such number is called the minimal uniton number of ¢.) In general, a harmonic map ¢ : C — U, is
said to have finite uniton number if there exists a corresponding solution F' of (€2) which (possibly after
multiplication by an element of QU,,) is polynomial in A\. Theorems A and B say that any harmonic

map which extends to 52 has finite uniton number.
It is shown in §5 of Guest and Ohnita [1993] that, for harmonic maps of finite uniton number, the
old action of AEPLU ‘GL,C is determined by the new action of AGL, C. Thus, in this case, the old and

new actions are completely equivalent.

IV. The algebraic Grassmannian Gr(™)-22,

The subspace Gr(™28 of Gr(™) (defined in Theorem B above) is a “purely algebraic object”, in
contrast to Gr(™ itself. This fact is responsible for the special properties of harmonic maps S2 — U,,.
The space Gr(™ale ig 5 very important manifestation of the “hidden” algebraic structure of the harmonic
map equation, and a typical illustration of algebraic methods in the theory of integrable systems. In
Chapters 20-22 we try to justify these assertions in more detail, so we end this chapter with some further
remarks on Gr(™)-2e.
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We have mentioned two group actions on Gr™ so far, the natural action of AGL, C, and the action
of S! given by “rotation of parameter”. Together, these give an action of the semi-direct product
St x AGL,C, if we use the formula

(w-v) - W=u-(y-W).

This is a slightly larger group than the group S! x AU, which arose in our discussion of affine Lie
algebras, in Chapter 11. However, it is smaller than the naive candidate for the complexification of
S1 x AU, namely “C* x AGL, C”. Unfortunately, the latter is not well defined, because the “action”
of C* on AGL,,C given by (u-~v)(\) = v(uX) may not be defined when |u| # 1.

A resolution of this difficulty is provided by the algebraic loop group

A"8GL,C = {y € AGL,C | 7(A\) = Y AN, y(\)"' = > B;iM'}

i=—7 1=—s

(cf. the definition of Q28U in the last section). The group C* acts on A*8GL, C by the formula
(u-7v)(A) = v(u)), and we have a well defined semi-direct product C* x A*#GL, C.

The group A*8G L, C acts on Gr(™-2le Not surprisingly, we have the following “algebraic” version
of Theorem 1 of Chapter 12:

Gr(m-2ls > A%ley, /17, = AY8G L, C/AYEGL, C.
There is a similar analogue of Theorem 2 of Chapter 12:
F1(m-ale o A2legy /T, = AMEQL, C/AMEGL,C.

These are proved by the same method as for Theorems 1 and 2. In Chapter 19 we make use of the
“full” complexified group C* x A¥8GL,C. It is easy to verify that this group, like its real form, acts
as a symmetry group of the harmonic map equation (Gr), in the case of harmonic maps S? — U,.

There is a beautiful Morse theoretic explanation of the difference between Gr™ and Gr(™-*'8. This
is closely related to our discussion of “height functions on Ad-orbits” in Chapter 4, and to the discussion
of Bruhat decompositions of Grassmannians in Chapter 14. It depends on the fact that QU,,, and hence
Gr(™| can be identified with the Ad-orbit M /=1 ) in v=TR x Au,, (see Chapter 11). The height

function HV=1.9 : QU,, — R turns out to be (up to constants) the energy function y — T Y112
It is well known that the critical points of this functional are the homomorphisms S* — U,. The
Hamiltonian vector field is generated by the action of the subgroup St x {I} of S x AU,,; the gradient
vector field is generated by the action of the multiplicative subgroup (0,00) x {I} of C* x A*8GL,,C.

The main difference between this (infinite dimensional) example and the (finite dimensional) examples
of Chapter 4 is that the group (0,00) x {I} does not act on the whole of QU,,. In other words, the
integral curves of the gradient vector field are not necessarily defined for all time. This is due to the non-
compactness of QU,,. It turns out that the semigroup [1,00) x {I} — which represents the “downwards”
gradient flow — acts on the whole of QU,,, but the semigroup (0, 1] x{I} — which represents the “upwards”
gradient flow — acts only on the algebraic loop group Q*8U,,. This reflects the analytical fact that the
energy functional is bounded below, but not above. More generally, the semigroup

C=A{(w,1) |ueC luf =1}
acts on all of QU,,, but the semigroup

21 :{(U7I) | u € C*,|U| S 1}
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acts only on Q*8U,,.

In section IIT of Chapter 14 we considered the two (dual) Bruhat decompositions of Gr;(C"), and
their Morse theoretic interpretation. That theory extends to our infinite dimensional Grassmannian, if
we take account of the difference between Gr'™ and Gr(™-#8. If v : §! — U, is a homomorphism (i.e.,
a critical point of the energy function), it can be shown that the stable manifold containing ~ is the
orbit :

A_GL,C-~H'™.
This is the same as
A1
A_GL,C a"
M\en

for unique integers k; > - -+ > k,,. We therefore have a (disjoint) decomposition

Ak
™= |J) A_GL.,C a".
k1> >k )\kn

It is instructive to consider the action of C%; from this point of view. We have

Ak s
u- Y AN H =3 Ay(ud) a"m.
i<0 M\ i<0 \kn
As |u| — oo, we have
Ak Ak
i<0 Aen AFn

so we see explicitly how any point flows to a homomorphism.

There is a corresponding decomposition of AGL,,C:

Ak1
AGL,C= |J A_GL,C ALGL,C.
k1> >kn \kn

These decompositions of Gr™ and AGL,C are referred to as Birkhoff decompositions. (This is a
refinement of our terminology in Chapter 12, where we called the “partial decomposition”

AGL,C D A'GL,CALGL,C
the Birkhoff decomposition. The factorization v = vy_~g7y+ of Chapter 12 arises from this “new” Birkhoff

decomposition.)

The unstable manifold containing + turns out to be the orbit of v under AL GL,,C, but there are
two new features now:

(1) AGL,C is strictly larger than |J, AyGL,C -~
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(2) AyGL,C -~ = AilgGLnC -~ (and this is a finite dimensional manifold).

Thus, instead of a decomposition of Gr("), the unstable manifolds give a decomposition of Gr(m)ale,

e
Gemels = | | AYEGL,C HY.
k1> >kn )\k;n

The action of C%; on a piece of this decomposition is given by

A1 P!
w- Y AN HY =37 Ai(u)! HYY,
i>0 \fen i>0 \en
and, as |u| — 0, we have
Ak Ak
u- Y AN - €Y — A - a\m.
i>0 )\kzn )\kn

The corresponding group decomposition is

A"eGL,C= | AP*GL.C A¥®GL,C.
k1> >kn )\kn

These decompositions are referred to as Bruhat decompositions.

Remark: The orbit Aj_lgGLnC -7 is not a cell, because v is not (usually) an isolated critical point. In
fact, the connected critical manifold containing v is the orbit GL,,C - v, i.e., the conjugacy class of
in QU,,, and AilgGLnC -~ has the structure of a vector bundle over GL,,C - . The finite dimensional
analogue of this (in Chapter 14) would be obtained by replacing N,, (or A,) by a larger parabolic
subgroup of G¢. Similar remarks apply to A_GL,,C - ~.

Bibliographical comments for Chapters 16-17.

Chapter 16 presents the approach to harmonic maps which was introduced in Uhlenbeck [1989]. We
have emphasized the loop group theoretic point of view, as in Bergvelt and Guest [1991].

Some explicit computations can be done by making use of loops of “simplest type” (Uhlenbeck
[1989]; Bergvelt and Guest [1991]). A related explicit construction, the Darboux transformation, has
been studied in Gu and Hu [1995].

The action of S was first noted by Terng (see §7 of Uhlenbeck [1989]). In the example of section IV
of Chapter 16, it is easy to see that this action is trivial. However, it is certainly not trivial on more
general harmonic maps (see Chapter 20).

The Grassmannian theoretic point of view was introduced in Segal [1989]. The action of AGL, C
on solutions of (Gr), and its relationship with the dressing action of Uhlenbeck [1989], was studied in
Guest and Ohnita [1993].

The various formulations of the harmonic map equation — (€2) and (A) in Chapter 16, (Gr) in Chapter
17 — are extremely useful. Each expresses the harmonic map equation in terms of an infinite dimensional
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manifold, but each has its own special flavour. We have already pointed out that (A) is particularly
suitable when discussing the S'-action, for example. On the other hand, the geometrical nature of (Gr)
is very convenient for explicit calculations. For example, the treatment of the example in section II of
Chapter 17 was much easier than in section IV of Chapter 16. We see further examples in Chapter 20.

A comment should be made here on the (omitted) proofs of Theorems A and B, the finiteness
theorems for harmonic maps defined on $2. Uhlenbeck proves Theorem A by observing that, for any
solution F : S — QU,, of (), the coefficients of F satisfy a certain elliptic partial differential equation.
The compactness of S? leads to the desired result. Segal proves Theorem B by showing more generally
that, for any holomorphic map W : S? — Gr™, there exists an element ~ of of AGL,C such that
the image of yW lies in Gr(™)-ale, Again, compactness of S? is an essential ingredient. Both proofs
apply also to the case of a map F': M — QU,, (or W : M — Gr(")), for any compact Riemann surface
M. However, this says nothing about harmonic maps ¢ : M — U, as there is no guarantee that ¢
corresponds to such an F'. The construction of Chapter 16 would merely produce a map F': M — QU,,
where M is the universal cover of M — but M is compact only if M = S2.

The relationship between Gr™ and Gr(”)’alg, and all the related Morse theory results, are explained
in detail in Pressley [1982] and Chapter 8 of Pressley and Segal [1986]. The first Morse theoretic
approach to 2G was that of Bott [1956].
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Chapter 18: Harmonic maps from C to a symmetric space

A symmetric space is a homogeneous space G/ K such that
(1) there is an involution ¢ : G — G (i.e., an automorphism o : G — G of order 2), such that
(2) (Gy)o € K C Gy, where (G, )g is the identity component of G, = {g € G | o(g9) = g}

If o is an inner involution (i.e., o(g) = aga™! for some a € G), then we say that G/K is an inner
symmetric space. We assume that G is a compact connected Lie group here; hence G/ K is also compact
and connected.

It is well known that the map
i:G/K—G, gKw~—o(g)g"
defines an immersion of G/K into G (this is called the Cartan immersion). If we define
N ={recG|o(x)=a""}
then it is known that i(G/K)(= G/G,) is the component of N7 which contains the identity element e
of G.

Ezxzamples:

(1) Let G = Uy, K = Uy, x Up_g. Let

o(X) = ExXE; ', where Ej, = ([S 0 )
—1In—k

and where [} denotes the k x k identity matrix. The symmetric space G/K is the Grassmannian
Gri(C"™). In this example we have (G, ) = K = G,. We also have

N ={XeU, | By XE'=X"1}
={XcU, | (ExX)*=1}.

Since the eigenvalues of Fx X are 1 or —1 (when X € N?), it is easy to see that N7 has n+ 1 connected
components; the components are indexed by the number of positive eigenvalues of EpX. The k-th
component may be identified with Gry(C™). The embedding of this component in U, is given explicitly
by

Grp(C") = U, V +— Ex(my —my1)

where 7y : C™ — C™ denotes the Hermitian projection operator onto the k-plane V.

(2) Let G = SOy 41, and let

o(X)=FE,XE;!, where E,, = (Ig _01) :
We have G, = S(O,, x Oy), which has two connected components. If we take K = G, we obtain the
symmetric space G/K = RP"™, which is a “real” version of Example (1). But if we take K = (G, )o,
we obtain the symmetric space G/K = S™.

It is well known that each component of N7 is a totally geodesic submanifold of G. From this (see the
comments in Example (2) of Chapter 16) one can derive the following basic fact concerning harmonic
maps:
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Proposition. ¢ : C — G/K is harmonic if and only if io ¢ : C — G is harmonic. B
The proposition shows that the theory of harmonic maps C — G/K is a special case of the theory of

harmonic maps C — G. In this section we shall study this special case, using loop groups.

Not surprisingly, we shall use the twisted loop group
(AG)e ={v € AG | a(v(A)) = (=)} S AG

where o is the above involution. In Chapter 16, we saw that the harmonic map equation (for ¢ : C — G)
was equivalent to a “simpler” system of equations (for F': C — AG), namely (A). Let us now consider
the twisted version of this system, i.e.,

(As) F~'F, =linear in 1 (= U + 1V for some U, V)

F~'F; =linear in A (= X + \Y for some X,Y)
where F: C — (AG),. (Since F~1F,, F~1F; take values in (Ag), ® C, it follows that U, X take values
in the (41)-eigenspace of g ® C, and that V,Y take values in the (—1)-eigenspace.) It turns out that
this system is equivalent to the harmonic map equation for maps C — G/K:
Proposition.

(1) Let F : C — (AG), be a solution of (A,). Then ¢(z) = [F(z,1)] defines a harmonic map from C
to G/K.

(2) Conversely, if ¢ is a harmonic map from C to G/K, then there ezists a solution F of (A,) such
that ¢(z) = [F(z,1)].

Proof. Any (smooth) map ¢ : C — G/K may be written in the form ¢ = [¢], for some map ¢ : C — G.
(This is because G — G/K is a locally trivial fibre bundle, and C is simply connected.) From the above
discussion, ¢ is harmonic if and only if § = o(¢))1~! is harmonic.

Let M’, N’ be the components of ¢y~14, in the (—1), (+1)-eigenspaces of o (on g ® C), and let
M",N" be the analogous components of 1~ !1);. We have

0710, = o (¥~ ) (o (Y)Y~ — o ()T )
=P(o(p™ ) — T )y
= —2YM'yp!
and
(0710:): = —2{w=M"Y™" + ML~ — MYz
= —2p{(M" + N")M' + ML — M'(M" + N")}yp~!
= —20{[M", M'] + [N", M'] + M.}~ .
Similarly we have (07105), = —2¢{[M', M"'] + [N', M"]| + M/ }x»~1, so the harmonic map equation for

6 becomes
M.+ M! =M N"]+ [M",N".

Using the same notation, the components of the identity (97160,); — (07105), = [0716,,0710;] in the
eigenspaces of o become
Mé _ M;/ — [M/,NH] _ [MH,N,]
Ng _ N;/ — [M/,M”] + [N,,N”].
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It is easily verified that the last three equations are equivalent to the °

parameter” (Ay))z — (Bx). = [Ax, By], where

‘zero-curvature equation with

Ay=iM'+N', By=AM"+N".
This equation is equivalent to (A, ), by the usual argument (see Chapter 9). W
Thus, the theory of harmonic maps C — G/K (or C — G/G,) can be developed just like the theory
of harmonic maps C — G, if we use the twisted loop group (AG), instead of the loop group AG.

We can reformulate the harmonic map equation in terms of the “twisted based loop group”

(QG)s = {7 € QG | a(v(N) = y(=X)y(-1)7'}.
Consider the following system

-1 T 1
Q) F~ F, = linear in
F~'F. = linear in \

where F': C — (QG),.

Corollary.

(1) Let F : C — (Q2G), be a solution of (2,). Then ¢(z) = F(z,—1) defines a harmonic map from C
to (a component of ) N°.

(2) Conversely, if ¢ is a harmonic map from C to (a component of ) N°, then there exists a solution
F of () such that ¢(z) = F(z,—1).

Proof. (1) Any solution F of (2,) is automatically a solution of (€2), so the map F(,—-1) =¢:C — G
is a harmonic map. We have to show that ¢(C) C N?. Since F(z, ) € (Q2G),, we have

op(2) =0F(z,—1) = F(2,1)F(z,-1)"' = F(2,-1)7' = ¢(2) 71,

as required.

(2) Let ¢ be a harmonic map from C to N9, and let 1) : C — G be such that ¢ = o(¢0)y~!. By
the (proof of the) proposition, there exists a solution F' of (A, ) such that F'(z,1) = 1. It follows that
F(z,—1) = 0(¢). The map E = F{~! is a solution of (Q,) such that E(z,—1) = ¢(z). W
Examples:

(3) Consider G, K, o as in Example (1) above, so that G/K = Gri(C"™). Let f: C — Gri(C") be a
holomorphic map. As we remarked in Chapter 16, it is well known that f is harmonic. Let us now try
to find corresponding solutions of (A,) and (£2,), as predicted by the proposition and its corollary.

We can write
f(z) = ¥(z) Span{ey,...,er} € Gri(C™)
for some map ¢ : C — U,,. Composition with the Cartan embedding gives the map

C — U, 2 Epp(2)E; (z) L

We have Ep = P — PkL, where Py, P,j denote the Hermitian projection operators onto the subspaces
Span{ey,...,er}, Span{egi1,...,en}, respectively. Hence

() B ()T = () (Pe — P)(2) ™t =Ty — Tpae
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and our map is
CcC—-U,, z+— (Pk - P]j_)(ﬂ'f(z) - 7Tf(,z)l>-

Modulo the unimportant constant factor P, — PkL, this is the harmonic map which we considered in
Example (2) of Chapter 16. There, we show that F'(,\) = my + AmsL is a solution of (£2) corresponding
to the harmonic map 7y — ms1.

We claim that
Fi(,A) = (Py+ 3+ P ) (g + Ampe)

is a solution of (€2,) which corresponds to our harmonic map. (Proof: Since F' = 7y + Am¢. is a solution
of (), and Py + %P,j is a constant loop, it suffices to show that F; takes values in (U, ),. This may
be verified by a routine calculation.)

A further modification produces a corresponding solution of (A,). We claim that
Fy(,A) = (Pi+ 3 P v (P + AP

is the required map. (Proof: Observe that Fy = Fj1. Since F} is a solution of (€2, ), and hence also
of (2) and (A), it follows that F» is a solution of (A). So it remains to show now that Fy takes values
in (AU,)o,, i.e., that cF5(z,\) = Fy(z,—A). This is obvious.) Note that the formula F» = Fji) is
consistent with the proof of the corollary.

(4) Consider the symmetric space G x G/A, where A = {(g,9) | g € G}, with the involution o(g, h) =
(h,g). We have (G x G), = A and N7 = {(g,97') | g € G} & G, both of which are connected. We
claim that the system (A,) for (G x G)/A is equivalent to the system (A) for G — which shows that the
theory of harmonic maps C — G can be considered as a special case of the theory of harmonic maps
C — G/K! To prove this, we consider a solution (E, F): C — (A(G x G)), of (A,). By definition we
have F'(\) = E(—)), and

(EaF)_1<E7F)z = (A7A) + %(B7 _B)a

so F' is a solution of (A) for G. Conversely, if F' is a solution of (A), then we obtain a solution (E, F')
of (A,) by taking E(\) = F(—=M\).

In fact, a more precise result is possible, which explains the special form of the harmonic map
equation (). Any (smooth) map C — G x G/A may be represented by ¢ = (¢,¢e) : C — G x G, for
some ¢ : C — G. For this particular v,

1/1_1¢z = (¢_1¢Z>0)
= 1076, 67102) + 567102, —0 1 02)
=N+ M.
(1—-X"1Yo 1¢,. Thus, F

For the corresponding solution (E, F) of (A,) we therefore have F~'F, = 1

is a solution of () for G.

Bibliographical comments.

See the comments at the end of Chapter 20.
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Chapter 19: Harmonic maps from C to a symmetric space (continued)

In this chapter we study the symmetry group of the harmonic map equation for maps into a symmetric
space, in parallel with our earlier discussion for maps into a Lie group. In the next chapter we give two
non-trivial applications of this theory.

I. The symmetry group for the harmonic map equation.
The twisted loop group
(ARG),
acts as a symmetry group of the harmonic map equation. We use the decomposition

(A;’{l/eGC)g _ (AE,RGC)U (AgENC’GC)U

where N, is the second factor in the Iwasawa decomposition GS = GyN, of GS. If (’yf,”yl/e) €
(A;UEGC)U, then we write

(V) = (A ) (A )
for the factorization with respect to this decomposition.

Let F be a solution of (A,). As usual we may assume that
F:C— (AgrGs,
i.e., that F is defined for all A € E. Let (y¢,7'/€) € (A;l/ch)g. Then we define
(VA F = () F).
As in the case of harmonic maps into a Lie group, we have:

Proposition. (7¢,7Y€) . F is also a solution of (A,). W

We can construct families of harmonic maps by applying the action of this symmetry group to
“obvious” harmonic maps, such as the examples given in Chapter 18. This time, however, we proceed
directly with the “Grassmannian interpretation” of the harmonic map equation and the symmetry

group.
II. The symmetry group from the Grassmannian point of view.
As in Chapter 17, we restrict ourselves to the case G = U,,. We take the involution ¢ to be
o:U, —U,, oX)=FEXE."

where F is a diagonal matrix with k£ entries equal to 1 and n — k entries equal to —1. We may as well

assume that
e 0
(i)
We have isomorphisms
T:AGL,C — (AGL,C),, T:Agl,C— (Agl,C),

T(y)()\)z(]é“ MS}f)v(ﬁ)(% Mfk)—l

(this is a slight generalization of the example of section II, Chapter 11). A crucial property of T is:

as in Example (1) of Chapter 18.

given by
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Lemma. If F is a solution of (Ay), then T=*(F) is a solution of (A).

Proof. Let A+ X\"1B,C + AD € (Agl,C),. We must show that T71(A + A\7!B), T71(C + AD) are
linear in A~!, \, respectively.

By definition of (Agl,,C), we have
A 0 0 B
1p_ (A1 1 1
A+ 1B (O 2>+>‘(B2 0).

_ A 0 0 B
1 1p) 1 1
rain = (4 0 )+ (1 o).

which is certainly linear in A7!.
_(Ci 0 0 Dy
C—I—AD-(O 02)+)\<D2 0),

T=Y(C + AD) = (Cl 0 >+( 0 ADl)

It is easy to verify that

Similarly, if

then we have

which is linear in A. W
We wish to describe the subspace
(AGL,C),/(ALGL,C), C AGL,C/A,GL,C

in terms of the “Grassmannian model” Gr(™) = AGL,C/ALGL,C. The lemma encourages us to make
use of T', so we observe next that 7" restricts to an isomorphism

T:AYGL,C — (A+GL,C),

where

AYGL,C = {y € A+GL,C | %(0) € P}
and

P={X e GL,C | X(CH* c(CHt}.
Here, C* denotes Span{ey,...,ex}. Thus, T induces an isomorphism

T:AGL,C/A.GL,C — (AGL,C),/(A+GL,C),.

We now define our Grassmannian model for (AGL,,C),/(A+GL,C),:

Definition.

n—

FIY, = {Wz C Wy C Wo

Wy € Gr(”), Mo = Wy
dlle/Wg =n — k,dlmWO/W1 =k

The group AGL, C acts transitively on FI,ELn_) o and AﬁGLnC is the isotropy subgroup at the point

AR C (CRYE @ ™ C B,
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This may be proved in the same way as (or deduced from) the corresponding fact for the flag manifold
F1™ in Chapter 12. We have

FI, 2 AU, /(Ui % Uy) = AGL,C/ATGL,C.

The relationship between Fl;"_) Kk and F1™ is analogous to the relationship between the Grassmannian
Gry,_;(C™) and the flag manifold Fj 5. ,—1(C") (cf. Chapter 3).

We obtain our desired description of (AGL,,C),/(A+GL,C),:
Proposition. (AGL,C),/(A1GL,C), =F1, .. ®
Just as the Grassmannian Gr™ is responsible for the Iwasawa decomposition of AGL,,C (see Chapter

12), the flag manifold Flgln_) k., 15 responsible for the Iwasawa decomposition of (AGL,C),.

Remark: We have an embedding of Flgln_) o 10 Gr(™, corresponding to the embedding of (AGL,C)y/(A+GL,C)y

in AGL,,C/A_GL,C. This is most conveniently described via an identification H™ — H® N, -
A"E+i=1 However, an explicit description of this embedding will not be needed here.

A solution F' of (A,) defines a map Wo CW; C Wy : C — Flfzn_) koo where
Wo = AT FH™, Wy = T F((CY) @ AHY), Wy =T 'FH.

We shall abbreviate this map by {W;} : C — Flgln_)kk Conversely, any map {W;} : C — Fl,(f_)kk
corresponds to some map F' : C — (AGL,,C),. We show next that the condition for {I¥;} to correspond
to a solution of (A,) is:

(F1) (Wi). S Wi, i=1,2
(Wi): CW;, i=0,1,2.
Proposition. F' is a solution of (A,) if and only if {W;} is a solution of (F1).

Proof. If F is a solution of (A,), then T71F is a solution of (A), by the lemma, and so we have
(W3). C Wy. We need a little more than this, so let us write

arae = (g 2 ) (s B

as in the proof of the lemma, and then compute (Ws), more carefully:

(WQ)Z - A(WO);:
AT 'F),H™

_ A 0 0 B n
(5 4) (b, B

CAT'FOAH(CHY @ HM)
=T 'F((CH*t e aa)
=W
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A similar calculation shows that (W7), C Wy, and (W;); C W, for i = 0,1, 2.
Conversely, assume that W = F Hsrn) satisfies (F1), with F': C — AU,,. Then we have

F'F,=A+iB, F''F;=C+AD

by the same argument as in the un-twisted case (i.e., by considering only W5 and Wy). The condition
(W3). € W, implies that Im B C (C*)+, and the condition (W;)., € Wy implies that (C*)+ C Ker B.
Hence B is of the form
0 0
b (00

The condition (W;):; € W implies that C preserves (C*)L, i.e., C is of the form

- (29)

Finally, using the fact that C = —A* and D = —B™*, we see that A, B, C, D have the required special
form. W

As in the un-twisted case, we can use the natural action of AGL,C on Flgbn_)k . to obtain a new

symmetry group of the harmonic map equation. For v € AGL,C, and a solution {W;} of (Fl), we
define

v AW} = {7Wi}.
This is obviously a solution of (F1). As in the un-twisted case, one can show that the new action is

determined by the old action, and that in the case of harmonic maps of finite uniton number, the new
action determines the old action.

Example:

Let us return one more time to the example of a holomorphic map f : C — Gr(C™). We have seen
that a corresponding solution of (A,) is

F(z,)) = (Py + P ) Y(2) (P, + AP )

where P, : C® — C* is Hermitian projection and f(z) = v(z)C¥. This in turn corresponds to the very
simple map

T F(2,)) = 9(2)
if we modify our definition of T slightly, so that

T(7)(A) = (P + AB) "'y (W2) (P + AP ™).

(The earlier definition of 7' would be appropriate if we were to consider ¢(z)(C" %)+ instead of 1(2)CF.)
And this corresponds to the solution {W;} of (Fl) given by

Wa(z) = \H™ Wi(z) = p(2)C* @ AHY = f(z) @ AHY, Wy = H,

which “is” just f itself.

In the next chapter we consider a more interesting example.

Bibliographical comments.

See the comments at the end of Chapter 20.
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Chapter 20: Application: Harmonic maps from S? to CP"
We give two applications of the preceding theory.

I. Harmonic maps S? — CP".

We have seen that any holomorphic map f : C — CP™ is harmonic. The following well known
construction produces further examples f = fo, f1, f2,... of harmonic maps in this situation. Let us
write

f=1f], f:C—cC"—{0}

where f is a holomorphic vector-valued function. Then we define
fo=[Span(F. /... VY nspanff 7 FOY)

where f() = 91f/0zt. (If Span{f, f’,...,f")} is a constant subspace, independent of z, then f; is
undefined for ¢ > r + 1. If ¢ < r, then f; is a well defined map of C, except possibly for isolated
removable singularities. We denote by f; the map obtained by removing these singularities.)
Theorem (Eells and Wood [1983]).

(1) Each map f; is harmonic.

(2) Conversely, if ¢ : S> — CP™ is any harmonic map, then ¢|c = f; for some holomorphic map f
and some 1.

The survey article of Eells and Lemaire [1988] contains some history and references to other versions of
this result, which was first discovered by mathematical physicists.

We give a proof of this theorem shortly. First, however, we convert the above description of f; into

loop theoretic terms. We take
G=Uy41, G°=GL,+1C

and
o(X)=P1— P P+ PHX(Py— P P+ P!

where P; now means Hermitian projection onto C*™! = Span{eg,...,e;} = Vo @ --- @ V;.
A solution of (2) corresponding to the composition of f; with the totally geodesic embedding L +—

7t — mp is given by

F( ,)\) = (71'1'_1 + )\71'2'_11')(71'1' + )\Wil)

1 2__ 1
:7T¢_1+/\7Ti_1 7TZ‘+>\ i

where 7; denotes Hermitian projection onto Span{fo,..., f;}. The factorization into two linear factors
is in accordance with Theorem A of Chapter 17. In this particular example, both factors are unitons,
i.e., m;_1 and 7; are holomorphic maps into Gr;(C"*1), Gr;y1(C™*!) respectively.

A corresponding solution of (Gr) is
W = (71'1_1 + )\71'@'_1J_7Ti + )\27T¢J')H_('_n+1) =mi—1D )\ﬂ'i ) )\2H_(|_n+1).
Note that W may be identified with the map

(mi_1,m) : C — Fy i (C™Th
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into the flag manifold F; ;1 1(C"*) = GL,,.1C(C* C C**1 C C"*1). Conversely (see Segal [1989)), it
is possible to show that if (E;, E;11) : C — F;;+1(C™) is a holomorphic map such that Q%Ei_l C E;,
then (F;, E;y1) = (m;—1,m;) for some f.

It may be verified that a solution of (€2, ) corresponding to f; is
(Pi—l + )\Pi_lLPi + /\2P¢L)_1(7TZ‘_1 + )\7TZ‘_1L7T@' + )\z’ﬂ'iL).

To describe a solution of (A,), we choose a map ¢ : C — U,y such that m; = ¥ P; for all i. For
example, we may choose
|

| |
) = ]lf o
|

where the notation X, means the first factor in the factorization of X with respect to the Iwasawa
decomposition GL,1+1C = U,y11Nyy1. After performing the factorization (i.e., the Gram-Schmidt
orthogonalization) we obtain

| |

Y= JTO f’n

where f; : C — C™! — {0} is such that f; = [f;] and ||f;]| = 1. We assume here that fo(2),..., fn(2)
are linearly independent for all z, after removal of isolated points of linear dependence. This will be
referred to as the non-degenerate case. In the degenerate case, i.e., where fo(2),..., fn(2) span (at
most) an (m + 1)-dimensional subspace for m < n, we may reduce to the non-degenerate case for the
smaller group U,,+1. Therefore, it suffices to consider the non-degenerate case.

v

In terms of 1, the above solution of (£2,) is
(Piy + AP 1 P+ NP )T (P + AP P+ AP )y,
and the required solution of (A,) is

F(Z, )\) = (Pi—l + )\Pi_lJ_Pi + >\2PZ'J_>_1¢(Z)(PZ'_1 + )\Pi_lJ_Pi + )\2PiJ_).

To obtain a corresponding solution of (F1), we must apply T~'F to the basepoint )\HJ(:LH) CV,®
Hg_nﬂ) C Hg_nﬂ) of Flgﬁjl), where T': AGL,,;1C — (AGL,1C), is the isomorphism
T(Y)(A) = (Pt + APt P+ PH)y(V)(Poy + APt P+ P L
We have
T7'F(z,A) = (Pic1 + APL ) 7' (2)(Pic + AP ).
Applying this to the basepoint of Flﬁ”,j b
we obtain Wy C Wy C W, with

, and omitting the unimportant first factor P;_; + A"1 Pt

Wy = A@Vo @ - @ yVig) @ NXHY = Ay @ A2HMTY
Wy =AWV & - @ Vi) @ A2H™ = Amy @ A2H( Y
Wo=1oVo® - @Vig @ \H T = m @ AHMT,
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This is the desired solution of (F1).

In summary, we have found the following solutions (of the indicated systems) corresponding to the
harmonic map f;:

Q) (Picy + AP 1P + NP Yy + Ami_ytm + Nt
(Ao) (Pic1 + AP " P+ NP (P + AP PP+ N2PH)
(Gr) Ti—1 B AT B )\QHJ(:IH)

(F1) Ao @ N2HY Cam o XHSY Cmly @ AETY,

It is an elementary matter to verify that all these formulae are correct. The origin of the formulae
is perhaps less obvious. However, they do arise naturally from the “Grassmannian theoretic” proof of
the theorem that we are going to give next.

Of all these equivalent formulae, the simplest are the ones for (Gr) and (F1). And of these two, the
one for (F1) is more transparent, in the sense that it is closer to the original definition of f;. For this
reason, our proof will be expressed in terms of (Fl).

Proof of the theorem. Statement (1) follows immediately from the preceding discussion.

To prove statement (2), let us begin with a harmonic map ¢ : S? — CP". We regard CP" as
U,/(Upn)o, where

o = conjugation by (I(;L _01> .

We regard Flgnﬂ) as the orbit under AGL,,1C of the point )\HJ(FHH) CV,® Hg_nﬂ) - HJ(rnH); the

isotropy subgréup at this point is AiGLnHC, where P ={X € GL,,+1C | X(V,,) C V,,}.
By Theorem A or B of Chapter 17, there exists a corresponding solution F : C — (A8, 1), of
(Ay). By the discussion in section II of Chapter 19 we obtain a solution {W;} : C — Flgf’;j’l)’alg of (FI).

We now make use of the Bruhat decomposition

Ao

Ak
AGL, 1 C= | APGL,C . ABGL, 1 C

>k \kn

(see section IV of Chapter 17). In addition we use the decomposition

AilgGLnJrlc = U As Ai’algGLn+1C

s€Xn41

which follows directly from the finite dimensional Bruhat decomposition GL;,;11C = Uges,, ,, AsP (see

(n+1),alg,
1,n :

section III of Chapter 14). Combining these, we obtain a Bruhat decomposition of F1

ko
Ak1
| aAdEGL..C . As{V,},
ko> >k, '
SESin NEn
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where (in this proof only) {V,,} stands for the basepoint of Flgﬁjl)’alg, ie., ()\HJ(FnH) CV,a )\HJ(FnH) C
H(”’H‘l))

i )
This is a decomposition of Flgn: D8 into a disjoint union of finite dimensional complex manifolds.
We can simplify the description somewhat by using the fact that

Ako Ako -
Ak1 Ak1 |
: A . C AT*GL,4.C,
Nen Nen
to obtain
Ao
1 AR
J AGL..C y {V;}.
ko> >kn )
€10, n} APn

Since our map {W;} : C — Flgﬁj D-ale i holomorphic, its image must lie inside one of the above
complex submanifolds, except possibly for a discrete set of points of C. Therefore, for some ko, ..., k,
and some j, we must have

ko
(Wil =) AN (v},

>
s>0 )\kn

There is a small technical point here: We have changed to the new basepoint )\Hj_nﬂ) CV;® HS_”H) -
Hin%-l). So, from now on, we must redefine o to be conjugation by P;_; — P;_11P; + P;*.

Next we use the fact that if {W;} is a solution of (F1), then we obtain another solution {W/} for any
t € R, by replacing A by e~*\. (This is a special case of the “dressing action”. See section IV of Chapter
17.) Moreover, the same is true in the limit ¢ — oo, i.e., we obtain a further solution {W>}. (At worst
a discrete set of removable singularities are introduced in the limit.) Applying this observation to our

formula, we find that
AFo

(W = Ao {V;}

A

is a solution of (F1). The function Ag takes values in GL,+1C, but we may replace it by ¢ = (Ag), €
Un+1 without changing {W}. We do this from now on in order to simplify notation. It will also
simplify our argument if we assume from now on that none of the maps ¢¥V;, @ --- ® ¢V, _ is constant,
for V;, ® -+ @®V; # C""l. Asin the example discussed earlier, we refer to this as the non-degenerate
case. The remaining (degenerate) cases all reduce to non-degenerate situations for smaller unitary
groups.

Lemma. In the non-degenerate case, if
AFo
W =4 . H(+n+1)
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is a solution of (Gr) with kg > -+ > ky,, then we must have k;—1 — k; =0 or 1 for all i.
Proof. We have

W = NV, @ NenF LV, @ - - @ Aot = 1V, @ Ao (W, @ V) @ .. ..
The condition (AW), C W of (Gr) says that

)‘kn—’—l(wvn)z EB et EB )\knil (wvn)z EB Ak"“((wvn)z EB (wvn—l)z) EB e
C NV @ Nen TV @ o N1 = 2V, @ Mo (W, @ V) & ...

If ky,—1 — ky, > 2, this implies that (¢V},), C ¥V,,. But from the condition W5z C W of (Gr) we see that
(VV,)z C ¢V,. Hence 9V, is both holomorphic and anti-holomorphic, and therefore constant. In the
non-degenerate case this is impossible, so we conclude that k,_1 — k, = 0 or 1. A similar argument
applies to k;_1 — k; for all 7. W

The lemma allows us to simplify ko, ..., k,. But it only makes use of (Gr), and we can make a further
simplification by using the full condition (F1). To do this we apply the argument of the lemma to

AFo
AR (n+1) (n+1)
(W CWy) =4 AHI"" CV; @ AH]™)
AFen
where we now assume (by the lemma) that
ko= =k =k
kroy1 ==k, =k—1
kr, sy1 =" =k, =kp=1
for some 7, ...,7s = n. (We may assume that k, = 1 by multiplying by the scalar A=*».)

Step 1: First we consider the terms in A in the above expression for “Wy C W7”. They are:

NGV, @ ® UV, 41)

if j & {rs—o+1,...,r5_1}
AWV, @ @YV, 41) © APV
ifjef{rsa+1,...,m5_1}.

>‘(¢Vrs - D ¢VT5—1+1) -

From (F1) we have (W2), C W1, which implies (for the terms in \)

YV, @ DYV, 1

if j{rs—a+1,...,r5_1}
WV, @ @YV, _ 1 41) DYV
ifje{rs—a+1,...,rs_1}.

Ve, @ @YV, 141): ©

In the non-degenerate case, only the second possibility can hold, so we conclude that j € {rs_o +
1, . ,T’S_l}.



20 Application: Harmonic maps from S? to CP™ 107
Step 2: Next we consider the terms in A\?:
NV, @ @9Ve, 1) SNV, @ @ YVr, 1)
(using the fact that j € {rs_o+1,...,r5_1}). Here, (F1) gives
WV, @ @YV, 541): SUVe, & B YV, 11,

which is impossible in the non-degenerate case. We conclude that s = 1.

We have therefore reached the form

Wy =y 1 ;)

1

where the first ry 4+ 1 entries of the diagonal matrix are A, and 0 < j < ry. Going back to our original
solution, we deduce that

Wiy =3 A X i

s>0

1

By an obvious extension of the theorem from section II of Chapter 17, it follows that the above expres-
sions for {W*} and {W;} are actually equal. Thus we have

Wa = AtV i1 ® - @ Vy,) & AZHTY
W1 = AQV; & (Vi1 @ - ©YVy)) @ N2HTHY
Wo=9Vooy1®---®YV,, ® )\Hin+1).

So far we have shown only that any solution of (F1) must have this form. However, it is clear that
{W;} always satisfies (F1), whenever 1 has the property

(¢Vn b D w‘/ro-f—l)z - (an - wv”l“o-i‘l) D w‘/J

Indeed, apart from minor changes of notation, {W;} agrees with the solution of (F1) given after the
statement of the theorem. We have therefore found the most general harmonic map from S? to CP".
|

II. Estimates of the uniton number.

In Chapter 17 we mentioned Uhlenbeck’s result that the minimal uniton number of a harmonic map
¢ : 8% — U, is at most n — 1. The lemma of the previous section gives an independent proof of this
fact, as it shows that any (non-degenerate) solution of (Gr) must be of the form

AP

— i . (n)
W=>Y A 3 HY
i>0 M\
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with
kiy=--=ky=k
krgt1 ==k, =k—1
kr, 41 =-=k,, =k,=1

We claim that the uniton number of this W is k. (Since k& < n — 1, this will complete the proof.) It
suffices to show that )\kHS_n) C W. Evidently we have

Ak -
HY A FE,
NFon
If we now apply
AP
> AN - Ak
i>0 M\en

to both sides, we obtain AkHin) C W, as required.

The theorem of the previous section shows that a stronger result holds when ¢ factors through
CP"~! namely that the minimal uniton number is at most 2.

For maps which factor through Gry(C"™), the situation is as follows:

Theorem. The minimal uniton number of a harmonic map ¢ : C — Gr(C") is at most 2min{k,n —

k).

Proof. We modify the proof of the theorem of the previous section, replacing V; by V;; @ --- ® V;,.
Without loss of generality we may assume that k£ < n/2. The new feature is that the two step analysis
of Wy C W7 must now be replaced by (at worst) a k step analysis. Let us consider this in more detail:

Step 1: We obtain the condition

)\<w‘/rs D...0 ¢Vr571+1)z
g )\(wVT‘S @ e @ 1/}‘/;”3_1"‘1) @ )\(@ije{rsfzﬁ-l ..... Tsfl}/l/}‘/;:j)
where ¢ = (Ap),. By the non-degeneracy assumption, the set
Si={j|re—2a+1<4; <req}
is non-empty.
Step 2: Next we obtain the condition
MWV, ... 09UVe, ,41)-
- )‘2(¢Vrs b---D w‘/?”sfz-i—l) D )\2(@ije{""s—3+17-~,7”s—2}w‘/ij)'

If Sy = {1,...,k}, then we are in the situation of the previous section, and the uniton number is at
most 2. Otherwise, by the non-degeneracy assumption, the set

So={j | re—3+1<i; <rs_o}
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is non-empty.

If S;USy ={1,...,k}, then we conclude that our solution of (F1) is of the form
)\2
)\2

> AN Vi @ @ Vi, }

i>0 Y

1

where {V;, @--- @V}, } denotes the basepoint (/\H(f) CVv,e---aV,d )\HJ(:L) C Hsrn)). Applying T—1,
we see that the uniton number is at most 4.

If S USy #{1,...,k}, then we go on to Step 3.

This process terminates after at most k steps with S; U---U S, = {1,...,k}; we conclude that the
uniton number is at most 2k. W

Bibliographical comments for Chapters 18-20.

The fact that harmonic maps into symmetric spaces correspond to solutions of (A,) was observed
by Rawnsley (cf. Rawnsley [1988]), following Uhlenbeck’s treatment (in §8 of Uhlenbeck [1989]) for the
case G/K = Gri(C™). Our proof in Chapter 18 follows the one given in Burstall and Pedit [1994]. In
that paper, a map ¢ such that ¢ = [¢] is called a framing of ¢, and a solution of (A,) is called an
extended framing. In §6 of Guest and Ohnita [1994], the version of this result for (2,) is given.

Our approach in Chapter 19 to harmonic maps into symmetric spaces via (F1) seems to be new. A sim-
ilar approach was given by Segal [1989], though he made use of the inclusion of (AGL,,C),/(A+GL,C),
in the Grassmannian AGL,,C/A;GL, C, rather than the identification with the flag manifold AGL,,C/AYGL,,C.

For the applications in Chapter 20, the basic technique is the “deformation” {W*'} of a solution W
of (F1). This deformation is simply the result of applying the gradient flow of a Morse function to the
image of W (see section IV of Chapter 17). For further applications of such deformations, see Guest
and Ohnita [1993]; Furuta et al. [1994].

Our result® on the minimal uniton number of a harmonic map S? — Gry(C") was conjectured in
Uhlenbeck [1989] (Problem 9). More generally, estimates for the minimal uniton number of a harmonic
map from S2 into any compact Lie group or compact (inner) symmetric space are given in Burstall and
Guest [preprint].

5This result has also been obtained by Y.-X. Dong and Y.-B. Shen, “On factorization theorems of harmonic maps into
U(N) and minimal uniton numbers”, Hangzhou University preprint.
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Chapter 21: Primitive maps

I. Primitive maps into k-symmetric spaces.

Let 0 : G — G be an automorphism of order k. It is natural to ask whether the theory of Chapters
18 and 19 (for the case k = 2) can be extended to the case of general k. The answer to this question is:
“not exactly”, as we explain next.

First, if we replace “involution” by “automorphism of order k£” in the definition of a symmetric space,
then we obtain the definition of a k-symmetric space.

Next, let us consider the system (A,), where o is an automorphism of order k, and k& > 2. If
F : C — (AG), is a solution of (A,), let us consider the map

¢»:C—G/K, ¢(z)=[Y(2)], where (z)=F(z,1).

It can be shown that ¢ is harmonic (with respect to a certain metric on G/K), but this is not very
interesting because ¢ is an extremely special harmonic map. A general harmonic map from C to G/K
certainly does not arise from such an F'.

On the other hand, if we are prepared to forget about harmonic maps for the moment, then we find
that the map ¢ has a particularly simple characterization. To describe this characterization, we make
use of the eigenspace decomposition

k—1
g®C=Pe
i=0

introduced in Chapter 13. Thus, g; = {X € g® C | 0(X) = w'X}, where 0 : g ® C — g ® C denotes
the complexified derivative of 0 : G — G, and w = e2™V=1/k We extend this notation by defining
gi+kn = i, for any n € Z. Observe that go =k ® C.

Let F be a solution of (A,). This means that F' takes values in (AG), and
F'F,=A+iB
F'F: =C+AD

AC:C—gy, B:C—g 1, D:C—g
with A = ¢(C), D = ¢(B). Therefore ¢ = F( , 1) satisfies the following conditions:
(P) v, € go D g
vz € go D g

Following Burstall and Pedit [1994], we say that a map ¢ is primitive if it is of the form ¢ = [¢)] where
1 satisfies (P). Thus, a solution of (A,) gives rise to a primitive map.

Conversely, if ¢ : C — G/K is primitive, we claim that we can construct a solution F' of (A,) such
that ¢(z) = [F(z,1)]. We may write ¢ = [¢], with

¢_1¢z =A+B
e =C+D
where A, B, C, D are as above. We then have the zero-curvature equation

(A+B). - (C+D):=[A+B,C+ D]
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as usual. Let us now write separately the components of this equation in each of the subspaces g_1,
g0, g1 They are:

B, =[B,(C]
A, —C. = [A,C] +[B, D]
D, = [A, D]

(here we use the fact that [g;,g;] C gi+j)-

These equations imply the following “zero-curvature equation with parameter”:
(A+1B). - (C+AD);: =[A+ +B,C + \D].
Hence, there exists a solution F': C — (AG), of the system

F'F,=A+iB
F'F,=C+\D

i.e., a solution of the system (A,) — as required!

It is important to notice that (A, ) is equivalent to (P) only when k > 2. There is no such equivalence
when k = 2. In fact, when k = 2, we have g_; = g1, and the system (P) imposes no conditions on ¢.

To summarize, we can say that solutions of the system (A,) correspond to harmonic maps when
k = 2 and to primitive maps when k > 2. In this chapter we investigate the geometrical significance of
primitive maps, and their relationship to harmonic maps and to the 2DTL.

II. Examples of primitive maps.
Let G = U,,+1 and
—1
1
o = conjugation by

wn

where w = €2™V=1/(n+1) We shall discuss some examples of primitive maps C — U,41/T},+1, where
T+1 —ie., (Up+1)s — denotes the subgroup of diagonal matrices, as usual. Recall from Chapter 3 that
the flag manifold U,,41/T,+1 may be described as

{(Lo,...,Ly) | Lo, ..., Ly, are orthogonal lines in C"*'}.

Let fo: C — CP" be a harmonic map. Let f; be the harmonic map obtained from fy by the inductive
formula X R R
fi = component of df;_1/0z orthogonal to f;_;

where f; is a map from (a dense open subset of) C to C"*! such that f; = [f;]. The sequence

f07f17f27"'

is called the harmonic sequence of fy. For a detailed justification of this construction we refer to Bolton
and Woodward [1992]; Burstall and Wood [1986]; Eells and Wood [1983]; Wolfson [1985]. We have
already considered a special case in section I of Chapter 20, namely when fj is holomorphic.
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We consider now two special types of behaviour of this sequence.
(i) The periodic case.

Let us assume that f; = fiin41 for all i and f; L f; for i # j. Following Bolton et al. [1995], we say
that the maps f; are superconformal.

Given fy, it is possible to choose the maps fz such that the following conditions are satisfied (on a
dense open subset of C, and after a suitable change of coordinates):

(i) (fi)z = frr1 + anfr, where a, = (log || fil?);

(i1) (fi)z = br—1fr—1, where be_1 = —|| fi|*/[| fr-1l1%;
(iii) fros1 = fo-

This is proved in Bolton et al. [1995].

Let us now define

| |\ (Il
v="\fo ... fu S
| | [1Fall ™

We claim that [¢)] : C — U,41/T,11 is a primitive map. To prove this we must calculate ¢~1e,. In
order to simplify the calculation, we write

w; = log || fil.
It is then easy to verify that =14, =

(wO)z 0 WO,n
(wl)z W1 0 O

(wn)z Wn,nfl 0

where W; ;1 = e¥i~"i-1. This shows that v is primitive.

In addition, we see that 1 gives a solution of the 2DTL! (It is possible to choose the maps fz such
that v takes values in SU,, 11, rather than in U, ,1.) Conversely, by reversing this construction, we see
that a solution of the 2DTL gives a periodic sequence of harmonic maps. Thus, this ezample gives a
geometrical interpretation of the 2DTL.

Given fo,..., fn, there is some ambiguity in the choice of fo, ce fn (and hence of wy, ..., w,). For
the details, we refer to section 4 of Bolton et al. [1995]. Given wq,...,w,, the harmonic sequence
fo,--., fn is determined uniquely.

There is a slight difference between the form of (A,) in Chapters 13-15 and Chapters 16-21, in that
the roles of A and A~! have been interchanged. This is a purely nominal difference (which we tolerate
for historical reasons). We have changed the definition of o, by replacing w by w™!, in order to preserve
the form of the 2DTL equation.

(i) The finite case.

Let us assume that the harmonic sequence terminates after a finite number of steps, i.e., it is of the
form

an"'?f?"



21 Primitive maps 113

for some r > 0. It follows that f, is anti-holomorphic. It can be shown further (see Eells and Wood
[1983]) that there exists a harmonic sequence

f—Sw"?an'“afr

(extending the previous sequence), where f_g is holomorphic, and that f; L f; for i # j. (Hence
r+s < n.) Without loss of generality, therefore, it suffices to study finite harmonic sequences of the
form

an"'7fn

with fy holomorphic and f,, anti-holomorphic.
In this case, we may choose fl such that
(i) (fr): = for +anfe, k=0,...,n— 1, and (f,). = an fn,
(i) (fr)s = br—1fe—1, k=1,...,n, and (fo); =0
where ay, = (log ||fx|[?)- and by—1 = =[|full*/ |l fru-1]*:

If we define 1 as in the periodic case, we obtain ¥ =1, =

(wo) 0
(w1)2 Wio O

(wn)z Wn’n—l O

Thus, [¢] : C — Upy1/Th41 is a primitive map.
This example is equivalent to the finite open 2DTL, i.e., the system

where w; : C — R and > jw; = 0.

In this case we can construct explicitly a corresponding solution to the system (A,). Namely, we
take

1 1

AT AT

It is clear that G takes values in (AU, 1), and that G(z,1) = ¥(z). We must verify that G is a solution
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of (A,). We have

GG, = D1,

AT A"
(wO)z
AN 1Wio  (wr).

)

Aian,n—l (wn)z

= linear in %

A similar calculation shows that G~1G> is linear in \, as required. (Note that this formula does not
work in the periodic case!)
For maps which extend to C U oo = 82, every primitive map is of this form:

Theorem. Any primitive map ¢ : S? — F1,2,,..,n(C"+1) arises from a finite harmonic sequence of
length n + 1, in the manner described above. W

This may be proved by the method of Chapter 20, section I, using the Bruhat decomposition of

(n+1),alg
Flii a-

Remark: Examples of periodic harmonic sequences are quite difficult to find. In contrast, finite harmonic
sequences, being given by holomorphic maps C — CP™, are plentiful.
II1. From primitive maps to harmonic maps: First method.

If F' is a solution of (A, ), then there is an obvious way to obtain a harmonic map. Namely, we have
the inclusion

(AG)s C AG,

so we may regard F' as a solution of (A). By the theory of Chapter 16, this gives the harmonic map
¢p=F(,-1)F(,1)71:C—=aG.

More generally, if 7: G — G is an involution such that
(AG), C (AG),,

then we obtain a harmonic map ¢ : C — G/G,. This map ¢ is obtained from the primitive map
[F(,1)] : C — G/G, by composition with the natural projection map G/G, — G/G-.
Ezxample:

Let f : C — Upy1/Thy1 be the primitive map constructed in (ii) of section II. Using the inclusion
(AUp+1)s € AU, 41, we obtain a harmonic map

¢(2) = (po —pr 4 -+ + (=1)"pn)(mo(2) = m1(2) + -~ + (=1)"mn(2))

where p;,m;(z) denote the Hermitian projection operators onto the i-th coordinate axis and f;(z),
respectively.
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IV. From primitive maps to harmonic maps: Second method.

If o is an inner automorphism of G, and if F' is a solution of (A,), then there is another way to
obtain a harmonic map. Namely, we use the isomorphism

(AG), 2 AG
(mentioned in section II of Chapter 11). We shall discuss this in the case where G = U, and
1 -1

o = conjugation by

where w = 2™V=1/(n+1) In this case, the isomorphism
T:AUp+1 — (AUps1)o
is given explicitly by
1 1

AL A
T(1() = )

AT A"

(and the same formula applies to the Lie algebras, as well as to the complexified Lie groups and Lie
algebras).

Exactly as in the lemma of section II of Chapter 19, we have:
Proposition 1. If F is a solution of (Ay), then T~1(F) is a solution of (A).

Proof. Let A+ X"'B,C +AD € (Ag ® C),. We must show that T-1(A+ A\"1B), T71(C + AD) are
linear in A™1, )\, respectively. We have

ap 0 b()
ai b1 0
A+ )\1B= . + 3
an, b, 0
It is easy to verify that
agp )\_1b0
b1 a
T A+ 1B) =
by, an

A similar calculation can be made for T-}(C + AD). R
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Next, consider an automorphism
k'() -1

o' = conjugation by

kn

where 0 = ko < k1 <--- <k, =k, kiz1 —k; =0o0r 1 for all 4, and w = e2™V=1/k  This has order k.
There is a corresponding isomorphism

T/ : AUn+1 — (AUn+1>0./
which is given by
A~ ko 2o
P L pLs
T'()(A) = . 7(A) ,
A—kn )\kn
Proposition 2. If F is a solution of (Ay), then T'T~1F is a solution of (Ay).

Proof. In the proof of Proposition 1, we found that
ao )\_1b0
bl a1
T '(A+iB) =

by, an,

The result of applying 7" to this is clearly linear in A=!. A similar calculation can be made for
T'T~Y(C+ D). &

Proposition 2 establishes a “transform procedure” for primitive maps. As in the previous section,
we can consider 7T ' F to be a solution of (A), via the inclusion (AU, 11)ss € AU, 1. This is valid
for any o’ of the above form. Hence, from a solution F' of (A, ), we obtain a collection of solutions of
(A). In other words, from a primitive map we obtain a collection of harmonic maps.

The effect of the transformation 7'T~! on a primitive map ¢ : C — G/G, is simply to compose
with the natural projection map G/G, — G /G, . (Proof: The maps T,T" have no effect on the value
of loops at A =1, s0o T'"T"'F(2,1) = F(z,1).)

Ezxample:

Let ¢’ be conjugation by P,y — P Py + PkL where Py is the Hermitian projection operator onto
CF+1 = Span{eq, ..., ex}. Let F be a solution of (A, ) which corresponds to a periodic or finite harmonic
sequence, as in section II. Then T'T~'F is a solution of (A,/). What is the resulting harmonic map

into the symmetric space Up+1/(Upt1)or = CP™? By the remarks above, it is given by composing the
original primitive map with the natural projection map

UnJrl/(UnJrl)a - 7‘L+1/(Un+1>0'/7
and so it is just the k-th harmonic map fi. (Thus, the “columns” of a primitive map C — Uj,41/Th41

are harmonic maps C — CP™.)

In the case of a finite harmonic sequence, we have seen that T-'F = 1), and so we have the explicit
formula
T'T7'F = (Py_1 + AP | P + N2PH) (P y + AP Py + M2 P).

This is in agreement with the formula of Chapter 20 (see the beginning of section I).
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Bibliographical comments.
Primitive maps into k-symmetric spaces were introduced and studied in Burstall and Pedit [1994].

The idea of passing “from primitive maps to harmonic maps” first arose in McIntosh [1994b]. This
depended on earlier results in twistor theory, from Black [1991]. Our treatment in section IV is a
self-contained loop theoretic version of this.

Relations between harmonic maps and solutions to the 2DTL have been studied in Bolton et al.
[1995]; Doliwa and Sym [1994]; Fujii [1993]; Miyaoka [in press|; our treatment follows that of the first
reference. Further information on the differential geometric aspects of the 2DTL may be found in Fordy
and Wood [1994].

The primitive maps which occur in the special case of the finite open 2DTL are examples of super-
horizontal holomorphic maps. The idea of passing from such maps to harmonic maps is older: It is
an example of the twistor construction. The twistor construction is a fruitful method of constructing
harmonic maps C — G/K, and it has played a prominent role in the development of the subject.
Some examples appear in Eells and Lemaire [1988], and a general treatment is given in Burstall and
Rawnsley [1990] (where the reader will find many other references). From the point of view of loop
groups, the harmonic maps produced by the twistor construction are characterized by the property that
the corresponding solutions of (2) are fixed (pointwise) by the S'-action on QG. In the case G = U,
the corresponding solutions of (Gr) are those of the form

Ak
W=3" AN . HY

i>0 M\en

where Zizo A; )\ is constant in ), i.e., A; = 0 for i > 1. We saw in Chapter 20 that all harmonic maps
S2? — CP™ have this property.
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Chapter 22: Weierstrass formulae for harmonic maps

The method of Chapter 20 leads to explicit formulae for harmonic maps of finite uniton number.
These are analogous to the explicit solutions of the 1DTL, in the sense that they are given by “factorizing
an exponential”. In this case, however, the initial data consists of a (matrix-valued) meromorphic

function. The basis for these formulae is the Bruhat decomposition of the algebraic Grassmannian
Gr(n)-als

I. Motivation and examples.

The Bruhat decomposition of Gry(C™) is a decomposition into algebraically embedded complex cells.
Our formulae are based on the principle that, if f : C — Gri(C™) is a holomorphic map, then f(C— D)
is contained in precisely one of these cells, for some discrete subset D. In Chapter 20 we made use of
this principle to classify certain kinds of harmonic maps, and now we use it for a different purpose. We
begin by considering two familiar examples, namely holomorphic maps f : C — Gri(C"™) and harmonic
maps 52 — CP"™.

Let f: C — Grg(C™) be holomorphic. By the above principle, f(C — D) is contained in a Bruhat
cell. Let us assume that this cell is the big cell, i.e., N/ C¥. (This is the generic situation, and in any

case the other cells may be dealt with in a similar way.) Now, by the same algebraic observation as in
Chapter 14 for CP"~!, we have

I 0
N/ck — k )Ck
o= {5 4

~ Cn—k x CF,

| Ik 0 ko 0 0 k
f_<c In_k)c —exp(c O>C

for some meromorphic n — k£ x k£ matrix-valued function c.

X is an n — k x k complex matrix}

Hence we may write

Let us re-phrase this in terms of (Gr). We have a harmonic map ¢ = io f : C — U,, where
i: Grg(C™) — U, is the usual inclusion V + 7y — 77‘%. Corresponding to ¢ we have (from Chapter 17)
a solution of (Gr), given by

W =foAH".

By the remarks above we can re-write this as
W = exp (0 0) ct o AH
c O
0 0 n
= exp (C 0) (Py + AP H™

0 0 n
= (Py + APH) (P + 1 PF) exp (C ) (Pe + AP H™

0

1 0 0 pym
:(Pk+)\Pk)eXp</\_1c O)HJF'

(Here, Py, denotes projection on Span{ey, ..., ex}.) Ignoring the constant loop Py + AP, we conclude
that the corresponding solution of (£2) is given by

0 0
),



22 Weierstrass formulae for harmonic maps 119

where the notation v = ~,v4 denotes the factorization of a loop v with respect to the Iwasawa decompo-
sition AGL,,C = QU,, Ay GL,,C. This is our Weierstrass formula, for holomorphic maps C — Gr,(C").

Next, we consider harmonic maps S? — CP™. By the classification theorem of Chapter 20, any such
map is of the form

fi :C = CP", f;=[Span{f,f,....f Uy nSpan{f,f',...,fD}],

and a corresponding solution of (Gr) is
W=m_1®AIm; ® )\QH_(:ZH)

= f~ f/ .. f(n) (Pi—l +)\Pi—1LPi + AQPiL)H_(FTL—i—l).
. |
(In this formula, F3 denotes projection on Span{eo, SR ei}7 and 7; denotes projection on Span{fa f’, ceey ]E(i)}.)

A corresponding solution of (2) is given by the factorization formula

|
F = £ . fO | (Pioy + AP P+ AP
|

As in Chapter 20, the factorization here amounts to performing the Gram-Schmidt orthogonalization
on f,f,...,fm.

The above solution W of (Gr) may be identified with the map (m;—1,7;) into the flag manifold
F;i+1(C") = GL,;+1C(C? C C*t! C C™*M1). It is then possible to write W in exponential form, by
using the Bruhat decomposition of F; ;1 (C™*1). We shall do this in the simplest non-trivial case, where
F;i11(C"1) = F1 5(C?). Our harmonic map in this case is given by f; = [Span{f}* N Span{f, f'}].
Since fp is holomorphic, and f is anti-holomorphic, f; represents the most general harmonic map
S? — CP? which is neither holomorphic nor anti-holomorphic.

| v

As in the previous example, let us assume that the image of W|c_p lies in the big cell N5 (C C
C2 C C3), for some discrete subset D. Equivalently, we assume that we have a factorization

Ll
f f|‘/ f// —

1 * ok ok R
o 0 * =« (E NéNg)
| 06 0 0 =

Since

we obtain
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It follows from the condition %wo C m that v = '/d/, where o/ = da/0z etc. Conversely, for any

meromorphic functions « and 3, the formula

1 0 0 1
W=|a 1 0 A HY
g pla 1 A2
defines a solution of (Gr) which corresponds to a harmonic map S? — CP2.

Now, we have

1 0 0 0 00
« 1 Ol =expla 0 O
g pg/a 1 b ¢ 0
where a = o, b= — sa(a’/3'), c = //B. As in the first example, we can re-write W as follows:
1 1 - 0 0 0\ /1
W = A A expla 0 0 A aY
A2 A2 b ¢ 0 A2
1 0 0
= A exp | Ala 0 0 HJ(E).
A2 A2 A le 0
Ignoring the constant loop on the left, the corresponding solution of (€2) is
0 0 0
F=|exp| A la 0 0
A2 Ale 0

u
This is our Weierstrass formula, for a harmonic map S? — CP? which is neither holomorphic nor

anti-holomorphic. Note that the formula depends only on the choice of two meromorphic functions «
and (.

II. Weierstrass formulae for harmonic maps S? — U,,.

The special examples of the previous section involve no more than the Bruhat decomposition of a
finite dimensional Grassmannian or flag manifold. To deal with more general harmonic maps, we need
the Bruhat decomposition of Gr(™)-21&

Let ¢ : C — U, be a harmonic map of finite uniton number. For example, any harmonic map
S? — U, gives (on restriction to C) such a map. As in section II of Chapter 20, we can write a solution
of (Gr) corresponding to ¢ in the form

Ak
W =3 A4\ a"
i>0 \Fn
with®
ki=-=ky=k
krop1 = =kn =k —1
ko 1= =k, = kn = 1.

6There is a slight difference of notation between this section and examples of the previous section: In the previous
section we have k1 < --- < ky,, whereas in this section k1 > --- > k,,. We have made no attempt to remedy this, because
each convention appears naturally when first used. Moreover, it is useful to have both conventions available.
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The n-tuple (ki,...,k,) may be regarded as the “type” of ¢; this is a refinement of the concept of
uniton number.

Let us write C" = Uy & - - - @ Uy, where
Ubh=V1i®---aV,y, Ui =Viju®@---dVe, ..., Us=V,, 11D -BV,_.

If X is an n x n matrix, we write X = (X), where X is the (a,b)-th “block” of X with respect to
the decomposition C” = Uy @ -+ @ U (with 0 < a,b < s).

We claim that the expression for W can be simplified further:

Theorem.
P!

k—1
W = exp (Z C’i/\i) HJ(:L),
i=0

e

where each C; is a meromorphic n x n matriz-valued function, such that C#* =0 for a > b —i.

Sketch of the proof. What we need here is an explicit description of the Bruhat cell
A1
AYEGL,C . HY.
AFn
Such a description was given in Bott [1956], and more recent versions are given in Pressley [1982];
Burstall and Guest [preprint]. We just give a brief sketch here.

First, by an extension of the argument of section II of Chapter 17, W “collapses” to the form

k—1 AP
W= B\ am.
i=0 Men

(The theorem of that section is for the case k = 1.) Next, by considering the isotropy subgroup at
AF1
HY
AFn
for the action of the group AilgGLnC, it can be shown that it suffices to take B; = (B) such that
be = 0if a > b—i. Finally, the stated formula follows from this because of the fact that the exponential

map is a bi-holomorphism for any nilpotent (complex) Lie group. The functions C; are meromorphic,
because W is holomorphic (off a discrete set). W

We may re-write the above expression for W as
Ak -
W =

)\k’l -1 —1 )\k’l
exp ZC’i)\i Hsrn).
Akn ’LIO Ak’n

Ignoring the first (constant) factor, and converting back from (Gr) to (£2), we obtain the following
“factorization of exponentials” formula for solutions of (£2):
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Theorem (Weierstrass formula). Let F : S? — Q¥8U,, be a solution of () which is non-degenerate
in the sense of Chapter 20. Then F' may be written in the form

)\kl 1 E—1 )\kl
F = |exp Zci)\i ;

u

where kq,...,k, and Cy,...,Cr_1 are as above. W

We do not claim that this formula gives a solution of (2) for arbitrary meromorphic functions Cj,
however. The C; are required to satisfy certain differential equations, corresponding to the condition
%W C A'W. These may be solved fairly explicitly “by integration”, and are described in Burstall
and Guest [preprint]. We just illustrate the situation for a specific example.

Ezample: Harmonic maps S* — Us

There are three possible types in this case, corresponding to (k1, k2, k3) = (2,1,0), (1,1,0), or (1,0,0).
(We ignore the case (0,0,0), which gives constant W.) The expressions for W take the following forms:

/\2
. _ (3)
Type 1: W = (Boy + AB1) A H”.
1
A
. _ (3) _ (3)
Type 2: W = By A H” = BoV3 @ AH .
1
A
Type 3: W = By 1 H® = By(Vs @ Vo) & AH'.
1

Types 2 and 3 correspond to holomorphic maps into Gri(C3) = CP? and Gry(C?) (=2 CP?), and may
be dealt with as in section I.

Type 1 is the most interesting case. By the first theorem above, W is actually of the form

0 a b 00 d A2
W=exp||[0 0 ¢c|]+A[0 0 0 A I2a%e
000 00 0 1

for some meromorphic functions a,b,c,d. The differential equation corresponding to the condition
%W C A~ may be found by inspection here; it is

20 =ac —d'c
(where o’ = 0a/0z, etc.). In particular, it turns out that there is no condition on d. The solutions to
this equation are given by all pairs (a,c¢) of meromorphic (i.e., rational) functions such that ac’ — a’c
has no residues. Alternatively, motivated by section I, we may make the change of variables

a:b—i—%ac, B=c, ~v=a.

The differential equation simplifies to o/ /3" = v, and so its solutions are given by arbitrary pairs («, (3)
of meromorphic functions.
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We have

0 a
exp A 0 0
0 0

The corresponding solution of (2) is

0 Xla A2+ XU
F=lexp| 0 0 A le
0 0 0 "
This is the Weierstrass formula for a (non-degenerate) harmonic map S? — Us of type 1. It depends
only on the three meromorphic functions «, 3,d. In the special case where d is identically zero, we
recover the Weierstrass formula of section I for harmonic maps S? — CP2.

II1. Weierstrass formulae for harmonic maps 5% — Gri(C").

We can obtain Weierstrass formulae for harmonic maps ¢ : C — Gry(C") of finite uniton number in
a similar way. From section II of Chapter 20, we know such maps correspond to solutions {W;} : C —

Fl,gjr)z—k of (F1) of the form

P
wiy=Y A MH C Vi @@ Vi, @ AH C H™).
i>0 Men
The conditions on k1, ..., k, here are:
k1= =k =1
kroy1 = =ky,, =1—-1
kr, 41 ==k, =k,=1.
The conditions on i1, ...,7; are

{TS—Q + 1> cee 7rs—1} %Sl 7& @
{7’8_3 + 1, - ,7‘8_2} 7582 7é 0

{TO + 1’ tee 7T1} #Ss—l 7é @
Ss # 10
(where Sy = {j | 7s—t—1 +1 <i; <rs_4}, as in Chapter 20).
These conditions are rather restrictive. For Gra(C*) the only possibilities are

Type 1: {W;} =
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)\2
A
(Bo + AB) v |eEY cvieviear? c HY),
1
where (i,7) = (1,2) or (1, 3).
A
A (@) @) ~ 7@
Type 2: {W;} = By \ O\HY cvievyeaa) c HY),
1
where (4, j) = (1,2), (1,3), or (2,3).
A
A (4) (4) (4)
Type 3: {W;} = By 1 AH CVIieVa®AH CHY).
1

To obtain corresponding solutions of (Gr), we apply the appropriate isomorphism 7' : AGL,C —
(AGL4C),. For example, for {W;} of type 3, we have

W =T{W;}
A A2 A1
_ A A? A (4)
B 1 Bo 1 1 Hy
1 1 1
A A
A A (4)
= 1 By 1 H
1 1
)\2
B A2 0 A le (4)
= 1 exp (O 0 ) H,".
1

This agrees (up to minor changes of notation) with the formula in section I for holomorphic maps
C — Gry(C*). We conclude that the harmonic maps of type 3 are precisely the holomorphic maps.

Maps of type 2 are of the form ¢ = f+ N g, where (f, g) is a holomorphic map S? — F; 3(C*) with
% f C g. These have uniton number 2.

Maps of type 1 are the most complicated. They have uniton number 3. Taking (i,5) = (1,2), the
corresponding solutions of (Gr) are given by Weierstrass formulae of the form

0 a b c 0 0 0 g A3
B 0 0 d e s [0 0 0 0 A2 (4)
W=emilg g0 7|00 0 o0 A He
0 0 0 O 0 0 0 O 1
Here, a,b,c,d, e, f are determined by
0 a b ¢ 1 0 o/ «
0 0del| (01 8/ p N Al SN
0 0 0 O 0 0 0 1

where a, (3,7, g are arbitrary rational functions.
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Bibliographical comments.

The term “Weierstrass formula” is used here because of the classical formula of Weierstrass for
minimal surfaces in terms of holomorphic functions (see, for example, Berger and Gostiaux [1988]).

The fact that the dressing action on harmonic maps of finite uniton number “collapses” to the action
of a finite dimensional group has been noted by various authors (Uhlenbeck [1989]; Arsenault and
Saint-Aubin [1989a; 1989b]; Guest and Ohnita [1993]). The Bruhat decomposition of Gr{™ ¥ provides

a simple explanation for this: The orbits of AilgGLnC on Gr™-2!8 are finite dimensional.

In Burstall and Guest [preprint] a slightly different point of view is taken, using QG itself (instead
of the Grassmannian model of QG). It turns out to be remarkably easy to generalize the results of this
chapter (and Chapter 20) to harmonic maps S? — G or G/K.

The Weierstrass formulae of this chapter provide examples of an observation of Dorfmeister et al. [in
press|, that any solution F' of (2) can be written in the form F' = ¥,, where ¥ : C - D — A_GL,C
is holomorphic. From our point of view, this is a consequence of the Birkhoff decomposition. The
relationship between this ¥ and our formulae is explained in Burstall and Guest [preprint].

Although our Weierstrass formulae (and the more general formulae of Burstall and Guest [preprint))
appear to be new, various related results have been known for some time. The special case of holomor-
phic maps S? — S? is treated in Ward [1990]. A description of harmonic maps S? — Us, equivalent to
our Weierstrass formula, was given in Wood [1989]; see also Piette and Zakrzewski [1988]. A description
of harmonic maps S? — Grp(C?) was given in Ramanathan [1984]; see also Sakagawa [in press]. Various
generalizations to specific higher dimensional symmetric spaces are known; see Eells and Lemaire [1988].
Our formulae are somewhat simpler, perhaps, and easier to generalize. However, the main feature of
our Weierstrass formulae is that they are all given by the fundamental procedure of “factorizing an
exponential”.

The idea of using Bruhat decompositions to obtain Weierstrass formulae was used in Bryant [1985],
in the case of harmonic maps obtained via the twistor construction (cf. the bibliographical comments
for Chapter 21). Our approach was motivated by Morse theory (see the bibliographical comments for
Chapter 20), but it is equivalent to the approach of Bryant.
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One-dimensional and two-dimensional integrable systems
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Chapter 23: From 2 Lax equations to 1 zero-curvature equation

I. 1+1=2.
In Chapter 8 we saw that the solution X : R — g of the Lax equation

X =[X,mJx], X(0)=V
is given by the explicit formula
X(t) = Ad(exp tJy); V.

Here, J : g — g is an “invariant vector field” on the Lie algebra g of G. (A typical example of such a
J is given by the gradient J = Vf of an invariant function f : g — R.) We assume as usual that we
have decompositions

G =G1Ge, g=g1 D8y,

with respect to which we write
9=0192, W=mW+mW

forge G,\W € g.
From section I of Chapter 8, recall that an invariant vector field J satisfies the property
(a) [X,Jy] = (X,Y] - J)y, forall X,Y € g,
and that if Jq, Jy are two invariant vector fields then
(b) [(J1)x,(J2)x] =0 for all X € g.

Let us now consider two Lax equations of the above form:

d

(1) %Xl =X, m(J1)x,], X1(0)=W
(2) %Xz = [Xo, m1(J2) x,], X2(0) = Va.

These are simply the equations for the flows defined by the vector fields U,V : g — g, where

UX = [X,?Tl(Jl)X]
VX = [X,7T1<J2)X].

We show in this section that these flows commute, and hence give rise to a function X (s,t). In the next
section we show how this X (s,t) gives rise to a solution of a zero-curvature equation.

The basis for these results is the following technical lemma:
Lemma. With the above definitions, we have

V'7T1J1 — U'7T1J2 = [7T1J1,7T1J2].

Proof. First, note that Vx - J; = [X, (m1J2)x] - J1 = —[(mJ2)x, J1], by (a) above. So we have

V.mJy —U-mdJy =m([mdr, J2] — [m1Je, J1])
= 2[mJy, mJ2] + mi([m1Jr, mado] + [m2 i, T J2])
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(by writing J; = m1J; + maJ;). Since [Ji1, Jo] = 0, by (b) above, we obtain
[m1J1, modo]| + [moJy, w1 o) + [m1J1, m1Jo] + [meJy, mada] =0
(again by writing J; = m J; + m2J;). We conclude that
VemdJi = U-mde =2[m 1, mJe] + m1(—[mJ1, mJ2]) = [m1J1, 71 2]
as required. W
We use this to establish:
Proposition. The Lie bracket of the vector fields U,V is zero.

Proof. The Lie bracket of the vector fields U,V is U -V —V - U. (We avoid the usual notation [U, V]
for this Lie bracket, to avoid confusion with the pointwise Lie bracket of the g-valued functions U, V'.)
To compute this, note that

U-V=U-[X,mJs]
=[U - X,mJe|+ [X,U - mJo]
= [U,mJo) + [X,U - m1.J2)]
= [[X, 1], mdo] + [X, U - w1 a)].

So the desired Lie bracket is

U-V—V-U=[[X,mJ1],mJs] — [[X,m1Js], 7] + [X,U - m1Jo — V - 7m1.J1]
= [X,[mJ1,mJo]] + [X, U -m1Jy =V - m 1]
(using the Jacobi identity)
=[X, U -mdo =V -mJy + [m1J1, m 2]

which is zero by the lemma. W

It follows that the individual flows of the vector fields U, V' may be combined to give a “two parameter
flow”. This fact may be expressed more precisely as follows (see Chapter 5 of Spivak [1979]). Let X Y !
be the solution of equation (1), and let X,2 be the solution of equation (2). Then there exists a
neighbourhood N of (0,0) in R? and a function X : N — g such that

X(s,t) = X' (s) where Vi = XY (2)
= X)?(t) where Vo = XV (s).

This function X satisfies the system of equations

Xs = [X,m1(J1)x]
Xt = [X,ﬂ'l(JQ)X].

By using our explicit formulae for X;(s) and X2(t) we can obtain an explicit formula for X (s, t):
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Proposition. The solution of the above system with X (0,0) =V is given by X (s,t) = Ad(exp s(J1)v+
t(Jo)y) V.

Proof. By definition, putting W = Ad(exp s(J1)yv); 'V, we have

X(s,t) = Ad(exp t(Jg)W)l_lw
= Ad((exp s(J1)v)1(exp t(J2)w)1)) V.

Computing further, we obtain

(exp s(J1)v)1(exp t(J2)w)1

v)i(exp t Ad(exp s(J1)v)7 (J2)v )

v)i((exp s(J1)v)7 (exp t(J2)v)(exp s(J1)v)1)1
viexp s(J1)v)1)1

vexp s(J1)v )1

v + s(J1)v)1 since [(J1)v, (J2)y] =0

exp s(J1

Il
—~ Y~~~
D
o
o)
~
Na
— — ~— - ~—

as required. W
In particular, X is defined on the whole of R2.

II. A zero-curvature equation.

The “two-dimensional Lax equation”

is closely related to a zero-curvature equation:

Proposition. Let X : R?> — g be the solution of the above system, with X (0,0) = V. Then the
functions A = (mJ1) o X, B = (m1J2) o X satisfy the zero-curvature equation Ay — By = [A, B.

Proof. We have Ay = (V - mJ1)x, and By = (U - m1J2)x, where U,V are as in section I. Hence the
proposition follows immediately from the lemma of that section. W

Because of the usual geometrical interpretation of a zero-curvature equation, there exists a unique
function F : R? — G; such that

F'F,=m((J1)oX
F_lFt = 7T1<J2) oX

and F'(0,0) = e. The relationship between F' and X is given by:
Proposition. X = Ad F~'V.

Proof. It suffices to show that Y = F~!VF satisfies the same Lax equations as X. We have Y, =
—F IR, FYWF+ F7YWWF, =[Y,F'F,], and similarly Y; = [V, F7'F,]. ®
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We can derive an explicit formula

F(s,t) = (exp s(J1)v + t(J2)v)1

for F, by the following argument. It suffices to show that F satisfies the equations F~1F, = 7y (J;) o X,
F71F, = m(J2) o X. Let g(s,t) = exp s(J1)v + t(J2)y. Then
(v = (exp s(J1)v +t(J2)v)s(exp s(J1)v +t(J2)v) "
= (9192)s(9192) ™"
= (91)s97 " + 91(92)595 91!
and so g; (J1)vgr = g7 ' (91)s + (92)s95 '~ Hence F71F, = g7 (g1)s = mgy '(1)vgr = (mJi)x.

Similarly we have F~1F; = (m1.J2)x. (This argument is the one used in Chapter 5 to verify the explicit
solution of a one-dimensional Lax equation.)

We therefore obtain the explicit formula
X(s,t) = Ad(exp s(J1)v +t(J2)v)] 'V
for X, in agreement with the formula from section I.

Bibliographical comments.

The “1 + 1 = 2” principle is based on Theorem 2.1 of Ferus et al. [1992].
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Chapter 24: Harmonic maps of finite type

I. Harmonic maps of finite type.

The construction of Chapter 23 gives rise to harmonic maps, if we make appropriate choices for (1)
the group decomposition, and (2) the vector fields Jq, Js.

For the group decomposition we choose the Iwasawa decomposition of a loop group. More specifically,
we choose
AG® = QG AL G

where G is a compact Lie group. Any v € AG® has a factorization v = 7,74, and any f € Ag® C may
be written f = m,f + 71 f, where 7w, f € Qg, 7, f € A;,g® C.

For the vector fields Ji, Jo : Ag ® C — Ag ® C we choose

where d is a fixed non-negative integer.
In contrast to the situation of Chapter 23, the Lie groups and Lie algebras are infinite dimensional

here. We consider two independent Lax equations

d
£X1 = [ X1, 7 (J1) x, ]

d
EXQ = [Xg, 7Tu(J2)X2]7

with initial value V(\) = Z?:_ d ViAt. As in Chapter 23, the solutions X; and X, may be combined
into a single solution X of the system

XS = [X,Wu(Jl)X]
X = [X, mu(J2) x],

and we have the explicit formula X = Ad F~'V, where

F(s,t) = (exp s(J1)v + t(J2)v )u-

If the solution to each Lax equation (and hence also X) remains within the finite dimensional subspace
d
{fergoC|f(N) =) AN},
i=—d

then we say that V' is an initial condition of finite type.

Let us turn our attention to the map F. As in Chapter 23, F is a solution of the system

F'F, = m,(J1)
F1E = 7m,(Jy).

We claim that F' is actually a solution to the harmonic map equation (2):
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Proposition. Assume that V' is an initial condition of finite type. Then, writing z = s + v=1t, we
have

F~YF, = linear in %

F~YF. = linear in \.
Hence, F' is a solution of ().

Proof. We need an explicit description of the projection map m, : Ag ® C — Qg, i.e., the projection
map onto the first summand of
Ag®C=(Qg)®d (ALrg® C).

Let us write the Fourier series of a loop f € Ag® C in the form f(\) = Ao+, (1 — A)A;. We write
F+N) =301 = A)A;, and f-(X) =X, (1 — A)A;. Let ¢: g ® C — g ® C be the involution with
respect to the real form g. The corresponding involution of Ag ® C, also denoted ¢, is determined by

c(ANY) = c(A)X %

From the identity
f= = +clf) + (f+ —elf-) + Ao)

we see that m,(f) = f— +¢(f-). For X = Xy + Z?:_d X, (1 —\%), we have

mu(J)x = mu(ATTX) = (1= )X a+e((1 - 5)X_a)
Tu(J2)x = mu(vIAT I X) = v=T (1 — H)X_g+e(v=T(1— +)X_4).
Conversion to complex derivatives gives:
F'F, = NF'F,— yAF'F) = in,(J1 — v=102)
F'E, = WF'Fo+ v=IF7 ') = imy (1 + v=1 Ja).

Hence

F'F,=(1-YHXx_4
FE = (1 - Me(X_g),

as required. W

Note that ¢~ t¢, = F71F, [y =1 = 2X 4.

From the proof of the proposition, we can express more explicitly the ordinary differential equations
which are responsible for our harmonic maps. These equations are

Xz = [X7 (1 - %)X*d]

Xz = [X, (1= Ne(X_a)]-

Following Pinkall and Sterling [1989]; Ferus et al. [1992]; Burstall et al. [1993], we say that a harmonic
map ¢(z) = F(z,—1) constructed from such an X is a harmonic map of finite type (and, more precisely,
of type d). We note the following formula for the corresponding solution of (€2):

F(z,\) = (exp s(J1)v + t(J2)v)u
= (exp s(A¥7V) + t(v=T ATV,
= (exp 2AT7V(N))a.
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This is very similar to the Weierstrass formulae of Chapter 22!
The construction of X (and, therefore, of ¢) depends only on the choice of the initial condition

V) =3¢ 4 Vid". We may characterize such maps ¢ either in terms of X or in terms of F. To

7
conclude this section, we summarize both possibilities:

(HF1) Let ¢ : C — G be a harmonic map. Let d be a non-negative integer. Then ¢ has type d if and
only if there exists some V(\) = Z?:_d Vi\' € Ag ® C such that X_; = %gb‘lgbz, where

d
X=Xo+ Y X;(1-)):C—Ag®C
i=—d

is the solution of

with X (0) = V.

(HF2) Let ¢ : C — G be a harmonic map. Let d be a non-negative integer. Then ¢ has type d if
and only if there exists some V(\) = Z?:_d Vit € Ag ® C such that F(z,)\) = (exp 2A971V())), is a
solution of () corresponding to ¢, and X = F~1VF is of the form X = Xo + 3% X;(1 — \¥).

The condition that V' be of finite type is implicit in these definitions. If V' is real, however, it turns
out that this condition is automatically satisfied, so any real V' gives rise to a harmonic map of finite

type:

Proposition. If V(\) = Zfzid Vi\! satisfies the reality condition c(V) = V, then V is an initial
condition of finite type.

Proof. We have to show that X = F~1V F takes values in the space

{feAgaC| f(A ZA/\Z

i=—d

Let G = (exp zA?"1V),, so that exp 2A?"'V = FG. Then X = F"'VF = GVG~}, so X contains no
power of A lower than A~?. By the reality condition, it follows that X contains no power of A higher
than A4, W

An alternative proof of this proposition may be given by showing directly that the vector field of the
Lax equation is tangent to the above finite dimensional space. This is done in Pinkall and Sterling
[1989]; Ferus et al. [1992]; Burstall et al. [1993], where V' is always taken to be real.

I1I. Examples.

(1) The simplest examples are those of type 0. In this case, X (z,\) = Xy(z), and

(1= 3)Xo]

(1= A)e(Xo)]-

Comparing coefficients of A, we find that (Xo), = (Xo)z = 0 (so X is constant) and [Xo, ¢(Xo)] = 0.
Let us write Xo(z) =V € g® C. Since V and ¢(V') commute, we have the explicit factorization

exp 23V = (exp z(5 — DV + 2(A = 1)e(V))(exp 2V + zc(V) — 2Ac(V)).

(X0)- = [Xo,
(Xo0)z = [Xo,
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The solution of (£2) that we have constructed is therefore
F(z,\) =exp z(3 — 1)V +2(A = 1)¢(V),
and the corresponding harmonic map is
¢(z) = F(z,—1) = exp —22V — 2z¢(V).

This is the “trivial harmonic map” of Chapter 10.
This calculation shows that an element V of g ® C is of type 0 if and only if [V, ¢(V)] = 0.

(2) Harmonic maps of finite uniton number are usually not of finite type. However, from the Weierstrass
formulae of Chapter 22, we can identify some special examples which have both finite uniton number
and finite type. Let us consider first the simplest such example, namely the identity map S? — S2.
From section I of Chapter 22, this corresponds to the following solution of (2):

Fz,\) = [exp (A_OIZ S)L

We claim that the composition S? — S2 C SU, is a harmonic map of type 1, with initial condition

V(A):§($ 8)

Although this appears to be a straightforward example of the previous theory, we cannot conclude that
we have a map of type 1 until we verify that X = F~'V F is of the form X = X_;(1 — A7) + Xy +
X1(1—=MN).

From Chapter 22, we have
1 -1
(1 (1 1 L
(M) o= () (M)
1),and
z

1 1 -z
(cf. the discussion of harmonic sequences in Chapter 21). This gives
1 -z -z2
X(z,A) = ————=3A7!
= e 0 (7 )
Z(1 —|2]?) 272 T\ 2|22 —Z?
21217 z(2P = 1) 2t =2z )

Thus, we have indeed got a harmonic map of type 1.

where 7(z) : C? — C? is projection on the line C

Y

More generally, if N is any nilpotent matrix, then the formula F(z,)\) = [exp A"12N], defines a
solution of (£2) which corresponds to a harmonic map of finite type.
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II1I. An alternative version.

There is an alternative version of the theory of section I, based on (A) instead of (£2). For this, we
use the alternative version

AG® = AGAYG*

of the Iwasawa decomposition. Here, G¢ = GAN = GN is the Iwasawa decomposition of G¢ (as in

Chapter 3), and AfGC = {y € AL G| v(0) € N}. We use the notation y = 7,7, for the factorization
of a loop 7.

To find the projection 7 onto the first summand of
Ag® C = (Ag)® (Aig ® C)
we write f(A) =D cz AN Fr(A) = 3,00 Aid, and fo(X) = 30, o i, We write Ag = Af) + A for
the decomposition of Ay with respect to g ® C = g @ i. The identity
f=-Felf-)+A) + (f+ = e(f-) + Ay)
shows that 7 is given by m1(f) = f— 4+ ¢(f-) + A}.
Taking Jp, Jy as before, and X = Zf:_d X;\', we obtain

d
7T1(J1)X = 7T1()\d_1 Z XZ)\Z)
i=—d

d
7T1(J2)X = Wl(MjAd_l Z XZ)\Z)
i=—d

= svTX g +e(5vTXog) + (VT X (a1))s
Hence
FUF =5X g+ 35X (41— v1(v-1X_(4-1))') = linear in §
F71F, = Xe(X_g) + %(X’_(d_l) +v=1(v=1X_(4-1))") = linear in A
and so F' is a solution of (A). We have
F(z,A\) = (exp s(J1)v + t(J2)v )1

= (exp s(ATV) +t(v=T ATV,
= (exp 2X¥ TV (N\));.

The differential equations for X here are:

Xo=[X, 53X a+ 35X g1y = v=T (V=T X _(a-1))")]
Xz = [X,Ae(Xoa) + 5(X(gony +vT (VAT X _(a1))')]-
The harmonic maps constructed this way are again the harmonic maps of finite type. To see this,

we observe that a harmonic map ¢ arises from the above construction if and only if there exists some
V(A = Z?:_d V;A\? such that the map F(z,\) = (exp 2A9"1V())); satisfies the following properties:
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(i) F is a solution of (A) corresponding to ¢, i.e., ¢(z) = F(z,—1)F(z,1)71, and
.. _ . d i
(ii) F~'VF is of the form > 5, X;\".

Using the fact that (exp zA?"1V())); = (exp 22?71V ())),g9(2) for some g : C — G, it may be verified
that this characterization of ¢ is equivalent to condition (HF2) of section I.

Let us investigate the above differential equations more explicitly when G = U,, G° = GL,C.
The involution ¢ : GL,C — GL,C is given by ¢(X) = —X*. The (finite dimensional) Iwasawa
decomposition is

gl,C=u, ®n

where 1 is the space of upper triangular complex matrices whose diagonal entries are real. Let us
compute the decomposition X = X’ + X" in this case. We write

X = u(X) + d(X) + (X)

where u(X),d(X),l(X) are (respectively) the upper triangular, diagonal, lower triangular parts of X.
From the identity

X = (I(X) = [(X)* + v=1 Imd(X)) + (w(X) + 1(X)* + Red(X))
we see that X' = (X)) — (X)* + v=T Imd(X). From this we have

X/ o le(ﬁX)/
=1(X)-U(X)"+v=TImd(X) — v=1(v=1U(X) + v=TI(X)" + v=1 Red(X))
= 20(X) + d(X),

and so the ordinary differential equations in this example are

X, =[X, s X g+ 1(X_(a-1)) + 3d(X_(a-1))]
Xz =[X, - MX_a)" = UX_(g—1))" — 3d(X_(4-1))"]-

Example:

Example (2) of section II, with initial condition

V<A>=§(‘f 8)

gives rise to the following solution of (A):

= ] -2 ()

The corresponding map X = F~1V F is

e (D) G 20 )

Thus, the formulae are somewhat simpler in this new version. We note further (from the formula for

F) that
~ 1 /{0 0 1/ 0
Fl'F,=— )\ - )
1+|z|2{ (1 0)*2(0 —z>}

The right hand side is equal to A™1X_1 + (X)) + %d(XO), as predicted by the previous paragraph.
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IV. Primitive maps of finite type.

Let 0 : G — G be an automorphism of order k, with £ > 2. Let K = G, i.e., the fixed point set
of 0. The “twisted” version of the theory of section III leads to the notion of primitive maps of finite
type. For this we need the twisted Iwasawa decomposition

(AG)s = (AG)s (AY'G)s

where K¢ = KM is the Iwasawa decomposition of the group K¢. (For the twisted Iwasawa decompo-
sition, see Theorem 2.3 of Dorfmeister et al. [in press]; we use a special case in Chapter 13.) In this
section we use the notation v = 1y, for the factorization of a loop v € (AG®),.

Using the method of section III, we obtain a solution of (A,) for any initial condition V() =
Zng 4 Vid' in (Ag), ® C of finite type. Following Burstall and Pedit [1994], we say that the corre-
sponding map ¢ : C — G/K is a primitive map of finite type (and of type d). Note that we must have
V; € g;, where g; is the (w?)-eigenspace of o on g ® C, as in Chapter 21.

Such maps ¢ may be characterized in terms of F' or X. Before giving these characterizations, we
recall some further notation from Chapter 21. Let ¢ be a primitive map. If ¢ = [¢] for some ¢ : C — G,
then ¢~ 149, = A + B, where A, B are (respectively) the components of ¥~!4, in gg,g_1. We then
have:

(PF1) Let ¢ = [¢)] : C — G/K be a primitive map. Let d be a non-negative integer. Then ¢ has type
d if and only if there exists some V(\) = Zj:_d Vi € (Ag), ® C such that

X g=B, 5(X' 4 ) —iiX_4-1)) =4,
where X = Y% X;\": C — (Ag), ® C is the solution of

X, =[X, 53X a+ 5(X gy —i(iX_(4-1)")]
Xz = [X,Me(Xa) + 5(X g1y +i(iX_(a-1))")]

with X (0) = V. (Since X4 = B takes values in g_;, we necessarily have d = 1 mod k.)

(PF2) Let ¢ : C — G/K be a primitive map. Let d be a non-negative integer. Then ¢ has type d if
and only if there exists some V(\) = Zfzid Vil € (Ag)s ® C such that F(z,A\) = (exp 2A9"1V(\))y
is a solution of (A,) corresponding to ¢, and X = F~1VF is of the form X = Zf:_d XA

From a primitive map of finite type, we obtain harmonic maps into symmetric spaces by the method
of Chapter 21, section IV. These harmonic maps are not necessarily of finite type. Hence, primitive
maps of finite type provide a significant generalization of harmonic maps of finite type.

We have insisted that ¢ be an automorphism of order greater than two, so far. If ¢ has order two,
and we consider harmonic maps C — G/K instead of primitive maps, then there are two possible
definitions of “finite type”. On the one hand, we may immerse G/K into G via the Cartan embedding,
and then use (HF1) or (HF2). On the other hand, we may modify (PF1) or (PF2), replacing “primitive”
by “harmonic”. It can be shown (by using the method of 5.4 of Burstall and Pedit [1994]) that these
definitions are equivalent. This remains true’ if we impose the reality condition.

Bibliographical comments.

See the comments at the end of Chapter 25.

"Note, however, that the definition of finite type in Burstall and Pedit [1994] requires X to be based, as well as real.
With this more restrictive definition it is clear that (HF2) implies (PF2), but not vice versa.
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Chapter 25: Application: Harmonic maps from 7?2 to 52

Harmonic maps C — G or G/ K of finite type, like harmonic maps of finite uniton number, are rather
special. However, all harmonic maps which extend to S? = C U oo are of finite uniton number, and
these constitute a very significant class of examples. Other significant examples are the harmonic maps
which are doubly periodic, i.e., which factor through a torus 72 = C/L, where L is a lattice of rank
2 in C. For certain G/K, it turns out that all harmonic maps T> — G/K are either of finite uniton
number or of finite type (or, more generally, obtained from primitive maps of finite type by the method
of Chapter 21). The fundamental example of this phenomenon is provided by G/K = SU,/S! = S2.
In this chapter we sketch the theory for this case.

I. Conformal and nowhere conformal maps 72 — S2.

Let 0 : SUy — SU, be the involution given by conjugation by (1 ) . Then (SUs), = St and

-1
the symmetric space SUs/(SUz), may be identified with S2.

Let ¢ = [¢)] : C — SU,/S* be a harmonic map, with ¢ : C — SUs. From Chapter 18 we know that
Y(z) = F(z,1), for some solution F': C — (ASUs), of (A,).

We shall assume that ¢ factors through T? = C/L. The main difficulty we face is that F does
not necessarily factor through T2. (This is in contrast with the situation for maps which extend to
S? = C U oo — see the bibliographical comments for Chapters 16-17.) Indeed, it can be shown that
(there exists a solution F such that) F' factors through T2 if and only if ¢ has finite uniton number. In
that case the theory of Chapter 20 applies, and ¢ must be holomorphic or anti-holomorphic (in other
words ¢ is a meromorphic function on T2, i.e., an elliptic function).

We shall begin with some general remarks on (smooth) maps ¢ = [¢)] : C — S2. Such a map is
said to be conformal if (dp(£),dp(L)) = 0, where ( , ) is the C-linear extension of the standard
Riemannian metric on S2. This condition is equivalent to the condition (m(v~11,), 7(y~19.)) = 0,
where ( , ) now denotes the Killing form of slyC, and where 7(¢»~!4),) means the component of ¢t
in the (—1)-eigenspace of o on sl;C.

The relevance of the torus 72 comes from the following well known fact:
Proposition. If ¢ : C — S? is a harmonic map which factors through the torus T2, then either

(dgb(a%),dqb(%)} 15 1dentically zero or it is never zero. In other words, either ¢ is conformal or it is
nowhere conformal.

Sketch of the proof. 1t follows from the harmonic map equation that
(Z, W) — (do(Z), dp(W))

defines a holomorphic section of the bundle (TT?%)* ® (TT?)* (see (4.7) of Eells and Lemaire [1988]).
This bundle is (holomorphically) trivial, as T? is a complex Lie group. Since T2 is also compact, any
holomorphic section is either identically zero or never zero. M

These two kinds of behaviour can be expressed in more familiar form:

Proposition.
(1) A harmonic map C — S? is conformal if and only if it is holomorphic or anti-holomorphic.

(2) A harmonic map C — S? is nowhere conformal if and only if it corresponds to a solution of the
2DTL for SUs (via the construction of Chapter 21).
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Proof. We have ¢ = [1)] where
W(w_lwz) = (S g) .

Since the Killing form of sl,C is given (up to a constant) by (A, B) = trace AB, we have

(m(p™p,), m(p™14p,)) = constant x uw.

The map ¢ is conformal if and only if u or v is identically zero; this means that ¢ is holomorphic or
anti-holomorphic.

The map ¢ is nowhere conformal if and only if both v and v are never zero. By the proof of the
previous proposition, we can assume that uv is constant, and in fact that uv = 1. On replacing 1 by

&—w(eﬁp

e~ V-1 p) ’
where p is a positive real-valued function on C (to be specified later), we obtain

17 0 ue=2V-1p
T~ 1.) = (u—162ﬁp 0 ) :

(This operation does not change ¢.) If u = beV=1e with a,b real and b > 0, then we choose p=a/2.

We obtain )
ﬂ-(l/;_l,&z) - (b91 0) 9

with b > 0. Thus, condition (T) of Chapter 13 is satisfied, so ¢ gives a solution of the 2DTL. W

II. Nowhere conformal maps 72 — S? are of finite type.

To prove that a harmonic (or primitive) map ¢ is of finite type, it is necessary to produce a “vector
field” X : C — (Ag), ® C satisfying certain conditions. This vector field can be interpreted as a special
kind of tangent vector at F' : C — (AG),, where F' is a solution of (A,) corresponding to ¢. To see
this, consider any (smooth) family F} of solutions to (A, ), with Fy = F. It is reasonable to interpret
the map

X=F"4F]|,:C — (Ag),

as a tangent vector to F'. Observe that

X, =-F '"FF ' AFlo+ F 4 (F).|

and
LET N R o= —F LR F ' F, + FTL4(F). .

Subtracting these equations, we obtain

X, =[X,F'E]+ LF 7 (E):o.

Motivated by this, and following Pinkall and Sterling [1989]; Ferus et al. [1992]; Burstall et al. [1993],
we say that a map X : C — (Ag), ® C is a Jacobi field (for F) if it satisfies the system
(J) X, — [X,F'F.] = linear in +
X: — [X,F7'F.] = linear in \.
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We say that X is a Killing field (for F') if it satisfies the system

(K) X, - [X,F'E]

0
X:—[X,F'F]=0.

Thus, to prove that a map is of finite type, we need a Killing field which is a finite polynomial in A\ and
AL

The strategy for finding such a polynomial Killing field depends on the following result (see §4 of
Ferus et al. [1992)):

Lemma. Let Y =Y .. Y\ :T? = (Ag), ® C be a formal Killing field for F, with N > 0. Then
there exists a polynomial Killing field X for F.

Proof. We have

F'F,=A+iB
F'F, =C+\D

as usual. The hypothesis on Y means that

Y, - [Y,A+1B]=0
Y; —[Y,C +AD] =0

in the sense that the coefficients of A\ in each equation are zero, for all i.

Let Y<o = ZngN Y; A\ and let Yo = Y is0 Y;\¢. Consider the linear operators

L':Y+— W = Y<). — [Y<0, A+ %B]

L":Y — W"=(Y<)s — [Y<0,C + AD].

(If Y € Ker L' N Ker L, then Y<( is a polynomial Killing field.) We claim that W', W satisfy the
following equations:

(i) W' = (Yp). — [Yo, A], W' = =A[Yy, DJ.

(Proof: Substituting Y = Y<( + Y5 into the definition of Killing field, we obtain W’ = (Y<q). —
[Y<0, A+ %B] = —(Y>0), + [Y>0,4 + %B] Comparing coefficients of \’, we see that W' has only a
constant term, which must be (Yy), — [Yo, A]. A similar argument with W gives the second formula.)
(i) WL — W/ = [W',C+ AD] — [W", A+ {B].

(Proof: This follows directly from the definitions of W’, W” | together with the zero-curvature equation
for A+ +B, C+AD.)

Substituting (i) into (ii), and comparing coefficients of A\°, we find that Y, satisfies a second order
elliptic partial differential equation. Since T is compact, we deduce that the images of L’ and L” must
be finite dimensional.

On the other hand, we obtain an infinite sequence of linearly independent formal Killing fields by
taking A%Y with k; < ks < .... It follows that some non-trivial linear combination of these must be
in the intersection of the kernels of L’ and L”. This gives the required polynomial Killing field X. W
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We shall apply this to the case of a nowhere conformal harmonic map ¢ : T? — S2. From section I,
we know that ¢ corresponds to a solution wq, w; of the 2DTL, or a periodic harmonic sequence fy, f1
(of period 2). This allows us to write ¢ = [¢)] where

y=PD7, P=(j, fl),D:(”fO” , )
|1 f1]]

as in Chapter 21. We have
—1, [ (wo)- Woa
L G

where w; = log||f;||, and this can be re-written in the form
Y~ Y, =D'D,+D (1 1) Dt
The main task now is to find a formal Killing field Y = Ziz , Yi\" such that
Yi=D (1 1) D' Y, =2D"'D,.

This may be done by using a technique from the theory of asymptotic expansions; we refer to §4 of
Ferus et al. [1992] for the details. The lemma then gives a polynomial Killing field X = Zf:_ g XN
for some d. From the proof of the lemma, we have

X ag=Y1, X 4-1=Yo
(if we choose the differences k; — k;_; sufficiently large). This means that v is of finite type in the sense
of section IV of Chapter 24. We conclude:

Theorem (Pinkall and Sterling [1989]). Any nowhere conformal harmonic map T? — S? is of
finite type. N
I1I. Generalizations.

It follows from the formulae in section II that a nowhere conformal map ¢ : C — S? C SU, has the
property that ¢~1¢, takes values in a single orbit of the adjoint action of SL,C on slyC. This is the
key to the existence of a formal Killing field in the previous section, and leads to various generalizations.

The first result in this direction is:
Theorem (Burstall et al. [1993]). Let G be a compact semisimple Lie group (or G = U,). Let
¢ : C — G be a harmonic map such that
(i) ¢ factors through a torus T = C/L
(ii) 71, takes values in an orbit Ad(G°)E, for some semisimple element E € g ® C.
Then ¢ is of finite type (i.e., ¢ satisfies conditions (HF1) and (HF2) of Chapter 24). B

(An element E of g ® C is said to be semisimple if the linear transformation ad E' is diagonalizable.)

If ¢ is a nowhere conformal harmonic map from a torus into a symmetric space of rank 1, condition
(ii) is satisfied, and so any such map must be of finite type. (This includes the situation of maps into
S2.)

A similar generalization is possible in the case of primitive maps ¢ : C — G/K. The 2DTL provides
an example, i.e., the case of a primitive map associated to a periodic harmonic sequence:
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Theorem (Bolton et al. [1995]). Let ¢ : C — SU,41/Tny1 be the primitive map associated to a
periodic harmonic sequence, as in Chapter 21. Assume that ¢ factors through a torus T? = C/L. Then
¢ is of finite type (i.e., ¢ satisfies conditions (PF1) and (PF2) of Chapter 24). B

These results indicate that harmonic and primitive maps of finite type constitute a non-trivial class
of examples. Although the role of such maps is still rather mysterious, the situation for maps into
S™ or CP™ has been clarified considerably in Burstall [1995]; McIntosh [1995]. In the case of CP™,
this depends on a generalization of the dichotomy of conformal and nowhere conformal harmonic maps
T? — S§2 = CP'. For n > 2, we may consider the harmonic sequence fy, f1,... of a harmonic map
f=fo:T? = CP"™if fy, f1,..., fi—1 are mutually orthogonal, but fo, fi,..., f; are not, then we say
that f is i-orthogonal (Bolton et al. [1995]).

At one extreme are the (n + 1)-orthogonal harmonic maps of Chapter 21 — where the harmonic
sequence is either finite or periodic. If the harmonic sequence is finite, f is called superminimal, and
is a map of finite uniton number. (Moreover, the harmonic sequence corresponds to a primitive map
of finite uniton number.) If the harmonic sequence is periodic, f is called superconformal, and we have
just seen that the harmonic sequence corresponds to a primitive map of finite type.

At the other extreme, we have 2-orthogonal harmonic maps; these are precisely the nowhere conformal
harmonic maps (here we use the fact that the domain is a torus). These maps are also of finite type,
by the first theorem above.

It is shown in Burstall [1995] that the intermediate cases, i.e., k-orthogonal harmonic maps with
3 < k < n, also arise from primitive maps of finite type. Thus, every harmonic map from 72 to CP"™ is
either of finite uniton number, or of finite type, or arises from a primitive map of finite type. A similar
result holds for maps into S™.

(In the case n = 1, the above terminology is rather unfortunate: All harmonic maps are 2-orthogonal,
superminimal is the same as conformal, and superconformal is the same as nowhere conformall!)

Bibliographical comments for Chapters 24-25.

Harmonic maps of finite type were introduced and studied in Pinkall and Sterling [1989]; Ferus et
al. [1992]; Burstall et al. [1993]. Primitive maps of finite type were introduced in Burstall and Pedit
[1994]. Explicit numerical computations are possible for such maps, by solving the appropriate pair of
ordinary differential equations. Some examples are depicted in Pinkall and Sterling [1989].

The fact that a nowhere conformal harmonic map 7% — S? is of finite type was proved in Pinkall
and Sterling [1989]. This result was generalized to the case of maps 7% — S* in Ferus et al. [1992], by
making use of a relationship with the 2DTL for the group SOs5. The general case of doubly periodic
nowhere conformal harmonic maps into symmetric spaces appeared in Burstall et al. [1993]. Doubly
periodic solutions of the general 2DTL were treated in Bolton et al. [1995].

For results on harmonic maps of tori into CP™, see Jensen and Liao [1995]; Burstall [1995]; McIntosh
[1995].
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Chapter 26: Epilogue

I. A brief review.
From the point of view of harmonic maps, this book has addressed three principal questions:

(1) The harmonic map equation is concerned with the differential geometry of finite dimensional man-
ifolds. What does it have to do with infinite dimensional Lie groups?

(2) Given that there is a connection between harmonic maps and infinite dimensional Lie groups, do
these infinite dimensional Lie groups tell us anything new? Is this connection useful?

(3) What does this have to do with the theory of integrable systems?

As motivation, we considered a famous example, the Toda lattice. The one-dimensional finite open
Toda lattice (the 1DTL) is the following system of second order ordinary differential equations® for
q,---,qn : R— R:

q‘l = 27N
ql :eqi+1_Qi _eQi_Qi—l ’i :2,...,TL—1

q’n — eQn_Qn—l‘

In Chapters 4-8 we discussed this system in some detail. Lie groups (finite dimensional, in this case)
enter the picture because the system may be written in matrix form as a Lax equation

L =L, M.

For a given initial condition L(0) = V, the unique solution L is given by the explicit formula L =
U~'VU, where
U(t) = [exp tV];.

Here, exp tV = [exp tV]i[exp tV]s is a certain matrix factorization.

The two-dimensional periodic Toda lattice (the 2DTL) is the following system of second order partial
differential equations for w; : C — R:

Wi41—W; Wi —Wi—1

(w;).z =€ —e I € Zyw; = Wity
This was introduced in Chapters 9-10 and then studied in more detail in Chapters 13-15. The symmetry

group is now infinite dimensional, and there is no easy way to find solutions.

Our treatment of the Toda lattice was not intended to be a thorough exposition; it was a convenient
way of introducing various ideas which are useful for studying harmonic maps (our main goal). For
example, we did not mention the one-dimensional periodic Toda lattice, which is extremely interesting
as — despite apparent similarities with the finite open Toda lattice — its symmetry group is infinite
dimensional (see Adler and van Moerbeke [1980a; 1980b]; Arnold and Novikov [1994]). We restricted
our attention primarily to the Lie group SL,,C, although there is a beautiful and intricate generalization
valid for general semisimple Lie groups (Kostant [1979)]).

The harmonic map equation, for maps ¢ : C — G, where G is a compact matrix group, is the second
order partial differential equation

(67102). + (¢~ '¢2)z = 0.

8The constants have been modified in both the 1DTL and the 2DTL in this chapter. The versions used in the rest of
the book are slightly different, in order to simplify the matrix forms of the equations.
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The relevance of loop groups to this equation was discussed in Chapters 9-10, and in Chapters 16-
25 techniques from loop group theory were used to investigate harmonic maps in detail. The one-
dimensional and two-dimensional Toda lattices both play significant roles in this investigation. Solutions
of the 2DTL correspond to families of special harmonic maps (Chapter 21), and a generalization of the
1DTL gives rise to harmonic maps via the “1 + 1 = 2” principle (Chapters 23-24). In particular, both
partial differential equations in this book are examples of a single general system. We call this system

(Ag)-

II. The system (A, ).

Let G be a compact Lie group, and let AG be the free loop group of GG. Consider the following
conditions on a map F': C — AG:

-1 IRT 1
(A) F7'F, = linear in

F~1F. = linear in \

where ) is the “loop parameter”. (A priori, F~1F, is represented by a power series in ), i.e., its Fourier
series, so the requirement that this be linear is a non-trivial condition.) These two conditions are in
fact equivalent, via the conjugation operator ¢ of g ® C, but it is helpful to write down both of them.

Given a solution F' of (A), let us write explicitly

F'F,=A+iB
F7lF, =C + \D,

where A, B,C,D : C — g® C. We have C = ¢(A), D = ¢(B). It is easy to verify that the “zero-
curvature equation”

(A+ :B): — (C+ D). =[A+ +B,C + \D]

is satisfied. Conversely, if A, B,C = ¢(A), D = ¢(B) are arbitrary (smooth) functions which satisfy this
equation then there exists a solution F' of (A) such that F~'F, = A+ X !B and F~'F; = C+\D. The
coefficients of A=, A9 A\l give a collection of differential equations relating A, B, C, D. This (see Chapter
9) is the fundamental principle which relates loop group valued maps F' with solutions A, B,C, D of a
“finite dimensional” differential equation. The relevant differential equation in this case is equivalent
to the harmonic map equation, but many other important differential equations arise in a similar way.

The system (A, ) is obtained by a slight modification: We use the twisted loop group (AG), instead
of AG, where o : G — G is an automorphism of order k.

To describe this system in more detail, it is convenient to consider three separate cases:
(i) k =1 (Chapters 9,16)

In this case, o is the identity, and (AG), = AG. The zero-curvature equation is equivalent to the
equation for a harmonic map ¢ : C — G, with

A= %d)ilqﬁz =-B
C= %¢_1¢2 =-D.

More precisely, one has:

(a) Let ¢ : C — G, and let A, B, C, D be defined in terms of ¢ as above. If ¢ is harmonic, then A+\"1B
and C' + AD satisfy the zero-curvature equation.
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(b) Conversely, let A,B,C,D : C — g ® C be functions such that B = —A, C = ¢(A), D = —-C. If
A+ X"'B and C'+ \D satisfy the zero-curvature equation, then there exists a harmonic map ¢ : C — G
which is related to A, B,C, D in the above manner.

(ii) k = 2 (Chapter 18)

In this case, o is an involution on G. It determines a symmetric space G/K, where K is the fixed
point set of 0. The zero-curvature equation is now equivalent to the equation for a harmonic map
¢: C — G/K. To obtain A, B,C, D in this case, one chooses a “lifting” or “framing” of ¢, i.e., a map
1 : C — G such that ¢ = [¢)]. Then A, B,C, D are defined by

d)_lwz =A+B
¢~ =C+D

where A, C take values in the (41)-eigenspace of (the derivative of) o on g ® C, and B, D take values
in the (—1)-eigenspace. We then have:

(a) Let ¢ : C — G/K, and let A, B,C, D be defined in terms of ¢ as above. If ¢ is harmonic, then
A+ \"'B and C + AD satisfy the zero-curvature equation.

(b) Conversely, let A, B,C,D be functions (of the above type) such that C' = ¢(A), D = ¢(B). If
A+ )X"1B and C'+ \D satisfy the zero-curvature equation, then there exists a harmonic map ¢ : C — G
which is related to A, B,C, D in the above manner.

The case k = 1 may in fact be expressed as a special case of this, by considering the Lie group G
as the symmetric space G x G/A, where 0(g1,92) = (92,91) and A is the diagonal subgroup of G x G.
There is a canonical choice for ¢ here, namely ¥ = (¢, e), from which we recover the situation of (i).

(iii) £ > 2 (Chapter 21)

A similar principle applies to the case k > 2. Let g; denote the (e2mV=1i/k)_cigenspace of (the derivative
of) 0 on g® C. For a map ¢ : C — G, we define A, B,C, D by

w_lwz =A+B
¢~ =C+D

where A, C' take values in g, B takes values in g_1, and D takes values in g;.

The interpretation of the zero-curvature equation is more complicated in this case. Roughly, ¥
corresponds to a collection of harmonic maps ¢, : C — G/K,, where {G/K,}, is a collection of
symmetric spaces associated to o.

This is a generalization of the case k = 2, but there is a special feature in the present situation:
For k > 2, the zero-curvature equation for A + A™'B and C + \D is equivalent to the zero-curvature
equation for A+ B and C + D. Geometrically, the latter equation corresponds to a simple condition —
which we call (P) — on the derivative of the map ¢ = [¢)] : C — G/K, where K is the fixed point set
of 0. The homogeneous space G/K is a k-symmetric space, and a map ¢ which satisfies condition (P)
is said to be primitive. This feature is not present in the case k = 2; in fact condition (P) is vacuous
when k = 2.

The 2DTL fits into this scheme in the following way (Chapters 13, 21). Let G = SU,,+1, and let o be
the automorphism which is given by conjugation by a diagonal matrix whose diagonal entries are the
(n + 1)-th roots of unity. Then solutions of the (periodic) 2DTL correspond to solutions of the system
(A,) which satisfy an additional condition, which we call (T). Thus, solutions of the 2DTL correspond
to certain primitive maps if n > 1, and to certain harmonic maps if n = 1. These maps have a simple
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characterization (Chapters 21,25): For n > 1, we obtain collections of n + 1 harmonic maps into CP"™
which constitute a “periodic harmonic sequence”; for n = 1 we obtain “nowhere conformal” harmonic
maps.

II1. Applications of loop groups to harmonic maps.

The correspondence between harmonic maps ¢ = [¢)] and solutions F' of (A, ) introduces loop groups
into the theory of harmonic maps. In the terminology of Uhlenbeck [1989] (for k = 1), F' is called an
extended harmonic map, or an extended solution. In the terminology of Burstall and Pedit [1994] (for
k > 2), F is called an extended framing. Whereas ¢ is a function of z € C, the extended map F' can be
regarded as a function of z € C and A € S'. Given a solution F of (A,), a corresponding harmonic map
¢ = [¢] is obtained by setting A = 1, i.e., ¥(2) = F(z,1). (For k = 1, the formula is ¢(z) = F(z, —1),
because of the identification G =2 G x G/A.) On the other hand, the reverse construction (of F' from
¢) is non-trivial, and there is no simple formula. Thus, the “hidden” parameter A may be expected to
reveal intimate properties of the harmonic map ¢ — and it does.

Harmonic maps of finite uniton number: The simplest situation occurs when the Fourier series of
F(z,\) has finitely many terms, i.e., it is “algebraic” in A. The highest power of ) is called the uniton
number; the corresponding harmonic maps are said to have finite uniton number. All harmonic maps ¢
which extend to the sphere 2 = CUoc are of this kind. The basic theory of such maps was established
in Uhlenbeck [1989]. The loop group point of view was established in Segal [1989].

For G = U,,, the main results are:
(i) the maximum value of the uniton number is n — 1, and

(ii) a solution F' of uniton number k is given by an explicit “Weierstrass formula” of the form

)\kl 1 —1 )\kl
F(z,\) = |exp Z Ci(2)\!
Men i=0 \Fn
1
where Cy,...,Ck_1 are meromorphic matrix-valued functions, and £ = k; > --- > k,, = 1. Similar

results hold for harmonic maps S? — Gr;(C"™). An introduction to these results was given in Chapters
16-20 and 22. For further details, and for results on more general compact Lie groups or symmetric
spaces, see Burstall and Guest [preprint].

Our discussion was based on geometrical versions (Gr), (F1) of the systems (A), (A,). We introduced
a useful technical tool, namely the Bruhat decomposition of the algebraic Grassmannian Gr(™-2# (for
maps S? — U,), or the algebraic flag manifold F 17(177,_)?’1]5 (for maps S? — Grp(C™). By way of illustration,
we used this to give a new proof of the classification of harmonic maps S? — CP™. We also obtained
estimates of the uniton number, and explicit Weierstrass formulae, this way.

Harmonic maps of finite type: The other main class of solutions F'(z, \) that we consider is the class
consisting of harmonic maps of finite type. In this case F' is no longer assumed to have a finite Fourier

series, but it is given in terms of a finite series V/(\) = Z?:_ 4 Vi)' by a factorization formula

F(z,\) = [exp 2A¥ 'V (\))1.

Here, each V; is independent of z (and ). The corresponding harmonic map ¢ = [¢] is said to be of
type d. Harmonic maps of finite type were introduced in Pinkall and Sterling [1989]; Ferus et al. [1992];
Burstall et al. [1993].

The most significant feature of such maps is that they can be constructed by combining two inde-
pendent solutions of Lax equations, each of which is similar to the 1IDTL (Chapters 23-24). Each Lax
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equation is defined on a finite dimensional subspace of a loop algebra, and is therefore amenable to
explicit computation.

Finally, in Chapter 25, we sketched the theorem of Pinkall and Sterling [1989] that any harmonic
map from a torus to S? is either of finite uniton number or of finite type. As in the case of harmonic
maps of finite uniton number (see the bibliographical comments for Chapter 17), compactness of the
domain is an essential ingredient.

It can be seen from this that loop groups provide a powerful tool for the study of harmonic maps. In
fact, all known results on the classification problem may be accounted for by loop theoretic methods;
and even in those cases where more traditional differential geometric methods are applicable, loop
groups provide a unifying approach.

IV. Further developments.

Despite the successes of loop group techniques, the classification problem for harmonic maps from
compact Riemann surfaces into compact Lie groups or symmetric spaces is far from solved. The case
of a Riemann surface of genus 0 (i.e., the sphere) is quite well understood, there are results for special
target spaces in the case of genus 1, but there are no classification results at all® for surfaces of genus
greater than 1.

It seems likely that the theory of integrable systems will contribute to further progress. In this
section we indicate some current directions of research which may justify this prediction.

The solutions of all differential equations considered in this book have a striking common feature:
They are all of the form
X = [exp Xo|J1

where X represents initial data of some kind, and where the suffix 1 means that a factorization is to
be performed. (Similar formulae are known for other important integrable systems as well.) There is
some evidence that this phenomenon will extend to harmonic maps of Riemann surfaces of arbitrary
genus. Namely, it is shown in Dorfmeister et al. [in press] that a solution'® F of (A,) corresponding to
any such harmonic map must have the form

F=[H]

where H is a meromorphic (matrix-valued) function. Understanding the precise nature of H in this
generalized “Weierstrass formula” seems to be an interesting problem.

A related matter is the idea of dressing transformations for integrable systems. We have so far
discussed dressing transformations for the 2DTL and the harmonic map equation without making
any concrete applications (except for the very special dressing transformations used in Chapter 20).
However, it is obvious that these dressing transformations are relevant to the study of the space of
solutions. In Guest and Ohnita [1993]; Furuta et al. [1994] some applications are given for spaces of
harmonic maps of finite uniton number. In Dorfmeister and Wu [1993]; Wu [1993]; Burstall and Pedit
[1994], dressing orbits of harmonic maps of finite type are studied. The space of harmonic maps seems
to be a rather complicated object, and only partial results are known at this time (even in the case of
genus 0).

There is a well known method in the theory of integrable systems, which can be used to study
harmonic maps of finite type. It is the method of “spectral curves”. For a harmonic map of finite type
with associated polynomial Killing field X (z, A), consider (for each fixed z) the algebraic curve

det(X(z,\) —pul) =0

9There are several non-trivial examples; see the introduction to Burstall et al. [1993].
10Tn this case, F': U — (AG)s, where U is the universal cover of the Riemann surface.
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in the (A, u)-plane. Because X satisfies a Lax equation, this curve is in fact independent of z; it is called
the spectral curve of the harmonic map. The “spectral parameter” A\ thus acquires true geometrical
significance, which opens up a new (algebraic geometrical) direction for the study of harmonic maps.

For general information on this method, and the concept of “algebraically completely integrable
systems”, we refer to Perelomov [1990]; the article of Dubrovin, Krichever and Novikov in Arnold and
Novikov [1990]; Arnold and Novikov [1994]; Mulase [1994]. The theory has been applied to harmonic
maps in Pinkall and Sterling [1989]; Hitchin [1990]; Bobenko [1991]; Ferus et al. [1992]; McIntosh [1995],
although this area is still very much under development.

Using this method, the “factorization of exponentials” formulae discussed earlier can be expressed
much more explicitly in terms of #-functions. In addition, there is some hope that harmonic maps of
finite type can be completely classified in terms of “spectral data” (McIntosh [1995]).

It remains to mention briefly one other direction. There is a close connection between soliton theory
and harmonic maps, if one replaces the Riemannian manifold C = R? by the Lorentzian manifold
R (Pohlmeyer [1976]; Beggs [1990]; Gu and Hu [1993]). It is shown in Terng [in press] how such
harmonic maps can be accommodated in the Adler-Kostant-Symes framework, by using a loop algebra
of a Kac-Moody Lie algebra. This should strengthen even further the connection between harmonic
maps, loop groups, and integrable systems.
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