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Abstract

Extending the Faulhaber's formula, the Bernoulli polynomials and the Eulerian
polynomials, we study the multi-indexed harmonic sums and polylogarithms. Our
techniques are based on the combinatorics of the noncommutative generating series
in the quasi-shu�e1 Hopf algebra.

1 Introduction

In this paper, in order to implement the renormalization of the following divergent polyze-
tas [11, 12, 6] ∑

n1>...>nr>0

ns11 . . . nsrr , for s1, . . . , sr ∈ N,

we study, via the combinatorics of noncommutative generating series in the Hopf quasi-
shu�e algebra [9, 10], the relations among harmonic sums and polylogarithms, indexed by
the words ys1 . . . ysr belonging to the monoid Y ∗0 , generated by the alphabet Y0 = {yk}k≥0
and among their noncommutative generating series. They are de�ned as follows

H−ys1 ...ysr
(N) :=

N∑
n1>...>nr>0

ns11 . . . nsrr and Li−ys1 ...ysr
(z) :=

∑
n1>...>nr>0

ns11 . . . nsrr z
n1 ,

where r,N ∈ N+ and z ∈ C such that |z |< 1. In particular, for r ∈ N+, we have

H−yr0
(N) =

(
N

r

)
and Li−yr0

(z) =

(
z

1− z

)r

.

Let us introduce also the following noncommutative generating series2, for t ∈ C,

H−(N) :=
∑
w∈Y ∗0

H−w(N) w and Θ(t) :=
∑
w∈Y ∗0

t(w)+|w|w =

(∑
y∈Y0

t(y)+1y

)∗
, (1)

L−(z) :=
∑
w∈Y ∗0

Li−w(z) w and Λ(t) :=
∑
w∈Y ∗0

((w)+ |w |)!t(w)+|w|w, (2)

C− := 1Y ∗0 +
∑

w∈Y0Y ∗0

C−w w, where C−w :=
∏

w=uv,v 6=1Y ∗0

1

(v)+ |v |
. (3)

1The quasi-shu�e product is denoted by and its coproduct by ∆ .
2We denote the length and the weight of w = ys1 . . . ysr ∈ Y ∗0 by the numbers |w |= r and (w) =

s1 + . . .+ sr, respectively.
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2 Main results

For harmonic sums, we de�ne, �rstly, the multiple Bernoulli polynomials

{Byn1 ...ynr
}n1,...,nr∈N by their commutative exponential generating series as follows∑
n1,...,nr∈N

Byn1 ...ynr
(z)

tn1
1 . . . tnr

r

n1! . . . nr!
=
t1 . . . tre

z(t1+...+tr)

r∏
k=1

(etk+...+tr − 1)

, for z ∈ C,

or by the following di�erence equation, for n1 ∈ N+,

Byn1 ...ynr
(z + 1) = Byn1 ...ynr

(z) + n1z
n1−1Byn2 ...ynr

(z).

For any w ∈ ysY ∗0 , s > 1, we have Bw(1) = Bw(0). Then let us de�ne also3 bw := Bw(0)
and βw(z) := Bw(z)− bw. In the same way, for polylogarithms, we extend the Eulerian
polynomials [5] as follows, for any w ∈ Y ∗0 ,

A−w(z) :=



1 if w = y0,
s1−1∑
k=0

As1,kz
k if w = ys1 ∈ Y0 − {y0},

s1∑
i=0

(
s1
i

)
A−yi(z)A

−
ys1+s2−iys3 ...ysr

(z) if w = ys1 . . . ysr ∈ Y0Y ∗0 , z ∈ C,

where As1,k are Eulerian numbers. We obtain then the following results

1. For any w ∈ Y ∗0 , N ∈ N+ and z ∈ C such that | z |< 1, Li−w(z) and H−w(N) are
polynomials, with rational coe�cients on (1−z)−1 and N respectively, of valuation
1 and of degree (w) + |w|. Moreover,

lim
N→+∞

H−w(N)

N (w)+|w| = lim
z→1

(1− z)(w)+|w|

((w)+ |w |)!
Li−w(z) = C−w ∈ Q.

2. For any n1, . . . , nr, N ∈ N+, we have
4

βyn1 ...ynr
(N) =

r∑
k=1

(

k∏
i=1

ni)bynk+1
...ynr

H−yn1−1...ynk−1
(N − 1),

H−yn1 ...ynr
(N) =

βy(n1+1)...y(nr+1)
(N + 1)−

r−1∑
k=1

b
′
y(nk+1+1)...y(nr+1)

βy(n1+1)...y(nk+1)
(N + 1)∏r

i=1(ni + 1)
. (4)

where b
′
nk

= bnk
and b

′
nk...nr

= bnk...nr−
r−1−k∑
j=0

bnk+j+1...nrb
′
nk...nk+j

for any 1 ≤ k ≤ r.

3The number bw is also called multiple Bernoulli number which di�er from those de�ned in [3, 8] or
in [11, 12].

4The identity (4) extends the Johann Faulhaber's formula (obtained for r = 1) [4].
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3. For any w = ys1 . . . ysr ∈ Y ∗0 , we get on the one hand5

Li−w(z) = (θs1+1
0 ι1) . . . (θ

sr−1+1
0 ι1) Li−ysr (z) =

(
z

1− z

)|w| A−w(z)

(1− z)(w)
,

and on the other hand

(a) If r = 1, then we have Li−ys1
(z) =

s1∑
k=1

S2(s1, k)k!
zk

(1− z)k+1
, where

{S2(s1, k)}1≤k≤s1 are the Stirling numbers of second kind. Hence,

∀k ∈ N+,
1

(1− z)k
=

(−1)k+1

1− z
+

k∑
j=2

(−1)k+jS1(k, j)

k!
Li−yj−1

(z),

where {S1(s1, k)}1≤k≤s1 are the Stirling numbers of �rst kind.

(b) If r > 1 then Li−ys1 ...ysr
(z) =

(
z

1− z

)|w| s1+...+sr∑
i=r

s1...+sr−1∑
j=0

li,j
zi−1−j

(1− z)i
, where

for r ≤ i ≤ s1 + . . .+ sr and 0 ≤ j ≤ s1 + . . .+ sr−1, li,j are de�ned as follows,

lij =
∑

1≤kt≤st
k1+...+kr=i

(
r∏

n=1

(kn!S2(sn, kn))

) ∑
0≤tm≤km;∀m=1,...,r−1

t1+...+tr−1=j

r−1∏
p=1(

kr + . . .+ kr−p+1 + p− tr−p+1 − . . .− tr−1
tr−p

)(
kr−p + tr−p+1 + . . . tr−1

kr−p − tr−p

)
.

4. The noncommutative generating series H− and C− are group-like, for ∆ , and6

lim
N→+∞

Θ�−1(N)�H−(N) = lim
z→1

Λ�−1((1− z)−1)� L−(z) = C−.

5. There is a law of algebra > which is not dualizable in Q〈Y0〉 [7] such that the
following maps are surjective morphisms of algebras

H−• : (Q〈Y0〉, ) −→ (Q{H−w}w∈Y ∗0 , .), w 7−→ H−w ,

Li−• : (Q〈Y0〉,>) −→ (Q{Li−w}w∈Y ∗0 , .), w 7−→ Li−w .

Moreover, ker H−• = ker Li−• = Q〈{w − w>1Y ∗0 |w ∈ Y
∗
0 }〉.

6. Let >′ : Q〈Y0〉×Q〈Y0〉 −→ Q〈Y0〉 be a law such that Li−• is a morphism for >′ and
such that (1Y ∗0 >

′Q〈Y0〉) ∩ ker(Li−• ) = {0}. Then >′ = g ◦ > where g ∈ GL(Q〈Y0〉)
such that Li−• ◦g = Li−• .

7. {H−yk}k≥0 (resp. {Li−yk}k≥0) are Q− linearly independent.

5Here, we use the operators over polylogarithms θ0 : g(z) 7−→ z
d

dz
g(z) and ι1 : g(z) 7−→

∫ z

0

g(t)dt

1− t .
6Here, the Hadamard product is denoted by � and its dual law is denoted by ∆�. The inverses of Θ

and Λ, for the Hadamard product [13], are denoted respectively by Θ�−1 and Λ�−1 (their coe�cients
do not vanish). One obtains then an Abel like theorem for the noncommutative generating series given
in (1),(2) and (3).
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