
Communications in Physics, Vol. 31, No. 3 (2021), pp. 269-277
DOI:10.15625/0868-3166/15782

HARNESSING DARK ENERGY IN FIVE-DIMENSIONAL
BRANS-DICKE UNIVERSE

KOIJAM MANIHAR SINGH1,? AND KANGUJAM PRIYOKUMAR SINGH2,3,†

1School of Engineering and Technology, Mizoram University
Aizawl -796004, India

2Department of Mathematics, Manipur University,
Canchipur, Imphal -795001, India

3Department of Mathematical Sciences, Bodoland University,
Kokrajhar, Assam-783370, India

E-mail: ?drmanihar@rediffmail.com; †pk mathematics@yahoo.co.in

Received 24 December 2020
Accepted for publication 2 April 2021
Published 18 April 2021

Abstract. In trying to explain the present accelerated expansion of the universe in the light of a
five-dimensional Brans-Dicke theory, it is found that the fifth dimension itself here acts as a source
of dark energy. It may be taken as a curvature-induced form of dark energy, in one case of which it
behaves similar to that form of dark energy arising out of the cosmological constant which is the
most commonly accepted form of dark energy. It is also found that this new type of dark energy is
free from big rip singularity and may be taken as a viable form of dark energy which can explain
some of physical mysteries of the universe.
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I. INTRODUCTION

Using extra dimensions beyond the existing four-dimensional space-time, some researchers
investigated new gravitational theories unifying gravity with other forces of nature. Mention
may be made of Nordstrom [1] who investigated a unified theory based on extra dimensions and
Kaluza [2] and Klein [3] theory in which a five-dimensional relativity theory was established in
which an extra fifth dimension gives rise to electrodynamics. Some other researchers are also
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found to be performed on similar foundations either via different mechanism of compactifica-
tion of extra dimension or generalizing it to non-compact scenerios [4] such as brane-world the-
ories [5], the space-time-matter or induced-matter (IM) theories [6, 7] and higher dimensional
cosmology [8], Compbell-Magaard theorem has great significance on these theories as the theo-
rem asserts that every analytical N-dimensional Riemannian space can be locally embedded in an
(N+1)-dimensional vacuum one [9–13]. It can be inferred from this theorem that matter sources
of 4D space- times can be taken as a manifestation of extra dimensions. Thus 5D field equations
without matter sources can be reverted back to 4D field equations with matter sources. In this
way the extra-dimension itself can manifest as some kind of matter source. In compactification
of extra curved dimensions it can be expected to have a higher dimensional energy- momentum
tensor or a scalar field. It has been obtained by some workers, namely Singh et al. [14], Vish-
wakarama and Singh [15], that a geometrically originated dark energy caused by an addition of a
brane curvature scalar term in the action can explain the present accelerated expansion of the uni-
verse. Aguilar et al. [16] showed that 5D vacuum Brans-Dicke (B-D) equations, when reduced to
four dimensions give a modified version of the four-dimensional B-D theory with an induced po-
tential, by making investigation on a 5D vacuum Brans-Dicke theory based on the idea of induced
matter theory. It is sometimes desirable to have a higher dimensional energy-momentum tensor or
a scalar field, for example, in compactification of the extra curved dimensions [17], even though
one of the aims of higher dimensional theories is to obtain 4D matter from pure geometry. In the
light of induced-matter theory, Bahrehbakhsh et al. [18] studied the cosmological implications of
a five-dimensional B-D theory and tried to explain the acceleration of the universe.

Dark energy, which is assumed to be the cause of the present accelerated expansion of the
universe, was studied in different forms by different workers. The important forms of dark energy
investigated are quintessence, K-essence, f-essence, cosmological constant, tachyon, phantom,
chaplygin gas and its generalisations, branes, cosmological nuclear energy, quinton, chameleon,
holographic dark energy. And some of the works that(worth mentioning) may be mentioned in
these fields are those researcher [19–49]. Mahanta et al. [50], studied the different candidates of
dark energy. Manihar and Priyokumar [51] obtained a model universe consisting partly of quintes-
sence form of the dark energy and partly of cosmological constant form of dark energy and studied
the present state of universe. In one of their papers [52] obtained the possibility of cosmic time
going back in some universe dominated by dark energy. Manihar and Priyokumar [53], Manihar et
al. [54] obtained also some models of the universe containing dark energy with interesting results
and properties. Manihar and Mahanta [55] obtained as a result of their investigation(study) that
there is high possibility of the energy produced from the neutrinos might constitute to the dark
energy prevalent in this universe.

Here considering a five-dimensional BD theory in the Jordan frame, we study the contribu-
tion of the fifth dimension to our traditional four-dimensional universe. Though the fifth dimension
seems to shrink with time, it is found that it acts as a source of dark energy which plays a great
role in producing the accelerated expansion of the universe. This may be treated as a form of
curvature-induced energy which is already accepted and worked upon by some investigators and
we get some interesting results from such types of interactions.
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II. FIELD EQUATIONS AND THEIR SOLUTIONS

We define the action of five-dimensional B-D theory in the Jordan frame as

S[gAB,φ ] =
∫ √

g(5)(φ(5)R−
ω

φ
gAB

φ,Aφ,B +16πLm)d5x, (1)

where c = 1, A,B = 0,1,2,3,4, R is the five dimensional Ricci scalar, g(5) being the determinant of
the metric coefficients gAB. Here φ represents scalar field that describes the gravitational coupling
in five dimensions, Lm being the matter Lagrangian and a dimensionless coupling constant. Now
from (1) we get the field equations

GAB(5) =
8π

φ
TAB(5) +

ω

φ 2 (φ,Aφ,B−
1
2

gABφ
,c

φ,c)+
1
φ
(φ;AB−gAB�φ(5)) (2)

and

�φ(5) =
8π

4+3ω
T(5), (3)

where GAB(5) is five dimensional Eienstein tensor, TAB(5) is the five-dimensional energy-momentum
tensor. Here, T ≡ T c

c and 2φ ≡ φ A
;A. In this case TAB(5) represents the baryonic and dark matter

sources of a four-dimensional hypersurface. Thus here it can been seen that the energy-momentum
tensor TAB(5) = diag(ρM,−pM,−pM,−pM,0) where ρM and pM are respectively the energy density
and the pressure of matter. Here we consider the five-dimensional metric

ds2 =gAB(xc)dxAdxB = gµν(5)(x
c)dxµdxν +g44(xc)dy2

≡gµν(5)(x
c)dxµdxν + εb2(x

c
)dy2

(4)

in the co-ordinate system xA = (xi,y), where y represents the fifth coordinate and ε2 = 1. Making
the assumption that 5D space-time foliated by a family of hypersurfaces, say ∑, which are defined
by fixed values of y, we can get the metric intrinsic to every generic hypersurface, for example,
∑0(y = y0) by restricting the line element (4) to displacements confined to it. In this way the
induced metric on the hypersurface ∑0 can be taken as

ds2 = gµν(5)(x
α ,y0)dxµdxν ≡ gµνdxµdxν (5)

so that in this way the usual 4D space-time metric gi j can be recovered. Then equation (2) on the
hypersurface ∑0 takes the form

Gαβ =
8π

φ
[T (H)

αβ
+T (D)

αβ
], (6)

with T (D)
αβ

being the dark energy component of the energy-momentum tensor defined as

T (D)
αβ
≡T (IM)

αβ
+T (φ)

αβ
+

ω

8πφ
(φ,αφ,β −

1
2

gαβ φ
,σ

φ,σ )

+
1

8π
(φ;αβ −gαβ2φ)

(7)
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where we take, analogous to the IM theory,

T (IM)
αβ
≡ φ

8π

{
b;αβ

b
− 2b

b
gαβ

− ε

2b2

[
b′

b
g′

αβ
−g′′

αβ
+gµνg′αµg′

βν
− 1

2
gµνg′µνg′

αβ

−gαβ

(
b′

b
gµνg′µν −gµνg′′µν −

1
4

gµνgi jg′µνg′i j−
3
4

g′i jg′i j

)]}
(8)

and

T (φ)
αβ
≡− ε

8πb2

[
gαβ{φ ′′+

(
1
2

gµνg′µν −
b′

b
+

ωφ ′

2φ

)
φ
′+ εbb,µφ

,µ}− 1
2

g′
αβ

φ
′
]
, (9)

where the prime denotes the derivative with respect to the fifth coordinate. Here in our problem
we consider a generalized five-dimensional universe with the metric

ds2 =−dt2 +a2(t)
[

dr2

1− kr2 + r2(dθ
2 + sin2

θdφ
2)

]
+b2(t)dy2. (10)

Considering the physical feasibility it is assumed that the hypersurface - orthogonal space-like
is a killing vector field in the underlying five-dimensional space-time. In the compactified extra
dimension scenarios, all fields can be Fourier -expanded around the fixed value. y0, thereby getting
the observable terms independent of y which means that the physics would be independent of the
compactified fifth dimension. Here we obtain the Brans-Dicke equations to the metric (10) as(

ȧ
a

)2

=
8π

3φ
ρM +

ω

6
(
φ̇

φ
)2− ȧḃ

ab
+

φ̈

3φ
− k

a2

+
8π

3φ
ρM +

ω

6
(
φ̇

φ
)2− ȧḃ

ab
+

φ̈

3φ
− k

a2 =
8π

3φ
(ρM +ρD)−

k
a2

(11)

(
ä
a

)
=− 4π

φ
pM−

1
2
(
ȧ
a
)2− ω

4
(
φ̇

φ
)2 +

1
2
(
ȧφ̇

aφ
)− ȧḃ

ab
− b̈

2b
− k

2a2

− 4π

φ
pM−

1
2
(
ȧ
a
)2− ω

4
(
φ̇

φ
)2 +

1
2
(
ȧφ̇

aφ
)− ȧḃ

ab
− b̈

2b
− k

2a2

=− 4π

3φ
[(ρM +ρD)+3(pM + pD)]

(12)

ä
a
=−( ȧ

ȧ
)2− ω

6
(
φ̇

φ
)2 +

1
3
(
ḃ
b
)(

φ̇

φ
)− k

a2 (13)

Also (3) gives
φ̈

φ
+3(

ȧ
a
)(

φ̇

φ
) =

8π(ρM−3pM)

(4+3ω)φ
− ḃ

b
φ̇

φ
(14)
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And from (11) and (12), we see that the energy density ρD and pressure pD of dark energy as

ρD =
φ

8π

[
ω

2
(
φ̇

φ
)2−3(

ȧ
a
)(

ḃ
b
)+

φ̈

φ

]
(15)

pD =
φ

8π

[
ω

2
(
φ̇

φ
)2− (

ȧ
a
)(

φ̇

φ
)+2(

ȧ
a
)(

ḃ
b
)+

b̈
b

]
. (16)

Thus here the equation of state of dark energy is obtained as

ωD =
pD

ρD
=

ω

2 (
φ̇

φ
)2− ( ȧ

a)(
φ̇

φ
)+2( ȧ

a)(
ḃ
b)+

b̈
b

ω

2 (
φ̇

φ
)2−3( ȧ

a)(
ḃ
b)+

φ̈

φ

. (17)

And the energy conservation equation for the dark energy gives

ρ̇D +3(
ȧ
a
)(ρD + pD) = (

φ̇

φ
)ρD−Q (18)

where Q is the interaction term between matter(including dark matter) and dark energy. Now
equation (13) can be separated into two parts as

ä
a
+(

ȧ
a
)2 +

k
a2 = z (19)

and

− ω

6
(
φ̇

φ
)2 +

1
3
(
ḃ
b
)(

φ̇

φ
) =−z, (20)

where z is a separation constant. In the limiting case when z = 0 we get

a = (ct− kt
2
)

1
2 (21)

and
φ = b0b

2
ω (22)

where c and b0 are arbitrary constants. Thus from (11) we obtain

8π

3φ
ρM = (

ȧ
a
)2− ω

6
(

2ḃ
ωb

)2 +(
ȧ
a
)(

ḃ
b
)− 2

3ω
(

2
ω
−1)(

ḃ
b
)2− 2

3ω
(
b̈
b
)+

k
a2 (23)

And (12) gives

4π

φ
pM =

1
2
(
ȧ
a
)(

2ḃ
ωb

)− ä
a
− 1

2
(
ȧ
a
)2− ω

4
(

2ḃ
ωb

)2− (
ȧ
a
)(

ḃ
b
)− b̈

2b
− k

2a2 (24)

Now making use of (23) and (24) in (14) we get

b =

[(
2+ω

ω

){
4k

1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)−1
2
+ c2

}] ω

ω+2

(25)

Again

ωD =
( 2

ω
+1)( ḃ

b)
2 +2(1− 1

ω
)( ȧ

a)(
ḃ
b)+

d
dt (

ḃ
b)

( 2
ω
+ 4

ω2 )(
ḃ
b)

2−3( ȧ
a)(

ḃ
b)+

2
ω

d
dt (

ḃ
b)

(26)
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Thus we see that

ωD =
ω

2
for ω =−2,

2
3
. (27)

Therefore ωD =−1 when ω =−2 and ωD =
1
3

when ω =
2
3

.
Again in this problem

φ = b0

[(
2+ω

ω

){
4k

1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)−1
2
+ c2

}] 2
ω+2

. (28)

The deceleration parameter due to the fifth dimension is given by

qb =−1− c−1
1 k

3
2

(
ω

ω +2

)−1

t
3
2

(c
k
− t
) 3

2

[
3
{

4k
1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2

+c2

}(
t− c

2k

)(ct
k
− t2

)−1
− c1k−

3
2

] (29)

Here the expansion factor due to the fifth dimension,

θ = 3c1 (c− kt)−
3
2

(
ω

ω +2

){
4c1c−2t

(
kt− c

2

)
(c− kt)−

1
2 + c2t

3
2

}−1
(c− kt)−

3
2 . (30)

Also here

pD =− 5
6

c1k−3
(

ω

ω +2

)(c
k
−2t

)(ct
k
− t2

)− 5
2

[
4k

1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

]−1

−
2
(
9−ω2

)
9(ω +2)2 c12k−3

(ct
k
− t2

)−3
[

4k
1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

]−2

, (31)

ρD =
b0

8π

(
ω +2

ω

) 2
ω+2
{

4k
1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

}− 2(ω+1)
ω+2

×

[
12c2

1c−2k−1
(

t− c
2k

)2(ct
k
− t2

)−3
+3c1c2k−

3
2

(
t− c

2k

)(ct
k
− t2

)− 5
2

]
. (32)
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And

Q =
b2

0
8π

c1k−
3
2

(
2

ω +2

)(
ω +2

ω

) 2
ω+2 (ct

k
− t2

)− 3
2

×
{

4k
1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

}− (3ω+4)
ω+2

×
{

12c2
1c−2k−1

(
t− c

2k

)2(ct
k
− t2

)−3
+3c1c2k−

3
2

(
t− c

2k

)(ct
k
− t2

)− 5
2
}

+

[
b0

4π
c1k−

3
2

(
ω +2

ω

) 2
ω+2
(

ω +1
ω +2

)(ct
k
− t2

)− 3
2

×
{

4k
1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

}− (3ω+4)
ω+2

×
{

12c2
1c−2k−1

(
t− c

2k

)2(ct
k
− t2

)−3
+3c1c2k−

3
2

(
t− c

2k

)(ct
k
− t2

)− 5
2
}

− b0

8π

(
ω +2

ω

) 2
ω+2 {

4k
1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

}− 2(ω+1)
ω+2

]

×
{

24c2
1c−2k−1

(
t− c

2k

)(ct
k
− t2

)−3
+72c2

1c−2k−1
(

t− c
2k

)3(ct
k
− t2

)−4

+
[
3c1c2k−

3
2

(ct
k
− t2

)− 5
2
+15c1c2k−

3
2

(
t− c

2k

)2(ct
k
− t2

)− 7
2
}

+

[
3kb0

8π

(
ω +2

ω

) 2
ω+2 (

t− c
2k

)(
ct− kt2)−1

{
4k

1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

}− 2(ω+1)
ω+2

×
{

12c2
1c−2k−1

(
t− c

2k

)2(ct
k
− t2

)−3
+3c1c2k−

3
2

(
t− c

2k

)(ct
k
− t2

)− 5
2
}]

+5c1k−3
(

ω

ω +2

)(
t− c

2k

)2(ct
k
− t2

)− 7
2
{

4k
1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

}−1

− 2
3

c2
1k−3

(
9−ω2

)
(ω +2)2

(
t− c

2k

)(ct
k
− t2

)−4{
4k

1
2 c1c−2

(
t− c

2k

)(ct
k
− t2

)− 1
2
+ c2

}−2
.

(33)

III. STUDY OF THE SOLUTION AND CONCLUSION

From the results obtained here it is seen that the fifth dimension in the Brans-Dicke field
plays a great role in the evolution of the universe and in causing the present accelerated expansion
of the universe. If the Brans-Dicke coupling constant happens to be 2

3 then the scale factor of the
fifth dimension along with the scalar field play a great role in the producing a radiation-dominated
universe as it was in the previous era. At the present epoch, the equation of state ωD = pD

ρD
comes

out to be −1 corresponding to the coupling constant ω =−2, which indicates that the scale factor
of the five dimension contributes to the so-called dark energy, the form being of the cosmological
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constant type. But as ω → −2 we see that the scale factor of the five dimension b→ 0 and it
symbolizes the present scenario of the universe. Thus though it contributes to the dark energy,
the fifth dimension shrinks and it is almost invisible at the present epoch. The expansion factor
θ due to the fifth dimension increases with time and the deceleration parameter comes out to be
a negative quantity which bears testimony to the present accelerated expansion of the universe.
Again it seems that as ω increases from 2

3 to -2, the value of ωD gradually decreases from 1
3

to -1, which indicates the solution of a realistic universe passing through radiation and matter
dominated phases, then coming to that of a dark energy dominated phase as is at present. In this
problem it is also seen that the fifth dimension activates the scalar field which, in turn, helps in
enhancing the quantum of producing dark energy. And also as a particular case, if b0 = 0 we find
that the scalar field tends to zero and in such a situation it can be conveniently taken that for such a
universe the origin of dark energy is due to the scale factor of the fifth dimension. As at the present
epoch when the dark energy dominates the universe the fifth dimension shrinks or compactifies
to an infitesimally small quantity, thus the length of the present time from the beginnings of the
universe is given by the value of t in the equation

4
(

t− c
2k

)
= k−

1
2 c2c−1

1 c2

(c
k

t− t2
) 1

2
.

As seen here the field due to the fifth dimension is seen to behave similar to the Brans-Dicke scalar
field. Also the pressure due to the fifth dimension here is found to be negative which strengthens
our assumption that the fifth dimension, though invisible now, contributes as a source of dark en-
ergy in the present universe. Further it is seen that there will not be big rip singularities due to this
form of dark energy.
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