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Hartley Transforms Over Finite Fields

Jonathan Hong and Martin Vetterli, Senior Member, IEEE

Abstract—A general framework is presented for constructing
transforms in the field of the input which have a convolution-
like property. The construction is carried out over finite fields,
but is shown to be valid over the real and complex fields
as well. It is shown that these basefield transforms can be
viewed as “projections” of the discrete Fourier transform (DFT)
and that they exist for all lengths N for which the DFT is
defined. The convolution property of the basefield transforms is
derived and a condition for such transforms to have the self-
inverse property is given. Also, fast algorithms for these basefield
transforms are developed, showing gains when compared to
computations using the FFT. Application of the methodology to
Hartley transforms over R leads to a simple derivation of fast
algorithms for computing real Hartley transforms.

Index Terms— Finite fields, Hartley transforms, discrete
Fourier transform, fast algorithms, complexity.

I. INTRODUCTION.

HE DISCRETE Hartley transform (DHT) has been pro-

posed as a real transform with a convolution property
[11], [14], [15], [16], and thus, is an alternative to the discrete
Fourier transform (DFT) for the convolution of real sequences.
Since the DFT can be defined over finite fields, it is natural
to ask whether a Hartley or Hartley-like transform exists over
finite fields. Aside from the theoretical interest for such a finite
field DHT, its advantages are potentially greater than in the
real case since computing finite field DFT’s often involves
going to large extensions of the basefield. The reason for this
stems from the fact that an element of order N is required to
compute a DFT of size N. Therefore, if the input belongs to
GF(q) it is necessary to go to GF (¢™) where m is such that
N | ¢™ — 1 in order to compute a siz¢ N DFT. Because
of the different exténsion fields involved and the fact that
computation is invariably more complex in the extension fields
(involving polynomial multiplications and reductions etc.), it
is desirable to have a transform in the basefield GF (¢) when
the input is in GF (q).

In this paper, we show that finite field Hartley transforms do
in fact exist and give a general technique for their construction.
We derive the convolution property of such transforms and
state a condition for the transforms to have the self-inverse
property. (This property is satisfied, for example, by DHT’s
over the reals). Next we develop fast algorithms for the finite
field DHT which will be seen as finite field “projections” of
well-known FFT algorithms. Finally, we will show that the
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theory, though developed in the context of finite fields, applies
to the real and complex fields as well.

II. THE FORWARD TRANSFORM .

The most natural way to construct a Hartley transform over
finite fields is to mimic its construction over the reals. Such
a construction, however, leads to a noninvertible transform,
indicating that the connection between the DFT and the DHT
is more intricate than what is initially suggested by the real
case. Our approach to this problem will therefore be indirect.

Consider Fig. 1, where we have denoted the input by {z,},
the DFT of {z,} by {X,} and the (yet undefined)y DHT
of {z,} by {X,}. Note that {x,} and {X,} reside in the
same field B = GF (¢) while {X,,} is in an extension field
E = GF(¢™) of B. The function F between {z,} and {X,}
is the usual DFT mapping. The function H is thé Hartley
transform that we seek. Shown also is an intermediate map,
o, between {X,,} and {X,,}. Since F and H (if it exists) are
bijections, it follows that the Hartley transform exists iff the
intermediate transform © exists. Thus, if we can construct the
map ¢ from {X,,} to {X,} then the composition of F and ¢
will yield a Hartley transform, narthely H = ¢ o F.

The key to constructing ¢ is to consider the vector space
structure of the fields F and B. It is well known that if
E = GF(¢™) and B = GF(g) then in addition to being
an extension field of B, F is also an m-dimensional vector
space over B (notation: Ep) [1]-[5]. The function ¢ we seek
can thus be viewed as a linear functional on Eg. All linear
functionals on Ep arise from the trace functions [1], that is,
if o is a linear functional on Ep then there exists a unique
« in E such that

p(Q) =tr{al), V(EE,

where tr () = {+¢? + ¢ 4 -+ (9" Thus, ¢ must be
of the form

o(Xg) = tr(aXy)
= aXp 4ot X 4ol XT 440X ()

where the element ¢ remains to be determined.
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To find the element « and to facilitate the derivation of ot

later on, it is instructive to look at the matrix representation
of ¢. To that end we note that since {X,} is the Fourier
transform of a basefield sequence {z,}, it must satisfy the
conjugacy constraint [6], [7]:
1
Xpg = X7, vk, 1. 2)
The conjugacy class of X with respect to B therefore,
consists of

{le qu, qu2: e :qum“l}
= {Xi, X§, X2, x0T
It follows that (1) can be rewritten as
(p(Xk) =tr (an) =aX; + ququ
+o? i + -+ 0l Xygmo1 (3)

and we can identify the restriction of ¢ to the conjugacy class
of X}, with the matrix operator

2 m—1
o al P PN
m—1 m—2
aq a aq . s aq
m—2 ~1 -3
M=|ot a?” a - ol ,
2 3
af al af o
so that
2 m—1
o aq aq PR aq Xk
m—1 m—2 q
af «a al af sz
m—2 m—1 m—3
o o o o X
2 3 ) "m.'——l
aq aq aq e o XZ
tr (aXy)
tr (an)
=1 tr (an )
-1
(aX )

Note that M is circulant which is as we would expect. From
this and the fact that the conjugacy relation is an equivalence
relation on {X,,} (hence the conjugacy classes are disjoint) it
follows that the action of ¢ on {X,} can be represented by
the block diagonal matrix

M
M
“)

YM =

M

with appropriate permutation and/or repetition of the input.

Equation (4) implies that ¢ is invertible iff M is invertible,
hence the restriction on the choice of « is simply that it must
render the matrix M nonsingular, The following theorems give
a precise characterization of a.
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Theorem 1 {1]: M is investible iff
(a> — {OL, aq, aq2’ cee aqm—l}

is a basis of Ep, i.e., iff (o) is a normal basis of Ep.

Theorem 2 [1]: A normal basis always exists.
Thus by taking o to be a generator of a normal basis of
Ep the map

©: Xp, = X = tr (aXy) )

defines a one-to-one correspondence between {X,} and

{X.}.

To obtain a Hartley transform H, consider the DFT of {zn}

N-1
Xy = anW"’“

n=0

where z,, € B and Wy is an element of order IV in E. Let

{Bo, B1, B2, *+,Bm-1} be a basis of Ep, then W has a
unique representation with respect to this basis
46 "“’S;c)ﬁ +'w(1),81 +w(2)6 + 4 (m l)ﬂm 1
Therefore,
Xk = ﬂozwn Y+ B anw(l)
n=0

+ Bm-— 1anw(m Y

n=0

= ﬁoX,(co) + ﬁlX;El) + ﬂzX,E” 4.4 /Bm—lX]E;m—l)7
where X, (i) def E = mnwff,z € B is the ith component of X},
with respect to {80, 51, B2, ", Bm=1}. Since H = ¢ o F,

we have
Xi = tr(aB) X + tr (afy) XY

+tr (@) XD + -+ tr (aBm_1) XY, (6)

which is indeed a basefield transform. While this shows the ex-
istence of a basefield transform, expression (6) is not optimum.
We can reduce the amount of computation significantly by a
proper choice of basis. Instead of an arbitrary basis, choose
{B;} to be the (unique) dual basis of {c). With this choice of
basis, {3;} is also normal. Furthermore, we have

tr (a:) = bij,
i.e., o; and §; are trace-orthogonal; consequently, (6) simpli-

fies to

Z a:nwfgc) = Z I tr aW

In other words, X k Teduces to the Oth component, with respect
to a normal basis, of the discrete Fourier transform Xj. We
will henceforth call (7) a Hartley transform.

)
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Remark 1: There is nothing special about X ,EO). By per-
muting the elements of {«;} and {f;} we could just as easily
obtain

N-1
Xk _ Xz(:) _ anws]z’ .

n=0

for any 1.

Remark 2: Equation (7) actually defines a whole class of
transforms thereby showing that basefield transforms are not
unique. In fact by taking all possible combinations of Wy and
« it is easy to see that we can construct mn¢(IN) transforms
of the type defined by (7), where m is the dimension of Ep,
n is the number of normal bases in Eg and ¢ is the Euler
totient function. Note, however, not all of these transforms
will be “distinct.” It can be shown that many of these will be
permutations of each other.

III. THE INVERSE TRANSFORM

To find the inverse Hartley transform (equation (7)) we need
to first invert the intermediate map ¢. Since

M
M

M——l

—1
Prr = . R

it suffices to find the inverse of the matrix M of Section IL
Recall that the elements of M are members of a normal basis
{a:} = (@) = {a, a9, 0% ,---, 09" "} If {B;} is the dual
basis of {o;} then {3;} is also normal, i.e., {5;} = () =
{8, 84,87 ,---,87" "} for some g € E.

Fact 1:
B Bgmt pUT . pe
5qz 8 el ﬂqs
M7= pr p P pe
A - A U AP
~ Proof: See [18]. O
It follows from this that
Xk
Xiq -
quz
qum—-l
8 ﬁq’"”l ﬂqm‘z e B Xk
A R LA L | i ¥
= p¢ B9 8 e e quz ,
I A
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therefore,

o7l X o Xi = BXi + B X jgm—
87 Kygm—z + -+ 07 Xig. (8)
H = ¢ o Fimplies H=! = F~! o ¢~1. Composing the two
functions we obtain the following inverse transform
N-1 5
zp =N (BXn + B K pgm
n=0

HBY K pgmr+ -+ B X WL (9)

While expression (9) will compute the correct inverse, this
computation is performed in the extension field E. Since we
seek a transform in the basefield B, we need an alternative to
(9). To that end consider the first summand of (9)

N-1 N N-1
> BX. W™ = Ba D X Wi
n=0 - n=0
N-1 . N-1 ;
+Ba® Y XIWL™ -+ Bat Y XTTT W
n=0 n=0
Fact 2:

N-1
Y XFWwy*eB, Vi
n=0

Proof: Recall that ¢ € B = GF (q) iff £7 = £. We have

N-1 4 N-1
q* yy—nk — gt —nkq
S XIWy =Y xwy
n=0 n=0
N-1 , N-1
_ q" a7 —nkq _ tyy—nk
= E anWN = E Xz W™,
n=0 n=0

where the first equality is a consequence of the fact that
charB = p and ¢ = p' for some integer / and some prime
p; the second equality follows from the conjugacy relation;
and the last equality holds because ged (N, ¢) = 1. O

From Fact 2 and the trace-orthogonality of «; and 3;, it
follows immediately that

N-1 N-1
tr (ZﬁXnW,;"k> =) X, W5 = Nay.
n=0 n=0

If we expand Wy ™" with respect to the normal basis (a):

Wi™ = w® a+w® 0t 40?0+ 4w Dad"
then tr (ﬂWJQ"k) = w@z . and we have the following basefield
inverse of (7)

N-1 N-1
o= N"Y X, = N7V X, tr (BWR). (10)

n=0 n=0
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TABLE I
GF(2%)*

Vs Index Normal Dual Order
0001 0 1
0010 1 3 -, 15
0100 2 6 15
1000 3 1 5
1001 4 12 15
1011 5 3
1111 6 2 5
0111 7 15
1110 8 9 15
0101 9 8 5
1010 10 3
1101 11 15
0011 ‘ 12 4 5
0110 13 15
1100 14 15

Example: Let E = GF(2%) and B = GF(2), then E is
* a four-dimensional vector space over B. Table I lists some
information regarding E*, the nonzero elements of E.

The entries under vs are the vector space representation of
E g with respect to a polynomial basis generated by a primitive
element y of E. The entries under index are the representations
of the same elements as powers of . If an element generates
a normal basis for E g, then in the column under normal dual
we list the generator of its dual basis. Finally, in the last
column, we list the order of the elements As an example,

take W5 = 73, (a) = (%), then W5 ! = 412, (8) = (7?) and

11111
1 1 1 01

H=(r(aWMN=]1 11 1 0],
‘ 1 0111
1 1 0 1 1

11111

1 001 0

H'=(@r(BWy™ ) =1 0 0 0 1
110 0 0O

1 01 00

IV. THE SELF-INVERSE PROPERTY

The real Hartley transform has the interesting property that
it is its own inverse. In this section, we give a condition for
the proposed transform to have the self-inverse property. We
restate the Hartley transform and its inverse

an nk = an tr (aW 1
n=0 n=0
N~1 .
T = IZan(‘)) =N"Y" X tr (BWR™). (12)
n=0

From the definitions, it is clear that the forward and inverse
transform will be the same iff w§°) = w( ) for all i (note that
these components are with respect to dlfferent bases). The
following proposition therefore characterizes the self-inverse
transforms.

1631

Proposition 1: Let E be an extension field of B. There
exist a self-inverse B-transform iff there is a normal basis ()
of Eg such that

tr(aWk) = tr (BWR), V&, (13)
where Wy is an element of order NV in E and (3) is the dual
basis of ().

While the utility of Proposition 1 is unclear when the
underlying fields are finite fields,! it has direct implications
for the real and complex fields. As shown in Appendix A,
Proposition 1 allows us to determine all the self-inverse real

transforms admissible under this type of construction.

V. THE CONVOLUTION PROPERTY

The convolution property of the Hartley transforms can be
deduced readily with the aid of the intermediate map . Since
the convolution property is well-understood in the Fourier
domain, to obtain the convolution in the Hartley domain we
map the sequences we are convolving to the Fourier domain
(via ™), perform the convolution in the Fourier domain
(pointwise product), and map the result back to the Hartley
domain (via ).

Let {Y,,} be the convolution of {z,} and {h,}. Using the
notation of the previous sections, we have

Xy = ¢ HXx) = BXk + B Xpgm-1

+ /ngXqum—z NS ,qu_l)qu,
Hy = ¢ ' (Hy) = fHy + B Hygm—
S R
therefore,
m—1 o m—1 o
Vi = Hi Xy, = (Zﬂq X,cqm_i) > 87 Hygn—s
i=0 j=0
m—1 ) o .
= Z /Bq +q-7 qum—-inqm—j.
z, =0

To express f’k in terms of X} and H k» We “project” Yi to
the basefield by taking its trace with . This results in the
following convolution formula for Hartley transforms

m—1

Z tr (aﬁqi'{'qj)qum—iﬁ—kqm—;-
1, 7=0 .
(14

Vi = o(Ys) = tr (oY) =

which has the form of a polynomial product.

VI. THE HARTLEY TRANSFORM AS A PROJECTION

In this section, we give an interpretation of the proposed
Hartley transform. It is shown that the construction is effec-
tively a decoupling and distribution operation in which the
mapping ¢ plays the role of a “projection operator.”

L1t does provide a brute force way of determining the self-inverse transforms
when E and B are given.
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Let {ﬂq i}™5! be a normal basis of Ep with dual
{ad"}ms1. Expressing W™F with respect to the basis {4}

Wnk — ,w(o)ﬂ + w(l)ﬁq + w1(12k)18q2 +

—1

DY
we can write the DFT of z,, as
Xi = anW"’“
— ﬂzwnw(o) +5qzz w(l)
+ B4 Zmnw(z) -+ 87"

=X + X + 57 XD +

anw(m 1)

+ ,Bq (m 1)

(15)

where X, @ 4 Z Tpw 1s the ith vector space component
of X} with respect to the basis {ﬁq }.

Since the proposed Hartley transform is
anw(ﬂ) — X(O)

Xk = tr (aXy) (16)

i.e., X} is assigned the Oth component of X, one may wonder
what happened to the other components of X;? Recall from
Section III (8) that

Xe=1¢

“H(Xi) = BXx + B X g

487 Kygma 4+ 07 X (17)

Since the representation of an element with respect to a given
basis is unique, comparing (15) and (17), we see that

X, =x
qu - X]gm—l)
Ko = XD

Kpgm-1 = XV, (18)
Thus, the proposed transform distributed the m components
(with respect to the normal basis {87}) of X amongst
X, qu, qu ,-++. What is the significance of the normal
basis?  As we shall see, the choice of a normal basis is
crucial in ensuring that the distribution operation is consistent.
Its function is to decouple completely the m vector space
components of Xj.

To illustrate this decoupling mechanism, consider the fol-
lowing question: given that the input data is in the basefield B
and hence the DFT of the data satisfies the conjugacy relation

Xpg = XT, Vi,
what is the choice of basis which expresses this conjugacy

relation in the simplest form: The answer apparently, is a
normal basis. Let {39 } be an ormal basis, then the conjugacy

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 5, SEPTEMBER 1993

class of X}, with respect to {ﬂqi} is

X, = ﬂX,go) _‘_ﬁqX’gl) +ﬁqu£2)
+ﬂqm—1X(m_l)

Xig = Xk —ﬂX,Em 1)+ﬂqX(0) ﬂq X(l)
+ Iqu IX_(m 2)
quz = X;cl = ﬂX,gm 2) + ﬂlesm—l) + ﬂquIEO)
m—1 m—3)
4487 X
Xpgrr = X0 = X 4+ p1x® 4 g7 x®

o+ 47T X0 (19)
Thus, with respect to a normal basis, the conjugacy relation is
simply a circular shift of the m components of Xj. This not
only shows the decoupling nature of a normal basis, in addition
it shows that there are (at most) m degrees of freedom within
each conjugacy class. Clearly, if we know the m components
of any element of the conjugacy class, or equivalently, the Oth
component of each element of the conjugacy class, then we
know the entire conjugacy class. Referring to (16), we see that
the Hartley transform does precisely this: it picks out the Oth
component of each element of the DFT.

While it is true that if one were to choose a non-normal basis
then the components of a conjugacy class with respect to this
basis still has (at most) m degrees of freedom and hence can
be characterized by m components, the distribution of these
components can be done consistently only then the basis is
normal. Thus in order to ensure that (16) is well defined, it is
necessary to use a normal basis {37 }.

Finally, we note that the act of extracting a component of
an element with respect to a basis is reminiscent of the action
of projection operators in Hilbert spaces. We can thus view ¢
as a projection operator with domain F and range B, and the
Hartley transform as the image, under ¢, of the DFT of {z,}
onto the subspace spanned by 3. We use the term “projection”
loosely to convey the sense of the action of . We do not mean
to imply that ¢ is a projection operator in the usual sense. For

example ¢? # .

VII. FAST ALGORITHMS

As noted in the previous section, the Hartley transform can
be viewed as a projection of the Fourier transform from the
extension field E into the basefield B via the function ¢,

Xk = (p(Xk) = tr (an)

Thus, if A is a fast algorithm for the DFT, then by an abuse
of notation, tr (o.4) will be a fast algorithm for the DHT. In
what follows we will use this fact to derive fast algorithms
for the Hartley transform. Specifically we will derive the
Hartley equivalent of Cooley-Tukey, Radix-2(DIT), Radix-
2(DIF), Rader, and the Prime Factor algorithms.
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A. Cooley~-Tukey Algorithm

Let Wy be an element of order N = NjN,, then Wiy, def

. def
WJI\\,[2 is an element of order N; and Wy, = & WN1 is an

element of order No. Write n and k as

n =ny + naNp

k = ko + ki N»,

then the Cooley-Tukey FFT can be written as [8], [9],

Ni-1 Np—1
k k k
Xy tkey Np = Z W;\;i 1 W 2711 Z Ty, 4na Ny W]\sz 2 .
nl'—O ’n2—0
Let
kany _
WN Zwkgnlf}ll
nik; _ () et
WN’l - Zwﬂllﬁﬂ
=0
m~1
naks _ () pd
WN2 - Zwﬂﬂﬂzﬁ ’
—
where {v,}7"5" is an arbltrary bas1s of Ep and {,6"1 motis
a normal basis with dual {a? }7;?, then
m—1
kong prrking yyrkemny _ a‘+q’ ([) (@) )
WNz WN1 WN - Z P Wkany Wik Wnsks
i,3,1=0

Projecting X, +, n, into the basefield via ¢, we obtain

Ni{—1Nz—1
& z : kan kin kan
Xk2+k1N2 = E Tny+ny Ny tr (O(I/VNZ2 2I/VNI1 1VVN2 1)
n1=0n2=0
Ni—1 Na—1 m-—1

=3 > Y wlewp

)xn1+n2N1
n1=0 ny=0 4,7, 1=0

w® w® @

Wiani Wniky Wnok,
m—1 . . N1—1
— a‘+q’ (@
= tr (amf ) E Wy
1, J, =0 n1=0
Np-1
’w(l) E X
konq ni+n N, W n2k2
ny=0
m—1 ) N1
_ q‘+q’ ©)
= Y (et Y 0O,
i, J, 1=0 n, =0

Ny—1
X w(l) z w(o)
kanq n1+ne Ny Wy gm—i .
n2=0
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Therefore, the Cooley~Tukey FHT is given by

m—1 N1 1

XpptbiNy = D Cij1 D : n1k1qm :

i, 5, 1=0 n1=0

Ny—1
l
{wl(‘:z)nl ( Z Tni+noN; W nzk.qu J> }, (20)

ny =0
where

Ci il Lt (amBr)  0<i,jl<m-1
are constants that can be precomputed.

Though the expression looks complicated, we note that the
inner parenthesis is simply the DHT of {%n, tn, N, }n, €valu-
ated at kog™ 7. Slmllarly, the outer paenthesis is the DHT of
the sequence {wkznl(Zf:’_Ol Ty tnaN; W fg)kwm_j)}nl eval-
uated at k;¢™~%. We thus have the following procedure for
computing a Cooley—Tukey DHT.

1) Arrange the data in an Ny by N; array.
2) Compute the DHT along each column.

Nz—1
— (U]
C(n1, k2) = E :xn1+n2N1wn2k2‘
n2=0

3) Foreach jand [, 0 < j, I <m — 1, form
Dji(n1, ko) = wl), Clna, kag™ 7).

4) For each j and [, 0 < 7, | < m — 1, compute the DHT
along each row of D.

n1 kz

N1 1
E; i(k, kg) = Z Dj i(n1, k2)w n1k1
nl—-O
5) Foreach ky and ko, 0 < k1 S N1 —10<ky < Na—1,
compute
~ m—1
Xipam, = 9 i 1Fi g (k1 ko),
i, §, (=0

where Fi,j,l(kh k2) déf Ej)l(qum—i, kg).

What is the (multiplicative) complexity of the Coo-
ley-Tukey FHT? From the procedure, we see that step 2)
requires Ny DHT’s of size Ny, step 4) requires m2Ny DHT’s
of size Nj, and steps 3) and 5) require m2N and m3N
multiplications respectively. Denoting the complexity of a
size¢ N DHT by p(N), we see that the complexity of the
Cooley-Tukey DHT is

(N1 N3) = Nyp(Ny) + m2Nap(Ny) + m2N +m3N. (21)

If N1 and N are composite, the above procedure can be
repeated for the smaller transforms.

1) Radix-2 (DIT) Algorithm: An important special case of
the Cooley—Tukey algorithm results when N is divisible by
2. By taking Ny = 2 and Ny = N/2, we have the following
Radix-2 Decimation-In-Time algorithm:

X(odd)

kq’rn KR

m—1
X = XO S,
7=0

0<k<N/2-1 (22)
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m—1 ad
Xk+N/2 = X(even) ZC], X;E,.;m )J,
=0
0<k<N/2-1, (23)
~ where
N/2-1
X(even) def Z -'L'an( )
n=0

is the DHT of the even-indexed input,

N/2-1
o def
XD Z Tont1Wy

n=0

is the DHT of the odd-indexed input, and

m—1
def ! j
Ci k= Zw,(c)tr(a”ylﬂq])
1=0

are constants which can be precomputed.

Clearly, this procedure requires m/N /2 multiplications and
2 DHT’s of size N/2. The multiplicative complexity of the
Radix-2 DIT FHT is therefore

w(N) =2u(N/2) + mN/2. (24)
If N is a power of 2, the procedure can be recursively applied
to the half-size DHT’s.

2) Radix-2 (DIF) Algorithm: By reversing the roles of N;
and Ny in the Radix-2 Decimation-in-Time algorithm, we
arrive at the following Radix-2 Decimation-in-Frequency al-
gorithm:

N/2—1
X = Y (@ntonjpea)wll,  0<k<N/2-1 (25)
n=0
m—1 N/2-1
Xowy1= D ;O (Tn— oxjaen)uPwly,
1,j=0 n=0

0<k<N/2-1, (26)

where ¢;, ; def tr (ay/7’) are constants which can be pre-
computed.

This procedure requires (m + 1) DHT’s of size N/2 plus
(m + m?)N/2 multiplications. Thus the complexity of the
Radix-2 DIF FHT is

w2 N/2) = (m+ Du(N/2) + (% + 7—”2—2) N. @D

As before, the procedure can be applied recursively to the
half-size DHT’s when N is a power of 2.
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B. Prime Factor Algorithm
Let N = N3N, with N7 and N, relatively prime. Using
the input mapping '
ny = n{mod Ny)
ng = n(mod Ny)

and the output mapping
k = k1 Na + kN (mod N),

the prime factor algorithm for the Fourier transform of {z,}
can be expressed as [8]

Ni—1 Ny—1
§ : n1k § : nak
Xk1k2 = WNi 1 .’Enln?WN; 2 5.

ni1=0 ng=0

Let {ﬂq }5! be a normal basis with dual {oﬂ 1St With
respect to it, let Wk‘l"1 and Wki"2 have the following
expansions

Wik = Sl
k2 _ €]
W;\Z ‘= anJ2 2Bq
Then,

€] . B +qj.

77.22

W Wt = 3 w0,

n1k1
2, =0

The projection of the DFT into the basefield B is

X1k,
Ni—1Nz—1

=2 D omn e

n1=0n,=0
Ni—1Nz—-1 m-—1

Z Z Tnina Z br (aﬂqiﬂj)wﬁ)kl 7(sz)k2

W’n1 k1 an kg )

Il

n1=0n=0 ’i, j=0
m—1 ) ) N;-1 Nz;-1
- q*+q’ O] (€]
= Z tr (af ) Z Wo 'k, TryngWn, g,
i, j=0 ny =0 n2=0
m—1 . . N1 1 N2—1
— E : g +q° § : (0) (0)
- tr (o ) Wnykyqm=t TningWo,pyqm—i-
i, j=0 ’n1—0 TL2=0

As before the trace term is but a constant while the expression
following the trace is a true 2-D DHT (ie., no twiddle
factors) evaluated at (k1g™ ", k2¢™ 7). Thus, if we define

G, j - ef tr (aB? +d ) and thkz def ZNI-_I w® ZN2_1

n1=0 nik ng=0
xn1n2 7(12),@, then the prime factor DHT algorithm can be
written as

m—1

Xiyky = E Ci, j Xkygm—i, kygm=i-
i) j=0

9
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We thus have the following procedure for computing a prime
factor FHT. :

1) Place data into an N1 by Ny array.

2) Compute the DHT along each row.

3) Compute the DHT along each column.

4) For each k; and ko, compute

m—1

E i, i Xk gms kapgmi-

i, =0

Xk, =

The procedure requires N; DHTs of size Ng, Ny DHT’s
of size Ny and m?N multplications. The complexity of the
prime factor algorithm is, therefore,

/J,(NlNQ) = Nl/L(NQ) + Ng/,l,(Nl) + m2N. (29)
C. Rader’s Algorithm

It is well known that for p prime, a length p DFT can be
computed by a (p — 1)-point cyclic convolution using Rader’s
algorithm [8], [10]. Let 7 be a primitive element of GF (p).
Then Rader’s algorithm can be written as [8], [10],

p—1
Xo= E Tn
n=0
p—2

Xpo =20+ Y Wy

n=0

n

1<k<p-1.

Tpp—1—n,

By defining X'k ef X+ and :ffk def Z.»—-1—k, this can be put
in the simpler form

p—1
X() = an

n=0
p—2
~ ﬂ_lc—n N
Xk =x0+ E Wy in,

n=0

1<k<p-1.

Applying ¢ to each.of the equations we obtain the following
analog of Rader’s algorithm for the Hartley transform

/p—1
Xo =tr (@) (Zmn)

n=0
. p—2
Xk=%uun+§)ﬁﬁﬁm 1<k<p-1. (30)
n=0

Note that the summation in the second equation is a (p —
1)-point cyclic convolution. We thus have the following pro-
cedure for computing a length p DHT.

1) Compute Xo according to the first equation.

2) Compute the cyclic convolution of {wfr(,))}l and {#};.

3) Add zotr(a) to the result of Step 2).

Since steps 1) and 3) require one multiplication each and
step 2) requires 2(p — 1) — j where j is the number of divisors
of p — 1 [8], the algorithm thus has complexity

wp) =2+2(p—1)—j. 31)
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VIII. HARTLEY TRANSFORM OVER R REVISITED

It is easy to see that the results of the previous sections hold,
mutatis mutandis, for R and C. In fact if we replace conjugate
by complex conjugate and the definition of trace by

tr{a) =a+a*

then the derivation of the preceding results for the real and
complex fields would be exactly the same as that for finite
fields. , ‘

We derive, in Appendix A, the classes of real transforms
and self-inverse real transforms admissible under this type of
construction. It is seen that the real transforms are essentially
Ansari’s discrete combinational Fourier transforms for real
input [13] and the self-inverse real transforms are essentially
the Hartley transforms. ,

In Appendix B, we apply the fast algorithms derived in
Sectio VII to the case of real input. It is seen that the
method of projection produces known fast Hartley algorithms

-without resorting to trigonometric identities and algebraic

manipulations. In one instance (PFA), the method produces
a new algorithm which is a variation of an existing algorithm.

IX. CONCLUSION

We have presented a general framework for constructing
basefield transforms having a convolution propertry. The con-
struction is carried out over finite fields but is shown to apply
to the real case as well. Fast algorithms for the computation
of this new transform were also derived.

The technique presented can be generalized to an arbitrary
field B by taking E to be the Nth cyclotomic extension of
B. For details see [19].

APPENDIX A

In this appendix, we apply the techniques developed for
finite fields to the real and complex fields. We will start
by determining the normal bases of C'p. Since C is a two
dimensjonal vector space over R, a normal basis of Cp is
of the form

A={o, a*} = {a+1b, a —b}.
The dual basis of A is also normal, hence it too is of the form
B={3, p*} = {c+1id, c —id}.

The parameters a, b, c, d are not completely independent since
the bases must satisfy the trace-orthogonality relation

tr( i) = iy + af B; = &;.

The constraint forces ¢ = 1/4a and d = —1/4b, consequently
the normal bases of Cp and their corresponding dual bases

- are exactly

A={a, ¢} ={a+ib, a —ib}

oo J1 11T
B“{@ﬂ}*{m Z%’m+ﬁw}

where a, b € R are arbitrary.
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Over the complex field, the elements of order N are
{e7i@/NIm | 1 <m < N, (m, N) =1}
It follows that
: 2 2
tr (aWE) = 2acos ]—Vﬂ:mk‘ + 2bsin Fﬂmk

—1— OSZW k+l 1n2—7rmk
20 PN TN

which yield the following real transforms

tr (BWRF) =

N-1
X = Zmn tr (aWF)

n=0

phlty 27 2
= Z Tn [Za cos —N—nmk + 2bsin Yv—nmk] 32)

n=0

N-1
Ty = N_lz)?n tr (ﬂWﬁ”k)
n=0
=N~ 1ZX nmk-|— in 2% pmk|. (33)
opurd b N

For m = 1, (32) and (33) reduce to Ansari’s discrete combi-
national Fourier transforms for real input [13]

N-1
X = nzomn [2& cos —ﬁnk + 2bsin Fnk]

gl 1 . on
Ty = Z [—— Cos — nk + % sin Fnk]

Let us now impose the self-inverse condition on (32) and
(33). By Proposition 1 the transforms defined by (32) and (33)
will have the self-inverse property iff equation (13) is satisfied.
This means that we must have, for all k

2 2 1 1.
2a cos 7V7Imk+2b sin —]\;mk = %8 cos -N7—rmk+% sin —ngk,
which is satisfied only if

1 1
= —_ ::}:"'.
a i2 and b 5

Substituting these values into (32) and (33) yields the follow-
ing self-inverse real transforms

X = Z Zn [ ) cos —nmk + (:t) sin ?]gnmk] 34)

N-1
zi = N1 ZX" [(:t) oS 2Nﬂpnmk + (£) sin zﬁwnmk] ..
n=>0

(35)
There are thus 4¢(N) self-inverse real transforms of which the
Hartley transform is but one case (corresponding to the case
where m = landa =b = ) It should be noted, however,
that different choices of m, a, and 6 do not lead to radically
new transforms. In. fact, it is easy to see that other permissible
values of m, a, and b lead to only permutations and/or sign
changes of the basic Hartley transform.
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We conclude this appendix by deriving the convolution
property of the Hartley transform. By (14), the convolution
property (adapted for the real field) is given by
?k = tr (aﬂﬁ)ﬁka + tr (aﬁﬂ*)flkf(_k

+ir (af*B)H_p Xi + tr{af* 3" )H_, X 4.

As previously indicated, the Hartley transform corresponds to
the choice m = 1 and ¢ = b = 5, which means that the
associated normal and dual bases are

A-:{a,a*}={ (1+1), (1—1)}
B = {ﬂ,ﬁ*}—{ (1-14), (1+z’)}.

It is readly Veriﬁed that tr(aB83) =
tr (af*B*) = —3, therefore,

tr(aff*) =

1
5 and

~ 1. - L 1~ ~ 1~ ~
Y =§Hka + EHkX—k + §H—ka - §H——kX—k

- X+ X - [ Xp—-X_
=Hk< kTt k>+H_k< k k)
2 2
— ﬁ—kj(’geven) +rﬁ—_kalgodd)

which is as expected [11].

APPENDIX B

In this appendix, we will apply the techniques of Sections
VII to derive fast algorithms for Hartley transforms over the
reals. The derivations consist of nothing more than recasting
the formulae of Section VII in the setting of R since the
methodology of the derivation there is independent of the
underlying fields. Retracing the steps of the derivations, it is
seen that the only property invoked which is particular to finite
fields is the statement of the conjugacy relationship: By replac-
ing such expressions with their counterparts in C'g, we have
the equivalent fast algorithms for the real input case. More
explicitly, to obtain fast algorithms for real Hartley transforms
we substitute every occurrence of {X kat. z—O in the formulae
of Section VII with {X( )ik Heo = = { X, X_i}. We do this
below for three cases: Radix-2(DIT), Radix-2(DIF), and PFA.
The same technique can be applied to other algorithms.

As shown in Appendix A, the real Hartley transform corre-
sponds to choosing the bases

(a0, a1} = {0} = {30+ 9, Ja- 0
(6o i} = (6.7} = {3a- 0, 0 +0}, 6o

which we will assume for the remainder of the appendix. In

-"addition, we will take the basis {7} to be

{’YO'a ’Yl} = {_lv _i}a
with respect to which-we have

w,(co) = cos %k, w,(vl) = sin %rk

G7)
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Radix-2(DIT) Algorithm

To obtain a real radix-w decimation-in-time algorithm? we
recast equation (22) in 2 by reexpressing the conjugacy
relation to obtain

1
Xk - Xlgeven) + ch’ kX—(odd)

(_1)jk7 (38)

=0

where the constants ¢;, k are given by

1
Ci k= Zw,(cl) tr (Oé’)’lﬂj).

=0
Using the bases (36),(37), it is easy to verify that

tr (avfo) = tr(amfh) =1,
tr (av160) = tr(ayof1) =0,

therefore,

1
2
o,k = Zwl(cl) tr (avifo) = wl(cO) = cos Nﬂk

1=0
1
2
el k= Zw,(cl) tr (ay 1) = w,(cl) = sin Nﬂ-k.
=0

Substituting these values of c;, 4, into (38) yields the following
radix-2 DIT algorithm

X = Xven) 4 XD (cos ) + X©4D (sin ).
N ;. N
(39)

This we recognize as the radix-2 algorithm proposed originally
by Bracewell [12]. '

Radix-2(DIF) Algorithm

To obtain a radix-2 decimation-in-frequency algorithm we
proceed as beforé by recasting the finite field algorithm in R.
Restating the conjugacy relation in (25) and (26) we have

Ko = XD
1
Xopy1 = Z Cl,jX((l_)l)jka (40)
L, §=0
where
; N/2-1
XV = 3" (@n +anj2en)wll)
n=0
Nj2—-1
XIE[) = z (.’L‘n —mN/2+n)w,(f)w,(33
n=0

¢, 5 =tr (a'yl,Bj).

Using the bases (36) and (37), we have, from the previous
section

€o,0 = C1,1 = tr (01’7050) =tr(amf) =1,
c1,0 = ¢o,1 = tr (am18o) = tr (ayof1) = 0,

2We have elected to combine (22) and (23) into one equation in order
to retain Bracewell’s original formulation [12]. In practice, the computation
should be performed as indicated by (22) and (23) in order to avoid
unnecessary multiplications.
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thus (40) becomes

Zow = XD
X2k:+1 = X]EO) + X(_llz
Since
N/2-1 (27
-(even) __
X! en) _ TLZ—O (T + «’L'N/2+n) cas (—N—/Enk)
) N/2—-1 I 27
XV = 3" (@~ 2n/24n) cos (N”) cas (N/2 "k>
n=0
) N/2-1 o 27
Xél) = Z (Tn — TNj24n)siL (ﬁn) cas (N/2nk)
n=0
where

def .
casxr = cosx -+sinzx,

the previous equations can be rearranged to yield the following
decimation-in-frequency algorithm

(4D

n=0
(T — x ) cos gzn
P n N/24n N

N/2-1 o
sz = Z (.’En + ﬁvN/2+n)CaS (mnk)
N/2-1
Xok41 = Z
+ (o —an-n)sin (30 ok
TN/2-n = TN-n)sin | wn || cas N/2n
(42)

These equations we recognize as the radix-2 DIF algorithm of
Sorensen et al. [16].

Prime Factor Algorithm

Finally, let us derive a prime factor algorithm for real
Hartley transforms. With all the necessary assumptions the
prime factor algorithm can be written as

1
Xiiks = ) €, i X(C0)ths, (<1)ika (43)
i, j=0
where

¢, =1tr (aﬂi,ﬁj)

N -1 Na—1
o 0 0
Xy by = z wle)kl Z xnl"Qwiz)kf
n,=0 no=0
Using the bases (36) and (37), it is easy to verify that

1

co,0 = tr (afofo) = 3

1

co,1 = c1,0 = tr(afBof1) = 3
1
1,1 = tr(af161) = 3

which when substituted into (43) gives the following real
prime factor algorithm

~ 1 4 ~ ~ ~
Xklkz = 'Z'[Xkl,k2 +X ki, ks +Xk1,—k2 _X—kh"k?]’ (44)
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where

5 Nacl 27 et 2

Xkl, ky = z_:o cas (Fl’nlkl) nz—ofﬂnlnz cas (-1\7—271,2]62> .
n1 2=\ (45)

This is a new algorithm that is a variation of an existing

algorithm (see [16]).Note that it is a true two-dimensional

DHT (45) followed by a linear combination of elements at

the four conjugate locations (44).
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