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Abstract. We study a class of curves which includes the hyperelliptic curves and 

the Fermat curves of prime degree. We compute their Hasse-Witt matrix when the curves 
are defined over an algebraically closed field of positive characteristic. In particular, we 

get a formula for the Hasse-Witt invariant of the Fermat curves at each prime not equal 
to the degree. These invariants depend only on residue degrees.

We show that there are infinitely many Fermat curves for which there exists a set 

of primes p with positive density such that the geometric fibre at p of the Fermat Jacobian 

is not isogenous to a power of a supersingular elliptic curve, but the Hasse-Witt invariant 

at p is equal to zero.

1. Introduction. Let C be a non-singular projective curve of genus g>0, defined 
over an algebraically closed field k of characteristic p>O. Hasse and Witt [Ha34], 

[Ha-Wi36] determined the maximum number, r(C), of cyclic unramified independent 
extensions of degree p of the function field k(C). This number is called the Hasse-Witt 
invariant of the curve.

Serre [Se58] characterized the Hasse-Witt invariant by means of the action of the 
absolute Frobenius F* on the first cohomology group of the curve:

r(C)=dimFp H1(C,•¬)F*=dimk Im(F*)g.

The curve C is said to be ordinary if r(C)=g. When g=1, it is said to be supersingular 
if r(C)=0.

The computation of this invariant for elliptic curves is well known. Manin [Ma62] 

computed the Hasse-Witt invariant for hyperelliptic curves by means of the matrix of 
the Cartier operator acting on an explicit basis of regular differentials. The structure 
of the p-divisible groups arising from Fermat curves over finite fields of characteristic 

p was studied by Yui in [Yu80]; arithmetical invariants for Fermat curves and Fermat 
varieties were also consider in [Yu86] and Toki [To88]. In this paper we compute the 
Hasse-Witt invariant for curves of a special family, which includes, as particular cases, 
the hyperelliptic curves and the Fermat curves. We use for it the absolute Frobenius 
operator acting on an explicit basis of repartitions. The advantage of using the absolute 
Frobenius instead of the Cartier operator will be apparent when we compute the matrix
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of the iterated operators.

I would like to end this introduction by expressing my gratitude to Protessor 

Pilar Bayer for her constant help and encouragement.

2. General facts. Let A be an abelian variety over k of dimension g. We write

r(A):=dimFpH1(A, •¬)F*=dimkIm(F*)g.

We have that r(A)=dimFp Pic0(A)[p] is the p-rank of A (cf.[Mu70]). If A is the jacobian 

of the curve C, then r(C)=r(A). Given abelian varieties A, B defined over k, we have 

r(A•~B)=r(A)+r(B). If A is isogenous to a product of abelian varieties ƒ®mi=1Ai, we 

have r(A)=‡”mi=1r(Ai) due to the fact that r(A) is invariant under isogenies.

We recall that a repartition of the curve C is a family r={rx}x•¸c such that rx•¸k(C) 

and for almost all x•¸C we have rx•¸•¬x. We identify the elements of H1(C, •¬) with 

classes of repartitions as in [Se58], where r•ß0 in H1(C, •¬) if and only if there exists 

a function h on C such that h-rx•¸•¬x for all x•¸C.

Given a repartition r={rx}x•¸c and a regular differential w•¸H0(C,ƒ¶1), we consider 

Serre's pairing defined by <r,w>=‡” xec res rxw. For each morphism of curves ƒÎ:C2•¨C1, 

we denote by ƒÎ*:H1(C1,•¬)•¨H1(C2,•¬) the homomorphism given by ƒÎ*(r)y=rƒÎ(y)•¬ƒÎ 

for all y•¸C2. It commutes with the absolute Frobenius F*C1, F*C2 and satisfies 

<ƒÎ*(r),ƒÎ*(w)>=degƒÎ<r,w>, where deg ƒÎ denotes the degree of ƒÎ.

3. A family of curves. Let l be a prime and k an algebraically closed field of 
characteristic not equal to 1. Let C' be the projective curve in P2 associated to the affine 
curve defined by the equation

Yl=F(X),

where F(X)•¸K[X] is a separable polynomial of degree n. Let us note that for l=2 and 

n>2 we obtain all the hyperelliptic curves defined over k. If F(X)=Xl+1, we obtain 

the Fermat curves over k with prime degree l.

Let us suppose that F(X)=anƒ®ni=1(X-xi), with xi•‚xj if i•‚j. If |n-l|•¬1 , the 

curve C' is non-singular. Fermat curves are examples. Otherwise, C' has a singularity 

at infinity, given by (0,1,0)or(1,0,0), depending on whether l+1<n or l>n+1.

Let ƒÎ:C•¨C' be the normalization of the curve C' and ƒÕ: C'•¨P1 the morphism 

defined by

•¬

The composite ƒÓ=ƒÕ•¬ƒÎ:C•¨P1 is a cyclic covering of degree l, unramified outside 

{x1,...,xn,•‡}. Let Pi=ƒÓ-1(xi), 1•¬i•¬n and •¬=ƒÓ-1({•‡}). The set •¬ is {P•‡} or 

{P1•‡,...,P'•‡}, depending on whether or not ƒÓ is ramified at •‡. We note that if n•ß0 

(mod l), then C is isomorphic to the non-singular projective curve determined by the
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equation Yl=XnF(1/X+xn) where XnF(1/X+xn) is a separable polynomial of degree 

n-1. It is easily seen that ƒÓ is unramified at infinity if and only if n•ß0 (mod l). In this 

case the genus of C is equal to (n-2)(l-1)/2; otherwise , g=(n-1)(l-1)/2.

We still denote by X, Y the functions ƒÎ*(X), ƒÎ*(Y), respectively . We define the set

•¬

where [ ] denotes the integer part. We note that #•¬=g and consider the differentials

•¬

3.1. PROPOSITION. The set of differentials {wi
,j}(i,j)E•¬ form a basis of H0(C,ƒ¶1). 

For each (i, j)•¸•¬, let us consider the repartition defined by

•¬

Let us denote by •¬ the set of points of C such that X=0 . Thus,

•¬ otherwise,

for some points Qi. Notice that, given a regular differential w and a function h regular 

outside •¬•¾•¬ (for instance h= Yi/Xj), we have ‡”
P•¸•¬ resp hw= -‡”QE•¬ resQ hw.

3.2. PROPOSITION. We have that

•¬

In particular, {ri
,j}(i,j)•¸•¬ is a basis of H1(C,•¬).

PROOF. Without loss of generality
, we may assume that F(0)•‚0, since otherwise 

C is isomorphic to the curve determined by the equation Yl=F(X+a)
, where F(a)•‚0. 

We have to consider the following cases separately:

•¬ since if n•¬0(mod l) then 

ordp•‡ X=-l, while ordps•‡ X=-1 if n•ß0 (mod l) .

(ii) i=i', j•‚j': The proof is obvious in this case.

•¬ since for all Q•¸•¬ we 

have that ord•¬

•¬

(v) j •¬ j', i > i': Given two natural numbers s, m we have

•¬

where Rm ,s(x)•¸k[x]. Since X is a uniformizer at all Q•¸•¬, we have
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•¬

due to the fact that the sum of all l-th roots of an element in k is zero. • 

4. The Hasse-Witt matrix. From now on, k denotes a field of characteristic p>0. 

For each i such that 1•¬i•¬l-1, let us write ji:=[(ni-1)/l]. We will say that a value 

i is effective if ji>0; this is equivalent to saying that a repartition ri ,j with the first index 

equal to i does exist. Let us note that if n•¬(mod l), then ji = [ni/l], while if n•ß0 

(mod l) then ji=ni/l-1. Let W=(w•¬) be the matrix of the absolute Frobenius F* 

acting on H1(C, •¬), relative to the basis {ri ,j}(i,j)•¸•¬. That is,

•¬

W is called the Hasse-Witt matrix for C. These equations are equivalent to the existence, 

for each (i,j)•¸•¬, of a function hi ,j, determined up to an additive constant and regular 

outside •¬ such that at each point of •¬ it has a pole with the same polar part as

•¬

Given i, s•¸Z, with 1•¬i•¬l-1, the divisor of the function Yi/Xs is

•¬

Thus, for s•¬0, the function Yi/Xs has poles only in •¬, while for s>0, Yi/Xs has poles 

only in •¬ if s>ji, and in •¬ and •¬ if s•¬ji.

Given a rational l-integer a, we denote by <ƒ¿> the least natural number such that 

a•ß<a>(mod l). If ƒ¿•¸N,<ƒ¿>=ƒ¿-l[ƒ¿/l].

4.1. PROPOSITION. Given a natural number i such that 1•¬i•¬l-1, we denote by 

Fi(X) the polynomial •¬. The Hasse-Witt matrix W=(w•¬) for C 

is given by

•¬

PROOF. Let us write

•¬

where the w•¬ are as above. Since Yip = Yl[Pi/l) Y<Pi>, we have
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•¬

The terms Y(Pi)/Xs, for •¬, cancel themselves out, and the 

function h(X,Y) can be expressed as the sum of two functions hi ,j, gi,j, where the first 

one (which contains the monomials Y(Pi)/X5, for s•¬0) is regular outside •¬ and the 

second one (which contains the monomials Y<pi>/Xs,for s>j<pi>) is regular outside •¬. 

Hence, hi ,j has at each point of •¬ the same polar part as h(X,Y) and is regular outside 

•¬; thus,

•¬

Let I={i•¸N|1•¬i•¬l-1, ji>0} be the set of effective indices. For each pair (i, i')•¸

I•~I, we denote by W i'i the matrix (w•¬), where 1•¬j•¬ji,1•¬j'•¬ji'.

4.2. PROPOSITION. The relation rank W=‡”(i <pi>)•¸I•~I rank Wi<Pi> holds.

PROOF. Let I={i1<...<im} and let us put the elements of •¬ in the lexicographic 

order. Then,

•¬

Taking into account the previous proposition, the submatrices W•¬ such that ik•‚<pij> 

are zero. Since <pij>=<pik> implies ij=ik, the proposition follows. • 

Given an integer m>0, let

W(m):=(w(m)•¬), the matrix of (F*)m acting on H1(C,•¬), relative to the basis {ri ,j},•¬

•¬•¬

The following proposition can be proved along the same lines as the previous ones.

4.3. PROPOSITION. The entries of the matrix W(m) are

•¬

The relation rank W(m)=•¬ holds.

Let us note that, if F(X) is a polynomial defined over Fps, then the matrices W(m)
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have their entries in Fps and W(sm)=W(s)m. In this case, the Hasse-Witt invariant 
coincides with the sum of the multiplicities of the non-zero roots of the characteristic 

polynomial of the matrix W(s).

4.4. PROPOSITION. If p•¬1 (mod l), then C is non-ordinary.

PROOF. Without loss of generality, we may suppose that n•¬0 (mod l). The sub-

matrix Wi<pi>, with (i, <pi>)•¸I•~I, has exactly ji columns and j<pi> rows. We have that

•¬

It remains only to show that there exists an index io such that jio<j<pio> since, in this 

case, we have

•¬

Let r=<p> and io:=[l/r]. It is obvious that 2•¬r•¬l-1, 1•¬io•¬l-1. We will show 

that io satisfies the above mentioned condition. Indeed, we have that

•¬

It is easily seen that j<pi>=[nir/l]-n[ri/l]. Thus, we get

jio=[nio/l], j<pio>=[nior/l]-n[rio/l]=[nior/l].

If n•¬r+l, then nior-nio=nio(r-1)•¬(r+1)io(r-1)•¬rio+(r-1)•¬l; and hence 

jio<j<pio>. If 2•¬n•¬r, then

•¬

In the case of an elliptic curve defined over Q, the density of the set of primes of 

good ordinary reduction is 1/2 or 1, depending on whether or not the curve has complex 

multiplication. We note that if the polynomial F(X) belongs to Q[X], then the set of 

primes of good ordinary reduction has a natural density less than or equal to 1/(l-1). 

Thus, for any ƒÃ>0, we note the existence of non-singular projective curves defined over 

Q such that the set of primes of good ordinary reduction has density less than ƒÃ.

5. Hasse-Witt matrices for the Fermat curves. Let us denote by Cl the Fermat 

curve over Q, defined as the projective closure of the affine curve Yl=Xl+1 , where l 

is an odd prime. Let Q(ƒÊl) be the field of the l-th roots of unity . Let us choose a prime 

p•‚l and let f be its residue degree in Q(ƒÊl). LetG:=(Z/lZ)* and let H be the subgroup 

of G of order f. The curve Ct has good reduction at p and we denote r
p(Cl) its Hasse-Witt i

nvariant. The Hasse-Witt matrix W of the reduced curve Cl over F
P has its entries in F

p. Hence, W(m)=Wm for m•¬1.
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Let us recall that the genus of Cl is g=(l-2)(l-1)/2. According to the previous 

section, we take •¬ Given an integer m>0, let

•¬

Then, qi(f)=q(f)i, for 2•¬i•¬l-1.

5.1. PROPOSITION. (i) The matrix W(m)=(w•¬(m)) is given by

•¬

(ii) The matrix W(f) is diagonal and its eigenvalues are

•¬

(iii) C1 is ordinary at p if and only if f=1.
(iv) If f is even, then rp(Cl)=0.

PROOF. Consider •¬ If •¬ , then 

jpm•ßj'(mod l); hence for each j corresponding to an index i we have a single j'. If, 

moreover, we have i'= <pmi>, j' <i' and jpm-j'•¬0, then the coefficient of the monomial 

with exponent jpm-j'is

•¬

If pf•ß1(mod l),then i'=<pf i>=i and, for each j corresponding to a given i, we have 

that j'=j. Thus, the matrix of (F*)f is diagonal and has eigenvalues

•¬

If p•¬1 (mod l), we have already proved that Cl is non-ordinary at p. If p•ß1 

(mod l), then W is diagonal and all its eigenvalues are different from zero mod p, since 

i runs from 2 to l-1. Thus, Cl is ordinary at p.

If f is even, let m=f/2. We have pm•ß-1 (modl), i'=<pmi>=l-i. For each j 

corresponding to a given i, the associated j' is j'=l-j, since j•ß -j'(mod l). If j<i then 

j'>i', therefore we have that W(m) is the zero matrix and rp(Cl)=0. • 

5.2. EXAMPLE: THE HASSE-WITT INVARIANT r11(C7). We will compute r11(C7) in 

two different ways. In the first, we will calculate the matrix W; this will allow us to 

obtain the invariant by means of the characteristic polynomial of W. In the second 

way, using the fact that 113•ß1 (mod 7), we will compute the number of non-zero 

eigenvalues of W(3). As we will see, this second method is much shorter; we will develop
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TABLE 1.

it in the remaining proposition of this section.

(a) The indices (i,j) of •¬ in the lexicographic order are: (2,1), (3,1), (3,2), (4,1), 

(4,2), (4,3), (5,1), (5,2), (5,3), (5,4), (6,1), (6,2), (6,3), (6,4), (6,5). Since 7(qi-s)=

j11-j', we have j'•ß4j(mod 7). Hence, the possibly non-zero entries of W are computed 

in Table 1.

Thus, det(W-TId)=-T9(T3+2)2 and the Hasse-Witt invariant is 6.

(b) The matrix W(3) is diagonal; its eigenvalues are

•¬

Thus, ƒÉi ,j•¬0(mod 11) if and only if v11((190i)!)=v11((190j)!)+v11((190(i-j))!). Since 

the valuation of n! at a prime p is vp(n!)=•¬, we get that v11((190r)!) equals
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18, 37, 55, 75, 93, 102 for r=1, 2, 3, 4, 5, 6, respectively. It is easy to check that the 
number of non-zero eigenvalues is 6, corresponding to the indices: (3,1), (3,2), (5,1), 

(5,4), (6,2), (6,4).

Let us denote •¬. The mapping (i,j)•¨(i-j,j) is a 

bijection of •¬ onto •¬.

5.3. PROPOSITION. (i)

•¬

(ii) rp(C1) agrees with the cardinality of the set

•¬.

(iii) If two primes p, p'•‚l have the same residue degree f in Q(ƒÊl), then rp(Cl)=

rp,(C1).

(iv) rp(C1)•ß0(mod f).

PROOF. From the computation of the eigenvalues of the matrix W(f), we deduce 
that

•¬

We have [(pf-1)i/(pkl)]=0 if k>f-1 and, given two positive real numbers a, b, then 

[a+b]•¬[a]+[b].Thus,

•¬

For I•¬i•¬l-1 and 1•¬k•¬f-1, the condition

•¬

holds. Indeed, we have that

•¬

Since <ipf-k>pk-i•ß0(mod l) and 1•¬i•¬l-1, one has <ipf-k>pk-i•¬0. Hence,

•¬

and the first part of the statement is proved.

 Let us prove (ii). For each (i,j)•¸•¬ we have that
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•¬

The condition [pSj/l]+[ps(i-j)/l]=[pSi/l] for 1•¬s•¬f-1 is equivalent to

•¬

Notice that this condition holds for s=f, since pf•ß1 (mod l). Due to the fact that the 

class of p in G is a generator of order f of H, the statement (ii) of the proposition is 

proved. Since H is the only subgroup of G of order f, (iii) follows immediately. If

(j',j)•¸M, then (<j'h>, < jh>)•¸M for each h•¸H. This shows that rp(Cl) is multiple of f. • 

6. Questions of densities. The natural density of the set of primes p such that 
C, has good ordinary reduction at p in the set of all prime integers is 1/(l-1). It is 
known that J(Cl/Fp) is isogenous to a power of a supersingular elliptic curve if and 
only if f is even (cf. [Sh-Ka79 Prop. 3.10]). Thus, if l-1=2km, with m odd, the natural 
density of the set of primes p such that J(Cl/Fp) is isogenous to a power of a supersingular 
elliptic curve is

•¬

where ƒÓ denotes the Euler function. Table 2 in the appendix displays a large quantity 

of primes l for which the set of primes p with good reduction, such that rp(Cl)=0 and 

J(Cl/Fp) is not isogenous to a power of a supersingular elliptic curve
, has positive 

density. At the end of this section we will prove the existence of infinitely many primes 

l which satisfy this condition.

From now on, K denotes the field Q or Fp, K is a fixed algebraic closure of K and 

•¬•¸ K is a primitive l-th root of unity. For 2•¬k•¬l-1, let Cl,k be the normalization over 

K of the projective plane curve

Vl=U(W+ U)l-kWk-1

Let ƒÓk: Cl•¨Cl ,k be the morphism given by u=xl, u=xyl-kzk-1, w=zl. We denote 

by ƒÐk : C1•¨C1 the automorphism defined by (x,y,z)•¨(xƒÄk,yƒÄ,z), which has no fixed 

points and is of order l. We have that ƒÓk=ƒÓk•¬ƒÐk and the curve C1 ,k is isomorphic to 

the quotient curve of Cl with respect to the action of the group of order l generated 

by ƒÐk. Let ƒÎk: Cl•¨Cl ,k be the corresponding projection which is not ramified. Note that 

ƒÎk is defined on any extension of K which contains the l-th roots of unity .

For each of these values of k, we denote by rp(Cl
,k) the Hasse-Witt invariant of 

Cl ,k when K=Fp. The Jacobian J(Cl) is K-isogenous to ƒ®l-1 k=2 J(Cl,k) (cf. [Sc84]). Thus, 

we obtain that
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•¬•¬

In particular, we have that rp(Cl)=0 if and only if rp(Cl,k)=0 for 2•¬k•¬l-1. We shall 

prove in the proposition below that, moreover, H1(Cl, •¬)=•¬. We 

shall make use of this last result to computer rp(Cl ,k).

Let us consider the set

•¬

The condition <mk>><m> is equivalent to <m(k-1)>+<m>=<mk>. Thus, if we denote 

by •¬'k the image of•¬k in •¬' by the mapping (i,j)•¨(i-j,j), we have

•¬

The group G acts on [1, l-1]•~[1, l-1] by m(i,j):=(<mi>, <mj>). Thus,•¬k=

{m(k,1)•¸•¬|m•¸G}, •¬'k= {m(k-1, 1)•¸•¬'|m•¸G}. Notice that •¬(resp. •¬') is the 

disjoint union of the sets •¬k(resp.•¬k'), since these sets are the equivalence classes defined 

by the relation (i,j)•`(i,j') if and only if there exists an m•¸G such that (i,j)=m(i',j').

6.1. PROPOSITION. (i) The set {ri,j}(i,j)•¸•¬k is a basis of the K-vector space 

ƒÎk *(H1(Cl,k,•¬)). In particular, H1(Cl,•¬)=•¬.

(ii)•¬

(iii) If two prime p, p'•‚l have the same residue degree f in Q(ƒÊl), then rP(Cl,k)=

rP'(Cl ,k).

(iv) rP(Cl,k)=0(mod f).

PROOF. Let us consider (i). The set •¬k has (l-1)/2 elements, since(<mk>, <m>)•¸•¬k 

if and only if (<-mk>,<-m>)•¬ By the Hurwitz formula, we get that the genus of 

Cl ,k is (l-1)/2. The functions Y<mk>/X<m> are invariant under ƒÐk. Thus, they are functions 

on Cl,k. We have that ƒÎk(P1•‡)= ¥¥¥ =ƒÎk(Pl•‡). Thus, the repartitions {r<mk>,<m>}, for 

(<mk>, <m>)•¸•¬k, belong to ƒÎ*k(H1(Cl,k, •¬)). Since they are linearly independent and 

dim ƒÎ*k(H1(Cl ,k,•¬))•¬(l-1)/2, the statement is proved.

If K= FP, the subspace ƒÎ*k(H1(Cl ,k, •¬)) of H1(Cl,•¬) is invariant under the absolute 

Frobenius Fc*l, because ƒÎ*k•¬F*cl,k=F*cl•¬ƒÎ*k, and the rest of proposition can be proved 

along the same line of reasoning as that used in Proposition 5.3. • 

The proposition above makes it clear that the properties (iii) and (iv) stated in 
Proposition 5.3 are consequences of their being satisfied on each of the subvarieties 
J(Cl,k) over FP.

Next we will show the existence of isomorphy relations among some of these 

jacobian subvarieties. Let T, S:•¬•¨•¬ be the maps defined by

T(i,j)=(l-j, l-i), S(i,j)=(i,i-j)
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S and T are bijective maps. Given m•¸G and (i, j)•¸•¬ we have that m(i, j)•¸•¬ if and 

only if mT(i, j)•¸•¬, and if and only if mS(i, j)•¸•¬. Hence, S and T map equivalence 

classes into equivalence classes. Thus T(•¬k)=•¬<1/k> and S(•¬k)=•¬<k/(k-1)>, since 

T(k,1)=(l-1,l-k) and S(k, 1)=(k, k-1). If we put T(k)=<l/k> and S(k)=<k/(k- 1)>, 

the two mappings are involutions on the indices of the curves, and (SƒÍT)3(k)=k. 

Namely, S and T acting on the set of indices k generate the dihedral group D3 and 

(SƒÍTƒÍS)(k)=<1-k>.

6.2. PROPOSITION. Given M•¸D3, the curves Cl ,k and Cl,M(k) are Q-isomorphic, 

hence they have the same Hasse-Witt invariant at any prime p•‚l.

PROOF. Let us introduce the involutions ƒÉ,ƒÊ: Cl•¨Cl defined by

ƒÉ(x,y,z):=(y,x,-z), ƒÊ(x,y,z):=(z,y,x)

We have that •¬ It follows that ƒÉ (resp. ƒÊ) induces 

an isomorphism between Cl ,<1/k> and Cl,k (resp. Cl,<k/(k-1)> and Cl,k). • 

In general, each set of subindices Sk has an orbit, under the action of the group 

D3, formed by six sets:

•¬

These sets are different, except in the following cases:

(a) For l=3, k can only take the value 2, and the six sets are the same.
(b) The orbit of •¬k has three elements if and only if k•¸{2,(l+1)/2,l-1} and l•‚3.

(c) The orbit of •¬k has two elements if and only if l•ß1 (mod 3) and k is a solution 

of T2-T+1•ß0(mod l).

Notice that if p is a prime of residue degree f=3, then r
p(Cl)•¬6, since the subgroup {

p,p2,1} of (Z/lZ)* always satisfies <p>+<p2>+1=l and the six pairs (<pj'>, <pi>) 

for j', j=1, 2, 3 and j•‚j', belong to •¬'.

6.3. PROPOSITION. Let l•‚3,7. If p•‚l is a prime of residue degree f=(l-1)/2
, 

then rp(Cl)=0.

PROOF. The elements of the subgroup H of (Z/lZ)* generated by a prime p of 

residue degree f= (l-1)/2 are the quadratic residues mod l. Since rP(Cl
,k)•ß0(mod f) 

and Cl,k has genus f, we have that Cl,k is ordinary at p or rp(Cl
,k)=0. Thus, we only 

need to prove that Cl
,k is non-ordinary at p for all k, 2•¬k•¬l-1.

We consider the following cases:

(a) l•‚3 and -2 is a quadratic residue (mod l). Let k be the index corresponding 

to an ordinary curve. Since l-2 is a quadratic residue
, the inequality

<(l-2)(k-1)>+1-2<l

holds. This condition forces -2(k-1)•ß1 (mod l); hence k=(l+1)/2 . This is a con-
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tradiction because this curve is isomorphic to the curves corresponding to k=2, l-1.

(b) l•‚7 and -3 is a quadratic residue (mod l). Let k be the index corresponding 

to an ordinary curve. Since l-3 is a quadratic residue, we have <(l-3)(k-1)>+l-3<1. 

Thus k•ß1/3(mod l) or k•ß2/3 (mod l). The curve Cl,k has the same invariant as the curve 

corresponding to k/(k-1), and we have k•ß-1/2 (mod l) or k•ß-2 (mod l); these values 

are different from the previous ones if l•‚5, 7. The case l=5 does not have to be 

considered. since -3 is not a quadratic residue (mod 5).

(c) -1 is a quadratic residue (mod l). The result is obvious, since f is even.
(d) -2, -3 and -1 are not quadratic residues (mod l). These conditions imply 

that 2 and 3 are quadratic residues. Let t=k-1 be a value such that the curve cor-
responding to k=t+1 is ordinary. We show that t is a quadratic residue. Let m be 
the minimum non-quadratic positive residue; then l-m is a quadratic residue and 

<-mt>+<-m><l. Thus <-mt><m and consequently -mt and t are quadratic 
residues.

Since 1/2 is a quadratic residue, for k=2 the curve is non-ordinary, because 

((l+1)/2)(1,1) does not belong to •¬". Due to the fact that -3 and -1 are not qua-

dratic residues, we have that l•¬1 (mod 3). Thus, each subindex k of an ordinary curve 

yields six different subindices of ordinary curves, since we have excluded the cases l=3, 

k•¸{2, (l + 1)/2, l-1} and l•ß1(mod 3). For each value of t, the values obtained 

are the following t, <-(t+l)/t>, <-1/(1+t)>, <1/t>, <-(t+1)>, <-t/(t+1)>. Let 

a be the minimum value of t such that the curve is ordinary. Since -(a+1)/a is a 

quadratic residue, we have

•¬

Thus, l-(a+1)+<-(a+1)/a)<1, that is, <-(a+1)/a> <a+1. This result contradicts 

either the fact that a is the minimum ordinary value or that <-(a+1)/a>•‚a. • 

6.4. COROLLARY. If l•¬11 and l•ß3 (mod 4) then the density of the set of primes p 

such that rp(Cl)=0 and J(Cl/Fp) is not isogenous to a power of a supersingular elliptic 

curve is greater than or equal to (l-1)-1ƒÓ((l-1)/2).

7. Appendix.

7.1. NOTATION.

1, 2<1<500, prime,

ƒÂ, density of the set of primes p such that rp(Cl)=0 and J(Cl/Fp) is 

not isogenous to a power of a supersingular elliptic curve.
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