HAUSDORFF DIMENSION OF MEASURES VIA
POINCARE RECURRENCE

L. BARREIRA AND B. SAUSSOL

ABSTRACT. We study the quantitative behavior of Poincaré recurrence.
In particular, for an equilibrium measure on a locally maximal hyper-
bolic set of a C** diffeomorphism f, we show that the recurrence rate
to each point coincides almost everywhere with the Hausdorff dimen-
sion d of the measure, that is, inf{k > 0 : f*z € B(z,r)} ~ r~%. This
result is a non-trivial generalization of work of Boshernitzan concerning
the quantitative behavior of recurrence, and is a dimensional version
of work of Ornstein and Weiss for the entropy. We stress that our ap-
proach uses different techniques. Furthermore, our results motivate the
introduction of a new method to compute the Hausdorff dimension of
measures.

1. INTRODUCTION

One of the basic but fundamental results of the theory of dynamical sys-
tems is the Poincaré Recurrence Theorem. Essentially it states that any dy-
namical system preserving a finite invariant measure exhibits a non-trivial
recurrence to each set of positive measure. More precisely, let T: X — X be
a measurable transformation, and p a T-invariant probability measure in X.
The Poincaré Recurrence Theorem says that if A C X is a measurable set
of positive measure, then card{n > 0 : T"z € A} = oo for p-almost every
point x € A.

Unfortunately this information is only of qualitative nature. In particular
it does not address the following natural problems:

1. with which frequency an orbit visits a given set of positive measure;
2. with which rate a given point returns to an arbitrarily small neighbor-
hood of itself.

The Birkhoff Ergodic Theorem provides a comprehensive answer to the first
problem. The second problem has been given considerable growing interest
during the last decade, also in connection with other fields, including com-
pression algorithms, numerical study of dynamical systems, and applications
in linguistics. In particular, there exist several results towards a partial an-
swer of this problem, including the noteworthy work of Boshernitzan [3] and
Ornstein and Weiss [8] (see Sections 2 and 4 for details).
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The purpose of this paper is to provide a comprehensive answer to the
above-mentioned problem 2, concerning the quantitative behavior of recur-
rence. In particular, our results are non-trivial generalizations of the above-
mentioned results of Boshernitzan, and provide a dimensional version of the
work of Ornstein and Weiss for the entropy (see Sections 2 and 4 for ex-
planations and examples). We emphasize that our approach uses different
techniques. In particular we obtain a new proof of one of the main results
of Boshernitzan in [3].

We now illustrate our results with a rigorous statement; see Section 4 for
details. We shall prove that if x is an ergodic Gibbs measure of a C'+®
diffeomorphism f on a locally maximal hyperbolic set, then
im loginf{k > 0: f*z € B(z,r)} log u(B(z, 1))

li = lim
r—0 —logr r—0 logr

(1)

for u-almost every point x, where B(x, ) is the ball of radius r centered at x.
Note that the identity (1) relates two quantities of very different nature,
called respectively recurrence rate and pointwise dimension. In particular,
only the first quantity depends on the diffeomorphism, while only the second
quantity depends on the measure.

Furthermore, our results motivate the introduction of a new method to
compute the Hausdorff dimension of a measure.

The structure of the paper is as follows. The main statements and in-
equalities relating the lower and upper pointwise dimensions, and the lower
and upper recurrence rates are formulated and discussed in Sections 2 and 3.
We also present examples which indicate that the hypotheses in our results
are optimal. In Section 4 we apply those results to the case of equilibrium
measures supported on locally maximal hyperbolic sets, and establish the
identity (1) for p-almost every point. Section 5 contains an application to
suspension flows. The proofs are collected in Section 6.

Acknowledgment. We gratefully thank Joerg Schmeling for several en-
lightening discussions. We also thank the referee for the detailed and helpful
comments.

2. LOWER BOUNDS FOR THE POINTWISE DIMENSION

Let T: X — X be a Borel measurable transformation on the separable
metric space (X, d). Note that 7" is not necessarily invertible. We define the
return time of a point x € X into the open ball B(z,r) by

m(2) € inf{k e N: T*2 € B(x,r)} = inf{k € N : d(T"z,z) < r},

where N denotes the set of positive integers. We also define the lower and
upper recurrence rates of x by
log 7 () = — log 7y ()

R(z) :}1?11(1] “logr and R(af;)zll_{% “logr |

Furthermore, the lower and upper pointwise dimensions of p at a point
x € X are given by

Eu(x) — Tm log u(B(x,r))

.. logu(B(z,r))
d,(w) = lim —— = and r—0 log r

- r—0 log r

(2)
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where B(xz,r) is the open ball of radius r centered at the point x.

The following statement provides upper bounds for each of these quanti-
ties in terms of the lower and upper pointwise dimensions (see (2) for the
definitions).

Theorem 1. IfT: X — X is a Borel measurable transformation on a mea-
surable set X C R? for some d € N, and p is a T-invariant probability
measure on X, then

R(z) <d,(z) and R(z) < d(z) (3)
for p-almost every x € X.

It follows from Whitney’s embedding theorem that if X is an arbitrary
subset of a finite-dimensional smooth manifold, then it can be smoothly
embedded into R? for some d € N, and thus Theorem 1 applies.

Example 3 in Section 4 illustrates that the inequalities in (3) may be strict
on a set of positive measure.

Boshernitzan proved in [3] that if the a-dimensional Hausdorff measure
is o-finite on X (that is, if X can be written as a countable union of sets

X; fori =1, 2, ... such that my(X;) < oo for all i), and p is an invariant
probability measure on X, then
lim [0/ - d(T", )] < o0 (4)
n—oo

for p-almost every z € X. He also showed that if, in addition, mq(X) = 0,
then
lim [n/® - d(T"z, z)] = 0. (5)
n—oo
for p-almost every x € X.
Recall that the Hausdorff dimension of a probability measure 1 on X is
given by

dimg p = inf{dimyg Z : p(2) = 1},
where dimyg Z denotes the Hausdorfl dimension of the set Z. The measure
w is called ezxact dimensional if there exists a constant d such that
d,(x) = du(x) = d for p-almost every z € X. (6)

It follows from Young’s criteria (see [13] for details) that if (6) holds, then
dimy p = d.

In our setting Boshernitzan’s result can be reformulated in the following
manner (for details, see Section 6 and in particular Lemma 4).

Theorem 2 ([3]). If T is a Borel measurable transformation on the separa-
ble metric space X, and p is a T-invariant probability measure on X, then
R(z) < dimpg p for p-almost every x € X.

We can also rephrase the first inequality in (3) in a form similar to (5).

Theorem 3. IfT: X — X is a Borel measurable transformation on a mea-
surable set X C R? for some d € N, and p is a T-invariant probability mea-
sure on X, then (5) holds for p-almost every x € X such that d,,(v) < c.



4 L. BARREIRA AND B. SAUSSOL

Using Young’s criteria (see [13]), one can show that dimy pu > d, () for
p-almost every x € X. Therefore, Theorem 3 may in general provide a
stronger statement than that in (5), and the first inequality in (3) may
be sharper than that in Theorem 2. This possibility indeed occurs in the
following example.

Example 1. In [10], Pesin and Weiss presented an example of a Holder
homeomorphism in a closed subset X of [0, 1], whose unique (and thus
ergodic) measure of maximal entropy p is not exact dimensional. More
precisely, there exist disjoint sets Aj, A2 C [0, 1] with positive py-measure
whose union is equal to X, and there exist positive constants ¢; and co with
¢1 # cg such that p|A; is exact dimensional and d,(z) = d,(z) = ¢ for
p-almost every x € A; and i = 1, 2. Clearly dimpy p = max{cy, c2} and thus
d,(z) < dimpg p on a set of positive y-measure (on the set A; with i such
that ¢; = min{cy, ca}). O

This example illustrates that in general Theorem 3 provides a stronger
statement then that in (5). Therefore, one can see the first inequality in
Theorem 1 as a non-trivial generalization of one of Boshernitzan’s main
results in [3]. Furthermore, we are able to give an estimate for the upper
recurrence rate, and we shall see (in Sections 3 and 4) that for several classes
of maps and measures the inequalities in (3) are in fact identities on a full
measure set. Therefore, the inequalities in Theorem 1 and 3 are optimal.

Example 1 also illustrates that for an arbitrary transformation the func-
tions d, and Eu need not be invariant p-almost everywhere. Assume now
that 7' is a Lipschitz map with Lipschitz inverse, and let ¢ > 1 be a Lipschitz
constant for T and T~1. It is easy to verify that 7.,(T'z) < 7,-(z) < 7,./(Tx)
for every x € X and every r > 0. Thus

R(Tx) = R(z) and R(Tx)= R(x)
for every x € X. One can also verify that for every x € X we have
d,(Tz) =d,(r) and d,(Tx) = d,(z).

3. COINCIDENCE OF RECURRENCE RATE AND POINTWISE DIMENSION

3.1. Formulation of the main result. In this section we investigate con-
ditions under which the inequalities in (3) become identities (see also Sec-
tion 4). These conditions will be shown to hold for a large class of invariant
measures.

The return time of the point y € B(x,r) into B(x,r) is defined by

7y, z) = inf{k > 0 : d(T*y,z) < r}. (7)
One can easily verify that if d(z,y) < r then
T4r(y) < Tgr(y,ﬁﬂ) < Tr(y)' (8)

For each x € X and r, € > 0, we consider the set
Ac(z,r) ={y € B(z,r) : 7o(y, ) < p(B(a,r)) "}
We shall say that the measure u has long return time (with respect to T') if
log (1(As(z, 1))

r—0 log u(B(x,r)) > )
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for p-almost every x € X and every sufficiently small € > 0.

The class of measures p with long return time includes equilibrium mea-
sures supported on locally maximal hyperbolic sets (see Theorem 5 below).
On the other hand, Example 2 below illustrates that a T-invariant measure
1 may have long return time even if 7" is not uniformly hyperbolic. See also
Section 3.2 for a discussion of the relation of the notion of long return time
with return time statistics.

The following is a considerably strengthen version of Theorem 1 for mea-
sures with long return time.

Theorem 4. Let T: X — X be a Borel measurable transformation on a
measurable set X C RY for some d € N, and pu a T-invariant probability
measure on X . If p has long return time, and c_iﬂ(a:) > 0 for p-almost every
r € X, then

R@)=d,(@) and R(z) = du(2) (10)
for p-almost every r € X.

See Sections 3.2 and 4 for applications of Theorem 4.

Remark that the recurrence rates R(x) and R(z) are essentially quanti-
ties of topological nature, which are defined independently of any measure.
Therefore, the identities in (10) provide non-trivial relations between topo-
logical and measure-theoretic quantities.

3.2. Relation with return time statistics. We define the distribution of
return time of T' (with respect to ) on the ball B(z,r) by

at p({y € B(z,7) : 7 (y, ) > t/p(B(z,7))})
w(B(z,r))

for each t > 0. In a variety of systems with some kind of hyperbolicity
it has been established that F, ,.(t) — e~* as r — 0, for p-almost every
x € X. This behavior is known as the exponential statistic of return time,
and is becoming an important ingredient in the analysis of recurrence in
dynamical systems. This study is closely related to the above-introduced
notion of long return time. This can be readily seen from the equation

plAe(,1) = (L= T (u( B, 1)) (B, )
< (B, ) + u(Bla,r)) sup T ()~ ()

Fur(t)

which holds for all sufficiently small » > 0. This implies the following
criterion for long return time.

Proposition 1. Let T be a Borel measurable transformation on the sepa-
rable metric space X, and p a probability measure on X. Assume that for
w-almost every x € X there exists v = ~y(x) > 0 such that

sup{|F.(t) —e | : t > 0} < u(B(z,r))?
for all sufficiently small r > 0. Then p has long return time.

In fact, it is not necessary to have an exponential statistic of return time.
For example, assume that for p-almost every z € X there exist v = y(z) > 0
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and a function F,: [0, 4+00) — [0, 1] which is Holder continuous in an open
neighborhood of 0 such that

sup{|Fzr(t) — F2(t)] : t > 0} < p(B(x,r))”

for all sufficiently small > 0. Note that one must have F;(0) = 1. Then it
follows from (11) that the measure u has long return time.

The following example illustrates that an invariant measure may have
long return time even if the map is not hyperbolic.

Example 2. Let a € (0,1) and consider the map 7': [0,1] — [0,1] de-
fined by

T(z) = z(1+ 2%%) 1fx€[f),1/2]. (12)
2z —1 otherwise

Note that due to the presence of the neutral fixed point 0 (since 7(07) = 1),
the map is not uniformly hyperbolic. We recall that there exists a unique
invariant probability measure p which is ergodic and absolutely continuous
with respect to Lebesgue measure (see, for example, [6] for references). Since
the set of points z € [0,1] such that |T'(z)| > 1 has full y-measure, the
measure 4 is hyperbolic (see Section 4 for the definition).

Denote by a,, the left preimages of ag = 1. Let £ be the countable partition
of [0,1] defined by & = {(an+1,as] : n > 0}. It is proved in [6] that 7" has
exponential statistic of return time for cylinders of the partition &. More
precisely, the following sharp estimate is established: there exists v > 0 such
that for u-almost every x € [0, 1] and all sufficiently large m € N, we have

:U’({y € gm(x) C T () (y) > t/:u(fm(x))})
20 1(Em ()

where &, = 2”;01 T-%¢, and
Ta(y) = inf{k € N: T"y € A}.
Proceeding as in (11) we conclude that for p-almost every z € [0, 1] we have

p({y € &m(x) = T @) < ulEm(2)) 75} < 2u(Em (@)

for every € < v and every sufficiently large m.

We now present a simple argument showing that one can replace cylinders
by balls in the last inequality. For each sufficiently small » > 0, it is possible
to choose integers m, > mn, such that &, (z) C B(z,r) C &, (z) with

my/n, — 1 as r — 0. Since

Ten (@ (y) < 7e(y) and  u(B(z,7)) = p&m, (7)),

—e!| < p(&m(2))7,

we obtain

w(Ae(z, 7)) < u{y € &, (2) : T (2) (y) < w(&m, (l,))—l—i-a}).
In view of the inequalities
il ()71 < i, () and (b, (@) < (B, ),

which are valid for all sufficiently small r, we conclude that for p-almost
every = € [0, 1] we have

WAL, )) < 206, ()1 < (B, ) +/20 e/
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for all sufficiently small r. By taking € > 0 sufficiently small, this inequality
implies that the measure y has long return time.

It follows from Theorem 4 that the identities in (10) hold for Lebesgue
almost every point. O

We remark that it is an open problem to decide whether all hyperbolic
measures (not necessarily supported on uniformly hyperbolic sets; see Sec-
tion 4) have long return time.

4. HYPERBOLIC GIBBS MEASURES

We now consider equilibrium measures supported on a locally maximal
hyperbolic set of a C'*® diffeomorphism. The following result shows that
in this situation the identities in (10) hold on a set of full measure.

Theorem 5. Let X be a locally mazximal hyperbolic set of a C'T® diffeo-
morphism on a compact smooth manifold, for some a > 0. If i is an ergodic
equilibrium measure of a Hélder continuous potential on X then:

1. wp has long return time;

2. R(z) = R(z) = dimpy p for u-almost every x € X.

When g is not ergodic one can consider the finite ergodic decomposition
of p on (relatively) open subsets X; C X such that (X;, T, u|X;) is ergodic.
Since each X; is (relatively) open it follows immediately from Theorem 5
that R(x) = R(z) = dimy puy, for p-almost every = € X;.

The following example illustrates that for invariant measures which are
not hyperbolic the second statement in Theorem 5 may not hold.

Example 3. Consider a rotation of the circle by an irrational number w
which is well approximable by rational numbers. We recall that w is said
to be well approximable by rational numbers if v(w) > 1, where v(w) is
the supremum of all ¥ > 0 such that |w — p/q| < 1/¢**! for infinitely
many relatively prime integers p and ¢. The unique invariant measure of
the rotation is the Lebesgue measure m, which is clearly exact dimensional.
Furthermore, it is easy to verify that if 0 < ¢ < g2 < --- is a sequence of
positive integers such that |g,w — p,| < 1/¢,” for some integer p,, then

Tijgov () = inf{k € N : kw(mod1) < 1/¢,"} < ¢y
for every x in the circle, and thus
log 7/, v(x 1
(@) < lim 28/ ()
n—oo —log(1/qn”) = v(w)
Note that the Lebesgue measure is not hyperbolic in this example. O

< 1=dimgm.

In view of Theorem 4, Example 3 also illustrates that an exact dimensional
measure may not have long return time.

We now show that the above Theorems 4 and 5 can be seen as general-
izations of work of Ornstein and Weiss for the measure-theoretic entropy.

Let T: X — X be a measurable transformation (note that X need not be
a metric space), and Z a measurable partition of X. Consider the partitions
Z, = \/Z;é T—*Z for each n. We shall denote by h,(T, Z) the p-entropy
of T with respect to Z. Then Theorem 1 in [8] can be reformulated in the
following manner.
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Proposition 2 ([8]). Let T: X — X be a measurable transformation, Z a
measurable partition of X, and p an ergodic T-invariant probability measure
on X. If we endow X with the (pseudo) metric dz(x,y) = e~ ", where n is
the smallest positive integer such that Z,(z) # Z,(y), then R(z) = R(z) =
hu(T, Z) for p-almost every x € X.

We stress that with the special metric dz, the measure-theoretic entropy
hu(T, Z) coincides with the Hausdorff dimension dimpg p of the measure p.
Theorems 4 and 5 provide versions of Proposition 2 in metric spaces which
may have “non-homogeneous” distances.

Let now f: M — M be a diffeomorphism of a compact smooth manifold.
Given x € M and v € T; M the Lyapunov exponent of v at x is defined by

1
Az, v) = lim —log||ds f"vl].

The measure p is said to be hyperbolic if there exists a set Y C M of full
p-measure such that A(z,v) # 0 for every x € Y and every v € T, M.

One should notice that the relation between Proposition 2 and Theorem 5
is similar to the relation between the Shannon—-McMillan—Breiman theorem,
and the following statement established by Barreira, Pesin, and Schmeling.

Proposition 3 ([1]). If f is a C'* diffeomorphism on a compact smooth
manifold M, for some a > 0, and p is a hyperbolic f-invariant probability
measure on M, then d,(z) = dy(z) for p-almost every x € M.

The role of Proposition 3 in dimension theory of dynamical systems is
similar to the role of the Shannon-McMillan—Breiman theorem in the en-
tropy theory. While the first ensures the coincidence of many characteristics
of dimension type of the measure (such as the Hausdorff dimension, lower
and upper box dimensions, and lower and upper correlation dimensions),
the later ensures the coincidence of various definitions of the entropy (such
as those due to Kolmogorov and Sinai, Katok, Brin and Katok, and Pesin).
See [1] for details.

In a similar fashion, while Proposition 2 relates the measure-theoretic
entropy with recurrence, Theorem 5 relates dimension-like characteristics
with recurrence. Both results provide a non-trivial insight concerning the
quantitative behavior of recurrence.

A similar observation can be made about the hypotheses under which the
results are established. Namely, the assumptions in Proposition 3 are known
to be optimal (see [1, 9] for details), while the Shannon-McMillan-Breiman
theorem only assumes the invariance of the probability measure. Similarly,
while Proposition 2 only requires the measure to be ergodic, Theorem 5
requires more from the dynamical system and the invariant measure. Ex-
ample 3 illustrates that the assumption that the measure is hyperbolic is
essential in Theorem 5.

We believe that the other assumption in Theorem 5, concerning the reg-
ularity of the map, is also essential, although to the best of our knowledge
no counterexample is known with weaker regularity.

Moreover we would like to formulate the following plausible conjecture.
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Conjecture. Let f be a O diffeomorphism on a compact smooth mani-
fold M, for some o > 0. If v is an ergodic hyperbolic f-invariant probability
measure on M, then R(x) = R(x) = dimpy p for p-almost every z € M.

Theorem 5 establishes this statement when p is supported on a uniformly
hyperbolic set. By Theorem 1 and Proposition 3, observe that in order
to establish the conjecture in the affirmative, one must show that R(z) >
dimg p for p-almost every z € X.

Our results motivate the introduction of a new method to compute the
Hausdorff dimension of measures. More precisely, one can use Statement 2
in Theorem 5 to compute the Hausdorff dimension of an equilibrium measure
u supported on a locally maximal hyperbolic set of a C1*¢ diffeomorphism.
Namely, for p-almost every point we have

- log 7, ()

=di .
r—0 —logr ke

Therefore, one can use the following algorithm:

1. choose “p-randomly” a point x € X;

2. iterate the point z and determine the successive “best” return times
to a neighborhood of z, i.e., the smallest possible positive integers
my < mg < --- such that d(T™z,x) > d(T™2x,x) > ---;

plot the points (logm,, —logd(T™"x,x)) in a plane;

4. estimate dimpy p from the asymptotic slope defined by these points.

©w

5. APPLICATION TO SUSPENSION FLOWS

We assume that T: X — X is a bi-Lipschitz transformation on the sep-
arable metric space (X,d). Let ¢: X — (0,00) be a Lipschitz function.
Consider the space

Y ={(z,s) € X xR:0< s < ()},

with the points (z, p(z)) and (T'z,0) identified for each x € X. The suspen-
sion flow over T' with height function ¢ is the flow ¥ = {44 }; on Y where
each transformation ¢;: Y — Y is defined by ¢y(x,s) = (x,s + t).

We equip the space Y with the Bowen—Walters distance dy introduced
in [4], and define the return time of a point y € Y (with respect to the
flow ¥) into the open ball By (y,r) by

¥ (y) = inf{t > p,(y) : Yyy € By (y,7)} = inf{t > pr(y) : dy (¥, y) <1},

where

pr(y) = inf{t > 0: 4y & By (y,7)}

is the escape time of y from the ball By (y,r). Observe that ¢,y € By (y,r)
for all sufficiently small ¢, and thus we need to ensure that the orbit ¢,y has
escaped from By (y,r) when defining 7.7 (y).

We also define the lower and upper recurrence rates of y by
— log 7Y (y)

. log 7" (y) 7Y

)\ r

B = 1 m ——————— = 1 .
() TITO —logr and (v) oo — logr
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Let p a T-invariant Borel probability measure in X. It is well known that
w1 induces a W-invariant probability measure v in Y such that

Jow=] [ " g(o.s) dsduta) / [ odu

for every continuous function g: Y — R (where ds refers to Lebesgue mea-
sure in the line), and that any W-invariant measure v in Y is of this form
for some T-invariant Borel probability measure p in X.

Theorem 5 can be used to establish the following result for suspension
flows.

Theorem 6. Let X be a locally mazximal hyperbolic set of a C'+ diffeo-
morphism T on a compact smooth manifold, for some o« > 0, and p an
equilibrium measure of a Holder continuous potential on X. If W is a sus-
pension flow over T|X then

R'(y)=R
for v-almost every y €Y.

lII(y) =dimgv—1

6. PROOFS

Following Federer [5], a measure p is called diametrically regular if there
exist constants > 1 and ¢ > 0 such that u(B(x,nr)) < cu(B(z,r)) for every
xz € X and r > 0. Examples include equilibrium measures with a Holder
continuous potential for several classes of topologically mixing hyperbolic
systems, and namely subshifts of finite type, conformal expanding maps,
surface axiom A diffeomorphisms, and, more generally, conformal axiom A
diffeomorphisms. See [9] for full details.

We shall say that a measure p is weakly diametrically regular on a set
Z C X if there is a constant n > 1 such that for py-almost every x € Z and
every € > 0, there exists § > 0 such that if » < § then

u(B(x,nr)) < p(B(z,r))r—=. (13)
It is easy to verify that if u is a weakly diametrically regular measure on
a set Z, then for each fixed constant n > 1, there exists § = §(z,e,n7) > 0
for p-almost every x € Z and every € > 0, such that (13) holds for every
r < 6. Clearly, diametrically regular measures are weakly diametrically
regular on X.

Lemma 1. Any Borel probability measure on R is weakly diametrically
regular.

Proof of Lemma 1. Let p be a Borel probability measure on R?. Clearly, it
is sufficient to show that for p-almost every = € R? we have

u(B(,27) < n2u(Blz,2-"1)) (14)
for all sufficiently large n € N. For each n € N and § > 0 let
O {z esuppp: pn(B(z,27" 1)) < opu(B(z,27™))}.
Taking a maximal 27" 2-separated set £ C K, () we obtain

uE(8)) < ) (B, 27" 1) < Y du(B(x,27")).

zeFE zeFE
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Since E is 27" 2-separated, there exists a constant M (depending only on d)
such that E can be decomposed into the union £ = Uf\i 1 Ei where each set
E; is 27"-separated. Thus for each i =1, ..., M the union J,cp B(z,27")
is disjoint. Therefore

M
WKL) <3S Su(B,27™)) < M.

i=1 LUEE,L'

Since

S u(Ka(n ) <MY 02 < o,

n>0 n>0

we conclude from the the Borel-Cantelli lemma that (14) holds for p-almost
every z € X and all sufficiently large n € N. This completes the proof. [J

This shows that the class of weakly diametrically regular measures is
very broad. In particular, due to Whitney’s embedding theorem, this class
contains all probability measures supported in a finite-dimensional smooth
manifold. Further weakly diametrically regular measures on arbitrary metric
spaces include any measure p on a separable metric space X restricted to
the set

{freX:d,(r)= d,(z)}.

This readily follows from the definition of pointwise dimension.

Note that the property of R? that we used in the proof of Lemma 1 is
that the maximal cardinality, say M (r), of a %r-separated subset of balls
of radius r is bounded by some constant M. Our proof readily extends to
separable metric spaces X with the property that M(r) = o(r~¢) for any
e > 0. In this case, instead of (14) one can show that for each § > 0 we have

u(B(z,27") < 2"u(B(z,27"7))

for p-almost every x € X and all sufficiently large n € N. This readily
implies the weak regularity of u.
We now provide an example of very different nature.

Example 4. Let a € (3,1) and define the sequence 3, = n®. Consider the
space of sequences X = {0, l}N and define a metric on X by requiring that
diam C,(x) = e P, where C,(x) is any cylinder of length n. Consider also
the Bernoulli measure p on X such that p(Cp(x)) = 27". One can easily
verify that u is weakly diametrically regular (by checking that any ball of
radius r contains at most (") balls of radius r, where e(r) — 0 asr — 0),
and also that dimg p = +00. In particular X = supp i cannot be smoothly
embedded into R for any d € N.

The same measure g may not be weakly diametrically regular if the se-
quence (3, increases in a slower fashion. This is the case for example when

Bn = logn. O
We recall that for any a > 0 the following identities hold:
1 B - - — 1 B -
0= i OB g log(Blaae™)

n—o00 -n n—00 —-n
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E(x):h_mw, R(z) = Tim M.

n—o0 n n—oo n

(16)

Lemma 2. Let T' be a Borel measurable transformation on the separable
metric space X, and p a T-invariant probability measure on X. If p is
weakly diametrically regular on a measurable set Z C X with u(Z) > 0,
then (3) holds for p-almost every x € Z.

Proof of Lemma 2. Observe that the function §(z,-) in the definition of a
weakly regular measure (see (13)) can be made measurable for each fixed z.
Fix € > 0, and choose § > 0 sufficiently small such that the set

G={zreZ:éx,e) >}
has measure p(G) > p(Z) —e. For any 7, A > 0 and = € X consider the set
Are = {y € B(a,4r) : Tar (y,2) > X (B, 4r)) 7'},
where 74, (y, z) is defined in (7). Chebychev’s inequality implies that

H(A) < alBlaan)) [ i) duty).

B(x,4r)
Since p is invariant, Kac’s lemma tells us that

/ Tar(y, @) du(y) = p({y € X : ar(y, @) < o00}) <1
B(x,4r)

Since B(zx,2r) C B(x,4r), we obtain

n({y € B(w,2r) : mar(y, 2)p(B(a,47)) = X71}) < Mu(B(x, 4r)).
Furthermore

Tar(y, ©) (B2, 4r)) = 78 (y) 1(B(y, 2r))

whenever d(z,y) < 2r (see (8)), and thus

n({y € Blw,2r) : ms:(y)u(B(y, 2r)) = A}) < Au(Bl(a, 47)). (17)
By Lemma 3 we can find an at most countable maximal r-separated set
E C G. Using (17) with A = 72 and (13) with 1 = 4 (see also the discussion
after (13)), we obtain

De(r) = u({y € G = ms: (y)u(B(y, 2r) = r~*})
<> ul{y € Blx,2r) : 78, (y)u(Bly, 2r)) > r~*})

el
< % Z w(B(x,4r))
el
<rf Z u(B(x,r)) <r°
el

We conclude that
Z D.(e™) < Z e " < 0.
n>—logd n>—logd
By the Borel-Cantelli lemma we find that for p-almost any = € G, we have

log Tge—n () _,_ , logu(B(x,2e™™))
n - —n
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for all sufficiently large n. The desired result now follows from the identities
in (15) and (16), and the arbitrariness of . O

In particular, if 4 is an exact dimensional probability measure on a separa-
ble metric space X, then by Lemma 2 we have R(z) < dimg u for y-almost
every * € X. On the other hand, if x4 is not exact dimensional then in
general one can only show that R(x) < dimpy u for p-almost every = € X
(see Theorem 2 and Example 1).

We notice that as in Lemma 2, the condition that X C R¢ in Theorem 4
may also be replaced by the hypothesis that p is weakly diametrically regular
on X.

We continue with an auxiliary statement.

Lemma 3. Let p be a finite Borel measure on the separable metric space
X, and G C supp i a measurable set. Given r > 0, there exists a countable
set EE C G such that:

1. B(z,r) N B(y,r) = @ for any two distinct points x, y € E;

Proof of Lemma 8. The existence of the set E can be obtained using Zorn’s
lemma on the non-empty family of subsets of G which satisfy the first prop-
erty, ordered by inclusion. Then the second property is satisfied for any
maximal element. Since p(B(x,r)) > 0 for each z € E C supp p, the set E
is at most countable. O

We shall call the set F in Lemma 3 a mazimal r-separated set for G.
We now start establishing the results in the former sections.

Proof of Theorem 1. The desired statement follows from Lemma 1 and The-
orem 2. U

Lemma 4. Given xz € X, we have R(x) < d if and only if for every e > 0,
we have
lim [+ d(Tmz, 2)] = 0. (18)
n—oo
Proof of Lemma 4. Assume first that R(z) < d. Given € > 0 there exists a
sequence of numbers 7, such that r, — 0, and 7, () < Tn_(d+€) for all n.
Let my, = 7, (x). If the sequence m,, is bounded, then z is periodic and (18)
holds. Assume now that m,, is unbounded. Note that d(7™"z,z) < r, and

mnl/(d+2€)d(Tm"x, x) < Ty, (x)l/(d+2€)rn
< Tn_(d+5)/(d+26)?”n _ Tna/(d-i—e)'

Therefore
lim [/ @29 d(T"2, 2)] < lim [m, /42 d(T 2, z)] = 0.

This establishes (18) for each ¢ > 0.
Assume now that (18) holds for every € > 0. Setting r,, = 2d(T"z, ), we
conclude that 7, () < n, and it follows from (18) that
lim |7, ()Y @), ] = 0.

n—oo
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Thus there exists a diverging sequence of positive integers k, such that
Tre, ()Y @)y <1 for each n. Therefore

1 1 d+e

E(x> S h_m OgTrn(x) S llm Og(rkn )

lim =d+e.
n—oo —logry n—oo —logTgk,

The arbitrariness of ¢ implies the desired result. ]

Proof of Theorem 2. We remind that the statement in Theorem 2 is a refor-
mulation of a result of Boshernitzan.

By the definition of the Hausdorff dimension of a measure, for any a >
dimyg g and all sufficiently small § > 0 there exists a set Z C X of full
p-measure such that o > dimy Z > dimpg p — J, and hence my(Z) = 0. It
follows from (5) and Lemma 4 that R(x) < « for p-almost every z € Z.
Letting o — dimy Z and 6 — 0 we obtain R(x) < dimpg p for p-almost
every ¢ € X. ]

Proof of Theorem 8. The desired statement follows from Theorem 1 and
Lemma 4. O

Proof of Theorem 4. By Theorem 1 we have R(z) < d,(x) and R(z) < d,(z)
for p-almost every x € X. We shall now establish the reverse inequalities.

By Lemma 1 the measure p is weakly diametrically regular on X. Since
w1 has long return time (see (9)), u is weakly diametrically regular on X
(see (13)), and d,(x) > 0 for p-almost every z € X, if ¢ > 0 is sufficiently
small we conclude that there exist numbers a, 7, p > 0 and a set G C X
with p(G) > 1 — € such that if z € G and r € (0, p) then

p(Ac(z,2r)) < p(B(x,2r)'7, (19)
p(B(x,2r)) < p(Bx,r/2))r=""?, (20)
w(B(z,r)) <re. (21)

Consider the set

Ac(r) S {y € G m(y) < n(Bly,3r) ")

Whenever d(z,y) < r we have 7,(y) > ( x) (see (8)). Since B(x,2r) C
B(y,3r), if x € G then using (19), (20), and (21), we obtain

(
p(B(z,r) N Ac(r)) < u({y € B(z,r) : 7or(y,x) < p(B(a,3r)) "))
< u(Ac(z,20)
< u(B(x,2r))
< w(B(x,r/2))r= 12 (2r)"

If E C G is a maximal j-separated set given by Lemma 3, then

< Y ulBlar) 0 A()
el
< Z,u (x,7/2))r ‘”/2(27“)‘”

zeE
< 207p07/2
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We conclude that
> u(Au(e™) < co.
n=1

The Borel-Cantelli lemma implies that for p-almost every « € G we have
Ten(@) > p(B(x,3e7")) 7
for all sufficiently large n. The identities in (15) and (16) imply that
R@) = (1-2)d,(x) and R(@) = (1 - ), ()

for p-almost every x € G. The desired statement follows from the arbitrari-
ness of €. U

For a non-uniformly hyperbolic set X in the manifold M, and a Lyapunov
regular point z € X, let ®,: U, — M be the Lyapunov chart at = for
some sufficiently small open neighborhood U, C R¥™M of 0, which satisfies
®,0 =z, and

do®,(RI™E*(®)  10}) = E%(z) and  do®, ({0} x REME @)y — gu(g).

See the appendix to [1] for details. We denote by D*(z,r) ¢ RI™E°() and
D¥(z,r) C RIME*@) the balls of radius r at the origin. We also denote
by B*(xz,r) C V*(x) and B*(xz,r) C V¥(z) the balls of radius r centered at
the point x, with respect to the distances induced in the local stable and
unstable manifolds V*(z) and V*(x).

In [7], Ledrappier and Young constructed two measurable partitions &°
and £* of M such that for p-almost every x € M we have:

1. &(z) C V¥(x) and £ (z) C V¥(x);
2. &(x) D V3(x) N B(z,v) and &“(x) D V*(x) N B(x,~) for some v =
v(z) > 0.

We denote by p and p¥ the conditional measures associated respectively
to the partitions £° and £%. Recall that any measurable partition & of M
has associated a family of conditional measures: for p-almost every x €
M there exists a probability measure p, defined on the element £(z) of &
containing x. The conditional measures are characterized completely by
the following property: if B¢ is the o-subalgebra of the Borel o-algebra
generated by unions of elements of £ then for each Borel set A C M, the
function x — pj(ANE(x)) is Be-measurable and

p(A) = [ p(ane(a) du.

We will later need the following result concerning the product structure
of hyperbolic measures. Instead of formulating the result in all its generality
we state it in a form adapted to our purposes.

Proposition 4 ([12], after [1]). Let X be a locally maximal hyperbolic set
of a CY** diffeomorphism f on a compact smooth manifold, for some o > 0.
If © is an equilibrium measure of a Holder continuous potential on X and
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a, b, ¢ > 0, then for u-almost every x € X, there exists e(r) > 0 for each
each v > 0 such that e(r) — 0 asr — 0 and

B ) (B 1)
= W@, (D (w, er) x D (z, "))
for all sufficiently small r > 0.

T—a(r)

IN

Proof of Proposition 4. We use the notations of [12]. Take a Lyapunov reg-
ular point z, and let x1,...,xq be the values of the Lyapunov exponent
at x. Setting a; = —a for y; < 0, and a; = —b for x; > 0 we conclude that
for any r sufficiently small there exist n(r), m(r) € N such that

Rm(r) (l’) C (I)m(Ds({L‘, T’a) X Du({L‘, Tb)) C Rn(r) (ac)

and m(r)/n(r) — 1 as r — 0. The desired result now follows immediately
from Theorem 3.9 in [12]. O

We define the return time of a set A into itself by
T(A) =inf{n e N: T"AN A # @}.

Given a partition £ of X we consider a new partition &, = Z;(l) T-F¢ for
each n. Saussol, Troubetzkoy, and Vaienti show in [11] that the first return
time of an element of &, is typically large.

Proposition 5 ([11]). Let T: X — X be a measurable transformation pre-
serving an ergodic probability measure . If £ is a finite or countable mea-
surable partition with entropy h,(T,§) > 0 then

7(&n(2))

lim ———=>1

n—00 n

for p-almost every x € X.

Using this result, it can be shown that the first return time of a ball is
also typically large.

Lemma 5. Let T: X — X be a Lipschitz map with Lipschitz constant
L > 1 on a compact metric space X. If p is an ergodic T-invariant Borel
probability measure with entropy h,(T) > 0, then

lim

T(B(:U,r))> 1
r—o —logr T loglL

for p-almost every x € X.

Proof of Lemma 5. We claim that for each n > 0 there exists a partition (,
of X with diameter diam (,, < 27", such that if » > 0, then

p{zr e X :d(z, X \ (n(2)) <7r}) < epr, (22)

where (,(x) is the atom of (,, containing x, and ¢, is some positive constant
depending only on n.

Take a finite set E, C X such that (J,cp B(z,27""') = X. For each
r € E,, we can find a sequence of real numbers 7, = r(z) € (27771, 277)
satisfying |rp1 — 7% < 27571 and

w(B(z,ry, + 27" Y\ Bz, m — 27F71) <27,
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Take r(z) = limg_ o 7 and consider the set
Ap={y€ X :r(x)—27% <d(zx,y) < r(z)+ 27 for some z € E,}
for each k£ € N. Note that we obtain a cover of X satisfying
(A <278 card B,
Writing E,, = {x1,... ,2p} we set

-1
By = B(zy,r(x1)) and By = B(xy,r(ze)) \ U B;
j=1
for =2, ..., p. Then the partition ¢, = {B, Bs,... , B} has the desired
properties, with ¢, = card E,,.

Since diam ¢, — 0 as n — oo, there exists n, € N such that h,(T, () >
hy(T)/2 > 0. Let Z = (,,, C = c¢,, and denote by Z,,(x) the unique
element of \/7"")' T~%Z which contains = € X.

Fix 0 < 1/L < 1. Clearly, if d(z, X \ Z,,(z)) < ¢™, then

d(T*z, X \ Z,(T*2)) < o™LF
for some k < m. It follows from (22) that
p{r € X d(x, X\ Zp,(z)) <o™})
< mmax{pu({z : d(T"z, X \ Z1(T*z)) < e™LF}): k=0,... ,m —1}
< Cm(ocL)™,
using the invariance of the measure. By the Borel-Cantelli lemma we con-
clude that for p-almost every x € X we have B(z,0™) C Z,,(z) for all
sufficiently large m.
By Proposition 5, for u-almost every x € X we have

Z B m B
1< tim ZEn@) o TB@I) i 7B @)
M—o00 m m—oo —mlogo r—o0 —logr
Since o can be made arbitrarily close to 1/L, we obtain the desired state-
ment. U

Proof of Theorem 5. Let Z be a Markov partition, and consider the new

partitions Z = IZZ”m f~*Z whenever m < n. There exist constants ¢ > 0
and A > 0 such that for any cylinder Z]}, C Z,
diamg 7)), < ce™™ and  diam, VAES ce_)‘", (23)

where diam, and diam, denote the diameters along the stable and unstable
manifolds.

For p-almost every x € X, we have d,(z) = d,(z) = d > 0 and, by
Lemma 5, there exists § > 0 and p > 0 such that

B(z,7) N f*B(x,r) =2

for every r < p and k <, © —dlogr.

Let r < p and write B = B(z,r). There exists a countable collection of
points {z,}sca € B and integers m, < 0 < n, for each a € A such that if
Zla (x,) € ZJle denotes the unique element containing x4, then

B=|]J 2k (xa) (modO0),

a€A



18 L. BARREIRA AND B. SAUSSOL

in such a way that the union is disjoint (mod 0). We may also assume,
without loss of generality, that min{—mg,,n,} > t,. Let k > ¢, and write
p=[k/2] >0and g=p+1—k < 0. We have
BcC U Zb (za) 2P _(x,r) and BC U Z (wp) o Z ().
acA beA
Once can find sets U C A and V C A such that
= U ZP (xq) and  Z7%®(z,r) U Z (),
acU beV

with the two unions being disjoint (mod 0). Since

FRZm () = 20070 (FFa)

we obtain
Bnf*Bc |J (25, (za) N 201 (f Fm)).
a€UbeV

The Gibbs property of the measure implies that there exists a constant x > 0
such that

WBOFFB)Y < > (28, (xa) N 20T ()

<k Y uEh, (@) Zp ()
acUbeV (24)

Setting
r, = max{diam, Z°°(z, r), diam, Z¥ _(z,7)}

it follows from (23) that rj, <7 + ce”**/2, Furthermore, for p-almost every
x € X (in fact for all Lyapunov regular points) we have

ZP (x,1) C ®,(D*(x,2r) x D"(x,2ry)) (25)
and
ZF%(x, 1) C ®u(D*(x, 2rg) x D"(x,2r)) (26)

for all sufficiently small » > 0. Since k > t,., we have rp, < r + er?/2 < pg
where g = Ad/3 > 0 (provided that r is sufficiently small). Proposition 4
together with (24), (25), and (26), and the main theorem in [1] yield

w(BN f7*B) < /{,U,( «(D%(x,2r) x D%(x,2r%))) x

w(®y(D*(x,2r9) x D% (x,2r)))

< w20 s (B (,r)) it (B (2, 7))
Xy (B (@, 1)) g (B (@, 7))

< w0 (B, 1) u(B, 1))

< KBy O,
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where ¢(r) > 0 and ¢(r) — 0 as r — 0. Set now

2
k, = [z(logc - logr)] + 1.
If kK > k, then ri < 2r, and a similar argument establishes that
W(B N fEB) < ku(B)yr= >0,

Then for any s, > 0, summing the estimate above as k runs from ¢, through
S, we obtain

kr-—1 s
:U’({y € B(.%',T') : TT(er) = ST}) N —5¢e(r),.gd - -5 d
< L AT L ey
(Bl > 2

< /@r_‘:’g(r)(krrgd + STT‘d).

By rechoosing £(r) if necessary, we may assume that u(B(z,r)) > rd+s(")
for all sufficiently small r. Setting s, = u(B(x,7))~ "¢ we obtain

H({y € B(az,r) : Tr(yvx) < 57”}) < KT*E’)E(T‘)[(_&IOg T,)ng + T(d+s(r))(fl+s)7qd]
w(B(z,r))
provided that ¢ is sufficiently small. Since gd > 0, ed > 0 and &(r) — 0 as
r — 0 we conclude that (9) holds. Since ¢ is arbitrarily small, the measure
u has long return time.
The second statement is now an immediate consequence of Theorem 4
and Proposition 3, together with Young’s criteria (see [13]). O

)

Proof of Theorem 6. It follows immediately from Proposition 17 in [2] that
there exists a constant ¢ > 1 such that if y = (z,s) € Y \ (X x {0}) and
r > 0 is sufficiently small (possibly depending on x) then

B(xz,r/c) x I(s,r/c) C By(y,r) C B(z,cr) x I(s,cr), (27)
where I(s,r) = (s —r,s + ) C R. Therefore
w(B(z,r/c)2r/c < v(By(y,r)) < u(B(z,cr))2cr
for all sufficiently small r, and thus
dy(y) =d,(2) +1 and dy(y) = dyu(x) + 1.

It follows from Proposition 3 that d,,(y) = d,(y) = dimpy p + 1 for v-almost
every y € Y, and applying Young’s criteria (see [13]) we obtain dimgy v =
dimpg p + 1.

By (27) we obtain

2 (y) < inf{t > p,(y) : Yy € Bz, r/c) x {s}} + /¢,

TT‘,I’(y) > inf{t > p,(y) : Yy € B(x,cr) x {s}} — cr,
and hence

Tcr(l')—l Tr/c(x)fl

Y e(The)—er<7f(y) < p(Trz) +r/c (28)
k=0 k=0
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for all sufficiently small » > 0 (possibly depending on z). By Theorem 5,
given £ > 0 we have r~9¢ < 7,.(z) < r~97¢ for all sufficiently small r, where
d = dimg p. By (28) and the ergodicity of u, we obtain

e 4= ([odu—e) —er<at < /ot ([ pdure) e

for all sufficiently small r. Therefore

V7
V) = B ) = lim 228 W) s
R¥(y) = R (y) = lim “logr = d = dimp p
for v-almost every y € Y. This completes the proof of the theorem. O
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