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Abstract

In this paper, the long-time behavior of the Cesaro mean of the fun-
damental solution for fractional Heat equation corresponding to random
time changes in the Brownian motion is studied. We consider both stable
subordinators leading to equations with the Caputo-Djrbashian fractional
derivative and more general cases corresponding to differential-convolution
operators, in particular, distributed order derivatives.
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1. Introduction

Let {X,t > 0; P,,x € E} be a strong Markov process in the phase
space R?. Denote by T} its transition semigroup (in an appropriate Banach
space) and by L the generator of this semigroup. Let S¢,t > 0 be a subor-
dinator (i.e., a non-decreasing real-valued Lévy process) with Sy = 0 and
the Laplace exponent ®:

Ele ] =W ¢ x>0.

We assume that Sy is independent of X;.

Denote by F;,t > 0 the inverse subordinator, and introduce the time-
changed process Y; = Xpg,. Our goal is to analyze the properties of Y;
depending on the given Markov process X; and the particular choice of
subordinator S, see Theorem [3.1] and Theorem [A.1] below. There is a lot
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of interest on this kind of problem in diverse disciplines. In addition to
purely stochastic motivations, the transform of the Markov process X; in
the non-Markov one Y; implies the presence of effects in the corresponding
dynamics. This feature is important in a number of physical models. In
particular, progress in the understanding of this process may lead to the
realization of useful models of biological time in the evolution of species
and ecological systems. Currently, there exist rather complete studies of
such problems in the case of so-called #-stable subordinators (0 < 6 < 1)
[6, 15] and in special examples of initial processes X; (see, e.g., [17], [12],
[13)).

As a basic characteristic of the new process Y;, we may study the time
evolution

u(t, z) = E*[f(11)]

for a given initial data f.

As it was pointed out in several works, see e.g. [20], [7] and references
therein, u(t, x) is the unique strong solution (in some appropriate sense) to
the following Cauchy problem

]D)Ek)u(t,x) = Lu(t,z) u(0,2) = f(x). (1.1)
Here we have a generalized fractional derivative (GFD for short)
d t
=5 | k= 9)6s) ~ s(0))ds
0

with a kernel k£ uniquely defined by ®.
Let ug(t,x) be the solution to a similar Cauchy problem but with ordi-
nary time derivative

DM g(t)

0
Eu(t,m) = Lu(t,z) u(0,z) = f(x). (1.2)

In stochastic terminology, it is the solution to the forward Kolmogorov
equation corresponding to the process X;. Under quite general assump-
tions there is a convenient and essentially obvious relation between these
evolutions that is known as the subordination principle:

u(t,x) = /000 uo (7, 2)Gy(7)dT,

where G¢(7) is the density of E;.

A similar relation holds for fundamental solutions (or heat kernels in
another terminology) v(z,t) and v¥(z,t) of equations (L2)) and (L), re-
spectively. For certain classes of a priori bounds for fundamental solutions
v(x,t), the properties of the subordinated kernels were studied in [§]. The
main technical tool used in this work involves a scaling property assumed
for ® [§] that is a global condition on the Lévy characteristic ®(A). It is
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nevertheless difficult to give an interpretation of this scaling assumption in
terms of the subordinator.

The aim of the present work is to extend the class of random times for
which one may obtain information about the time asymptotic of v¥(x,1).
We consider the following three classes of admissible kernels k € Ll (R}),
characterized in terms of the Laplace transforms () as A — 0 (i.e., as
local conditions):

KO ~ X1 0<0<1. (C1)
K~ AL (5) L) = (0) () (c2)
KO\) ~ AL G) . L(y) :=Clog(y) %, s>0,C>0. (C3)

We would like to emphasize that these classes of kernels leads to differential-
convolution operators, in particular, the Caputo-Djrbashian fractional de-
rivative (C1) and distributed order derivatives (C2),(C3). For each kernel
of this type, we establish the asymptotic properties of the subordinated
heat kernels from different classes of a priory bounds. It is important to
stress that in working with much more general random times (i.e., without
the scaling property), a price must be paid for such an extension, namely
the replacement of v¥(z,t) by its Cesaro mean. This is the key technical
observation that underlies the analysis of several different model situations.

2. Preliminaries

Let S = {S(t), t > 0} be a subordinator, that is a process with station-
ary and independent non-negative increments starting from 0. They form
a special class of Lévy processes taking values in [0,00) and their sample
paths are non-decreasing. In addition we assume that S has no drift (see
[3] for more details). The infinite divisibility of the law of S implies that
its Laplace transform can be expressed in the form

E(e—)\S(t)) — e—tfb()\)7 b > O,

where @ : [0,00) — [0, 00), called the Laplace exponent (or cumulant), is
a Bernstein function. The associated Lévy measure o has support in [0, 00)
and fulfills

/ (LAT)do(T) < o0 (2.1)
(0,00)

such that the Laplace exponent ® can be expressed as

d(\) = /(0 )(1 — e M) do(7), (2.2)
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which is known as the Lévy-Khintchine formula for the subordinator S. In
addition we assume that the Lévy measure o satisfy

c(0,00) = 0. (2.3)
For the given Lévy measure o, we define the function k by
k: (0,00) — (0,00), t — k(t) :=o((t,00)) (2.4)
and denote its Laplace transform by K; i.e., for any A > 0 one has
K\ = / e MEk(t) dt. (2.5)
0

We note that by the Fubini theorem, the function K is given in terms of
the Laplace exponent. Specifically,

IC()\):/ e_)‘t/ da(s)dt:/ / e_)‘tdtda(s)zi@()\),
0 (t,00) (0,00) JO

ie.,
O(N) = AC(N), VA>0. (2.6)
Given the inverse process E of the subordinator S, namely
E(t):=inf{s >0: S(s) >t} =sup{s>0: S(s) <t}, (2.7)
the marginal density of E(t) will be denoted by G(7), t,7 > 0, more
explicitly
Gi(r)dr = 0;P(E(t) <7)=0;P(S(1) >t) = —0-P(S(7) < t).

ExXAMPLE 1. 6-stable subordinator and Gamma processes.
(1) Let S be a #-stable subordinator § € (0, 1) with Laplace exponent

o *°
_ N0 _ YV o —AT,—1-60
Dy(N) =\ = T —0) /0 (I—e )T dr,

from which it follows that the Lévy measure o is given by

0
I'(1-0)
The restriction 6 € (0, 1) and not 6 € (0, 2) is due to the requirement
@I). The boundary 6 = 1 corresponds to a degenerate case since
S(t) =t.

We have IC(A\) = N~ ! and k(t) = t~%/T(1 — 6). The correspond-
ing GFD ]D)Ek) is the Caputo-Djrbashian fractional derivative ]D)ge) of
order 6 € (0,1).

do(T) = 7 %dr.
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(2) The Gamma process Y (@) with parameters a,b > 0 is given by its
Laplace exponent @, ) as

by oo
0

where the second equality is known as the Frullani integral [1]. The
corresponding Lévy measure is given by

do(r) = ar e " dr.

We have K(A) = Aalog (1+ %) and k(t) = al'(0,bt). The corre-
sponding GFD is given by

10 = 5 | TO.b = )76 - 0))ds.

dt J,

An important characteristic of the density G(7) is given by its Laplace
transform. More precisely, does the 7-Laplace (or t-Laplace) transform of
G¢(7) are known for an arbitrary subordinator? Thus, we would like to
compute the following integrals

/ e_)‘TGt(T)dT or / e_)‘th(T)dt.
0 0

The answer for the t-Laplace transform is affirmative and the result is given
in (2.I4) below. On the other hand, for the 7-Laplace transform a partial
answer has been given for the class of §-stable processes; namely

EXAMPLE 2. (cf. Prop. 1(a) in [3]).
If S is a f-stable process, then the inverse process E(t) has the Mittag-
Leffler distribution, as follows,

—)\E(t Z 0
'(nd + 1) Eo(=At7). (28)

It follows from the asymptotlc behav10r of the Mittag-Leffler function Ejy
that

E(e M®) ~ t%’ as t — o0.

In addition, using the fact that
By(—z) = / e My()d7, Vx>0, (2.9)
0

where My is the so-called M-Wright (cf. [I4] for more details and proper-
ties), it follows that

E(eF®) = / e M My(r) dr = / e Mt My(rt™) dr
0 0
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from which we obtain the density of E(t) explicitly as
Gi(t) = t O My(rt™?). (2.10)

For a general subordinator, the following lemma determines the ¢-Laplace
transform of G¢(7), with k and IC given in (2.4 and (2.3l), respectively.

LEMMA 2.1. The t-Laplace transform of the density Gy(7) is given by
/ MGy (r) di = K(\)e—™K) (2.11)
0

In addition, the double (t,t)-Laplace transform of G¢(7) is given by

[ e e = ot

P roof. For any 7 > 0 let n,; be the distribution of S(7), that is

E(e_)\s(q—)) — 20N — / oS dn.(s). (2.12)
0

Defining
g\ T) = KN e PN 2 x>0 (2.13)

under assumption (23], for all ¢ > 0 it follows from Theorem 3.1 in [16]
that the density G¢(7) of the random variable E(t) if given by

t
_ / k(t — ) i (s).
0
It follows then that

/ h e MGy (1) dt = g(\,7) = K(\)e TN, (2.14)
0

In fact, by the Fubini’s theorem we obtain

/OOO e MGy (r)dt = /OO e~ /t k(t — s)dn.(s) dt
/ / e ME(t — 5) dt die (5)

k) [T ()

=g(A\, 7).
In addition, it follows easily from (2.13]) that

[e.e] 1
A7) dr = =
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so that (2.14) may be written as

[e.e] [ee] 1
/ e M dt/ Gi(r)dr = <
0 0 A

which implies that G¢(7) is a 7-density on R:

/OOO Gy(r)dr = 1.

Finally, the double (7,t)-Laplace transform follows from

/ / e_pTe_MGt(T) dtdr :/ e PTg(\,7)dr
o Jo 0

:lC(A)/ e PTe TN g7
0

_ KX
= K0y 15 (2.15)

a

3. Subordinated heat kernel

In this section, we investigate the long-time behavior of the fundamental
solutions for fractional evolution equations corresponding to random time
changes in the Brownian motion by the inverse process E;, t > 0. We
consider three classes of time change, namely those corresponding to the
f-stable subordinator, 0 < 6 < 1, the distributed order derivative, and
the class of Stieltjes functions. Henceforth L will always denotes a slowly
varying function at infinity (SVF), that is,

in L(\z)
Z—00 L(x) -

see for instance [4] and [19]) for more details, while C, C" are constants
whose values are unimportant, and which may change from line to line.
Let v(z,t) be the fundamental solution of the heat equation

ou(z,t) 1
5 = 5Au(x,t)

u(z,0)  =d(z),

(3.1)

where A denotes the Laplacian in R%. Tt is well known that the solution
v(x,t) of (BI), called heat kernel (also known as Green function), is given
by

1 |z

v(z,t) = WG_T (3.2)
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and the associated stochastic process is the classical Brownian motion in
R<. Notice that the heat kernel v(z,t) has the following long-time behavior

v(z,t) ~ Ct™ 42 ast — cc.
We are interested in studying the long-time behavior of the subordina-
tion of the solution v(x,t) by the density G(7), that is,
1

Wat) = [ o@n)Gilrr - oo [ " e Gy dr. (33)

Then v¥(z,t) is the fundamental solution of the general fractional time
differential equation, that is,

{]D)Ek)u(a:,t) = 1Au(z, 1)

u(z,0) = d(z). (3:4)

Here ]D)Ek) are differential-convolution operators defined, for any nonnegative
kernel k € L{. (Ry), by
d t
(DFu) (t) == = / k(t — T)u(r) dr — k(t)u(0), t > 0. (3.5)
0
(See [11] for more details and examples.)
In order to study the time evolution of v¥ (z,t), one possibility is to
define its Cesaro mean

1 t
Mt(vE(az,t)) = Z/ vE(m,s) ds,
0
which may be written as

M, (UE(Q;,t)) = /Ooov(:n,T)Mt (Gi(7))dr. (3.6)

The long-time behavior of the Cesaro mean M, (UE (z, t)) was investigated in
[10}, Sec. 3] for the three classes of admissible kernels and d > 3. The method
was based on the ratio Tauberian theorem from [12]. More precisely, the
following theorem was shown.

THEOREM 3.1.  Let v¥(x,t) be the subordination of v(x,t) by the
kernel G¢(7). Then the long-time behavior of the Cesaro mean of v (x,t)
ast — oo is given by

cto, k e[[CT),
My(v(z,)) ~ { Clog(t) ™!, k €[([C2]
Clog(t)~'=*, k€[(C3)

In the next section we use an alternative method to find the long-time
behavior of the Cesaro mean M; (v (z,t)).
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4. Alternative method for subordinated heat kernel

The Laplace transform method is based on the result of Lemma 1]
wherein the t-Laplace transform of the subordination vE(a:, t) is explicitly
given by

(Lvf( c/ e gG( NN dr
— CK(A )/ F 2SN g ()
0
The integral in (4.1 is computed according to the formula,
ﬁ%s\/ﬁv d= 17
/ 7267770 dr = { 2K, (2\/@) , d=2,
0

9 (%)(2—d)/4 Kyt (2\/%> Cd>3

(see for instance [9, page 146, egs. (27), (29)]), where a = ‘w‘ , b= AC(N),
and K, (z) is the modified Bessel function of the second kmd [ Sec. 9.6].
The asymptotic of the Bessel function K, (z) as z — 0 is well known (e.g.,
see [2 Egs. (9.6.8) and (9.6.9)]) and is given by
Ko(z) ~ —In(2), (42)
1 zZ\ v —
Ky (2) ~ 5T() (5) ~Cz, R(v) > 0. (4.3)

With these explicit formulas, we study each class (C1), (C2), and (C3)
separately which constitutes the main contribution of this paper.

THEOREM 4.1. Let v(z,t) be the fundamental solution of the heat
equation [B.1)) and v¥(z,t) its subordination by the density G¢(7). Then the
long-time asymptotic of v¥(x,t) is given according the admissible classes
of kernels k by

Class (C1):
Ct—9/27 d — 1
My(vF (2,1)) ~ { Ct=0log(V2|z|t~0/2), d =2,
C’|aj|(6+1)(2_d)/2t_9, d> 3.

Class (C2):
Olog( )—1/2 —+/21(0)|z|log(t) ’1/2’ d 1
Mt(vE(l’,t)) ~ 4 Clog(t)~'In (\/2# )|z| log(t) 1/2)7 d=2,
Claf>- dlog< ), a3

v
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Class (C3):

Clog(t)~(1+9)/2e=C'VRlallog() =972 g —
M (vF(2,1)) ~ { Clog(t)"1*In (C')z| log(t)_(“rs)/z), d=2,
Clz|?>~4log(t)~12, d>3

Proof. (C1): For this class, () =71 0< 6 < 1.
(1) For d =1, we obtain

(LvP(z,))(\) = ON—1H0/2,—V2[z|]\/2 _ y—(1-0/2) (%) :

where L(y) = CeV2lly™"? is a SVF. An application of the
Karamata Tauberian theorem (see for example [I8] Sec. 2.2]
or [4, Sec. 1.7]) gives

M, (UE(a:,t)) ~ Ot 022702 Ct 2t .

(2) For d =2, we have

(L0 (2,-)(N) = CA DKo (V2]z|]A/2) = x~0-0L, G) ,

where L(y) = CKo(v2|z|y~%/?) is a SVF. Invoking the Kara-
mata Tauberian theorem and (4.2]) yields, for t — oo,

M, (o7 (2,1)) ~ 1Ko (Valalt™*/2) ~ Ot In (V2alt 7).

(3) For d > 3, the Laplace transform of v¥(z,¢) has the form

e/
(0@ = Claf 200 (1) Ky (VBlal2)

1
—\ =07 (=
a0z (1),

where L(y) = O|z|@~9/2y0C=d/A K,  (v/2|z]y=/?) is a SVF.
2
It follows from the Karamata Tauberian theorem and (4.3
that
My (v (x,1)) ~ CtOL(t) ~ C|x|OFVED24=0 ¢ o0,

(C2): Here we have K(A) ~ A1L(A71) as A — 0, where L(y) =
w(0)log(y)~t, u(0) # 0. Again we study the three different cases
d=1,d=2and d > 3.
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(1) For d = 1, the t-Laplace transform of v¥(z,t) can be written,
for A = 0, as

(L0"(2,))(N) = CA log(A~1) 7126 V2O el logA™H 72

-27(3).

where L(y) = C’log(y)_lme_\/2”(0)‘9”‘log(yVU2 is a SVF. An
application of the Karamata Tauberian theorem gives

My (vP (2, 1)) ~ CL(t) ~ Clog(t) ™2~ V2uOlellog®)™ =y o,
(2) If d = 2, we have

(LvE(x,))(\) = CA gA)LK (Wuﬂog 1/2)

1
=A"'L( <
<A>7

where L(y) = C'log(y) 1Ko (\/2;1 )|z|log(y 1/2) is a SVF.
As t — oo then by the Karamata Tauberian theorem and (4.2))
we obtain

M, (UE(a:,t)) ~ CL(t) ~ Clog(t) ' 1n (\/Tm log(t) 1/2).
(3) For d > 3, it follows that, as A — 0,
(0P NO) = Claf®DPA log(x~) -0/
XKy (Clallogx")72)

1
= ML=
(3)
where

L(y) = O] 1og(y) V4K, ('Ja] log(y) ™)
is a SVF. To verify that L(y) is a SVF, one may note that

log(y) 1 2=D/4 a5 well as is K%_l (C7)| log(y)_l/z) according

to ([A.3); the stated result then follows from Prop. 1.3.6 in [4]. It
follows from the Karamata Tauberian theorem and (3] that

Mt(vE(m,t)) ~ CL(t) ~ Clz|*~%log(t)™, t— oo.

(C3): We now have K(A\) ~ CATIL(A"H717% as A — 0 and s > 0,
C>0.
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(1) For d = 1, the t-Laplace transform of v¥(z,t) can be written,
for A = 0, as

(ng(x’ ))(}\) — o)L 1Og()\—1)—(1+s)/26—0'\/§\w\log()\_l)_(1+s)/2

1
=20 <
where L(y) = Clog(y)~(1+)/2¢=C"V2lellog(y) O+ i 5 v,

as is easily seen. An application of the Karamata Tauberian
theorem gives, as t — oo,

M, (UE(I‘,t)) ~ CL(t) ~ Clog(t)—(1+s)/2e—0’\/§\z\log(t)*(1+5)/2‘
(2) For d =2, we have

(£0"(2,))(\) = CA™ og(A™) 1= Ko (C']a] log(A™1)~(1+9/2)

1
=A"'L( <
(/\> ’
where

L(y) = Clog(y)~'"*Ko (C’Iw\ log(y)_(1+s)/2>

is a SVF. Use the Karamata Tauberian theorem and (4.2]) now
yield the behavior as t — oo

My (v (z,1)) ~ CL(t) ~ Clog(t) ™' ~*In (C'|x| log(t)~(1+2)/2).
(3) For d > 3, it follows that
(‘,%UE(I‘, ))()\) _ O|3§‘|(2_d)/2)\_1 10g(>\_1)_(1+s)(1_(2_d)/4)
XKg_l (Cl\/i‘fﬂ log()\—l)—(1+8)/2>
2

1
= MN'L(=
&)

as t — oo, where
L{y) = Cla| =/ log(y) @D/ K, (C'v2la| log(y)~+/?)

is a SVF. We note that L(y) is the product of two SVF’s which
is a SVF (see Prop. 1.3.6 in [4]). It the follows from the Kara-
mata Tauberian theorem and (4.3]) that

M; (v (2,t)) ~ CL(t) ~ C|z|*"*log(t) 7%, t— .
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REMARK. (Gaussian convolution kernel).
We consider the nonlocal operator £ on functions v : R — R defined
in integral form by

(Lu)(z) == (a*u)(z) —u(z) = /Rd a(z —y)u(y) —u(@)dy,  (4.4)
where the convolution kernel a is non-negative, symmetric, bounded, and
integrable, i.e.,

a(xz) >0, a(z) = a(—z), a(x) € LOO(]Rd) N Ll(Rd). (4.5)

In addition, the kernel a is a density in R? with finite second moment;
explicitly

(a) := /Rd a(x)dx =1, /Rd lz2a(x) de < oo, (4.6)

Since £ is a bounded operator in L*(R%), its heat semigroup e** can be
easily computed by using the exponential series according to

> a*k > a
el = e tetor = ot g th—— — e tld+ et g th .
k! k!
k=0 k=1

By removing the singular part e !Id of the heat semigroup, we obtain the
reqularized heat kernel

*k

v(x,t) = e_tZtka k!x) (4.7)

with the source at the origin. In other words, for any f € L?(R¢), a solution
to the nonlocal Cauchy problem

ou(z,t)
5 = Lu(x,t), (4.8)
u(z,0) = f(z),

has the form u(z,t) = e 'f(z) + (v * f)(x,t) with v given by ([@7Z). In
particular, the fundamental solution of the problem (48] is

u(z,t) = e '6(x) + v(x,t).
If we denote by v”(z,t) the subordination of v(x,t) (the regular part of
u(z,t)) by the density G¢(7), then it turns out that the Cesaro mean of
v¥(z,t) long time behavior depends crucially on the ratio between |x| and
t. The details of this investigation we postpone for a forthcoming paper.
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