arXiv:2301.08430v1 [math.DG] 20 Jan 2023

Heat kernel on Ricci shrinkers (II)

YuLi and Bing Wang

January 23, 2023

Abstract

This paper is the sequel to our study of heat kernels on Ricci shrinkers in [28]]. In this paper,
we improve many estimates in [28]] and extend the recent progress of Bamler [2]]. In particular,
we drop the compactness and curvature boundedness assumptions and show that the theory of
F-convergence holds naturally on any Ricci flows induced by Ricci shrinkers.
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1 Introduction

= =1
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A Ricci shrinker (M", g, f) is a complete Riemannian manifold (M", g) coupled with a smooth

function f satisfying

1
Rc + Hess f = Eg,

(1.1)
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where the potential function f is normalized so that

R+|VfJ? = f. 1.2)

The study of shrinkers is an essential component of analyzing the singularity formation of so-
lutions to the Ricci flow. For a Ricci flow with type-I curvature bound, it is proved by Enders-
Miiller-Topping [19] that any proper blow-up sequence converges smoothly to a nontrivial Ricci
shrinker. For general compact Ricci flows, it is proved by Bamler [4] that the finite-time singulari-
ties are modeled on Ricci shrinkers containing a singular set by using the theory of F-convergence
developed in [2} 3] [4].

In dimension 2 or 3, all Ricci shrinkers are completely classified (cf. [21][31]][33]][8]], etc). We
know that R2,52,R3,53,52 x R and their quotients form the complete list. In particular, all low-
dimensional Ricci shrinkers have bounded and nonnegative sectional curvature.

In higher dimensions, the complete classification of Ricci shrinkers seems out of reach. Subject
to an additional curvature positivity assumption, some partial classifications are also known (cf.
[310[29][260[25][32]]). In general, it is still unclear if there exists any Ricci shrinker with unbounded
sectional curvature.

On the one hand, Ricci shrinkers can be regarded as critical metrics which generalize the classi-
cal positive Einstein manifolds. On the other hand, for any Ricci shrinker, there exists an associated
self-similar solution to the Ricci flow (cf. Section 2). As a special class of Ricci flows, Ricci
shrinkers have many known important properties of compact Ricci flows. In [28]], many funda-
mental analytic tools, including the maximum principle, optimal log-Sobolev constant estimate, the
no-local-collapsing theorems, etc., are established for Ricci flows associated with Ricci shrinkers.
Many heat kernel estimates include the differential Harnack inequality and the pseudolocality theo-
rem are also known in [28]].

In this paper, we continue to focus on Ricci flows associated with Ricci shrinkers without any
curvature assumption. Based on the techniques and results in [28]] and [2]], we further obtain results,
including a Gaussian bound on the heat kernel, no-local-collapsing and non-expanding estimates,
an e-regularity theorem, etc. All those results are stronger than their counterparts in [28]]. It is
important to notice that we have no assumption of curvature at all. If we assume bounded curvature
on non-compact manifold, then many results are already known (cf. [5] [10]).

The pointed Nash entropy (cf. Definition[3.18)) plays an important role in [2]], which first appears
in [34} Section 5] and is systematically studied in [23]]. In [28]], we use Perelmam’s entropy u (see
(2.1D) to characterize the optimal log-Sobolev constant and the local non-collapsing. The pointed
Nash entropy, which is always bounded below by p, has the advantage of being local in the space-
time of Ricci flows. In [23]], it is proved that the Nash entropy is Lipschitz. Moreover, the oscillation
of the Nash entropy in the spacetime is established in [2l]. We generalize the Nash entropy and its
fundamental estimates to the Ricci flows associated with Ricci shrinkers; see Theorem [3.23] and
Corollary

Theorem 1.1. Let (M", g(1));<1 be the Ricci flow associated with a Ricci shrinker. Then for any
s <t < 1, the Nash entopy N;(x,1) := N (t — s) is smooth and satisfies the following estimates
on M X (s,1).

" _<oN<o. (1.3)
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The proof of (I3)) is based on an integral estimate of the heat kernel (cf. Theorem [3.16)), which
was initially obtained in [2] for compact Ricci flows. A key application of Theorem [LIlis to estimate
the local oscillation of the Nash entropy (cf. Corollary 3.23). Using the Nash entropy properties
and the heat kernel estimates, we obtain the improved no-local-collapsing and non-expanding result
(cf. Theorem [4.2] and Theorem [4.7).

Theorem 1.2 (No-local-collapsing and non-expanding). Let (M", g(t));<1 be the Ricci flow asso-
ciated with a Ricci shrinker. For any x € M and t < 1,

IB,(x, )l < C(m)exp (Nis ()
and if R < r™% on By(x, 1), then

IB/(x, Py = c(n) exp (N (7)) .

Note that N,;(r*) < 0 (cf. Corollary 3.22)), it is clear that Theorem [[.2] provides a uniform
volume ratio upper bound, independent of base point and radius. This clearly improves the known
volume upper bounds (cf. [9], [22], [24]). On the other hand, as u < Nx,t(rz), the non-collapsing
estimate in Theorem also improves the one in [28]].

An important concept introduced in [2] is the H-center (cf. Definition [3.1T)). Roughly speaking,
an H-center is a point around which the conjugate heat kernel is concentrated (cf. Proposition 3.13).
In addition, for any two conjugate heat kernels, the W;-Wasserstein distance between them can be
roughly measured by the distance between two H-centers. We prove the existence of an H,-center,
where H, = (n — 1)n?/2 + 4, for any conjugate heat kernel, by generalizing the monotonicity of
the variance obtained in [2] to our setting (cf. Proposition Proposition 3.12)). By using these
concepts and related techniques, we have the following heat kernel estimates (cf. Theorem
Theorem Theorem [4.16)).

Theorem 1.3 (Heat kernel estimates). Ler (M", g(t));<1 be the Ricci flow associated with a Ricci
shrinker satisfying u > —A. Then the following properties hold.

(i) There exists a constant C = C(n, A, 0) > 1 such that

' (_ d3(x,y)
(t— )2 Clit-y)

2
exp ( 4 (x.)) ) (1.4)

)gH(x,t,y, s) < )

(t—s)2
forany —67' < s<t<1-6andd(p,x) <6
(ii) For any € > 0, there exists a constant C = C(n, €) > 0 such that

Cexp (=Nt - 5)) ex (_ d*(z,y) )
(t—5)2 G +e(t—ys))’

H(x,1,y,5) < (1.5)

forany s <t < 1 and any H,-center (z, s) of (x, 1).

Here, the point p is a minimum point of f, regarded as the Ricci shrinker’s base point. The
Gaussian estimate (L.3)) is previously proved in [2] for compact Ricci flows, with 4 + € replaced



by 8 + €. Our proof uses an iteration argument by showing that if (L.3) fails, one can find a new
spacetime point (x’, ') with an H,-center (7, s) such that H(x’, ¢, y, s) has a worse bound than (L.3).
Eventually, we will arrive at a contradiction if ¢ is sufficiently close to s. The proof in our case is
more involved since we do not have a global heat kernel bound as (I.3) when 7 is close to s, which
is always available for compact Ricci flows. Therefore, in the iteration process, we must carefully
choose the sequence of spacetime points, so they all fall into a compact set. Then the contradiction
comes from the local heat kernel estimate (cf. Corollary [4.12) since locally the scalar curvature is
bounded.

Once we have the estimate (I.3)), the upper bound in (T.4) follows since the distance between
(x, s) and (z, s) can be well-controlled. Moreover, the lower bound in (I.4)) is already contained in
[28] in a different guise. We also obtain the gradient estimate of the heat kernel; see Theorem

By the monotonicity of the W;-Wasserstein distance between two conjugate heat kernels (cf.
Proposition [3.7)), it is natural to consider new P*-parabolic neighborhoods in the spacetime of the
Ricci flow, as pointed out in [2]] (cf. Definition[5.1] (3.1)), (5.2])). Comparing the P*-parabolic neigh-
borhoods with the conventional ones, we have the following result (cf. Proposition 3.7 Proposition
Proposition Proposition [3.13).

Theorem 1.4. Let (M", g(t)),<1 be the Ricci flow associated with a Ricci shrinker satisfying pu > —A.
Then the following properties hold.

(i) Given § € (0,1), tg € (—o00,1), T* > 0 and S > 0, there exists a constant C = C(n, A, o) > 1
such that

P (p,t0;S,-T~,T*) C O(p, to; V2§ + C, =T, T*) C P*(p,ty; V2S +2C,-T~,T*)
provided that ty — T~ > =6~ ..

(ii) There exists a constant p = p(n,A) € (0, 1) satisfying the following property. Given (xy, ty) €
M X (=00, 1) and r > 0, suppose that R < r=2 on P(xy, to; 1, —(pr)z, (pr)z). Then

P(x0, to; pr) € P*(x0, to; 7, —(pr)?, (or)?)  and ~ P*(xo, to; pr) C P(x0, 103 1, (1), (0r)?).

The proof of Theorem [.4] involves the distance distortion estimates globally with respect to
p and locally under the scalar curvature control. Moreover, one needs to locate the H,-center of
(p, tp) or (xo,1p). Notice that, if 7p + T* < 1, Theorem [L4] implies that any P*(p,ty;S,—-T~,T")
is precompact, i.e., its closure is compact. By using the estimates of the Nash entropy and P*-
neighborhoods, one has the following e-regularity theorem (cf. Theorem [5.13)), which is proved in
[2] for compact Ricci flows. Here, rryy, is the spacetime curvature radius, whose definition can be
found in Definition

Theorem 1.5 (e-regularity theorem). There exists a small constant € = e€(n) > 0 satisfying the
following property.

Let (M", g(t));<1 be the Ricci flow associated with a Ricci shrinker. Given (x,t) € M X (—o0, 1)
and r > 0, suppose that N(x,,)(r2) > —¢, then rgm(x, 1) > er.



Based on the results and techniques generalized (or slightly improved) from [2f], we can gen-
eralize the theory about metric flows and F-convergence in [3]] and [4] from compact Ricci flows
to the setting of Ricci flows associated with or induced by Ricci shrinkers (cf. Definition 2.2)). In
particular, a pointed Ricci flow induced by a Ricci shrinker can be regarded as a metric flow pair in
the sense of [3| Definition 5.1]. Therefore, any sequence of pointed Ricci shrinkers induced by Ricci
shrinkers with g > —A, by taking a subsequence, will F-converge to a limit metric flow admitting
concrete structure theorems (cf. Theorem Theorem [6.12). As an application of the theory of
F-convergence, we have the following two-sided pseudolocality theorem. Notice that the forward
pseudolocality theorem is proved in [28, Theorem 24]. Thus, to obtain a two-sided pseudolocality,
it suffices to obtain a backward pseudolocality, which is proved in Theorem

Theorem 1.6 (Two-sided pseudolocality theorem). For any a > 0, there is an e(n, @) > 0 such
that the following holds.

Let (M", g(1)):<1 be a Ricci flow associated with a Ricci shrinker. Given (xg,ty) € M X (—o0, 1)
andr > 0, if
|By,(x0, 1) = ar”, IRm| < (ar)™%> on By, (x0, 1),

then
IRm| < (er)™> on  P(xo,10; (1 — @)r, —(er)?, (er)?).

Another application of the F-converge is the following integral estimate of curvature, which
originates from the estimate of Cheeger-Naber [12]. For more details, see Theorem [6.23and Corol-
lary

Theorem 1.7. Let (M", g, f, p) be a Ricci shrinker in M(A). Then

f IRm*~€dV < f FRe2€dy < Crte?,
d(p,")<r d(p,")<r

Rm 2—€ r—4+2€
f v < f ez dV<C
dip,y=1 d"==(p, ") d(py=1 A" =(p, )

forany € > 0and r > 1, where rrp(-) = rrm(:,0) and C = C(n, A, €).

This paper is organized as follows. Section 2 discusses some properties of Ricci flows associated
with Ricci shrinkers, including the existence of cutoff functions and maximum principles. In Section
3, we prove some estimates and properties regarding the variance, H-centers and the Nash entropy.
Section 4 focuses on various estimates of the heat kernel. In Section 5, we prove the theorems about
the parabolic neighborhoods and the e-regularity theorem. In the last section, we generalize the
theory of F-convergence in our setting and prove some applications in Ricci shrinkers.
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2 Preliminaries

For any Ricci shrinker (M", g, f), the scalar curvature R > 0 from [14, Corollary 2.5] and R > 0
unless (M", g) is isometric to the Gaussian soliton (R”, gg), by the strong maximum principle.

With the normalization (I.2), the entropy is defined as
= =10 . .

Notice that ¢ is uniformly comparable to the volume of the unit ball B(p, 1) (cf. [24, Lemma
2.5]). It was proved in [28, Theorem 1] that u is the optimal log-Sobolev constant for all scales.
Following [27]], we have the following definition.

Definition 2.1. Let M(A) be the family of Ricci shrinkers (M", g, f) satisfying
u(g) > —A. (2.2)

Recall that any Ricci shrinker (M", g, f) can be considered a self-similar solution to the Ricci

1
flow. Let ¢/ : M — M be a family of diffeomorphisms generated by ﬁV f and ¢° = id. In other

words, we have
a t _ 1 t
EW”“CﬁﬂWW- (2.3)

It is well known that the rescaled pull-back metric g(¢) = (1 — £)(')*g satisfies the Ricci flow
equation for any —oo < ¢t < 1,

0:8 = —2Rcg;y and g(0) = g. 2.4)

Sometimes we encounter Ricci flow obtained from the above Ricci flow through time-shifting and
rescaling. We emphasize whether there exist extra time-shifting and rescaling by the following
definition.

Definition 2.2. For any Ricci shrinker, the Ricci flow defined in 2.4) is called the associated Ricci
flow. Any Ricci flow obtained from the associated Ricci flow via time-shifting and rescaling is called
the Ricci flow induced by a Ricci shrinker.

Clearly, a Ricci flow associated to a Ricci shrinker must be a Ricci flow induced by a Ricci
shrinker, but the reverse is generally not true. In this article, if not mentioned explicitly, the associ-
ated Ricci flow is the default one.

Next, we recall the function F(x, 1) := Tf(x,1), where T := 1 —r and f(x,1) := (Y')*f, satisfies
the following identities (see [28] Section 2] for proofs):

of = IV, (2.5)

8,F = —1R, (2.6)

fR+AF=g, 2.7)

R +|VF]? = F, (2.8)
n

F=—-. 2.

O 7 (2.9)



Here, we define O := d; — A, and have dropped the subscript g(#) or ¢ if there is no confusion. Based
on these identities, we have the following estimates of F.

Lemma 2.3 (Lemma 1 of [28]]). There exists a point p € M where F attains its infimum and F
satisfies the quadratic growth estimate

1 1 2
7 (di(x. p) = 5nT ~ 42 < F(x,1) < 7 (dix, p) + V2n?) (2.10)
forall x e M and t < 1, where a, := max{0, a}.

Thanks to (Z.10), F(x, t) grows like df(x, p)/4 and hence one can obtain a family of cutoff func-
tions by composing F with a cutoff function on R. More precisely, we fix a function 7 € C*([0, o0))
suchthat0 <y <1,p=10n[0,1]and = 0 on [2, o). Furthermore, —C < 77’/77% <Oandn”’|<C
for a universal constant C > 0. For each r > 1, we define

¢ :=n(§)- 2.11)

Then ¢" is a smooth function on M X (—oo, 1). The following estimates of ¢” are proved in [28]
Lemma 3]:

@) "IV’ P < Cr, (2.12)
lp7] < €771, (2.13)

A¢| < CE L+, (2.14)

log'| < Cr7, (2.15)

where the constant C depends only on the dimension 7.

For later applications, we recall the following volume estimate proved in [28, Lemma 2].

Lemma 2.4. There exists a constant C = C(n) > 0 such that for any Ricci shrinker (M", g, ) with
p € M a minimum point of f,

|B/(p, N, < Cr".
Next, we recall the following version of the maximum principle on Ricci shrinkers, which is
proved in [28, Theorem 6] and will be frequently used.

Theorem 2.5 (Maximum principle on Ricci shrinkers I). Let (M, g(¢));<1 be the Ricci flow associated
with a Ricci shrinker. Given any closed interval [a,b] C (—o0, 1) and a function u which satisfies
Ou < 0on M X la, b], suppose that

b
f f u? (x, )e 2D v (x) dt < co. (2.16)
a M
Ifu(-,a) < c, then u(-,b) < c.

We also need the following version of the maximum principle, which is proved in [18| Theorem
12.14] for Ricci flows with bounded curvature. Notice that if X = 0, Theorem follows from
Theorem



Theorem 2.6 (Maximum principle on Ricci shrinkers II). Let (M, g(t));<1 be the Ricci flow asso-
ciated with a Ricci shrinker. Given any closed interval [a,b] C (—co, 1) and a function u which
satisfies

Lu :=0u—-{(Vu,X()) <0

on M X [a, b], suppose that X(t) is a bounded vector field on M X [a, b] and
u(x, ) < Kek/o (2.17)
on M X [a, b] for some constants K > 0 and k < 1. If u(-,a) < c, then u(-,b) < c.
Proof. We first construct a barrier function
$(x, 1) = KeBU-ar+1-0f(xn)

where 1 — € > k and B is a constant determined later.

Claim: There exists a constant B > 0 such that

L¢ > ¢. (2.18)

Proof of Claim: By direct computations, we have

Lo =¢(B+(1-of,—(1- eIV’ = (1 - OAf - (1 - XVf, X))

_ ¢(B +e(l — OV fP - ”(12; 9 d-oR-(1- e)(Vf,X})
2 n(l —e)
Z¢(B+E(1 - elVfIF = CiIVfl - 2 —b))’

where we have used (2.6), (2.7) and the assumption that |X| < C;. Therefore, (Z.I8) holds if we

choose 5
C 1 -
B = 1 + n(l =€) +
4e(1 —€) 2(1-Db)

Now, we assume ¢ = 0 by considering u — c instead of u. To complete the proof, we only need
to verify that for any 6 > 0, u < d¢ on M X [a, b]. Otherwise, then there exists (x’, ") € M X [a, b]
such that (u — 6¢) (x’,#') > 0. Due to the estimate (Z.17) and our definition of ¢, we know that
(u—0¢) (x,t) — —o0 as dy(x, p) — +oo uniformly in ¢, i.e., u — d¢ < O for d;(x, p) large enough
independent of 7. Moreover, (1 — d¢) (x,a) < 0 for all x € M. Consequently, there exists (x”',#") €
M X (a,t’) such that (u — 6¢) (x,1) < 0 for all (x,1) € M X [a,t”’] and (u — 6¢) (x”,¢"") = 0. At
(x”,¢"), we compute

0<L(u-6¢p)<-6p<0,

which is a contradiction. In sum, our proof is complete. O



3 Variance, H-center and Nash entropy

Let (M", g(#));<1 be the Ricci flow associated with a Ricci shrinker. It is proved in [28] Theorem
7] that there exists a positive heat kernel function H(x,t,y,s) for x,y € M and s < t < 1. More
precisely,

OH(,-y,5)=0, lmHC,1,y,s) =4,
NS

and
O°H(x,t,+,-) =0, LmH(x,1,-,5) = 0y,
s/t
where O := d; — A and O* := -9, — A + R. Furthermore, the heat kernel H satisfies the semigroup
property
H(x,t,y,s) :f H(x,t,z,p)H(z,0,y,5)dV,(2), Y x,y€ M, p € (s,1) C(-00,1), 3.1
M
and the following integral relationships
[ Hxeyavio <1, (32)
M
f H(x,1,y,5)dV(y) = 1. (3.3)
M

For any (x,t) € M X (=00, 1), we define the conjugate heat kernel measure v, ;. by dvy.(y) =
K(x,1,y,5)dVy(y). It follows immediately from (3.3) that v, is a probability measure on M. In
particular, v, s = 6.

With the help of the heat kernel, one can solve the (conjugate) heat solution from the given initial
condition. More precisely, it follows from [28, Lemma 5, Lemma 6] that

Theorem 3.1. Suppose [a,b] C (—o0, 1) and u, is a bounded function on the time slice (M, g(a)).
Then

u(x,t) = f H(x, t,y,a)u,(y)dV,(y), VY tela,b] (3.4)
M

is the unique bounded heat solution with the initial value u,. Similarly, suppose wy, is an integrable
function on the time slice (M, g(b)). Then

w(y, §) == f H(x,b,y, s)wp(x) dVp(x) (3.5
M
is the unique conjugate heat solution with initial value wy, such that
sup flwl dV, < oo, (3.6)
s€la,b]

Next, we recall the following gradient estimate, which slightly strengthens [28| Corollary 1].



Lemma 3.2. Let u be a bounded heat solution on M X [a, b] such that sup,, |Vu(:,a)| < co. Then

(i) We have

sup |Vu(-, b)| < sup |Vu(-, a)|.
M M

(i) Assume w is a nonnegative conjugate heat solution on M X [a, b] such that

sup fdet < 00,
telab] JM

b
2 f f [Hess u|>w dV,dt = f \Vul?w dV
a M M

Proof. (1) From Ou = 0 and direct computation, we have

then we have

a
< 00,
b

O|Vu|? = —2|Hess u|> < 0.

Therefore, (3.7) follows from Theorem 2.3 provided that

b
f f \Vul?e 2 dV,dt < oo.
a M

3.7

(3.8)

(3.9

(3.10)

3.11)

Now, we fix 7 > 1 and multiply both sides of Ou = 0 by u(¢")*>e~>/. By integrating on M X [a, b],

we obtain

1 b

_f 2(¢}’)2€—2de
2Ju

a

b b b
1
- f f WP gl dv,de + f f W@ fe 2 avidt + - f f uX(¢"VRe Y avidt
a M a M 2 a M

b
= f f (-IV P + Vg Pu? + (Vi V)¢ | e dVidt
a M

b
:f f {—|V(u¢i’)|2 + |V¢r|2b{2 + (2|Vf|2 _ Af)u2(¢r)2 _ 2u2¢r<v¢r, Vf>} e—Zdetdt.
a M

Since R > 0 and f, = |V£]*> by (2.5), we have

b
1
f f IV(ug e 2 dV,dt + = f Wr(¢H)2e X av
a M 2 M

b
a

b
< [ [ (WP 49 1P - Al + 120767 - 280 T e v
a M

b
= f f {|V¢’|2u2 + 1 ( f- f) WA (@) + P (@) — 24V, V f))} e qv,d,
. Ju 1—¢ 2

where we have used the identity Af — |[Vf|*> = 7(f — n/2) from .7) and (2.8).

10



Since u is bounded on M X [a,b] and |Vf|* < f/(1 — b), it follows from @.12), Z.13), Lemma
2.3land Lemma 2.4 that by letting r — +co,
f f 1 t ure 2 dv,dt < oo

ffwm e dv,dr < —f —Zfdv

and hence (3.11)) holds.

(i) Fix r > 1 and € <« 1. We calculate

f \VuPg'wdV = f (V¢ w — (VuP¢"a w}dv

Vulng” + ¢"0lVul® - 2(V|Vul®, Vo) wdV

A

VuPog" — 2Hess ul¢” + 4|Hess ul[Vul Vo' |} w dV

{IVuPlng’| - 2 - €)Hess uP¢” + 4 > Vul* |V  P(¢") ' wdV.  (3.12)

Since |Vu| is uniformly bounded by (3.7), it follows from (3.12), 2.12)) and (2.13)) that

b a
2 f f [Hess u*w dV,dt < f [Vul>w dV
a M M b

if we let r — 400 and € — 0. The other inequality can be proved similarly and hence (3.9) holds. O

Next, we prove

Proposition 3.3. For any [a, b] C (—o0, 1), suppose u and w are two smooth functions on M X [a, b]
satisfying Ou = O'w = 0. Then, the identity

fudea:fudeb (3.13)
M M

holds under one of the following additional assumptions:

b
@) supflquth+f flwIIVulthdt<oo.
tela,b] IM a M
b
(i1) supflwuldV,+f f|M||VW|thdl<00-
tela,b] IM a M

Proof. (i) We take r > 1 and calculate
atf wugp” dV =f {(wo(ug") — (u¢")o*w}dv
M M
= f w{ung" + ¢"'0u — 2(Vu, V¢ )} dV
M

:fw{uD¢r—2(Vu,V¢r)}dV
M

11



By using (2Z.12)) and 2.13)), we conclude

b
‘ f wug' dV
M a

By taking r — oo, we arrive at (3.13).

b
< C(r_1 + r_%)f f [wl(ju| + |Vul) dV,dt.
a M

(i1) Similarly, we have
c’)[f uwg” dV = f {(Quweg” —un™(we")} dV
M M
= f u{—(@w)p” + wA¢" + ¢;) + 2(Vw, Vo")} dV
M
= f u{w(Ad" + ¢7) + 2(Vw,Vg")} dV.
M
Therefore, by @2.12), @.13) and 2.14), we have

b
‘ f wug"dV
M a

where K, := {r < F(x,r) < 2r,a <t < b}. Consequently, by our assumption, (3.13) holds if

r — 00, O

< C(r_1 + r_% +(1- a)_l)ff lul(lw] + |Vw|) dV,dt,
K,

Remark 3.4. Suppose ou = 0*w = 0.

(1) If sup |[Vu(-,a)l + sup |u|l + sup f w|dV, < oo, then assumption (i) holds by BJ). If
M Mx[a,b] tela,bpl IM

sup |u| + sup f [w| dV; < co and u is positive, then |Vu| < C/ V't — a by [28] Lemma 18].
Mx[a,b] tela,b] IM
Therefore, 3.13) also holds by taking the limit for t \ a.

(i) If sup |ul+ sup f [w|dV; < oo and w(:, b) is a nonnegative function with compact support,
Mx[a,b] tela,b] M

\v/ 2
YW v <
w

b
then assumption (ii) holds. Indeed, it follows from (28, Lemma 9] that f f
a M

oo and hence

b b VP 3/ b 3
f f |u||Vw|dV,dt < C( sup |u]) (f f dV,dt) (f f de,dt) < 00,
a IM Mx[a,b] a IJmMm W a IM

For later applications, we prove the following estimate of the heat kernel.

Lemma3.5. Foranyy € Mand s <t < 1, we setu(x,t) := H(x,t,y, s) and w(x, t) := (A7) e,
Then

f u(x, Hyw(x, 1) dVi(x) = w(y, s). 3.14)
M

12



Proof. 1t is clear from the definition of w that O*w = 0; see [28| Equation (28)]. Moreover, for any
[a, b] C (s, ], the assumption (ii) of Proposition 3.3l holds since

b b
f f u|Vw| dV,dt Sf f uw(l + |Vf)dV,dt
a M a M

b
<(@n(1 - b))"? f f u(l + (1 = b)" 2 £2)el aV,dt
a M

b
SCf fudV,dtSC(b—a)

where we have used (2.8) and (3.2) and the constant C depends only on 7 and b.
By choosing b = t and letting a \ s, the proof of Proposition [3.3] yields

f uwe” dV, — w(y, s)¢" (v, ) = o(r)
M
where o(r) — 0 as r — oo. Therefore, we immediately obtain (3.14) by letting r — oo. o

Next, we recall the definition of W;-Wasserstein distance.

Definition 3.6. Ler (X,d) be a complete metric space and uy, up two probability measures on X.
Then the W\-Wasserstein distance between u, and u; is defined by

d = duy — d
wy (U1, (12) SI}p(ff i ff ﬂz)

where the supremum is taken for all bounded 1-Lipschitz functions f. We also use dﬁyl to denote the
Wi -distance with respect to g(t).

We prove the following monotonicity of the Wasserstein distance as [2, Lemma 2.7].

Proposition 3.7. Let (M", g(t));<1 be a Ricci flow associated with a Ricci shrinker. For [a,b] C
(=00, 1), let wi,wp € C*(MX[a, b)) be two nonnegative conjugate heat solutions such that fM w;dV; =
1 foranyt € [a,b] and i = 1,2. We define the probability measures with du;; = w;(-,t)dVy, i = 1,2.
Then

diivl (M1,5 M2,1)

is increasing for t € |a, b). In particular, if t; < t; < 1, then for any x1,x, € M and t < t1,

d€/V1 (Vxl NAMA) VXQ,tz;t)

is increasing and

dl{)vl (Vxl,tl WL VXQ,tQ;t) S dtl (xla x2)'

13



Proof. Lett; < 1,11, € [a, b] and consider a bounded function u; € C*(M) with sup,, [Vu; (-, 11)| <
1. Suppose u is the unique bounded heat solution on M X [t1, f,] starting from u;. Then it follows
from Lemma[3.2](i) that

sup [Vu(-, 0l < 1
M

for any ¢ € [t1, #;]. Clearly, we have

f Mdﬂl,tl _f MdﬂZ,tl :f M(x’ tl)Wl(x, tl)thl (x) _f u(x, tl)W2(x, tl)thl (x)
M M M M

= f u(x, )wi(x, 1) dVi, (x) — f u(x, )wa(x, 1) dVs, (x)
M

M
= f udﬂl,lz _f udﬂz,tz < di}zvl(lll,lzaﬂz,lz)'
M M

Here, we have used [28] Proposition 1] for the second equality. By taking the supremum over all
such u;, one obtains

t 1
dV]V| (IJ],I] ,ﬂz,l] ) < d‘/%/] (lll,lzaﬂz,lz)'

Next, we recall the following definition from [2, Definition 3.1].

Definition 3.8 (Variance). The variance between two probability measures 1, i on a Riemannian
manifold (M, g) is defined as

Var(up, 1) Z=ffdz(xl,xz)dﬂl(xl)dﬂz(xz)-
MIM

In the case ) = uy = u, we write

Vargo = Varop) = [ [ aPn vt
MIM
We also define Var, as the variance with respect to the metric g(t).

For some basic properties of the variance, we refer the readers to [2, Lemma 3.2]. Next, we
prove the following results which originate from [2, Corollary 3.7, Corollary 3.8]. Before that, we
first prove the following maximum principle on the product manifold (cf. [1] [7] for related survey).

Theorem 3.9 (Maximum principle on the product). Let (M", g(?));<1 be a Ricci flow associated with
a Ricci shrinker. Given any closed interval [a, b] C (—o0, 1) and a function u on M X M X [a, b] such
that

@ — Ax — Apu(x, y, 1) < 0. (3.15)
Suppose that
b
f f U3 (x, y, e ED=210D gy, (x)dV,(y) dt < oo. (3.16)
a MxM

Ifu(-,a) < c, then u(-,b) < c.

14



Proof. The proof follows almost verbatim from [28] Theorem 6], except that we multiply (3.13) by
u(x,y, (@ ()" (y))?e 2/ *&0=2/0D and do the integration. Since no other new ingredient is needed,
we omit the details here. O

Proposition 3.10. Under the same assumptions as in Proposition 37 if we further assume wi(-, b)
and wy (-, b) have compact supports, then

Var(uy s, po ) + Hyt
is increasing fort € [a, b], where H,, := (n — Dr?/2 + 4. Moreover, for any x1,xy € M,
Vart(")q,b;ta sz,b;t) + H,t
is increasing for t < b. In particular,

Var, (Vi b Vio ) < di(xX1,%2) + Ho(b — 1) and  Var,(vyp,) < Ho(b — 1).

Proof. For any [c,d] C [a, b], we setu € COUM x M x [c,b]) N C®(M x M x (c, b]) be the solution
to the following heat equation

@ = Av = Au=—H,, u(,c)=d.
Indeed, by the existence of the heat kernel, one may define
u(x,y,t) ;= f f H(x,t,z,c)H(y, t,w, c)df(z, w)dV.(2)dV.(w) — H,(t — ¢). (3.17)
MIMm
We first show (3.17) is well-defined. In fact, it is clear that
[ [ Hetz ot m o maviav.on
MIM
<2 ( f H(x,t,z,0)d2(z, p) dVe(2) + f H(, t,w,c)d;(w, p) dvc(w)) (3.18)
M M

and the convergence of the last two integrals follows from [28], Corollary 5].

On the other hand, it follow from [2, Theorem 3.5] that

0 — Ay — A)d(x,y) > —H,. (3.19)

Combining (3.17) and (3.19), we claim that u(x,y,?) < d*(x,y) for any ¢ € [c,b]. Indeed, this
follows from the maximum principle Theorem [3.9]as long as the condition (3.16)) is satisfied. First,
notice that

b
[ [ dtpeo e avavie)
c MxM

b
<8 f f (df (x. p) + d} (v, p)) e /D700 4V, (x)dV(y) dt. (3.20)
c MxM

15



From Lemmal[2.3]and Lemma[2.4] it is clear that (3.20) is bounded. In addition, it follows from

(B.18)) that

b
f f (u(x, Yy, t) + Hn(l - C))2 e_zf(X,t)—Qf(yJ) dv[(X)dV[(y) dt
¢ JIMxM
b 2
ng f (f H(x,1,2,0)d; (2. p) ch(Z)) e HED2A0D gy, (x)dV,(y) dt
c MxM M
b 2
+8 f f ( f H(y,t,w,c)d*(w, p) ch(w)) e 2HED260D gy (0aVi(y) dt
c MxM M
b
SS f f f H(x, 1,7, C)d?(z’ p)e_2f()€,t)_2f(y»t) dVC(Z)dV[(X)dV[(y) dt
c MxM JIM

b
+8 f f f H(y,t,w, c)d}(w, p)e” D=2 gy (w)dV,(x)dV,(y) dt, (3.21)
c MxM JM

where we have used Cauchy-Schwarz inequality for the last inequality. From Lemma[3.5] we obtain

b
f f f H(x, 1,7, 0)d*(z, p)e /D200 gy (2)dV,(x)dV,(y) dt
c MxM IM

b
Sf f f f H(x,t,2,0)d}(z, p)e” 070D qv,(x)dV.(2)dV,(y) dt
c MIMIM

b 1 — %
< f f f (—’) d?(z, p)e TN V. (2)dVi(y) di
¢ ImJdu\l-c

b
< f f f d}(z, e/ CIHOD 4V (2)dV,(y) dt < e
c MIM
by Lemma[2.3]and Lemma[2.4l Similarly, the second term in (3.21)) is also bounded. Therefore, we
have proved that u(x,y,t) < dtz(x, y) for any ¢ € [c, b].

By our assumption, wy(-,b) and w;(-, b) have compact supports, then it follows [28, Lemma 8,
Lemma 9] that

wi(x, 1) < Cw(x, t) (3.22)
for any ¢ <t < b and
b 2
Vw;
f YWl gvar < € (3.23)
c M Wi

for some constant C > 0.

Next, we set w; = wi(x, 1), wa = wa(y, 1), ¢, = ¢’ (x) and ¢§, = ¢"(y), then we compute
) f f ww1ws 9] dV,(OdVi(y)
MIM
— [ [ @8- A aviaavio
MIM
- fM fM (~HA00% — u(AB ) + A1) wiws AV, (Vi)

+2 fM jﬁ; (At + (VL Yw ughwa + (Aygl + (Y, Vwoughwy dVi(0)dVi(y).  (3.24)
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From (3.23)), we have

b
(f f f IV IVwillulpywa th(X)th(y)df)
c MIM
b 2 2. ,7\2 b [Vwi?
S(f f f |V¢§C| u (¢;) Wiwa dV,(x)th(y)dt) (f f dV,dt)
c MIM c M Wi

b
<C f f f IV PP wiwy dV,(x)dV,(y)dt. (3.25)
c MIM

2

Similarly, we have

b 2
( f f f V19wl d%(x)dv,(y)dz)
c MIM

b
<C f f f IV, Pt wiwa AV, (x)dVi(y)dt. (3.26)
c MIM

Combining (3.22)), (3.24)), (3.23), (3.26) and the fact that —H,,(t — ¢) < u < d*(x,y), we conclude
by letting r — oo that

f f uwiwz dVa(0)dVa(y) - f f uwiwy dVe(x)dVe(y) = —Hy(d — c). (3.27)
mJIm mJIm

. 2 . .o, . .
Since u < d; (x,y), it follows from (3.27) and the definition of the variance that

Vard(ﬂl,da ﬂZ,d) + H,d > Varc(ﬂl,c’a ﬂ2,c) + Hyc.

Now, we assume w; = H(x;, b, -,-) for i = 1,2. Then it follows from [28, Lemma 23] that

b—e 2
V .
f VWil® vt < Clog e (3.28)
a M

wi

Therefore, one can use the same arguments as above, thanks to (3.28) and [28] Corollary 5], to
conclude that (3.27)) still holds if [c,d] C [a, b — €]. Since € is arbitrary, we immediately show that

Vart(vxl,b;ta sz,b;t) + Hyt

is increasing for any ¢ < b. m|

Next, we recall the definition of H-center, where the conjugate heat kernel measure is concen-
trated.

Definition 3.11 (H-center). Given a constant H > 0, a point (z,t) € M X (=00, 1) is called an
H-center of (xg,ty) € M X (—o0, 1) if t < ty and

Vart(6zv Vx0,t0;t) < H(to - t)
In particular, we have

d[W] (02 Vg to:r) < VH(t9 — 1). (3.29)
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From Proposition [3.10} the following result is immediate; see [2, Proposition 3.12].

Proposition 3.12. Let (M", g(t));<1 be the Ricci flow associated with a Ricci shrinker. Given
(x0,20) € M X (—00,1) and t < ty there is at least one point 7 € M such that (z,t) is an H,-center of
(x0, tp) and for any two such points z1,z0 € M we have d,(z1,22) < 2 VH,(ty — t).

The following result ensures that the conjugate heat kernel measure is concentrated around an
H-center; see [2, Proposition 3.13].

Proposition 3.13. If (z,1) is an H-center of (xg, to), then for any L > 0,

1
Vigaot (Bi(z VLHGo 1)) 2 1~ 7. (3.30)

Combining the above Proposition with [28, Theorem 14], we obtain the following integral bound
for the conjugate heat kernel; see also [2, Theorem 3.14].

Proposition 3.14. If (z,t) is an H,-center of (xo, ty), then for all r > 0 and € > 0 we have
2

Vaagt(M\ Bi(z,1)) < C(n, €) exp ( 4+ e;(to -1 )

Proof. We apply [28, Theorem 14] for A = M \ B/(z,r), B = By(z, V2H,(tp — t)) and o = €/8 to
obtain

(r — V2ZH,(to — —r))i)

on,l‘();t(M \ Bl‘(zv r)) SV;O;,IO;[(Bt(Za \Y 2Hn(t0 - t))) exp (_ (4 + €/2)(t0 _ t)

2

<C -
<C(n. € eXp( TGt oU -1 )

where we have used (3.30) for L =2 and H = H,,. m]

In order to obtain the estimates on the Nash entropy, we first generalize the improved gradient
estimate [2, Theorem 4.1] to our setting. We define the following antiderivative of the 1-dimensional
heat kernel:

O(x) = f ' (Ar) 1214 gy, (3.31)

Notice that ®,(x) := ®(t"'/2x) is a solution to the 1-dimensional heat equation with initial condition
X[O,oo) .

Theorem 3.15. Let (M", g(t));<1 be the Ricci flow associated with a Ricci shrinker. Given [a,b] C
(=00, 1) and a solution u € C*(MX|a, b)) to the heat equation Ou = 0 and a constant T > 0, suppose
that u only takes values in (0, 1) and IV(d);l(u(-, a)l < 1ifT > 0. Then |V(d>}frt_a(u(-, )l <1 for
all t € [a, b].

Proof. We may assume that u takes values in (¢, 1 —€). Indeed, we can consider (1 —2¢)u + € instead
and let € \, 0. With the extra assumption, it follows from [28| Lemma 18] that

C
V| < —

(3.32)
t—a
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on M X (a,b]. It is clear from the definition of @, that sup,, IV((D;I(M(-,a +€)) - 0if T N\, 0.
Therefore, we only need to prove the case for 7 > 0 and then let 7\, 0 and € N\ 0.

Now, we set u(x, t) = ®r,,_, o h(x, t). It follows from the definition of ®, that
|h < Cy (3.33)
on M X [a, b]. Moreover, since |VA(-, a)| < 1, it follows from (3.33]) and Lemmal[3.2(i) that
VA < C3 (3.34)

on M X [a, b]. By direct computation, see [2, Theorem 4.1] for details, we have

1 1
O|Vh[ = —2|Hess h? — m<sz2, V|VA]?) + m(1 — VA VA, (3.35)

Therefore, if we set v = ([VA|> — 1), then it follows from (3.33]) that

1
Ov+ ——(VA%, Vv) < 0.
T+t—a

Since |[V/?| and v are uniformly bounded on M x [a, b] by (3.33)) and (3.34)), it follows from Theorem
R2.6that v < 0 on M X [a, b]. In other words, |[VA| < 1 on M X [a, b]. Thus the proof is complete. O

With the help of Theorem [3.15] one can follow verbatim as [2, Proposition 4.2] and [30, Propo-
sition 3.4] to obtain the following estimate.

Theorem 3.16. Let (M", g(t));<1 be the Ricci flow associated with a Ricci shrinker and [s,t] C
(=00, 1). Then for any x € M, 1 < p < co and measurable subset X C M, we have

2 IV H(x,t,- 5\ v(X) 5
(t—19) L(m) dv < C(n, pyv(X) (—log(T)) ,

where dv = H(x,t,-,5)dV; is the conjugate heat kernel measure. Moreover, for any x € M and
w € T, M with |w|, = 1, there holds that

O, H(x,1,-,5)\ 1
t— dv < —. 3.36
( s)f(H(xz,,@) =3 (:30)
In particular, we have
\Y% H(x t, -, n
d < - 37
H(xt,,s) v_2 (3-37)

Another application of Theorem is the following L”-Poincaré inequality; see [2, Theorem
11.1].

Theorem 3.17 (L”-Poincaré inequality). Let (M", g(¢));<1 be a Ricci flow associated with a Ricci
shrinker. Then for p > 1 and any [s,t] C (-0, 1) we have

f uP dvy < C(p)(t — 5)° f IVl dv,,
M M

for any u € W“P(M, dvy) with fMudvs = 0. Here, dvy(y) = H(x,t,y, $)dV(y). One may choose
C(1) = Vmand C(2) =
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Proof. The proof for p # 2 follows verbatim from [2| Theorem 11.1]. Only the last statement
for p = 2 needs to be proved. It follows from [28, Theorem 13] that the probability measure dv;
satisfies the log-Sobolev inequality with the constant o tl_ 5 It is a standard fact that the log-Sobolev
condition implies the Poincaré inequality; see [35, Theorem 22.17]. O

Next, we recall the definitions of the Nash entropy and “W-entropy based at (xo, ).

Definition 3.18. Given a Ricci flow (M", g(t))<1 associated with a Ricci shrinker and a point
(x0,10) € M X (=00, 1), let

dv = dvyy 104(x) = (4ar) 27750 4V, = H(xo, 19, x, 1) dV,

where T = to—t. Then Perelman’s ‘W-entropy and the Nash entropy based at (xy, ty) are respectively
defined as

Wi 0)(T) = f (2Ab — VB + R) + b — n) dv, (3.38)
M

n
Nixo,io) (1) = f bdv - 3 (3.39)
M

Now, we prove some basic properties of N and “W.

Proposition 3.19. The following properties hold with Definition [3.18

(@) Wix.10)(0) = 0and for any to > 0,

T0 2
Wiagi)(T0) = =2 f T f Re + Hess b— 2| dvdr. (3.40)
0 M 2T
In particular, Wy, 1,)(7) is nonpositive and decreasing.
(b) Nixy.10)(0) = 0 and for any 7o > 0,
1 70
Nxo.to)(T0) = T_of Wixot0) (D) dT 2 Wiy 10)(T0)- (3.41)
0
(c) Forany 0 < 11 £ 13,
n T
Nixo.i0)(T1) = 3 log (T_l) < Nixo.to)(T2) < Nixg.t)(T1)- (3.42)

Proof. Given (xg, tp) and 7, we first prove that N(y, (1) and Wy, 1,)(7) are well-defined. In the
following, all constants C; > 1 depend on (xy, #p), T and the given Ricci shrinker.

It follows from [28 Theorem 19] that for any r > 1,

2
f dvi(x) < Cie” 3. (3.43)
di(x0,%)2r VT
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Therefore, there exists C, > 1 such that

2
f dvi(x) < Cre @ (3.44)
di(p,x)=r

if r > C,. In addition, it follows from [28) Theorem 15, Formula (203)] that
dz (x0, %) L4
37 3(1 — 1)?
From (3.43) and Lemma[2.3] there exists C3 > 1 such that
—C3 < b(x,1) < C3(1 + F(x, tp)). (3.46)
Since F is decreasing with respect to ¢ by (2.6)), it follows from and Lemma 23] that
b(x,1) < C3(1 + F(x,0) < Ca(1 + d? (p, x)).

< b(x,) < —3u+ F(x, o). (3.45)

for some C4 > C3z. Consequently, we obtain
Ib(x, D] < Ca(1 + d7 (p, x)). (3.47)
Combining (3.44)) and (3.47)), we can estimate

jVMﬂwmma+afﬁmmmm
M M

=a+af ﬁmmmm+a2]' d2(p. ) dv ()
di(p,x)<C k=1 2k=1Cy <d,(p,x)<2kC,

<Cy+ CyC3+ Cy ) (2C2)2Cre 4 < oo, (3.48)
k=1

Therefore, it follows from the definition (3.39) that N(y, +,)(7) is finite. Now, the fact that Wy, 1,)(7)
is well-defined follows from Perelman’s differential Harnack inequality [28 Theorem 21].

(a): The identity (3.40Q) follows from [28, Remark 6]. Notice that the integral in (3.40Q) is always
finite by [28, Lemma 30]. In particular, Wy, /,)(0) = lim o Wy, (7) = 0.

(b): We fix r > 1 and compute
0, (rf bo" dv) _z
M 2

=fb¢>’dv—rf a(be") dv — =
M M 2

- f (T(2Ab _ VB2 + R + ¢’ + TbO0g — 27(Vb, V') — 3(1 + ¢’)) dv, (3.49)
M

where we have used the fact that ob = —2Ab + |Vb|> — R + _2n . For 79 > 0, we integrate (3.49) from
T
0 to ¢ and obtain

To(LbcprdV—g)

_ fTO f (T(ZAb _ |Vb|2 + R)¢" + b¢" + thad” — 27(Vb,V¢") — g(l + ¢r)) dvdr, (3.50)
0 Jm

21



where we have used (3.43) and (3.47). On the one hand, it follows from @2.13), (3.43) and (3.47)
that

T0
lim f f 7|bllog’| dvdr = 0. (3.51)
r—eo Jq M

On the other hand, we estimate

70 70 2
f f 1|Vb|[V¢'| dvdr < Cri7) ( f f TZIVb|2dvdT) . (3.52)
0 M 0 M

Since the last integral is finite by [28, Lemma 25], it follows from (3.52)) that

70
limf f 7|VD||V¢'"| dvdr = 0. (3.53)
0o Jm

r—00

Combining (3.30), (3.31) and (3.33), if we let r — oo, then

70
To(f bdv—ﬁ):f f (T(2Ab—|Vb|2+R)+b—n) dvdr,
M 2 0o Jm

which is exactly (3.41). Notice that the last inequality in (3.41)) follows from the fact that Wy, ;,)(7)
is decreasing. Moreover, it follows from (3.41)) and Wy, +,)(0) = 0 that Ny, 4,)(0) = 0.

(c): The inequality (3.42) follows exactly the same as [2, Proposition 5.2 (5.7)] and we omit the
proof. O

Corollary 3.20. Under the same assumptions, we have

f (VHP + Rydv < —-. (3.54)
M 2T
n 2
f (b ~ Ny (@) — —) dv <n. (3.55)
" 2

Proof. From the fact that Ny, ;)(7) > W(y, (), we conclude that
r—o0

im f 2Ab - [VOP)§" + Rdv < —, (3.56)
M 2t

where we have used the differential Harnack inequality [28, Theorem 21]. From integration by
parts, we have

f QAb - |Vb|2)¢’ dv = f |Vb|2¢’ —2(Vb, V¢ ydv. (3.57)
M M
In addition, we can estimate
r r 2 4r -1 |V¢r|2
2 [Vb||Vo'|dv < |VD||Ve' | dv < elVb[“¢" + € - dv (3.58)
M M M ¢

Therefore, it follows from 2.12), (3.36), (3.37) and (3.38)) that

f(l — OV +Rdv < .
M 2T
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By letting € \, 0, we obtain (3.54)).
Now, it follows from the Poincaré inequality Theorem 3.17] and (3.54)) that

2
f (b — Nesgao(0) - f) dv <2t f VbR dv <n
" 2

and (3.39) is proved. m|

Remark 3.21. From the proof of (3.34), ‘W can be rewritten as

Wiy i0)(T) = f (VI + R) + b= n) dv,
M

which agrees with the original definition of Perelman [34, Formula (3.1)].

Corollary 3.22. Let (M", g(t));<1 be the Ricci flow associated with a Ricci shrinker (M", g, f) €
M(A), then

0 = Nixgip)(1) =2 Wiggp(1) 2 2 A (3.59)

for any (xg, t9) € M X (—c0, 1) and T > 0. In particular, given a Ricci shrinker, the Nash entropy is
always uniformly bounded.

Proof. For fixed (xg, tp) and 7 > 0, it follows from [28, Theorem 20] that b increases quadratically.
Therefore, it is easy to see the function u, defined by ut = (47r7)‘§e‘b , belongs to W*I’Z(M ) defined
in [28] (92)]. From [28] Theorem 1], we immediately conclude that

Wi i0)(T) = p(glto — 1), 7) > p > —A.

Following [2]], we use the notation
N;(x, 1) := Nyt — s).
Similar to [2, Theorem 5.9], we have

Theorem 3.23. Let (M", g(t));<1 be the Ricci flow associated with a Ricci shrinker. Then for any
s < t < 1, the following properties hold.

(1) N; is a Lipschitz function with Lipschitz constant =)
-

(1) In the distribution sense, we have

5 <N <0, (3.60)
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Proof. Without loss of generality, we assume s = 0 and consider ¢ € (0,1). We first define the
following modified Nash entropy:

N = N'(x, 1) = fbd;’dv - g (3.61)

where, as before, b = b (y,0) = —5 log(4nt) — log H(x, ,y,0) and dv = H(x,t,y,0) dV((y).
Claim: N converges to Ng in CIOOC on M x (0,1), as r — oo.

Proof of Claim: Given a spacetime compact set K ¢ M X (0, 1), all constants C; > 1 below
depends only K and the Ricci shrinker.

Similar to (3.44)), there exists C; > 1 such that
2
f dv(y) < Cie & (3.62)
do(p,y)zr
for any r > Cy. From the same argument leading to (3.47)), we have
b (0, 0l < Ca(1 + dg(p, y)). (3.63)

Combining (3.62), (3.63)) and the fact that supp(¢") N M x {0} C {C3r < d(z)(p, -) < Cyr}, it is easy
to show as (3.48)) that

lim fM ben > OI(1 = ¢ () dv(y) = 0 (3.64)

uniformly for (x, ) € K. From (3.64)), the Claim is proved.

Next, for any vector w € T, M with [w|; = 1 we compute
0N (x,1) = f {(Owb)HP" + b(0,H)$"}dVyy
M
- f (—@OWH)$" + b@uH) YAV =: I + 11, (3.65)

M

where H = H(x,t,y,0). Notice that
f H¢" dVy = f H(x,1,y,0)¢"(y) dVo(y)
M M

is the heat solution starting from ¢”. Therefore, it follows from (3.7) and (2.12) that

| < <Cr. (3.66)

v, fM H(x. 1,7, 000" () dVo ()

Next, we estimate

owH . . n\O0,H , . N
II_LbT¢ dv_fM(b NG = 5) 2 dv— (N + 51
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Therefore, we have

* 2 a H ] _1 _1
|11|s(fM(b—N0—g) dv) UM(T) dv] Ot < \/g+Cr i 367

where we have used (3.36)), (3.33) and (3.66]). Combining (3.63), (3.66) and (3.67)), we obtain
VNG| <[5+ 0t (3.68)

Since N converges to N locally uniformly by the Claim, we immediately conclude from (3.68))
that Ny s [4-Lipschitz.

Next, by direct computation, we have

oN'(x,1) = (3.69)

Combining (3.37), (3.69) and the Claim, it follows immediately that

——<|ZIN <0
2t

in the distribution sense. m]

Remark 3.24. Later, we will show that the conclusions in Theorem 323\ hold in the classical sense
once we know the decay of the conjugate heat kernel; see Corollary 4. 19

As an application of Theorem [3.23] we prove the following oscillation of the Nash entropy.

Corollary 3.25. For any x1,x, € M and s < t* < t1,t, < 1, we have

« % ’ n n h—s
Ns(xlatl) - Ns (x2at2) S 2(t* S) Wl (Vxl 5t VXQ 1, t*) + = 2 g(t* _ S) . (370)

In particular, if s < t* =1, <t <1, then

* * n
Ns(xl’tl)_Ns(XZ’t2) < 1’2(2‘2 ) W] (Vxl RARAR) xz) (371)

If we further assume (xy,t2) is an H,-center of (x1, 1), then

NG 1) = N (o 1) < |2t = 12) (3.72)
2(tr — )

Proof. The proof follows verbatim from [2, Corollary 5.11]. The only difference is that we consider
N as defined in (3.61)) instead and let r — 0. m|
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4 Heat kernel estimates

Throughout this section, we assume (M", g(¢));<1 is the Ricci flow associated with a Ricci shrinker
in M(A). First, we recall the following no-local-collapsing theorem proved in [28, Theorem 22].
Theorem 4.1. Forany x€e M andt < 1, if R < r=2 on By(x, r), then

|B/(x, r)|; > ce'r" 4.1)

for some constant ¢ = c(n) > 0.

One can improve (£4.I)) by using the Nash entropy. Based on the Lipschitz property of the Nash
entropy, we can follow the same proof of [2| Theorem 6.1] to obtain the following result. Notice

that by (3.39), (4.2) is stronger than (4.1)
Theorem 4.2. Forany x€ M andt < 1, if R < r=2 on By(x, r), then
IB/(x, )y 2 cexp (N (7)) 7" (4.2)

for some constant ¢ = c(n) > 0.

By using (3.33)), we also have the following volume estimate around an H,,-center by following
the same proof of [2, Theorem 6.2].

Theorem 4.3. For any x € M and t < 1, if (z,t — r?) is an Hy,-center of (x,1), then
B2z 1)lio2 2 cexp (N (7)) 7" (4.3)
for some constant ¢ = c(n) > 0 and any r > 0.
Next, we recall the following upper bound estimate of the heat kernel proved in [28, Theorem
15], which has already been used in the last section.
Theorem 4.4. For any x,y € M and s <t < 1, we have
e H

H(x,t,y,s) < —— .
(XIyS)<(47r(t—s))7

(4.4)

Instead of using the entropy g, one can include the Nash entropy and obtain the following result;
see [2, Theorem 7.1].

Theorem 4.5. For any x,y € M and s <t < 1, we have

H(x,t,y,5) < cw

exp (—Ny (1t — )). 4.5)

t—s)§

Proof. The proof follows almost the same as [2, Theorem 7.1]. The main idea is to improve the
bound Z of the estimate

H(X, taya S) < exp (_Nx,t(t_ S))

(- s)%

Notice that such Z always exists by (@4) and (3.39), which may depend on the Ricci shrinker.
Thanks to (3.70) and (4.3)), we can follow the same argument as in [2, Theorem 7.1] to improve Z
tobe Z/2,if Z > Z(n). o
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With the help of Theorem [3.16] Corollary and Theorem [4.5] we obtain the following gradi-
ent estimate of the heat kernel as [2, Theorem 7.5], which improves [28, Lemma 18].

Theorem 4.6. For any x,y € M and s <t < 1, then

Vit [ €| (Cexp(—Nx,t(r—s))) “6)
H(x,t,y,8) ~— Nt—s (;_s)%H(x,t,y,s) .

for some constant C = C(n) > 0.

With the gradient estimate (4.6]), one obtains the following non-expanding estimate as [2), Theo-
rem 8.1]. Notice that (4.7) generalizes the global volume estimate Lemma [2.41

Theorem 4.7. Forany x € M, t <1 and r > 0, we have

|Bi(x, 1), < C(n)exp (Nx,,(rz)) ' < C(n)r'". 4.7

Before we prove more refined heat kernel estimates, we first prove a series of lemmas.

Lemma 4.8 (Distance comparison). For any § € (0, 1), there exists a constant L; = Li(n,0) > 1
such that

L,
1—1¢

di(x, p) < dy(x,p) + Ly < d(x,p)+ D)+ L3 (4.8)

forany xe Mand —6"' <s<t<1.

Proof. From 2.6) and (2.8)), we have

_1L—z <8,F =—(1-HR<0.
Therefore, for any x € M,

11—t

1—_SF(x, s) < F(x,t) < F(x, s). 4.9)
Consequently, (4.8) follows from the combination of Lemma[2.3]and (@.9). i

As an application of the distance comparison, we have the following lower bound of the heat
kernel.

Theorem 4.9. Forany K > 1, 6 € (0,1) and A > 0, there exists a constant C = C(n, K, 9,A) > 1
satisfying the following property.

Suppose —6~' < s <t <1—6and d,(x, p) <K, then

¢ d3(x.y)
H(X,t,y, S) > (t_s)"zl exp(—m). (4]0)
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Proof. In the proof, all constants C; > 1 depend on n, K, d and A.
It follows from [28, Formula (203)] that

(o d*(x,y) At - )
H(x,1,y,s) > —— e F(y,1)|. 4.11
(x,1,y,5) PP eXP( s 3117 O )) (4.11)
From (@.8)), we have
d7 (x,y) < 2(d; (x, p) + d}(p.y)) < Cold3(x, p) + d2(p.y) + 1) < Ca(d5(x,y) + 1), (4.12)
where we have used dg(x, p) < C(d,(x, p) + 1) < C(K + 1) by @.8).
In addition, since F is decreasing with respect to ¢,
F(y,1) < F(y, s) < C4(d*(p,y) + 1) < Cs(d*(x,y) + 1), (4.13)

by Lemma 2.3l Combining (.11)), (4.12) and @.13), it is easy to see (4.10) holds for some C. O

Lemma 4.10. Forany K > 1, 6 € (0,1) and A > O, there exist constants L, = Lr(n,K,9,A) > 1 and
L3 = Ls(n, 6,A) > 1 satisfying the following property.

Suppose =671 < s <t <1 -6 and d/(p, x) < K, then for any H,-center (z, s) of (x, 1), we have

di(x,2) < LrVt—s 4.14)
and
ds(z, p) < di(x, p) + L3Vt — s. 4.15)

Proof. Since d;(p, x) < K, it follows from [28, Theorem 19] that

2
Vers (M\ By(x,r Vi =5)) < Cyexp (—%) (4.16)

for any r > 1 and C> = C,(n, K, 6,A) > 0. On the other hand, by Proposition 3.14] we have

2
Vs (M \ By(z, r Vt - s)) < C(n)exp (—g) 4.17)
for any r > 0. Combining and (4.17), @.14) follows immediately.
If we assume (7, s) to be an H,,-center of (p, ), then (@.14) indicates that
dy(Z, p) < C3(n,6,A) Vt - s. (4.18)
Then it follows from Proposition [3.7] and (3.29)) that

dy(z, p) <ds(z,7') +ds(Z, p)
<dy, (6;,6y) + C3 Vi—s
Sdf,vl (Vx,t;s, Vp,t;s) + dévl (o, Vx,t;s) + dévl 0y, Vp,t;s) +C3Vt-s

<d,(x,p) + 2 H,(t—s)+ C3Vt — s.
Therefore, (4.15) holds for Ly = C3z + 2VH,. O
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Next, we prove the following rough heat kernel estimate.
Proposition 4.11. Forany K > 1, 6 € (0, 1) and A > O, there exists a constant Ly = L4(n, K, 6, A) >
1 satisfying the following property.

Suppose —6~' < s <t <1 —6and dy(x, p) + dy(y, p) < K, then

L4 d?(x,J’)
H(x,t,y,5) < mexp(—m). 4.19)

Proof. Without loss of generality, we assume s = 0. In the proof, all constants C; depend on 7, K, &
and A.
Given 0 <t <1 -¢and x,y € M with dy(x, p) + dp(y, p) < K, we set d := dy(x,y). It follows
from Lemma [4.8] that
di(x, p) + di(y, p) < Cy (4.20)

for any [ € [0, t]. Therefore, it follows from the local distance distortion estimate [28, Theorem 18]
that there exists C, > 1 such that if d > C, V1,

Cy'd < di(x,y) < Cod (4.21)

for any [ € [0, ¢]. Notice that if d < C» V1, @.19) follows immediately from (@.4). Consequently, we
may assume d > C vt and hence @.21)) holds.

For any [ € [0, #/2], we apply [28, Theorem 14] for sets B;(x, V1), Bi(y, V1) and parameter o = 1
to obtain

di(x,y) — 2Vb)? d?
Vyrl (Bl(x, \/;)) Vyr:l (Bl(y, \/;)) <exp (_( l(x yi6t ‘/;) )S Cs exp (_C_Bt) (4.22)

for some C3 > 1, where we have used @21)). In addition, for any [ € [0,¢/2] and d;(x,2) < V&, it
follows from [28, Theorem 18] that d,(x,z) < C4 Vt. Therefore, it follows from [28 Theorem 17]
that

H(x,t,7,0) > C5'r2
and hence
vt (Bitx, VD) > €513 Bi(x, Vi)l > € (4.23)

where we have used the fact that R is bounded on B(x, V?) and the no-local-collapsing Theorem
4.1
Combining (4.22)) and (4.23)), we obtain for any / € [0, /2] that

d2
f H(x,t,2,1)dVi(z) < Cyexp (——) (4.24)
B(y. V1) Cst
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In light of (@.4)), for any [ € [0, z/2], the above inequality implies that

) Cs d?
H*(x,t,2,1)dV)(z) < — exp|—— (4.25)
Bi(y, V1) 12 Cst

Integrating [ from O to #/2, we have

Co d?
f f H?(x,t,2,1)dVi(2)ds < g 1exp(——) (4.26)
Bi(y, V) Cst

Consequently, the desired heat kernel estimate (4.19) follows from (4.26) and a parabolic mean
value inequality [6, Lemma 4.2]. Here, [6, Lemma 4.2] can be applied in our setting since the key
ingredient is the existence of a nice local cutoff function, which is constructed in [6, Theorem 1.3]
(see also Proposition [5.12). Once the existence of the local cutoff function is guaranteed, one can
follow verbatim the proof of [6, Lemma 4.2] to obtain the mean value inequality. O

We immediately obtain the following result by combining Lemma .10l and Proposition A.111
Corollary 4.12. Forany K > 1, 6 € (0, 1) and A > O, there exists a constant Ls = Ls(n, K, 6,A) > 1
satisfying the following property.

Suppose 67! < s <t < 1—=35and d/(x, p) + dy(y, p) < K, then for any H,-center (z, s) of (x,1),
we have

d3(z,y) )
H(x,t,y,5) < — ex ( 4.27)
PO T ey
Proof. From Lemma 2.3l and (&.8)), we have dy(x, p) + dy(y, p) < C for some C = C(n,K,6) > 0.
Then (@.27) follows from #.14) and @.19). O

Next, we prove the following technical result.
Lemma 4.13. There exists a positive constant Q = Q(n) > 0 satisfying the following property.
Suppose x,y € M, T € (0, 1) and there exists an H,-center (z,0) of (x, T) such that

exp (-NG(x. 7)) ( dg(z,y))
—_— X p—
T3 P or

for some Q > Q. Then for any H,-center (', Ty) of (x,T), there exist a point x; € M and an
H,,-center (z1,0) of (x1,T1) such that

H(x,T,y,0) > Q (4.28)

10
dr,(x1,2) < Tdo(z, y) (4.29)

and

H(x1,T1,,0) > 01

exp (~N;(x1. T1)) oxp (_ dy(z1, y)] (4.30)

T o T,

where T = T/8 and Q1 = 20.
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(x,Ty) p

(v.0) (1.0)

Figure 1: Find a new point with improved lower bound

Proof. In the proof, all constants C; > 1 depend only on n. We set
d:=do(z,y), a:=HxT,y,0), vi:=vyry, and V:= {w eEM|Hw,T1,y,0) > g}
Notice that by (4.28)) and (4.3), we have

exp (—Ng(x, T))

C 2
T

exp (—N;(x, T) &2
>a> Q- @%CXP(—J)-

Thus if Q is sufficiently large, we have Q > Q > C% and derive from the above inequality that

2
d” , Qlog@

- > 4.31)

It follows from the semigroup property (3.1 that
a= f H(w. Ty, 0) dvr, (w)
M

— [ H Ty, 00dvr, (W) + f HOw, T, v, 0) dvy, (w)
M\V 1%

a
S5‘)7‘1(M\ V) + fH(W’ Tlaya O)dle (W)
\%4

a
<=-+CT

= e fv exp (-NGw, T1)) dvr, (w), (4.32)

where we have used (d.3)) for the last inequality. Moreover, it follows from (3.72) and the Lipschitz
property of Ny that

— T'1
T,

-Ny(@', T) < -Nj(x, T) + C, <=Ny(x,T) +C3 (4.33)
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and

“NEW,T)) < —NG(@ZT) + /%dn W,2') < —NGe T) + CoT 2dy,(w, 7)) + Cy. (4.34)
1

Now, we define B := By, (7, IOQ‘%d). Then it follows from (@.34)that
f exp (-Ng(w, T1)) dvr, (w)
1%
1 ,
<e® exp (—Ng(x, T)) f eG4l 2dr (w2) dvr, (w)
1%

11 _1 ,
<e% exp (—N;;(x, T)) (elocﬂ P02y (VN B) + f eG4l 2dn 2D gy (w)). (4.35)
M

\B

For a small constant 8 > 0 to be determined later, it follows from Proposition [3.14] that

1 ,
[ eartanes vy oy
M\B
1 ,
2411002 d)<dr, (w,2)<24(10Q" 2 d)

k=1

sl 1 |

" _1
E 2T 2100 2df . dvr (w)
=1 dr (w,2)22%-1(100" 2 d)

8

IA

<Cs ,Z:‘ exp [c42kT—% 10072d — %]
<Cs ]Z:: exp (—(Zk_ll;)# C6] < C7exp (—%67{2) (4.36)
where we have used the fact that exp( 204 ) < 0710 <« 1 by @31).
Combining (4.28)), (4.32)), (4.33) and (@E}), we have
oT} exp(—g—;) < Gy, g( 0c,77207ba, l(VﬂB)+exp( 2Q0‘;2)) (4.37)

Since Q is large, by (4.37]) we have

I

194 21
>072 >2 .
QT) 0 2268

Then it is not hard to see from (4.37) that vz, (V N B) > 0. Thus there exists a point x; € VN B
which satisfies (4.29). Then we take an Hj,-center (z1, 0) of (x1,T1). The point selecting process is
illustrated in Figure Il

ool
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It follows from Proposition 3.71and (3.29) that

do(z,21) =dy, (6, 6,)
<y (Vx7:0, Ve 11:0) + Yy (820 v7:0) + iy, (621, Ve, 11:0)
deTvl] (VerT,:6x,) + VHLT + JH, T,
Sda}l VerT,»62) +dp, (2 x1) + H,T + H,T{
<SVHL(T = T1) + VH,T + \H, T + 10Q—%d

<3+/H,T + 1007 2d. (4.38)
Therefore, we conclude
do(z1,y) 2 d — do(z,z1) 2 (1 — 10Q_%)d -3+H,T (4.39)
and hence
1
1 -10072)?
d(z)(m,y) > d - 10072y (2)Q ?) d* - 9H,T. (4.40)

Since x; € V, from the definition of V and (£.28) we have

a exp (—Ng (x, T)) &2
H 7Ta ,0 > =2 - 7 - 1> 441
(x1,T1,y,0) 2 0 N eXP( QT) (4.41)
which enables us to claim
exp (—Ny(x, T) d? exp (—Ny(x1, T1) d’(z1,
Mexp(——) > 0 ( 0 )exp _henn) (4.42)
2T> or T! T,
Indeed, it follows from (@.34)) that
“NG(Gx1L Ty) < =Ni(x, T) + Co(1 +d(QT) 7). (4.43)
On the other hand, by (£.40) we have
diz,y)  d &
0 ’
L (4= -C
Xp[ or, or Nor ™’
1 36H,
Zexp(a (2(1 - 10Q_%)2—0.9)d2— L —Cl())
d*> 36H, 36H, .
ZGXP(—— —Clo)Z QGXP(— -Cp)>4-82, (4.44)
or 0 \C 0
where we have used (@.31)) for the last inequality. As Q is sufficiently large, it is clear that (4.42)
follows from the combination of @.43)) and (.44). Consequently, we obtain (4.30Q). m|
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Proposition 4.14. For any x,y € M and t € (0, 1),

-NZ(x,t d3(z,
H(x,t,y,0) < QLEO(X)) exp (— O(Q_Zty)]

(4.45)

where (z,0) is any H,-center of (x,t) and Q is the same constant in Proposition

Proof. Suppose otherwise, there exist x,y € M, T € (0, 1) and an H,,-center (z,0) of (x, T) such that

-N:(x, T d2 ,

(4.46)

Now, we define Oy = 2KQ and T} := 8 ¥T for k € N. If we set xp = x and zp = z, then we claim
there are sequences xx, z; and z; satisfying

(@) (z;, Ty) is an Hy-center of (xi—1, Tk-1).

(b) (zx,0) is an H,-center of (xy, T%).
_1
(©) dr,(x,2) < 100, % do(zk-1, ¥)-

1
(d) do(zks z%-1) < 3VHuTi-1 + 100, 2 do(zk-1, )

(e) We have the heat kernel estimate

H(xi, Ty, y,0) > Ok

Nt o den)

O« Tk

~
Eapl STE

The existence of x;,z; and z; satisfying (a)-(e) is obtained by Lemma 4.13] and an inductive
argument. Notice that (d) is guaranteed by (@.38)).

Claim: by := dr,(xi, p) is uniformly bounded.
Proof of the Claim: We set dy := dy(z, y) for k € N. It follows from (d) that

_1
di < diq +do(zi, zk-1) < (1 + IOQk_zl)dk_l +3+H,Tir_;. (4.48)

Therefore, it is easy to derive from (.48)) and the definitions of Qy and T} that
dp < K| < o0 (4.49)

for some constant K| depending on dy(z,y), T, Q and n. From (c) and (@.49), we have

1 1
dr,(xx, z3) < 10Q, % dr1 < 10K Q, . (4.50)

Moreover, since (z;, Tx) is an Hy-center of (x—1, Tk-1), it follows from (4.15) that
1
dr(zp, p) < dr_ (-1, p) + Ly T k-1 = Ti < by + LaT |, (4.51)
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where L3 = L3(n, 8, A) > 0 for some fixed constant § € (0, 1) with 7 < 1 — §. Combining (4.50) and
(@.31)), we obtain

_1 1
by < by—1 + 10K, Qk—21 + L3Tk2—l' 4.52)

From (4.32), it is clear that by is uniformly bounded, and the Claim is proved.

Thanks to the Claim, we can apply Corollary[4.12]to obtain an upper bound of heat kernel, which
contradicts the lower bound @.47) when k is sufficiently large. i

Now, we state the main theorem of this section regarding the heat kernel upper bound, which
generalizes and slightly improves [2, Theorem 7.2].

Theorem 4.15. (M", g(¢));<1 is the Ricci flow associated with a Ricci shrinker. For any € > 0, there
exists a constant C = C(n, €) > 0 such that

Cexp (=Nt = 9)) ex (_ d2(z,y) )
(t—5)2 @G+et-ys)

H(x,t,y,5) < (4.53)

forany s <t <1 and any H,-center (z, s) of (x,1).

Proof. Without loss of generality, we assume s = 0. The proof is a modification of the proof of
Lemma[4.13]and all constants C; > 1 depend on 7 and €.

Suppose otherwise, there exist x,y € M, T € (0,1), € > 0 and an H,-center (z,0) of (x,T) such
that

H(x,T,y,0)> Q0

exp (N 1) - 54

: P\ TG ror

where Q is a large constant determined later. We also set 6 € (0, 1) as a small parameter and 9? =6.
Define

d = dO(Z’y)’ a:= H(x’ T,)’, O)a Vi 1= Vx,T;t’ TO = QT’
V.= {w eM|Hw,Ty,y,0) > g}

From (4.534)) and (4.3)), we have

2
exp (d?) > {CI_IQ

) (4.55)

Now, we assume (z’, Tp) is an Hy-center of (x, T) and set B := By,(z’, (1 — 6;)d). Similar to (4.34),
we have

“NEW, Tg) < NG T) + Co 3T 2dp, (w, 2) + Co07 3. (4.56)
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By the same argument as (£.36)), we apply Proposition [3.14] for /4 to obtain if 6 < 6(e),

1o ,
M\B

<C3 ) exp (czzke-% T72(1 - 6))d —
k=1

N ( @' - 6)ay?
Xp

Q1 - 6)d)
@+ e/4(1 - e)T)

<G 2P\ " e - 0T

k=1
(1 - 6)d)*
<Csexp (_ @+ e3)(1 - 0T

+ C49—‘)

+ c49—1) ) (4.57)

Similar to (4.37)), we obtain
2

@4 +eT

(1 - 61)d)*
@+e/3(1-0)T))
(4.58)

1 11 _
OT 2 exp (— ) < C6T(;7 (ec29 T 2(1_9‘)‘i\/TE,(V N B) + o exp (—

We claim that vz, (V N B) > 0. Indeed, it follows from (4.33)) that

(1-6)? 1\ S L A PRI E—" ~3 Gt
Qe"p(((4+e/3)(1 —0) (4+e))?) = Qe"p( T )Z Qe 2260 2

where c(€) > 0 depends only on € > 0 and we choose 6 < 6(¢) and Q sufficiently large. Therefore,
the claim follows from (4.38)).

We choose a point x; € V N B and an H,-center (z1,0) of (x, Ty). Similar to (4.38)), we have

do(z,z21) < 3VH,T + (1 - 6))d (4.59)
and hence
do(z1,y) > 61d — 3+/H,T. (4.60)

Moreover, as (4.43), we have by (4.56)),
NG Tg) < —NG( T) + G873 (T™3d + 1), 4.61)

Now, by virtue of Proposition .14l and the definition of V, we have

- d3(z1,) ) 1 &
QCXp (_ OQ; } > H(xl, Te,y, O) -T2 . exXp (NO(XI, TO)) > EQCXP (—m) . (462)

0

Since d(z)(m ,y) 2 6’%d2/2 - 9H,T from (4.60), it follows from ([@.61) and (#.62) that

2
Qexp(( 1 ] —l)d——C79_1)

20,0 (4+e T
1 1\ Lo ~ 2 9H,
<Qexpl|l—=-——|=-C26"2T72d| <200 2 ex — |, 4.63
0ow((35 <4+e>)T a7t <200 o) @09
provided that 6 < 6(e, Q). However, (.63) is impossible by (£33)) if Q is sufficiently large.
In sum, we obtain a contradiction and (4.33)) holds. m|
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Combining Lemma and Theorem we have the following estimate, which improves
[28, Theorem 20].

Theorem 4.16. Forany K > 1, § € (0,1) and A > 0, there exists a constant C = C(n, K, 6,A) > 1
satisfying the following property.

Suppose —6~' < s <t <1—6andd,(x, p) <K, then
ds (x, y))
2 ey : (4.64)
(t—s)> p( Cr—s)

Remark 4.17. Given (xg, ty) € M X (—o0, 1), if we set H(xg, ty,y, s) = (4n(ty — s))_%e_b(y’s), then it
follows from Theorem4.9 and Theorem that b(y, s) increases quadratically.

H(x,t,y,5) <

Combining (4.64) and the standard regularity theory of the parabolic equation (cf. [20]), we have
the following derivative estimate of higher orders.

Corollary 4.18. Given (xo,ty) € M X (=00, 1) and sy < ty, there exists a small parabolic neighbor-
hood P = B,(xo,1) X [ty — r2, 1o + r*] such that for any my,my € N

10" V2 H(x, t,y, so)| <

d? (xo,
sg(xo y) ] (4.65)

. m . eX —_——
r2mi+m (to — 50)2 p( Q(to — so)

for some constant Q > 1 and any (x,t) € Pandy € M.

Note that when (y, sg) is fixed, H(x,1,y, so) is a heat solution. The scale r in the above Corollary
is small constant much less than the curvature radius at (xo,f). Then inequality (4.63) can be
obtained by dominated convergence theorem. It indicates that one can take differentiation under
the integral sign if the integrand involves the heat kernel in many cases. As an application, we can
follow the same proof as in Theorem [3.23]to estimate [VA;| and ON; without using ¢". Therefore,
one obtains

Corollary 4.19. The Nash entropy N;(x,t) is smooth on M X (s, 1) satisfying

n
<oN; <0

n
VNI < d -
VNsl< 3= " -3

in the classical sense.

We end this section by proving the following hypercontractivity; see [2, Theorem 12.1].

Theorem 4.20. Suppose that (xg, ty) € MX(—o0,1)and 0 < 7| < Ty. Letu € CHMX[ty—12, t0—T1])
be a nonnegative function satisfying Ou < 0 and having at most polynomial spatial growth in the
sense that

lu(x, D < m(d}"(p, x) + 1) (4.66)
for somem € N. If 1 < gg < pg < co with
T2, Po- 1,
T qo—1

then for dv; := dvy, 1.,

1/po 1/q0
(f u”“dv,O_T]) < (f uqodvto_m) . 4.67)
M M
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Proof. Without loss of generality, we assume 75 = 0. We set p = p(t) = 1 + 12(qo — De|~! for £ < 0.
Notice that p(—12) = go and p(—71) > po by our assumption.

When ¢ < 0, direct calculation shows that

a[f up(l)r dV[ - f upD¢rdV[
M M

= f (pu? logu + puP™'ou — p(p — DIVuPu?2)¢" = 2Vu, Ve') dv,
M

; -1 VuP|?
<L f ¢ uP log uP dv, — L=~ f N o v, -2 f (VuP, V" dv,. (4.68)
P JIm p Ju u M

Moreover, we have for any € < 1,

r |VMP|2 r -1 ri2
2 | |Vul||V¢'|ldv, <e | ——¢"dv, +¢€ u’|\Vo'|” dv,. (4.69)
M M uP M

Combining (4.68)) and (4.69)), we have
at (f Mp¢r th)F
M
1 .
:l (f ul¢” dv;) (8,f uf¢" dv, — B(f u”qﬁrdv,)log (f upd)’dv,))
P\Im M P\Im M
Iy, ;
1 (f ul¢” dvt) (Bf ¢ uP logu? dv, — P (f ul¢" dvt) log (f u”qﬁrdv,))
P\JIm P JIm P \JIm M
Bl :
+ l( f up¢’dv,) ((e— p 1) VU 4y + ! f u” (Vo' +u¢’}dv,). (4.70)
P\Im M

D M u

We integrate (&.70) from —7, to —7, let » — oo and then let € — 0. By Theorem 4.4, (4.66)), (Z.12))
and (2.13), we obtain

IA

o)
M
1
-1 e :
Sf —(f u”dv,) (Ef u”logu”dvt—g(f u”dvt)log(f u”dvt)) dt
- P\Um P Im P\Im M
-7 1 2
] -1 Vu?
o) 5 )
-T2 p M p M up

Note that the log-Sobolev inequality [28, Theorem 13] implies that

Bf u? log u? dv, — B(f u”dv,)log(f u”dv,) < Bltl [Vu”] dv, = p [Vu”] dv;.
P JIm P \Im M P JIu u p JIu w

Therefore, it follows from (4.71)) that

-7

1 L

70 17(+T|> 490
(f uf® dV—ﬂ) < (f Mp(_Tl) dV—‘rl) < (f uo dV—‘rz)
M M M

and the proof is complete. O
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Remark 4.21. Ifu € C2(M X [ty — 12, 1y — 71]) and satisfies Ou = 0 and @.66)), then

1/po 1/40
(f |u|p0dvl‘0—7'1 ) < (f |M|q0dvt()—‘r2) .
M M

Indeed, one can apply to Vu? + € since dVu? + € < 0, and let € — 0.

5 Parabolic neighborhoods and e-regularity theorem

In this section, we assume (M", g(1)),<; is the Ricci flow associated with a Ricci shrinker in M(A).

Given (xg, tg) € M X (—o0, 1), we first recall the conventional parabolic neighborhoods are defined
by

P(X(), l();S, -7, T+) ZZBZO(X(),S) X ([l() T 10+ T+] N (—OO, 1)) (5])
O(x0,10;S, =T, T") :={d;(x,x0) < S, t€[to— T , 1o+ T N (—c0, 1)} (5.2)

for any S, T* > 0. Based on the monotonicity of W;-distance in Proposition 3.7, we follow [2] to
define the following new parabolic neighborhoods.

Definition 5.1 (P*-parabolic neighborhoods). Suppose that (xy,ty) € M X (=0, 1) and S,T* > 0.
The P*-parabolic neighborhood P*(xg,ty;S,—T~,T") C M X (—c0, 1) is defined as the set of points
(x,H) e M X (=00, ) withte[ty—T ,tg +T*] and

to—T~
dW| (Vx0,t0;t0—T’ H vx,t;t()—Tf) < S .
For any r > 0, we also define

P*(x0, to; 1) :=P* (X0, t0; 1, =1, %)
P (x0, o3 1) =P (x0, 10 1, 0, 1%)

P*(x0, to3 7) :=P*(x0. 103 1, =1, 0).
Similar definitions are also made for P*.

Some basic properties of P*-parabolic neighborhoods can be found in [2, Proposition 9.4, Corol-
lary 9.6]. We state the following containment result from [2, Proposition 9.4 (d)].

Lemma 5.2. If Ay, Ay, T{,T5 2 0 and (x1,11) € P*(x2,12; A2, =15, T5), then
P (x1,t1;A1, =T, Ty) C P*(x2,t2; Ay + Ag, —(Ty + T5),T{ + T5).
We immediately have the following result from the distance comparison Lemma[4.8]

Lemma 5.3. Given 6 € (0,1), tg € (—o0,1), T* > 0 and S > 0, there exists a constant C =
C(n,A,08) > 1 such that

P(p,10;S,-T~,T") cO(p,10;C(S +1),-T~,T")
O(p,t0;S,-T~,T") cP(p,to; C(S + 1),-T~,T")

provided that =67 <ty - T~ <ty +T+* < 1-6.
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In order to investigate the relation between P*-parabolic neighborhoods and conventional ones,
we first prove

Proposition 5.4. Given (xg,t9) € M X (—=o0,1) and r > 0, suppose R(xp,t) < r 2 for any t €
[to — 12, to]. Then

2
A" (Ve oto—r2» Oxp) < C(n, A)r. (5.3)

1

Proof. 1t follows from [28, Theorem 16] that

1
2 2
H(xo, to, X0, t0 — 1°) > m exp (—l(xo,zo)(xo, to—r )), (5.4)

From the definition of [, ;,)(xo, fo — r%) we have

1 [T 1
Ly 1) (X0, To — 1°) < P f Vio — sR(xg, $)ds < . (5.5)
r Jip-r2 3
Combining (£.33) for € = 1, (5.4) and (5.3), it is clear that
& (x0,2) < Cir?
for some constant C; = C1(n, A), where (z, o — %) is an H,-center of (xo, ). Therefore,
2 2
Ay " (xogsio—r2s Ox0) < Ay (Vg 12> 62) + dyy 2 (%0, 2) < Car,
where we have used (3.29) and C, := VH, + VC;. O
Remark 5.5. From the proof, we conclude that (3.3) also holds for a constant C = C(n, A, @) if we
assume
R(xp,t) £ ——
(x0, 1) JETPRP

for some @ > 0 and any t € [ty — 2, to).

Corollary 5.6. For any sy < tg < 1, we have
d‘sj}l (Vp.to:s05 0p) < Cln, A) Vg — sp. (5.6)

Proof. From the self-similarity of the flow, we know that

_ R(p,0) n "
R0 == <50=9 2w -n

for any ¢ < t. Therefore, the conclusion follows from Proposition [5.4land Remark o

Proposition 5.7. Given 6 € (0,1), tp € (—c0,1), T* > 0 and S > O, there exists a constant
C=Cn,A,0) > 1 such that

op,10;S,-T~, T c P*(p,10;S + C,-T~,T")

provided that ty — T~ > =6\
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Proof. For any (x,t) € Q(p, to;S,-T~,T*), we have
to—T"
d‘gll (Vp,t();t()—]L ) Vx,t;t()—Tf)
dt()—T7 dt()—T7
< Wi (vp,l;l()—T_a vx,l;l()—T_) + Wi (vp,l();l()—T_ 5 vp,l;l()—T_)
to—T~ to—T"
Sdl‘(xa p) + d‘g/l (Vp,t();t()—T_’ vp,t;t()—T_) S S + d‘g/l (Vp,t();t()—T_a vp,t;t()—T_)’ (57)
where we have used Proposition 3.10} In addition, it follows from Corollary [5.6] that
to—T" to-T"~ to—T"
dv({)/l (vp,l();l()—T_a vp,l;t()—T_) < dv({)/l (vp,t();t()—T_ ’ 5p) + d‘g/l (vp,l;t()—T_a 6[)) < C(l’l, A’ 6) (58)

Therefore, the conclusion follows from (3.7) and (3.8). m|

Next, we recall the following version of the local distance distortion estimate, which can be
proved almost exactly as [28, Theorem 18]; see also [16, Section 4.3], [17, Theorem 3.1] and [6,
Theorem 1.1].

Lemma 5.8. Given (xg,t9) € M X (—o0,1) and r > 0, suppose R < r=2 on P~ (xp,to; 1) (resp.
P(xg, t9;7)). Then

p1dy(x, X0) < dyy (x, x0) < p7 ' dy(x, o)

if dyy(x,x0) < pirand t € [ty — (1), 10) (resp. t € [ty — (p17)*, 10 + (p17)*] N (=00, 1)), where
p1 =p1(n,A) € (0,1). In particular,

P (x0, 10; p27) € Q" (X0, t0; p17) C P~ (x0, 03 7) (5.9)

(resp. P(xo.10:077) € Q0. 03 p17) € P(xo. 10:17)). (5.10)

Thanks to Proposition [5.4]and Lemma[5.8] we have the following result.

Proposition 5.9. There exists a constant p; = py(n,A) € (0,1) satisfying the following prop-
erty. Given (xo,t9) € M X (—co, 1) and r > 0, suppose that R < r~% on P(xo, to; 1, —(02r)?) (resp.
P(xo, to; 1, =(p2r)?*, (p2r)?)). Then

P™(x0, t0; par) € P*(x0, to; 7, —(027)*, 0) (5.11)

(resp.  P(xo, to3 par) © P*(x0, t0; 1, ~(p2r)?, (p2r)?)) (5.12)

Proof. In the proof, all constants C; > 1 depend on n and A and p; is from Lemma[3.8] We only
prove (3.11)), and the proof of (3.12) is similar. Moreover, we set 0 < 7 < 1 to be determined later.

For any (y, s) € P~ (xo, to; T7), it follows from Lemma [5.8] that

di(y, xo) < Cytr (5.13)
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for any ¢ € [#p — (tr)%, s]. In particular, R(y, t) < r~2 for any t € [ty — (7r)%, s]. Therefore, it follows
from Proposition [5.4] that

_ 2
da’,l ) (Vy,s:t—(rry25 Oy) < CoTr. (5.14)

It follows from (3.13) and that

fo—(tr)?

d"(‘)/l v (vy,s;to—(Tr)2’on,to;to—(rr)Z)
to—(7r)? fo—(7r)?
Sd‘(d)fl v (vx(JJ(J;lO—(TV)Z’ Ox)) + d‘;)/l v (vy,s;lo—(TVV’ 6y) + dlo—(Tr)2 0, x0) < C3tr <,

if 7 is sufficiently small. From this, it is immediate that (5.11)) holds for small p,. O

Now, we prove

Proposition 5.10. Given 6 € (0,1), 1ty € (—=00,1), T* > 0 and S > O, there exists a constant
C=Cn,A,0) > 1 such that

P*(p,10;S, T, T*) C Q(p.to; V2§ + C,-T~,T") (5.15)

provided that ty — T~ > =6~'. In particular, it implies that P*(p,ty;S,—T~,T") is precompact in
M X (=00, 1) iftg +T* < 1.

Proof. In the proof, all constants C; > 1 depend on n, A and ¢. It follows from (3.6)) that
Ay (Sps Vpayi-1-) < C1. (5.16)

For any (x1,7) € P*(p,t0;S,-T~,T"), we assume (z,7) — T~) to be an H,-center of (x,#). By
(5.16) and the definition of P* neighborhood, we have

to—T"~ to—T~
dt()—T_ (P, Z) Sd‘/({)/l (617’ vp,to;to—T') + d"(‘)/l (Vp,to;to—T_a 61)
to—T"~ to—T~
Sd‘/(l)/] (6Z’ Vxl,tl ;t()—Tf) + d‘gll (vp,t();t()—T7 s Vxl,tl ;t()—Tf) + Cl

<8 +Cs. (5.17)

Set v; = vy, 1+ and compute

atf ¢r th = f D¢r th.
M M

¢ (x1,11) 2f ¢ dviy_r- —C)r 'ty —tg+T7) 2 f ldvyy_7- — C3r !,
M F

<r

By @.13), we have

Note that ¢" = 1 if F < r and r is large. In light of (5.17)) and Lemma[2.3] the set {F < r} contains a
large geodesic ball centered at z. Thus by Proposition [3.13] the above inequality implies that

(5.18)

N —

¢r(x1,t1) > f ltho—T‘ - C3I’_1 >
F<r
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if 24/r = § + C4. Since ¢ is supported on F < 2r, we conclude from (5.18)) that

(S + Cy)?

F(x;,t1) <2r= 5

From Lemma[2.3]and Lemma[4.8] we immediate conclude that
dy, (p, x1) < V2§ +Cs.

Now, the last conclusion follows from (3.13) and Lemma[5.3] m|

Corollary 5.11. Given (xg,fy) € M X (=00, 1) and S, T* > 0, P*(xo, to; S, —T~,T") is precompact
inMXx (o0, 1) iftg+T" < 1.

Proof. 1t is clear that (xg, #y) € P*(p,t0;S’, —1,0) for some large S’ > 0. Therefore, it follows from
Lemmal[3.2]

P (x0,t0;S,-T~,T") C P*(p,t0;S +S',—(1 +T7), TH).
Therefore, the conclusion follows from Proposition [5.10! O

Next, we recall the following existence of the local cutoff function from [6, Theorem 1.3].

Proposition 5.12. Given (xg, fy) € M X (oo, 1) and r > 0, there exists a constant p3 = p3(n,A) €
(0, 1) satisfying the following property.

Suppose R < r™% on P(xo,19;r,0,—7) with 0 < T < (p3r)>. Then there exists a function ¢ €
C®(M X [ty — T, ty]) with the following properties:

(@ 0<sp<lonMX|[ty—T,1).

(b) ¢ > p3 on P(xo, 1; p3r, 0, —7).
(¢) ¢ = 0 outside P(xy, ty; 1,0, —7).
(d) Vol < r !t and 18] + |Ap| < r2.

(e) Op <0on M X [ty — T, 19].

Proof. We sketch the proof for readers’ convenience. In [6, Theorem 1.3], ¢ is constructed as the
smoothing of 2, where

Y(x, t) ;= cy max{K(x, 1) — ¢, 0}

for some constants ¢,c; > 0 on U X [ty — 7, tp] for some open set U C By (xo, r), where ¢y = 0 on
0U X [ty — 7, tp] and can be extended to be 0 outside U X [ty — 7, ty]. Here, K(x,t) = H(x,t,y, s) for
some appropriate (y, s) such that K(x, f9) > (4n(ty — s))‘ge‘”/ Zand ty — s is sufficiently small.

The estimates of (a)-(d) follow from [28, Lemma 20]. From the definitions of  and ¢, it is clear
that (e) also holds. O
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Next, we prove

Proposition 5.13. There exists a constant ps = p4(n,A) € (0, 1) satisfying the following property.
Given (xp,19) € M X (=00,1) and r > 0, suppose that R < r~% on P(xg, to;r, —(04r)?,0) (resp.
P(xo, to; 1, =(par)?*, (par)?)). Then

P*(x0, t0; par) € P(x0, to; 1, —(047)?, 0) (5.19)

(resp. P*(x0, 103 par) € P(x0, 03 7. ~(par)’s (par)?) . (5.20)

Proof. In the proof, all positive constants C; > 1 depend only on n and A. Moreover, we set
0 < 7 < 1 to be determined later.

For any (v, s) € P*(xo, ty; Tr), we assume (z, g — (1r)?) to be its H,-center. From Proposition
we have

d[o—(‘rr)2 (Z’ XO)
to—(tr)? to—(1r)? f0—(7r)?
< dy, T (6, Vag.sito—(erp) + dyy, ™ Wy sstg—(rs Vig,sto—er2) + dyy, (6., Vy sitg~(zr)?)

< Cjitr. (5.21)

We assume 7 < p3 and consider the cutoff function ¢ constructed in Proposition If we set
Vi = Vy 5, then by direct computation,

Btfgodvtzfmgodvtz—r_z,
M M

where we have used Proposition [5.12(d). By integration, we have

o, s) = L edvy_zp — T. (5.22)

Notice that ¢ > p3 on P(xg, to; par, 0, (r7)%). Combining this fact with (3.21)) and Proposition 3.13]
we conclude that if 7 is sufficiently small,

P3
oy, s) = f Cdvy _pp —T 2 > > 0.
M
On the other hand, since ¢ = 0 outside P(xy, fy; 1, —(1r)?), we conclude that

dl()(xo’y) <r

and hence (3.19) holds. m|

Next, we recall the definition of the curvature radius.
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Definition 5.14 (Curvature radius). For any (x,t) € M X (-0, 1), the curvature radii at (x,t) are
defined as

rRm(X, 1) 1= sup{r > 0| |Rm| < 2 on P(x,t; r)},
Trm (X, 1) 1= sup{r > 0| |Rm| < 2 on P (x,t, r)},

(X, 1) 1= sup {r >0||Rm| <r? on B, r)}.

It is clear from the definition that rrim(x, 1) < g (x, 1) < g (x, 7). In addition, it follows from
Theorem (4.1l and the pseudolocality theorem [28, Theorem 24] on Ricci shrinkers that there exists
a constant C = C(n,A) > 1 such that

Tjm (%, 1) < Crri(x, 1). (5.23)

We are in a position to obtain the following e-regularity theorem; see [2, Theorem 10.2].

Theorem 5.15 (e-regularity). There exists a small constant € = e(n) > 0 satisfying the following
property. Given (x,t) € M X (—oo, 1) and r > 0, suppose that N(x,t)(rz) > —¢€, then rm(x, 1) > €r.

Proof. We only sketch the proof as the details can be found in [2) Theorem 10.2]. The key
step is a point-picking argument in the spacetime with respect to the curvature radius rry,. More
precisely, one needs to show that for any A > 0 with 10Argpn(x,#) < 1/2, there exists a point
', ) € P(x',t; 10Arrm(x, 1)) such that rrp (X', ) < rrm(x, ) and rrm = rr(x’,#)/10 on
P~ (x',t; Arrm(¥’, t')). Otherwise, one can iteratively pick a sequence of spacetime points (x;, #;) in
a compact set of M X (—oo, 1) satisfying rrm(x;, ;) — 0. In light of Lemma[3.2] all (x;, #;) fall into a
given P*~-parabolic neighborhood, which is precompact by Corollary Note that the curvature
radius of (x;, #;) shrinks by a definite portion in each step, the bounded geometry of a compact set
implies that the process must terminate in finite steps, say (xx, #x) = (x’,#’). Such choice of (x',¢’)
guarantees that it has almost maximal curvature radius in spacetime neighborhood. Notice that
similar point-picking arguments can be found in [34, Theorem 10.1] and [16} Proposition 3.43].

If the e-regularity theorem fails, we could obtain a sequence of pointed Ricci flows such that
rrm = 1 at the base points after the point-picking and appropriate rescalings. Since nearby points
have curvature radii uniformly bounded from below, the sequence converges smoothly to a limit
Ricci flow which is the Euclidean spacetime by the assumption of the Nash entropy. Therefore,
rrRm = 1 must be violated and we obtain a contradiction. O

Using the e-regularity theorem, one immediately has the following gap property, following the
same proof of [28, Theorem 3].

Corollary 5.16. Suppose (M", g, f, p) is a non-flat Ricci shrinker. Then
N(p,o)(e_z) < —€,

where € is the same constant in Theorem|3.13]
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Proof. Suppose N(p,o)(e_z) > —e and (M, g) is a non-flat Ricci shrinker, it follows from Theorem
that rri(p,0) > 1. In particular, it implies that [Rm(p,7)] < 1 for any 7 € [0,1). By the
self-similarity of the flow, we have |Rm|(p,0) = |Rm|(p,t)(1 — t) and hence |Rm|(p,0) = 0, which
contradicts the fact that R > 0 for non-flat Ricci shrinkers. O

We conclude this section by stating the following two results, whose proofs are more or less
standard. See [2, Theorem 10.3, Theorem 10.4].

Theorem 5.17. For any € > 0 there is a 6 = 6(€) > 0 such that the following holds. Given
(x,1) € M X (=00, 1) and r > 0, if Ny s(r?) > =6, then

2

|Rm| < er” on P(x,t, e'r, —(1- e)rz, e_lrz).

Moreover, we have Nt*_r2 > —eon P(x,t;€'r,—(1 — e)r?).

Theorem 5.18. Forany € > 0 and Y < oo there is a 6 = 6(€,Y) > 0 such that the following holds.
Given (x,t) € M X (—o0,1) and r > 0, suppose that |Rm| < 2 on P~(x,t;r) and Nx,,(rz) > -Y.
Then Nx,t(érz) > —€

6 Metric flows and F-convergence

In previous sections, we have generalized (or slightly improved) the theorems and tools in [2].
Notice that these results also hold for Ricci flows induced by Ricci shrinkers (cf. Definition [2.2))
since most of them are scaling-invariant. In a few cases, one needs to modify the assumptions
correspondingly. For instance, the conditions in Theorem [4.91and Theorem 4. 16l need to be changed
to 61 <t < s <(1-06)2and di(x, p) < KA'/2, if the Ricci flow associated with a Ricci shrinker
is parabolically rescaled by 4 > 0.

Based on these results and techniques, one can generalize the theory of F-convergence in [3]] and
[4] from compact Ricci flows to the setting of Ricci flows induced by Ricci shrinkers.

Notice that the results in [3]] and [4] are already generalized by Bamler to Ricci flows with
complete time-slices and bounded curvature on compact time-intervals (cf. [5]). In [5, Appendix
Al], some issues in the non-compact case are addressed and can be resolved similarly in the setting
of Ricci shrinkers by the results and techniques developed in previous sections. For instance, by
Theorem and Theorem it is known that the conjugate heat kernel decays exponentially
and the function b induced by the conjugate heat kernel increases quadratically (cf. Remark 4.17).
Therefore, the weak splitting maps (cf. [4, Definition 5.6]) constructed in [4, Section 10] have at
most quadratic spatial growth. Moreover, it follows from [4), Proposition 12.1, Remark 12.3] that
one can construct a bounded strong splitting map with bounded gradient from a given weak splitting
map.

At various places in [4], one also needs to consider integral f u¢” instead of f u, and take the
limit for r — oo after all the estimates (e.g., # = O|wy| in [4, Lemma 17.37]). This technique has
already appeared multiple times in previous sections. As a showcase, we generalize the integral
estimates in [4, Section 6] to Ricci flows associated with Ricci shrinkers in Appendix [Al These
estimates are frequently used in [4] and are of independent interest.

Now, we recall the following definition of the metric flow from [3, Definition 3.2].
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Definition 6.1 (Metric flow). Let I C R be a subset. A metric flow over I is a tuple of the form

(X’ t’ (dt)tEla (Vx;s)xEX,sEl,sSt(x))

with the following properties:

(1) X is a set consisting of points.

(2) t: X — Iis a map called time-function. Its level sets X, := t~\(f) are called time-slices and
the preimages Xy = t~'(I'), I' C I, are called time-slabs.

(3) (X, dy) is a complete and separable metric space for all t € I.

(4) vy.s is a probability measure on X, for all x € X, s € I, s < t(x). For any x € X the family
(Vius)sels<t(x) 1S called the conjugate heat kernel at x.

(5) Vit = Ox forall x € X.

(6) Forall s,tel, s <t T >0 and any measurable function ug : Xy — [0, 1] with the property
that if T > 0, then us = ® o f; for some T~'/?-Lipschitz function f; : Xy — R (if T = 0, then
there is no additional assumption on uy), the following is true. The function

u; : Xy — R, x|—>f Ug dvy.s
Xy

is either constant or of the form u, = ® o f;, where f, : X, — Ris (t — s + T)™V/?-Lipschitz.
Here, @ is given by (3.31).

(7) Forany t|,tr,t3 €I, t} <ty < 13, x € X;; we have the reproduction formula

Vxin :f v';lldvx;lz’
Xy

2

meaning that for any Borel set § C X,

Vi (§) = f Vysty (Ve ()

2

Given a metric flow X over I, we recall the following definitions from [3} Definition 3.20, 3.30].

Definition 6.2 (Conjugate heat flow). A family of probability measures (u; € P(X;))ey over I' C I
is called a conjugate heat flow if for all s,t € I', s < t we have

:us:f vx;sdﬂt(x)-
Xy

Definition 6.3 (H-Concentration). Given a constant H > 0, a metric flow X is called H-concentrated
ifforany s <t, s,tel, x;,x € X;

Var(vxl;sa sz;s) < dzz(xla xX2) + H(t - s).
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Next, we recall the definition of the metric flow pair from [3, Definition 5.1, 5.2]. Roughly
speaking, two metric flow pairs are equivalent if they are the same in the metric measure sense
almost everywhere.

Definition 6.4 (Metric flow pair). A pair (X, (u;)cp) is called a metric flow pair over I C R if:

1. I' cIwith|I\TI'| =0.
2. Xis a metric flow over I'.

3. (U is a conjugate heat flow on X with supp pu, = X, forallt € I,

If J c I', then we say that (X, (us)wer) is fully defined over J. We denote by IF{ the set of equiv-
alence classes of metric flow pairs over I that are fully defined over J. Here, two metric flow
pairs (X', (U)epi), i = 1,2, that are fully defined over J are equivalent if there exists an isometry
¢ : X}, - X3, (cf. [3, Definition 3.13]) such that [I"" \ I'| = [I"* \ I'| = 0, (¢)«pt} = p? forallt € I'
andJ .

We will only consider I := (—o0, 0] for simplicity. Then for any pointed Ricci flow (M", g(¢), x0)ser
induced by a Ricci shrinker, one can define (X, (u;);c;) as follows.

(X =Mx\{0})Uxyx({0},t:= projz, (dp)ers (Vx,t;s)(x,t)eMxI,sEl,sSt,,ut = on,O;l)- (6.1)

Then we have

Proposition 6.5. The pair (X, (u;):cr) defined in (6.1) is an H,,-concentrated metric flow pair that is
fully defined over 1.

Proof. The conditions (1)-(5) in the definition of the metric flow can be easily checked. Condi-
tion (6) follows from (3.13) and (7) from the semigroup property (3.I). The metric flow is H,,-
concentrated by Proposition [3.10) O

Next, we recall the definition of a correspondence between metric flows; see [3, Definition 5.4].

Definition 6.6 (Correspondence). Let (X', (,u;')te i) be metric flows over 1, indexed by some i € 1.
A correspondence between these metric flows over I' is a pair of the form

€= ((Zt’ dzz)tel”a (Soi)tel”"',ief)’

where:

1. (Z;,d?) is a metric space for anyt € I".
2. " c1”"nI" foranyie€ I.

3. ¢l (XL dY) > (Z;,d?) is an isometric embedding for any i € T and t € I

IfJ C I' for alli € I, we say that € is fully defined over J.
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Given a correspondence, one can define the F-distance, see [3, Definition 5.6, 5.8].

Definition 6.7 (F-distance within correspondence). We define the F-distance between two metric
Sflow pairs within € (uniform over J),

dg (X", uer)s (X2, ) er2),
to be the infimum over all r > O with the property that there is a measurable subset E C I'" with
JcI'"\EcI'nr-
and a family of couplings (q;)er\E between u!, ,ut2 such that:
(1) |E| < .
(2) Forall s,tel” \ E, s <t, we have

fX Dl ) ) <

t t

Notice that (2) above implies that for any r € I’ \ E,

daw, (X}, d} u}), (X7, d7 uD) < dy (9D)uttf, (@Dut?) <7 (6.2)

Here, dgw, denotes the Gromov-W;-Wasserstein distance, see [3, Definition 2.11] for the precise
definition.

Definition 6.8 (F-distance). The F-distance between two metric flow pairs (uniform over J),

dL(X", W) (X2, @D)ep2)),

is defined as the infimum of

dg? (X", uier)s (X, (U)iep2),
over all correspondences € between X', X* over I' that are fully defined over J.
With all those definitions, it can be proved (cf. [3, Theorem 5.13, 5.26]) that (F”, dﬂé) is a com-
plete metric space, with possible infinite distances.

In addition, F-convergence implies F-convergence within a correspondence; see [3, Theorem
6.12]. More precisely,

Theorem 6.9. Let (X', (il);i), i € N U {0}, be metric flow pairs over I that are fully defined over
some J C 1. Suppose that for any compact subinterval Iy C 1

JNI [ [ 00 00
dFm 0((Xl’ ()u;)tel()ﬂl’vi)’ (X s ()u[ )teloml’v"" )) - 0
Then there is a correspondence € between the metric flows X i e NU {0}, over I such that

.o F,G6.J - o
(X i) ——— (X, (4 )er)

on compact time intervals, in the sense that

dg (X () et (X (U erpnr=)) = 0

for any compact subinterval Iy C L.
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For a sequence of Ricci flows (M}, gi(1)), x;)re; induced by Ricci shrinkers, one can use the F-
compactness theorem for metric flow pairs 3, Corollary 7.5, Theorem 7.6] to obtain the following
result.

Theorem 6.10 (F-compactness). Let (M}, gi(), Xi)es e a sequence of pointed Ricci flows induced
by Ricci shrinkers with the corresponding metric flow pairs (X', (ul)c;) as described in (6.1).

After passing to a subsequence, there exists an H,-concentrated metric flow pair (X, (] )rer)
for which X is future continuous in the sense of [3, Definition 4.25] such that the following holds.
There is a correspondence € between the metric flows X', i € N U {oo}, over I such that on compact
time-intervals

(X ier) ——— (X, (1Y) (6.3)

Moreover, the convergence (6.3) is uniform over any compact J C I that only contains times at
which X is continuous, see (3}, Definition 4.25]. Notice that X is continuous everywhere except
possibly at a countable set of times, by |3, Corollary 4.35].

We sketch the main ideas and steps of Theorem [6.10l modulo all technical details.

1. One needs a characterization of the compactness for a subset in (M, dgw,), the isometry
classes of all metric measure space (X, d, 1), where p € P(X) with suppu = X and dgw,
denotes the Gromov-W;-Wasserstein distance (cf. [3, Definition 2.11]). Let M, (V, b) C M be
the subset consisting of (X, d, ) satisfying

Var(u) < Vi? and u(x e X | uDx,er)) <ble)}) <e, VYee(0,1]. (6.4)

Here, V, r are two positive constants and b : (0, 1] — (0, 1] is a function. Moreover, D(x, €r)
denotes a closed ball with center x and radius er. It is proved by [3, Theorem 2.27] that
M.,.(V, b) is compact.

2. For any metric flow pair (X, (1,);c;) defined in (€)). It is clear by H,-concentration that
Var(u,) < Hylt|. It can be proved (cf. [3 Proposition 4.1] with 7 = %) that for any ¢ < 0,

(X1, dp, 1) € Mp(V, D), (6.5)

where V = 1/8, r = V8H, 1], b(e) = ®(e"> \/8H,)/2 and ® is given by (3.31). The proof
of (6.3) uses Definition [6.1(6)(7) in an essential way. Therefore, for any 1 < 0, (X', d!, i)
subconverges in GW; to a limit metric measure space.

3. To compare different time-slices of (X, (1;)rer), one considers the function

mmiff¢@mt 6.6)

for t € I. It is not hard to prove (cf. 3, Lemma 4.7]) that for any s <t € ],

—VH, (= 5) < D(t) - D(5) < \/Var(u,) — Var(uy) + Ho(t — 5) + 2Hu(t = 5). (6.7

It follows immediately from (6.7) that D(¢) is continuous on a complement of a countable
subset of /. In addition, it is proved (cf. [3, Theorem 4.31]) that for any #p < 0, D(¢) is
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continuous at #( is equivalent to the statement that (X}, d;, ;) is continuous at #y in the GW,
sense. In this case, one can construct an isometric embedding of (X;, d;) and (X}, d;,) into a
metric space (Z;, d) with an explicit coupling g, between , and y,, for t close to . Therefore,
one concludes that the metric flow (X, y,) is continuous on / except at a countable set of times.

. For the sequence (X', (!),e;) in (6.3), we consider the limit
D*(1) = lim Di(n), (6.8)

which exists for any ¢ € I by taking a subsequence. Indeed, by (6.7), we may assume that
D™(1) exists for t € I N Q and D®(t) — D*(s) > — VH,(t — s) for any s, € I N Q with s < t,
after taking a subsequence if necessary. Therefore, there exists a countable set S C I such
that D* is continuous on 7 \ S, by extending the definition of D*. Moreover, (6.8) holds for
any 7 € I\ S. Now, (6.8) also holds for 7 € S, by further taking a subsequence.

The F-convergence of (X', (yi)tel) can be constructed as follows. We assume D> (¢) is contin-
uous at / \ S for a countable set S. For a large k > 0, we take a compact set I} C [-k,0] \ S
so that |[—k, 0] \ I;] is small. Then I is finitely covered by compact intervals /;, centered at
t; € I1 such that |/,| and the oscillation of all D' and D* on each I;; are sufficiently small. By
steps 1 and 2 above, one can construct a correspondence € that is fully defined on the finite
set Iy := {t;} between X', so that

dig " (X G er)s (X, (i eery)) < € 69)

for any € > 0, if i, j are sufficiently large. Then by using the small oscillation of D' on I,,, one
can extend the correspondence € to €; over /; so that (X' i (p;'),e,]) forms a Cauchy sequence
over I; in the sense of (6.9) with respect to dﬂg vl (cf. [3, Lemma 7.24]). By letting k — oo and
taking a diagonal sequence, we obtain from the completeness of (F;, dg) a limit metric flow
pair (X, (i4;°)ren\s ), which has an extended definition for all # € I by the future completion
(cf. [3, Section 4.4]) so that (X*°, (4;°)ser) is right continuous for # € I. Notice that Definition
[6.1(1)-(7) for (X, (u°)ses) are inherited from (X, (;li)tel). In addition, one can construct a
correspondence € so that

(X () —— (X, (1)

on compact time intervals and the convergence is uniform over the set on which (X, (14;°)ser)
is continuous. Moreover, (X3, d;’, u5’) € M,(V, b) as (€.3) and Var(u;°) < H,|| for any 7 € I.

[/ b [/ b
Notice that X* consists of a single point from which 1 is the conjugate heat measure.

Remark 6.11. In [3| Theorem 7.4], a general compactness for a subset IF{ (H,V,b,r) C IF{ is proved
by the same method as described above.

It follows from [3} Theorem 8.2, 8.4] that the limit metric flow pair (X, (u{°),e;) obtained in (6.3)
is a length space for any ¢ € I. In general, further geometric information contained in (X, (11, )rer)
is scarce. However, if (M}, g;(1)) are induced by Ricci shrinkers in M(A), then, in particular, their
Nash entropies are uniformly bounded by Corollary 3.22] In this case, one obtains much more
concrete structure theorem regarding the limit metric flow obtained in (6.3); see [4, Theorem 2.3,
2.4,2.5,2.6,2.46] and [3, Theorem 9.31].
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Theorem 6.12. Let (M}, gi(1), Xi)ic1 be a sequence of pointed Ricci flows induced by Ricci shrinkers
in M(A) and (X%, (u°)ser) the limit metric flow pair obtained in Theorem|[6. IO Then the following
properties hold.

(1) There exists a decomposition
Xy =X}, X2 =RUS, (6.10)

such that R is given by an n-dimensional Ricci flow spacetime (R, 1,07, %), in the sense of
[3} Definition 9.1] and dima(S) < n — 2, where dim - denotes the +-Minkowski dimension
in [3| Definition 3.42]. Moreover, u;°(S;) = 0 for any t < 0.

(2) Every tangent flow (X', (vy_..)i<0) at every point x € X% is a metric soliton in the sense of
[3, Definition 3.57]. Moreover, X’ is the Gaussian soliton iff x € R. If x € S, the singular
set of (X', (V. .)i<0) on each t < 0 has Minkowski dimension at most n — 4. In particular,
if n = 3, the metric soliton is a smooth Ricci flow associated with a 3-dimensional Ricci
shrinker. If n = 4, each slice of the metric soliton is a smooth Ricci shrinker orbifold with
isolated singularities.

(3) R = RN X} is open such that the restriction of d; on R, agrees with the length metric of g;.

(4) The convergence (6.3) is smooth on R, in the following sense. There exists an increasing
sequence Uy C Uy C ... C R of open subsets with | J;>, U; = R, open subsets V; C M; x I,
time-preserving diffeomorphisms ¢; : U; — V; and a sequence €; — 0 such that the following

holds:
(a) We have
) 0
I|¢,~g -8 HC[‘i_]](U,-) <€,
%l 00
||¢i5t - at ||C[elf11(Ui) < €,
i 00
W' o ¢pi —w ||C[E;l](Ui) < €,

where g' is the spacetime metric induced by gi(t), and w' is the conjugate heat kernel
defined by du' = w'dg', i € N U {co}.

(b) Let yo, € Rand y; € M; X (—00,0). Then y; converges to y, within € (cf. [3| Definition
6.18]) if and only if y; € V; for large i and qbi_l(y,-) = VYoo iINR.

(c) If the convergence (6.3) is uniform at some time t € I, then for any compact subset
K c R; and for the same subsequence we have

sup  dZ(pi(¢i(x)), ¢°(x)) — O.
xEKﬁU,-

Theorem is a flow version of the Cheeger-Colding theory (cf. [11]], [12] and [13]). Its
proof shares similar strategy as its elliptic counterparts. Many concepts also have counterparts. For
example, tangent flow corresponds to tangent space, metric soliton corresponds to metric cone. We
recall their definitions. See [3, Definition 6.55, 3.57].
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Definition 6.13 (Tangent flow). Let X be a metric flow over I and xy € X, a point. We say that a
metric flow pair (X', (v, .)er) is a tangent flow of X at xo if there is a sequence of scales A; > 0
with Aj — oo such that for any T > 0 the parabolic rescalings

—10, Ak =10,k
(X[_T,o]’(vxo;t )/1;2t+tgel’,te[—T,0])

F-converge to (X E—T,O]’ (Vi iel-T.0))-

Definition 6.14 (Metric soliton). A metric flow pair (X, (u)er) is called a metric soliton if there is
a tuple
(X9 d’ M? (V;;;)xEX;lSO)

and amap ¢ : X — X such that the following holds:

1. Foranyt € I, the map ¢, : (X:, dy, ;1)) = (X, Vtd, 1) is an isometry between metric measure
spaces.
. — /
2. Forany x € X, s € I with s < t, we have (¢s).Vy.s = Vi (oylog(s/t)
Roughly speaking, a metric soliton is a metric flow pair induced by a metric measure space in a
shrinking way. In general, a tangent flow of a metric flow may not be a metric soliton. In the setting

of Theorem[6.12] every tangent flow of (X*, (1;°)e;) is also an F-limit of a sequence of Ricci flows
induced by Ricci shrinkers in M(A) (cf. [3, Theorem 6.58]).

Notice that the limit metric flow (X, (u{°)ses) in (€.3) always admits a regular-singular decom-
position
Xy =RUS.

so that R is given by a Ricci flow spacetime (cf. [3, Definition 9.1]). The key point is to control
the size of the singular part in the appropriate sense. To avoid the distance distortion at different
time-slices, one can redefine the Hausdorff and Minkowski dimensions (denoted by H* and A*
respectively) by using the P*-parabolic balls instead of the conventional ones; see [3, Definition
3.41, 3.42].

One can control the size of S quantitatively. Let (M", g(1)),c; be the Ricci flow induced by a Ricci
shrinker in M(A). We fix a point (xg, fp) € M X1 and define T = fo—t and H(x, fg, -, ) = (4m')‘% e b,
We next recall the following definitions from [4, Definition 5.1, 5.5, 5.6, 5.7], which indicate the
extent to which the local geometry around (xy, #p) is a Ricci shrinker, Ricci flat space or splitting off
an RX.

Definition 6.15 (Almost self-similarity). Let (M", g(t));e; be the Ricci flow induced by a Ricci
shrinker. The point (xg, ty) € M X I is called (e, r)-selfsimilar if the following holds:

10 —er2

1 12
f T|RC +V2h— —g| dvy, 1At < €,
M 2T

l()—E*lrz

f |T(2Ab - |Vb|2 +R)+b—-n-— Nxo,to(r2)|dvxo,,0;; <e Vtelt- e, to — erz].
M
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Definition 6.16 (Almost static). The point (xq, ty) is called (e, r)-static if the following holds:

to—erz
r2f f |Rc|2dva,,0;,dt <€,
to—e1r2 IM

r2f Rdvyy 10 <€ Vtel(ty— E_lrz,to — 6r2].
M

Definition 6.17 (Weak splitting). (xo, ty) is called weakly (k, €, r)-split if there exists a vector-valued
function ¥ = (y1,...,y0) : M X [tg — € 1%, tg — er?] — RF with the following properties for all
Lj=1,...k:

(1) We have

t()—Erz

-1

r f fl[ly,-ldvx(),,o;tdts €.
to—e~1r2 UM

(2) We have

5 t0—5r2
r f f Vyi - Vyj = 8jldveg audt < €.
to—e'r2 UM

Definition 6.18 (Strong splitting). (xg,#y) is called strongly (k, €, r)-split if there exists a vector-
valued function ¥ = (y1,...,y1) : M X [ty — € "%, tg — er?] — R¥ with the following properties for
alli,j=1,...k:

(1) y; solves the heat equation Oy; = 0 on M X [ty — e 2ty — er?].

(2) We have

5 l()—Er2
r f f Vy; - Vyj - 6,‘j|dvx()’,0;;dl <e
to—e1r2 IM

(3) Forallte [ty — €112ty — er?] we have

f yi dvxot();t = O
M

It can be proved (cf. [4}, Proposition 12.1]) that if (xp, 7o) is weakly (k, €, r)-split, then it is strongly
(k, 6(¢e), r)-split. With these definitions, one can consider the following quantitative stratification.

Definition 6.19. For € > 0 and 0 < r; < ry < oo the effective strata

SV 8! 82 c...cS"PcMxI

r,r2 r,r2 r,r2 r,r2

are defined as follows: (x',t') € gf;]frz if and only for all ¥' € (ry,r2) none of the following two
properties hold:

1. (X, 1) is (e, r')-selfsimilar and weakly (k + 1, €, r")-split.
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2. (X, 1) is (e, r')-selfsimilar, (€, r')-static and weakly (k — 1, €, r")-split.

By a delicate choice of the covering by P*-parabolic balls, it can be proved, see [4, Proposition
11.2], that for any 0 < o < ¢, there are points (xy,11),...,(xy,IN) € Sf,",fg N P*(xg, to; r) with
N < C(A, 6)0“"‘E and

§e,k

or,er

N

N P*(xg, t9;7) C U P (x;, t;;0r). (6.11)
i=1

Notice that (6.11)) can be regarded as a parabolic version of the covering in [12] by Cheeger and

Naber.

On the complement of gf,f;rz , the following e-regularity theorem is proved (cf. [4, Proposition
17.1]), which can be viewed as a parabolic analogue of Cheeger-Naber’s codimension 4 theorem in
[13]. Roughly speaking, one needs to rule out the tangent flows which are Ricci-flat, and split off
an R"3,

Proposition 6.20. There exists a constant € = €(n,A) > 0 such that the following holds. Let
(M", g(t))ie1 be the Ricci flow induced by a Ricci shrinker in M(A). Suppose that (xg, ty) is strongly
(n — 1, €, r)-split or strongly (n — 3, €, r)-split and (e, r)-static. Then rrm(x9, tg) = €r.

There are many implications of Proposition Notice that one has the following decomposi-
tion:
X2y =RUS,
where R* C R is the set of points where the convergence (6.3) is smooth as defined in [3, Section
9.4]. Since S C S*, one can obtain the estimate of *-Minkowski dimension of S by that of S* from
(6.11)) and Proposition (cf. [4, Theorem 15.28 (a)]). Moreover, it can be proved that S* N X7°
has measure O for any 7 < 0 (cf. [4] Theorem 15.28 (b)]). Therefore, Theorem (1) is obtained.

Since S has measure 0 on each time-slice, one can extend the definition of the Nash entropy
on X*. Therefore, the Nash entropy at the base point x’ of any tangent flow (X', (V. )er) of
(X, (7 )rer) 1s a constant. By the relation between the Nash entropy and the almost self-similarity
(cf. [4] Proposition 7.1]), one concludes that (X', (vy)es) is @ metric soliton since its regular part
admits an incomplete Ricci shrinker and the tangent flow itself is determined by its regular part
due to the high codimension of the singular part (cf. [4, Theorem 15.60, 15.69]). Moreover, the
singular set on each time-slice of (X’, (vy'./)cr) has Minkowski dimension < n — 4 (cf. [4, Theorem
2.16]). Furthermore, the fact that x € R iff X’ is the Gaussian soliton follows from the e-regularity
theorem and the convergence of the Nash entropies under (6.3) (cf. [4, Theorem 2.11, 2.14]).
Notice that if n = 4, each time-slice of (X’, (vy.)er) is @ smooth orbifold with isolated singularities
since each tangent flow at any singular point of (X’, (vy,)er) is a flat cone (cf. [4, Theorem 2.46]).
Therefore, we obtain Theorem 2).

For Theorem (3), the inequality d; < d,, is clear. The opposite inequality is proved by
showing that any u € C%(R;) that is 1-Lipschitz with respect to dg, 1s also 1-Lipschitz with respect
to d; (cf. [4, Theorem 15.28 (¢)]). The argument uses the high codimension of S, the fact that X*
is future continuous at #, and the fact that R = R*, which can be proved by using the e-regularity
theorem and the convergence of the Nash entropies (cf. [4, Corollary 15.47]).

Once we know R = R*, the diffeomorphisms in Theorem [6.21] (4) can be obtained by patching
all local conventional Ricci flows into a Ricci flow spacetime by a center of mass construction
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(cf. [3) Theorem 9.31]). Notice that similar constructions are well-known for the Cheeger-Gromov
convergence (cf. Remark 7.7 of [24] and references therein). All assertions Theorem [6.21] (4) are
proved by smooth convergence. Therefore, Theorem [6.12](4) is obtained.

As an application of the theory of F-convergence, we have the following backward pseudolocal-
ity theorem; see [4, Theorem 2.47]. Earlier backward pseudolocality can be found in [34], Corollary
11.6(b)] [15, Lemma 4.2] [[16, Theorem 4.7] [6, Theorem 1.5].

Theorem 6.21 (Backward pseudolocality theorem). For any n € N and a > 0 there is an e(n, @) > 0
such that the following holds.

Let (M", g(1)),e; be a Ricci flow induced by a Ricci shrinker. Given (xg,t9) € M X I and r > 0, if
|By,(x0, 1) = ar”, IRm| < (ar)™%> on By, (x0, 1),

then
|Rm| < (er)_2 on P(xg,ty; (1 —a)r, —(er)z, 0).

Note that the combination of the above theorem with the forward pseudolocality (cf. Theorem
24 of [28])), we arrive at the two-sided pseudolocality. Thus Theorem [L.6]is proved.

Combining Theorem [6.21]and (3.23)), we have

Corollary 6.22 (Comparison of the curvature radii). There exists a constant C(n,A) > 1 such that
the following holds.

Let (M", g(t));cp be a Ricci flow induced by a Ricci shrinker in M(A). Then for any (x,t) € MXI’,
PR (%, 1) < TRy (6, 1) < 1 (X, 1) < Crrm (X, 7).

Another application is the following integral estimate using the quantitative stratification; see [4,
Theorem 2.28].

Theorem 6.23. Let (M", g(1));<1 be a Ricci flow associated with a Ricci shrinker in M(A). Then for
any (xg,ty) € M X (=00, 1), r > 0 and € > 0,

f f Rm>€ dV,di
[to—12,to+r2]N(=c0,1) J P*(x0,to;:r)NMx{t}

< f f e 2€ dv,dt < C(n, A, e)r" 2%, (6.12)
[to—r2,to+r2]N(=00,1) J P*(xq,to;r)NMx{t}

As a corollary, we prove

Corollary 6.24. Let (M", g, f, p) be a Ricci shrinker in M(A). Then

f IRm|*~€dV < f reh2€ dv < e, (6.13)
d(p,)<r d(p,)<r
[Rm[>~< R
d(p.)>1 ») d(p.)=1 »)

forany € > 0 and r > 1, where rrp(-) = rrm(:,0) and C = C(n, A, €).
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Proof. We consider the Ricci flow (M, g(1)),<1 associated with the given Ricci shrinker. It follows
from Proposition [5.7] that

Q(p,0;1,0,1) € P*(p,0;C1,0,1) € P*(p,0;Cy)

for some constant C; = C;(n,A) > 1. Therefore, it follows from Theorem [6.23| that with (xg, fy) =
(p,0) and r = C| that

1
f f IRm|>~€ dV,dt < C(n, A, €). (6.15)
0 Jdi(p,)<l

Since g(r) = (1-1)(yY")*g and ¢ is defined by 2.3), we have d,(x, p) = V1 —td(¥', p) and |Rm|(x, 1) =
|[Rm|(x")/(1 — 1), where x' = /(x). Therefore, we have

f IRm[>€(x,0)dV,(x) = (1 — 1)3~2*€ f IRm|*€(x) dV(x). (6.16)
di(p,x)<1

1
d(x,p)< Vo

By a change of variable with # = 1 — 2, it follows from (6.15) and (6.16) that

f 2" dr < C(n, A, €), (6.17)
1

where

m(r) := f |Rm|*~€ dV.
d(-,p)<r

We claim that there exists a sequence r; — oo such that

. om(ry)
lim
i—00 rr.z+25—2
l

=0. (6.18)

Otherwise, there exists a constant 6 > 0 such that m(r) > 6r**2€~2 for sufficiently large r. However,
it contradicts (6.17).

We apply the integration by parts to (6.17) from 1 to r; to (6.17) and obtain
R 2—€
f % dV < C(n,A,€) + m(r,-)rl.z_ZH”.
1<d(p,)<r; A"F=€72(p, )
By letting i — oo, we have from (6.18) that

R 2—€
f R " v <cmae. (6.19)
dip.y=1 d"==(p,")

In addition, we have for any r > 1,

R 2—€
r2—2E—I’Z f |R’/n|2_E dV S f % dV S C(naAa 6)'
1<d(p,)<r 1<d(p.")<r dree=(p, )
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Therefore, for any r > 1,
f IRm|>~€dV < C(n, A, €)r"**2, (6.20)
d(p,)<r

since m(1) is bounded by (6.17). In sum, the inequalities involving |Rm| in (6.13) and (6.14) are
proved.

Notice that for any (xg, fo) € M X (=00, 1), it follows from the definition of ¢/ (2.3) that

we(t) ° lﬁtﬂ — lﬁt,

where 6(f) := i:—’t‘(’) Therefore, for any ¢ < 1,

g =1 - g =1 -10)(1 - 0O W) g = (1 - to)W") g(B(1)).

Therefore,
rRm(X0,70) = V1 = torRm(x{ , 0).
Now, the conclusion regarding rry, can be proved similarly. O

We end this section by proving a gap property for the volume ratio at infinity.

Corollary 6.25. Let (M", g, f, p) be a Ricci shrinker in M(A). Suppose

B
lim inf @ - 0. 6.21)
r—00 T
Then
|B(p, )| < Cr2e (6.22)

for any r > 1 and some C = C(n, A, €).
Proof. We claim that rrp,(x) < 2 for any x. Indeed, if rryy(x) > 2, we have
[Rm|(y, 1) < 1

for any y € B(x, 1) and ¢ < 1. By the same argument as in [28], Corollary 9], we obtain that

! C1 2
B(x, 1 B|\p,——|\ B|p, 6.23
a2l ) €29

for c; > ¢; > 0, if ¢ is sufficiently close to 1. From the standard distance distortion and Theorem
[4.1] we obtain that

Y (BCx, )| = e3(1 =172, (6.24)
However, (6.23) and contradict (6.21)). Thus the desired inequality (6.22)) follows immedi-
ately from (6.13). O
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Appendix

A Integral estimates for the conjugate heat kernel

In this appendix, we generalize some integral estimates regarding the conjugate heat kernel from [4,
Section 6] to Ricci flows associated with Ricci shrinkers. These estimates also hold for Ricci flows
induced by Ricci shrinkers since they are scaling-invariant.

Throughout this appendix, let (M", g(¢));<1 be the Ricci flow associated with a Ricci shrinker
in M(A). We fix a spacetime point (xp,f) € M X (oo, 1) and set dv; = dvy,,; and T = fy — 1.
Moreover, we define w = w(x, t) and b = b(x,t) by w = H(xo, t9, x,t) = (4n(tg — ) ze®.

Lemma A.1. There exists a constant C = C(n,A) > 1 such that for any 0 < 179 < 1,

om0 2 w22 1 Tl
f {IRel® + V2B dv, dt < Cry (1 +log —). (A.1)
10—T1 M To
Proof. Without loss of generality, we assume #y = 0.
From Corollary [3.20, we have for any 7 > 0 that
f VB2 + Rdv_, < - (A2)
M 2T
Direct calculation shows that
a,f Rw¢" dV, = f {(@RYW¢" — RO*(wg")} dV;
M M
= f 2Rclwe” + R{w(AY" + ¢}) + 2(Vw, V")) dV,
M

= f {2RcP¢” + R(AG" + ¢) = 2R(VD, V")) dv.
M

Integrating the above equation from —7; to —7g, we obtain

n
f f 2|Rc|*¢" dv,dt
-7 M

< f R dv_g, + f - f {R(AQ| +16]) + R2V¢'| + VDL V'] dvdt. (A.3)
M -7 M

From (2.8) and Lemma[2.3] R increases at most quadratically. Combining 2.12)), @.13), (2.14)
and (A.2), it follows that the last integral in (A.3)) tends to 0 as r — oo. Therefore, we obtain

o ) 1 n
f f |Rc|” dv,dt < —f Rdv_r, < —. (A4)
-1 M 2 M 4T()

On the other hand, it follows from (3.40Q) and Corollary [3.22] that

70
L=,
-7 M

g
Rc+V?h— =
¢ 2

T

2
dv,dt < _(W(X(),t())(Tl) <A. (A.5)
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By virtue of the elementary identity (x — y)> > x>/2 — y?, it follows from (A.3)) that

—T0 =70
0 f f IRc + V2b|* dv,dt < f T f IRe + V2bP dvidt < A + = log 2. (A.6)
-7 M -7 M 2 To

Combining (A.4) and (A.6)), the conclusion follows immediately. m]

Lemma A.2. There exists a constant C = C(n,A) > 1 such that the following estimates hold for
anyt<tyand 0 < s < 1/4.

f {1 + |b| + T(|Ab| + |VB] + R)}eSb dv, < C. (A7)
M
Proof. We compute

4 et dv, = f be®® dv,. (A.8)
dS M M

Here, the differentiation under the integral sign is allowed by Theorem [4.16] and Remark 4.17] By
the differential Harnack inequality [28, Theorem 21], we calculate

f be*” dv, < f ((=2Ab + |VB? = R) + n)e*” dv,
M M
= f (t((2s = DIVD> =R) + n)e*’ dv, < n f et dv,, (A.9)
M M

where the integration by parts in the equality can be justified similarly as in Remark 3.21] Combin-

ing (A.8) and (A.9), we obtain
f et dv, < ™.
M

On the other hand, it follows from Theorem [4.4] that b > —A. Therefore, it follows from (A.9) and
the above inequality that

f {1l + T(VBP + R)} e dv, < C(n, A). (A.10)
M
Applying the differential Harnack inequality and the integration by parts again, we obtain
f 27|Able®® dv, < f {lul + 7(VBI* + R) + bl + n} e dv,
M M
= f {u+7(VBP + R) + || + nf e dv,
M

< f {2s1'|Vb|2 +2lb| + 2n} et dv, < C(n, A),
M

where u = T(2Ab — |Vb> + R) + b — n < 0. It is clear that (A7) follows from the combination of
(A.IQ) and the above inequality. i
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Lemma A.3. There exists a constant C = C(n) > 1 such that the following estimates hold for any
t<topand (0 < s < 1/4

f IVb|*e®? dv, < C f IV2b|%e* dv,. (A.11)
M M

Proof. In the proof, all constants C > 1 depend only on n, which may be different line by line.

We compute for s < 1/4 that
f IVbI*¢ e dv,
M
=(4n7)"" f Vol ¢ eV v,
M
=(4n7) 3(s — 1) f IVB|>(Vb, Ve~ V0yg" av,
M
=(drr) 3 (1 - 5)7! f (2V2b(Vb, Vb) + Vb Ab) ¢ dV, + Z
M
<C(4nt)"2(1 - 5)7! f IV2b||VBI*¢ e av, + Z
M
1
<- f \Vbl*¢ e dv, + C f IV2b?¢ e dv, + Z, (A.12)
4 M M
where the remainder
Z:=(-y)"" f IVbI>(Vb, V¢ Ye” dv, < 2 f VB3|V e dv,
M M
1
< - f IVb[* ¢ e dv, + 4 f VB2 Ve (6" e dv,. (A.13)
4 M M
Applying Lemmal[A.2]and (2.12)), we conclude from (A.12) and (A.13) that
f \Vbl*e*? " dv, < C f IV2b2e’ " dv, + e(r) (A.14)
M M
where €(r) — 0 as r — oco. Thus we arrive at (A.TT)) by letting r — co in the above inequality. O

The main result of this section is the following spacetime integral estimate.
Proposition A.4. There exists a constant C = C(n,A) > 1 and 5 = 5(n) < 1 such that the following
estimates hold for any r > 0,0 <6 < 1/2and s < 5.
10—070
f f 7(IRc? + |V2b]* + |VB[e® dv,dt < Clog 6. (A.15)
10— M

0

Proof. In the proof, all constants C depend on 7, and C” depend on n and A. Moreover, we use €(r)
to denote a function independent of ¢ such that e(r) — 0 if r — oco. Those terms may be different
line by line. Without loss of generality, we assume fy = 0.
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We set u = 7(2Ab — |Vb|> + R) + b —n < 0. Recall that from [34]], we have the celebrated identity

2

O (uw) = =21 w.

Re+V2h- L
2Tt

Moreover, we have
ob = —2Ab + |Vb> =R + —2” =7 b —u-n/2).
T

Direct computation shows that

Btf uwe*’ ¢’ dv,
M

:f {D(equﬁr)uw - eszl)’D*(uw)}dV[
M

2
= f {((DeSb)qu + (@) — 2V, VeSb)) uw + 27 [Rc + V?b — i‘ wequﬁr} dv,
M 2T

2
= f {((smb — SIVbP)e’ " + et (mg”) — 2V, Vesb>) u+27|Re + Vb - zi e'? } wdV,,
M T
g 2
= f {((sr_l(b —u—n/2) - S*|VbP)¢" + O¢" — 2s(V¢', Vb)) u+27|Re + Vb — > ¢r} ey,
M T
It follows that
c')[f uwe’ ¢’ dV,
g 2
{(sr (b—u—n/2)ug" + (@p" —25(V¢", Vb)) u + 27 |Rc + Vb — > ¢’} eLdv,
T
g 2
{ —Cst ' u? + b* + D)¢" + (O¢” — 25(V¢", Vb)) u + 27 |Rc + V*b — > ¢’} eLdv,
2
{ Cs T((Ab)2 + |V + R + 771 (p% + 1)) +27|Rc + V?b — 2§’ }¢re“’dv, +X,, (A.16)
T

where
X, = f (0¢” — 25(V¢", Vb)) ue*’dv,.
M

Define X’ := f oro |X;|dt. Then it follows from Lemma[A.2] and inequalities (Z.12)) to (2.13) that
for any positive & we have

—6710
X'| < f f (I0¢"| + 25194 IVbDlule® dvidr
—610
<e(r) + f f (67" 1V P(¢")  TIVBP + 67712 ) e dv,di
-0 M

—071¢
<e(r) + 6 f f g et dv,dt. (A.17)
—To M
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It is clear from the definition of u that u®> < C (72(|Ab|2 +|Vb)® +R)) + b* + 1). In addition, since
—A < b < —1t(2Ab — |Vb> + R) + n, we have

b* < C' (T(IAbP + VB[ + R?) + 1). (A.18)

Combining these facts with (A.14]), we may choose & in (A.I7) sufficiently small such that

1 —071)
IX'] < e(r) + 1 f f 7(IV2b? + |Rc|?)¢p e dv,dt +1og 67" (A.19)
—T0 M

Similarly, we compute

0, f TReSbwcprth
M
f{D(TReSb)qﬁ w — Re*P 0% (¢" w)}th

O(rR)e™ + TROe™ — 20(VR, Ve™)) ¢"w + TRe™ (A" + ¢))w + 2AVw, Vg")| dV,

(

= j}; {(D(TR)eSb + TRDeSb) ¢"w+27R (AeSb —(Ve'?, Vb)) ¢rw} dv, + Y,
{211Rel” = R+ R (s0b + (s> — 25)|VB* + 25Ab)| ¢e*Pdv, + ¥,
{

f 27Rel” = R — Cs (T(R® + [Vb|* + (Ab)*) + R)| ¢ e dv, + Y, (A.20)
M

Y, : = f TRe? (AP + @)W + 2(Vw, V") + 25(Vb, V")) dV,
M
= f TR (AP + ¢} + (25 — 2)(Vb, V")) e* dv,.
M

Ot

We define similarly Y := f |Y;| dt. Then it follows from Lemma[A.2] and inequalities 2.12) to

2.13) that
—0710
IY'| <e(r) + C f f (67" 1VgP(¢") " TIVB + 6TR?¢) €™ dvidt
— M

—0710
<e(r)+C f f STR2 ¢ e’ dv,dt

—0710
<e(r) + — f f 7(\V2b? + |Rcl»)¢ e dv,dt, (A.21)

for ¢ sufficiently small.
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Combining (A.16) and (A.20), we obtain

0; f (7R + u)e*” " dv,
M
> j}; {—Cs(T(IVb|4 + VP +R) + 77 + R) +27|Re + V?b — % ’ + 27|Rcf? - R} ¢ el dv,
+X,+7Y,
> fM {=Cs(r(vhl* + V2B + RY)) + 2(V°bI* + IRel)} ¢edv, + X, + ¥, = C'77", (A.22)

where we have used LemmalA.2l
If s is sufficiently small, it follows from (A.22)) and (A.14) that

8tf (TR + w)e ¢ dv,
M
1
25 f (Vb + [ReP)e ¢ dvi + X, + Y, = C't7' + (). (A.23)
M

By integration from —7( to —f1(, we obtain from (A.23), Lemmal[A.2] (A.19) and (A.2]) that

—6710
f f 7(IV2b)* + |Rc|})e®?¢” dvdt < C'log 07" + €(r).
-0 M

Letting r — oo, we obtain
—071¢
f f 7(IV2b + |Rc|?)e® dvdt < C' log 67" (A.24)
-0 M

Thus the inequality (A.13) follows from the combination of (A.24) and Lemmal[A.3l
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