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HEAT KERNELS ON METRIC MEASURE SPACES AND AN
APPLICATION TO SEMILINEAR ELLIPTIC EQUATIONS

ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

ABSTRACT. We consider a metric measure space (M,d, u) and a heat kernel
pt(z,y) on M satisfying certain upper and lower estimates, which depend
on two parameters a and 3. We show that under additional mild assump-
tions, these parameters are determined by the intrinsic properties of the space
(M, d, ). Namely, « is the Hausdorff dimension of this space, whereas [,
called the walk dimension, is determined via the properties of the family of
Besov spaces W2 on M. Moreover, the parameters o and 3 are related by
the inequalities 2 < 8 < a+ 1.

We prove also the embedding theorems for the space W#/2:2 and use them
to obtain the existence results for weak solutions to semilinear elliptic equations
on M of the form

—Lu+ f(w,u) = g(a),
where L is the generator of the semigroup associated with p;.

The framework in this paper is applicable for a large class of fractal do-

mains, including the generalized Sierpinski carpet in R"™.

1. INTRODUCTION

We say that a triple (M,d, u) is a metric measure space if (M,d) is a non-
empty metric space and p is a Borel measure on M. Given a metric measure space
(M, d, ), a family {p;},, of non-negative measurable functions p;(z,y) on M x M
is called a heat kernel or a transition density if the following conditions are satisfied,
for all x,y € M and s,t > 0:

(1) Symmetry: pi(x,y) = pe(y, x).
(2) Normalization (or stochastic completeness):

/ pe(w,y)du(y) = 1.
M

(3) Semigroup property:

Pese(z,y) = /Mpsmz)pt(z,y)du(z).
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(4) Identity approximation: for any f € L?(M, u),

/M pe(z,y) f(y)du(y) FL g () ast—0+.

For example, the classical Gauss-Weierstrass function in R”™,

! iz~
(L1) pt(w,y)ZWeXp<— o )

satisfies this definition. Another elementary example is the Cauchy-Poisson kernel
in R™:

141

Cn |(E - y|2 B
(]‘2) pt(l}y) = t_" (]— + T ,
where C,, = I' (22) /n(n+1)/2,
Any heat kernel gives rise to the heat semigroup {1}, , where T} is an operator
in L2(M, ) defined by

(1.3) Tyu(x) = /me,y)u(y)du(y).

The above properties of p; imply that T} is a bounded selfadjoint operator in
L?(M, p1); moreover, {Tt},~ is a strongly continuous, positivity-preserving, con-
traction semigroup in L?(M, u). Another way of constructing such a semigroup is
to set

(1.4) T, = exp (tL),

where £ is a non-positive-definite selfadjoint operator in L?(M, i) satisfying in
addition the Markov property. Typically, —L arises as the generator of a Dirichlet
form. It is not always the case that the semigroup {7;} defined by (I4) possesses an
integral kernel. If it does, then the integral kernel will be a heat kernel in the above
sense (although some additional restrictions are needed to ensure the normalization
condition).

In this note we would like to adopt the axiomatic approach to heat kernels,
which to some extent is opposite to the above scheme. Namely, we will assume
that a heat kernel is defined on a metric measure space, and show that this implies
many interesting consequences for analysis on such a space. A similar approach
was used by M. Barlow [3] and K. Pietruska-Patuba [23], although in their works a
heat kernel was assumed to be the transition density of a diffusion process on M,
and in [23] the underlying space M was a subset of R™.

Let a heat kernel p; on (M,d, u) satisfy the following two-sided estimate, for
p-almost all z,y € M and all ¢ € (0, 00):

1 d(z,y) 1 d(z,y)
(15) ta/ﬁ¢1 < tl/ﬁ > épt(x;y) é ta/ﬁ¢2< tl/ﬁ ’

where «, 0 are positive constants, and ®; and ®, are non-negative monotone de-
creasing functions on [0, 400).
For example, the Gauss-Weierstrass heat kernel (I.0]) satisfies (I.5) with a = n,

6 =2,and
1 52
xp | —— ).
(47T)"/2 exp 4

@1(5) = @Q(S) =
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The Cauchy-Poisson heat kernel (I2) satisfies ([LH) with « =n, § =1, and

2\~ "3+
Dy (s) = Py(s) = C,y (1 + s )
Note that the Gauss-Weierstrass heat kernel is generated by the classical Laplace

operator in R”,
n
82
A= — —,
; ox?

whereas the Cauchy-Poisson heat kernel is generated by the operator — (—A)l/ 2,
More generally, for any 0 < 8 < 2 the operator — (—A)B/2 generates a symmetric
stable process of index (3 whose heat kernel satisfies the estimate (IH) with o = n
and the following functions ®; and ®,:

ats

(1.6) Di(s) =c¢; (1+s%) =,
where ¢; is a positive constant, i = 1, 2.

The development of analysis on fractals has brought plenty of examples of heat
kernels satisfying (ILH) with functions ®; and &5 of the form

(1.7) ®;(s) = c;exp (—cl/s7),

where v > 0, and ¢}, ¢/

i, c; are positive constants. In these examples the parameter 3
is typically larger than 2.

The nature of the parameters  and 3 is of great interest. Although originally
they are defined through the heat kernel, a posteriori they happen to be the invari-
ants of the space (M, d, u) itself, provided the function @5 decays at oo sufficiently
fast. The parameter « happens to be the Hausdorff dimension of M (see also
[10]). The nature of the parameter § is more complicated. We will call it the walk
dimension of the heat kernel p;. This terminology is motivated by the following
observation: if the heat kernel p; is the transition density of a Markov process X;
on M, then (CH) implies (under reasonable assumptions about ®; and ®2) that
the mean time ¢ needed for the process X; to move away to a distance r from the
origin is of the order 77 (see, for example, [3] Lemma 3.9]).

In this paper, we adopt an analytic approach, which does not depend on the
existence of the process X;. Following [18], we introduce on (M,d, ) the family
{W”’2}0>0 of Besov spaces, which generalizes the Sobolev space W12 in R" (see
Section [ note that in the notation of [I8], W72 = Lip (0,2, 00)). The space W2
decreases with o; we define the critical exponent 3* of the family W2 by

g* = QSup{a - dim W2 = oo}.

Clearly, the exponent * is an invariant of the space (M, d, 1). For M = R™ and 4
the Lebesgue measure, we have 0* = 2.

To describe our results, assume that ®1(1) > 0 and consider the following three
hypotheses for ®,:

o0 d
(Ho) / 4y (5) % < o0,
0 S

> d
(H1) / s HBy(s) 2 < oo,
0 S
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o ds
(Ho2) / s(’+6+€<1>2(s)? < 00,
0

for some £ > 0. We have proved the following.
Let (Hy) hold. Then the measure of any metric ball B(z,r) := {y : d(z,y) < r}
in M satisfies the estimates

(1.8) C™hr* < p(B(z,r)) < Cr°,

for all x € M and r > 0, where C is a positive constant (Theorem BZ). In
particular, this implies that « is intrinsically determined by (M, d, p); moreover, «
is the Hausdorff dimension of M.

The walk dimension 3 satisfies the inequality 8 < 8* where §* is the critical
exponent of the family of Besov spaces defined above (Corollary[3)). If, in addition,
(M, d) satisfies a certain chain condition (Definition B, then 8 < a+1 (Theorem

Let (Hy) hold. Then the domain & (D) of the Dirichlet form £ naturally associ-
ated with the heat kernel coincides with the Besov space W2/2:2 (Theorem E2). If
« > [, then the following embedding takes place:

WORA(M, p) — L (M, p)

where
2a
a—pf’
and the case o < (3 is also discussed (Theorem ETT).

Let (Hs) hold. Then 8 = * (Theorem E6) and 5 > 2 (Theorem EJ(7)).

Hence, under the hypothesis (Hs) both parameters a and 3 are uniquely deter-
mined by the underlying space. Note that under the hypothesis (Hp) this is not the
case, because, for example, both the Gauss-Weierstrass heat kernel (LI} and the
Cauchy-Poisson heat kernel ([L2) in R™ satisfy (Hy), whereas for the former § = 2
and for the latter 8 =1 (although o = n in both cases).

Let us mention that the characterization of the domain of the Dirichlet form
on the Sierpinski gasket in terms of Besov spaces, as well as the relation § = (%,
was first obtained by A. Jonsson [I§]. K. Pietruska-Patuba obtained the similar
conclusion for nested fractals [22]. Observe that the condition (H;) under which
we prove the equivalence of D (€) and W#/22 is optimal. Indeed, for the heat kernel
generated by the operator — (—A)ﬁ/2 in R™ the function ®, is given by (LG), and
for this function the hypothesis (H7) breaks just on the borderline, because

o0 s@th (s
o (

(1.9) 2% =

1+4s2)2

On the other hand, the domain of the energy form associated with the operator

— (—A)ﬁ/2 is known to be another Besov space Lip (8/2, 2, 2), which is smaller than
Lip (8/2,2, 00) = W9/22 (see [2], 23], [23]).

M. Barlow studied in [3] heat kernels on geodesic metric spaces, assuming that

a heat kernel p; is the transition density of a diffusion process and that it satisfies

(CH) with functions ®1, @4 of the type (). Under these assumptions, he claimed

that the walk dimension § of p; is uniquely determined by the intrinsic properties

of the underlying space (see [3, Theorem 3.21]). Under the additional assumption
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that M is a subset of R™, this claim was proved in [23]. Our contribution is that
we prove the uniqueness of 3 for a general metric measure space (M, d) and under
a rather mild and nearly optimal condition (H2) on the heat kernel (nor do we
assume existence of a diffusion process associated with p;).

The relationship between the parameters o and 3, mentioned above, is summa-
rized in Corollary[£9] as follows: If (M, d) satisfies the chain condition, ®;(1) > 0
and, for some ¢ > 0,

o0

(1.10) / §20TEdy(s)ds < o0,
0

then

(1.11) 2<B<a+l.

The inequalities ([CTT]) were stated by Barlow in [3, Theorem 3.20], under the
same set of assumptions as [3] Theorem 3.21]. Under somewhat more restrictive
hypotheses, A. Stés [25] proved that 2 < f < a + 2. In the setting of random
walks in graphs, (L)) was proved in [26] and [I4], using techniques that are not
available for general metric spaces. Our contribution is that we prove ([CLIII) under
the hypothesis (ILI0), which seems to be nearly optimal.

Barlow proved in [4] that for every pair a,f satisfying ([CII)) there exists a
random walk satisfying a discrete time version of (L5]) with these parameters. There
is no doubt that the same is true for continuous time heat kernels. Hence, (L1 is
the only restriction on « and 3.

In Section E] we apply the embedding results to treat the following semilinear
elliptic equation on M:

(1.12) —Lu+ f(x,u) = g(),

where £ is the generator of the semigroup T} (the equation (LI2) arises for example
when investigating the potential u in porous or other irregular domains). We prove
the existence and uniqueness results for weak solutions of (ILI2), which in particular
imply that, for all ¢ > p > 2%, the equation

—Lu+u)"Pu=g

has a unique weak solution u € D () N LP N LY, for any g € L¥ | where p/ = ﬁ
(Theorem E4l). The existence result relies on the compact embedding of the space

D (€) into L2 ., which is true without any additional assumptions about ®; and @,

(Theorem ET2).

Note that the classical existence results for equation (LI2) in R™, n > 2, depend
on the critical parameter 2* = 22 (see [19]), which matches (L) since @ = n and

B =2

Notation. The letters C,c are used to denote positive constants whose values are
unimportant but depend only on the hypotheses. The values of C, ¢ may be different
at different occurrences.

For two non-negative functions f(s) and g(s) defined on a set S, we write

f(s) = g(s)

if there is a constant ¢ such that for all s € .S,

cg(s) < f(s) < cgls).
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2. SOME EXAMPLES

Let | > 3 be an integer and let My = [0,1]" (n > 2). We divide M into {™ equal
subcubes. Remove a symmetric pattern of subcubes from My, and denote by M;
what remains. Repeat the same procedure for each subcube in M;: divide each
subcube into ["™ equal parts and remove the same pattern from each subcube, and
denote by My what remains. Continuing this way infinitely, we obtain a sequence
of sets {Mj}. Set

M = M M
k=0
and define
e o~
M=|]JI"M,
k=0

where we write a K = {az : © € K} for a real number a and a set K.
The set M is called an unbounded generalized Sierpiriski carpet (cf. [5]); see
Figure 1, which corresponds to the case n =2 and [ = 3.

FI1GURE 1. Generalized Sierpinski carpet

The distance d on M is set to be the Fuclidean distance, and the measure u
is the Hausdorff measure of dimension «, where « is the Hausdorff dimension of
M. For any generalized Sierpinski carpet, there exists a heat kernel satisfying the
following estimate:

zy)P\ T
(2.1) pe(z,y) ~ tal/,a exp <—c (d(’Ty)) ) ’

which is a particular case of (LE) with the functions ®;, @5 of the form

O (s) = cexp (—Cg@‘%)

(see [B]). There are also plenty of other fractals such that (ZI) holds; see, for
example, [3], [L1].
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See also [13], [14], [20] for the heat kernel estimates in the setting of graphs or
manifolds.

3. VOLUME OF BALLS

Definition 3.1. We say that a heat kernel p; on a metric measure space (M, d, 1)
satisfies the hypothesis (Hy) if p; satisfies the estimate (LH) with some positive
constants «, 3 and non-negative decreasing functions ®; and ®5 such that ®1(1) > 0
and

(3.1) /000 SQ@Q(S)% < 00.

Denote by B(z,r) the metric ball in M of radius r centered at the point z € M;
that is,

B(z,r):={y e M :d(z,y) <r}.

Theorem 3.2. If a heat kernel p; satisfies the hypothesis (Hy), then for all x € M
and r >0,
(3.2) C~'r™ < u(B(z,r)) < Cre.

Remark. The condition (B:I) is very mild. Indeed, if (B:2)) is given, then (B.I) means
that the upper bound function

- d(z,y)
o/ )
y—t P, < /5

has a bounded integral over M uniformly in x and ¢, which resembles the normal-
ization property of the heat kernel (cf. (1) below).

Note also that the estimate (2 can be true only for a single value of «, which is
called the exponent of the volume growth and is determined by intrinsic properties
of the space (M, d, 11). Hence, under the hypothesis (Hy) the value of the parameter
« in () is an invariant of the underlying space.

Proof. Fix x € M and prove first the upper bound
(3.3) u(B(,r)) < Cr°,
for all 7 > 0. Indeed, for any ¢ > 0, we have

(3.4) /B L Pt < /M P, y)du(y) = 1,
whence

u(Bla,r)) < ( inf pt(x,y)>1~

yeB(z,r)

Taking ¢ = r” and applying the lower bound in (CH), we obtain

1
inf > —0 (1) =cr @

yEan(:c,v")pt(x’y) = to‘/ﬁ 1 ( ) cr )

whence ([B:3) follows. An obvious modification of this argument allows us to replace
the hypothesis ®1(1) > 0 by ®1(s9) > 0 for some so > 0.

Let us prove the opposite inequality

(3.5) w(B(z,r)) > ere.
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We first show that the upper bounds in (L) and (B3)) imply that
1
(3.6) / pe(x,y)du(y) < =, forall t <erf
M\B(z,r) 2

provided € > 0 is sufficiently small. Setting r,, = 2¥r and using the monotonicity
of ®; and (3:3), we obtain

/ pe(z,y)du(y) < / t= /P, (d(f y)>d“(y)
M\B(z,7) M\B(z,r) /v

= / e, du(y)
k=07 B rkt1)\B(@,7%) (tl/ﬁ)
a—a/p
= Czrkt P2 (tl/ﬁ)
2k
= C2<t1/5> <W>
oo
d
0 < Cof s
1r/t1/8 s

The last line in (32) is proved as follows: setting t, = 2Fr/t'/# for k > —1 and
using the monotonicity of ®5, we obtain

/m da(s) D = f?fkwl%@Ms

r/ti/8 =0 Y tk—1

- 2‘1)2 tk b 1)
cZ(bg(tk)tz‘
k=0

Since by (Bl) the integral in (B) is convergent, its value can be made arbitrarily
small provided 7%/t is large enough, whence (B.6)) follows.
From the normalization property and (&), we conclude that for such r and ¢,

(3.5 [ e nin) = 5.

whence

v

uw@m»z§<sw m@wo .

yEB(xz,r)
Finally, choosing t := er® and using the upper bound
pe(a,y) <t P0y(0) = Cr,
we obtain (3.5). O
Note that the method we have used in the proof of Theorem [3:2 is close to [14].

Corollary 3.3. Let (M,d,u) be a metric measure space, and p; be a heat kernel
on M satisfying (LA). If ®1(1) > 0, then diam(M) = oco.
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Proof. Let us show that the upper bound in (LH) implies pu(M) = co. Indeed, fix
a point g € M and observe that the family of functions u:(x) = p:(z, zo) satisfies
the following two conditions:

[uellr =1
and
ltilloo < Ct™2/F =0 ast — oo,
where || - ||, stands for the L?(M, u) norm. Hence, we obtain
w(M) > el — 00 ast— 0o,
[t oo

that is, u(M) = oo.

On the other hand, the first part of the proof of Theorem [3.2], based solely on
the hypothesis ®;(1) > 0, says that the measure of any ball is finite. Hence, M is
not contained in any ball, which ends the proof. O

Under a mild additional hypothesis about the metric space (M, d), we will obtain
a self-improved lower bound for the heat kernel.

Definition 3.4. We say that a metric space (M, d) satisfies the chain condition if
there exists a (large) constant C' such that for any two points z,y € M and for any

n

positive integer n there exists a sequence {z;},_, of points in M such that z¢ = =,
T, =y, and
d(z,y)

(3.9) d(x;,xiq41) < C , foralli=0,1,...,n—1.
n

The sequence {xi}:-;o is referred to as a chain connecting x and y.

For example, the chain condition is satisfied if (M, d) is a length space, that is, if
the distance d(z,y) is defined as the infimum of the length of all continuous curves
connecting z and y, with a proper definition of length. On the other hand, the
chain condition is not satisfied if M is a locally finite graph, and d is the graph
distance.

Corollary 3.5. Under the hypotheses of Theorem [Z3, assume in addition that
B > 1 and that (M,d) satisfies the chain condition. Then the following inequality
holds, for all x,y € M and t > 0:

C X B ﬁ
(3.10) pi(T,y) = 5 exp (—C (M> ) :

te t

Remark. The assumption § > 1 is not very restrictive. In fact, as we will see in
Section 5] ([5) implies 3 > 2 provided @, satisfies a condition slightly stronger
than (B). On the other hand, the condition 3 > 1 does not follow from the
hypotheses of Theorem [3:2] because the Cauchy-Poisson heat kernel (I:2) satisfies
them whereas for this heat kernel g = 1.

Finally, let us observe that (BI0) matches the lower bound in (2T]).
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Proof. By iterating the semigroup identity, we obtain, for any positive integer n
and real r > 0,

pe(z,y) = /.../p;(m,zl)pi(zl,22)...p%(zn_1,y)du(zl)...du(zn_l)
(3.11) > / / (z,21)pe (21, 22)...pt (2n—1,y)dp(zn—1)...dp(z1),

B(z1,7)  B(zp-1,7
where {z;};_, is a chain connecting = and y.
Denote for simplicity zo =  and z, = y. Since z; € B(z;,r), 0<i<n-—1, we
obtain by the triangle inequality and (B4),

d(z“zurl) < d(xzvxwrl) +2r < C—2~ ( ’y) + 2.
n
Choosing
d
(3.12) I C2Y)
n

and using the lower bound in (I.H), we obtain

1 d(zi, 2iv1) no/B d(z,y)
3.13 e (24, 24 > 0] > 0] ,
( ) p;(z Zit1) (t/n)a/ﬁ ! ( (t/n)l/ﬁ ) /B 1 (Ctnﬁ—l)l/ﬁ

where ¢ = (C + 2)7

If d(z,y)? < t, then (BI0) follows immediately from (L5). Assume in the
sequel that d(z, y)ﬁ > t. Choosing n to be the least positive integer satisfying the
inequality

ctnf=1 > d(z, y)ﬁ,

we obtain from (BI3),
ne/B
P (2 zit1) 2 75 P1(1).

Hence, B11), (G2), and 3I2) imply
ne/B\" ]
pe(z,y) = (CW) H w(B(zs, 7
na/ﬁ avn—1
(C—ta/ﬁ> (er?)

nnalB [ dla,y)o\ IO
(3.14) - c(?) (c T(Lﬁl)t> .

Since nP~! ~ d(z,y)?/t, we see that

()"

nP-1¢

V

>

for some (small) positive constant €, which together with (BI4) yields

n\ /8 n c c d J),yﬁ B-T
pt(%y)zc(;) € _t“m exp (— CH)ZWQXP -C (%)
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4. BESOV SPACES
Let (M, d, 1) be a metric measure space. For any ¢ € [1, +o0], set LY = LI(M, )
and
lullq = llull Lacar,p)-
For any o > 0, define a non-negative functional W, (u) on measurable functions on
M by

_t A — i) i
w(B(z, 1)) /B(w)l (y) — u(z)] du(y)] dp ().

In particular, if the condition ([B:2) is satisfied, then for any 8 > 0,

(4.1) W, (u):= sup r 27 /M

o<r<1

(4.2) Wg/2(u) ~ sup roh /M l/B( )|u(y) - u(:c)|2du(y)] dp(z).

o<r<1
Define the space W72 as follows:
W2 =W2?(M,d, p) == {ue L* : W, (u) < 0o} .
It is easy to see that W(}/Q is a semi-norm in W72 and W72 is a Banach space
with the norm
ullo2 = llull2 + Wo (u)'/
(see for example [18]). The space W2 is one of the family of Besov spaces, and it

is similar to the space that was denoted by Lip(o,2,c0) in [1§].

4.1. The Laplace operator. Define by (L3) the semigroup {T;},., in L2, and
consider its infinitesimal generator L defined by

(4.3) Lu = lim o

where the limit is understood in the L?-norm. It is natural to refer to £ as the
Laplace operator of the heat kernel p;. The domain dom(L) of the operator L is the
space of functions u € L? for which the limit in (€3] exists. Since {T}} is a strongly
continuous contraction semigroup in L2, by the Hille-Yosida theorem dom(L) is
dense in L?; furthermore, £ is a selfadjoint, non-positive-definite operator, which
follows from the fact that T} is selfadjoint and contractive (see for example [R], [12],
[16], or 29, Theorem 1, p. 237]).

4.2. The Dirichlet form. For any ¢ > 0, define the quadratic form & on L? by

(4.4) & u) = (“ _tTt“,u> :

where (, ) is the inner product in L?. An easy computation shows that & can be
equivalently defined by

(15) el =57 [ [ (@) = u)Pnen)u)d(a).

In terms of the spectral resolution {E)} of the operator —L, & can be expressed

as follows:
[e%s) 1— eft)\ 9
&)= [ d| Bl
0

which implies that & [u] is decreasing in ¢ (see also [7]).



2076 ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

Let us define a quadratic form & by

(4.6) Elu] := tliré1+ &t [u)

(where the limit may be +o0 since & [u] > & [u]) and its domain D (€) by
DE):={ue L*: Eu] < oo}.

By a standard procedure, the quadratic form & [u] extends to the bilinear form
€ (u,v).

From (1) it follows that £ is non-negative definite. The domain D(£) is dense
in L? because D (€) contains dom(L). Moreover, the form & is closed; that is, the
space D(€) is a Hilbert space with the inner product

(4.7) [u,v] == (u,v) + & (u,v).
Clearly (4.3) and (44) imply that
(48) g(uv U) = (_‘Cuv U),

for all u € dom(L) and v € D (£).

It is easy to see from (L3]) and the definition of a heat kernel that the semigroup
{T}} is Markovian, that is, 0 < u < 1 implies 0 < Tyu < 1. By [12, Theorem
1.4.1], the form & satisfies the Markov property, that is, v € D (€) implies v :=
min(u4,1) € D(€) and & [v] < & [u]. Hence, € is a Dirichlet form.

4.3. Besov space as the domain of the Dirichlet form.

Definition 4.1. We say that a heat kernel p; on a metric measure space (M, d, 1)
satisfies the hypothesis (Hy) if p; satisfies the estimate ([B) with some positive
constants «, § and non-negative decreasing functions ®; and ®s such that ®1(1) > 0
and

o ds
(4.9) / s P, (5)— < o0.
0 S
The following theorem identifies the domain D(E) of the Dirichlet form with a
Besov space.

Theorem 4.2. Let p; be a heat kernel on (M,d, 1) satisfying the hypothesis (Hy),
and let € be the Dirichlet form defined by @3) and [EB). Then

D(E) = WH/22
and for any u € D (£),
(4.10) & [u] ~ Wg/a(u).

Proof. Since the expressions € [u] and Wy /2(u) are defined for all u € L?, it suffices
to show that (@I0) holds for all u € L? (allowing infinite values for both sides).
Note that the hypotheses of Theorem [3.2 hold, so that we have the estimate (B8.2)
of the volumes of balls.

We first prove that

(4.11) Eul > cWpa (u),
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using the approach of [23]. Using the lower bound in ([LH) and the monotonicity of
®,, we obtain from (Z5]) that for any 7 > 0 and ¢ = 77,

Elu] > / / (00~ w2

> %(X)Wl@l () [ /B (M(U(x)—U(y))Qdu(y)du(w)

= 2o ] o (00e) )P p)te).

Together with (€2]), this implies (E1T).
Let us now prove the opposite inequality, that is,

Eul < CWys ().
For any ¢ > 0 we have
@) =g [ () - ) et = A+ B
where

(413)  A(t) = = / /M\B( 1)<u(x>—u(y>>2pt<x,y>du<y>du<x>,
(414) B = / / 00— u0) P ).

To estimate A(t) let us observe that by (3.7),

o ds o o8 ds
(4.15) pi(z,y)du(y) < C s7®a(s)— < Ct Dy (s)—,
M\B(z,1) i

1 S
2¢1/8

whence by (@),

(4.16) / pe(x,y)du(y) = o(t) ast— 0+ uniformly in z € M.
M\B(z,1)

Therefore, applying the elementary inequality (a — b)? < 2(a? + b?) in ([@I13) and
using (£I0]), we obtain that for small enough ¢ > 0,

Alt) < / /M\B“) 2 + u()2)pe (2, y)dp(y) dpa(z)

= Z/Mu(x) (/M\B(x,l)pt(x,y)du(yo du(x)
= o(D)]ull3,

whence

(4.17) Jim A(t) = 0.
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The quantity B(t) is estimated as follows using (LH), (E2), and (EJ):

B() = ZtZ L s () = ) P )

< %;Q)WH <t1/5> Lo o, 0 s an)in)
< CWB/Q(U)];@/Z) ®, <tw>
< ds

CWapalw) [ 5+ 03(6) %
(4.18) < CWpya(u).

It follows from ({.12), (EIT) and (£IS) that
(4.19) Eu] = tlirgl+ & [u] < CWgya(u),

which finishes the proof. O

4.4. Intrinsic characterization of the walk dimension. As one can see from
the above proof of Theorem 2] the inclusion D (£) € WP/?2 requires only the
lower estimates in (LE) and (B2) (and the opposite inclusion requires only the
upper estimates in (L)) and 32))). This observation allows us to prove the following
statement.

Corollary 4.3. If a heat kernel satisfies the hypotheses (Hy) (cf. Theorem [33),
then dim Wh/22 = o,

Proof. Indeed, by Theorem B2 the hypothesis (Hy) implies (32)), and by the above
remark we obtain D (£) C W5/2:2. On the other hand, D (€) is always dense in L2,
whereas by Corollary [33] we have dim L? = oo, whence the claim follows. (I

Definition 4.4. Let us set
8% := 2sup {a cdim W2 = oo}
and call 8* the critical exponent of the family W72 of the Besov spaces in (M, d, ).

Note that the value of §* is an intrinsic property of the space (M, d, i), which
is defined independently of any heat kernel. For example, for R” we have g* = 2.
In terms of the critical exponent, Corollary 3] can be stated as follows: if a heat
kernel satisfies (Hp), then

BB,
where (3 is the walk dimension of the heat kernel. In general, it may happen that
[ < (3*, as one can see from the example of the Cauchy-Poisson heat kernel in R™

where 8 = 1 and 8* = 2. A theorem below provides conditions to ensure 8 = 3*
(see also [17]).

Definition 4.5. We say that a heat kernel p; on a metric measure space (M, d, p)
satisfies the hypothesis (Hs) if p; satisfies the estimate ([CH) with some positive
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constants «, 8 and non-negative decreasing functions ®; and ®5 such that ®1(1) > 0
and, for some ¢ > 0,

o d
(4.20) / 5°‘+ﬁ+5‘1>2(s)?8 < 00.
0

Note that the hypothesis (H2) is stronger than (H7), and (H7) is stronger than
(Hp), but still (Hs) is satisfied in most applications. For example, every function
of the form

(4.21) Dy(s) = exp (—esT)
satisfies (H3) provided ¢ > 0 and v > 0.

Theorem 4.6. If p; is a heal kernel satisfying the hypothesis (Hz), then for any
o > 3/2 the space W2 contains only zero. Consequently, 3 = [3*.

Remark. As follows from Corollary A3 the conclusion of Theorem remains
true if 8 in (@20) is replaced by *, which makes the hypotheses of Theorem H.Gl
independent of f3.

Proof. Let us explain why 3 = 3* follows from the first claim. Indeed, dim W72 = 0
implies that o > $*/2, and since this is true for any o > (3/2, we obtain 8 > [*.
Since the opposite inequality holds by Corollary B3, we conclude that 8 = 8*.

The proof of the first claim is similar to that of Theorem Fix o > (/2 and
a function v € W72, and show that € [u] = 0. Note that if (Z20) holds for some
€ > 0, it also holds for a smaller value of e. Thus we may assume ¢ to be so small
that

(4.22) 2% —f—¢>0.

Again we use the decomposition & [u] = A(t) + B(t), where A(t) and B(t) are
defined in (@I3) and @I4). Similar to (@I8) but using W, instead of Wg/s, we
estimate B(t) and obtain by (£1]), (£22), and (#20),

t</8B()

ST e () [ ) s e

k=1

52 1 (ate)/B+1 2—k
ey (1) (i)

a+f+e 9—k
k(20—pB—¢) -
W (Fm) e (5)

< CWg(u)/ s‘”ﬁ“@g(s)@
s

0
< C W, (u).

Together with (@I12) and (@I7) this yields
Eilu] < A(t) + Ct5/PW,(u) — 0 ast — 0,

IN

IN

whence

€ [u] = lim & [u] = 0.
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Since & [u] < & [u], this implies in return that & [u] = 0 for all ¢ > 0. On the other
hand, it follows from (@3]) and the lower bound in (L5 that

1
2 gm0 [ () - ) i),

which yields u(z) = u(y) for p-almost all z,y such that d(z,y) < t'/#. Since t
is arbitrary, we conclude that u is a constant function. Since p(M) = oo (see
Corollary B-3)), we obtain u = 0. d

Corollary 4.7. If a heat kernel p; satisfies (Hz), then the values of the parameters
a and B in (LH) are invariants of the space (M, d, p). In particular, if there are two
heat kernels pgl) and p§2) on (M,d, p) both satisfying (Hz) with parameters cq, 1
and as, B2 respectively, then ay = ag and B = Bo.

Proof. By Theorem B2, p (B(z,r)) satisfies (3:2), which uniquely determines « as
the exponent of the volume growth of (M, d, ). By Theorem [£6] § is uniquely
determined as the critical exponent of the family of Besov spaces of (M, d, ). O

Remark. Although oy = ag is true already under the hypothesis (Hp), this hypoth-
esis is not enough to ensure 31 = (2. Indeed, R™ carries the Gauss-Weierstrass heat
kernel pgl) given by () and the Cauchy-Poisson heat kernel pEQ) given by (2,
and for these heat kernels we have oy = as = n whereas 01 =2 # 1 = (,.

4.5. Inequalities for the walk dimension.

Theorem 4.8. Let p; be a heat kernel on a metric measure space (M, d, 11).
(¢) If pe satisfies the hypothesis (Hz) (cf. Theorem [f.6), then

(4.23) 3>2.

(i4) If pe satisfies the hypothesis (Ho) (cf. Theorem [32) and the space (M,d)
satisfies the chain condition (cf. Definition[3.]), then

(4.24) B<a+l

Remark. Observe that the chain condition is essential for the inequality g < o+ 1
to be true. Indeed, assume for a moment that the claim of Theorem H:§(ii) holds
without the chain condition, and consider a new metric d, on M given by d, =
d'/7 where v > 1. Tt is easy to see that the heat kernel p, considered on the
space (M, d., ) will satisfy ([LH) with parameters ay and 37 instead of a and §,
respectively. Hence, Theorem E8|(i7) would yield Sy < ay+ 1, which implies 8 < «
because 7 may be taken arbitrarily large. However, there are spaces with g > «,
for example the classical Sierpinski gasket. Clearly, the metric d, does not satisfy
the chain condition; indeed, the inequality (B3] implies

(425) dv(l'i,xlqu) S C%,

which is not good enough. If in the inequality (33 we replace n by n'/7, then the
proof will give 8 < a + «y instead of 5 < a + 1.

Corollary 4.9. Let a metric space (M,d) satisfy the chain condition. Assume that
a heat kernel py on (M,d, i) satisfies the estimate (D) with positive parameters
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a, B and non-negative decreasing functions ®1 and ®o such that ®1(1) > 0 and, for
some € > 0,

o d
(4.26) / 201y (5) 2 < oo
0 S
Then
(4.27) 2<fB<a+l.

Proof of Corollary[{-9l Clearly, [@28) implies (Hp), and by Theorem ER(ii) we
obtain § < aw+ 1. Therefore, (£26) implies (Hs), and by Theorem [48(i) we obtain
5> 2. 0

Proof of Theorem [{.8(i). Let us show that the space W12 is non-trivial, which
would imply by Theorem [£.6]that 8 > 2. Fix a ball B(zg, R) in M and let u(z) be
the test function of this ball, that is,

u(@) = (R - d(z,20)), -

Since diam(M) = oo (see Corollary B3)), this function is non-constant for large
enough R. Let us show that Wi (u) < co. Indeed, by (B2)), it suffices to prove that
for some constant C' and for all r € (0, 1),

(4.28) U=t [ [ /| o) - U(y)IQdu(y)] du(z) < C.

Since the function w vanishes outside the ball B(zo, R) and r < 1, the exterior
integration in (£:28)) can be reduced to B(zg, R + 1). Hence, using the obvious
inequality

u(@) = uly)] < d(z,y) <7,

we obtain
vy = e | V |u(y>—u<x>|2du<y>] e
B(zo,R+1) B(z,r)
< r_2_°‘/ r2u(B(x,r))du(x)
B(Io,RJrl)
< C?”_Q_a/ r2+(’d,u(x)
B(zo,R+1)
— Cu(Blao, R+1),
whence (@28)) follows. O

We precede the proof of the second part of Theorem by two lemmas.

Lemma 4.10. Let {z;};_, be a sequence of points in a metric space (M, d) such
that for some p > 0 we have d(xg, ) > 2p and

(4.29) d(xi,xip1) <p foralli=0,1,...,n—1.

Then there exists a subsequence {x;, }2:0 such that
(a) 0=idg<iy1 <..<i=mn;
(b) d(xsy,,i,,,) <5p forallk=0,1,....,01 —1;
(¢) d(zs,,, ;) > 2p for all distinct k,j =0,1,...,1.
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The significance of conditions (a), (b), (c) is that a sequence {x;, }2=0 satisfying
them gives rise to a chain of balls B(z;,,5p) connecting the points g and z,, in
such a way that each ball contains the center of the next one whereas the balls
B(z;,, p) are disjoint. This is similar to the classical ball-covering argument, but
additional difficulties arise from the necessity to maintain a proper order in the set
of balls.

Proof. Let us say that a sequence of indices {ik}zzo is good if the following condi-
tions are satisfied:

(@) 0=1dg <iy <..<ip;

(b') d(ziy,xip,,) <3pforall k=0,1,...,1 - 1;
(¢") d(z4,,2;,) > 2p for all distinct k,j = 0,1, ..., 1.

Note that a good sequence does not necessarily have 7; = n as required in con-
dition (a). We start with a good sequence that consists of a single index ig = 0,
and will successively redefine it to increase at each step the value of 4;. A terminal
good sequence will be used to construct a sequence satisfying (a), (b), (¢).

Assuming that {ik}§c=o is a good sequence, define the set of indices

S:={s:i;<s<nand d(zs,x;,) > 2p for all k <1},

and consider two cases.

Set S is non-empty. In this case we will redefine {i;} to increase i;. Let m be
the least index in S. By (29) and the definition of S, m > i; + 1. Since m — 1 is
not in S, we have

(4.30) d(xm—1,2;,) < 2p for some k <1
(see Figure 2).

X=Xo i
<gp <P Xi,
<p
Y=Xn Xm Xm-1
FIGURE 2.

By (4£30) and (¥’) we obtain, for the same k as in (€30,
A(@m, i) < ATy Tm—1) + d(Tm—1, Ti,) < 3p.

Now we modify the sequence {i,} as follows: keep i, 1, ..., i as before, forget the
previously selected indices t441, ..., %, and set i1 :=m and [ :=k + 1.

Clearly, the new sequence {ik}iczo is also good, and the value of 4; has increased
(although [ may have decreased). Therefore, this construction can be repeated only
a finite number of times.

Set S is empty. In this case, we will use the existing good sequence to construct a
sequence satisfying conditions (a), (b), (¢). The set S can be empty for two reasons:

e either i; = n,
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e or i; < n and for any index s such that i; < s < n there exists £ < [ such
that d(xs, z;,) < 2p.

In the first case the sequence {ik}zzo already satisfies (a), (b), (¢), and the proof
is finished. In the second case, choose the minimal k <[ such that d(z,,x;,) < 2p
(see Figure 3).

X=Xo Xy Xi

¥<3P

<5p <2p |

FI1GURE 3.

The hypothesis d(x,,zo) > 2p implies k > 1, and from (b') we obtain
d(@n, i) < d(xn, z4,) + d(zi,, Tip_,) < 5p.

By the minimality of k, we also have d(z,,z;;) > 2p for all j < k. Hence, we define
the final sequence {i,} as follows: keep g, ?1,...,4,—1 as before, forget i, ...,4;, and
set i :=n and [ := k. Then this sequence satisfies (a), (b), (c). O

Let A be a subset of M of finite measure; that is, ;1(A) < co. Then any function
u € L?(M, ) is integrable on A, and we can set

1 / d
u = — u .
AT L

For any two measurable sets A, B C M of finite measure, we have the following
identity:

/ / () — u()? du(@)dpy) = u(d) / fu — upl? da + (B / = al? dp
AJB B A

(4.31) + p(A)u(B) lua — upl®,

which is proved by a straightforward computation.

Proof of Theorem [{.§(ii). The inequality 8 < a+ 1 will follow from Corollary A3
if we show that for any o > O‘T“ the space W72 is trivial; that is, W, (u) < oo
implies u = 0. To see this, let z,y be two distinct Lebesgue points in M. By the
chain condition, for any positive integer n there exists a sequence of points {xi}?zo
such that g = =, z, =y, and

d
d(xs, Ti41) < C’M i=p, forall0<i<n.
n
Assuming that n is large enough so that d(z,y) > 2p, we obtain by Lemma ET0
that there exists a subsequence {z;, }2:0 (of course I < n) such that z;, = =z,
x;, =y, the balls {B (z;,, p)} are disjoint, and
(432) d(xlk ) xik+1) < 5p,

forall k=0,1,...,1—1.
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For simplicity, let By := B (x;,,p),0 < k <1—1. Let r := 7p < 1. We see
that the domain {(&,7n) : £ € By, n € Bi4+1} is contained in the domain {(¢,7) : £ €
Byp,m e B(&r)} forall 0 <k <1-—1, by (£32).

By (@2), (31) and (B2), we have

2
W, (1) > er / /B o € o) P

P O/Bk /Bm ()2 dpa(m)dpa(€)

—20—a 2« 2
>cer 7% E ‘uBk - U’Bk+1‘
k=0

parral (Z s, — UB,M»)Z

> Cp_20+a_ |U'Bo - U’Bl|
n

2
“totat|UB(p) ~ UB(.p)|
> cp 20t wy .
d(z,y)
Therefore, using W, (u) < oo and 20 > a + 1,

2 .
[ul@) = u()l” = lim [us,p) = upg.p)]

< Cd(x,y)W,(u) liH(l) preel =,
p—

Note that (B2) implies that p-almost all points in M are Lebesgue points, and so
u = const. Finally, u(M) = oo implies u = 0. O

4.6. Embedding theorems. In addition to the spaces L? and W72 defined above,
let us define a Hélder space C* = C*(M, d, 1) as follows: we say u € C* if
u(z) — u(y)|
Ul||cr ‘= ||U||oco + p-€SSsup ———— < 00.
[ il ess s ERL
0<d(z,y)<1/3

The restriction d(x,y) < 1/3 here is related to the restriction » < 1 in the definition
(1) of the functional W, (u). Note that the 1/3 may be replaced by any other
positive constant, giving an equivalent space.

Theorem 4.11. Assume that a metric measure space (M, d, p) admits a heat kernel
pt satisfying the hypothesis (Hy) (cf. Theorem [I.2). Then the following are true.

(1) If a > j3, then
2a

(4.33) WP22 LT for any 2 < ¢ < 2" := 5
a—

That is, u € WB/22 implies u € L9 and
(4.34) lully < Cllullgya.s-
(1i) If a = 3, then
WPB/22 LT for any 2 < q < .



(i)

(4.35)

(4.36)
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If a < B, then
0 —«

WhZ2Z CX for \ = 5

That is, u € WP/22 implies u € C* and

[uller < Cllullg/z,z-

Remark. Observe that the definitions of the function spaces W#/2:2 L4 and C*
involved in the embedding theorems do not depend on a heat kernel. The existence
of a heat kernel is used in the proof in three different ways:

(4.37)

First, in (¢) and (#¢) we actually prove the embedding for D (€) and then
use W#/22 = D (&), which holds by Theorem EZ.

Second, the embedding results for D (€) in (i) and (i¢) explicitly use the
estimate

pel(a,y) < Ct/P,

Third, the proof of (ii:) uses the estimate (B:2) of the volumes of balls,
which holds by Theorem For this part, the hypothesis (H7) can be
replaced by (Hp). Furthermore, (iii) follows from (B.2) alone, in which
case 0 may be any number larger than «. With this understanding, the
statement of (i¢) is not new (see, for example, [6], [15], [2I]) and is included
for completeness. However, if the hypothesis (H7) does hold, then it follows
from Theorem .2 that any function in D (£) is Holder continuous.

Remark. If (M,d) satisfies the chain condition (see Definition [3.4]), then for any
A > 1 the space C* consists only of constants. On the other hand, by Corollary
dim W5/%2 = o, and the embedding (@3%) cannot be true if A > 1. Hence, by
Theorem ELTI)#i¢) we conclude that 8 < a + 2 (cf. [25]). Of course, by Theorem
g we have the stronger inequality § < a + 1 under weaker hypotheses.

Proof. By Theorem B2, we have W5/22 = D (£) and

1/2
ull 22 = [lullz + € [u]"/?

for any u € W#/22, Hence, in parts (i) and (ii), it suffices to prove that

D () — L?

(where 2 < ¢ < 2* in case (i) and 2 < g < oo in case (7)), and

(4.38)

lully < € (llull2 + € [u]?)

for any u € D (£).

Proof for case (i), a > 3. The upper bound in (LH) implies that

(4.39)

p-esssup pe(z,y) < ct=/8.
x,yeM

Using the definition (I3]) of the semigroup T3, the Cauchy-Schwarz inequality, and
the normalization property of the heat kernel, we obtain that for any u € L2,
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r e M,and t >0,

Tou(z)| < /Mpt<x,y>|u<y>|du<y>

{/ pt<x,y>u<y>2du<y>}1/2 {[ mieaautn}

C't725 ||u2.

1/2

IN

(4.40)

IA

In particular, for any v > %’, we have

(4.41) Tl oo < Ct™%|jully forall 0 <t < 1.

Hence, the heat semigroup {7} is L? — L°° ultracontractive for 0 < ¢ < 1. Since
a > 3, we see that v > 2a/ > 2, and so, by [9, Theorem 2.4.2, p.75] (or [7], [28]),

D(E) — L7*2; that is, for any u € D (&),

(4.42) [ ull22 < CE [u] + Collull3.

When v varies in [%a,—i—oo), the exponent q¢ = % varies in (2,2*]. Therefore,

({42) implies ({38) for all 2 < ¢ < 2*. For the remaining case ¢ = 2, (£38) is

trivial.
Note that if v = %a, then (@4I) holds for all ¢ > 0, which implies (.42) with
Co =0 (see [9] Corollary 2.4.3]); that is,

(4.43) |lul|2- < CE [u].

We will need (£43) in Section [l

Proof for case (ii), « = B. The proof is the same as above, with the following mod-
ification. Since (ZI) holds for all v > 2a/3 = 2, we see that (f42) holds for all
v > 2. Therefore, ¢ = % takes all the values in (2, +00), whence the claim follows.

Proof for case (iii), o < 8. For any x € M and r > 0, set

1
4.44 (1) = — du(€).
(4.44) wle) = oy [ wEd©

We claim that for any u € WA/22 any 0 < r < 1/3, and all z,y € M such that
d(z,y) < r, the following inequality holds:

(4.45) ur () = ur(y)| < Cr MW 9 (u)/2.
Indeed, setting By = B(x,r), B2 = B(y,r), we have

1 1
ur(#) = s /B ) = s /B | /B nlr)n(e)

and similarly

1
up(y) = m/& /BQU(U)dﬂ(ﬂ)dM(f)~
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Applying the Cauchy-Schwarz inequality, (3:2) and (@.Tl), we obtain

2 = 71 u —Uu i
o) = wP = {omms [ o) -ty dutarance |
1

m/& /32 [u(€) — u(n)|” du(n)du(§)

—a 1 )
)y Jygan 10 =0 du<n>] e

IN

u(B(&,3r))
< C 7“_0‘+5W5/2(u),

thus proving ([@45]).
Similarly, one proves that for any 0 <r < 1/3 and x € M,

(4.46) gy (2) — ur(z)| < Cr Wi a(u)/2.

Let x be a Lebesgue point of u. Setting r, = 27*r for any k = 0, 1,2, ..., we obtain

from (Z46) that

IN

u(@) = ur(z)]

D fur (@) = wpy (@)
k=0

< C (Zﬁ?) W o (u)'/?
k=0

(4.47) < CrWea(u)'/2.
Applying the Cauchy-Schwarz inequality
Jur(@)] < Cr=2ful]y
and using (£.47) to some fixed value of r, say r = 1/4, we obtain
fu(@)] < fu() = wn(@)| + ur(@)] < C (Ilulls + Wop()'/?),
whence
(4.48) [ulloo < C'llullgyz,2-

If y is another Lebesgue point of u such that r := d(x,y) < 1/3, then we obtain
from (£45)), (A41), and a similar inequality for y,

Ju(@) = u(y)| < |u(z) = up(@)] + |ur (@) = ur ()] + |ur(y) = uly)] < Cr*Wea(w)'/2.
Hence,
u(z) — u(y)|
d(,y)*
which together with (Z48)) yields (E36).

< CW5/2(U)1/2,

O

Theorem 4.12 (Compact embedding theorem). Let (M, d, 1) be a metric measure
space, and p; be a heat kernel in M satisfying (L3). Then for any bounded sequence
{ur} in D(E) in the norm (), there exists a subsequence {ug,} that converges to
a function u € L*(M, p1) in the following sense:

lug, — ullz2(B,u) — 0,
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for any set B C M of finite measure.

Remark. Without any additional assumptions about the functions ®; and ®5, the
estimate ([H) is equivalent to

pilw,y) < Ct=/P,
and this is exactly what is used in the proof.

Proof. Let {ux} be a bounded sequence in D (£). Since {uy} is also bounded in
L?, there exists a subsequence, still denoted by {uy}, such that {u;} converges
weakly to some function u € L?. Let us show that in fact {uy} converges to u in
L?(B) = L?(B, p) for any set B C M of finite measure.

For any ¢t > 0, by the triangle inequality we have

(449) ||uk — UHLQ(B) < ||uk — Ttuk||L2(M) + ||Ttuk — Ttu||L2(B) + HTtu — u||L2(M).

For any function v € L? we have
2
o=t = [ ([ 0~ ot nau) duta)
M \JM

</ { | peant) [ o) - v(y>|2pt<x,y>du<y>} du()
= 2t& [v]
< 2tE[v].

Since & [uy] is uniformly bounded in k& by the hypothesis, we obtain that for all &
and ¢t > 0,

(4.50) llu — Truglls < OVE.

Since {uy} converges to u weakly in L? and p;(z,-) € L?, we see that for pu-almost
allx € M,

Tyun(z) = /Mpt@,y)uk(y)du(y) koo /Mptu,y)u(y)du(y) = Tu(2).

Also, by (B40) we have
| Tyurlloo < Ct 3 ug|2,

so that the sequence {Tiuy} is uniformly bounded in k for any ¢ > 0. Since {Tius}
converges to Tiu almost everywhere, the dominated convergence theorem yields

(4.51) Toup =2 Tou  in L3(B),

because p(B) < co. Hence, we obtain from (€49), (£50), and (£5]1]) that for any
t>0,

limsup [|u, — ullr25) < CVE+ || Tyu — ull 2 (ar)-
k—oo
Since Tyu — u in L2(M) as t — 0, we finish the proof by letting ¢ — 0. O

Corollary 4.13. Let (M,d,u) be a metric measure space, and let p. be a heat
kernel in M satisfying (L5) with ®1(1) > 0. Then for any bounded sequence {uy}
in D(E) in the norm [@ID), there exists a subsequence {uy,} that converges to a
function u € L*(M, 1) almost everywhere.
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Proof. By the first part of the proof of Theorem B2, the hypothesis ®1(1) > 0
implies finiteness of the measure of any ball. Fix a point z € M and consider the
sequence of balls By = B(z,N), where N = 1,2,.... By Theorem we can
assume that the sequence {uy} converges to u € L*(M) in the norm of L?(By)
for any N. Therefore, there exists a subsequence that converges almost everywhere
in By. From this sequence, let us select a subsequence that converges to u almost
everywhere in By, and so on. Using the diagonal principle, we obtain a subsequence
that converges to u almost everywhere in M. O

5. SEMILINEAR ELLIPTIC EQUATIONS

As above, let (M,d, u) be a metric measure space that possesses a heat kernel
satisfying (CH). In this section we show the existence of generalized solutions of
the equation

(5.1) —Lu+ f(z,u) = g(x),

where L is the Laplace operator in M defined by (@3) or ([&38). More precisely, we
say that u € D(€) is a generalized solution of (B.1]) if the following identity holds:

(5.2) ﬂwv%+/‘ﬂ%UQ%v@Mu@)—/mﬁ@v@Wﬂ@):Q
M M
for any test function v from a certain class to be defined below.
Fix a couple p, g € (1,00), set
EP9:=DE)NLPN LI,
and define the norm in EP¢ by
1/2
el == [l + Iluallq + € [u)2.
Clearly EP-9 is a Banach space, and its dual is
(Ep,q)* _ Ep’,q”
where p’ and ¢’ are the Holder conjugates to p and g, respectively.
We assume throughout this section that

(5.3) gerL”
and
(5.4) |f(z,u)| < Clu|T' 4 fo(z), forallz € M andu € R,

where fj is a non-negative function in L7,

Let us show that all the terms in (5-2)) make sense if u € D (£)N LY and v € EP-1.
Indeed, &€ (u,v) is defined as u,v € D (£), and the other two terms are finite by the
Holder inequality:

(55) \ [ du‘ < llgl el < o0
and

(5.6) <G wllglolly < (Clale + 1 folly ) vllg < oo.

[, st

Now we can give a precise definition of a generalized solution of (GTJ).

Definition 5.1. Assuming that f and g satisfy (53) and (B4), we say that u € EP¢
is a generalized solution of (BI)) if the identity (B2) holds for all v € EP9.
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Let E be a Banach space and I : E — R be a functional on E. Recall that I is
Fréchet differentiable at u € E if there exists an element in the dual space E* of
E, denoted by I’(u), such that for all v € E,

I(u+tv) = I(u) + tI'(u)v +o(t) ast— 0.

The functional I'(u) is called the Fréchet derivative of I at point u. We say that I
is continuously Fréchet differentiable if I is Fréchet differentiable at any u € E, and
the mapping v — I’(u) is a continuous mapping from E to E* (see, for example,
[19], [24]). Finally, we say that w is a critical point of I if I'(u) = 0.

We will show that a generalized solution of (5.1) may be obtained as a critical
point of a functional I (u), where I (u) is defined by

G7)  Iw)= 5+ /M F (e, u(z))du(z) — /Mg<m>u<x>du<x>,
and

(5.8) F(z,u) := /Ou f(z,s) ds.

Let us show that the functional I defined by (5.7) is continuously Fréchet differ-
entiable for suitable f and g.

Proposition 5.2. Assume that f(z,u) is continuous in v € R for all z € M and
satisfies (&4, and g satisfies [B3). Then I defined as in (BI) is continuously
Fréchet differentiable in EP9. Moreover, we have

6.9  Iwo= o)+ [ @@ - [ o@edue)

for all u,v € EP9.
Thus, u is a generalized solution of &) if and only if u is a critical point of I.

Proof. The proof follows the same line as in [19]. For completeness, we sketch the
proof. It is easy to see directly from the definition that the functional

To(u) = € u] - /My(w)U(x)du(x)

is continuously Fréchet differentiable at any point v € EP4, and

T =) - [ glopol)dntz).

M
Let us show that the remaining part of I, namely the functional

J(u) = /M Fla, u(z))du(z),
is also continuously Fréchet differentiable, and
(5.10) Ty = [ 1o u@)o(@dn(o).
M

Indeed, taking (E.I0) as the definition of J’, we have, for all u,v € EP*? and —1 <
t<1,

J(u+ tv) — J(u) — tJ' (u)v

u—+tv
/ [ / £, $)ds — £z u(z))o()| dyu(a)
=t (et 00) ~ faw) o@duo)

M
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where
6= 0(w,t) € [0,4] C (=1,1).
By (5.6) we have f(-,u)v € L. By (5.4) and (5.6) we obtain, similarly,
[fCout00) < Clut 00" + fo < O (Jul + o))" + fo € L.

Since f(z,u + 0v) — f(x,u) as t — 0, we conclude by the dominated convergence
theorem that

J(u+tv) — J(u) —tJ' (u)v =o(t) ast— 0,
proving that J is Fréchet differentiable.
It remains to show that J'(u) is continuous. For any wy, us,v € EP?, we have

\ | e @) - o, uno))ola)dutz)

1 Crun) = f(u2)llg llvllg
1 Crun) = fCu2)llg ol zra,

T (ur)v = ' (ug)v]

IN A

whence
17" (ur) = J'(u2) [y < 1 fCrur) = f(u2)llg

Note that the Nemytsky operator Fu := f(x,u(x)) is continuous from L7 to L7,
provided that f satisfies (5.4) (see [27, Theorem 19.1]; for a bounded domain, see
[T, Theorem 2.2]). Indeed, if Fu is not continuous, then there exists a sequence
{ux} such that ||ug — ullq — 0 but

(5.11) |Fup — Fully > €

for all k and some € > 0. Since {uy} converges to u in L9, there is a subsequence
{ug,} of {ux} such that {u,;} converges to u almost everywhere in M. Fix some
R > 0 and set Bg = B(xo, R) for a fixed point z9 € M. By (5.4) and the dominated
convergence theorem, we have

lim || Fug, — .7~"u||Z:
j—o0

= Jim. / o) — Feow)|7 d+ / FCoun,) — FCou)|? dp
M\Br

<C lim (g, |7+ ul® + |f0|q/)dﬂ
J=o° JM\Br

=C lim (Ju, — u+ul? + u|? + [ fol 7 )du
170 JM\Bgr

<C (Jul? + | fol? )dp
M\Br

Choosing R large enough, we can make the right-hand side arbitrarily small, which
contradicts (5.IT)). Hence, Fu is continuous from L? to LY. Therefore, .J'(u) is
continuous. (]

By Proposition B2, in order to prove the existence of a generalized solution of
(B0), it is enough to show that the functional I defined by (5.7 has a critical point
in EP-9; this in turn will follow if I has a minimum point in EP-9. The following
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statement provides the conditions that ensure that a functional on a Banach space
has a minimum point.

Proposition 5.3 ([I9, Theorem 2.5, p.14]). Let I be a real-valued functional in a
reflexive Banach space E satisfying the following conditions:

(7) I is bounded below; that is,

;Iel% I(u) > —o0.

(1i) I is coercive; that is, for any real a there exists b such that I(u) < a implies
[[ull < b.
(#i1) Any sequence {uy} that converges to u weakly in E has a subsequence {uy, }
such that
liminf I(ug,) > I(u).

1— 00

Then I has a minimum point in E.
Now we prove the main result of this section.

Theorem 5.4. Assume that a metric measure space (M,d, u) admits a heat kernel
pe satisfying the hypothesis (Hy) (cf. Theorems[{.3, [{.11)), and assume that o > (3.
Fiz two real numbers p,q such that

2«
a—03
Let g € Lp/, and let f(xz,u) be a measurable function on M x R that is continuous

inu for any x € M and satisfies (54). Moreover, assume that, for all x € M and
u € R,

(5.12) g>p>2" =

(5.13) F(z,u) = /Ou fx,8)ds > clu|? + Fo(x),

where Fy € L'. Then (BJ) has a generalized solution u € EP4.

Remark. Here is an example of a function f that satisfies all the hypotheses of
Theorem (.4

fla,u) = ul' %
Hence, the equation
(5.14) —Lu+uPu=g
has a generalized solution u € EP-? for any g € L', provided p and ¢ satisfy (BI2).
We will see below that this solution is unique.
Proof. Tt suffices to show that the functional I defined by (5.71) satisfies conditions
(1) — (4i7) of Proposition (.3l

Condition (1): I is bounded below. By (BI2) there exists 6 € [0,1] such that

16 1-96

p 20 q
whence, for any u € EP9,

lullp < ull3e fullg™

by the Holder inequality. By (H43), we see that
lullz- < C € l'?,
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which implies

IA

CE [ fluly?
< (llully +ER7?).
From (57), (G13), (B5) and (5-15), we obtain that, for any v € EP9,

[[ullp

N

(5.15)

Iw) > SE]+ (el — 1Fol) ol ul,
> Lefu)+ clulls - 1Bl - Cllally (Jul, + € ()
> [5et- e+ felulg - ) - ¢
(5.16) > BSQ - Cs] + [et? — Ct] - C,

where 5 := £(u,u)"/? and t := lullg. Since ¢ > 1, the value of each square bracket

is bounded below, whence we conclude that I is bounded below.
Condition (i1): I is coercive. If I(u) < a for some a, then by (5.10)),

a> [%SQ - Cs} + [ct? — Ct] - C,

which implies that s and ¢ must be bounded. Together with (5.15), this implies
that « is bounded in EP9.

Condition (iii). Let a sequence {uy} converge to u weakly in EP*9. Since g €
LP c (EP%)*, we have

(5.17) lim gukd,u:/ gu dy.
M M

k—oo
Since u € D (€) C (EP)", we have
lim & (ug,u) =& [u].

koo
Applying the inequality
E [uk] > 2E (ug,u) — Eu],
we obtain
(5.18) hkniir‘}f Elug) > Eu].
We are left to verify that there exists a subsequence {ug,} such that

(5.19) 1iminf/M F( ug,)du 2/ F(-,u)dp.

11— 00 M

The sequence {uy} is bounded in D (£). Therefore, by Corollary T3] there exists
a subsequence {ug,} that converges to u almost everywhere in M. Therefore,
we have also F(-,uy,) — F(-,u) almost everywhere in M. By (&I3)), we have
F(-,ug,) > Fy € L', and (519) follows by Fatou’s lemma. Combining (5.17)-(E19),
we complete the proof. O

Finally, we complement Theorem [5.4] by a uniqueness result.
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Proposition 5.5. Let the function f(x,u) be strictly monotone increasing in u

fo

u

r every x € M. Then the equation (&) has at most one generalized solution
c EPa,

In particular, the equation (5.14)) has exactly one generalized solution in EP»9.

Proof. Let u1 and us be two generalized solutions of (51]). Then for any v € EP4
we have from (5.2),

E(ul—ug,v)—i—/ (f(,ur) — f(,u2))vdu = 0.

M

Substituting v = u; — us, we obtain

& fur = ua) + [ (£ = ) (= ) d =0

By the monotonicity of f(z,u) in u, both terms here are non-negative, and so each
of them must vanish. In particular, we obtain

(f(u) = f(u2)) (ur —u2) =0

almost everywhere, which by the strict monotonicity of f implies u; = us. O
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