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Abstract

We study the critical behavior of the component sizes for the configuration model when
the tail of the degree distribution of a randomly chosen vertex is a regularly-varying function
with exponent 7 — 1, where 7 € (3,4). The component sizes are shown to be of the order
n(7=2/(T=V [,(n)~! for some slowly-varying function L(-). We show that the re-scaled ordered
component sizes converge in distribution to the ordered excursions of a thinned Lévy process.
This proves that the scaling limits for the component sizes for these heavy-tailed configuration
models are in a different universality class compared to the Erd6s-Rényi random graphs. Also
the joint re-scaled vector of ordered component sizes and their surplus edges is shown to have
a distributional limit under a strong topology. Our proof resolves a conjecture by Joseph, Ann.
Appl. Probab. (2014) about the scaling limits of uniform simple graphs with i.i.d degrees in the
critical window, and sheds light on the relation between the scaling limits obtained by Joseph
and this paper, which appear to be quite different. Further, we use percolation to study the
evolution of the component sizes and the surplus edges within the critical scaling window,
which is shown to converge in finite dimension to the augmented multiplicative coalescent
process introduced by Bhamidi et. al., Probab. Theory Related Fields (2014). The main results
of this paper are proved under rather general assumptions on the vertex degrees. We also
discuss how these assumptions are satisfied by some of the frameworks that have been studied
previously.

1 Introduction

Most random graph models posses a phase-transition property: there is a model-dependent pa-
rameter # and a critical value 6. such that whenever 6 > 6., the largest component of the graph
contains a positive proportion of vertices with high probability (w.h.p) and when 6 < 6., the
largest component is of smaller order than the size of the graph w.h.p The random graph is called
critical when § = 6.. The study of critical random graphs started in the 1990s with the works of
Bollobas [17], Luczak [34], Janson et al. [28] and Aldous [4] for Erdés-Rényi random graphs. A
large body of subsequent work in [10, 13, 20, 30, 36, 37, 43] showed that the behavior of a wide
array of random graphs at criticality is universal in the sense that certain graph properties do not
depend on the precise description of the model. One of these universal features is that the scaling
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limit of the large component sizes, for many graph models, is identical to that of the Erd6s-Rényi
random graphs. All these universality results are obtained under the common assumption that the
degree distribution is light-tailed, i.e., the asymptotic degree distribution has sufficiently large mo-
ments. For critical configuration models, a finite third-moment condition proves to be crucial [20].
However, empirical studies of real-world networks from various fields including physics, biol-
ogy, computer science [3, 7, 21, 32, 39, 40] show that the degree distribution is heavy-tailed and
of power-law type. A first work towards understanding the critical behavior in the heavy-tailed
network models is [14], which showed that, for rank-one inhomogeneous random graphs, when
the weight distribution follows a power-law with exponent 7 € (3,4), the component sizes and
the scaling limits turn out to be quite different from that of the Erdés-Rényi random graph. This
revealed an entirely new universality class for the phase transition of heavy-tailed random graphs.
In this paper, we study the configuration model with heavy-tailed power-law degrees. The con-
figuration model is the canonical model for generating a random multi-graph with a prescribed
degree sequence. This model was introduced by Bollobés [16] to generate a uniform simple d-
regular graph on n vertices, when dn is even. The idea was later generalized to general degree
sequences by Molloy and Reed [35] and others. We will denote the multi-graph generated by the
configuration model on the vertex set [n] = {1,...,n} with the degree sequence d by CM,,(d).
The configuration model, conditioned on simplicity, yields a uniform simple graph with the same
degree sequence, which explains its popularity.

Our main contribution. Let D,, be the degree of a uniformly chosen vertex, independently of
the random graph CM,,(d). The main goal of this paper is to obtain various asymptotic results
for the component sizes of CM,,(d) when P (D,, > k) ~ Lo(k)/k™~! for some 7 € (3,4) and Lo(")
a slowly-varying function (here ~ denotes an unspecified approximation that will be defined in
more detail below). In fact, under a general set of assumptions (see Assumptions 1 and 2), we
prove the following:

(1) The largest connected components are of the order n(7=2/("=D[(n)~! and the width of the
scaling window is of the order n("=3)/("=1) (n)~2 for some slowly-varying function L(-).

(2) The joint distribution of the re-scaled component sizes and the surplus edges converges in
distribution to a suitable limiting random vector under a strong topology. It turns out that
the scaling limits for the re-scaled ordered component sizes can be described in terms of the
ordered excursions of a certain thinned Lévy process that only depends on the asymptotics
of the high-degree vertices, which is also the case in [14]. Further, the scaling limits for the
surplus edges can be described by Poisson random variables with the parameters being the
areas under the excursions of the thinned Lévy process.

(3) The results hold conditioned on the graph being simple, thus solving [30, Conjecture 8.5] in
this case.

(4) The scaling limits also hold for the graphs obtained by performing critical percolation on a
supercritical graph. The percolation clusters can be coupled in a natural way using the Harris
coupling. This enables us to study the evolution of the component sizes and the surplus edges
as a dynamic process in the critical window. The evolution of the component sizes and sur-
plus edges is shown to converge to a version of the augmented multiplicative coalescent process
that was first introduced in [10]. In fact, our results imply that there exists a version of the
augmented multiplicative coalescent process whose one-dimensional distribution can be de-
scribed by the excursions of a thinned Lévy process and a Poisson process with the intensity
being proportional to the thinned Lévy process, which is also novel.



Thus, this paper provides a detailed understanding about the critical component sizes and surplus
edges for the heavy-tailed graphs in the critical window. Before stating our main results precisely,
we introduce some notation and concepts.

1.1 The model

Consider n vertices labeled by [n] := {1,2,...,n} and a non-increasing sequence of degrees d =
(di)ien) such that £, = 3, d; is even. For notational convenience, we suppress the dependence
of the degree sequence on n. The configuration model on n vertices having degree sequence d is
constructed as follows:

Equip vertex j with d; stubs, or half-edges. Two half-edges create an edge once they are
paired. Therefore, initially we have £, = } ;. d; half-edges. Pick any one half-edge and
pair it with a uniformly chosen half-edge from the remaining unpaired half-edges and keep
repeating the above procedure until all the unpaired half-edges are exhausted.

Note that the graph constructed by the above procedure may contain self-loops or multiple edges.
It can be shown that conditionally on CM,,(d) being simple, the law of such graphs is uniform
over all possible simple graphs with degree sequence d [41, Proposition 7.13]. It was further
shown in [26] that, under very general assumptions, the asymptotic probability of the graph being
simple is positive.

1.2 Definition and notation

We use the standard notation of 2, and % to denote convergence in probability and in distribu-
tion, respectively. We often use the Bachmann-Landau notation O(-), o(-) for large n asymptotics
of real numbers. The topology needed for the convergence in distribution will always be specified
unless it is clear from the context. The notation A,, ~ B,, will be used to say that A4, /B, — 1.
We say that a sequence of events (&,),>1 occurs with high probability (w.h.p) with respect to the
probability measures (P,),>; when IP,, (5n) — 1. Define f,, = Op(g,) when (|f|/|gn|)n>1 is tight;
fn = o0(gn) when f/gn = 0 whp; f, = Or(gy) if both f, = Op(gs) and g, = Ogp(fy,). For a
random variable X and a distribution F', we write X ~ F' to denote that X has distribution F.
Denote

o= {x = (21, x9,23,...) : 1 > Tg > x3 > ... and Zx < oo} (1.1)

with the p-norm metric d(x,y) = (372, |z — vil?) YP Let 2 x N denote the product topology
of £2 and N> with N> denoting the sequences on N endowed with the product topology. Define
also

U, := {((mz,yl));’il € Ef x IN®° . inyi < oo and y; = 0 whenever z; = 0 Vz’} (1.2)
i=1

with the metric

) 1/2 )
du((x1,y1), (x2,¥2)) (Z T1; — ;) ) + ) |1y — waiyl. (1.3)
i=1 i=1
Further, let U C U, be given by
U9 = {((25,:))21 € U, ¢ if 2, = Ty, k < m, then yg >y, }- (1.4)

Let (U?%)* denote the k-fold product space of UY. For any z € U,, ord(z) will denote the element of
1Y obtained by suitably ordering the coordinates of z.
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We often use the boldface notation X for the process (X (s))s>o, unless stated otherwise. D[I, E]
will denote the space of cadlag functions from a locally compact second countable Hausdorff space
I to the metric space £ = (FE,d) equipped with Skorohod J;-topology. DJ0,¢] (resp. ID[0,c0))
simply denotes the case I = [0,t] (resp. [0,00)) with E = RR. Consider a decreasing sequence
6 = (01,602,...) € £3\ £2. Denote by Z;(s) := Lg¢,<s) Where & ~ Exp(0;/p) independently, and
Exp(r) denotes the exponential distribution with rate r. Consider the process

Z 0; (Zi(t) — (8;/w)t) + At, (1.5)
for some \ € R,z > 0 and define the reflected version of S (¢) by
oA — SN () — i CA
refl (52, (1)) = S4(t) - min S (w) (1.6)

The process of the form (1.5) was termed thinned Lévy processes in [14] (see also [2, 44]), since
the summands are thinned versions of Poisson processes. For any function f € D0, c0), define
f(x) = infy<, f(y). D4[0,00) is the subset of ID[0, 00) consisting of functions with positive jumps
only. Note that f is continuous when f € D [0, 00). An excursion of a function f € D, [0,T] is an
interval (I, 7) such that

min{f(I-), f()} = f() = f(r) = min{f(r—), f(r)} and [f(z) > f(r), Vo€ (,r) C[0,T].
(1.7)
Excursions of a function f € D, [0, co) are defined similarly. We will use 7 to denote an excursion,
as well as the length of the excursion v to simplify notation.
Also, define the counting process N to be the Poisson process that has intensity refl(S2, (t)) at
time ¢ conditional on (S, (u))y<¢. Formally, N is characterized as the counting process for which

/t refl(S (1.8)

is a martingale. We use the notation N () to denote the number of marks in the interval .

Finally, we define a Markov process (Z(s))ser on D(RR, U?), called the augmented multiplica-
tive coalescent (AMC) process. Think of a collection of particles in a system with X(s) describing
their masses and Y (s) describing an additional attribute at time s. Let K, K3 > 0 be constants.
The evolution of the system takes place according to the following rule at time s:

> Fori # j, at rate K1 X;(s)X/(s), the i and j'* component merge and create a new compo-
nent of mass X;(s) + X;(s) and attribute Y;(s) + Y;(s).

> Foranyi > 1, at rate K2 X?(s), Y;(s) increases to Y;(s) + 1.

Of course, at each event time, the indices are re-organized to give a proper element of U). This
process was first introduced in [10] to study the joint behavior of the component sizes and the
surplus edges over the critical window. In [10], the authors extensively study the properties of
the standard version of AMC, i.e., the case K; = 1, Ky = 1/2 and showed in [10, Theorem 3.1]
that this is a (nearly) Feller process, a property that will play a crucial rule in the final part of this
paper.

Remark 1. Notice that the summation term in (1.5), after replacing 6; by p6;, is of the form

VO(s) = p™ Y (0ilg,<s) — 075), (1.9)
i=1
where ¢; ~ Exp(6;) independently over i and 6 € 3\ (2. Therefore, by [5, Lemma 1], the process
refl(S),) has no infinite excursions almost surely and only finitely many excursions with length at
least d, for any ¢ > 0.



1.3 Main results for critical configuration models

Throughout this paper we will use the shorthand notation

a=1(r-1),  p=(-2/r-1), a=(-3)/-1), (1.100)
an =n“L(n), by = n’(L(n))~1, cn = n"(L(n)) "2, (1.10b)

where 7 € (3,4) and L(-) is a slowly-varying function. We state our results under the following
assumptions:

Assumption 1. Fix 7 € (3,4). Letd = (d,...,d,) be a degree sequence such that the following
conditions hold:

(i) (High-degree vertices) For any fixed i > 1,
AN (1.11)

where 6 = (01,60,,...) € 63\ 3.

(ii) (Moment assumptions) Let D,, denote the degree of a vertex chosen uniformly at random from

[n], independently of CM,,(d). Then, D, 4, D, for some integer-valued random variable D

and
1 L L 2 RN
nZdl—>,u.—IE[D], nzdi — E[D?], Klgnoohnm:olcl)pan Z d; =0. (1.12)
i€[n] i€[n] i=K+1
(iii) (Critical window) For some A € R,
_oadi(dp — 1
Up(N) = Zoiely Wk 1) Acyt + o(ch). (1.13)

(iv) Let n; be the number of vertices of degree-one. Then n; = ©(n), which is equivalent to
assuming that P (D = 1) > 0.

Note that Assumption 1 (i)-(ii) implies lim inf, . E[D3] = oco. The following three results
hold for any CM,,(d) satisfying Assumption 1:

Theorem 1. Consider CM,,(d) with the degrees satisfying Assumption 1. Denote the it"-largest cluster
of CM,,(d) by 6,;,. Then,
_ d
(bnl‘cg(i)‘)i21 - ('Yi()‘))izl ) (1‘14)

with respect to the (2-topology where ~y; () is the length of the i largest excursion of the process S2,, while
by, and the constants X, ji are defined in (1.10b) and Assumption 1.

Theorem 2. Consider CM,,(d) with the degrees satisfying Assumption 1. Let SP(%€,)) denote the number
of surplus edges in €, and let Zy, := ord(b, ||, SP(€s)))i>1 and Z := ord(v;(A), N (v;))i>1. Then,
as n — oo,

7, % 7 (1.15)

with respect to the UY topology, where N is defined in (1.8).

Theorem 3. The results in Theorem 1 and Theorem 2 also hold for CM,,(d) conditioned on simplicity.



Remark 2. The only previous work to understand the critical behavior of the configuration model
with heavy-tailed degrees was by Joseph [30] where the degrees were assumed to be i.i.d an sam-
ple from an exact power-law distribution and the results were obtained for the component sizes
of CM,,(d) (Theorem 1). We will see that Assumption 1 is satisfied for i.i.d degrees in Section 2.2.
Thus, a quenched version of [30, Theorem 8.3] follows from our results. Further, if the degrees
are chosen approximately as the weights chosen in [14], then our results continue to hold. This
sheds light on the relation between the scaling limits in [14] and [30] (see Remark 11). Moreover,
Theorem 3 resolves [30, Conjecture 8.5].

Remark 3. The conclusions of Theorems 1, 2, and 3 hold for more general functionals of the
components. Suppose that each vertex ¢ has a weight w; associated to it and let %; denote the
total weight of the component %, i.e., #; = ) ket Wht Then, under some regularity condi-
tions on the weight sequence w = (w;);c[y), in Section 8 we will show that the scaling limit for
ZY = ord(b, ' #;,SP(%;)))i>1 is given by Z = ord(k7i()\), N(vi))i>1, where the constant  is given
by £ = lim, Zie[n} diw;/ Zie[n} d;. Observe that, for w; = 1y4,—), #; gives the asymptotic
number of vertices of degree k in the i largest component.

Remark 4. It might not be immediate why we should work with Assumption 1. We will see in
Section 2.1 that Assumption 1 is satisfied by the degree sequences in some important and natural
cases. The reason to write the assumptions in this form is to make the properties of the degree
distribution explicit (e.g. in terms of moment conditions and the asymptotics of the highest de-
grees) that jointly lead to this universal critical limiting behavior. We explain the significance of
Assumption 1 in more detail in Section 3.

1.4 Percolation on heavy-tailed configuration models

Percolation refers to deleting each edge of a graph independently with probability 1 — p. Consider
percolation on a configuration model CM,, (d) under the following assumptions:

Assumption 2. (i) Assumption 1 (i), and (ii) hold for the degree sequence and CM,,(d) is super-
critical, i.e.,

 Yidild-1)  E[DD-1)

(ii) (Critical window for percolation) The percolation parameter p,, satisfies

Pn = Dn(N) = i(1 + )\cgl + o(cgl)) (1.17)

n

for some ) € R.

Let CM,,(d, p, (X)) denote the graph obtained through percolation on CM,,(d) with bond re-
tention probability p,(\). The following result gives the asymptotics for the ordered component
sizes and the surplus edges for CM,,(d, p,,(})):

Theorem 4. Consider CM,,(d, p,()\)) satisfying Assumption 2. Let S}, denote the process in (1.5)
with 0; replaced by 0;/\/v, and €7, denote the i*" largest component of CM,,(d, p,) and let Z§,()) :=
ord(b; H%h [, SP(%E)) i1, ZP(N) = ord((vY25;(N), N(5:(N)))i>1, where 7;(X) is the largest excursion
of S).. Then, for any X € R, as n — oo,

d

7P (\) L ZP()\) (1.18)

n

with respect to the U° topology.



Now, consider a graph CM,,(d) satisfying Assumption 2 (i). To any edge (ij) between vertices
i and j (if any), associate an independent uniform random Uj;;). Note that the graph obtained
by keeping only those edges satisfying U;;) < p.(}) is distributed as CMy,(d, p,())). This con-
struction naturally couples the graphs (CM,,(d, p,(\)))rer using the same set of uniform random
variables. Our next result shows that the evolution of the component sizes and the surplus edges
of CM,,(d, p, (X)), as A varies, can be described by a version of the augmented multiplicative coa-
lescent process described in Section 1.2:

Theorem 5. Suppose that Assumption 2 holds, and £, /n = u + o(n=°) for some n < ¢ < 1/2. Fix
any k > 1, —oo < A1 < -+ < A\ < oo. Then, there exists a version AMC = (AMC(\))xer of the
augmented multiplicative coalescent such that, as n — oo,

(Z5(M),. .. Z (M) % (AMC(\y), ..., AMC())) (1.19)
with respect to the (UY)* topology, where at each A, AMC(X) is distributed as the limiting object in (1.18).

Remark 5. Theorem 5 also holds when E[D3] — E[D3] < co witha = n = 1/3, p = 2/3 and
L(n) = 1. This improves [20, Theorem 4], which was proved only for the cluster sizes.

Remark 6. Theorem 5, in fact, shows that there exists a version of the AMC process whose dis-
tribution at each fixed A can be described by the excursions of a thinned Lévy process and an
associated Poisson process. This did not appear in [10, 19], since the scaling limits in their settings
were described in terms of the excursions of a Brownian motion with parabolic drift.

Remark 7. The additional assumption in Theorem 5 about the asymtotics ¢,,/n is required only in
one place for Proposition 24 and the rest of the proof works under Assumption 2 only. That is why
we have separated this assumption from the set of conditions in Assumption 2. It is worthwhile
mentioning that the condition is not stringent at all, e.g., we will see that this condition is satisfied
under the two widely studied set ups in Section 2.1.

Remark 8. As we will see in Section 10, the proof of Theorem 5 can be extended to more general
functionals of the components. For example, the evolution of the number of degree %k vertices
along with the surplus edges can also be described by an AMC process. The key idea here is
that these component functionals become approximately proportional to the component sizes in
the critical window and thus the scaling limit for the component functionals becomes a constant
multiple of the scaling limit for the component sizes.

2 Important examples

2.1 Power-law degrees with small perturbation

As discussed in the introduction, our main goal is to obtain results for the critical configuration
model satisfying P (D,, > k) ~ Lo(k)k~("~1 for some 7 € (3,4). In this section, we consider
such an example and show that the conditions of Assumption 1 are satisfied. Thus, the results
in Section 1.3 hold for CM,,(d) in the following set-up that is closely related to the model studied
in [14] for rank-1 inhomogeneous random graphs.

Fix 7 € (3,4). Suppose that F is the distribution function of a discrete non-negative random
variable D such that

_ CFLO (.%')

271

G(x)=1- F(x) (1+0(1)) asz — oo, (2.1)



where Ly(-) is a slowly-varying function so that the tail of the distribution is decaying like a
regularly-varying function. Recall that the inverse of a locally bounded non-increasing function
f:R — Ris defined as f~!(x) := inf{y : f(y) < x}. Therefore, using [15, Theorem 1.5.12],

cy T VL(1)x)
xl/(fr—l)

Gl (z) = (14+0(1)) asxz —0, (2.2)

where L(-) is another slowly-varying function. Note that [15, Theorem 1.5.12] is stated for positive
exponents only. Since our exponent is negative, the asymptotics in (2.2) holds for x — 0. Suppose
that the random variable D is such that

E[D(D - 1)]
v B, (2.3)

Define the degree sequence d by taking the degree of the i*" vertex to be
di = di(X) == G~ (i/n) + 8in(N), (2.4)
where the §; ,(\)’s are non-negative integers satisfying the asymptotic equivalence
Sin(\) ~ AG 1 (i/n)c,t, asn — 0. (2.5)

The 0; ,,(\)’s are chosen in such a way that Assumption 1 (iv) is satisfied. Fix any K > 1. Notice
that (2.2) and (2.5) imply that, for all large enough n (independently of K), the first K largest
degrees (d;);c(x] satisfy

d; = (%W) (L4 Aept +o(c, 1)) (2.6)

Therefore, d) satisfies Assumption 1 (i) with §; = (Cr/i)®. We next address Assumption 1 (ii), (iii)
in the next two lemmas:

Lemma 6. The degree sequence dy defined in (2.4) satisfies Assumption 1 (ii).
Proof. Note that, by (2.6), d3 = o(n). Also, since G~! is non-increasing

/OlGl(x)dx——<—ZG (i/n) < /G (2.7)

i€[n]
Therefore,
1 1 !
LS 4= S et ima o) = [ 6 @de+ 0 /m) +0(e;) = BID]+ O, ).
i€[n] i€[n] 0
2.8)
Similarly, 37, d7 = nE[D?]+0(d}) = nE[D?|+o(n). To prove the condition involving the third-

moment, we use Potter’s theorem [15, Theorem 1.5.6]. First note that3aa — 1= (4—7)/(7—1) >0
since 7 € (3,4). Fix0 < § < a — 1/3 and A > 1 and choose C = C(4, A) such that for all i < nC~1,
L(n/i)/L(n) < Ai°. Therefore, (2.2) implies

\ L(x)3
a3 Z & < AZ j—3a+35 y SUP1<e<C () Z i3 (2.9)

3
i>K i>K L(n) i>nC—1

From our choice of §, —3a + 36 < —1 and therefore -, i739F3 < 0o, By [15, Lemma 1.3.2],
sup;<,<c L(z)? < oo. Moreover, >, ~ 173 = O(n'™3*) and 1 — 3a < 0. Thus, the proof
follows by first taking n — oo and then K — oo. O



Lemma 7. The degree sequence dy, defined in (2.4) satisfies Assumption 1 (iii), i.e., there exists A\g € R
such that
vn(A) =14+ A+ Xo)e, 't +o(cph). (2.10)

Proof. Firstly, Lemma 6 guarantees the convergence of the second moment of the degree sequence.
However, (2.10) is more about obtaining sharper asymptotics for v, (A). We use similar arguments
as in [14, Lemma 2.2]. Denote v, := 1,(0). Note that v,,(\) = v, (1 + Ac;; 1) + o(c; 1), so it is enough
to verify that

Up =14 Xoc,t +o(c;h). (2.11)

Consider d;(0) as given in (2.4) with A = 0. Lemma 6 implies

= — 1 —1 . M
Un, 7E D] +o(c, ") (2.12)
Fix any K > 1. We have
1 d2 1 n 1
G ludu— £ <= 3" a7 g/ G Lw)?du. (2.13)
K/n o K K/n

Now by (2.4), d% /n = O(K~2*L(n/K)?*n~"). Therefore,

K K
1 i/n B 1 o B
S 1) (Z /( O =03 id?> FOK T Ln/KPn™).  (214)
i=1 7= h/mn i=1
Again, using (2.4),

—Zd2 —n ”Z (CF> L(n/i)? + ot Z (CF> + e(cn, K), (2.15)

where the last equality follows using the fact that L(-) is a slowly-varying function. Note that the
error term ¢(c,, K') in (2.15) satisfies lim,,_, ¢ye(cpn, K) = 0 for each fixed K > 1. Again,

K ri/n K O\ 2
Z/ Gl (u)?du =n=" Z/ <—F> L(n/u)*du + o(c,; ')
i=1 7 (i=1)/n —1 /(-1 \ U

< > du+ &' (en, K),
(i—1)

where lim,,_,o0 €€’ (¢, K) = 0 for each fixed K > 1. Thus combining (2.14), (2.15), and (2.16) and
tirst letting n — oo and then K — oo, we get

(2.16)

lim ¢, (v, —v) = A, (2.17)

n—oo

where

CQa e i o %,
)\Oz—Efb]Z</i_lu2du—12>. (2.18)

i=1
Using Euler-Maclaurin summation [23, Page 333] it can be seen that )¢ is finite which completes
the proof. O



Remark 9. Note that if we add approximately cn!~" (¢ > 0 is a constant) ones in the degree se-
quence given in (2.4), then we end up with another configuration model for which lim,,_, o n" (v, —
v) = ¢/ with ¢ > ¢’. Similarly, deleting cn'~" ones from the degree sequence increases the new ¢
value. This gives an obvious way to perturb the degree sequence in such a way that the configura-
tion model is in different locations within the critical scaling window. In our proofs, we will only
use the precise asymptotics of the high degree vertices. Thus, a small (suitable) perturbation in the
degrees of the low degree vertices does not change the scaling behavior fundamentally, except for
a change in the location inside the scaling window.

Remark 10. If v in (2.3) is larger than one, then the degree sequence satisfies Assumption 2. There-
fore, the results for critical percolation also hold in this setting. (2.8) implies that the additional
assumption in Theorem 5 is also satisfied.

2.2 Random degrees sampled from a power-law distribution

We now consider the set-up discussed in [30]. Let Dy, ..., D,, be ii.d samples from a distribution
F, where F is defined in (2.1). Therefore, the asymptotic relation in (2.2) holds. Consider the
random degree sequence d where d; = D;), D, being the ith order statistic of (Dy, ..., D,). We
show that d satisfies Assumption 1 almost surely under a suitable coupling. We use a coupling
from [18, Section 13.6]. Let (E1, Es,...) be an ii.d sequence of unit rate exponential random
variables and let I'; := Z;:1 E;. Let

di =Dy =G ' (Ti/Tnia). (2.19)

It can be checked that (di,...,d,) < (dy,...,d,) and therefore, we will ignore the bar in the
subsequent notation. Note that, by the stong law of large numbers, I, /n 224 1. Thus, for each
fixedi > 1,Ty11/(nl;) = 1/I;. Using (2.2), we see that d satisfies Assumption 1 (i) almost surely
under this coupling with 0; = (Cr/T;)®. The first two conditions of Assumption 1 (ii) are trivially
satisfied by d almost surely using the strong law of large numbers. To see the third condition, we

first claim that
o

IP(ZPi?’O‘ < oo) =1. (2.20)

i=1
To see (2.20), note that I'; has a Gamma distribution with shape parameter ¢ and scale parameter
1. Thus, for ¢ > 3a,

E[l; %] = F(ZP%SO‘) =731+ 0(1/1)), (2.21)

where I'(z) is the Gamma function and the last equality follows from Stirling’s approximation.
Therefore,
E{Zriﬂ => EB[I*] <o (2.22)
i=1 i=1

and (2.20) follows. Now, using the fact that I';,11/n = 1, we can use arguments identical to (2.9)
to show that lim g e limsup,,_, .o a5 >0 d3 = 0 on the event {3°0°, T3 < 0o} N {Tpi1/n —
1}. Thus, we have shown that the third condition of Assumption 1 (ii) holds almost surely.

To see Assumption 1 (iii), an argument similar to Lemma 7 can be carried out to prove that

li_)m en(vp —v) == Ay, (2.23)

AO —_ C%a i /Fi u—Qadu . Pi_Qa ) (224)
E[D] r

i=1 i1

where

10



Therefore, the results in Section 1.3 hold conditionally on the degree sequence if we assume the
degrees to be i.i.d samples from a distribution of the form (2.1). For the percolation results, notice
that the additional condition in Theorem 5 is a direct consequence of the convergence rates of
sums of i.i.d sequence of random variables [31, Corollary 3.22].

Remark 11. Let us recall the limiting object obtained in [30, Theorem 8.1] and compare this with
the limiting object S59, defined in (1.5) with Ag given by (2.24). We will prove an analogue of
[30, Theorem 8.1] in Theorem 8. Although we use a different exploration process from [30], the
fact that the component sizes are huge compared to the number of cycles in a component, one can
prove Theorem 8 for the exploration process in [30] also. This will indirectly imply that Joseph’s
limiting object obeys the law of S2o, averaged out over the I'-values. This is counter intuitive,
given the vastly different descriptions of the two processes; for example our process does not
have independent increments. We do not have a direct way to prove the above mentioned claim.

3 Discussion

Assumptions on the degree distribution. Let us now briefly explain the significance of Assump-
tion 1. Unlike the finite third-moment case [20], the high-degree vertices dictate the scaling limit in
Theorem 1 and therefore it is essential to fix their asymptotics through Assumption 1 (i). Assump-
tion 1 (iii) defines the critical window of the phase transition and Assumption 1 (iv) is reminiscent
of the fact that a configuration model with negligibly small amount of degree-one vertices is al-
ways supercritical. Assumption 1 (ii) states the finiteness of the first two moments of the degree
distribution and fixes the asymptotic order of the third-moment. The order of the third-moment
is crucial in our case. The derivation of the scaling limits for the components sizes is based on the
analysis of a walk which encodes the information about the component sizes in terms of the excur-
sions above its past minima [4, 13, 14, 20, 37]. Now, the increment distribution turns out to be the
size-biased distribution with the sizes being the degrees. Therefore, the third-moment assumption
controls the variance of the increment distribution. Another viewpoint is that the components can
be locally approximated by a branching process &), with the variance of the same order as the
third-moment of the degree distribution. Thus Assumption 1 (ii) controls the order of the survival
probability of &), which is intimately related to the asymptotic size of the largest components.

Connecting the barely subcritical and supercritical regimes. The barely subcritical (supercriti-
cal) regime corresponds to the case when v,,(\,,) = 1 + A\,c;, ! for some \,, = —oo (A, — o0) and
A = o(c;1). Janson [24] showed that the size of the k" largest cluster for a subcritical configura-
tion model (i.e., the case v, — v and v < 1) is di/(1 — v) (see [24, Remark 1.4]). In [11], we show
that this is indeed the case for the entire barely subcritical regime, i.e., the size of the kth largest
cluster is di. /(1 — v, (An)) = O(by|An|™1). In the barely supercritical case, the giant component can
be locally approximated by a branching process X,, having variance of the order a3 /n and the size
of the giant component is of the order np,, where p,, is the survival probability of &), [42]. The
asymptotic size of the giant component turns out to be © (b, |\,|). Therefore, the fact that the sizes
of the maximal components in the critical scaling window are O(b,,) for A,, = ©(1) proves a con-
tinuous phase transition property for the configuration model within the whole critical regime.

Percolation. The main reason to study percolation in this paper is to understand the evolution
of the component sizes and the surplus edges over the critical window in Theorem 5. It turns
out that a precise characterization of the evolution the percolation clusters is necessary for under-
standing the minimal spanning tree of the giant component with i.i.d weights on each edge [1].
Also, since the percolated configuration model is again a configuration model [22, 25], the natural
way to study the evolution of the clusters sizes of configuration models over the critical window
is through percolation.
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Universality. The limiting object in Theorem 1 is identical to that in [14, Theorem 1.1] for rank-1
inhomogeneous random graphs. Thus, CM,,(d) with regularly-varying tails falls onto the domain
of attraction of the new universality class studied in [14]. This is again conforming to the pre-
dictions made by statistical physicists that the nature of the phase transition does not depend on
the precise details of the model. Our scaling limit fits into the general class of limits predicted
in [5]. In the notation of [5, (6)], the scaling limits CM,,(d), under Assumption 1, give rise to the
case k = 0. To understand this, let us discuss some existing works. In [4, 6, 13, 20, 30], the limit-
ing component sizes are described by the excursions of a Brownian motion with a parabolic drift.
All these models had a common property: if the component sizes in the barely subcritical regime
are viewed as masses then (i) these masses merge as approximate multiplicative coalescents in the
critical window, and (ii) each individual mass is negligible /“dust" compared to the sum of squares
of the masses in the barely subcritical regime. Indeed, (ii) is observed in [4, (10)], [6, (4)]. In the
case of [14] and this paper, the barely subcritical component sizes do not become negligible due to
the existence of the high-degree vertices (see [14, Theorem 1.3]). As discussed in [5, Section 1.4],
these large barely subcritical clusters can be thought of as nuclei, not interacting with each other
and “sweeping up the smaller clusters in such a way that the relative masses converge”. It will
be fascinating to find a class of random graphs, used to model real-life networks, that has both
the nuclei and a good amount of dust in the barely subcritical regime, so that the scaling limits
predicted by [5] can be observed in complete generality.

Component sizes and the width of the critical window. We have already discussed how the
width of the scaling window and the order of the maximal degrees should lead the asymptotic
size of the components to be of the order b,,. For the finite third-moment case, the size of the
largest component is of the order n?/3 >> b,. We do not have a very intuitive explanation to ex-
plain the reduced sizes of the components except for the fact that a similar property is true for the
survival probability of a slightly supercritical branching process. The width of the critical window
decreases by a factor of L(n) 2 as compared to [14] if the size of the high-degree vertices increases
by a factor of L(n) (see (1.10b)). Indeed, an increase in the degrees of the high-degree vertices is
expected to start the merging of the barely subcritical nuclei earlier, resulting in an increase in the
width of the critical window. The fact that the width decreases by a factor of L(n)~2 comes out of
our calculations.

Open problems.

(i) A natural question is to study what the component sizes, viewed as metric spaces, look like.
Recently, [12] studied this problem for rank-1 inhomogeneous random graphs for heavy-tailed
weights. In a work in progress Bhamidi et al. [11], we show that the metric space structure of
CM,,(d) is in the same universality class of the rank-one inhomogeneous model, as shown in [12].
This is the first step in understanding the minimal spanning tree problem (see [1]).

(ii) As discussed in Section 2.2 (see Remark 11), it will be interesting to get a direct proof of the fact
that the limiting object in [30, Theorem 8.1] is obtained by averaging the distribution of S52 over
the collections (Fz)zzl

(iii) We have only shown the finite-dimensional convergence in Theorem 5. It is an open question
to obtain a suitable tightness criterion that would imply the process level convergence of the vec-
tor of component sizes and surplus edges over the whole critical window.

Overview of the proofs. The proofs of Theorems 1 and 2 consist of two important steps. First,
we define an exploration algorithm on the graph that explores one edge of the graph at each step.
The algorithm produces a walk, termed exploration process, that encodes the information about
the number of edges in the explored components in terms of the hitting times to its past minima.
In Section 4, the exploration process, suitably rescaled, is shown to converge. The surplus edges
in the components are asymptotically negligible compared to the component sizes; these two facts
together give us the finite-dimensional scaling limit of the re-scaled component sizes. The proof
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of Theorem 1 follows from the asymptotics of the susceptibility function in Section 5. The joint
convergence of the component sizes and surplus edges is proved by verifying a uniform tightness
condition on the surplus edges in Section 6. Then, in Section 7, we exploit the idea that the large
components are explored before any self-loops or multiple edges are created and conclude the
proof of Theorem 3. The proof of Theorem 4 is completed by showing that the percolated degree
sequence is again a configuration model satisfying Assumption 1. Section 10 is devoted to the
proof of Theorem 5 which exploits different properties of the augmented multiplicative coalescent
process.

4 Convergence of the exploration process

We start by describing how the connected components in the graph can be explored while gener-
ating the random graph simultaneously:

Algorithm 1 (Exploring the graph). Consider the configuration model CM,,(d). The algorithm
carries along vertices that can be alive, active, exploring and killed and half-edges that can be
alive, active or killed. We sequentially explore the graph as follows:

(S0) Atstage i = 0, all the vertices and the half-edges are alive but none of them are active. Also,
there are no exploring vertices.

(S1) At each stage i, if there is no active half-edge at stage ¢, choose a vertex v proportional to its
degree among the alive (not yet killed) vertices and declare all its half-edges to be active and
declare v to be exploring. If there is an active vertex but no exploring vertex, then declare the
smallest vertex to be exploring.

(52) At each stage i, take an active half-edge e of an exploring vertex v and pair it uniformly to
another alive half-edge f. Kill e, f. If f is incident to a vertex v that has not been discovered
before, then declare all the half-edges incident to v’ active, except f (if any). If degree(v') =1
(i.e. the only half-edge incident to v’ is f) then kill v/. Otherwise, declare v’ to be active and
larger than all other vertices that are alive. After killing e, if v does not have another active
half-edge, then kill v also.

(S3) Repeat from (S1) at stage i + 1 if not all half-edges are already killed.

Algorithm 1 gives a breadth-first exploration of the connected components of CM,,(d). Define
the exploration process by

Sn(O) =0, Sn(l) = Sn(l - 1) + d(l) Jy— 2, 4.1)

where J is the indicator that a new vertex is discovered at time [ and d ;) is the degree of the new
vertex chosen at time [ when J; = 1. Suppose %, is the k' connected component explored by the
above exploration process and define 7, = inf {i : S,(i) = —2k}. Then %}, is discovered between
the times 7,1 + 1 and 73, and 7, — 7,1 — 1 gives the total number of edges in ¢},. Call a vertex
discovered if it is either active or killed. Let #; denote the set of vertices discovered up to time [ and
Z7(1) := 1yey;y- Note that

= dIr)-2=) d (Z" —d—l> (n(N) = 1) 1. (4.2)
i€[n] i€[n]
Recall the notation in (1.10b). Define the re-scaled version S,, of S, by S,,(t) = a,;1S,,(|bnt]). Then,
by Assumption 1 (iii),

S a," > d; <I” (tby) Zi tbn> + At + o(1). (4.3)

i€[n]
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Note the similarity between the expressions in (1.5) and (4.3). We will prove the following;:

Theorem 8. Consider the process S,, := (S, (t))i>0 defined in (4.3) and recall the definition of Soe :=
(Soo(t))e>0 from (1.5). Then,

S, %S, (4.4)
with respect to the Skorohod Jy topology.

The proof of Theorem 8 is completed by showing that the summation term in (4.3) is predom-
inantly carried by the first few terms and the limit of the first few terms gives rise to the limiting
process given in (1.5). Fix K > 1 to be large. Denote by .%; the sigma-field containing the informa-
tion generated up to time [ by Algorithm 1. Also, let T; denote the set of time points up to time {
when a component was discovered and v; = |Y;|. Note that we have lost 2(I — v;) half-edges by
time /. Thus, on the set {Z?*(I) = 0},

d; .
i ifl ¢ Ty,
P (I +1) = 1|.77) = { 2wt ? : (4.5)
T (=) otherwise
n l
and, uniformly over ! < T,
P(Z}(1l+1) = 1{91) > j—l on the set {Z}'(I) = 0}. (4.6)

Denote MX (1) = a;! Zle[n di (Z(1) — ;l—:'ll). Then,

n

E[ME(1+1) — MEQ)|7] = IE)[ Z a:ld; (Izn(l—kl) —Z'(l) - %) ‘9\1}

i=K+1

N " 4.7)
= > a;le( [znz+1|%]1{zn —0) ~ >>0
i=K+1
Thus (MK (1 ));‘F:bf is a sub-martingale. Further, (4.5) implies that, uniformly for all I < T,
d l
P (Z;'(1) = 0) > (1 - g—,> , (4.8)
where ¢/, = £, — 2Tb,, — 1. Thus, Assumption 1 (ii) gives
IE[ME ()] = a,* Z d; < =1)— %)
n gn
i=K+1
- d; 11
ga,;l'z d; <1— (1—7,) ——l) ta, 'y d <_’_E>
i=K+1 i€[n] (49)
3
= 26’2 Z di + ol
i=K+1
T2n 2pn3aL 3 n
< 3 . 3 1
S S L Ln < Z d>+0 (an Z dl>—|—o()
i=K+1 i=K+1
for some constant C' > 0, where we have used the fact that
a1y & (— ) =0T L)) = Ol L) = o), (&10)

i€[n]
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uniformly for [ < T'b,,. Therefore, uniformly over [ < Tb,,

lim limsup ‘IE] [ME@) H =0. (4.11)

K—00 n—ooco

Now, note that for any (z1,2,...),0 <a+b < z;and a,b > 0 one has Hf;l(l —a/x;))(1—b/z;) >
12,1 = (a + b)/x;). Thus, by (4.5), foralll > 1and i # j,

P (Z;'(1) = 0,Z7 (1) = 0) <P (Z'(I) = 0) P (Z}(1) = 0) (4.12)
and therefore Z}'(1) and 7} (l) are negatively correlated. Observe also that, uniformly over ! < Tby,

l

di
Var (Z'(1)) <P (Z]*(1) = 1) < Z IP (vertex i is first discovered at stage {1) < i (4.13)
=1
Therefore, using the negative correlation in (4.12), uniformly over [ < T'b,,
Var (M,f(l)) a,’ Z d?Var (Z7(1) " Z d? < Ca;® Z 3, (4.14)
i=K+1 fntin i=K+1 i=K+1
for some constant C' > 0 and by using Assumption 1 (ii) again,
lim limsup Var (MnK(l)) =0, (4.15)

—X0 n—oo

uniformly for ! < T'b,. Now we can use the super-martingale inequality [38, Lemma 2.54.5] stating
that for any super-martingale (M (t)):>0, with M (0) =0,

P <sup IM(s)| > 3e> <3E[M(1)] <3 (|IE ]| + \/var7) (4.16)

s<t

Using (4.11), (4.14), and (4.16), together with the fact that (— MK (l))lT:bf is a super-martingale, we
get, for any € > 0,

lim hmsupIP( sup |ME(1)] > €> = 0. (4.17)
K—o0o n—oco I<Tb,

Define the truncated exploration process

K
SK@®) =a," D d; <I{‘(tbn) - %tbn> + Mt (4.18)
i=1 n

Define T} (tb,) = Z;'(|tb,]) and recall that Z;(s) := 1¢,<s; where §; ~ Exp(0;/p).

Lemma9. Fixany K > 1. Asn — oo,

" d
(Z3 (b)) se x40 = (Zi(t))ieik) =0 - (4.19)

Proof. By noting that (Z7(tb,,)):>0 are indicator processes, it is enough to show that
K
P (Z(t;by) = 0, Vi € [K]) — P (Z;(t:) = 0, Vi € [K]) = exp < Y 9@-). (4.20)
i=1

forany ti,...,tx € R. Now,

e}

P (Z0'(m;) = 0, Vi € [K H(1— 3 én_dii@(l)), (4.21)

1<K:l<m;
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where the ©(l) term arises from the expression in (4.5) and noting that v; < [. Taking logarithms
on both sides of (4.21) and using the fact that [ < maxm; = ©(b,) we get

P (Z*(m;) = 0Vi € [K]):exp(—z- Z E—Fo(l)) :exp(—- T—Fo(l)). (4.22)
=1 i<K:<m; 1€[K]
Putting m; = t;b,, Assumption 1 (i), (ii) gives
midi . Qiti
Hence (4.23), and (4.22) complete the proof of Lemma 9. O

Proof of Theorem 8. The proof of Theorem 8 now follows from (4.3), (4.17) and Lemma 9 by first
taking the limit as n — oo and then taking the limit as K — oo. O

Theorem 10. Recall the definition of refl(So ) from (1.6). As n — oo,
refl(S,,) % refl(Soo). (4.24)

Proof. This follows from Theorem 8 and the fact that the reflection is Lipschitz continuous with
respect to the Skorohod J; topology (see [45, Theorem 13.5.1]). O

5 Convergence of component sizes

In this section, we complete the proof of Theorem 1. First, we prove a tail summability condition
that ensures that the vector of ordered component sizes is tight in ¢7. This also implies that Algo-
rithm 1 explores the large components before time T'b,, for large 7. Next, we show that the function
mapping an element of D[0, c0) to its largest excursions, is continuous on a special subset A of
D[0, c0) and the process refl(S«) has sample paths in A almost surely. Therefore, Theorem 8 gives
the scaling limit of the number of edges in the components ordered as a non-increasing sequence.
Finally, we show that the number of surplus edges discovered up to time 7'b,, are negligible and

thus the convergence of the component sizes in Theorem 1 follows.

5.1 Tightness of the component sizes

The following proposition establishes a uniform tail summability condition that is required for the
tightness of the (scaled) ordered vector of component size with respect to the (2 topology:

Proposition 11. Foranye > 0,

lim limsupIP< Z |G |* > d)i) =0. (5.1)

K—o0
oo i>K

Roughly speaking, the proof is based on the fact that the graph, obtained by removing a large
number of high-degree vertices, yields a graph that approaches subcriticality. More precisely, we
prove Lemma 12 below to complete the proof of Proposition 11. This fact is not true for the finite
third-moment setting [20]. However, since the large-degree vertices guide the scaling behavior
in the infinite third-moment case, the observation in Lemma 12 saves some computational com-
plexity, and gives a different proof of the /2 tightness than the arguments with size-biased point
processes originally described in [4].
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Lemma 12. Consider CM,,(d) satisfying Assumption 1. Let G*! be the random graph obtained by
removing all edges attached to vertices 1,. .., K and let d' be the obtained degree sequence. Suppose V,, is a
random vertex of G!*! chosen independently of the graph and let €' (V},) be the corresponding component.
Let {%/} : i > 1} be the components of GI¥1, ordered according to their sizes. Then,

lim limsupc,'E [|€"(V,)|] = 0. (5.2)

—X n—oo

Consequently, for any ¢ > 0,

‘m lim s (K7]|2 2y _
Klgnoo hnm:olép P ( ; |C€<1) > €bn> =0. (5.3)
Proof. We make use of a result due to Janson [27] regarding bounds on the susceptibility functions
for the configuration model. In fact, [27, Lemma 5.2] shows that, for any configuration model
CM,,(d) with v, < 1,
E [Dy]

1—v,

Efle(Va)ll <1+

(5.4)

Now, conditional on the set of removed half-edges, G!*! is still a configuration model with some
degree sequence d’ with d; < d; for alli € [n] \ [K] and d; = 0 for i € [K]. Further, the criticality
parameter of G'*) satisfies

v S (=1 Niege dildi = 1) = 3 di(di = 1)

Y =

n — K
Zze[n] d; by —2 Zi:l d; (55)
= v, — C1n** 1 L(n)? Z 0? = v, — Cyc;,! Z 6?
i<K i<K

for some constant C; > 0. Since 6 ¢ Ef, K can be chosen large enough such that v <1 uniformly

forall n. Also >, .1, d; = ¢, + o(n) for each fixed K. Let Ex[-] denote the conditional expectation,
conditioned on the set of removed half-edges. Using (5.4) on G'*/, we get

Ex [|€5(V,)]] < Ch Ch Cacn

< <
T T v+ Gt g 02T A+ Gy 02 (5.6)

for some constant C, > 0. Using the fact that 6 ¢ ¢2, this concludes the proof of (5.2). The proof of
(5.3) follows from (5.2) by using the Markov inequality and the observation that

E {Z %W] _ nE [[6(V,)]] 5.7)
i>1
]

Proof of Proposition 11. Denote the sum of squares of the component sizes excluding the compo-
nents containing vertices 1,2, ..., K by .“,. Note that

P = (5.8)
i>K i>1
Thus, Proposition 11 follows from Lemma 12. O
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5.2 Large components are explored early

As remarked at the beginning of Section 5, an important consequence of Proposition 11 is that
after time ©(b,,), Algorithm 1 does not explore large components. The precise statement needed
to complete our proof is given below. This is an essential ingredient to conclude the convergence
of the component sizes from the convergence of the exploration process since Theorem 8 only
gives information about the components explored on the time scale of the order b,,.

Lemma 13. Let Gz7L, be the largest among those components which are started exploring after time Tb,

max

by Algorithm 1. Then, for any € > 0,

lim limsup P (|4 L.| > eb,) = 0. (5.9)

T—00 p—oo

Proof. Define the event .« . := {all the vertices of [K] are explored before time 7, }. Recall the
definition of Cg([f)q from Lemma 12. Firstly, note that

P (€25 > cby, oTy) < ]P(Z s

EES 5253) (5.10)
i>1

Moreover, using (4.5) and the fact that d;b,, = ©(n), we get
P ((#)°) =P (3j € [K] : j is not explored before Tb,,)

K
< Z IP (j is not explored before T'b,,)
P (5.11)

K 4. Ty, K
< 1— J < -CT
—;< En—G(Tbn)> —;e ’

where C' > 0 is a constant that may depend on K. Now, by (5.10),

P (3Ll > cb) < P(( X 16

7> g2bi> +P (1)) (5.12)
i>1

The proof follows by taking lim sup,,_, ., lim7_,+, limg_, respectively and using (5.3), (5.11). O

5.3 Sample path properties

Recall the definition of an excursion from (1.7). Define the set of excursions of a function f by
E:={(,r): (I,r) is an excursion of f}. (5.13)
We also denote the set of excursion end-points by V), i.e.,
YV={r>0:(,r) et} (5.14)
Definition 1. A function f € D [0, T is said to be good if the following holds:

(a) )Y does not have an isolated point and the complement of U; . cg (I, 7) has Lebesgue measure
p p (L,r)e g
Zero;

(b) f does not attain a local minimum at any point of V.
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Remark 12. We claim that if a function f € D, [0, T is good, then f is continuous on Y. To see this,
fixany § > 0 and denote the set of excursions of length at least § by &;. Let r be the excursion end-
point of an excursion in £ and suppose that f(r) > f(r—). Thus, there is no excursion endpoint
in (r — d,7). Moreover, since f is right-continuous, there exists ¢’ > 0 such that f(z) > f(r—) +¢
for all z € (r,r + ¢'), where ¢ = (f(r) — f(r—))/2 > 0. Thus there is no excursion endpoint on
(r — 0,7 4+ ¢') and thus r is an isolated point contradicting Definition 1. We conclude that f is
continuous at excursion endpoints of the excursions in &, and since § > 0 is arbitrary the claim is
established.

Let £;(f) be the length of the i largest excursion of f and define ®,, : D [0, 7] — R™ by

Note that ®,,,(-) is well-defined for any good function defined in Definition 2.

Lemma 14. Suppose that f € D[0,T)] is good. Then, ®,, is continuous at f with respect to the subspace
topology on D4 [0, T'] induced by the Skorohod .J; topology.

Proof. We extend the arguments of [36, Proposition 22]. The proof here is for m = 1 and similar
arguments hold for m > 1. Let £ denote the set of continuous functions A : Ry — R, that are
strictly increasing and A(0) = 0,A(T) = T. Suppose E; = (I,r) is the longest excursion of f on
[0,T], thus ®1(f) = r — I. For any € > 0 (small), choose § > 0 such that

f(@) >min{f(r—), f(r)}+6 Vre (l+er—oe). (5.16)

Let || - || denote the sup-norm on [0, T]. Take any sequence of functions f,, € D,[0, 7] such that
fn — f,ie., there exists {A, },,>1 C £ such that for all large enough n,

0
||fnoAn_f||<6 and ||An_I||<€a (517)

where I is the identity function. Now, by Remark 12, f is continuous at . This implies that
f(r=) = f(r), and using (5.16) and (5.17), for all large enough n,

Fal0) > Juo Aalr) + 5 V€ (14 22,7~ 22), 619
Further, using the continuity of f atr, f,,(r) — f(r) and thus, for all sufficiently large n,
o An(r) = Falr)] < 10 Anlr) = S+ 1alr) = 5] < 5. 619
Hence, (5.18) implies that, for all sufficiently large n,
fa(y) > fu(r) + g Yy € (14 2e,r — 2¢). (5.20)

Thus, for any ¢ > 0, we have

linrr_1>i£f<1>1(fn) >r—1—4e = ®(f) — 4e. (5.21)
Now we turn to a suitable upper bound on limsup,,_,., ®1(f,). First, we claim that one can find
r1,...,7, € Ysuchthatr; < ‘I’l(f)—i-e’:‘,T—?“k < (I)l(f) +e,andr; —ri_q1 < (I)l(f) +e,Vi=2,...,k.
The claim is a consequence of Definition 1 (a). Now, Definition 1 (b) implies that for any small
e > 0, there exists 6 > 0 and z; € (r;,r; + ¢) such that f(r;) — f(x;) > 0 Vi. Again, since r; is a
continuity point of f, f,(r;) = f(r;). Thus, using (5.17), for all large enough n,

| >

fn(ri) = fr(An(z:)) > (5.22)
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Now, Ay, (z;) € (ri,ri+¢) for all sufficiently large n, since z; € (r;, r;+¢). Thus, for all large enough
n, there exists a point z]' € (r;,7; + €) such that

fa(ri) = fu(27) > (5.23)

N | S

Also the function f,, only has positive jumps and f,(r;) — f(r;), as f, is continuous, where we
recall that f(z) = inf,<, f(y). Therefore, f, must have an excursion ending point on (r;, r; +¢) for
all large enough n. Also, using the fact that the complement of U; ,yc¢ (7, 7) has Lebesgue measure
zero, f has an excursion endpoint r? € (i — ¢,1;). The previous argument shows that f;,, has to
have an excursion endpoint in (r),r? + ¢) and thus in (I; — ¢,1; + ¢), for all large n. Therefore, for
any € > 0,

lim sup ®1(f,,) < ®1(f) + 3e. (5.24)
n—o0
Hence the proof follows from (5.21) and (5.24). O

Remark 13. For f € D[0,7], let A;(f) denote the area under the excursion £;(f). Let (fy)n>1
be a sequence of functions on f € D [0,00) such that f, — f, with respect to the Skorohod .J;
topology, where f is good. Then, (5.17), (5.21) and (5.24) also implies that (A;(f,), ..., An(fn)) —
(A1(f), -, An(f)), forany m > 1.

Definition 2. A stochastic process X € D [0, 0o) is said to be good if

(a) The sample paths are good almost surely when restricted to [0, T, for every fixed T" > 0;
(b) X does not have an infinite excursion almost surely;

(c) For any € > 0, X has only finitely many excursions of length more than ¢ almost surely.
Lemma 15. The thinned Lévy process S, defined in (1.5) is good.

Proof. Letus make use of the properties of the process S, that were established in [5]. S, satisfies
Definition 2 (b),(c) by [5, (8)]. The fact that the excursion endpoints of S}, do not have any isolated
points almost surely follows directly from [5, Proposition 14 (d)]. Further, [5, Proposition 14 (b)]
implies that, for any u > 0, P (S5 (u) = inf,/<, S (') = 0. Taking the integral with respect to
the Lebesgue measure and interchanging the limit by using Fubini’s theorem, we conclude that
almost surely

T
/0 Lesa (uy=int, <, s3, @) }de =0, (5.25)

which verifies Definition 1 (a). Now, let L be the Lévy process defined as
L{t) = 3 0: (Ni(t) = (B:/m)t) + A, (5.26)
i=1

where (N;(t)):>0 is a Poisson process with rate 6; which are independent for different i. Via the
natural coupling that states Z;(t) < \N;(t), we can assume that S2 (t) < L(t) for all ¢ > 0. Using [8,
Theorem VII.1],

inf{t > 0:L(t) <0} =0, almostsurely. (5.27)

Moreover, for any stopping time 7 > 0, (S (T +t) — S2(T))>0, conditioned on the sigma-field
o(S2,(s) : s < T), is distributed as a process defined in (1.5) for some random 6 and A. Now we
can take 7 to be an excursion endpoint and an application of (5.27) verifies Definition 1 (b). O
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5.4 Finite-dimensional convergence

As described in Section 4, the excursion lengths of the exploration process S,, gives the total num-
ber of edges in the explored components. Lemma 16 below estimates the number of surplus edges
in the components explored upto time O(b,,). This enables us to compute the scaling limits for the
component sizes using the results from the previous section and complete the proof of Theorem 1.

Lemma 16. Let N(k) be the number of surplus edges discovered up to time k and N (u) = N(|uby]).
Then, as n — oo,

(Sn, N 5 (82, NY), (5.28)
where N is defined in (1.8).

Proof. We write N\(I) = 2222 i, where § = Ty _y, 3. Let A; denote the number of active
half-edges after stage < while implementing Algorithm 1. Note that

A —1 A , -
P (& =1|Fi_q) = L 2 14 03i/n) + O(n Y, (5.29)
b, —2i—1 4,
uniformly for i < T'b,, for any T" > 0. Therefore, the instantaneous rate of change of the re-scaled
process N* at time ¢, conditional on the past, is

b ALtan _ 1 _
HW (14+o0(1))+o0(1) = ;reﬂ(Sn(t)) (I+0(1)) +o(1). (5.30)

Recall from Theorem 10 that refl(S,,) LN refl(So). Then, by the Skorohod representation theorem,

we can assume that refl(S,,) — refl(S,;) almost surely on some probability space. Observe that

( fg refl(Seo(u))du)i>0 has continuous sample paths. Therefore, the conditions of [33, Corollary 1,
Page 388] are satisfied and the proof is complete. O

Theorem 17. For any m > 1,asn — oo

— d
bnl(lcg(l)lv ‘cg@)” R ‘Cg(m)’) — ('Yl()‘)772()‘)7 s a'Ym()‘)) (5‘31)
with respect to the product topology, where ~;(\) is the it largest excursion of S defined in (1.5).

Proof. Fix any m > 1. Let €, be the i'" largest component explored by Algorithm 1 up to time
Tb,. Denote by (""" the i'" largest value of (Zke%(T.) di)i>1- Let g : R™ — R be a bounded

continuous function. By Lemma 15 the sample paths of S, are almost surely good. Thus, using
Theorem 8, Lemma 14 gives

Jim B [g((200) (75", 2507, 2057) )| = BlaGE )3 OB N)], (6.32)

where 77 ()) is the i*" largest excursion of S, restricted to [0,7]. Now the support of the joint
distribution of (7] ()));>1 is concentrated on{(z1,z2,...) : 1 > z2 > ... }. Thus, using Lemma 16,
it follows that

Tim B [g(b, (125, 195, 190,0) | =B oI ()., am )] 639)
Since S2 satisfies Definition 2 (b), (c), it follows that
Jim B [g(y(A); 92 (V) 1m(N)] =B [g(n (), 72(A)s -5 3m (V)] (5.34)

Finally, using Lemma 13, the proof of Theorem 17 is completed by (5.33) and (5.34).
O

Proof of Theorem 1. The proof of Theorem 1 now follows directly from Theorem 17 and Proposi-
tion 11. O
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6 Convergence in the U} topology

The goal of this section is to prove the joint convergence of the component sizes and the surplus
edges as described in Theorem 2. We start with a preparatory lemma:

Lemma 18. The convergence in (1.15) holds with respect to the {2 x N topology.

Proof. Note that Lemma 13 already states that we do not see large components being explored
after the time T'b,, for large T' > 0. Thus the proof is a consequence of Lemmas 14, 16, Remark 13
and Theorem 1. O

Recall the definition of the metric d; from (1.3). Using Lemma 18, it now remains to obtain a
uniform summability condition on the tail of the sum of products of the scaled component sizes
and the surplus edges. This is formally stated in Proposition 19 below. The proof is completed in
the similar spirit as the finite third-moment case [20].

Proposition 19. Forany e > 0,

lim lim supIP( Z |€| x SP(6) > ebn> = 0. (6.1)

6—0 — .
nee 2| 3| <6bn

The following estimate will be the crucial ingredient to complete the proof of Proposition 19.
The proof of Lemma 20 is postponed to Appendix B since this uses similar ideas as [20].

Lemma 20. Assume that lim sup,,_, ., ¢, (v, —1) < 0. Let V,, denote a vertex chosen uniformly at random,
independently of the graph CM,,(d) and let ¢ (V,,) denote the component containing V;,. Let 0, = 6k~12.
Then, for 6 > 0 sufficiently small,

P (SP(€(Vy)) > K,|€(Vy,)| € (0kby, 20Kby)) <

07\/51 (6.2)

an K

where C'is a fixed constant independent of n, §, K.

Proof of Proposition 19 using Lemma 20. First consider the case A < 0. Fix any €,n > 0. Note that

1 o
IP( Z ‘cg(i)‘sp(cgm) > nbn> < nTE[Z ‘Cg(i)‘SP(Cg(i))]l{\(g(i)\Ssbn}
|y | <ebn n i=1

Qnp,
= ?E [SP(€ (Vo)) Lg% (v <ebn}]

=N ST P(SP(E(V)) 2 k€ (V)| € (27 FHDR012p,, 977012, )
k=1 i>10g, (1) (k012¢))

C 1 i O Ve
SZZW 27 S;Zkl.m:O(\/g)’
k=1 i>log, (1/(k0-12¢)) k=1

(6.3)

where the last-but-two step follows from Lemma 20. The proof of Proposition 19 now follows for
A <O.

Now consider the case A > 0. Fix a large integer R > 1 such that \ — Zfil 0? < 0. This can
be done because 0 ¢ Ef. Using (5.10), for any n > 0, it is possible to choose 7" > 0 such that for all
sufficiently large n,

IP (all the vertices 1,. .., R are explored within time T0,) > 1 — 7. (6.4)
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Let T, denote the first time after 7'b, when we finish exploring a component. By Theorem 8§,
(b;1T,)n>1 is a tight sequence. Let G denote the graph obtained by removing the components
explored up to time 7. Then, G} is again a configuration model conditioned on its degrees. Let
vy denote the value of the criticality parameter for G*. Note that

> di >ty —2Th, = Y di =Ly + op(n), (6.5)
i¢7/Te Z’¢’VT6
and thus conditionally on .%;, and the fact that (1, ..., R) are explored within time 7',
Zz [n] d Zz 1 d%
ZZ%“VTE di

Therefore, combining (6.4), (6.6), we can use Lemma 20 on G7. since c,(v,, — 1) < 0. Thus, if €
denotes the i’ largest component of G, then

*
v, <

R
—1=1+c,"(A=)_07) +olc,h). (6.6)

Tlgr;m%l_% llTILn:OLipIP<A Z |67 | x SP(6;) > €bn> = 0. (6.7)
z:|<5(*;)|§6bn

To conclude the proof for the whole graph CM,,(d) (with A > 0), let
KL = {i :|%| < 0bn,|% | is explored before the time 7.}

Note that

> 0l 8P60) < (3 )" x (3 see?)

ekl 1€Kn 1€Kn
1/2 (6.8)
<( X rr) xsea,
64y |<0bn

where SP(t) is the number of surplus edges explored up to time ¢b,, and we have used the fact
that 3, SP(6,))* < (e, SP(€,)))? < SP(T:)?. From Lemma 16 and Proposition 11 we can
conclude that for any 7" > 0,

lim h;njot(l)pIP< > 6wl -SP(%) > 6bn> =0. (6.9)
ekl
The proof is now complete for the case A > 0 by combining (6.7) and (6.9). O

7 Proof for simple graphs

In this section, we give a proof of Theorem 3. Let P4(-) (respectively [E,[-]) denote the probabil-
ity measure (respectively the expectation) conditionally on the graph CM,,(d) being simple. For
any process X on ([0, ), R), we define XT := (X(t))<r. Thus the truncated process X7 is
D([0,T],R)-valued. Now, by [26, Theorem 1.1], liminf,,_,., IP(CM,,(d) is simple) > 0. This fact
ensures that, under the conditional measure P, (b, |4/, |)i>1 is tight with respect to the (2 topol-
ogy. Therefore, to conclude Theorem 3, it suffices to show that the exploration process S,,, defined
in (4.3), has the same limit (in distribution) under IP, as obtained in Theorem 8 so that the finite-
dimensional limit of (b, !|%, |);>1 remains unchanged under P;. Thus, it is enough to show that
for any bounded continuous function f : D([0,T],R) — R,

|E[f(SD)] — E,[f(SD)]] — o. (7.1)

23



Let ¢}, := ¢,, — 2Tb,,. We first estimate the number of multiple edges or self-loops discovered in the
graph up to time 7'b,,. Let v; denote the exploring vertex in the breadth-first exploration given by
Algorithm 1, d,, the degree of v; and (ey, ..., e,) the ordered set of active half-edges of v; when v;
is declared to be exploring. Note that, for [ < T, e; creates a self-loop with probability at most
(dy, — 1)/, and creates a multiple edge with probability at most (i — 1)/¢,,. Therefore,

2

[E [#{self-loops or multiple edges discovered while v; is exploring}|.%#;_;] < glvl . (7.2)

Thus, for any T' > 0,
[E [#{self-loops or multiple edges discovered up to time 7'b,]
2 29N _ 2N 2 - 27n (73)
gg [ZdI(Tb } [ZdI (Tby,) ]+EIE[AZ diIi(Tbn)},
i€[n] i=K+1
where Z}*(I) = Ly;ey;- Now, using Assumption 1 (i), for every fixed K > 1,

9 K 9 K
27n 2
- IE[E &7 (Tbn)] <Yy d =0, (7.4)
i=1 n =1

n

since 2a — 1 < 0. Moreover, recall from (4.6) that P (Z]*(Tb,,) = 1) < Tb,d;/¢,,. Therefore, for some
constant C > 0,

—IE[ Z d2T7(Tby,) ] <c< > d?), (7.5)
” i=K+1 i=K+1

i=K+1

which, by Assumption 1 (ii), tends to zero if we first take limsup,,_,,, and then take limg ;.
Consequently, for any fixed 7" > 0, as n — oo,

IP (at least one self-loop or multiple edge is discovered before time 7'0,,) — 0. (7.6)
Now,
E [f(S)1{cm, (dy s simple}
=B [£(S}) 1 {no self-loops or multiple edges found after time Tb, }] + 0(1) (7.7)
=E|[f (STYP (no self-loops or multiple edges found after time T bn| Frs, )] + 0(1),

Define, T = inf{l > Tb, : acomponent is finished exploring at time [}. Using the fact that
(b 1T.),>1 is a tight sequence, the limit of the expected number of loops or multiple edges discov-
ered between time 7'b,, and T is again zero. As in the proof of Proposition 19, consider the graph
G*, obtained by removing the components obtained up to time 7,. Thus, G* is a configuration
model, conditioned on its degree sequence. Let v}, be the criticality parameter. Then, we claim

that v/}; P, 1. To see this note that Zigé“//T d; = {;, + op(n). Further, note that by Assumption 1 (ii)
(4.5), forany t > 0,
I
lim supIE[ Z d?T;(thy,) } < limsup a;thn@ < 00, (7.8)

n—00 n—00 £, — 2tb,
i€[n)

which implies that 3, .. d? = 2 ieln] d? 4 op(n) and thus the claim is proved. Since the degree
distribution has finite second moment, using [41, Theorem 7.11] we get

(Q* is simple|.Z ) e 3/4, (7.9)

Now using (7.7), (7.9) and the dominated convergence theorem, we conclude that
£ [f(gg)]l{CMn(d) is simple}] =E [f(gg)] P (CMn(d) is Simple) + 0(1)' (710)
Therefore, (7.1) follows and the proof of Theorem 3 is complete. O
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8 Scaling limits for component functionals

Suppose that vertex i has an associated weight w;. The total weight of the component %, is
denoted by #; = Zke%(i) wy. The goal of this section is to derive the scaling limits for (%;);>1

when the weight sequence satisfies some regularity conditions given below:

Assumption 3. The weight sequences w = (w;);c[,) satisfies
(i) Zie[n} w; = O(n), and lim,,— o i zie[n} diw; = [loy-

(if) max{>>;cp, diw?, Xiep, diwit = O(ap).
Theorem 21. Consider CM,,(d) satisfying Assumption 1 and a weight sequence w satisfying Assump-
tion 3. Denote Z¥ = ord (b, ' #;,SP(€)))i>1 and Z* := ord(uyyi(\), N(7i))i>1, where v;(X), and
N (v;) are defined in Theorem 2. As n — oo,
YA A (8.1)

with respect to the UY topology.

The proof Theorem 21 can be decomposed in two main steps: the first one is to obtain the finite-
dimensional limits of Z% and then prove the U? convergence. The finite-dimensional limit is a con-
sequence of the fact that the total weight of the clusters is approximately equal to the cluster sizes.
The argument for the tightness with respect to the U? topology is similar to Propositions 11 and 19
and therefore we only provide a sketch with pointers to all the necessary ingredients. Recall that
Z7(1) = 1yiey;y, where 7] is the set of discovered vertices upto time [ by Algorithm 1.

Lemma 22. Under Assumptions 1, 3, for any T' > 0,

ic[n] diWi
sup Z w; L} (uby,) — zz%ubn = Op(ay). (8.2)
usT 1€[n] "
Consequently, for each fixed i > 1,
Wi = || + 09 (bn)- (8.3)
Proof. Fix any T > 0. Define,
> icln] diwi
= L (1) — ———I1. .
WD) = > wiZ} () — (8.4)

i€[n]

The goal is to use the supermartingale inequality (4.16) in the same spirit as in the proof of (4.17).
Firstly, observe from (4.6) that

BIWA(1+ 1)~ WalDI5i] =B 3 wi (2714 1) - 20 | 7] - Zieh s
icn] n
8.5
= > wB[IP(+ D] A Lgpgygy — —p—— 20,
i€[n] n
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uniformly over | < Tb,, and therefore, (Wn(l))lT:bf is a sub-martingale. Let ¢, = ¢,, — 2Tb,, — 1.
Using (4.8), we compute

B0l = 3w (P@0 =1 -7

i€[n]

d;
<Zwl<1—<1—€—/> ——l>+lZw,< ) (8.6)
i€[n] n i€[n]
22@6[1@] dzzwl

2(20b,)* =7

= O(biai/nz) = O(an),

uniformly over | < T'b,,. Also, using (4.12), (4.13), and Assumption 3 (ii),

_ 2
= O(a?), (8.7)

n

Var(W, Z wivar(Z*(1)) < T,

1€[n]

uniformly over [ < T'b,,. Using (4.16), (8.6) and (8.7), we conclude the proof of (8.2). The proof of
(8.3) follows using Lemma 13 and simply observing that a,, = o(b,,). O

Proof of Theorem 21. Lemma 22 ensures the finite-dimensional convergence in (8.1). Thus, the
proof is complete if we can show that, for any € > 0

li 2> eb ) = :
A hrlznjogp IP< Z wiE > ebn> 0, (8.8a)
i>K

and
lim limsupIP< Z W; x SP(€,)) > Ebn> =0. (8.8b)
0—0 n—oo
€)1 <6bn

The arguments for proving (8.8a), and (8.8b) are similar to Propositions 11 and 19 and thus we only
sketch a brief outline. Denote ¢}/ = ), ¢[n) Wi- The main ingredient to the proof of Proposition 11
is Lemma 12, and the proof Lemma 12 uses the fact that the expected sum of squares of the cluster
sizes can be written in terms of susceptibility functions in (5.7) and then we made use of the
estimate for the susceptibility function in (5.4). Let V,/ denote a vertex chosen according to the
distribution (w;/¢});c[n, independently of the graph. Notice that for any CM,,(d),

IE[Z %2} = (YE [ (Vy)]. (8.9)

i>1

Now, [27, Lemma 5.2] can be extended using an identical argument to compute the weight-based
susceptibility function in the right hand side of (8.9). See Lemma 31 given in Appendix A. The
proof of (8.8b) can also be completed using an identical argument as Proposition 19 by observing
that
2
IP( Z % X SP(Cg(Z)) > e’fbn) < JE [SP(%(VYZ))]l{\%f(Vr;)\gébn}] . (810)
%3y |<0bn "

Moreover, an analog of Lemma 20 also holds for V,, (see Appendix B), and the proof of (8.8b) can
now be completed in an identical manner as the proof of Proposition 19. O

While studying percolation in the next section, we will need an estimate for the proportion
of degree-one vertices in the large components. In fact, an application of Theorem 21, yields the
following result about the degree composition of the largest clusters:
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Corollary 23. Consider CM,,(d) satisfying Assumption 1. Let vi(G) denote the number of vertices of
degree k in the graph G. Then, for any fixed i > 1,

k?“k

o (€) = 7‘%)

+ op(bn), (8.11)

where 1, = P(D = k). Denote ZE = ord (b, 'vi (%)), SP(€ ) )i>1 and ZF = ord(k%*yi()\), N(i))i>1,
where ~y;(\), and N (v;) are defined in Theorem 2. As n — oo,
zk &z

n

, (8.12)

with respect to the U° topology.

Proof. The proof follows directly from Theorem 21 by putting w; = 14,—). The fact that this
weight sequence satisfies Assumption 3 is a consequence of Assumption 1. O

9 Percolation

In this section, we study critical percolation on the configuration model for fixed A € R and
complete the proof of Theorem 4. As discussed earlier, CM,,(d, p) is obtained by first constructing
CM,,(d) and then deleting each edge with probability 1 — p, independently of each other, and
the graph CM,,(d). An interesting property of the configuration model is that CM,,(d, p) is also
distributed as a configuration model conditional on the degrees [22]. The rough idea here is to
show that the degree distribution of CM,,(d, p,(\)) satisfies Assumption 1, where p, () is given
by Assumption 2. This allows us to invoke Theorem 2 and complete the proof of Theorem 4.
Recall from Assumption 2 that v = lim,,_,o v, > 1, and p,, = pr(\) = v, L1 + Ae;;b). We start by
describing an algorithm due to Janson [25] that is easier to work with.

Algorithm 2 (Construction of CM,,(d, p,,)). Initially, vertex ¢ has d; half-edges incident to it. For
each half-edge e, let v, be the vertex to which e is incident.

(S1) With probability 1—,/p,, one detaches e from v, and associates e to a new vertex v’ of degree-
one. Color the new vertex red. This is done independently for every existing half-edge
and we call this whole process explosion. Let ny be the number of red vertices created by
explosion and 7 = n + n4.. Denote the degree sequence obtained from the above procedure
byd = (Ji)ie[ﬁ], ie., d; ~ Bin(d;, \/Pn) fori € [n] and d; = 1fori €[] \ [n];

(S2) Construct CMﬁ(d) independently of (S1);
(S3) Delete all the red vertices and the edges attached to them.

It was also shown in [25] that the obtained multigraph has the same distribution as CM,,(d, p)
if we replace (S3) by

(S3') Instead of deleting red vertices, choose n degree-one vertices uniformly at random without
replacement, independently of (S51), and (52) and delete them.

Remark 14. Notice that Algorithm 2 (S1) induces a probability measure P;; on N*°. Denote their
product measure by P,,. In words, for different n, (S1) is carried out independently. All the almost
sure statements about the degrees in this section will be with respect to the probability measure
P,.
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Let us first show that d also satisfies Assumption 1 (ii). Note that the total number of half-edges
remain unchanged during the explosion in Algorithm 2 (S1) and therefore, Zie[ﬁ] d; = Zie[n] d;
and by Assumption 2 (i),

1 -
~=> di—p Ppas. 9.1)
" 1€[n)

This verifies the first moment condition in Assumption 1 (ii) for the percolated degree sequence

P, a.s. Let [;;:= the indicator of the ;' half-edge corresponding to vertex i being kept after the
explosion. Then I;; ~ Ber(,/p,) independently for i € [n], j € [d;]. Let

I:.= (Iz‘j)je[di},ie[n} and fl(I) = Z c;l,(ci, — 1) (92)

i€[n]

Note that fi(I) = > ;e d;(d; — 1) since the degree-one vertices do not contribute to the sum. One
can check that by changing the status of one half-edge corresponding to vertex k we can change
f1 by at most 2(dj, + 1). Therefore an application of [29, Corollary 2.27] yields

~ o~ t2
di dl'— — Pn dz di— S 26X — . .
M(\g{%} (di = 1) = po Y di 1)‘>t><2 p( 2Zi€[n}dz‘(di+1)2> (9.3)

1€[n]

Now by Assumption 2 (i), >7;c(, @ = O(ay). Il we sett = n'~*c; !, then t*/(30,,) d7) is of the
order n®~2¢/L(n). Thus, choosing ¢ < /2, using (9.3) and the Borel-Cantelli lemma we conclude
that

> di(di—1) =pn Y di(d; —1) +o(nc,') Ppas. (9.4)

i€[n] i€[n]

Thus, using Assumption 2, the second moment condition in Assumption 1 (ii) is verified for the
percolated degree sequence PP, a.s. Let d;,) denote the i largest value of (d;);c7). The third-
moment condition in Assumption 1 (ii) is obtained by noting that d; < d; for all i € [n] and

7l i
lim limsupa?® d?, < lim lim supa,® a3
K—00 n—oo " @ K—00 n—oo " ‘
i=K+1 i=K+1 9.5)

n n

< I . _3< 73 ) < 1 . _3( 3 > .

< Klgnoohgl_?;pa” | Z d; +ny ) < Kh_r)noohznjot(l)p a, | Z d; +ny) =0 Ppas,
=K+1 i=K+1

where we have used Assumption 2 (i) and the fas:t that a,,%n, — 0, P, a.s., which follows by

observing that ny ~ Bin(¢,,1 — \/py,). To see that d satisfies Assumption 1 (iii) note that by (9.4),

> icli) di(d; — 1) D icfn) di(di — 1) )
= = Dn +o(c;H =1+ X, +o(c;!) P,as., (9.6)
Zie[fz] d; Zie[n] d; b

where the last step follows from Assumption 2 (ii). Assumption 1 (iv) is trivially satisfied by d.
Finally, in order to verify Assumption 1 (i), it suffices to show that

d..
@ 5 0,\/p, Ppas., 9.7)

n

where p = 1/v. Recall that d; ~ Bin(d;, \/Pn)- A standard concentration inequality for the binomial
distribution [29, (2.9)] yields that, for any 0 < ¢ < 3/2,

P(|d; — dir/Pn| > edin/Pn) < 2exp(—€%di/Pn/3), (9.8)
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and using the Borel-Cantelli lemma it follows that P, almost surely, d; = di/Pn(1 + o(1)) for all
tixed i. Moreover, an application of (9.5) yields that
lim limsup a,® max d3 =0. (9.9)
K—o00o n—oo i>K
Now, since 0 is an ordered vector, the proof of (9.7) follows.

To summarize, the above discussion in (9.1), (9.4), (9.5), and (9.7) yields that the degree se-
quence d satisfies all the conditions in Assumption 1. Therefore, Theorem 2 can be applied to
CMjy(d). Denote by %(;) the it" largest component of CMj(d). Let Z,, = ord(b;,*! 1€y |, SP (€4 )i>1
and Z := ord(%;(\), N (3;))i>1, where v;(\), and N(v;) are defined in Theorem 4. Now, Theorem 2
implies

Zn 5 7, (9.10)

with respect to the U? topology.

Since the percolated degree sequence satisfies Assumption 1 P, a.s., (8.11) holds for %) also.
Let v}(,,)) be the number of degree-one vertices of %;, which are deleted while creating the
graph CM,,(d, p,,) from CMj (d). Since the vertices are to be chosen uniformly from all degree-one
vertices as described in (S3’),

W(Gl0) = FE01(60) + 00(b0) = - T G|+ 0n(bn) = (%00 + 0n(b)
" (9.11)
1- +0(1), - ~
-4 ,ff&)l) DG + 00 0n) = (1= VB, |G| + on(tn),

where the last-but-one equality follows by observing that n ~ Bin(¢,,1—,/p,). Now, notice that
by removing degree-one vertices, the components are not broken up, so the vector of component
sizes for percolation can be obtained by just subtracting the number of red vertices from the com-
ponent sizes of CMj; (d). Moreover, the removal of degree-one vertices does not effect the count of
surplus edges. Therefore, the proof of Theorem 4 is complete by using Corollary 23.

10 Convergence to AMC

Let us give an overview of the organization of this section: In Section 10.1, we discuss an alterna-
tive dynamic construction that approximates the percolated graph process, coupled in a natural
way. This construction enables us to compare the coupled percolated graphs with a dynamic con-
struction. Then, we describe a modified system that evolves as an exact augmented multiplicative
coalescent and the rest of the section is devoted to comparing the exact augmented multiplicative
coalescent and the corresponding quantities for the graphs generated by the dynamic construc-
tion. The ideas are similar to [20, Section 8], and we only give the overall idea and the necessary
details specific to this paper.

10.1 The dynamic construction and the coupling
Let us consider graphs generated dynamically as follows:

Algorithm 3. Let s;(t) be the total number of unpaired or open half-edges at time ¢, and Z,, be an
inhomogeneous Poisson process with rate s; () at time ¢.

(S0) Initially, s1(0) = ¢,, and G,,(0) is the empty graph on vertex set [n].

(S1) At each event time of =,,, choose two open half-edges uniformly at random and pair them.
The graph G, (t) is obtained by adding this edge to G, (t—). Decrease s;(t) by two. Continue
until s (¢) becomes zero.
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Notice that G,,(c0) is distributed as CM,,(d) since an open half-edge is paired with another
uniformly chosen open half-edge. The next proposition ensures that the graph process generated
by Algorithm 3 sandwich the graph process (CM,,(d, p,()\)))rer. This result was proved in [20,
Proposition 28]. The proof is identical under Assumption 2 and therefore is omitted here. Define,

1 Vn 1 A
tn(A) = §log <Vn — 1> + o = 1)& (10.1)

Proposition 24. Fix —oo < A\, < \* < oo. There exists a coupling such that with high probability
In(tn(A) = n) C CMy(d, pn(X)) C Gn(tn(A) +en), VA E (A, ] (10.2a)
and
CM(d, () = £0) € Galta(N) € CMu(d,pa(N) +2,), YA€ AT (10.2b)
where €, = cn™°, for some 1) < o < 1/2 and the constant c¢ does not depend on .

From here onward, we augment \ to a predefined notation to emphasize the dependence on A.
We write %, ()\) for the i largest component of G, (t,,(\)) and define

O;(\) = # open half-edges in €, (\). (10.3)

Think of O;(\) as the mass of the component €;,()\). Let Zg(\) denote the vector of the number
of open half-edges (re-scaled by b,) and surplus edges of G, (t,()\)), ordered as an element of
UY. For a process X, we will write X[A,, \*] to denote the restricted process (X (X)) e[y, x+- Let
€9 (X) = ,~1 Oi(A). Note that

©0) = wu +op(1)). (10.4)
(10.4) is a consequence of [9, Lemma 8.2] since the proof only uses the facts that |¢,,/n—pu| = o(n™7)
forally <1/2,and 3¢, di(di — 1) /€y — v. Now, observe that, during the evolution of the graph
process generated by Algorithm 3, between time [t,,()\), £, (A + d)\)], the i** and j** (i > j) largest
components, merge at rate

1 1 v

200050 % =T * 50— a7

b, 1 O;(N)) (b, O0;(N)), (10.5)

and creates a component with open half-edges O;(\) + O;(\) — 2 and surplus edges SP(%/,,(\)) +
SP(€;(N)). Also, a surplus edge is created in €;)(\) at rate

1 1 v

OO =~ 1) % s X 5030 = 50 12

b, Oi(N)?, (10.6)

and % ;) (\) becomes a component with surplus edges SP(%;(\))+1 and open half-edges O;(\)—2.
Thus Z2 [\, \*] does not evolve as an AMC process but it is close. The fact that two half-edges are
killed after pairing, makes the masses (the number of open half-edges) of the components and the
system to deplete. If there were no such depletion of mass, then the vector of open half-edges,
along with the surplus edges, would in fact merge as an augmented multiplicative coalescent. Let
us define the modified process [20, Algorithm 7] that in fact evolves as augmented multiplicative
coalescent:

Algorithm 4. Initialize G,,(t,(\+)) = Gn(tn(\:)). Let € denote the set of open half-edges in the
graph G, (t,(\)), 51 = | 0] and E,, denote a Poisson process with rate 51. At each event time of the
Poisson process =, select two half-edges from ¢ and create an edge between the corresponding
vertices. However, the selected half-edges are kept alive, so that they can be selected again.
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Remark 15. The only difference between Algorithms 3 and 4, is that the paired half-edges are not
discarded and thus more edges are created by Algorithm 4. Thus, there is a natural coupling
between the graphs generated by Algorithms 3 and 4 such that G, (t,()\)) C Gu(t,(\)) for all
A € [As, A*], with probability one. In the subsequent part of this section, we will always work
under this coupling. The extra edges that are created by Algorithm 4 will be called bad edges.

In the subsequent part of this paper, we will augment a predefined notation with a bar to
denote the corresponding quantity for G,(t,(\)). Denote 8, = (51(vn — 1)c,)"/? and Zy*' ()
denote the vector ord(8,,1O0;()\), SP(%(;(\)))i>1. Using an argument identical to (10.5), and (10.6),
it follows that Zo* [As, \*] evolves as a standard augmented multiplicative coalescent. Note that
there exists a constant ¢ > 0 such that 5, = ¢b,(1 + op(1)), and therefore the scaling limit of any
finite-dimensional distributions of Z2 [\, A\*] can be obtained from Zp ™[\, \*].

10.1.1 Augmented multiplicative coalescent with mass and weight

The near Feller property of the augmented multiplicative coalescent [10, Theorem 3.1] ensures
the joint convergence of the number of open half-edges in each component together with the
surplus edges of G, (t,()\)). To deduce the scaling limits involving the components sizes let us
consider a dynamic process that is further augmented by weight. Initially, the system consists of
particles (possibly infinitely many) where particle i has mass z;, weight z; and an attribute y;. Let
(Xi(t), Zi(t),Yi(t))i>1 denote masses, weights, and attribute values at time ¢. The dynamics of the
system is described as follows: At time ¢,

> particles i and j coalesce at rate X;(t)X;(¢) and create a particle with mass X;(t) + X;(¢),
weight Z;(t) + Z;(t) and attribute Y;(t) + Y;(t).

> for each i, attribute Y;(t) increases by 1 at rate Y?(t)/2.

For (z,y),(z,y) € U}, we write (z,z,y) for ((x,y),(z,y)) € (U2 Denote by MCy(x, 2,t)
and AMCsy(x, z,y, t) respectively the vector (X;(t), Z;(t))i>1 and (X;(t), Zi(t), Yi(t))i>1 with ini-
tial mass x, weight z and attribute value y. We will need the following theorem:

Theorem 25. Suppose that (€, 2y, y,,) — (z,x,y) in (V%)% and Y, z; = oo. Then, for any t > 0

AMCso (@, Zn, Yn) 4, AMCs(x, z,y). (10.7)
Proof. By [20, Theorem 29],
MCos(Zn, 2n,t) % MCa(z, . 1). (10.8)

For @, = (2")i>1, and z,, = (2!");>1 letw; = sort(alV zI*), w;,, = sort(x! A zI*), where sort denotes
the decreasing ordering of the elements. Notice that w;} — @, and w;, — @ in ¢2. Let us denote by
AMC; (x, y, t) the usual augmented multiplicative coalescent process at time ¢ with starting state
(z,y). Now, since ) . x; = 0o, we can use the near Feller property [10, Theorem 3.1] to conclude

that AMCy(z,, y,,,t) 4 AMC (z,y,t). Moreover, AMCs(w.", w, y,,t) and AMCsy(w,, ,w,, , yn,t)
converges to the same limit. For (z,z,y) € (U%)? if S,.(z,z,y) = >, zy;, then under the sub-
graph coupling

S, (AMCa(wh, w7, yn, 1)) — So (AMCao(wy, Wy, yn, 1)) = 0, (10.9)
which implies that
(AMC (%9, Yy, ), Sor(AMCo(2n, Zns Yns 1)) 2 (AMCy (2, 9, ), S, (AMCa(z, , 7, 1)) (10.10)

Now, using (10.8), (10.10), an application of [10, Lemma 4.11] concludes the proof. O
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10.2 Asymptotics for the open half-edges

The following lemma shows that the number of open half-edges in G,, (¢, ())) is approximately pro-
portional to the component sizes. This will enable us to apply Theorem 25 for deducing the scaling
limits of the required quantities for the graph G, (t,(\)).

Lemma 26. There exists a constant x > 0 such that, for any i > 1,

Oi(A) = &[5 (A)] + op (bn). (10.11)
Further, (Z9(X))n>1 is tight in U
Proof. Let (dy) ke[n) denote the degree sequence of CM,,(d, p,()\)) and define

OPN) = > (de—dp)= D dp—2(%5 N —1+SP(EE (V). (10.12)
ke(ﬁ(’;)o\) ke(ﬁ(’;)o\)

Using (10.2b) and the fact that the number of surplus edges in the large components are tight, it is
enough to prove the lemma by replacing O;(\) by O7(\) and %/, () by €/ (\). For a component
% of CMj;(d), the corresponding component in the percolated graph is obtained by cleaning up
R(%) red degree-one vertices. Thus, the degree deficiency of that percolated cluster is given by

> di— ) di+2R(%). (10.13)
ke%n(n) ke%n(n)

Now;, all the three terms appearing in the right hand side of (10.13) can be estimated using The-
orem 21, where we recall from Section 9 that d satisfies Assumption 1. The proof is now com-
plete. O

For an element z = (z;,v;)i>1 € [U? and a constant ¢ > 0, denote cz = (cx;,y;)i>1. Thus,
Lemma 26 states that, for each fixed A\, Z(\) is close to £Z,,()\). The following lemma states that
formally:

Corollary 27. For each fixed ), as n — 00, dy(Z3(N), 5Zn (X)) 2 0.

Proof. Let 7y, T), : UY — U? be the functions such that for z = ((24,y;))i>1, Tk(2) consists of only
(xi,y;) for i < k and zeroes in other coordinates, and 7} (z) consists only of (x;, y;) for i > k. Thus,

dy (Z9,(N), KZn (V) < du (5 (Z9(N), 7 (K20 (V) + | Ta (Z500) o + | Tre (5Z (V) o (10.14)

Now, for each fixed K > 1 the first term in the right hand side of (10.14) converges in probability
to zero, by (10.11). Also, using the tightness of both (Z,,())),>1 and (Z(\)),>1 with respect to the
1Y topology, it follows that for any € > 0,

lim lim P (||Tx(Zn,(N))||y > ¢€) = Kli_r)rloonli_)rr;OIP (ITk (Zs, (A\)||w > €) =0, (10.15)

K—o00n—00

and the proof is now complete. O

10.3 Comparison between the dynamic construction and the modified process

Suppose that, at time ., we have colored the components (%(; (\«))icn blue, say, and then let
Algorithms 3 and 4 evolve. Additionally, we color all the components blue that gets connected
to one of the blue components during the evolution. Let Cps(\), Car (M) denote the union of all
such blue components in G, (t,()\)) and G, (,()\)). In this section, we show that (i) no bad edges
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are created that are surplus edge of some component, (i) [Cps(A\)| — [Car(N)] is asymptotically
negligible, (iii) no bad edge is created between the large components, and (iv) with sufficiently
large probability, the largest components of G, (t,()\)) are contained within Cps()\), where M is
large. These facts together ensure that the scaling limit for the largest connected components
and surplus edges of G, (¢,()\)) and G, (t,(\)) are identical. Consider the coupled evolution of
Algorithms 3, and 4. Thus, in the modified setup, more components get merged due to the creation
of bad edges. Denote By (A\) = |Car(N)| — |Car(N)] and Bgp(A) the number of bad-edges that are
created as surplus edge of some component.

Lemma 28. Forany A > A, Bsp(A) P and for all M > 1, b, By (\) P.o.

Proof. Before going into the proof, recall Algorithm 4, and all the definitions. A bad edge is created
if, during some event time of =,, a half-edge from & is selected that was already selected before.
Now, for some given pair (e, fo), eo # fo, the number of ways in which one can choose a pair
(e, f), e # fsuchthate = ey, or f = fy, is given by 251 —3. Thus, the bad edges are created between
tlmes [tn(\), tn(A + dN)] at rate (2(v,, — 1)51¢,)%/(251 — 3). Denote Zpy = Iy (A) = {i : €,)(\) C

Crm(N)}. The created bad edge adds an additional mass of |6(;,(\)| to Cas()) if one end is from
Cu(A) (for which there are > iez,, Oi(A) possibilities) and the other half-edge is in € (A). The
created bad edge is a surplus edge if both of its endpoints come from the same component. For any
semi-martingale (Y});>0, we write D(Y)(t) and QV(Y')(t), respectively to denote the compensator
and the quadratic variation, i.e.,

Y~ D(Y)(t), and (¥i—D(Y)(t)? - QV(¥)(t) (10.16)
are both martingales. Now, D(Bgp())) > 0, D(b;,1B1()\)) > 0, and for some constants Cy,Cy > 0

D)) = [ s S (0 )av < S8 [Mjo,izax +outt)

"t (10.17a)
Cin, , _ .
< (W = A)[0R () + 0p(1),
A 923 —3
A Ay — 12532 iy e~
C _ _ _
< bén/ <bﬁlZOW(A’))HOn(X)HQHCn(A’)IbdA’+op(1) (10.17b)
A i=1

M
<SZv - (bnl > O(z’)()‘*)> 100 [l Ca(A) 2 + 02(1),

i=1

where O,;, denotes the i largest value of (O;);>1. Further,

c _
QV(Bsp)(A) < b%n(A* — A0, (A3 + or(1), (10.18a)
and
QV(blgl)(A)<b2/AL S 0.0 Y 0| (V)N
" = Av, —1)%832 (A
* i€l (M) i>1
C 23 g —
Sﬂ N (b IZ% > (61 1C0, N [OR (V) |21 Ca(X)2dN + 08 (1) (10.18b)

< G- > Oy (W) ) (b5 s (X)) 0w WL CalN)ls+ 02(1)
=1
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Recall that using Lemma 26, an application of Theorem 25 yields that (Z,())),> is tight in U°.
The proof now follows using the fact that n /b2 — 0. O

Suppose that a bad edge is being created at time A’. Now, this bad edge may be created by
choosing the open half-edges from %;,(\") and 4, (\') for 1 <, j < M. For fixed M, let Fj;(\) de-
note the number of such bad-edges created upto time A. Using an argument identical to Lemma 28
one can show the following:

Lemma 29. Forany A > A\, and M > 1, Fjr () P.o.
The following is the last ingredient that will be needed in the proof:
Lemma 30. Fix any A € [\, \*]. Forany e > 0, and K > 1, there exists M = M (e, K) such that

limsupP (1) (A), - .., G (A) are not contained in Cpr(N)) < e. (10.19)
n—oo

Proof. Let Iy := {i : €,(\) C Ca(N\)}. It is enough to show that, for any ¢ > 0, there exists M
such that

hmsupIP< Z Gy (V)] > d)i) <e. (10.20)
n—oo Z¢I]\I

For any M > 1, consider the merging dynamics of Algorithm 4, where at time \,, all the com-
ponents (CK_(,.)()\*))Z-E[M} are removed. We refer to the above evolution as M-truncated system.
We augment a previously defined notation with a superscript > M to denote the corresponding
quantity for the M-truncated system. We assume that the M-truncated system and the modified
system are coupled in a natural way that at each event time of the modified truncated system, an
edge is created in the M-truncated system if both the half-edges are selected from the outside of
UM, €, (As). Under this coupling,

S 1EWIP <Y€M (10.21)

i¢Tn i>1
Now, using Lemma 26, an application of Theorem 25 yields that (Z,(\))n>1 is tight in U?. Thus
the proof now follows. O
10.4 Proof of Theorem 5

We now have all the ingredients to complete the proof of Theorem 5. For simplicity in writing, we
only give a proof for the case k = 2 since the proof for general k is identical. Take A, = A;. Using
Lemma 26, Theorem 25 implies

(Zn()‘l)7zn()‘2)) i> (Z()\l)7z()\17)\2))7 (10'22)

for some random elements Z (A1), Z(A1, A2) Qf U?. Now, Z,,(\1) = Z,(\1). Moreover, using Lem-
mas 28, 29, and 30 and the facts that both (Z,,(A\2)),>1 and (Z,(\2)),>1 converge, it follows that
(see the argument in Corollary 27)

dy(Zn(A2), Zn(A2)) 2 0. (10.23)

Thus, (Z,,(\1),Z,(N\2)) converge jointly. Moreover, the limiting object Z(\;, \2) appearing in
(10.22) does not depend on A\; by Theorem 2. Now, using induction, there exists a version of
the augmented multiplicative coalescent AMC = (AMC(A))\er such that for any & > 1

(Zn(M)s - Za()) % (AMC(A), ..., AMC(\g)). (10.24)

Finally, the proof of Theorem 2 is completed by using Proposition 24. O
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A Path counting

In this section, we derive a generalization of [27, Lemma 5.1] by extending their argument. Let V,
denote the vertex chosen according to the distribution £}, on [n], independently of the graph. Also,
let D!, denote the degree of V!, D,, denote the degree of a uniformly chosen vertex (independently
of the graph) and % (v) denote the connected component containing v.

Lemma 31. Let w = (w;);c[n) be a weight sequence and consider CM,,(d) such that v, < 1. Then,

_ E [D}] E[Dywy, ]
iecfz(‘//z)wl} = E[wvn] " E[D,] (1 —v,) (A

E

Proof. Consider all possible paths of length I starting from V,, and the w-value at the end of those
paths. If we sum over all such paths together with a sum over all possible [, then we obtain an
upper bound on Zie(ﬁ(\/,{) w;. Write E, [-] for the expectation conditional on V;) = v. Thus,

12} do, (dw, — 1)dgyws
]Ev w; S W, + dv 1= 4 4 l l .
Le;‘:ﬂ) ] lz>; 1‘1;@’1 (b = 1) (p =20+ 1) (A2)
" T xi#a; Vit

Now, using the exactly same arguments as [27, Lemma 5.1], it follows that

E[D/E[D
E[ 2 wl’] < Bluy] + 2Pn ug ]nwv"] > v (A3)
i€?(V)) " >1
and this completes the proof. O

B Appendix: Proof of Lemma 20

The proof is an adaptation of the proof of [20, Lemma 20]. Let V, denote the vertex chosen ac-
cording to the distribution F,, on [n], independently of the graph and let D], denote the degree of
V. Suppose that limsup,,_, ., E[D],] < co. We use a generic constant C' to denote a positive con-
stant independent of n,d, K. Consider the graph exploration described in Algorithm 1, but now
we start by choosing vertex V! at Stage 0 and declaring all its half-edges active. The exploration
process is still given by (4.1) with S,,(0) = D),. Note that #(V};) is explored when S,, hits zero. For
H >0, let

y:=inf{l >1:5,() > Hor S,(l) =0} A25xby,. (B.1)
Note that
E[Sp(l+1) = Sy (ZPD)isy) = Y diP (i ¢ Y1,i € Y| (T (D)) — 2
i€[n]
o d? o d?
_ Zzi”//l i _9 < Zze[n] i 9 (BZ)
£, —20—1 b, —20—1

A+1  Tiep d;
0211 ‘

c= e, Fole,t) + <0
uniformly over | < 26kb,, for all small § > 0 and large n, where the last step follows from the fact
that A < 0. Therefore, {S,({) ?iff bn is a super-martingale. The optional stopping theorem now
implies

E [D;] > E[Sy(7)] = HP (Su(v) = H). (B.3)
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Thus,

P (Su(7) > H) < (B4)

Put H = a,K"'/\/3. To simplify the writing, we write S,,[0,¢] € A to denote that S, (1) € A, for all
[ € [0,1]. Notice that

(SP( (Vi) = K, [€(V)l € (Grcbn, 201cbn)) B5)
P (Su(7) = H) + P (SP(E(V})) > K, 5,[0,20xb,] < H, 5,[0,5b,] > 0). |
Now,
i (SP(%(VT;)) > Ka Sn[O, 25Kbn] < H, Sn[oa 5Kbn] > 0)
< Z IP (surpluses occur at times 1, . .., lx, Sp[0,20kb,] < H, S,[0,05by,] > 0)
1<l <<l <26k bn
= Z E [110<S, (0,05 —1]< H,8P(x—1)=K—1}Y |
1<l <<l <26k bn
(B.6)
where
Y=P (Kth surplus occurs at time g, Sy [k, 20k b,] < H, Sp[lk,7v] > 0 | ‘%K_l)
CK''a, CK!! (B.7)
<

< .
T Ve T baVs

Therefore, using induction, (B.5) yields

P (SP(€(V;))) > K, 840,20k bp] < H, Sp[0,5xbn] > 0)

LS R A L o : 552 , (B.3)
- C<\/gbn> KO- (K — 1), lzl P ([€(V)l 2 h) < O B[Vl
-

where we have used the fact that #{1 < ls,...,lx < 26b,} = (20b,)5~1/(K — 1)! and Stirling’s
approximation for (K — 1)! in the last step. Since A < 0, we can use Lemma 31 to conclude that for
all sufficiently large n

E[|€(Va)]] < Cey, (B.9)
for some constant C' > 0 and we get the desired bound for (B.5). The proof of Lemma 20 is now
complete. O
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