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1. INTRODUCTION.

We obtain a formula for the minimal initial wealth needed to hedge an arbitrary contingent
claim in a continuous-time model with proportional transaction costs. The expression
obtained can be interpreted as the supremum of expected values of the discounted value of
the claim, under all feasible “equivalent supermartingale measures”, namely the probability
measures under which an appropriate “discounted wealth process” is a supermartingale.
These results are similar in spirit to some of those obtained by Jouini & Kallal (1991) and,
in a discrete-time model, by Kusuoka (1995) and Shirakawa & Konno (1995). Unlike most
of the work on hedging under transaction costs (starting with Leland (1985)), we require
almost sure rather than just approximate hedge. In other words, the investor has to be
able to pay off the claim at the exercise time, no matter what the path of the stock-price
has been. This gives an upper bound for the claim price which is typically quite high.
For example, in the case of the European call, this mimimal hedging price is equal to
the price of the stock at the time the option is purchased (this result was conjectured
in Davis & Clark (1994) and was proved by Soner, Shreve & Cvitani¢ (1995), as well as
by Levental & Skorohod (1995)). Nevertheless, we find the result useful in studying the
portfolio optimization problem on a finite time-horizon, and also for a preference-based

method for pricing claims under transaction costs.

The methodology proceeds as follows. We characterize the solution to the portfo-
lio optimization problem of maximizing utility from terminal wealth in the model, via a
transformation to a hedging problem; the optimal portfolio is the one that hedges the
inverse of marginal utility, evaluated at the shadow state-price density which solves the
corresponding dual problem. This hedging-duality approach has been used previously in
models of incomplete markets, markets with constraints and markets with nonlinear drifts
in the wealth process of the investor (Cvitani¢ and Karatzas (1992, 1993)), but seems to

be new in the context of models with transaction costs. A related approach based on the



stochastic maximum principle for singular control problems, as developed in Cadenillas &
Haussman (1994), is suggested in Cadenillas & Haussman (1993). The typical approach
to utility maximization under transaction costs has been the analytical study of the value
function, and the description of the optimal strategy as one with no transactions in a
certain region, and with minimal transactions at the boundary in order always to keep the
holdings vector inside the region. Such was the spirit of the pioneering work of Magill and
Constantinides (1976), and of the more mathematical papers by Taksar, Klass & Assaf
(1988), Davis and Norman (1990), Shreve & Soner (1994). Those papers deal with the
consumption optimization problem on an infinite-horizon. The finite-horizon problem is
studied in Davis, Panas & Zariphopoulou (1993). Our approach gives different insights,
can be applied to the case of time-dependent and random market coefficients, but provides
no explicit description of optimal strategies, except for the cases in which it is optimal
not to trade at all. The latter is the case when the difference between the return rate
of the stock and the interest rate is nonnegative but small, and/or the time-horizon is
small relative to the transaction costs. This is in contrast with the infinite-horizon case, in
which it is always optimal to hold some money in the stock if the return rate is positive, no
matter how small it is. It should be of considerable interest, to find additional examples

that admit explicit solutions.

We also prove the existence of an optimal trading strategy directly, using standard
functional-analytic arguments, without imposing extra assumptions such as the existence

of an optimal solution to the dual problem.

Finally, we indicate how to use the optimization result for a utility-based approach
to the pricing of contingent claims in such a market. Namely, following the approach
of Davis (1994) as applied in Karatzas & Kou (1994), we use the price obtained as the
expected value of the claim under the probability measure corresponding to the optimal

shadow state-price density (in the dual problem), since with this price the investor becomes



neutral between diverting or not diverting a small amount of his funds into the option,

resulting in zero marginal rate of substitution.

Our model for proportional transaction costs is the same as that of Davis & Norman
(1990). We describe it precisely in Section 2, and define what we mean by hedging in this
market. We derive a formula for the minimal hedging price in Section 4, using the auxiliary
martingales (shadow state-price densities) introduced in Section 3. In Sections 5 and 6
we describe the utility maximization problem, characterize its solution, and present some
simple examples. Section 7 proposes a method for pricing contingent claims in a market
with transaction costs, using the optimal state-price density from the dual problem. The
long and technical proof of a closedness result for hedging strategies is provided in an

Appendix.

Here are some related works on the subject of transaction costs, that the reader may
find useful to consult: Avellaneda & Paras (1993), Bensaid, Lesne, Pages & Scheinkman
(1992), Boyle & Tan (1994), Boyle & Vorst (1992), Dewynne, Whalley & Wilmott (1993),
Davis & Panas (1994), Davis & Zariphopoulou (1995), Edirisinghe, Naik & Uppal (1993),
Figlewski (1989), Flesaker & Hughston (1994), Hodges & Clewlow (1993), Gilster & Lee
(1984), Henrotte (1993), Hodges & Neuberger (1989), Hoggard, Whalley & Wilmott (1993),
Merton (1989), Morton & Pliska (1993), Panas (1993), Pliska & Selby (1993), Shen (1990),
and Toft (1993).

2. THE MODEL; DEFINITION OF HEDGING.

We consider a financial market consisting of one riskless asset, called bank account (or

bond) with price B(-) given by
(2.1) dB(t) = B(t)r(t)dt, B(0) =1,
and of one risky asset, called stock, with price-per-share S(-) governed by the stochastic
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equation
(2.2) dS(t) = S(t)[b(t)dt + o(t)dW (t)] , S(0)=p € (0,00),

for t € [0, T]. Here T' € (0, 00) is the time-horizon, and W = {W(t),0 < ¢ < T'} a standard,
one-dimensional Brownian motion on the complete probability space (2, F,P); we shall
denote by F = {F(¢)} the P-augmentation of the natural filtration F" (t) = o(W (s); 0 <
s <1),0 <t <T generated by W. The coefficients of the model in (2.1), (2.2) — i.e., the
interest rate r(-), the stock-appreciation-rate b(-) and the stock-volatility o(-) > 0 — are
assumed to be bounded and F—progressively measurable processes; furthermore, o(-) is

also assumed to be bounded away from zero (uniformly in (¢,w)).

Now, a trading strategy is a pair (L, M) of F—adapted processes on [0, 7], with left-
continuous, nondecreasing paths and L(0) = M (0) = 0; L(t) (respectively, M(t)) repre-
sents the total amount of funds transferred from bank-account to stock (respectively, from
stock to bank-account) by time ¢t. Given proportional transaction costs 0 < \,u < 1 for
such transfers, and initial holdings z,y in bank and stock, respectively, the portfolio hold-
ings X (-) = X®LM () Y () = Y¥EM(.) corresponding to a given trading strategy (L, M),

evolve according to the equations:

(2.3) X(t)=2x—(1+NL{#)+ (1 —pu)M((t)+ /t X(u)r(u)du, 0 <t <T

(24) Y@ =y+L(t)— M)+ / t Y (w)[b(u)du + o (w)dW (u)], 0 <t < T.

2.1 Definition: A contingent claim is a pair (Cy, Cy) of F(T')—measurable random vari-
ables. We say that a trading strategy (L, M) hedges the claim (Cy, C1) starting with (z,y)

as initial holdings, if X (-),Y(:) of (2.3), (2.4) satisfy

(2.5) X(T) 4+ (1 — p)Y(T) > Co + (1 — p)Cy

5



(2.6) X(T)+ (1+ MY (T) > Co+ (1+ N)Ch.
(Here and in the sequel, comparisons of random variables, in the form of equalities or
inequalities, are interpreted “almost surely”.)

Interpretation: Here Cj (respectively, C7) is understood as a target-position in the

bank-account (resp., the stock) at the terminal time ¢t = T": for example

(2.7) Co = —qlis(ry>q), C1 = S(T)1{s(1)>q}

in the case of a European call-option; and

(2.8) Co = qlis(Ty<q}, C1 = —5(T)1{s(1)<q}

for a European put-option (both with exercise price ¢ > 0).

“Hedging”, in the sense of (2.5) and (2.6), simply means that “one is able to cover
these positions at ¢ = 7”. Indeed, assume that we have both Y(T") > C and (2.5), in the

form
(2.5)" X(T)+ 1 =pw¥Y(T) - C1] = Co ;

then (2.6) holds too, and (2.5)" shows that we can cover the position in the bank-account
as well, by transferring the amount Y (7)) — C; > 0 to it. Similarly, suppose we have

Y (T) < C; and (2.6), in the form

(2:6) Y(T)+ 5 X(T) ~ Col > €1

then (2.5) holds as well, and (2.6)" shows that we can again cover both positions by keeping

Cy in the bank-account and transferring the difference X (7") — Cy to the stock.

2.3 Remark: The equations (2.3), (2.4) can be written in the equivalent form

(2.9) d (%) - (ﬁ) (1= p)dM () — (1 + NdLE)], X(0) =z
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(2.10) d (%) - (%) AL() — dM(B)] , Y(0) =y

in terms of “number-of-shares” (rather than amounts) held.
3. AUXILIARY MARTINGALES.

Consider the class D of pairs of strictly positive F—martingales (Zy(-), Z1(-)) with

(3.1) Zo(0) =1, z:=Z:(0) € [p(1 = p), p(1 4 )]

and

(3.2) 1—M§R(t)::Zj;)(tP)(t)§1+)\, VO<t<T,

where

(3.3) P(t) == % =p+ /Ot P(w)[(b(u) — r(uw))du + o(u)dW (u)] , 0<t<T

is the discounted stock price.

The martingales Zy(-), Z1(-) are the feasible state-price densities for holdings in bank
and stock, respectively, in this market with transaction costs; as such, they reflect the
“constraints” or “frictions” inherent in this market, in the form of condition (3.2). ;From
the martingale representation theorem (e.g. Karatzas & Shreve (1991), §3.4) there exist

F—progressively measurable processes 0y(-), 01 (-) with fOT(Gg (t) + 63(t))dt < co a.s. and

(3.4) Zi(t) = Z;(0) exp {/Ot 0:(5)dW (s) — %/Ot ef(s)ds} =01

thus, the process R(-) of (3.2) has the dynamics

. dR(t) =R(£)[0?(t) + r(t) — b(t) — (0x(t) — 00()) (o (£) + Oo(t))]dt
| + R()(01(t) — o(t) — 0o(£)dW (1), R(0) = 2/p.
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3.1 Remark: A rather “special” pair (Z(-), Z{(-)) € D is obtained, if we take in (3.4)

the processes (6y(+),01(+)) to be given as

(3.6) bi(6) = "L i) = ot 4050, 0<e<T,
and let Z5(0) =1, p(1 —p) < Z7(0) = z < p(1 + A). Because then, from (3.5), R*(:) :=

ZgZ(?)(Ij(-) = Z; in fact, the pair of (3.6) and z = p provide the only member (Z;(-), Z1(-))

of D, if A = = 0. Notice that the processes 65(-), 05 (+) of (3.6) are bounded.

3.2 Remark: Let us observe also that the martingales Zy(-), Z1(+) play the role of adjoint
processes to the “number-of-share holdings” processes X (-)/B(-), Y (-)/S(-), respectively,

in the sense that

(3.7)
a ggg 050+ [ 5 ; (1) = R@Nazts) + [ GERG) — (- wiave
— o+ E 3) . V()8 (s .
p / s) Oo(s) + R(s)Y (s)01(s)]dW (s) , 0<t<T

is a P—local martingale, for any (Zy(-), Z1(:)) € D and any trading strategy (L, M); this
follows directly from (2.9), (2.10), (3.4) and the product rule. Equivalently, (3.7) can be

re-written as

X(t)+ R(t)Y (¢) (I+A) — R(s — 1)
s e e [ )
_ L yr [TRB)Y(s) _ .
=z + " + /0 W(Ql (s) — 0o(s))dWy(s) = Po — local martingale,
where
(3.9) Wo(t) := W (t) — /t Oo(s)ds, 0<t<T
0

is (by Girsanov’s theorem, e.g. Karatzas & Shreve (1991), §3.5) a Brownian motion under

the equivalent probability measure
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3.3 Remark: We shall denote by Z;(-), W (-) and P§ the processes and probability mea-
sure, respectively, corresponding to the process 6(-) of (3.6), via the equations (3.4) (with
Z5(0) =1), (3.9) and (3.10). With this notation, (3.3) becomes dP(t) = P(t)o(t)dW{(t),
P(0) =p.

3.4 Definition: Let D, be the class of positive martingales (Zy(-), Z1(+)) € D, for which

the random variable

and thus also Zu(T)

(3.11) Z: (1) 75 () P(T)

is essentially bounded.

3.5 Definition: We shall say that a given trading strategy (L, M) is admissible for (z,y),
and write (L, M) € A(x,y), if

X))+ ROY()

(3.12) is a Po — supermartingale, V (Zy(+), Z1(+)) € Deo.

Consider, for example, a trading strategy (L, M) that satisfies the no-bankruptcy

conditions
X)) +14+NY(t) >0 and X(t)+(1—p)Y(t) >0, VO<t<T.

Then X(-) + R(-)Y(-) > 0 for every (Zo(:),Z1(-)) € D (recall (3.2), and note Remark
3.6 below); this means that the Pg—local martingale of (3.8) is nonnegative, hence a

Po—supermartingale. But the second and the third terms

"1+ A—R(s) "R(s) — (1 —p)
/0 B M) /0 B M)

in (3.8) are increasing processes, thus the first term W

is also a Po—supermartingale,l
for every pair (Zy(+), Z1(+)) in D. The condition (3.12) is actually weaker, in that it re-

quires this property only for pairs in D,. This provides a motivation for Definition 3.4,

namely, to allow for as wide a class of trading strategies as possible, and still exclude
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arbitrage opportunities. This is usually done by imposing a lower bound on the wealth
process; however, that excludes simple strategies of the form “trade only once, by buying a
fixed number of shares of the stock at a specified time ¢”, which may require (unbounded)

borrowing. We shall have occasion, to use such strategies in the sequel; see, for example,

(4.20).

3.6 Remark: Here is a trivial (but useful) observation: if x + (1 — )y > a+ (1 — )b and

x4+ 1+Ny>a+ 1+ Nb, thenz+ry>a+rb,V1—p<r<1+A\

4. HEDGING PRICE.

Suppose that we are given an initial holding y € R in the stock, and want to hedge a given
contingent claim (Cy, Cy) with strategies which are admissible (in the sense of Definitions

2.1, 3.4). What is the smallest amount of holdings in the bank

(4.1) h(Cy,Cy;y) :=inf{x € R/ I(L, M) € A(x,y) and (L, M) hedges (Cy,C1)}

that allows to do this? We call h(Cy, Ci;y) the hedging price of the contingent claim
(Co, Cy) for initial holding y in the stock, and with the convention that h(Cy, C1;y) = oo

if the set in (4.1) is empty.

Suppose this is not the case, and let € R belong to the set of (4.1); then for any
(Zo(+), Z1(+)) € Do we have from (3.12), the Definition 2.1 of hedging, and Remark 3.6:

r+ B2, (T) =2+ 22> E [X<T> +R<T>Y<T>}
p ' p 0

B(T)

> 5o | EEIN) | Bl 0+ mICy)
so that z > F [%g)) (Co+ R(T)Ch) — 22, (T)} Therefore

, Zo(T) Y
(4.2) h(Co, C1;y) > %IEE {BO(T) (Co + R(T)Ch) — §Z1(T)} ;
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and this inequality is clearly also valid if h(Cy, Cy;y) = .

4.1 Lemma: If the contingent claim (Cy,C1) is bounded from below, in the sense

(4.3) Co+(1+XNC1 > —-K and Co+ (1 — p)C1 > =K, for some 0 < K < o0
then
(4.4)
Zo(T) y — g | Zod) _Y
SDUOISE B(T) (Co+ R(T)Ch) — 2—)Z1(T)} = DPE {B(T) (Co + R(T)Ch) le(T) :

Proof: Start with arbitrary (Zo(+), Z1(:)) € D and define the sequence of stopping times
{Tn} 1T by

Zy(t)
Z;(t)

Tn = inf{t € [0,T] / >n} AT, neN.

n 7 ) < n
Consider also, for ¢ = 0,1 and in the notation of (3.6): 02( )(t) = { g*(é)) 7(_) <tt<<TT}

(2

and

2000 = zexp [ 0w — 5 [ 00(5)2as)

with 20 = 1, 21 = Z1(0) = EZ;(T). Then, for every n € N, both Zén)(-) and an)(-) are
Z™ ()

ZgV ()P()

(3.2) and Remark 3.1), and Zén)(-)/Z{)"(-) is bounded by n (in fact, constant on [1,,T]).

positive martingales, R("™(-) = = R(- A 7,,) takes values in [1 — u, 1+ A] (by

Therefore, (Zén)(-),ZYl)(-)) € Dw. Now let x denote an upper bound on K/B(T), and

observe, from Remark 3.6, (4.3) and Fatou’s lemma:

E {if((f)) (Co+ RIT)CY) - L24 (T)] +220(0) + 5

)

(n)
imin (n) Co+ R(n)(T)Cl B
< it 2570 { S
| 2T " Y ,n) y
= lim inf £ %(T) (Co + R™M(T)Cy) — ]—921 (T) +Ezl(0)+m.
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This shows that the left-hand-side dominates the right-hand-side in (4.4); the reverse

inequality is obvious. O

Remark: Formally taking y = 0 in (4.5), we deduce

(n)
(4.6) Ey (%j&)ﬂ@) < imint 5 (Co + g(ﬂ(:ﬁ)&) |

where Ej, Eén) denote expectations with respect to the probability measures Pg of (3.10)
and Pgn)(-) = E[Zén)(T)l.], respectively.

Here is the main result of this section.

4.2 Theorem: Under the conditions (4.3) and

(4.7) E{(CE+CF) < o0,
we have
) — Zo(T) y
(4.8) h(Co, Cr;y) = S%pE BO(T) (Co+ R(T)CH) — 2—921(T) :

In (4.7), Ej denotes expectation with respect to the probability measure Pg of Remark
3.2. The conditions (4.3),(4.7) are both easily verified for a European call or put (as in
(2.7) or (2.8), respectively). In fact, using the first part of the argument in Appendix A,
one can show that if a pair of admissible terminal holdings (X (7"),Y (T")) hedges, in the
sense of (2.5) and (2.6), a pair (Cy,C}) satisfying (4.7) (for example, (Cy,C1) = (0,0)),
then necessarily the pair (X (7"),Y (7)) also satisfies (4.7) — and so does any other pair of
random variables (Cy, C1) which are bounded from below and are hedged by (X (7),Y (T)).
In other words, any strategy which satisfies the “no-bankruptcy” condition of hedging
(0,0), necessarily results in a square-integrable final wealth. In this sense, the condition

(4.7) is consistent with the standard “no-bankruptcy” condition, hence not very restrictive.

It would be of significant interest to be able to describe the least expensive hedging

strategy associated with a general hedgeable contingent claim; this would probably require
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a purely probabilistic approach, using dynamic programming and control-theoretic ideas
coupled with martingale methods, in the spirit of our earlier work Cvitani¢ & Karatzas
(1993). Such a proof we have not been able to obtain. Our functional-analytic proof, which
takes up the remainder of this section and was inspired by similar arguments in Kusuoka

(1995), does not provide the construction of such a strategy.

Proof: In view of Lemma 4.1 and the inequality (4.2), it suffices to show

. C C y\]|
(4.9) (Co.Cisy) < sup B | Zo(T) 3 + Z4(T) <S(}) _ 2_9)} _

And in order to alleviate somewhat the (already rather heavy) notation, we shall take
p=1,r(-) =0, thus B(-) = 1, for the remainder of the section and in Appendix A; the

reader will verify easily that this entails no loss of generality.
We start by taking an arbitrary b < h(Cy, Cy;y) and considering the sets
(4.10)
Ao :={(U,V) € (L3)? : 3(L, M) € A(0,0) that hedges (U, V) starting with z = 0,y = 0}
(4.11) Ay = {(Co —b,Cy —yS(T))},
where L3 = Lo (Q, F(T),P§). It is not hard to prove (see below) that

(4.12) Ag is a convex cone, and contains the origin (0,0), in (L3})?,

(4.13) AgN A = 0.
It is, however, considerably harder to establish that
(4.14) Ay is closed in (L3)2.

(This proof is carried out in Appendix A.) From (4.12)-(4.14) and the Hahn-Banach the-
orem there exists a pair of random variables (p§, p}) € (L})?, not equal to (0,0), such

that

(4.15) E5lpoVo + piVi] = E[poVo + p1 V1] <0, V (Vo, Vi) € A
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(4.16) Eglpo(Co = b) + pi(Cr —yS(T)] = Elpo(Co — b) + p1(C1 — yS(T))] = 0,

where p; == p;Z5(T'), i = 0,1. It is also not hard to check (see below) that

7

ElprS(T)|F(t)]

s S AHNEplF@), Vo<t <T

(4.17) (1= p)Elpol F(t)] <

(4.18) p1 >0, po>0and Epy >0, E(p1S(T)) > 0.

In view of (4.18), we may take Epy = 1, and then (4.16) gives
(4.19) b < E[poCo + p1(C1 — yS(T))].

Consider now arbitrary 0 < e <1, (Zo(-), Z1(:)) € D, and define

Zo(t) = eZo(t) + (1 — ) E[po| F(1)], Z1(t) := eZu(t) + (1 — &) E[p1 S(T)|F®)], 0 <t <T.

Clearly these are positive martingales, and ZO(O) = 1; on the other hand, multiplying in
(4.17) by 1 — ¢, and in (1 — p)Zo(t) < Z1(£)/S(t) < (1 +N)Zo(t), 0 < t < T (just (3.2)
with 7(-) = 0) by &, and adding up, we obtain (Zy(-), Z1(-)) € D. Thus, in the notation of
(4.9),

R>E [Zo(T)Co +2:(T) (s?}) - y)]

= (1 — E)E[poco + P1 (Cl - yS(T))] + 1) |:Z0(T)Co -+ Z1 (T) (% — y>:|

> b(1—¢) +eE [ZO(T)CO + Z,(T) (S%) - y)]

from (4.19); letting € | 0 and then b T h(Cy, C1;y), we obtain (4.9), as required to complete
the proof of Theorem 4.2.

Proof of (4.12): Suppose that (U;, V;) € (L3)? are hedged by (L;, M;) € A(0,0), respec-
tively, for ¢ = 1,2; in other words, if we let (X;,Y;) be the corresponding holdings as in
(2.3), (2.4) (with z =y =0, r(-) =0), we have:

Xi(M)+ (1= wYi(T) 2 U; + (1 = p)V;
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Xi(T)+ 1A+ NY(T)>U; + (1 + NV,

and X;(-) + R()Y;(:) is a Po—supermartingale, V (Zy(-), Z1(:)) € D for i = 1,2. Now,
with ¢ > 0,7 > 0 and (U, V) = (CUy +nUs, (V1 +nVs) € (L})?, it is straightforward to see
(using the linearity of the equations (2.3) and (2.4)) that (U,V) is hedged by (L, M) =
(CL1+nLe, My +nMy) € A(0,0). If we take 0 < n < 1, { = 1—n we verify the convexity
of Ag; if we take n > 0,¢ = 0 we verify that Ag is a cone; and we can hedge (0,0) € (L3)?
simply by L = M = 0.

Proof of (4.13): Suppose that ApNA; is not empty, i.e., that there exists (L, M) € A(0,0)
such that, with X(-) = XOLM () and Y () = Y9LM(.) the process X(-) + R(-)Y () is a

Po—supermartingale for every (Zy(-), Z1(+)) € D, and we have:
X(T)+ (1= wY(T) = (Co—b) + (1 — p)(Cr —yS(T)),

X(T)+ QA+ NY(T) > (Co—b) + (1 +A)(Cr —yS(T)).
But then, with
X() = XM =0+ X(), V() = YPEM() =Y () +yS()
we have, from above, that X(-) + R()Y () = X(-) + RO)Y () + b+ yZ1(:)/Zo(-) is a

Po—supermartingale for every (Zy(-), Z1(+)) € Do, and that

X(T)+ (1 = )Y (T) = Co + (1 — p)Ch,

X(T)+ (1 4+ MY (T) > Co+ (14 N)C.
In other words, (L, M) belongs to A(b,y) and hedges (Cy,C1) starting with (b,y) — a
contradiction to the definition (4.1), and to the fact h(Cy, Cy;y) > b.

Proof of (4.17), (4.18): Fix t € [0,7") and let £ be an arbitrary bounded, nonnegative,

F(t)—measurable random variable. Consider the strategy of starting with (z,y) = (0,0)
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and buying & shares of stock at time s = t, otherwise doing nothing (“buy-and-hold
strategy”); more explicitly, M*(-) = 0, Lé(s) = £S(¢)1(; 1) (s) and thus

(4.20)

XE(s) := XOFM() = —€(1L4 NSOy (s),  YE(s) = YOI (5) = 65 (5)10m (s).

for 0 < s < T. Consequently, Zo(s)[X*(s)+R(s)Y*(s)] = £[Z1(s)—(1+N)S(t) Zo ()] 1,71 (s}
is a P—supermartingale for every (Zy(-), Z1(-)) € D, since, for instance with ¢t < s <T"
E[Zy(s)(X5(s) + R(s)Y*(s))|F ()] = € (E[Z1(s)|F(t)] = (1 + N)S()E[Zo(s)|F()])

= E[Z1(t) = (1 + NS () Zo(1)] = ES(1) Zo(t)[R(t) — (1 + N)] < 0= Zo(t)[X*(t) + R()Y (1))

Therefore, (L&, M¢) € A(0,0), thus (X&(T),Y4(T)) belongs to the set Ay of (4.10), and,
from (4.15):

0> ElpoX*(T) + ;1 Y*(T)] = E[£(p1S(T) = (1 + N)poS(t))]
— BE(EmSTDIF®] - (1+ NS Elpol F(1))].

JFrom the arbitrariness of & > 0, we deduce the inequality of the right-hand side in
(4.17), and a dual argument gives the inequality of the left-hand side, for given t € [0, T)).
Now all three processes in (4.17) have continuous paths (recall that martingales of the
Brownian filtration are representable as stochastic integrals, and thus have almost all

paths continuous); consequently, (4.17) is valid for all ¢t € [0, T].

Next, we notice that (4.17) with ¢ = T implies (1 — pu)po < p1 < (1 + A)po, so that
po, hence also p1, is nonnegative. Similarly, (4.17) with ¢ = 0 implies (1 — u)Epy <
E[p1S(T)] < (14+X)Epp, and therefore, since (pg, p1) is not equal to (0,0), Epy > 0, hence
also E[p1S(T)] > 0. This proves (4.18). 0

4.3 Example: Consider the Furopean call option of (2.7), whereby one has to deliver a
share of the stock if the price S(T') at time ¢ = T exceeds ¢, and one can still cover the

remaining position in the bank by the amount ¢ > 0 of the exercise price. ;From (4.8)

16



with y = 0, we have

Zo(T
(4.21) h(Co, C1) = h(Co, C1;0) = S%PE Zl(T)l{S(T)>q} B Q%l{S(T»q} )

and therefore, h(Cy, C1) < supp EZ1(T) = supp Z1(0) < (1 4+ A)p. The number p(1 + )
corresponds to the cost of the “buy-and-hold strategy”, of acquiring one share of the stock
at t = 0 (at a price p(1+ \), due to the transaction cost), and holding on to it until ¢ = 7.

Davis & Clark (1993) conjectured that this hedging strategy is actually the cheapest:
(422) h(CO, 01) = (1 + )\)p

The conjecture (4.22) was proved by Soner, Shreve & Cvitanié¢ (1995), as well as by Levental
& Skorohod (1995). It is an open question to derive (4.22) directly from the representation
(4.21); in other words, to find a sequence {(Zén)(~), Zin)('))}neN with

Po ™ [S(T) > ¢ = 0, EZIM(T)isaysg) — 1, Z0(0) — 1+ A,

as n T oo. We have not yet been able to accomplish this.

5. UTILITY FUNCTIONS.

In the next section we shall use the basic result, Theorem 4.2, to discuss some expected-
utility-maximization problems in the context of the model of section 2. For this, we shall

need the concept of utility function.

A function U : (0,00) — R will be called utility function if it is strictly increasing,

strictly concave, contnuously differentiable, and satisfies

(5.1) U'(0+) :=1imU'(z) =00, U'(c0) := lim U'(z) =

x]0 T—00

We shall understand U(x) = —oo for x < 0.
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The continuous, strictly decreasing function U’(-) has an inverse I(-) with these same
properties, which maps (0, 00) onto itself, and satisfies I(0+) = oo, I(c0) = 0. We shall

also find useful the convex dual

(5.2) U(¢) := max[U(x) — (] = U(I(¢)) = ¢I(¢), 0<(<o0

x>0

of U(+), which satisfies

(5.3) 0'(¢) = —1(¢), 0<(<oo

Remark: For some purposes, we shall need to impose the extra condition
(5.4) 2U'(z) <a+ (1-b)U(x), VO <z < 0

(for suitable a > 0,0 < b < 1) on our utility functions. This condition is clearly satisfied
by U(z) = logz and by U(z) = 32°, for 0 < § < 1; it is also satisfied if U(co) = oo and
U(-) is bounded from below (cf. Cuoco (1994)).

6. MAXIMIZING EXPECTED UTILITY FROM TERMINAL WEALTH.

Consider now a small investor, who can make decisions in the context of the market model
of (2.1), (2.2) as described in section 2, and who derives utility U (X (T'+)) from his terminal
wealth

(6.1) X(T+):=X(T)+ f(Y(T)), where f(u):= { (I1+Au; u<0 } .

(1—p)u; u>0

In other words, this agent liquidates at the end of the day his position in the stock, incurs
the appropriate transaction cost, and collects all the money in the bank-account. For a
given initial holding y > 0 in the stock, his optimization problem is to find an admissible
pair (ﬁ, M ) € At (x,y) that mazimizes expected utility from terminal wealth, i.e., attains

the supremum

(6.2) V(zy) = sup EU(X*EM(T) + f(Y»2M(T))), 0 <z < oo,
(L, M)e At (z,y)
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where A* (z,y) is the class of processes (L, M) € A(z,y) for which X®LM(T)+ f(yvL-M(T))
> 0. We show in Appendix B that the supremum of (6.2) is attained, i.e., that there exists
an optimal pair (L, M) for this problem, and that V(z,y) < co. Our purpose in this
section is to describe the nature of this optimal pair, by using results of section 4 in the

context of the dual problem

TG = 7 (L) Ly
(6.3) V(Cy) = (Zo,lgf)EDE {U (C ) + ngl(T)} , 0< (< oo,

under the following assumption.

6.1 Assumption: There exists a pair (Zo(-), Z1(-)) € D, that attains the infimum in (6.3),

and does so for all 0 < { < co. Moreover, for all 0 < ( < oo, we have

Z(T) (Zm)

V(C;y)<oo and FE B(T) B(T)

< o0

6.2 Remark: The assumption that the infimum of (6.3) is attained is a big one; we
have not yet been able to obtain a general existence result to this effect, only very simple
examples that can be solved explicitly (cf. Examples 6.5-6.7). The assumption that the
minimization in (6.3) can be carried out for all 0 < { < oo simultaneously, is made only
for simplicity; it can be dispensed with using methods analogous to those in Cvitani¢ &
Karatzas (1992). Note, however, that this latter assumption is satisfied if y = 0 and either
U(z) =logz or U(z) = 3x° for 0 < 6 < 1. It should also be mentioned that the optimal
pair (Zo(-), Z1(-)) of Assumption 6.1 need not be unique (we thank the anonimous referee
for pointing this out); thus, in the remainder of this section, (Zo(-), Z1(-)) will denote any

pair that attains the infimum in (6.3), as in Assumption 6.1

For any such pair, we have then the following property, proved at the end of this

section.

6.3 Lemma: Under the Assumption 6.1 and the condition (5.4), we have

(6.4)
Zo(T) Zo(T) y Zo(T) Zo(T) Y5
E B(T)I(CB(T)> i) < £ Bm[(g B(T)) ~S(T) | <o VO<C<ooI
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for every (Zo(+), Z1(+)) in D.

Now, because the function ( — FE [%((g))I(C%(%))} : (0,00) — (0,00) is continuous

and strictly decreasing, there exists a unique é’ = ((z;y,U) € (0,00) that satisfies
Zo(T) [ Z0(T) 2
. E 1 = =EZ(T
And with
A 2 Zo(T) A
. = I =

it follows from (6.4) that
(6.7)

C’o él ) _
B |2 By T A (sm - 5)] -

Consequently, if in addition we have Cy € L%, then Theorem 4.2 gives h(é’o, C’l;y) = x.
Now it can be shown, by an argument analogous to that in the Appendix A (see also
the appendix in Soner, Shreve & Cvitani¢ (1995)), that the infimum in (4.1) is actually
attained; in other words, there exists a pair (L, M) € A(z,y) such that, with X(-) =
X”*LM(-), V() = Yy’f"M(-), we have

A~ A~

(6.8) X(T)+ (1 =p)Y(T)>Co, X(T)+1+NY(T)>Cyo.

6.4 Theorem: Under Assumption 6.1, and the conditions (5.4),

(6.9 EIC3) = Eg [1P(C20(T)/B(T))] < o,

the above pair (L, M) € A(x,y) is optimal for the problem of (6.2), and satisfies
(6.10) X(T+) = X(T) + f(Y(T)) = I({Zo(T) /B(T)) = Co

(6.11) L(-) is flat off the set {0 <t < T/R(t) =1+ \}
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(6.12) M(-) is flat off the set {0 <t <T/R(t) =1 — pu}

(6.13) X () ;}(%t()t)y(t) = Ej

I1((Z(T)/B(T))
B(T)

'f(t)] L 0<t<T,

where ]:2() = #(P)() Furthermore, we have V(é,y) =V(z;y) — 2 < .

A

Proof: As we just argued, (6.9) and Theorem 4.2 imply the existence of a pair (L, M) €
A(x,y), so that (6.8) is satisfied; and from (6.8), we know that both

A A

(6.14) X(T)+ R(T)Y(T) > Co, X(T)+ f(Y(T)) > Co

hold. On the other hand, (3.12) implies that the process

X()+ROY()

is a Pg — supermartingale.

(6.15)

Therefore, from (6.5), (6.14) and (6.15) we have

Y on o | Zo(T) (2 Z0(T)\| A [ C
6.6 v BL(T) = B | o] (C B(T) ) — o (T%)
' . (X (T)+ R(T)Y/(T) Yo
< Ey ( B(T) ) §$+2—9E21(T)7
whence
(6.17) X(T)+ R(T)Y(T) = Cp.

But now from (6.8), (6.14) we deduce R(T) =1— pon {Y(T) > 0}, and R(T) =1+ A on

~

{Y(T) < 0}; thus

A

(T) + R(T)Y(T)

I
S

Co

I
D

(T) +Y/(D)[(1+ Mg ry<or + (L= )1y (r)s0y] = X(T)+ f(Y(T)),
and (6.10) follows.
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It develops from (6.15), (6.16) that the process % is a Pg—supermartingale
with constant expectation, thus a Po—martingale; from this and (6.17), we obtain (6.13),

as well as the fact that this process is nonnegative, hence that the Po—local martingale

A

(6.18) X(®) J;;é()t)y(t) +/0 %_S)R(S)di(sw/o R(S);(S)_mdM(s), 0<t<T

is also nonnegative. Consequently, the process of (6.18) is a Po—supermartingale, with

Po—expectation at most = + %EZl (T') at t = T'; but this is equal to the Po—expectation

of X(T)ER(;T))?(T) by (6.16), whence the nonnegative terms

T14X=R(s) - TR(s)—(1—p) -
/O—B(s) dL(s),/O B(s) dM (s)

must have Po—expectation equal to zero. The claims (6.11), (6.12) follow.

Now for the optimality of the pair (L, M): we have from (6.10), (5.2) and (6.5)

EU(X(T) + f(Y(T)))) = EU(Co) = EU (I (5 ?f%)))

i [ 2 20(T) Zo(T) [ 2 2Zo(T)

(6.19) —EU< B(T))-l—CE B(T)I<<B(T)>
o (22T s Y s e erh 2
= EU ( BO(T) ) +(x+ C;EZl(T) = V() + .

Consider also the holdings processes X (-) = X% LM () Y (.) = Y¥EM(.) corresponding to

an arbitrary strategy (L, M) € A(z,y). Again from (5.2), we have

U(X(D) + (1 Y (1) < 0 (5 ;g;) HCRHX@) + (1= WY (D)
UX(T)+ (1+NY(T) <U <§ gg;) +¢ é)g)) [X(T) + (1 4+ \)Y(T)]



and thus, in conjunction with Remark 3.6, (4.6) and (3.12),

(6.20)
EU(X(T) + f(Y/(T))) < EU (5?(%) L ¢y <X(T) ; J(%T()T)Y(T)>
(o2 : . 2(n)
- (C ?g)) +Climnf £y (Xm +1]353<T)(T)Y(T)>
<00 (A 1 o Lotacry

The optimality of (L,M) € A(x,y) for the problem of (6.2), as well as the equality

V(z;y) = V(¢ y) + 2, follow now directly from (6.19) and (6.20). 0

Notice that, if r(-) is deterministic, then Jensen’s inequality gives

(6.21) b {U (C?((JT))) + %Czl(T)} >U (%EZO(TO n %Czl(O)

v

0 (%) FyC—p), Y (Zo(). Z1()) €D,

We shall use this observation to find examples, in which the optimal strategy (ﬁ, M ) of

Theorem 6.4 trades either not at all, or only at time ¢t = 0.

6.5 Example: r(-) deterministic, y = 0. In this case we see from (6.21) that

Vo = it B0 () = Ote/B)

(Zo,Z1)€D

and the infimum is achieved by taking Zo(-) = 1, i.e., by any pair (1,Z;(-)) € D that
satisfies 1 — p < R(-) = Z1(-)/P(-) < 1+ A, if such exists. In particular, one can take
Z1(0) = (1 + A)p and 01(-) = o(-), in which case (1, Z1(-)) € D if and only if

(6.22) 0< /t(b(s) ~ 1(s))ds < log i* A
0

VO<t<T.

Furthermore, from (6.10) and (6.5),(6.6) we have

X(T) + f(Y(T)) = I(¢/B(T)) = Co = aB(T).
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All the conditions (6.4), (6.9) and the Assumption 6.1 are satisfied rather trivially; and the
no-trading-strateqy L = 0, M = 0 is optimal, from Theorem 6.4 (and gives X(T) =zB(T),
Y (T) = 0). The condition (6.22) is satisfied, for instance, if

1 1+ A
(6.23) r(-) <b(-) <r(-)+p, for some 0 < p < T log . e
—p

If b(-) = r(-) the result is not surprising — even without transaction costs, it is then

optimal not to trade. However, for b(-) > r(-) the optimal portfolio always invests a
positive amount in the stock, if there are no transaction costs; the same is true even in
the presence of transaction costs, if one is maximizing expected discounted utility from
consumption over an infinite time-horizon, and if the market coefficients are constant — see

Shreve & Soner (1994), Theorem 11.6.

The situation here, on the finite time-horizon [0, 7], is quite different: if the excess
rate of return b(-) — r(-) is positive but small relative to the transaction costs, and/or if

the time-horizon is small, in the sense of (6.23), then it is optimal not to trade.

Remark: In the infinite time-horizon case with constant market coefficients, as in Shreve
& Soner (1994), the ratio X /Y of optimal holdings is a reflected diffusion process in a
fixed interval; more precisely, one trades only when this ratio hits the endpoints of the
interval, and in such a way as to keep the ratio inside the interval. In our case, under the

assumptions of Example 6.5, and with U(z) = log x, one obtains from (6.13) that
(X (1) + ROY (1)/B(t) = ((Zo(t)) ™', 0<t<T.

Comparing the stochastic integral representation of (CZo(-))~! with the equation (3.8),

one obtains




provided Y (£)fy(t) # 0,V t € [0,T]. While R(:) is a reflected process in a fixed interval, it

is not clear what happens to the second factor, either for fixed T or as T" — oc.

6.6 Example: b(-) = r(-) deterministic, y > 0. In this case we can take Z(-) = 1 and
Zi(t) =p(l—p exp{fO s) AW (s)—1 [ 5 02(s)ds} (ie., 01(-) = o(-)) to deduce from (6.21)

that ~ | o
V(v = it E{U( )+ V()

(Zo,Z1)ED

( ;:)‘i‘ =¢Z\(T

It is easily checked that (Zo(-), Z1(-)) € Dso; that Assumption 6.1 and (6.4), (6.9) hold;

=F

=U(¢/B(T)) +y¢(1 - p).

and that
X(T)+ f(Y(T)) = Co = I({/B(T)) = B(T)(z + y(1 — ).

In fact, the strategy

A ~

L(-)=0, M()=ylomn(),

which liquidates immediately (i.e., at ¢ = 0) the position in the stock, leads precisely to
X(t) = [z +y(1 - 1)1, (1)) B(t), Y(t) = ylyoy(t), 0 <t < T, and is optimal in A(z,y)
for the problem of (6.2).

6.7 Example: b(:) = r(-), U(x) = logz. In the case of a logarithmic utility function
U(x) = log z, the dual problem of (6.3) becomes

T
/ 02 (t)dt + %czl (T)

T
V(Cy) = —(1+logC)+E/ r(t)dt+ inf E
0 0

(Z0,Z1)€D

We have been able to solve this last minimization problem only in the case b(-) = r(-), when
we can take 0p(-) = 0, 61 (-) = o(-) and thus Zo(-) = 1, Z1(-) = p(1—p )exp{ [, o(s)dW (s)—

5 Jo 0% (s)ds} as well as L(:)=0, M() = y1o,r(-) (“sell stock holdings, if any, at time
t = 0; otherwise do nothing”). Compared to the similar results of Examples 6.5, 6.6, the

advantage here is that b(-) = r(-) is allowed to be random.
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Proof of Lemma 6.3: For simplicity of notation, we shall take again p = 1 and prove,

for any given ¢ € (0,00) and (Zy(-), Z1(+)) € D:

624) BT |\ G

<FE

< Q.

i1, (1)

;From condition (5.4) we have nI(n) < a-+ (1—-0)U(I(n)), 0 <n < oo, and by subtracting

(1 —b)nl(n) from both sides:
bnI(n) < a+(1=b)U(n).

It follows that

Zy(T) Zo(T) ,
BIT) I (C B(T) ) —yZ1(T)

<a+(1-b)EU <( é"g) ) — by¢Z1(0)

~—

bCE

<a+ (1-0) [V(Gy) =l = )] = by(1 = ) < o0,
which proves the second inequality in (6.24).
To prove the first inequality, we use a perturbation argument: for fixed but arbitrary
0<e<1land (Zy(:),Z1(")) € D, let
Z7() = (1= Zi() +22i(), 1= 0,1

A

and note that (Zés)(-),ng)(-)) € D. Because the pair (Zo(-), Z1(-)) € D attains the
infimum in (6.3), we have E(G(®)) < 0, where

(2T (.25
v (C B(T) ) -v (C B(T) )

(Zo(T) — Zo(T)) + (y(Z1(T) — Z1(T))

+ L) - 20(m)

ao .1
g

v

(6.25) B(T) (
( ) (Zo(T) = Zo(T)) + Cy(21(T) — Z,(T)

> o201 (S0 + cul2u(1) - 21(1),

where F. is a random variable with values between Zy(T') and Z(()E) (T'); in particular,

lim, o F. = Zo(T).
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Suppose first that Zy(-)/Z§(-) > K for some constant 0 < K < co. Then, by Assump-
tion 6.1,

<FE

620 L) (gzom)

B(T) "\ B(T)

< 00,

Zo(T) , (CKZ5(T)
§<T>I( B(T) )

so that the last random variable in (6.25) is integrable. Then from Fatou’s lemma, we have

b B(CT)I (%ﬁfﬂ) (Zo(T) = Zo(T)) + Cy(Z1(T) — Zo(T))
(627) . X C‘ <F£ . R B
- {hﬁ} B(1)" <B(T)) (Zo(T) = Zo(T)) + Cy(Z1(T) Zl(T))}

< liminf B(G®) <0 ;
e€l0

the inequality (6.24) follows.

Now for an arbitrary (Zy(-), Z1(-)) € D, define 7, := inf{t € [0,T]/Zo(t)/Z;(t) <
L} AT. Proceed as in the proof of Lemma 4.1, to obtain a sequence {(Zén)(-), an)(-))} €
D such that Z(()n)(~) /Z5(-) > 1/n. Therefore, the first inequality in (6.24) is valid for

(Z(gn)(T), an)(T)), vV n € N, and we can let n — oo and use Fatou’s lemma to obtain the
result for (Zo(T), Z1(T)). 0
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7. PRICING CONTINGENT CLAIMS.

We indicate here a possible way of pricing contingent claims in a market with transaction
costs. The minimal hedging price is only an upper bound for the price of a claim, and is
typically too high (see Example 4.3). Given a utility function U(-) and initial wealth z,
Davis (1994) defines the fair price of a claim in a market with frictions to be the price
which makes the agent’s utility neutral with respect to a small (infinitesimal) diversion of
funds into the claim (if such exists). See Davis (1994) and Karatzas & Kou (1994) for the
precise mathematical formulations. Assuming y = 0, it can be argued, using the methods
of those papers, that the fair price V(0) of a claim C' = (Cp, C1) in our setting should be
the expected value of the discounted claim evaluated under the optimal shadow state-price

densities of the dual problem, i.e., by

V(0)=E Z&T)% + Z1(T) S((J}) :

provided that the dual optimization problem of (6.3) has a unique solution (Zo(-), Z1(-)).
Notice that this price does not depend on the initial holdings z in stock, if the solution to
the dual problem does not depend on (, as in Assumption 6.1. However, V(0) does depend
in general on the return rate of the stock b(-). For example, if b(-) = r(-) and deterministic,
and the claim is a European call, then it follows from Example 6.6 that the fair price is the
Black-Scholes price, independently of the utility function U(-) that is being considered. If
b(-) — r(-) is nonnegative and small, the price would be close to the Black-Scholes price.
Constantinides (1993) and Constantinides & Zariphopoulou (1995) show that the price of
a European call, under not too large transaction costs, is always close to the Black-Scholes
price. However, they use a different definition of (bounds for) the fair price, based on
maximizing utility from consumption plus utility from terminal wealth, adjusted for the

value of the claim at time t = T.
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A. APPENDIX.

The purpose of this section is to prove the closedness property (4.14), for the set Ay of
(4.10), using a method similar to the one in the appendix of Shreve, Soner & Cvitanié
(1995). To this effect, let us consider a sequence {(U,, V) }nen C A converging in (L3)?

to some (U, V) € (L3)?, i.e.,
(A.1) Ej(Un —U)?* +(V,, = V)?] — 0, as n — oo,

and observe that, as a result, the expected values Ej(U2), E;(V,2) are bounded uniformly
in n. Let also {(Ly,M,)}nen C A(0,0) denote the corresponding hedging strategies, so
that with X,,(-), Y,,(-) defined by

(A.3) {Xn(T)i(l—M)Yn(T) > Un-l-(l—u)Vn}’

(A4) Qn():=X,(-)+ R()Yn(-) isa P — supermartingale, V (Zy(-), Z1()) € Deo.

The question then is, whether we can find (L, M) € A(0,0), so that (L,, M,) —
(L,M) and (X,,Y,) — (X,Y) = (XOLM yO0.LM) i a suitable sense, as n — oo, and
still have the analogues of (A.3) and (A.4):

_|_
(A.5) {X(T)+(1+)\)Y(T) > U+(1+A>V}’

(A.6) Q():=X()+R()Y() isa Po— supermartingale, ¥ (Zy(-), Z1(*)) € Do.
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Let us start by introducing some notation:

() = /0 o ()Y () AW ()
(A.7) SA(t) == B [Un + (1 + A)Vo|F(1)]
Sh(t) == Eg[Un + (1 — )V, | F (1)),

for 0 <t < T, and by noticing the inequalities (proved below):

(A8)  SMU) < Xult) + (L+ NYalt), SE() < Xu(t) + (L= Vo), 0<t<T

(A.9) A+)Ln(t) < (1= p)Ia(t) = SE(1), A+p)Ma(t) < (A4 NLL ()~ SM(t), 0t < T

L+A [SH)] + 152 ()]
(A.10) Yo (8)] < m!In(t)l + Nt , 0<t<T
(A.11) | sup NE;; [(Sp ()% + (SE()? + I2(t)] =: C < .

JFrom (A.8)-(A.11) it develops that the sequences { L, (*) }nen, {Mn(*) tnen, { Xn(*) }nenll
and {Y,,(+) }nen are bounded in ‘H, the Hilbert space of progressively measurable, real-valued
processes £(t), 0 <t <T with Ej fOT E2(t)dt < oo and < n,& >= E; fOT n(t)&(t)dt. Thus,

there exist processes L(-), M(-) and Y (-) in H, such that
(A.12) L,(-) — L(-), M,(-) = M(-), Yo(-) = Y () weakly in H, as n — o0
(possibly only along a subsequence, which is then relabelled). We can define then

(A13) X(-):=(1—p)M(-)— (1 4+ N)L(-), and notice that X, () — X (-) weakly in H.

JFrom Lemmata 4.5-4.7 in Karatzas & Shreve (1984), we can assume that L(-), M (-)

have increasing, left-continuous paths, and that

(A.14) { Ln(t) — L(t), M(t) — M(t) as n — oo }

weakly in LY(Q, F(T),Py), for ae. t € [0,T).
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It follows from (A.14) that, for every h € (0,T), we have

1 T 1 [T
lim Fj(L(T)1a) > 4 lim B (Ln(s)La)ds = / Ef(L(s)14)ds > ES‘(L(T—h)lA),I

and letting h | O:

(A.15) lim Ej(L,(T)14) > ES(L(T)14), ¥V A€ F(T).
Similarly,
(A.16) lim Ej(M,(T)14) > ES(M(T)14), ¥ A€ F(T).

Recall now the definition (A.7) of I,,(-) and define the process
t
(A.17) I(t) = / o(s)Y (s)dWy(s), 0 <t <T.
0
We can show (see below) that
(A.18) I,(t) — I(t) as n — oo weakly in L3, V¢ € [0,T].

It develops then, by taking weak limits in (A.2), that the processes X(-),Y () of (A.13),
(A.12) satisfy

(This is verified first for fixed ¢ € [0, 7], and then for all 0 < ¢ < T simultaneously by the

left-continuity of the processes involved.) In other words,
X()=X"2M() and V() =YORM().

To finish the argument it remains to verify the properties (A.5) and (A.6) of hedging and

admissibility, respectively.
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PROOF OF (A.5): Hedging. In view of (A.2), we may write (A.3) as
(1= In(T) = A+ @) Ln(T) = Up + (1 = ) Vs,
L+ (T) = A+ p)Mp(T) 2 Up + (1 + A) Vs

We want to deduce from this (A.5), or equivalently

(4.19) (1 =mI(T) = A+ p)L(T)2U+ (1 -V

(A.20) 1+MI(T)— AN+ p)M(T)>U+ (1+ M)V

Recall from (A.16), (A.18), (A.1) that
A+ W) B M(T)1a] < (A-+ o) Tim B [M, (T)14]
< nh_)rrolo Ef {4+ XNI(T) = V) — Up }14]
=E; {1+ NUI(T)-V)—-U}l1a], VAeF(T)
and (A.20) follows; a similar argument gives (A.19).
PROOF OF (A.6): Admissibility. Fix an arbitrary (Zy(-), Z1(:)) in Ds; from (A.3)
and Remark 3.6 we have Q, (1) := X,,(T) + R(T)Y,(T) > U, + R(T)V,,, and (A.4) gives

then

(A21)  Qu(t) > BolQu(T)|F(t)] > EolUs + ROVl F(1)] > ~€u(t), 0< t <T.
Here

(A.22) &,(t) = Eol|Ua| + (1+ N[Va| IF )], &) := Bo[[U|+ 1+ NV] [F(D)], 0<t < T
are Po—martingales, with continuous paths and

(A.23) OgtiuTI’)ngN Eol€2(t) + £2(b)] < oo, EO[Orgntang [€n(t) — £()1)° — 0.

Indeed,
Eo&a(t) < Bo&(T) < 2KEGIUZ + (14 A)?V,2] < KCy < o0,
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where C) is a constant depending only on A and sup,, E;[U2 + V2], and K is an upper
bound on Zy(T")/Z§(T). This proves the first claim in (A.23); similar arguments, together

with Doob’s inequality and (A.1), yield the second claim.

Consider now a set D C [0, 7] with meas([0,T]\D) = 0, for which we have

(A.24)
{Xn(t) — X (1), Y,(t) — Y(t) and thus Q,(t) — Q(t) = X(t) + R(t)Y (t), Vt € D, }
weakly in LY(Q, F(T),P}) and thus also in L (Q, F(T), Po).

by virtue of (A.14) and (A.18). Clearly, from (A.21), (A.23) and (A.24),
(A.25) Q()+&(-) >0, on D.
The supermartingale property (A.4) written as

EonQn(s)] = EpnQn(t)], V0<s<t<T, neN

for every bounded, F(s)—measurable random variable n > 0, leads via (A.24) to Eo[nQ(s)] >}

Eo[nQ(t)], or equivalently
(A.26) Q(s) > Eo[Q(t)|F(s)], Vs < tin D.

On the other hand, for ¢t € D and arbitrary s € [0,t), let {si} be a sequence in D that
increases (strictly) to s, write (A.26) as Q(sx) > Eo[Q(t)|F(sk)], Vk € N, and let k — oo.
The left-continuity of Q(-), along with Lévy’s martingale convergence theorem (e.g. Chung

(1974)) and the continuity of F (e.g. Karatzas & Shreve (1991), §2.8), yield
(A.27) Q(s) > Eo[Q(t)|F(s—)] = Eo[Q(t)|F(s)], Vt € D,s € [0,¢).

Now consider arbitrary 0 < s < t < T, as well as a sequence {t,,} in D with s < ¢, and

tm (strictly) increasing to t. We have

Q(s) +&(s) > Eo[Q(tm) + &(tm)| F(s)], Vm e N

33



from (A.27) and the martingale property of £(-); recall (A.25) and let m — oo to conclude,

from Fatou’s lemma, the continuity of {(-) and the left-continuity of Q(-), that

Eo[Q()|F(5)] +&(s) = EolQ(t) + £(1)|F(s)] = Eo[im(Q(tm) + &(tm))|F (s)]

< Timinf Bo[Q(tn) + €(tm)|F ()] < Q(s) +£(s), V0O < s <t <T,

which establishes (A.6). The proof of the closedness property (4.14) is now complete. 0O

Proof of (A.8): ;From (A.7), (A.3), (A.4) and Remark 3.1 with z = 1 + A\, we have
RA() = 14, SA(E) < B{[Xo (1) + (14 N Ya(DIF ()] = B [Xa(T) + B (1) Yo (1) F (1)) <
X (t)+ R*(1)Yn(t) = X (t) + (1 4+ A\)Y,(t), first for fixed ¢ and then, by continuity of S)(-)
and left-continuity of X,,(-), Y, (-), for all £ € [0, T] simultaneously. Similarly for S¥(-) (but

with z = 1 — p in Remark 3.1).

Proof of (A.9), (A.10): From (A.2) and (A.8), we obtain (A.9), as well as

Yo (t) < To(t) + L(t) < i%; L) - fﬁ(t}i
— A
Volt) 2 1,(0) ~ M) = 3110+ 320

which lead to (A.10).

Proof of (A.11): For S)(-), S%(-) we have in fact the stonger property

(A.28) sup ES[(S%‘(T)Q + (55(7'))2] < 2sup E(’)‘[Ug +(1+ )\)V,f] <K <o
TES,NEN neN

from Jensen’s inequality and (A.7), (A.1), where S is the class of stopping times of F with
values in [0, T]. For fixed n € N, k € N, ¢t € [0,T], define

7B = inf{s € [0,1]/|Yn(s)| = kY A t; Y (s) := Y, (s) if s < 7P, Y (s) =0 if s > 7P
IR (s) = L,(s AT = / o(u)Y,®) (u)dW§ (u), 0 < s <t.
0
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Now from the boundedness of o(-), (A.10) and (A.28) we obtain

By (19 (s))* = / Ey(o(w)Y,M (u))?du < A+ B / By (I (u))?du, 0<s<t,
0 0

and from Gronwall’s inequality E (I,(Lk)(s))2 < C where A, B, C are positive real constants
that do not depend on (k,n,s,t). For every n € N, we have 7, (k) 1 t and I,,(lk)(t) =
I, ( T(Lk)) — I,(t) a.s. as k — oo; thus, from Fatou’s lemma, Eg(I2(t)) < C.

Proof of (A.18): Consider an arbitrary £ € L} and assume, without loss of generality,
that E5¢ = 0. Then & = fo (s)dW((s) for some (unique) n(-) € H, and Ej(§|F(t)) =
fo nt(s)dWg (s) where 1:(s) := 1(s)1p,4(s), for any given t € [0,T]. Thus

3 (€Lu(t)) = B3B3 (€1F ()1 (1)
- 5 / o()Yo(s)me(s)ds — By / o ()Y (s)ne(s)ds = ... = B3 (€I(1))

from (A.12) and the boundedness of o(-), establishing (A.18).
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B. APPENDIX.

We establish in this section the ewistence of an optimal pair (i,M) € At (z,y) for the

expected utility maximization problem of (6.2):
(B.1) V(w;y) = BUXEM(T) + f(ye (1)) < .

For simplicity of notation, we shall take again p = 1 and r(-) = 0. The key idea is to

consider the set

(B.2) Ay ={H €Lj /3IL,M) € A" (z,y) that hedges (H,0)}

of “terminal bank account holdings hedgeable by admissible strategies”, and to show that
(B.3) A, , is a convex, closed and bounded subset of L3.

These properties can be established by using the methodology of Appendix A, almost line-
by-line (with very few, and obvious, changes), so we leave the details to the care of the

diligent reader. Let us denote

(B.4) J(H):=—-FU(H), H € L3;

we will show that the value function of (6.2) can be re-written as

(B.5) —V(z;y)= inf J(H),

and that the infimum in (B.5) is attained (and thus is the supremum in (6.2)).
It is clear that the functional

(B.6) J:L; — RU {400}

defined by (B.4) is convex; let us verify that it is also proper (as indicated in (B.6)), i.e.,

that

(B.7) EU(H) < o0, ¥V H € L.
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Indeed, the function U(-) is sublinear: U(z) < a+ bz, V 0 < x < oo for some a > 0,b > 0.

Thus EU(H) < const.(1 + E|H|) < oo, since Ej(H?) < oo, because

E|H| = E [\Hrexp{— / ()W (s) + 3 / \ea<s>rzds}]
|H|exp{ /9 §) AW (s ;/0 |9;(s)|2ds}]

T * * 1 T * g *
exp{—/0 205 (s)dW, (s)—§/0 |290(s)|2d8}exp{/0 ]90(s)|2ds}]>

1.2
oS KT

< <E3(H2)Eg

l\)l»—t

< (E5(HY))

where k is an upper bound on |65(+)| of (3.6), Remark 3.1.

< 00,

Finally, the functional J of (B.4), (B.6) is lower-semicontinuous in the topology of L5;

indeed, if {H, }nen converges to H in the topology of L3, we have

(B.8) lim E|H, — H| = 0.

n—oo

Thus, from Fatou’s lemma, Ela +bH — U(H)| < liminf, .. Ela+bH, — U(H,)], and we
obtain the lower-semicontinuity property J(H) < liminf,,_, J(H,) in conjunction with

(B.8), (B.4).

To recapitulate: in (B.5), we are minimizing the convex, proper, lower-semicontinuous
functional J, over the closed, convex and bounded subset A, , of L3. From a basic result of
convex analysis (e.g. Ekeland & Temam (1976), p. 35) the functional J attains its infimum
over A,.,, at a point H of A,,. Now (H,0) is hedged by some pair (L, M) € At (z,v)

(recall (B.2)) with corresponding terminal holdings (X (T'), Y (T')), which implies
(B.9) G:=X(T)+ f(Y(T)) = H.

Indeed, if this were not the case, we would have G > H a.s., and G > H with positive
probability, because of the hedging property of Definition 2.1; moreover, since (ﬁ, M ) obvi-

ously hedges (G, 0), this would contradict the optimality of H and the strict monotonicity
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of U(+), provided that G € L — but this follows from the remarks preceding the proof of

Theorem 4.2, since G > 0 and (X(T),Y (T)) hedges (G,0).

It is now clear from (B.9) and the optimality of H that (L, M) is optimal for the

A

problem of (6.2), and that (B.5) holds; in particular, V(x,y) = —EU(H) < co.
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