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(Heisenberg) exchange and electrostatic interactions between 0 2 molecules:
An ab initio study

Paul E. S. Wormer and Ad van der Avoird

Institute o f  Theoretical Chemistry, University o f  Nijmegen, Toernooiveld, Nijmegen, The Netherlands

(R eceived  22 F e b r u a r y  1984; a c c e p te d  17 A p r i l  1984)

T h e  e le c tro s ta t ic  a n d  e x c h a n g e  in te ra c t io n s  b e tw een  tw o  g ro u n d  s ta te  ~ 0 2 m o lecu le s  h av e  

been  c a lc u la te d  ab initio by m e a n s  o f  first o rd e r  e x c h a n g e  p e r tu rb a t io n  th e o ry .  T h e  

n o n o r th o g o n a l i ty  p ro b le m  h as  been  h a n d le d  in a s e c o n d -q u a n t iz e d  h o le -p a r t ic le  fo rm a l ism  by a 

g e n e ra l iz a t io n  o f  W ic k ’s th e o re m .  T h e  sp l i t t ing  b e tw ee n  th e  sp in  sta tes , 5  =  0 ,1 ,  a n d  2, o f  th e  0 2-  

0 2 d im e r  is a c c u ra te ly  re p re se n te d  by  th e  H e ise n b e rg  H a m il to n ia n .  By m e a n s  o f  a  sp h e r ica l  

ex p an s io n  fo r  th e  o r ie n ta t io n a l  d e p e n d e n c e  a n d  e x p o n e n t ia l  fu n c t io n s  fo r  th e  d is tan ce  

d e p e n d e n c e  o f  th e  e x p a n s io n  coefficients, c o m p le te  an a ly t ic  p o te n t ia l  su rfaces  h av e  been

e v a lu a ted ,  b o th  fo r  th e  s p in - in d e p e n d e n t  t e rm  in th e  H e isen b e rg  H a m i l to n ia n  AE  a n d  for th e  

e x c h a n g e  c o u p l in g  p a r a m e te r  J. T h e  s t ro n g  a n is o t ro p y  a n d  d is ta n c e  d e p e n d e n c e  o f  / i n d i c a t e  th a t  

m a g n o n - l ib r o n  a n d  m a g n o n - p h o n o n  c o u p l in g  in  solid  0 2 a re  likely to  be s tron g .  A  s im p le  four-  

e le c tro n  m o d e l  c o n ta in in g  th e  0 2 o p e n  shells  on ly  r e p ro d u c e s  th e  s t r u c tu r e  d e p e n d e n c e  o f  J  

q u a li ta t iv e ly ,  b u t  n o t  q u an t i ta t iv e ly .

I. INTRODUCTION

T h e  (bulk) p ro p e r t ie s  o f  m o le c u la r  m a t t e r  a re  e ssen t ia l ­

ly d e te rm in e d  by th e  in te rm o le c u la r  p o ten t ia l ,  w h ich ,  fo r  

n o rm a l  c losed-shell  m olecu les ,  d e p e n d s  on  th e  d is ta n c e  

be tw een  th e  m o lecu le s  a n d  th e i r  o r ien ta t io n s .  F o r  0 2 m o le ­

cules, h ow ever ,  w h ic h  h av e  an  open-she ll  ~ g ro u n d  sta te , 

the  in te rm o le c u la r  p o te n t ia l  d e p e n d s  on  th e  o r ie n ta t io n s  o f  

the  m o le c u la r  ( 5 = 1 )  sp ins  also. T h a t  is, fo r  0 2- 0 2, th re e  

d is t inc t  p o te n t ia l  su rfaces  exist, c o r re s p o n d in g  w ith  th e  s in g ­

let (S = 0), t r ip le t  («S =  1), a n d  q u in te t  (5 =  2) s ta tes  o f  the  

d im ers  a r is ing  f ro m  th e  c o u p l in g  o f  th e  m o n o m e r  g ro u n d  

states. T h e  sp l i t t ing  b e tw een  th o se  su rfaces  is ca u se d  by  0 2-  

0 2 e x c h a n g e  in te ra c t io n s  a n d  th e re  is a f u r th e r  sp l i t t in g  o f  

the  n o n s in g le t  su r faces  d u e  to  sm a lle r  m a g n e t ic  c o u p l in g  

t e r m s .1-3

T h is  e x t ra  (spin) deg ree  o f  f re e d o m  leads  to  m a n y  in te r ­

es ting  b u lk  p ro p e r t ie s .  Solid  oxygen  u n d e r  its o w n  v a p o r  

p re ssu re  can  exist in  th re e  p h ases  w h ic h  differ n o t  o n ly  in 

s t ru c tu re ,  b u t  a lso  in th e i r  m a g n e t ic  o r d e r in g .1-25 T h e  m o n o ­

c lin ic  a  phase ,  s tab le  b e tw een  0 a n d  23.8 K ,  is th e  o n ly  h o ­

m o g e n e o u s  a n t i f e r ro m a g n e t  k n o w n  to  da te .  O r ie n ta t io n a l ly  

it is o rd e re d  also; th e  0 2 m o lecu le s  a re  a r r a n g e d  in layers  

w ith  th e i r  axes p a ra l le l  to  e a c h  o th e r  a n d  p e rp e n d ic u la r  to  

the  lay e r  (ab ) p lanes  (see Fig. 2 o f  Ref. 1). T h e  r h o m b o h e d r a l  

13 phase ,  s tab le  b e tw een  23.8 a n d  43.8  K ,  is s t ru c tu ra l ly  s im i ­

la r  to  th e  a  phase ; th e  m o lecu les  a re  ju s t  s l igh tly  d isp laced  in 

the  lay e r  p lanes  so th a t  th e y  m a k e  a h e x a g o n a l  a r r a n g e m e n t .  

M a g n e t ic a l ly  it is q u i te  d ifferent,  h ow ever .  I t  h a s  been  e s ta b ­

l ished  r e c e n t ly21-23 t h a t  th e  /3 p h a se  h as  s h o r t  ra n g e  a n t i f e r ­

r o m a g n e t ic  o r d e r  w i th  th e  th re e -su b la t t ic e  120° sp in  a r ­

r a n g e m e n t  p ro p o se d  e a r l ie r .13-15 T h e  cub ic  y  phase ,  s tab le  

f ro m  43.8 K  to  th e  m e lt in g  p o in t  a t  54.4 K  is o r ie n ta t io n a l ly  

d iso rd e re d  a n d  p a ra m a g n e t ic ,  j u s t  as l iqu id  oxygen .

T h e  d o m in a n t  m a g n e t ic  c o u p l in g  t e r m  in th ese  c o n ­

d e n se d  p h a ses  o f  o x y g en  is th e  e x c h a n g e  in te ra c t io n  b e tw een  

th e  0 2 m o lecu les ,  w h ic h  is c o m m o n ly  re p re s e n te d  in th e  

fo rm  o f  a H e ise n b e rg  H a m i l to n ia n :

Ht x=  - 2  £  / abSa -Sb. (1)
A <  B

I t  is th is  c o u p l in g  w h ic h  is b e l ieved ,8,18,22,25 fo r  in s tance ,  to  

d r iv e  th e  so-ca lled  m a g n e to e la s t ic  /.3-a  p h ase  t ra n s i t io n .  F o r  

so m e  tim e, n o t  m u c h  m o re  w as k n o w n  a b o u t  th is  in te ra c t io n  

th a n  th a t  th e  c o u p l in g  w as  a n t i f e r ro m a g n e t ic  ( / AB < 0 ) .  In  

th e  u su a l  m o d e ls  fo r  th e  m a g n e t ic  s t r u c tu r e  a n d  ex c i ta t io n s  

(m agnons)  in so lids th e  co u p l in g  p a r a m e te r  J  AB is t a k e n  as a 

c o n s ta n t  fo r  n e a re s t  n e ig h b o rs  an d ,  so m e tim es ,  n ex t  n e a re s t  

n e ig h b o rs  in th e  la ttice . In  D e F o t i s ’ 1981 re v ie w ,1 one  can  

find va lues  o f  J  o b ta in e d  f ro m  e x p e r im e n ts  a n d  sem iem p ir i-  

cal c a lc u la t io n s  w h ic h  ra n g e  f ro m  — 3.0 to  — 19.8 K  fo r  th e  

n e a re s t  n e ig h b o rs  in a-0 2. M o re  rec en t  e x p e r im e n ts  seem  to  

co n v e rg e  to w a rd s  h ig h e r  va lues  fo r  th is  p a ra m e te r ,  b u t  th e re  

a re  still su b s ta n t ia l  d ifferences be tw een ,  fo r  in s tance ,  th e  v a l ­

ues o f  S te p h e n s  ei a /.21 a n d  S ly u s a re v e i  a / .,16,17 — 25 K ,  a n d  

th a t  o f  M e ie r  et al.,19,24 — 38 K . I t  is n o te w o r th y  th a t  th e  

d ifferences seem  to  be re la ted  to  th e  ty p e  o f  m e a s u re m e n ts  

(m ag n e tic  suscep tib il i t ies ,  h e a t  capac it ies ,  m a g n o n  f r e q u e n ­

cies) f ro m  w h ic h  th e  J  va lues  h a v e  been  derived .  T h e  rec en t  

e x p e r im e n ta l  d a ta  on  th e  d is ta n c e  d e p e n d e n c e  o f  J  a n d  on  

th e  re la t ive  m a g n i tu d e s  o f  J  fo r  n e a re s t  a n d  n e x t  n e a re s t  

n e ig h b o rs  in a -0 216,17,19,21 a re  in re a so n a b le  a g re e m e n t .

In  p r inc ip le ,  h o w ev er ,  th e  c o u p l in g  p a r a m e te r  J AB in 

Eq. (1) d e p e n d s  n o t  on ly  on  th e  d is ta n c e  b e tw e e n  th e  0 2 

m o lecu le s  A  a n d  B, b u t  a lso  o n  th e i r  o r ie n ta t io n s ,  j u s t  as th e  

o th e r  (sp in - independen t)  t e rm s  in th e  in te rm o le c u la r  p o te n ­

tial. In  a  re c e n t  le t te r  by  v an  H e m e r t  a n d  th e  p re s e n t  a u t h ­

o r s ,26 it is d e m o n s t r a te d  t h a t  th e  d is ta n c e  a n d  o r ie n ta t io n a l  

d e p e n d e n c e  o f  J  AB c a n  be o b ta in e d  f ro m  ab initio c a lc u la ­

t ions. T h is  p re l im in a ry  s tu d y  h a s  s h o w n  th a t  in d e ed  J  d e ­

p e n d s  s t ro n g ly  on  th e  d is ta n c e  a n d  th e  o r ie n ta t io n s  o f  th e  

m o n o m e rs .  In  o r d e r  to  o b ta in  th e  e f f e c t iv e /v a lu e  p ro b e d  by  

th e  m e a su re m e n ts ,  one  h as  to  average  ( therm ally )  o v e r  th e  

la t t ice  v ib ra t io n s  a n d  th is  m ig h t  well ex p la in  so m e  o f  th e  

e x p e r im e n ta l  d ifferences. M o re o v e r ,  th e  g e o m e try  d e p e n ­

d en ce  o f  J  in d ica te s  t h a t  s t ro n g  c o u p l in g  c a n  o c c u r  b e tw e e n
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th e  m a g n o n s  a n d  th e  la t t ice  v ib ra t io n s  ( t ran s la t iona l  a n d  li- 

b ra t io n a l  phonons) .  T h e  possib ili ty  o f  th is  co u p l in g  has  been 

m e n t io n e d  b e fo re ,10,18,22,24 in o rd e r  to  exp la in  som e  e x p e r i ­

m e n ta l ly  observed  effects a n d  d isc repancies ,  b u t  it co u ld  no t  

be in t ro d u c e d  q u a n t i ta t iv e ly  in to  th e  m ode ls  because  the  

s t ru c tu re  d e p e n d e n c e  o f  J  w as no t  know n .

Besides th e  ex tensive  w o rk  on  solid  oxygen , th e re  a re  

e x p e r im e n ta l  d a ta  ava ilab le  on  (0 2)2 d im e rs  in m o le c u la r  

b e a m s ,27,28 in th e  gas p h a s e ,29,30 a n d  d i lu te d  in solid  ra re -  

gas31 o r  n i t ro g e n 3,32 m a tr ices .  F o r  th e  in te rp re ta t io n  o f  these  

d a ta ,  too, it is very  useful to  have  k n o w led g e  o f  th e  0 2- 0 2 

p o ten t ia l  and ,  in p a r t ic u la r ,  o f  th e  H e isen b e rg  ex ch an g e  

te rm  (1). F r o m  sc a t te r in g  d a ta  on ly  th e  iso trop ic ,  sp in - in d e ­

p e n d e n t  p a r t  o f  th is  p o te n t ia l  has  been d e r iv e d .33 In  th e  field 

o f  ab initio c a lcu la t ions ,  one  has  on ly  looked  un ti l  now  at th e  

“ ch em ica l  b o n d in g "  reg ion  o f  0 4,34 u s ing  sm all  basis  sets.

In  th e  p re sen t  paper ,  we have  u n d e r ta k e n  th e  ta sk  o f  

c o m p u t in g  th e  full d is tan ce  a n d  o r ie n ta t io n a l  d e p e n d e n c e  o f  

th e  co u p l in g  p a ra m e te r  / AB, as well as th e  o th e r  ex ch an g e  

a n d  e lec tro s ta t ic  c o n t r ib u t io n s  to  the  0 2- 0 2 po ten tia l ,  by 

m e a n s  o f  ex tensive  ab initio c a lcu la t io n s  us ing  sizable  bases. 

A s  c a lc u la t io n s  o f  such  in te ra c t io n s  be tw een  open-she ll  m o l ­

ecules have  no t  been d o n e  before, we have  deve loped  a new  

fo rm alism , w h ic h  m a y  have  o th e r  a p p l ic a t io n s  as well. T h e  

final resu lts  have  been  given in ana ly t ic  fo rm , so th a t  they  

can  be used  in la t t ice  d y n a m ic s  o r  sca t te r in g  ca lcu la t ions ,  for 

ins tance .

II. THEORY

T h e  exch an g e  in te rac t io n s  be tw een  tw o  open-she ll  

a to m s  o r  m olecu les  can  be rep re se n te d  in an exact m a n n e r  in 

th e  fo rm  o f  an effective o p e ra to r  in spin space:

H ex !& (SA -SB ) \ (2)

w here  S A a n d  S B are  th e  m o n o m e r  spin  o p e ra to rs .  T h is  

express ion  has  been fo rm ally  d e r iv e d35,36 via th e  D i r a c  id e n ­

t i ty  for  th e  e lec tron  p e rm u ta t io n  o p e ra to rs .  I f  m u lt ip le  ex ­

c h a n g e  in te ra c t io n s  be tw een  the  a to m s  o r  m o lecu les  a re  n e g ­

ligible, th e n  one  can  t ru n c a te  the  ex p ans io n  (2) a f te r  the  

b i l inea r  te rm  a n d  o b ta in  the  w e l l-kn o w n  H e isen b e rg  H a m il -

to n ia n  (1) ( 7 % 27Ab )•

W e w ish  to  e m p h as iz e  th a t ,  in o rd e r  to  ca lcu la te  J AB, 

th e  o v er lap  be tw een  th e  o rb i ta ls  on  th e  m o n o m e rs  A  a n d  B 

sh o u ld  n o t  be neglected . A lre a d y  in th e  s im ple  H e i t l e r - L o n -  

d o n  m ode l  for  the  ex ch an g e  be tw een  tw o  H  a to m s ,  one  finds 

th a t  on ly  th e  tw o -e lec tro n  ex ch an g e  in teg ra l  survives, if the  

o v e r lap  is zero . T h is  in teg ra l  be ing  positive, th e  ex ch an g e  

c o u p l in g  c o n s ta n t  J  AB b ecom es  necessari ly  positive  as 

w e l l.37 I f  one  still w ishes to  a c c o u n t  fo r  a n t i fe r ro m a g n e t ic  

coup ling ,  as fo u n d  b e tw een  th e  H  a to m s  a n d  also b e tw een  0 2 

m olecu les ,  one  has  to  invoke  artificial c h a rg e  t ra n s fe r  c o n t r i ­

b u t io n s .1,2 T h is  c an  be u n d e r s to o d  by rea l iz ing  th a t  th e  n e g ­

lect o f  o v e r lap  im plies  th a t  th e  m o n o m e r  o rb i ta ls  a re  effec ­

t ively o r th o g o n a l iz e d .  O r th o g o n a l iz a t io n  o f  the  o rb ita ls  

leads to  th e  im p lic i t  inc lu s ion  o f  c h a rg e  t ra n s fe r  co n f ig u ra ­

t ions  in to  th e  n e u t ra l  d im e r  s ta te . E x p lic i t  a d m ix tu re  o f  such  

co n f ig u ra t io n s  is re q u ire d  then ,  in o r d e r  to  rem o v e  these

g

fe r ro m a g n e t ic  c o u p l in g  can  arise  n a tu ra l ly ,  if  th e  n u c le a r  

a t t r a c t io n  te rm s  d o m in a te  over  th e  tw o -e le c tro n  exchange , 

as in H 2. W e  shall see in th e  resu lts  o f  Secs. I l l  a n d  IV  th a t  in 

0 2- 0 2 b o th  ferro-  a n d  a n t i f e r ro m a g n e t ic  c o u p l in g  can  o c ­

cu r ,  d e p e n d in g  on th e  o r ie n ta t io n s  o f  th e  0 2 axes w h ic h  d e ­

t e rm in e  the  o ve r lap  b e tw een  th e  open-she ll  a n t ib o n d in g  77- 

orbita ls .

W e  have  ch o sen  to  ca lcu la te  th e  r a th e r  w eak  exchange  

in te ra c t io n s  b e tw een  0 2 m o lecu les  in th e  van  d e r  W a a ls  re ­

g ion  by p e r tu rb a t io n  th eo ry .  A n  a l te rn a t iv e  w o u ld  be a su ­

p e rm o le c u le  0 4 t r e a tm e n t ,  b u t  th e n  th e  in c o r re c t  a sy m p to t ic  

b e h a v io r  o f  th e  H a r t r e e - F o c k  w ave  fu n c t io n s  necessita tes  

th e  inc lus ion  o f  c o rre la t io n ,  fo r  in s ta n c e  via th e  C l  (configu ­

r a t io n  in te rac t ion )  m e th o d .  In  su ch  a su p e rm o le c u le  t r e a t ­

m e n t  one  gets so-called  basis set su p e rp o s i t io n  e r r o r s ,38 b o th  

a t  th e  H a r t r e e - F o c k  a n d  th e  C l  level. E spec ia l ly  th e  la t te r  

a re  p rac t ica l ly  im poss ib le  to  c o r re c t  for, a n d  th a t  w h ile  they  

can  be even la rg e r  th a n  th e  phys ica l  in te ra c t io n s  w e a re  in te r ­

es ted  in.

In  the  usua l R a y le ig h - S c h r ô d in g e r  p e r tu rb a t io n  th e o ry  

one  w o u ld  em p lo y  p ro d u c ts  o f  th e  free m o n o m e r  w ave  fu n c ­

t ions. In  o rd e r  to  in c lu d e  explic itly  th e  e x ch a n g e  in te ra c t io n s  

be tw een  th e  m olecu les ,  w h ic h  fo r  c losed-she ll  sy s tem s  lead 

to  th e  repu ls ive  p a r t  o f  the  van  d e r  W aa ls  p o ten tia l ,  it is 

necessa ry  to  fully a n t i s y m m e tr iz e  these  p ro d u c ts .  In  th e  case 

o f 0 2- 0 2 we a re  especia lly  in te re s ted  in these  e x c h a n g e  in te r ­

a c t ions ,  as th ey  cause  b o th  th e  e x ch an g e  rep u ls io n  a n d  the  

sp l i t t ing  b e tw een  the  d im e r  sp in  s ta tes  5  =  0, 1, a n d  2, th a t  

can  be o b ta in e d  f ro m  c o u p l in g  th e  tw o  m o n o m e r  

S  A = S B =  1 sta tes . T h is  sp in  c o u p l in g  h as  to  be d o n e  exp li ­

c itly  in th e  z e ro th  o rd e r  w ave  func t io ns ,  in a d d i t io n  to  the  

a n t i s y m m e tr iz a t io n .  W e  d e n o te  th e  sp in -p ro je c ted  (by Ps ) 

a n t i s y m m e tr iz e d  (by A ) p ro d u c ts  by PSA !^A (PB. I f  such  

w ave  fu n c t io n s  a re  used  in so m e  fo rm  o f  e x ch a n g e  p e r tu r b a ­

t ion  th e o r y ,39 th e  first o rd e r  energy  y ields th e  e lec tro s ta t ic  

a n d  ex ch a n g e  in te ra c t io n s  b e tw een  th e  u n p e r tu r b e d  m o n ­

o m e r  c h a rg e  d is t r ib u t io n s  a n d  th e  seco nd  o r d e r  energy  

yields th e  in d u c t io n  a n d  d ispe rs ion  a t t ra c t io n s ,  p lus  som e 

e x ch a n g e  c o n t r ib u t io n s  as well. T h e  seco n d  (and h igher)  o r ­

d e r  e x c h a n g e  te rm s  a re  u sua lly  very  m u c h  sm a lle r  th a n  the  

first o rd e r  e x c h a n g e  e n e rg y ,39 a n d  s ince  it is th e  0 2- 0 2 ex ­

c h a n g e  in te ra c t io n  th a t  we w ish  to  c a lc u la te  p r im ar i ly ,  we 

confine ourse lves , in th is  p ap er ,  to  th e  first o r d e r  energy , 

defined as

AE (i) <PSA (0)\H \PsA V (0) V (0)> 

(PsA W ^ ÿ \ P sA ^ ^ ÿ )

- < ^ (0>|ÄA | ^ (0)> - ( ^ < B0>|ÄB | ^ (0>>. (3)

T h e  (norm alized)  m o n o m e r  f  g ro u n d  s ta te  w ave  fu n c ­

t ions  ip(A a n d  xp(B] a re  ta k e n  as re s t r ic te d  H a r t r e e - F o c k  

L C A O - M O  fu n c t io n s .40 I t  m u s t  be u n d e rs to o d ,  o f  course ,  

t h a t  for  a  c a lc u la t io n  o f  th e  c o m p le te  0 2- 0 2 in te ra c t io n  p o ­

ten tia l ,  a t  least the  seco nd  o rd e r  (a ttractive) d isp e rs io n  in te r ­

a c t io ns  have  to  be a d d e d  (com pare ,  fo r  in s tance ,  th e  ab initio 

N 2- N 2 p o te n t ia l41).

F o r  c losed-shell  m olecu les ,  such  as N 2, th e  ev a lu a t io n  

o f  th e  first o rd e r  energy  (3) is re la tive ly  s im ple , b ecau se  the

c o m p o n e n ts .  I f  th e  o v e r lap  is n o t  neg lec ted , h ow ever ,  an ti-  m o n o m e r  M O ’s <p* a n d  q. o c c u r r i n g  in ^ (A a n d  c a n  be
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o r th o g o n a l ize d ,  w i th o u t  affecting the  d im e r  w ave  fun c t io n  

PSA V  A V  b 11 (w hich  is a single  c losed-shell  S la te r  d e te rm i ­

n an t  in th is  case, w ith  S  = 0). N ex t ,  one  can  s im p ly  ap p ly  the  

s ta n d a rd  S la te r  ru les  for  m a tr ix  e lem en ts  over  d e te rm in a n ts  

w ith  o r th o g o n a l  o rb ita ls .  In  the  case  o f  0 2- 0 2, how ever,  the  

wave fu n c t io n s  PSA excep t for  th e  q u in te t  S  = 2

state, a re  n o t  in v a r ia n t  u n d e r  g enera l  t r a n s fo rm a t io n s  o f  th e  

occup ied  orb ita ls .  L e t  us d iv ide  th e  0 2 m o n o m e r  o rb i ta ls  

in to  tw o  sets: th e  c losed-shell  M O ’s <p£ a n d  Gp* w i t h /ll,v =  1 -  

7, ru n n in g  ove r  th e  o ccup ied  a  o rb i ta ls  a n d  th e  b o n d in g  n u 

orbita ls ,  a n d  the  open-she ll  M O ’s cpf a n d  cpf w ith  i j  =  1 -2  

ru n n in g  ove r  th e  d e g en e ra te  a n t ib o n d in g  1rg o rb ita ls .  T h e  

e lec tron  pa irs  o c cu p y in g  th e  la t te r  o rb i ta ls  in each  m o n o m e r  

are  c o u p le d  to  a 32  ~ s ta te . N o w , it is a l low ed  to  o r th o g o n a -

have  to  be o r th o g o n a l .  W e  define th e  d u a l  o r  b io r th o g o n a l

basisi o 4 7 . 4 8 .

I r)
(5a)

ba

w ith  th e  o ve r lap  m a tr ic e s

a  (3
(S - 'L (S*-

(5b)

ab
(S - 'U

v l |o> =  va'\o) = \r>,a t

Vl |0) =  \lpa)’ ^ | 0 )  =  \P).at

lize th e  c losed-shell  o rb i ta ls  <p* a n d  q?v a m o n g  each  o th e r  physica l  v a c u u m  s ta te  |0): 

an d  to  S c h m id t  o r th o g o n a l iz e  th e  o pen  shells  cpf a n d  (pf o n to  

the  c losed  shells, w i th o u t  a l te r in g  th e  to ta l  d im e r  w ave  fu n c ­

t ions PSA *P A W g 1. T h e  o pen  shells  a n d  cpf h ave  to  re m a in  

n o n o r th o g o n a l ,  how ever .  A s  we have  a rg u e d  a t  th e  s ta r t  o f  

this section , th e  explic it  c o n s id e ra t io n  o f  th e i r  o v e r lap  is es ­

sen tia l  fo r  o b ta in in g  th e  c o r re c t  ex ch an g e  c o u p l in g  c o n s ta n t

J  a b  •

T h u s ,  w e a re  left w ith  th e  w e l l -k n o w n  n o n o r th o g o n a ­

lity p r o b le m 42 in c a lc u la t in g  th e  e x p ec ta t io n  va lue  ove r  the  

m a n y -e le c t ro n  w ave  f u n c t i o nPSA {P [̂ [P ^ ]. T h e re  a re  several 

w ays to  h a n d le  th is  p ro b le m , as d esc r ib ed  by L o w d in ,42 

P rosse r ,  a n d  H a g s t r o m 43 a n d  by o u rse lv es ,44 b u t  h e re  we 

o u t l ine  a new  m e th o d ,  b ased  o n  a s e c o n d -q u a n t iz e d  hole-

9

N e x t  we define th e  c re a t io n  o p e ra to r s  by th e i r  a c t io n  on  th e

(6)

T h e  H e rm i t i a n  co n ju g a te s  o f  these  o p e ra to r s  ac t in g  on  |0 )  

y ie ld  th e  ze ro  vec to r ,  as usual.  W e  im p o se  th e  fo llow ing  a n t i ­

c o m m u ta t io n  re la t ions :

[v°>vl] 4- [Va’V0 '] 8a  P ’

(7)

[v°,vl] [Va,V” ] + 5ab

rja/r/l  a n d  rja/r]af, a re  a n n ih i l a t io n /c r e a t io n  pairs . T h e  

F e rm i  v a c u u m  is given by

*o> T\vl )l°> =  ( d e t s j m T ?

w ith

( 0 O\&O) = d e t  S h • (8)

w ith  all o th e r  c o m m u ta to r s  c o n ta in in g  one  u p p e r  a n d  one  

lo w e r  index  van ish ing . T h ese  re la t io n s  sh o w  th a t  rja an n ih i-  

p a r t ic le  fo rm a l ism  a n d  the  g e n e ra l iza t io n  o f  W ic k ’s th e o re m  ia tes  a  p a r t ic le  c re a ted  by ijfa . S im ila r ly  rja /i]a i , a n d  also 

to n o n o r th o g o n a l  bases. T h is  m e th o d  a llow s us to  tak e  m a x i ­

m u m  a d v a n ta g e  o f  th e  o r th o g o n a l i ty  b e tw een  th e  open -she ll  

o r  p a r t ic le  space  = 1- 2 ) a n d  th e  c losed-shell  o r

ho le  space  ( =  1 -7 ) .  T h e  c o r re s p o n d in g  sp in  o rb i ­

tals, s p a n n in g  th e  h o le  a n d  p a r t ic le  spaces, respective ly , will 

be d e n o te d  by ( \pa ; a  =  1 -28  j a n d  (x/ja ; a =  1-8 j . T h is  id e n ­

t if ication  o f  ho les  a n d  p a r t ic le s  is eq u iv a len t  to  defin ing  th e  

o c cu p ie d  c losed-she ll  w ave  fu n c t io n — a single 28 -e lec tron  

S la te r  d e te r m in a n t— as th e  F e rm i  v a c u u m  state . T h e  hole- 

p a r t ic le  m e th o d  red u c es  th e  p ro b le m  o f  32 e lec tro n s  effec ­

t ively to  a fo u r -e le c tro n  p ro b lem ; th e  28 e lec tro n s  in th e  F e r ­

m i sea e n te r  th e  H a m i l to n ia n  in th e  fo rm  o f  an  effective 

po ten t ia l ,  exac t ly  as in th e  case  o f  o r th o g o n a l  o rb i ta l s .45,46

In  th e  th e o ry  o u t l in e d  be low  we base  ourse lves  on  a 

review  by P a ld u s  a n d  C iz e k45 a n d  lec tu re  no tes  by P a ld u s .46 

T h ese  w o rk s  can  be c o n su l te d  for m o re  de ta ils  a n d  re fe r ­

ences to  th e  o r ig ina l  l i te ra tu re .

A s s u m e  th a t  th e  o n e -p a r t ic le  o v e r lap  m a tr ix  h as  th e  

fo llow ing  b locked  form :

N o w , we invoke  th e  n o rm a l  o rd e r in g  o p e ra to r  w ith  respec t  

to  th e  F e rm i  v a c u u m .45,46 T h is  o p e ra to r  N o rd e rs  any  p r o ­

d u c t  o f  c re a t io n  a n d  a n n ih i la t io n  o p e ra to r s  in su c h  a w ay  

th a t  all p a r t i c l e /h o le  c re a t io n  o p e ra to r s  p recede  th e  p a r t i ­

c l e /h o le  a n n ih i la t io n  o p e ra to rs ;  th e  sign o f  th e  r e o rd e re d  

p ro d u c t  is th e  p a r i ty  o f  th e  r e o rd e r in g  p e rm u ta t io n .  F u r t h e r ­

m o re ,  we define th e  c o n t ra c t io n  o f  an y  p a i r  o f  o p e ra to r s  w ith  

resp ec t  to  th e  F e rm i  v a c u u m  by

vlv0 = vlTf -  N[vlV0)■ (9)

F r o m  s im ila r  defin it ions we o b ta in  th e  fo llow ing  n o n z e ro

c o n tra c t io n s :

S
S ,  0

0 s
(4)

t  1Z? 1 a t 1 C
VaV =V Ve=S a(3 »

VaVbi = vavl =ôab,
(10)

w here ,  in o u r  case, th e  2 8 -d im en s io n a l  ho le  m a tr ix  

(Sh)a0 =  h a s  th e  fo rm  o f  a u n i t  m a t r ix  a n d  the

e ig h t-d im en s io n a l  p a r t ic le  m a t r ix  (Sp)a6 =  (i>a \4>b) con- 

ta ins  th e  o ve r lap s  b e tw een  th e  open -she ll  sp in  o rb i ta ls  w h ic h  

have  been  first o r th o g o n a l iz e d  o n to  th e  c losed-shell  space. 

T h e  o r th o g o n a l i ty  b e tw een  th e  ho le  a n d  p a r t ic le  s ta tes  is 

essentia l fo r  th e  p re sen t  fo rm alism , b u t  th e  ho le  s ta tes  d o  n o t

vlvp
ap

VaVb S! r7a7r + 7/ 7/
ab

A  g enera l  « -p a r t ic le  s ta te  (for th e  0 2- 0 2 d im e r  n =  4) is g iv ­

en  by

v l . v i - v l  l^o> (H)
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A

a nd the  d ime r  Ha m ilt o n ia n , w ith  one- e lectron te rms  / z(l) 

a nd e le c tron r e puls ion te rms  £>(1,2) =  r{~2 \  re ads47,48

1
H='£(i/ f \ h  \ tpq) y ly q + - ^ '2 (il’ptf>q\ v\ iprú>¡)v Py í,y 'V r,{l2)

p.q
r.s

whe re  the  indice s  p } q , r, s r un ove r  hole  labe ls  a  as we ll as 

par t ic le  labe ls  a. T he  c a lc ula t ion o f the  many- e le ctron m a ­

t r ix  e le me nts  follows  by a s t r a ight for war d a pplic a t ion o f 

W ic k ’s the ore m. T his  the ore m, we ll kno w n for  o r thogona l 

orbita ls , can be applie d w itho ut  modific a t ion if we use the  

cont r ac t ions  (10). Fir s t , we  re wr ite  the  Ha m ilt o n ia n  (12) in 

no r ma l p r oduc t  fo r m with  respect to the  Fe r mi va c uum:

H  = E0 + H^ + H 2

with

1

P'Q

A i
(13)

p.q
r.s

and whe re  the  closed- shell Foc k ope r a tor  is give n by

ƒ( !)  =  /) (1) +  I ( F W - P n M a ) !- (14)
a

T he n, we  wr ite  the  ma t r ix  e le me nts  ove r  the  s tates  (11), e m ­

ploy the  ge ne ralize d Wic k  the or e m aga in, a nd  note  tha t , as 

a lways ,45,46 only  the  fully  contr ac te d te rms  s urvive  in the  

F e r mi va c uum e xpe cta t ion value . T his  yie lds  the  fo llowing  

results :

< ^o lv b„- v b,v l,- v l.\ ^0) =  (de t s J ( de t A)- (15a)

t

n

(det S,, ) £  <if>b \ f\ ipa ) (cofacA)t (15b)

•J

( 0 a\ Vb„- Vb,H2y l,- v lJ<po)

n n
=  (det S J I  “  ^ l î l l ^ ^ X c o f a c A ) ^ ^ .

/' <j k < I

(15c)

T he  ove r lap ma t r ix  A is an n X n s ubma t r ix  o f the  ma t r ix  S :

J

<*ol V  V  v  V  <+ vl r  Ki

a nd

0 O) =  (det A,)(de t A2)

A ( ipb, I 'Pa, ) i,j=\ ,...,n, (16)

(cofacA)6/J is the  cofac tor  o f A}i in (det A), a nd

(c o fa c A)^  fc/J/ is the  cofac tor  o f A ik a nd  Ajt in (det A).

Alt h o u g h  the  ma t r ix  e le me nts  (15) have  the  s ame  appe arance  

as Lów d in ’s fo r mula s ,42 the y diffe r  in the  im p o r t a n t  fact tha t  

our  for mula s  inc lude  the  effect o f an inde finite ly  large  set of 

closed shells . In  the  pre sent case o f n =  4, the  cofactor s  oc ­

c ur r ing  in these  fo r mula s  can eas ily be ca lcula te d by the  La ­

place  fo r mula . If  the  numbe r  o f par t ic le s  outs ide  the  Fe r mi 

sea is large , howe ve r , the  route  via  the  s ingular - value  de c om ­

pos it ion o f A43 is to be pre fe r red.

F o r  the  0 2- 0 2 d ime r  the  s tates  (11) w ith  n =  4 are 

Sla te r  de te r mina nts  Arp^ip^  w hic h  are  not^ye t s pin pr oje c t ­

ed. In  orde r  to get thos e  e ige nfunc t ions  o f 5 2 w ith  5 = 0 ,  1, 

a nd 2 w hic h  can be cons t r uc te d fr om the  m o n o m e r  t r iple t  

g r ound  s tates  5  A =  l a n d 5 B =  1, we  can take  the  six de te r ­

mina nt s  w ith  M s =  0 a nd  ma ke  line a r  c o mbina t io ns  by the  

us ua l ve ctor  c oup ling  rules :

1

0

i
2

1

0

1
2

1

0

!
2

1

0

%.+ v l *  % r  % -
t

t

X
Vbf v b

77t -a2

- V nr

vl* vl,* vl-  vl-\<Po)

v l* v l-  v l-

(17)

v l*  v l?  v l-  v l-

T hre e  othe r  line a r  c ombina t ions  o f these  de te r mina nts  c or ­

r e s pond with  the  excited lA g s tates  o f one  or  bo th  0 2 m o n ­

ome rs . T hos e  will not  be  cons ide re d in the  pre s e nt pape r . 

T he  indice s  at a nd  bj labe l the  open- she ll ng or bita ls  or  m o n ­

ome r s  A  a nd  B, re spective ly; the  s upe r s cr ipts  +  cor r e s pond 

w ith  ms =  +  I. The s e  labe ls  can be s imply  s ubs t itute d into  

the  ge ne ral fo r mula s  (15) for  the  ma t r ix  e le me nts  a nd  the  

inte gra ls  ove r  the  s p infunc t ions  can be car r ie d out . T he  fo ur ­

d ime ns iona l ove r lap ma t r ix  A is a lways  2 x 2  bloc k d ia gona l, 

due  to the  o r thogona lity  be twe e n the  s pin func t ions . S imila r  

s implific a t ions  oc cur  in the  o the r  inte gra ls  be caus e  the  H a ­

m ilt o n ia n  H  is s pin inde pe nde nt . T he  final re sult , in te rms  o f 

s pa t ia l inte gra ls  only , is

(18a)

<<£(>1V Vu- Vu* V H v lr v l* v l-  v l- | <P()> =  £o(de t  A,)(de t A,)

+  (det A2)

+  (det A.)

X Wu, \ f \ ‘PxJ) { ‘Pu^ l \‘Px1_) [ ~ l )l +J+  {<pu,<pu,\v(\  -  Px2)\cpx,<px,)
- ¡J = 1

X  <<Pv,\ f\ <Pvi X<Pvi .,W y ) . ) ( -  l) /+ >+  (<P„,<P0,1^(1 - Pn)\ <Py,<Py,)
L ij= 1

2 2 

i , j =  1 k,l = 1

i + j+k  + / (18b)
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with the  matr ice s  A, a nd  A2 give n by

(A,) •  • 

•J (<Pu,\ <Px j)>

(19)

(A2),V =  { (Pa,\ <Py ),

and the  labe l c ombina t ions  x lfx 2fy lfy 2 a n d u 1,u2,v l,v2 r u n ­

n ing  ove r  the  s ix de te r mina nts  in Eq. (17). T he  effect o f the  

closed she lls  is s imply  incor por a te d in te rms  o f the  closed 

she ll ene rgy

14 14

£o = 2 £  (<pa \h I<pa) + ^{<pa<pß \ v{2- Pn )\ <pa<pß )
a  = 1 c i.ß

(20 )

and the  closed- she ll F oc k ope r a tor

7(1) = Ml) + y  (<pa(2)\v(\,2)(2 -  Pn)\cpa[2j )2, (21)
a  = 1

a

whe re  h (1) is the  us ua l kine t ic  ene rgy and nuc le a r  a t t r ac t ion 

ope ra tor . T he  ma t r ix  e le me nts  (18), t r ans for me d accor ding  

to Eq. (17), yie ld the  firs t orde r  ene rgy (3) for  5  =  0,1, a nd 2 if 

the  mo no m e r  re s tr icted Ha r t r e e - Foc k energies  are  s ubt r a c t ­

ed.

Be caus e  the  s plit t ing  be twe e n the  5  =  0, 1, a nd  2 s tates  

in the  0 2- 0 2 d ime r  is p r ima r ily  due  to the  e xchange  inte r ac ­

t ion be twe e n the  four  open- she ll e lectrons , one  can try to 

ca lcula te  this  s plit t ing  fr om a s imple  four- e lectron mode l. 

T he  orbita ls  e nte r ing this  mode l are  jus t  the  de ge ne rate  t t s 

orbita ls  on each monome r , w hic h  can be fur the r  a ppr o x i­

ma te d as s imple  a n t ibo nd ing  c ombina t ions  o f the  a tomic  

2p n a nd 2p n . orbita ls . T he  open- she ll inte r ac t ions  can be

e va lua te d by us ing the  s ame  fo r mula s  (17) a nd (18), w ith  the  

closed- shell ene rgy E0 = 0 a nd the  F oc k ope r a tor  (21) re-  

place d by the  s imple  one - e lectron ope r a tor  /? (1) with 

screened nuc le a r  charge s  (equal to + e o n  each oxyge n n u ­

cleus). Since  the  clos ed she lls  are  omit te d  comple te ly  in this  

mode l, it is not  necessary to o r thogona lize  the  open- she ll 

orbita ls  onto  the  closed- she ll space , as before . T he  c a lc ula ­

t ions  by this  four- e lectron mode l are  m uc h  che ape r  tha n  the  

all- e lectron ca lcula t ions ; in Sec. IV. we c ompa r e  s ome  re ­

sults . In  the  lite r a tur e  s ome  othe r  mode ls  have  been p r o ­

pos e d , 1,8,20 w hic h  are  even s imple r  and, the re fore , mor e  a p ­

pr ox ima te .

. COMPUTATIONAL ASPECTS AND RESULTS

As  the  we ak e xchange  inte r ac t ions  be twe e n 0 2 mo le ­

cule s  are  very sens itive  to the  tails  o f the  m o no me r  orbita ls , 

we have  ca lcula te d the  re s tr icted Ha r t r e e - Foc k M O  wave  

func t io n40 for  the  3J £g_ g r ound  s tate  o f the  0 2 mole cule  in a 

r a the r  extens ive  bas is , (1 ls ,6p,2d) contr ac te d to [6s,3p,2d ], o f 

Gaus s ian- type  a tomic  orbita ls  (G T O ’s) w ith  re lative ly ma ny  

diffuse  func t ions . T his  bas is  set is s imila r  to one  o f the  large r  

bases tes ted by Va n Duijne ve ld t  et a / .,49,50 but  w ith  s till a n ­

o the r  diffus e s  func t ion  adde d on each O a tom. Mor e ove r , we  

have  re pe ate d the  ca lcula t ions  at s ome  points  o f the  pote nt ia l 

s ur face  with  an even large r  (\ 2>s$p,2d) contr ac te d to 

[%sAp,2d ] bas is . T he  ca lcula te d prope r t ie s  o f the  0 2 m o n ­

ome r  are  lis ted in T able  I, the  firs t orde r  0 2- 0 2 inte r ac t ions  

for  the  two bas is  sets are  c ompa r e d in T able  II.  F r o m  these  

da ta  it appe ars  tha t  the  results  are  r e as onably conve rge d to

the  Ha r t r e e - Fock lim it  (to w it h in  a few pe rcent) a lr e ady for  

the  s malle r  bas is , w hic h  has  been used in our  fur the r  calcula-

tions .

In  the  four- e le ctron mode l de s cr ibe d at  the  e nd o f Sec.

II,  we  have  used 2px a nd  2p v or bita ls  on e ach oxyge n a tom, 

o f s ingle - ze ta Sla te r  type  ( f  =  2.2266<20~ 1 54), e ach represent-
55ed by a contr ac te d set o f 6 G T O ’s.

T he  m o no m e r  ca lc ula t ions  a nd the  c o m p ut a t io n  o f the  

d ime r  inte gra ls  ove r  the  pa r t ly  o r thogona lize d  mo le c ula r  o r ­

bita ls , as oc c ur r ing  in expre s s ion (18), have  been pe r for me d 

w ith  the  A T M O L  pa ckage .56 Ea c h  po int  on the  pote nt ia l 

s ur face  took a bout  30 m in  NAS- 9040  or  15 m in  C RA Y- IS  

C P U  t ime . (The  mor e  s ymme tr ic  points  in Re f. 26 took only  

7 m in  on the  CRAY- 1 S .) Mo s t  o f the  ca lcula t ions  have  been 

done  on the  NAS- 9040  unive r s ity  c ompute r  at Nijme ge n.

We  have  ca lcula te d firs t orde r  0 2- 0 2 inte r ac t ion e ne r ­

gies (3) for  the  thre e  diffe re nt s pin s tates  5  =  0, 1, a nd  2 o f the  

dime r . Since  we  have  found  tha t  the  s plit t ing  be twe e n these  

s tates  is accura te ly  re pre s e nte d by the  He is e nbe rg H a m ilt o n ­

ian (1), see Sec. IV, we  pre sent our  re sults  in te rms  o f the  

ave rage  firs t orde r  inte r ac t ion ene rgy

A E  =  [ z l£ (1)(5 =  0) +  3 z l£ m( 5 =  1)(i),

+  5 z l£ m( 5 = 2 ) ] / 9

a nd the  (average) He is e nbe rg pa r ame te r

(22)

J =  [ z l£' ll)( 5 ' = 0 ) - z l £ , ' "( 5 ' =  l) ] / 4(1)

+  [ zl £(1,( 5 = l ) - z l £ m( 5=2) ] / 8.(i), (23)

T he  inte r na l coor dina te s  de s cr ibing the  0 2- 0 2 po te n ­

t ia l s ur face  are  R, the  dis tance  be twe e n the  mole c ula r  cente rs  

o f mass , <9a , 6 b a nd  cp =  cpB — cpA , whe re  (@A ,cpA ) a nd 

(0B,q? B) are  the  po la r  angle s  o f monome r s  A  a nd  B, re spec ­

t ive ly, in a body- fixed coor dina te  fr ame  with  the  z axis  a long 

R. In  an a r bit r a r y  fr ame  the  full dis tance  a nd  or ie nta t iona l 

de pe nde nce  o f the  inte r ac t ion energies  is conve nie nt ly  ex ­

pressed in the  fo r m o f a s phe r ica l e x pans ion38

/ , (JR,ft ,coA,ioB)

(47r)3/“ (24)

with  a ngula r  func t ions

T A B L E  I.  ' 1  g g r o u n d  s t a t e  O ,  p r o p e r t ie s  c a lc u la t e d  fr o m  r e s t r ic t e d  H a r ­

t r e e - F o c k  L C A O  w a v e  fu n c t io n s .

B a s is :

( l b ,  6p , 2d) 
[65, 3p , 2d ]

( 135, Ip ,  2d ) 

[ 85, 4/7, 2d]

(1 3 s , Ip ,  2d ) 

u n c o n t r a c t e d L it e r a t u r e

E n e r g y

(h a r t r e e )

-  1 4 9 .6 4 4 7 -  1 4 9 .6 5 4 0 -  1 4 9 .6 5 5 6 -  1 4 9 .6 6 5 9 a

M u lt ip o le

m o m e n t s

Qiie a l ) - 0 . 2 6 4 4 -  0 .2 6 3 6 -  0 .2 6 0 9
j  — 0 .2 9 b

Q A ^ o ) 4 .0 9 5 3 .9 9 0 4 .0 3 4

J ±  0 .2 5 b

& K  ) 1 6 .2 6 1 8 .0 0 1 8 .1 2

“ E s t im a t e d  H a r t r e e - F o c k  lim it  (Re f. 51). 

b E x p e r im e n t a l v a lu e s  (Re fs . 52  a n d  53).
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T A B L E  I I .  0 2- 0 2 e x c h a n g e  r e p u ls io n  A E  a n d  H e is e n b e r g  p a r a m e t e r  J  w it h  d iffe r e n t  b a s is  s e ts  a t  R  =  6a0.

G e o m e t r y A E (K) J{  K )

» 0  B ><P [65, 3p , 2 d  ] [85, 4p, 2 d  ] [65, 3p , 2 d  ] [85, 4p , 2 d  ]

L 0 °, 0 °, 0 ° 12 137 12 3 0 3 -  121 -  124

T 90°, 0 °, 0 ° 1 601 1 6 4 2 - 2 3 . 7 - 2 3 . 7

H 90°, 90°, 0 ° 3 1 1 .8 3 2 2 .5 -  14.1 -  14 .5

X 90°, 90°, 90° 2 4 9 .1 2 5 9 .1 +  2 .7 3 +  3 .4 2

S 2 6 .5 °, 2 6 .5 ° ,  0 ° 6 4 6 0 6 5 5 6 -  8 .3 0 - 7 . 8 9

d L a , L b ,L  I ^ B  )

L a  L b L \

M a  M b m )

X ^ a (û>a ) ^ b,m b (û>b ) ^ W -  (25)

T he  func t ions  YLM (co) are  s phe r ica l ha r monic s  a nd  the  first 

fac tor  in Eq. (25) is a 3-j coe ffic ie nt .57 T he  a ng ula r  func t ions

A a nd  the  po te nt ia l F, for  w hic h  we can s ubs t itute  A E  as 

we ll as J, de pe nd on the  po la r  angle s  o f R  a nd  the  mo le c ula r  

axes  de note d by ft ,  coA a nd  coB, re spective ly. We  can a lways  

use  the  special body- fixed fr ame  w ith  f t  =  (0 ,0 ), 

< ° a  — (# a  >0), a nd  coB =  (6 B ,(pB ), be caus e  the  func t ions  (25) 

are  inva r ia nt  unde r  ove ra ll r ota t ions . Du e  to this  inva r iance  

a nd  the  o r t ho no r m a lit y  o f the  func t ions , the  e xpans ion coe f­

ficients  can be wr it te n as

) — 77’i/2 r  r  4 LA'LB,l (&a a ^ i
Je A = o j g b  =  o J<p = o

X F (R ,ô A ,0B,<p)d (cos 0A)d (cos dB)d<p. (26)

Jus t  as in pre vious  w o r k ,41 we  have  e mploye d the  fo l­

low ing  proce dure . T he  pote nt ia l F, in this  case A E  a nd  J, 

has  been ca lcula te d for  a gr id o f a ng ula r  points  (6 A ,0 B ,cp) at 

e ach dis tance  R. T his  gr id was  chos e n s uch tha t  the  inte gr a ­

t ion (26) can be car r ie d out  nume r ic a lly . F o r  cos  6 A a nd 

cos  0 B we  have  chos e n the  points  a nd  we ights  o f Ga us s -  

Le ge ndr e  qua dr a tur e  a nd  for  (p Ga us s - Che bys he v q ua d r a ­

tur e .58 T he  num b e r  o f qua dr a tur e  points  tha t  have  to be  in ­

c lude d de pe nds  on the  m a x im u m  value s  o f L  A , L  B, a nd  L

ma,m b,m  \

T A B L E  I I I .  C o m p a r is o n  o f  t h e  a n a ly t ic  r e p r e s e n t a t io n s  o f  A E  a n d  J  w it h  ab  in it io  d a t a  c a lc u la t e d  in d e p e n d e n t ly .

G e o m e t r y  

dA 0 B (p 

(de g)

R

K )

A E  ab initio

(K )

A E an a I‘ 

(K)

D e v .

( % )

I  ab initio

(K )

J 11^anal

(K )

D e v .

( % )

4 891 3 3 6 8 6 7  6 9 5 2 .6 -  9 8 7 7 -  9 7 5 7 1.2

L 5 105 8 5 7 105 5 4 0 0 .3 -  1122 -  1079 3 .8

6 12 137 12 123 0 .1 -  121 -  118 2 .2

0  0  0 7 1 3 2 4 .7 1 3 2 4 .3 0 .0 -  13 .2 -  1 3 .0 1.6

8 1 3 9 .0 0 1 3 9 .8 4 0 .6 -  1 .44 -  1 .57 9 .0

4 95  858 89 6 7 0 6 .5 -  1467 -  1 3 0 0 11

T 5 12 833 12 808 0 .2 -  192 -  191 0 .8

6 1 6 0 0 .8 1 5 9 9 .9 0 .1 - 2 3 . 7 - 2 3 . 6 0 .4

9 0  0  0 7 1 8 6 .5 4 1 8 6 .4 2 0 .1 -  2 .8 5 - 2 . 8 4 0 .4

8 1 9 .8 0 2 0 .5 3 3 .7 - 0 . 3 3 - 0 . 4 3 3 0

4 18 353 16 8 2 6 8 .3 -  7 7 2 - 7 6 2 1.3

H 5 2 4 1 6 .1 2 3 9 3 .2 0 .9 -  107 -  104 3 .0

6 3 1 1 .8 2 3 1 1 .6 3 0.1 -  14.1 -  1 4 .0 1.1

9 0  9 0  0 7 4 1 .6 2 4 1 .6 9 0 .2 -  1 .7 6 -  1 .75 0 .6

8 7 .0 2 7 .2 9 3 .8 - 0 . 2 0 - 0 . 2 3 11

4 13 7 1 7 12 8 6 9 6 .2 +  7 0 .7 +  17.3 75

X 5 1 9 1 4 .0 1 9 4 5 .7 1.7 +  16.5 +  15.1 8 .5

6 2 4 9 .1 3 2 5 0 .7 5 0 .7 +  2 .7 3 +  2 .6 0 4 .8

9 0  9 0  9 0 7 3 0 .8 1 3 0 .7 8 0 .1 +  0 .3 7 +  0 .3 6 1.6

8 3 .9 6 4 .1 3 4 .3 +  0 .0 4 +  0 .0 1 71

4 3 2 8  9 7 5 3 3 8  241 2 .8 -  3 7 5 7 -  2 9 2 6 22

S’ 5 4 8  813 4 8  8 2 6 0 .0 - 2 3 0 -  221 4 .1

6 6 4 5 9 .9 6 4 6 0 .4 0 .0 -  8 .3 0 - 7 . 7 0 7 .2

2 6 .5  2 6 .5  0 7 7 8 9 .4 2 7 8 9 .2 0 0 .0 +  1 .52 +  1 .58 3 .4

8 9 1 .2 8 9 0 .2 7 1.1 +  0 .4 9 +  0 .4 7 4 .9

A

100  8 0  0
6 4 1 5 .4 0 4 1 4 .6 9 0 .2 -  14 .5 -  14.1 2 .8

“ A n a ly t ic  r e p r e s e n t a t io n  b y  E q s . (24) a n d  (27)—(29), w it h  t h e  c o e ffic ie n t s  f r o m  T a b le  IV .
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T A B L E  IV .  E x p a n s io n  c o e ffic ie n t s .

A .  E x p a n s io n  c o e ffic ie n t s 1’ o f  A E ,  d e fin e d  b y  E q s . (24), (27), a n d  (29); m u lt ip o le  in t e r a c t io n s a r e  g iv e n  b y  E q .(2 8 ) .

L  A E  B So (K) a ß r

0 0 0 1 5 9 2 .8 3 1 2 .5 2 7 1 .0 8 3 • • •

2 0 2 9 7 5 .5 5 1 2 .6 9 6 1.081 • • •

2 2 0 1 6 4 .9 6 1 2 .1 7 0 2 .1 8 5 • • •

2 2 2 -  2 5 2 .2 9 1 2 .4 9 7 1.731 • • •

2 2 4 5 9 7 .6 9 1 3 .2 3 4 0 .7 9 3 •  • •

4 0 4 9 2 .4 2 1 5 .3 1 6 4 .7 1 2 • • •

4 2 2 1 7 .9 7 1 3 .4 6 6 5 .3 1 4 • # •

4 2 4 -  2 7 .6 0 1 4 .4 8 2 4 .5 2 2 • • •

4 2 6 7 8 .1 5 1 5 .8 7 5 3 .5 8 0 • • •

4 4 0 0 .8 4 4 1 1 .9 8 0 6 .7 0 8 • • •

4 4 2 -  1 .193 1 2 .7 0 4 6 .0 6 0 • • •

4 4 4 1 .9 6 0 1 4 .1 2 6 5 .5 5 2 • • •

4 4 6 -  4 .2 6 4 1 6 .1 5 7 5 .8 9 6 • • •

4 4 8 1 5 .8 4 1 7 .9 6 2 4 .9 3 4 • • •

6 0 6 1 .363 1 3 .0 3 2 • • • - 2 8 . 1 5 9

6 2 4 1 .005 17.441 1 8 .2 3 3 • • •

6 2 6 -  1 .3 4 9 1 2 .4 8 8 • • • - 7 . 1 3 9

6 2 8 1 .8 8 0 1 4 .2 0 4 • • • -  2 0 .4 0 1

6 4 10 0 .9 1 8 1 6 .4 0 3 • • • -  8 .6 7 9

6 6 12 0 .1 7 3 2 0 .3 5 8 -  6 .9 9 9 • • •

8 0 8 - 0 . 3 1 5 1 3 .5 7 8 • • • 13 .101

8 2 10 - 0 . 5 4 5 1 4 .7 5 8 • • • 1 0 .1 8 8

B. E x p a n s io n  c o e ffic ie n t s 0 o f  J,  d e fin e d  b y  E q s . (24) a n d  (29).

E  A E  B L d S o (K) a ß r

0 0 0 -  4 .4 2 9  6 1 1 .8 7 6 • • • -  7 .7 0 2

2 0 2 -  4 .4 2 5  2 1 4 .9 0 8 2 .8 4 7 • • •

2 2 0 -  1 .3 0 6  8 1 2 .6 7 4 0 .6 6 9 • • •

2 2 2 0 .6 2 9  2 1 4 .4 8 7 - 0 . 3 4 0 • • •

2 2 4 -  3 .2 4 5  0 1 3 .8 8 4 -  0 .6 6 2 • • •

4 0 4 0 .8 9 8  1 6 .5 4 5 1 5 .2 4 8 • • •

4 2 2 0 .3 7 6  3 8 .4 9 4 2 .2 1 5 • • •

4 2 4 0 .0 6 6  2 1 1 .2 1 7 • • • - 3 2 . 7 1 3

4 2 6 2 .3 7 9  3 1 0 .6 4 4 1 .1 9 9 • • •

4 4 0 -  0 .0 9 9  9 6 .0 6 1 -  0 .6 3 2 • • •

4 4 2 0 .0 4 3  6 9 .9 8 6 • • • 2 4 .5 8 8

4 4 4 - 0 . 1 8 0  2 1 0 .0 0 9 • • • 8 .1 9 9

4 4 6 0 .7 1 7  7 1 1 .7 6 4 • • • 7 .2 0 7

4 4 8 -  8 .6 8 9  1 11 .161 0 .8 3 8 • • •

6 0 6 0 .4 0 3  5 1 0 .6 5 5 2 .0 1 3 • • •

6 2 4 0 .0 4 9  1 9 .9 6 3 - 3 . 2 5 0 •  •  •

6 2 6 - 0 . 0 1 5  9 1 1 .5 7 8 •  •  • 2 3 .1 5 5

6 2 8 0 .7 7 1  4 1 2 .3 5 6 -  1 .9 2 6 •  •  •

6 4 4 - 0 . 0 0 8  61 9 .4 4 3 t  •  •
-  1 1 .2 5 4

6 4 6 0 .0 1 3  3 1 0 .8 1 6 •  •  •
-  2 3 .2 8 5

6 4 8 0 .1 1 0 8 1 2 .6 8 9 •  •  # 1 1 .9 0 7

6 4 10 - 2 . 8 0 0  9 1 2 .1 9 8 - 0 . 1 6 5 •  •  •

6 6 0 0 .0 3 6  7 1 4 .6 2 0 0 .4 0 5 •  •  •

6 6 2 0 .0 6 5  5 14 .701 0 .0 8 7 •  •  •

6 6 4 0 .0 5 8  3 1 4 .8 3 5 0 .3 4 8 •  •  •

6 6 6 0 .0 2 7  0 1 5 .1 5 6 -  4 .0 6 6 •  •  •

6 6 8 0 .0 2 2  7 1 9 .2 6 9 2 1.6 8 6 t  •  t

6 6 10 0 .0 2 2  3 1 3 .5 7 0 •  •  • 1 9 .6 0 5

6 6 12 -  1 .2 5 6  9 1 3 .6 7 5 -  1 .8 0 0 •  •  •

8 0 8 0 .0 4 7  3 1 2 .0 5 7 -  2 .3 7 9 •  •  •

8 2 10 0 . 110 2 1 3 .9 0 5 -  4 .4 2 8 •  •  •

8 4 10 0 .0 0 2  36 1 3 .6 9 6 •  •  • 7 2 .9 1 3

8 4 12 -  0 .4 3 9  4 13 .321 -  1.0 11 •  •  •

8 6 2 0 .0 0 9  3 0 1 5 .6 7 9 - 3 . 7 9 1 •  •  •

8 6 4 0 .0 2 2  9 1 4 .6 6 9 1 .5 5 4 •  •  •

8 6 6 0 .0 3 2  8 1 5 .2 1 3 - 0 . 9 1 6 •  •  •

8 6 8 0 .0 2 2  4 1 5 .4 2 2 - 0 . 9 1 1 •  •  •

8 6 10 0 .0 1 2  7 1 5 .8 3 4 2 .5 9 2 •  •  •

8 6 12 0 .0 0 0  84 1 3 .9 0 5 •  •  • 8 1 .2 4 6

8 6 14 -  0 .2 6 0  8 1 5 .1 2 0 -  3 .7 4 7 •  •  •

“ T e r m s  in  t h e  s p h e r ic a l e x p a n s io n  w h ic h  a r e  le s s  t h a n  1/ 20 0 0  o f  t h e  d o m in a n t  (0 , 0 , 0 ) t e r m  h a v e  b e e n  o m it t e d .  

F o r  R  >  1 5 û0 t h e  t e r m  w it h  (3 <  0  s h o u ld  be  p u t  e q u a l t o  ze r o . 

b T h e  c o e ffic ie n t s  a r e  s y m m e t r ic  w it h  r e s p e c t  t o  in t e r c h a n g e  o f  L  A a n d  L  B .

c T e r m s  in  t h e  s p h e r ic a l e x p a n s io n  w h ic h  a r e  le s s  t h a n  1 / 1 0 0 0  o f  t h e  d o m in a n t  t e r m  h a v e  b e e n  o m it t e d .  F o r  

R  >  15a0 t h e  t e r m s  w it h  (3 <  0  s h o u ld  be  p u t  e q u a l t o  ze r o . 

d T h e  c o e ffic ie n t s  a r e  s y m m e t r ic  w it h  r e s p e c t  t o  in t e r c h a n g e  o f  L  A a n d  L  B .
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tha t  mus t  be  inc lude d  in the  e xpans ion (24) or , in othe r  

words , on the  a nis ot r opy  o f pote nt ia l F. Aft e r  s ome  e xpe r i­

me nta t ion  w ith  the  results  o f the  four- e lectron mode l, de ­

s cr ibe d in Sec. II,  we  have  found  tha t  a 5 X  5 X  5 gr id on the  

inte r va l 0 < #  A 0 < # B <7t /2 , 0 <<p<7r is  s ufficient to c a l­

cula te  the  coe ffic ie nts /L L L(R ) up t o L A =  8, L B =  8, and

L =  14, inc lus ive . T his  inte rva l has  been re duce d by us ing 

the  s ymme tr y  pre s ent in the  0 2- 0 2 dime r ; fur the r  use o f this  

s ymme tr y  leads  to 75 “ ir r e duc ible ” points . T r unc a t ion  o f the  

e xpans ion afte r  the  (L A ,L B ,L ) =  (8,8,14) te r m seemed to be 

a llowe d, even for  the  s t rongly anis ot r opic  /  surface . T hus , 

the  comple te  all- e lectron ca lcula t ions  have  been pe r for me d 

for  a gr id o f 75 a ngula r  points  a nd the  e xpans ion coefficients

(26) have  been ca lcula te d for  A E  a nd /  at R  =  5,6, a nd  la 0. 

T he  final re sults  de mons t r a te  tha t  the  accur acy o f the  s phe r i­

cal e xpans ion, up to (8,8,14) te rms  inclus ive , is about  0 .0 1 %

for  A E  a nd  a bout  1 % f o r / ( r o o t  me an s quare  de via t ion for

a ll gr id points ). Mor e ove r , we  have  c ompute d  A E  a nd /  at 

26 o the r  points  (see T able  III) ,  in orde r  to ma ke  an inde pe n ­

de nt  che ck on the  accur acy o f the  e xpans ions .

As  the  e xchange  inte r ac t ions  are  re late d to the  ove r lap 

be twe e n the  mo no m e r  wave  func t ions , the y are  expected to 

de pe nd e x pone nt ia lly  on the  dis tance  R. T he  ave rage  first

orde r  ene rgy A E  conta ins  also the  e le ctros tatic  mult ipo le -  

mult ipo le  inte r ac t ions , howe ve r , w hic h  decrease  as R 

These  mult ipo le - mult ipo le  inte r ac t ions  only  c ont r ibute 38 to 

the  s phe r ica l e xpans ion coefficients  w ith  L  =  L  A +  L  B. So,

the  e xpans ion coefficients  o f A E  are  fina lly repre s ented as 

func t ions  o f R  by

— n

A a,Lb,L (R ) — <5la + Ln,L Cl a,Lb R
— La — Lb — 1

(27)

whe re  the  e le ctros tat ic  coe fficients  are  give n by

C l  l ( — i)L
(2L a + 2L b )!

. (2L a  +  1)!(2L b +  1)!.

1/2

Ql . Ql B

(28)

with  the  mult ipo le  mome nts  fr om T able  I (first c o lumn).

T he  e xchange  c ont r ibut ions  f CLAtLxvL(R ) are  give n, as 

func t ions  o f the  r e duce d dis tance  jc =  (/  ̂ — R 0)/ R0t as

/1l a,l b,l  (R ) — S l a,l u,l  M

goA (i +  r LA’LB'Lx)

Xe x p( — a LA’LB’Lx ¡3 X~). (29)

F o r  R 0 we  take  the  neare s t ne ighbor  dis tance  in s olid a - On
o  ■*“

(3.200 A). T he  e xpans ion coe fficients  o f /  are  pur e ly  e xpo ­

ne nt ia l a nd  als o give n by the  fo r m (29). F o r  thos e  coefficients  

ƒ  l  ,Lr ,l  [R ) w hic h  change  s ign, we  have  as s ume d tha t  /? =  0 ;

for  the  pos it ive  or  ne gat ive  de finite  coe fficients  we  have  t a k ­

en 7  =  0 . T he  r e ma in ing  thre e  parame te r s , (g0,a,Y) or  

{g0,a,/3 ), re s pective ly, can be e xactly obta ine d fr om the  c a lc u ­

la te d value s  o f ƒ cx (R ) a t  R  =  5,6, a nd  la 0. T he  fina l e x pa n ­

s ion pa r ame te r s  g 0
^ r ^ A LA,LUtJL

£ ,a n d  yLA'LB,Li w hic h

IV. DISCUSSION

As  me nt ione d  a lr e ady in Sec. I l l ,  we  have  found , in the  

first place , tha t  the  s plit t ing  be twe e n the  A E {1) surfaces  for  

the  three  s pin s tates  S  =  0,1, a nd 2 o f the  0 2- 0 2 d ime r , can 

be accura te ly  re pre s e nte d by the  He is e nbe rg Ha m ilt o n ia n  

(1). T ha t  is, the  t r iple t - quinte t  s plit t ing  ( s 4  J) is twice  the  

s ingle t—tr iple t  s plit t ing  ( ^ 2  J). T his  implie s  tha t  mult ip le  

e xchange  inte r ac t ions  are  ne gligible . On ly  for  dis tance s  R 

w hic h  are  cons ide r ably  s ma lle r  tha n  the  neares t ne ighbor
°

dis tance  in s olid a- 0 2 (R0 =  3.2 A), we  obse rve  de via t ions  

fr om this  rule , but  the n the  0 2- 0 2 e xchange  r e puls ion its e lf 

is a lr e ady o f the  s ame  s ize  as the  lA g ~ s plit t ing  in the  0 2 

monome r s , so tha t  the  the ory w hic h  leads  to the  effective  

s pin H a m ilt o n ia n  (2) bre aks  dow n anyway. T his  occurs  a c tu ­

a lly  for  the  s malle s t  dis tance  in T able  III,  R  =  4tf0 =  2.117 
° . . - - -

A, whe re  we have  s till give n A E  a nd  / ,  but  whe re  one  

s hould  re alize  tha t  our  firs t or de r  mode l (3) does  no t  ho ld  

a nymor e .

T he  s t r uc tur e  de pe nde nce  o f A E  a nd /  has  been give n 

a na ly t ic a lly , in the  fo r m o f a s phe r ica l e xpans ion (24) for  the  

o r ie nta t iona l de pe nde nce , w ith  coefficients  (27)—(29) de ­

pe nding  on R  (see T able  IV). In  T able  I I I  we obse rve  fr om 

the  value s  give n at R  =  5,6, a nd  la Q) tha t  the  s phe r ica l ex ­

pans ions  accur a te ly  r e pr oduce  the  value s  o f A E  a nd  / ,  even 

for  var ious  or ie nta t ions  w hic h  have  not  been used in de r iving 

these  e xpans ions . Eve n s ubtle  features , s uch as the  s ign 

change  o f /  for  the  5  ge ome try be twe e n R  =  6 a nd  la 0, are  

r e pr oduce d. In  pr inc iple , the  e xpans ion has  been c ont inue d  

up to L  A =  8, L  B =  8, L  =  14 te rms  inc lus ive . In  pract ice ,

we  c ould  ne gle ct several lowe r  te rms , e s pe cially for  A E  

w hic h  is m uc h  less anis o t r opic  tha n  /  (see be low). F r o m  the  

value s  give n in T able  I I I  at R  =  4 a nd  8tf0, we  can see tha t  

even the  e x t r a po la t ion o f our  re sults  to s ma lle r  a nd  large r  

dis tance s  is r e as onable  in ge ne ral. We  e mphas ize , howe ve r , 

tha t  the  phys ica lly  im p o r t a n t  r e gion lies be twe e n 5 a nd  la 0
o

(2.646 a nd 3.704 A). F o r  s malle r  dis tance s  R the  e xchange

r e puls ion A E  be twe e n the  0 2 mole cule s  is so large  tha t  s uch 

dis tance s  c a nno t  be re ache d in mos t  phys ica l processes . F o r  

dis tance s  be yond R =  la 0 the  e xchange  inte r ac t ions  espe ­

c ia lly  / ,  have  a lmos t  comple te ly  die d out .
T he  or ie nta t iona l de pe nde nce  o f the  “ e xchange  r e pul­

s ion” A E  is s trong, but  re la t ive ly s imple  (see Fig. 1). Ma n y  

o f the  highe r  te rms  in the  s phe r ica l e xpans ion vanis h. T he  

be havior  o f this  e xchange  r e puls ion can be r oughly  de s cr ibe d 

as an a to m- a to m r e puls ion de pe nding  e x pone nt ia lly  on the  

in te r mole c ula r  a to m- a to m dis tances ; it  is very s imila r  to the  

N 2- N 2 r e puls ion .41 T he  m ult ipo le - m ult ipo le  inte r ac t ions  

have  not  been e xplic it ly  plot te d in Fig. 1, be caus e  the y are  

comple te ly  ne gligible  at R =  6a0. No te  in this  respect tha t  

the  0 2 qua dr upo le  m o m e n t  is a bout  four  t ime s  s ma lle r  tha n  

the  N 2 qua dr upole .

T he  or ie nta t iona l de pe nde nce  o f /  is ve ry inte re s t ing. 

Eve n the  highe r  te rms  in the  s phe r ica l e xpans ion c ont r ibute  

s ignificant ly , a lt ho ug h  at (L A ,L B,L ) =  (8,8,14) the  e x pa n ­

s ion seems fina lly  conve rge d. Es pe c ia lly  ma r ke d  is the  (4,4,8) 

te rm, be ing the  larges t o f a ll for  7? > 5.5<20. In  Fig. 1 we  ob-

c omple te ly  de te r mine  the  surface s  A E  (7?,il,coA,o>B) a nd  serve, for  ins tance , t h a t / c h a n g e s  s ign four  t ime s  for  a s imple

/ (Æ , î 1,cl>a ,cûb ) are  colle c te d in T able  IV. par a lle l r o ta t ion o f two 0 2 mole cule s  fr om the  line a r  config-
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L H X T L

F I G .  1. O r ie n t a t io n a l  d e p e n d e n c e  o f  AE  a n d / .  T h e  f u ll  lin e s  r e p r e s e n t  t h e  

r e s u lt s  o f  t h e  a ll- e le c t r o n  c a lc u la t io n s ,  t h e  d a s h e d  lin e  r e fe r s  t o  t h e  fo u r -  

e le c t r o n  m o d e l d e s c r ib e d  in  t h e  t e x t .  T h e  m u l t ip o le  c o n t r ib u t io n s  t o  A E  

a r e  n o t  d r a w n  e x p lic it ly  b e c a u s e  t h e y  a r e  n e g lig ib le  a t  R  =  6 a0.

ur a t ion  (0 A =  0 B =  0°) to the  H  s t r uc tur e  (6 A = 0 B =  90°, 

qp =  0°). Mo s t  s ign change s  qua lita t ive ly  fo llow the  (4,4,8) 

te rm. T he y can be  unde r s tood by cons ide r ing the  no da l c ha r ­

acte r  o f the  open- she ll a n t ibo nd ing  rrg orbita ls  on the  0 2 

monome r s , a nd r e me mbe r ing  tha t  (see Sec. II)  for  ze ro ove r ­

lap be twe e n the  m o no m e r  orbita ls , /  has  to be pos it ive  

(H u n d ’s rule), while  for  “ n o r m a l” ove r lap (i.e., ove r lap 

w hic h  is no t  s pe cifically s ma ll because  o f ne ar  c ance lla t ion 

be twe e n pos it ive  a nd  ne gative  lobes  o f the  wave  func t ions ) /  

is ne gative . A  typica l e xample  o f a lmos t  ze ro ove r lap, due  to 

s ymme tr y , is the  crossed [X ) s t r uc tur e  (0 A = 0 B = cp =  90°).

T he  /  value s  fr om the  s imple  four- e le ctron mode l ex ­

p la ine d at the  e nd o f Sec. II  s how the  s ame  s low conve rge nce  

o f the  s phe r ica l e xpans ion. Qua lit a t ive ly  the y fo llow the  

o r ie nta t iona l de pe nde nce  o f the  a ll- e le c t r on/ va lue s  (see Fig. 

1); qua nt ita t ive ly  the y are  quite  inaccur a te , howe ve r . T he

or ie nta t iona l de pe nde nce  o f the  olde r  s e mie mpir ica l mode ls  

for  /  1,8 is even qua lita t ive ly  incor re ct .

Ne x t  we  tur n  to the  e x pe r ime nta l da ta  on s olid oxyge n. 

In  agre e me nt  w ith  all me as ur e me nts , 1 we  find tha t  the  c o u ­

p ling  be twe e n 0 2- 0 2 pair s  in the  pa r a lle l (H ) ge ome try, as 

the y occur  in the  laye rs  o f a  a nd  ¡3 0 2 crys tals , bu t  also in 0 2 

layers  ads orbe d on gr a phite ,12,59-62 is ant ife r r omagne t ic . 

T he  s tronges t, inte r s ubla t t ice , c oup ling  / 2 occur s  be twe e n
o

the  neares t ne ighbor s  (7?0 =  3.200 A) in a- 0 2. It  is no t  pos s i­

ble , howe ve r , to ma ke  a dire ct  c ompa r is on be twe e n o ur  value  

o f / 2 ca lcula te d at  R  =  3.200 A, / 2 =  — 12.5 K ,  a nd  the  

e xpe r ime nta l values , becaus e  the  ave r aging o f / o v e r  the  la t ­

t ice  vibr a t ions  can ma ke  a s ubs tant ia l diffe rence . T hus  we 

have  fo und  fr om a s imple  mode l o f inde pe nde nt  ha r mo nic  

os c illa tor s 26 tha t  the  ave raging o f J2(R ) ove r  the  t r a ns la t iona l 

phonons  can effective ly increase  / 2 by a fac tor  o f 2.5 

(( J2) =  — 30 K), w hic h  br ings  it in the  range  o f re cent ex ­

pe r ime nta l da ta : J2 — — 2 5 ,16,17,21 — 38 K .19 T his  increase  

is due  to the  s teep e xpone nt ia l dis tance  de pe nde nce  o f J2(R ); 

the  s trong or ie nta t iona l de pe nde nce  (see Fig. 1) indica te s  

tha t  ave raging ove r  the  libr a t ions  ma y  change  the  effective  J2 

as we ll. In  Fig. 2 we  have  plot te d e xplic it ly  the  va r ia t ion o f J2 

a long the  no r ma l coor dina te s  o f s ome  lib r a t iona l mode s  in a-

o 2.

F I G .  2 . V a r ia t io n  o f  t h e  ( in t e r s u b la t t ic e )  e x c h a n g e  c o u p l in g  p a r a m e t e r  J2 

b e t w e e n  t h e  n e a r e s t  n e ig h b o r s  in  s o lid  a- 02 a lo n g  s o m e  n o r m a l  c o o r d in a t e s  

o f  l ib r a t io n .  T h e  la b e ls  a a n d  b r e fe r  t o  l ib r a t io n s  a r o u n d  t h e  c r y s t a l a a n d  b 

a x e s , r e s p e c t iv e ly ,  (R e f .  1 ); t h e  4-  a n d  — s ig n s  d e n o t e  in - p h a s e  a n d  o u t - o f ­

p h a s e  l ib r a t io n s  o f  t h e  m o le c u le s  o n  d if fe r e n t  s u b la t t ic e s .
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T he  dis tance  de pe nde nce  o f J  (R ) w hic h  we  find fr om 

o ur  c a lc ula t ions  is r oughly  e x pone nt ia l, cf. Eq. (29), w ith  the
.  o  ____  .

e xpone nts  va r y ing  be twe e n 11 a nd  15 R 0-  (3.4 a nd  4.7 A  )

for  the  le ading te rms  in the  s phe r ica l e xpans ion. T his  agrees
° 1

we ll w ith  the  e x pone nt ia l (e xpone nt  s 4 . 3  A "  , Re f. 22) a nd  

R ~ n laws  (n =  10, Re f. 21, n =  12 to 15,17,18 n =  1419) o b ­

t a ine d fr om pres sure  a nd  te mpe r a tur e  de pe nde nt  me as ur e ­

me nts  on a ,  ¡3, a nd  y  0 2. Als o  the  r a t io J x/ J2 be twe e n the  

int r a s ubla t t ic e  (R =  3.429 A) a nd  inte r s ubla t t ice  (/? =  3.200
o

A) c o up ling  in a- 0 2, w hic h  we  ca lcula te  (0 A = 0 B =  90°, 

(p =  0°): J x/ J2 =  0.42, is in good agre e me nt  w ith  e xpe r ime nt: 

J x/ J2 =  0.41 to  0 .43 , 16,17 0.5 ±  0 .1 .21

F r o m  the  pr e limina r y  c a lc ula t ions 26 we  have  fo und  tha t
o

the  c o up ling  be twe e n the  neares t 0 2 pair s  (R = 4 .1 8 6  A) in 

adjace nt  laye rs  o f a- 0 2 is very we ak, but  fe r r omagne t ic  

(J3 >  0). T he  la t te r  re s ult , w h ic h  was  obta ine d by ke e ping the  

0 2 mole cule s  in a s hifte d- paralle l (5) ge ome try (6 A =  <9B
o

=  26.5°, qp =  0) at R =  4 .186 A, is cont r a r y  to e xpe r ime nt . 

In  Fig. 1 we  observe , howe ve r , tha t  the  (small) pos it ive  value  

o f / 3 jus t  occurs  in a na r r ow ) +  4°) r ange  o f 0 A a nd  0 B angle s
o

a r o und  20°; also at s ma lle r  dis tance  (i? =  3.175 A) J3 for  

0 a  =  0 B =  26.5° is ne gative  aga in (see T able  III) .  So it is 

c le ar  tha t  the  a ng ula r  a nd dis tance  ave raging o f / 3 ma y  eas ily 

change  its  s ign. It  will s till r e ma in s ma ll, t hough , as found  

fr om recent e x pe r ime nts .16,17,21

F ina lly , we  like  to ma ke  s ome  r e marks  pe r t ine nt  to 0 2-  

0 2 dime r s . Such dime r s  have  been pre pare d in s upe r s onic  

mo le c ula r  be ams  bo th  at h ighe r  (T  =  50 to 100 K )27 a nd low 

(T  =  2 K )28 te mpe r a tur e . T he  a m o un t  o f dime r s  tha t  c ould  

be  ma gne t ic a lly  de fe cte d was  pr ac t ica lly  ze ro at low t e m ­

pe r a tur e  a nd  a bout  7 0 % at highe r  te mpe ra tur e . T he  in fo r ­

m a t io n  w hic h  can be infe r re d fr om these  da ta  is tha t  the  0 2-

0 2 d ime r  has  a s ingle t  or  a nt ife r r oma gne t ic a lly  couple d 

g r o und  s tate , w ith  the  t r iple t  a nd  quinte t  s tates  ly ing  s ome ­

w ha t  highe r . All s tates  are  a bout  e qua lly  popula te d  at 

T  =  50 to 100 K. In  othe r  words , the  effective (vibr a t iona lly  

ave raged) e xchange  pa r ame te r  J  is ne gative  for  the  g r ound  

s tate  a nd  not  large r  tha n  a bout  10 K  in abs olute  value . Ou r  

c a lc ula t ions  s how, see Fig. 1, e .g., tha t  ma ny  pos s ible  d ime r  

ge ome tr ie s  c ould  satis fy this  r e quir e me nt , one  o f the m be ing 

the  par a lle l (H ) s t r uc tur e  w hic h  occurs  for  the  ne ighbor s  in 

s olid a  a n d ¡3 0 2 a nd  w hic h  has  been propos e d also for  0 2- 0 2 

dime r s  in the  gas  phas e 29 a nd  in rare  gas  ma t r ic e s .31 Mo r e  

precise  me as ur e me nts , w hic h  will be  pe r for me d s oon ,28 in 

c o m bina t io n  w ith  o ur  ca lcula te d results , can yie ld mor e  de ­

ta ile d info r ma t ion .

V. CONCLUSION

F r o m  ab initio c a lc ula t ions  w hic h  we  be lieve  to be fa ir ly 

accur a te  in the  r ange  o f the  van de r  Wa a ls  m in im u m , we  

have  obta ine d the  full anis o t r opic  pote nt ia l s ur face  for  the  

e xchange  r e puls ion, the  e le ctros ta t ic  inte r ac t ions , a nd  the  

He is e nbe r g e xchange  c o up ling  be twe e n a pa ir  o f g r ound  

s tate  (32  g ~ ) 0 2 mole cule s . T he  dis pe r s ion inte r ac t ions  have  

s till to be  adde d in or de r  to cons t r uc t  a comple te  0 2- 0 2 

pote nt ia l, bu t  these  m a in ly  long  r ange  inte r ac t ions  will h a r d ­

ly change  the  ma gne t ic  (exchange) c o up ling  in w hic h  we  are  

p r im a r ily  inte re s te d. T he  re sults  are  a ll pre s e nte d in a na ly t ic  

fo r m (Table  IV) so tha t  the y can be  dir e c t ly  used, for  in ­

s tance , in s ca t te r ing ca lcula t ions , c a lc ula t ions  o f the  rovibra-  

t iona l s tates  o f 0 2- 0 2 dime r s , a nd la t t ice  dyna mic s  c a lc ula ­

t ions  on s olid 0 2.

In  pa r t ic ula r  for  s olid 0 2, w hic h  appe ars  to be  a sys tem 

o f great inte re s t ,1-25 o ur  re sults  seem to be in agre e me nt  with 

the  e xpe r ime nta l da ta  available . T he  s tr e ngth o f o ur  da ta  is, 

howe ve r , tha t  the y pr ovide  comple te  in fo r ma t io n  on the  

s t r uc tur e  de pe nde nce  o f the  c oup ling  pa r ame te r  J  AB in the  

He is e nbe rg Ha m ilt o n ia n  (1), w hic h  de te rmine s  the  magne t ic  

orde r  in the  low- te mpe ra ture  a  a nd ¡3 phases , as we ll as the  

t r ans it ion be twe e n the m. We  have  fo und  tha t  this  c oupling  

de pe nds  very s ens itive ly on the  or ie nta t ions  o f the  0 2 mo le ­

cule s  in the  s olid even mor e  so tha n  the  e xchange  r e puls ion; 

it is also a s teep func t ion  o f the  in te r mole c ula r  s e parations . 

T his  indica te s  tha t  the  diffe rences  in J  value s  obta ine d fr om 

diffe re nt type  o f me a s ur e me nts 1 ma y  be (par tly) due  to a 

diffe re nt ave raging sensed by the  e xpe r ime nts . It  also points  

to a pote nt ia lly  s t rong c oupling  be twe e n the  ma gne t ic  la t t ice  

e xcita t ions  (magnons ) a nd  the  phonons  (both t r a ns la t iona l 

a nd vibr a t iona l). Ou r  results  for  the  s t r uc tur e  de pe nde nce  o f 

t h e / AB are  in the  fo r m ne e de d for  inc lus ion o f this  c oup ling  

in la t t ice  dyna mic s  ca lcula t ions , via  the  He is e nbe r g H a m il ­

t onian. Such ca lcula t ions  are  in progre s s .62

F ur the r mor e , our  da ta  will be  he lpful for  inte r pr e t ing  

the  e xis ting a nd  fo r thc o ming  e x pe r ime nta l r e s ults 27-31 on 

0 2- 0 2 dime rs .
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