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Helicity in vortex structures and spectra is studied in the developmental stages of a numerical

simulation of the Navier-Stokes equations using three-dimensional visualizations and spectra. First,

time scales are set using the growth and decay of energy dissipation, the peak value of vorticity, and

the helicity. Then, two stages between the early time, nearly inviscid Euler dynamics with vortex

sheets and a final state of fully developed turbulence with vortex tubes, are described. In the first

stage, helicity fluctuations develop in Fourier space during a period still dominated by vortex sheets

and rapidly growing peak vorticity. At the end of this period the strongest structure consists of

transverse vortex sheets with mixed signs of helicity. During the second stage, a dissipative

interaction propagates along one of these vortices as the sheets roll each other into vortex tubes.

© 2007 American Institute of Physics. �DOI: 10.1063/1.2375077�

I. INTRODUCTION

It remains an open question how, starting from smooth

initial conditions, the Navier-Stokes equations generate tur-

bulence with an ensemble of localized vortex structures that

are smooth only on the smallest scales, and possibly not even

there. Insight into this process can be gained by simulating

initially smooth flows that evolve into turbulence. Past work

has tended to focus either on the initial development or on

the final state. Very little analysis has been done on the tran-

sition to the final state. This paper will focus upon that tran-

sition in a single numerical flow from its initial development,

through a transition, and finally into fully developed turbu-

lence.

In the classical phenomenological description of the tur-

bulent transfer of energy from large to small scales, one as-

sumes that the dynamics is essentially inviscid at large

scales, that energy is transferred to small scales through a

cascade, and then is finally dissipated at those small scales.

The classical theory then predicts, using dimensional argu-

ments, that the kinetic-energy spectrum should go as E�k�
�k−5/3 in the “inertial subrange” of wavenumbers. While the

vortex tubes that dominate the final state are strongly helical,

a phenomenological role for helicity in the turbulence cas-

cade has not yet been identified.

The phenomenology of this cascade and its spectra as-

sumes that a mechanism for producing small-scale turbu-

lence exists. The equations tell us that this is through the

production of mean square vorticity or enstrophy and vortex

stretching. But what about cases where the initial conditions

are smooth and strong vortex stretching has not formed?

How might the intermediate state following the initial insta-

bilities determine the intermittent structures seen in realistic

flows? The problem studied here looks, in detail, at what can

occur if the initial instabilities generate large-scale vortex

sheets or shear layers. This is true in many physical flows

including flow over an obstacle that sheds vorticity and

around the edges of thermally driven plumes. The develop-

ment of this state could determine how rapidly the strong

vortex stretching develops and the intermittent turbulent state

that follows.

The initial condition used here and in several other pa-

pers was chosen because its development covers all the

stages from a smooth but energetic state, to fully turbulent

flow. It will be shown that in this case, the transformation of

these sheets into vortex tubes occurs through the interactions

between structures not individually through rollup. We will

tie this to the large localized values of helicity that develop,

both in physical space and in Fourier space, before tubes are

formed. We will propose that interacting vortex structures of

oppositely signed helicity underlie the topological changes

observed and that this process is inherently dissipative. The

primary analysis tools used to describe the transition will be

three-dimensional �3D� graphics and helicity cospectra.

The paper is organized as follows. It will be shown

through direct numerical simulation �DNS� that this flow is

consistent with the picture that large-scale vortex sheets end

as small-scale turbulence dominated by vortex tubes with a

−5/3 energy spectrum. The transition will then be discussed

in three parts. Section III discusses the stage immediately

after the first formation of vortex sheets and before T=0.5 in

terms of helicity dynamics in the Euler equations and helicity

cospectra. It is during this stage that the transverse, helical

vortex sheets that led to the reinvestigation of this flow first

appear. In Sec. IV the structure of the two transverse, helical

vortex sheets at T=0.5 is described in detail. Section V dis-

cusses the self-annihilation of these structures after T=0.5.

These steps demonstrate one mechanism by which small-

scale dissipation and vortex tubes can form from smooth

initial conditions. We will conclude with a comparison be-

tween a traditional view of how the turbulent cascade forms

and what this analysis suggests.

Although only one case is presented, other flows in the

literature will be discussed in which similar events have been
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observed. Depending upon how common the events are,

some aspects of the transition might be universal and there-

fore might be relevant to the general statistical problem in

turbulence.

II. BACKGROUND

Simulations of the initial stages in the Navier-Stokes

generation of turbulence can be divided into two categories:

those that rapidly form vortex sheets and those that are ini-

tialized with smooth, localized vortex tubes. The initial value

problem is closely related to whether the incompressible

Navier-Stokes equations

�tu + �u · ��u = − �P + ��2
u ,

�1�
� · u = 0,

are “regular.”
1

For �=0, the Euler equations, this is only

possible if the time integral of the maximum vorticity ����

becomes infinite.
2

The folklore is that Navier-Stokes solu-

tions are regular. Whether the equations are singular would

have a dramatic effect upon the nature of any transition from

smooth initial conditions to a turbulent flow, but this will not

be the topic of the present paper. The focus here will be the

first stage in the extension to viscous flows.

For the Euler equations, if the initial state is smooth at

the largest scales, vortex sheets quickly appear that suppress

singularities and there is only exponential growth in the

maximum vorticity.
3,4

If the initial state is composed not of

sheets, but of smooth, localized vortex tubes with finite en-

ergy in finite domains, a growing body of evidence from

numerical simulations indicates that the 3D Euler equations

form antiparallel vortices and could have singularities.
5–7

In

all of these cases, the indications are that the singular behav-

ior begins only after the most intense vorticity organizes it-

self into an antiparallel configuration. For a more generic

initial condition that develops vortex sheets, the focus of this

paper, the picture is less clear.

The Euler equations conserve two quadratic invariants,

energy KE =
1

2
� u

2dV ,

�2�

helicity H =� h�x�dV =� u · �dV ,

where �=��u is the vorticity and h�x�=u�x� ·� is the local

helicity density. For the Navier-Stokes equations in a peri-

odic box, the dissipation of the energy � is related to the

enstrophy or mean square vorticity � by

FIG. 1. Time dependence of kinetic energy KE, ����, dissipation �, and

integral helicity H for our 2563 direct numerical simulation. The time scale

is set by the first peak in ���� around T=0.5.
FIG. 2. Comparison of the energy spectra vs the three-dimensional wave-

number k= �kx
2+ky

2+kz
2�1/2 in shells of width �k=1 for several times. The

initial energy was in wavenumbers �k � �4, and quickly fills all shells with a

very steep spectrum. After T=0.5, an inertial range spectrum gradually

forms, becoming firmly established by T=1.3 as shown by the inset, where

the straight line is E�k�=2�2/3k−5/3.

FIG. 3. Vorticity isosurfaces in the entire domain at an early time �T=0.3�
when the flow is dominated by vortex sheets. �� � 	0.47����, 
y =100°. In

all of the three-dimensional figures the vorticity isosurface color scale is the

red earth tones in the upper part of the color bar. Hashes show where helicity

magnitude is large with blue representing h�0 and green h	0. In gray-

scale, the darker hashes are h�0 and the lighter hashes are h�0. A red

cross �not in this figure� will indicate the position of ���� at the given time.

Lines are vortex lines originating at randomly chosen points within regions

of large ����.
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�tKE = � = �� = �� �
2dV . �3�

While KE and H remain constant for the three-dimensional

Euler equations, the enstrophy will grow due to vortex

stretching.

Fully developed turbulence is found numerically either

in forced simulations or at late times in decaying turbulence.

It was shown as early as 1980 �G. S. Patterson, private com-

munication� that these flows generated vortex tubes, as docu-

mented in Refs. 8 and 9. It was not until later
10

that the

possible importance of alternative structures was realized.

This would include vortex sheets, often interacting in con-

figurations where their vorticity vectors were nearly orthogo-

nal. We shall refer to these interacting structures as “trans-

verse vortex sheets” and one such structure will be the focus

of this paper.

For the Reynolds numbers accessible to such simula-

tions, all the expected statistics of grid turbulence in a wind

tunnel
11

are observed. This includes a −5/3 spectrum,
9

E�k�=Ck�
2/3k−5/3, the velocity derivative skewness

12

��u /�x�3 / ��u /�x�2�=−0.5, and anomalous scaling of higher-

order statistics.
10

The transition between the initial and final states has not

been studied previously in great detail, perhaps because the

transition is not expected to be universal. It would be univer-

sal if the structures and statistics were representative of the

statistical state of fully developed turbulence. The objective

of this paper is to begin to fill this gap by discussing in detail

the structural changes during this transition for one generic

flow. This will start from the smooth initial condition pro-

posed earlier for decaying isotropic turbulence by Ref. 13.

The initial condition used in Ref. 13 consisted of low-

wavenumber Fourier modes ��k � �4� with a nearly uniform

spectrum and random phases. High-wavenumber amplitudes

were initially set to zero in order to prevent them from ob-

scuring the development of the low-wavenumber modes.

This initial condition has been discussed in two previous

papers.
13,14

The purpose of the first study
13

was to demon-

strate the initial formation of vortex sheets and the eventual

appearance of fully developed turbulence. The purpose of the

second study
14

was originally to provide a basis for compari-

sons with large-eddy simulations �LES�, but instead we de-

FIG. 4. Vorticity isosurfaces at t=0.5 for 1 /23 of the domain. �� �
	0.55���� and 
y =30°. The maximum vorticity ���� is within the cross at

the upper right. The interaction to be followed in Figs. 9–11 between

T=0.5 and 0.7 will start with this cross, then proceed down the bundle of

vortex lines coming out of it and into the connected green h	0 structure.

FIG. 5. Vorticity isosurfaces at T=0.7, the end of the transition to vortex

tubes, for the entire domain. ���	0.39���� and 
y =330°. To study vortex

dynamics near ����, the region at the lower front edge will be magnified in

subsequent figures.

FIG. 6. Helicity spectra H�k� at t=0.3, 0.4, and 0.5 and a helicity transfer

spectrum Htr�k� at t=0.3. Most of the change in the helicity spectrum occurs

between t=0.3 and t=0.4, the period during which in physical space regions

of negative and positive helicity density emerge, as shown in Fig. 9. Note

the relationship between the oscillations in H�k� at t=0.5 and the oscillations

in Htr�k� at t=0.3. The high negative and positive transfer rates at t=0.3

result in the changes seen in the helicity spectrum at t=0.4.
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cided to focus upon the appearance of helical transverse

sheets. LES comparisons with this initial condition have

since been done by two other groups.
15,16

The LES compari-

sons show that a full description of the behavior of this ide-

alized DNS is relevant to engineering applications.

Time scales. Figure 1 shows the time dependence of

kinetic energy KE, maximum vorticity ����, dissipation

�=	dV� ��u�2, and integral helicity H �6�. The time interval

0� t�1 covers approximately one eddy turnover time. The

most important time in the analysis to be presented is

t
0.5, the first peak in the maximum of the vorticity, the L�

norm denoted as ����. Energy spectra have also been tradi-

tionally used to set time scales. Figure 2 details how the

spectrum evolves from energy only in the lowest Fourier

modes at T=0 until a short −5/3 regime appears at T=1.3,

with Ck=2, which is consistent with the standard coefficient

of Ck
1.7 given that the Reynolds number is low �R�=70 at

T=1.3�.
Once the time scales are set, the local transitional struc-

tures are studied in detail. Vortex sheets, as seen most clearly

in Fig. 3, dominate the flow from T=0 up to T
0.5. For

T�0.4���� is growing steadily but not sharply, then be-

tween T=0.4 and 0.5, ���� increases sharply, then stops

growing abruptly, with another slightly greater peak in ����

at T=0.7. The transition from a flow dominated by vortex

sheets to one dominated by vortex tubes is completed during

0.5�T�0.9. After T=0.9 the flow satisfies the classical

definition of fully developed turbulence. Namely, the follow-

ing conditions hold: ���� and energy are decaying, vortex

tubes dominate the structures, and the spectrum is evolving

towards the short −5/3 slope at T=1.3.

Some evidence for these regimes is also seen in the other

time curves in Fig. 1. Dissipation � grows steadily between

the time that vortex sheets initially form at T
0.3 until the

end of the transition period, with d� /dt largest for T
0.5.

Helicity first becomes more positive in the period before

T=0.5, then steadily becomes more negative during the tran-

sition period between T
0.5 and T
0.9. The mechanism

for this trend is discussed in detail in Sec. V.

Sequence of events. The overall change in the three-

dimensional appearance is summarized by Figs. 3–5 at

T=0.3, 0.5, and 0.7, respectively. Figures 3 and 5 each show

the entire domain at the beginning and end of the the time

span to be considered, while Fig. 4 focuses upon the 1/23

subdomain over which the primary transition in structure

will occur. Figure 3 at T=0.3 is clearly dominated by vortex

sheets. The major fine-scale structure at T=0.5 is also com-

posed of vortex sheets, but these sheets have now acquired

strong helicity variations and at the larger scales are clearer

starting to form tubes. By T=0.7 in Fig. 5, the most intense

structures are sparser helical vortex tubes. Figures 6 and 7

use a variety of helicity spectra to show how these helicity

variations evolve in Fourier space up to T=0.5. Figures 8–11

for T=0.5 to 0.7 focus upon the lower front edge of Fig. 5

identified by the red cross. The objective is to identify how

the sheets at T=0.5 in Fig. 4 change into tubes by T=0.7.

III. FORMATION OF TRANSVERSE HELICAL
STRUCTURES

A new feature this paper will focus upon is the growth

and decay of helicity in interacting vortices. While the time

dependence of total helicity in Fig. 1 shows that there is

some smooth, large-scale residual helicity in the initial con-

dition, it will be the production of small-scale helicity that

will be dynamically important. This is most easily seen at

early times �T�0.5� in fluctuations in the helicity cospectra,

which will be the focus of this section.
17

The appearance of helicity fluctuations for T�0.5 is not

associated with a large overall change in the total helicity H

of the flow, which can only occur through dissipation.

Changes in both H and kinetic energy KE for T�0.5 are

small, implying that the inviscid Euler equations should ap-

ply. Without dissipation, how can the Euler equations gener-

ate large amounts of local helicity density?

The helicity density h=u ·� in the Navier-Stokes equa-

tions obeys

�ih + u · h = − � · � + ��h − 2�tr��� · �u
T� . �4�

Neglecting the viscous terms, there is advection on the left-

and right-hand sides, a source −� ·��=� ·�� when the

vorticity is aligned with the gradient of the pressure head

= p−1/2u2. Since the right-hand side is a divergence, glo-

bal helicity in a periodic domain will be conserved by the

Euler equations. This term exists only along vortex lines and

FIG. 7. Helicity transfer spectra. The full transfer spectrum Htr�k� at

T=0.425 is shown along with segments of the T=0.3 and 0.5 transfer spec-

tra to show how the spectrum appears to move to higher wavenumbers as

time progresses. The peak positives are marked with ��� and the peak nega-

tives are marked with ���.

FIG. 8. Isosurfaces of vorticity and vortex lines at T=0.5 for the 1/43

subdomain centered on ���� in the upper right of Fig. 4. The isosurfaces in

the two perspectives of 
y =50° and 160° emphasize the sheet-like character,

while the vortex lines show the beginnings of tube-like concentrations. The

vertical structure in the 
y =50° perspective is the same as the horizontal

structure on the left of the 
y =160° perspective as indicated by the red

arrows. Note the twisted vortex lines on the left-hand side of the sheet for


y =50° and indicated by the blue arrow. The red �upper� and blue �lower�
arrows in this and the following two figures point to the same structures. As

the vortex structures naturally wrap around each other, these twisted vortex

lines will evolve into the blue vortex tube at later times.
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generates locally polarized helicity along these lines.

Three types of helicity cospectra have been looked at:

the helicity cospectrum H�k�, the nonlinear helicity transfer

Htr�k�, and the helicity dissipation H��k�:

H�k� =� d��ku�k� · ��k� �a� ,

Htr�k� =� d��kN�k� · ��k� �b� , �5�

H��k� = 2�� d��kk2
��k� �c� ,

N�k� is the Fourier transform of the physical space nonlinear

term −�u ·��u−�p in the Navier-Stokes equation �1� and d�

is for the integration over solid angle. In our numerical simu-

lation these are defined on spherical shells of width �k=1,

and k is the average magnitude of a wavenumber within a

shell. The spectra have the following properties:

H =� dkH�k� =� dVu�x� · ��x� is conserved when � = 0,

dHdt = − H� = −� dkH��k� , �6�

� dkHtr�k� = 0 due to helicity conservation.

Only H and Htr are plotted.

The physical space equation �4� has been used to explain

the appearance of nearly maximal helicity in the inviscid

FIG. 9. Vorticity isosurfaces at T=0.5. The cube shown is a 1/43 domain with ���	0.55���� and 
y =50°. The diagrams on the left indicate how helicity

density of opposite signs �blue and green� has been expelled in opposite directions along each bundle of vortex lines. In grayscale: darker gray=blue is h

�0, lighter gray=green is h	0, and darkest=black is h
0. Figure 8 shows that the vortex structures have not fully changed from sheets into tubes and

therefore are represented by transitional ribbons, with one over the other. For the overlying ribbon, its green h	0 left end corresponds to the green blotch in

the center of the cube while this ribbon’s blue h�0 right end corresponds to the furthest right blue in the cube. For the underlying ribbon, its blue upper end

corresponds to the uppermost blue of the cube and its green lower end corresponds to the lower, central green of the cube and the long green h	0 structure

in Fig. 4.

FIG. 10. Isosurfaces of vorticity for ���	0.5���� and helicity at interme-

diate time t=0.6. The cube is for 1 /23 of the domain from the perspective of


y =165°. The position of ���� at the earlier time t=0.5 is indicated by the

light yellow cross, and the position of ���� at t=0.6 is indicated by the

darker red cross. The surrounding diagrams cover a range of perspectives

and are discussed in detail in the Appendix. The upper left diagram at


y =55 corresponds to the perspective in Fig. 9 and the perspective of the

cube is between the perspectives at 
y =115 and 175. The red and blue

arrows refer to where these ends came from at T=0.5 in Fig. 8.

FIG. 11. Isosurfaces of vorticity ���	0.39���� and helicity at t=0.7 for

1 /23 of the domain at 
y =210°, rotated 180° from Fig. 4. The position of the

���� at t=0.5 is in the upper left corner and has now dissipated. The trans-

verse structure that was a sheet at t=0.5 has been transformed into the blue

�h�0, darker gray� tube. The dashed line in the diagram on the left indicates

where there were vortex structures at T=0.5, which have now been

dissipated.

025101-5 Helicity in the formation of turbulence Phys. Fluids 19, 025101 �2007�



interaction of two antiparallel vortices.
18

In that calculation,

the nearly singular interaction generates helicity of opposite

signs in the two directions around the point of maximum

vorticity. There is no requirement that the vortices be anti-

parallel to produce this effect, only an expectation that there

be strongly interacting vortices. This is illustrated by the in-

set of Fig. 9. Due to symmetries, in a strictly antiparallel

configuration the two signs of physical space helicity would

cancel in Fourier space at each wavenumber and thus pre-

clude any spectral oscillations. This should also hold over the

wavenumbers of a simulation that correspond to physical

space length scales where vortex filaments might be evolving

towards an antiparallel configuration.

Figure 6 shows helicity fluctuations in Fourier space

growing during the period 0.3�T�0.5, which is the first

sign that this calculation might not see antiparallel vortex

structures. Strong fluctuations in Htr�k� appear around

T=0.3 and are the source of the fluctuations in H�k� for

0.3�T�0.5, and probably physical space helicity in Figs. 3

and 4. The spontaneous appearance of H�k� is similar to what

was observed when symmetries were used to create maxi-

mally helical modes of opposite sign.
19

In those cases, helic-

ity of opposite sign appeared in adjacent wavenumber bands,

with the higher band dissipating after appearing to propagate

to still higher wavenumbers. This contrasts with simulations

with only one sign of helicity in the largest modes, which

suppress the energy cascade.
20

No physical space structure

was identified with these spectral space events.

Changes in the global helicity can only occur through

the dissipation of helicity of the opposite sign. This suggests

a relationship between the destruction of high wavenumber

spectral fluctuations of H�k� in Fig. 6 and the destruction

small-scale, helical, physical space structures such as those

around the primary structure in Fig. 9. This identification is

possible because there is only one small-scale helical struc-

ture at this time. The trends in Fig. 1 �lower right frame� are

that H becomes more positive for T�0.5, then decreases for

T	0.5. Our interpretation of these changes is as follows.

For T�0.5 the slight increase in the helicity is associ-

ated with the decrease, then change in sign of the negative

Fourier space peak around k=6 between T=0.4 and T=0.5 in

the lower frame of Fig. 6. The decrease in positive H for

T	0.5 is associated with the positive Fourier space helicity

peaks at higher wavenumbers at T=0.5.

In physical space, these changes appear to be associated

with the destruction of structures. First, there is the annihila-

tion of the two blue �h�0� regions seen in Fig. 9 but not

seen in Fig. 10, a process that probably began before

T=0.5 and would account for dH /dt	0 for T�0.5. The

decrease in positive H for T	0.5 would be associated in

physical space with the annihilation of the dominant green

�h	0� region in Fig. 4 and to be discussed further using

Figs. 9–11. The proper diagnostic for dissipation of helicity

would be the furthest right term in �4� and will be investi-

gated in a future study.

The final point we wish to make about the spectra is that,

for T�0.4, these fluctuations are only significant for k�6.

There are virtually no fluctuations in either the helicity or the

helicity transfer for k	6 until T
0.425. Figure 7 shows that

starting then, the positive and negative peaks in the helicity

transfer spectrum appear to propagate to higher

wavenumbers.
21

Our best graphics suggest that the major

topological change that produces the structure in the upper-

right-hand side of Fig. 4, and in Fig. 9, occurs near

T=0.425. Further calculations with better resolution and

higher Reynolds numbers will hopefully answer this ques-

tion.

IV. DETAILS AT T=0.5

It was when rotating the structure in Fig. 9 at T=0.5,

which is at the height of the transition, that the authors first

realized
14

that these interacting structures could never be de-

scribed as antiparallel and are largely sheet-like during the

transition process. The fluctuations in helicity spectra just

discussed would be consistent with the observation of trans-

verse structures. Several perspectives and fields are used here

to describe the vortex structures in detail, emphasize what

the dynamics between T=0.3 and T=0.5 has created, and

understand where the dissipation for 0.5�T�0.7 is coming

from. Diagrams have been added to some of the figures to

emphasize these points.

Figure 8 shows two views of the 1/43 subdomain around

the peak vorticity without helicity hashes in order to empha-

size that at the height of the transition process, sheets are still

dominant, although the sheets are much finer than those seen

at T=0.3. The first perspective is roughly the same as in Fig.

4 and exactly the same as in Fig. 9. The second perspective is

roughly the same as in Fig. 10. Arrows are used to show

which twisted vortex lines will evolve into the blue vortex

tube at later times.

Figure 9 includes two diagrams alongside the figure

from our earlier work. The inset of just lines demonstrates

how the polarized helicity that is generated in the region of

closest interaction is expelled as the vortex lines are

stretched out. The left diagram is to show how the two trans-

verse structures slightly wrap around each other. It is impor-

tant to realize that the upper branch, indicated by the red

arrow, actually bends far back, as seen in the 160° perspec-

tive in Fig. 8. The diagram also shows that along each vortex

sheet, opposite signs of helicity are concentrated along either

end of the structures. h	0 appears to be concentrated on the

left of the horizontal structure and the bottom of the vertical

structure, while h�0 is at the right and top.

The structures in Fig. 9 connect through the green at the

bottom to the significant long green structure across the cen-

ter of Fig. 4. Going back to Fig. 4, the strongest interaction

for T	0.5 will work its way down the vortex lines overlaid

with green that leads out of structure in the upper right. This

same subdomain is used in Figs. 10 and 11. In the process,

the remaining vortex sheets will turn into helical vortex tubes

and then be annihilated.

V. ANNIHILATION

We now propose that the increases of energy and helicity

dissipation near T=0.5 in Fig. 1 are due to the self-

annihilation of the structure being discussed. This will be

illustrated through three-dimensional visualizations and dia-
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grams in Figs. 9–11. The three-dimensional visualizations in

Figs. 10 and 11 are of the same 1/23 subdomain as in Fig. 4,

but from different angles. The diagrams on the left are de-

signed to simplify the process as it might be viewed from a

single rotating perspective. The three frames and respective

times are chosen so as to represent the following stages: the

start of the dissipation process at T=0.5 when the structures

are still sheet-like; the height of reconnection at T=0.6; and

the end of the strongly dissipative period at T=0.7. The

dominant structures at T=0.7 are nearly orthogonal vortex

tubes with different signs of helicity.

The process starts with the nearly orthogonal vortex

sheets described in the last section. The tangle of partially

reconnected vortex lines in the upper left of the T=0.6 visu-

alization in Fig. 10 arises in the next step in the evolution.

All the sheets have turned into tubes and virtually all the

signs of strong helicity have disappeared. Exceptions are the

green in the middle, which is from the same structure that is

in the middle of Fig. 4 at T=0.5, and the blue tip next to it,

which is discussed below.

Four perspectives of a cartoon are included to help un-

ravel which parts from T=0.5 are reconnecting to each other.

The cartoon uses three primary colors: green for h	0, blue

for h�0, and black for neutral helicity h�0. The details are

given in the Appendix and can be summarized as follows: �1�
Reconnection of the ends of the original vortices with oppo-

sitely signed helicity. �2�a�� Helicity is neutralized �black in

diagrams� before the structures are completely annihilated.

�2�b�� Vortex tubes form. �3� New helicity with the sign op-

posite to that in the remaining major structure appears. �4�
Interactions between structures with oppositely signed helic-

ity continue.

The manner in which segments with oppositely signed

helicity reconnect is similar to what would happen in anti-

parallel reconnection.

Figure 11 shows the final step in the annihilation of the

structure at T=0.7. The blue tip, which was beginning to be

pulled out at T=0.6, is now behind the original green vortex.

By T=0.7 all the vortex sheets that were originally in the

vicinity of ���� at T=0.5 have either been annihilated or

turned into vortex tubes. Figure 1 shows that this is the pe-

riod during which dissipation is largest. The maximum vor-

ticity ���� is located in these structures until t
0.8.

VI. DISCUSSION AND OPEN QUESTIONS

When viewed at very close range, the crossed, maxi-

mally helical vortex tubes at T=0.7 appear as isolated

structures,
14

which would be consistent with the classic pic-

ture of apparently isolated, helical vortex tubes that have

appeared in renderings going back to the mid-1980s includ-

ing Refs. 3, 9, 22, and 10. The point here is that when viewed

from further out in Fig. 11 �and still further back in Fig. 5�,
and after following where they came from, we know that the

vortices are not isolated and are instead strongly interacting.

At no time during this calculation are the most intense vor-

ticity elements observed to be antiparallel, and oscillations in

the helicity cospectra, impossible for antiparallel vortices,

begin at an early time.

This is a recurring process. Once the punch has gone

from the interaction of these structures, a new sheet-like in-

teraction begins to dominate the dynamics. This begins as the

immature sheets structure on the left of Fig. 4 at T=0.5,

develops into the structures in the upper-left-hand side of

Fig. 5 at T=0.7, and is responsible for the second peak in

���� near t=1.0 in Fig. 1. Similar transitions has been ob-

served, but not dissected, in graphics for earlier

simulations.
9,10

If these events have a common structure, it

suggests that the dynamics for the transition here might be

more universal than previously supposed and relevant to the

statistical state of fully developed turbulence. It could be that

the statistics related to the most intense events are dominated

more by these events than by the properties of relatively

inert, truly isolated vortex tubes.

Two scenarios. What is different about this event than

the usual scenario? Table I outlines two scenarios: one based

on interacting antiparallel vortex tubes being the most in-

tense structures, the other based on what is observed devel-

oping from smooth initial conditions such as Taylor-Green
3

interactions between vortex structures in fully developed

turbulence
9

and here. In this scenario, antiparallel vortex

structures are never observed and helicity clearly plays a

major role.

What is the underlying origin of the differences between

the two scenarios? All the calculations that lead to anti-

parallel configurations are inviscid, initialized either using

vortex filaments and tubes �see Ref. 23, and references in

Ref. 24�. The spectral calculations reported here, which are

viscous and initially develop vortex sheets, show no antipar-

allel trend. Since sheets do not have an axial direction along

which vorticity will align, other alignments are possible and

the growth of the large-scale helicity is also possible. The

new mechanism does not appear to depend upon either the

inviscid rollup of isolated vortex sheets or the reconnection

of antiparallel vortices.

Nonetheless, two helical properties associated with anti-

parallel interactions are seen. At their point of closest ap-

TABLE I. Two scenarios for the creation of vortex tubes out of smooth,

random initial conditions. The �A� scenario on the left is based upon simu-

lations of interacting vortex tubes. The �B� scenario on the right is based

upon simulations that use smooth initial conditions. The �B� scenario seems

to apply to the present case.

Stages

�1� Collision of blobs

�2� Appearance of vortex layers �sheets�

T=0.25Te

�3�A�� �3�B��

�a� Enhanced rollup �a� Transverse vortex configuration

Vortex tubes �b� Expulsion of helicity, reconnection

Antiparallel attraction and week dissipation while vorticity

�b� lim�→0limt→Tc
����→� is steel in layer and ���� is growing

�c� Reconnection: �c� Formation of vortex tubes and

Viscous dissipation strong dissipation

�d� Isolated tubes

�4� Small-scale vortex tubes. E�k��k−5/3

T=Te
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proach, opposing ends of the interacting vortices generate

helicity of opposite sign and when the vortex lines reconnect,

it is the ends with oppositely signed helicity that connect.

However, a major difference after reconnection begins, is

that in an antiparallel configuration, the increase in dissipa-

tion is rather small.
25

The asymmetrical helicity interactions

that are allowed in the present case appear to be intrinsically

related to the fourfold increase in dissipation. From this cal-

culation and earlier work,
19

it could be that a train of helicity

fluctuations moving to small scales as in Fig. 7 is needed for

there to be rapid dissipation. This could not occur if the

vortices at the smallest scales were antiparallel.

Two final points about helicity. While the helicity den-

sity is not Galilean invariant, Galilean transformations could

not remove the strong fluctuations in helicity in physical

space that we observe, nor could they remove the strong

fluctuations in the helicity cospectrum in Fig. 6. The impli-

cation is that if these are configurations that naturally and

frequently arise in a turbulent flow, then helicity could be

playing a central role in their dynamical evolution. The sec-

ond point is that the interactions of oppositely signed helical

are transients originating from an initial value problem and

appear to enhance the turbulent cascade. Despite superficial

similarities with the oscillations in helicity in the Glezder-

Ohkitani-Yamada �GOY� shell model
26

that was discussed in

an earlier paper,
19

we do not believe that a shell model is the

correct description for the phenomena observed. In the GOY

model, the helicity fluctuations play a role in producing an

intermittent statistical state through blocking the cascade.
27

A new twist. The three-dimensional graphics and helic-

ity analysis presented provide evidence for a new coherent

mechanism for the formation of dissipative structures char-

acterized by viscous, transverse vortex sheets gradually

transforming themselves into interacting, transverse vortex

tubes, which are intrinsically helical. The transverse configu-

ration forms during the period with the strongest surge in

vorticity and is associated with strong fluctuations in the he-

licity in both physical and Fourier space. Viscous dissipation

plays a role as early as T=0.4, but has not been visualized.

One would expect sheets of dissipation as identified

previously.
9

All of these observations would be consistent

with earlier theoretical suggestions, that dissipative sheets

could be separating regions of maximally positive and nega-

tive helicity,
28

and analysis of triad interactions, where oppo-

sitely signed helical modes enhance energy transfer.
29

Only one idealized state has been considered here. How

will this state determine the intermittent turbulent state that

follows? Our approach to this problem will be to search large

data sets for examples of what has been discussed, then see

what develops. The tools developed here could help us iden-

tify the conditions under which the structures of fully devel-

oped turbulence appear.
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APPENDIX: DETAILS FOR 0.5<T<0.7

The diagrams in Figs. 9–11 are designed to summarize

how the sheets at T=0.5 have turned into tubular structures,

how new alignments arise, and how helicity is transformed.

In the diagrams three colors indicate the sign of helicity:

Green for h	0, blue for h�0, and black for neutral helicity

h�0.

Referring to the steps in Sec. V:

Ends of oppositely signed helicity reconnect. Compare

the upper-left diagram at T=0.6 in Fig. 10 with the left dia-

gram at T=0.5 in Fig. 9. The parts that reconnect on the left

are indicated by the red and blue arrows in the two diagrams.

The green h	0 horizontal structure indicated by the blue

arrow at T=0.5 has reconnected with the blue h�0 vertical

structure indicated by the red arrow. This becomes in the

T=0.6, 
y =55 diagram, a blue h�0 curved structure con-

nected to the black h�0 vertical structure. The parts that

reconnect on the right are the green h	0 bottom of the

underlying sheet at T=0.5 in Fig. 9 with the blue h�0 right-

hand side of the overlying sheet of both the diagram and

three-dimensional image in Fig. 9. There is only partial re-

connection at T=0.6 with at least one vortex line still follow-

ing its original path.

Further information on alignments is given by the other

perspectives in Fig. 10. The perspective of the cube in Fig.

10 and the right picture at T=0.5 in Fig. 8 are between the


y =115 and 175 perspectives of the cartoon in Fig. 10. The

vertical isosurface near the yellow cross in the cube corre-

sponds to the black twisting h�0 vertical lines with the red

arrow. The red cross in the cube corresponds to the straighter,

more horizontal, black h�0 structure.

Vortex tubes. The new structures at T=0.6 in the cube

of Fig. 10 are more tube-like than the sheets in the two

perspectives at T=0.5 in Fig. 8, which show the existence of

sheets at T=0.5 best. In particular, the red arrows point to the

same structure, which for T=0.5 in Fig. 8 is the vertical

structure in the 50° perspective and the sheet-like structure

that is bent far back in the 160° perspective. The sheet in the

middle of the 50° perspective corresponds to the upper sheet

in the 160° perspective and lies over the sheet indicated by

the red arrow.

Helicity is neutralized. Note that despite the large vor-

ticity in the upper left of the cube at T=0.6, helicity has

almost disappeared in this region. This corresponds to the

black h�0 structures in the diagrams. The regions of h�0

appear to develop because the polarized source term in �4�
reverses sign after the direction of vorticity has changed.

New blue h�0 structure appears. The blue h�0 tip in

the cube, and indicated by the blue arrows in the diagrams

of Fig. 10, has formed from the green h	0 structure at

T=0.5 in Fig. 9. The sign of helicity changes as this tip
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snakes around the major green h	0 structure and appears to

come from the flow of helicity from the vortex segment in-

dicated by the red arrow that was blue �h�0� at T=0.5 and

is black �h�0� at T=0.6.

Opposite helicity vortex tubes at T=0.7. The blue tip at

T=0.6 becomes the blue h�0 cross vortex at T=0.7 in Fig.

11. Eventually the entire structure is annihilated.
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