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In this paper, we present a Hermite-Hadamard-Fejér inequality for conformable fractional integrals by using symmetric preinvex
functions. We also establish an identity associated with the right hand side of Hermite-Hadamard inequality for preinvex functions;
then by using this identity and preinvexity of functions and some well-known inequalities, we find several new Hermite-Hadamard

type inequalities for conformal fractional integrals.

1. Introduction

LetI € R be an interval and h : I — R be a convex function
defined on I such that «,, k, € I with k; < «,. Then the well-
known # % (Hermite-Hadamard) inequality [1] states that

K+ K, 1 2 h(i) +h(xy)
h< - )g J B dx < ST

Ky =Ky Jiy

holds. If the function ki is concave on I, then both inequalities
in (1) hold in the reverse direction.

In the last few years, many researchers have shown their
extensive attention on the generalizations, extensions, vari-
ations, refinements, and applications of the Z % inequality
(see [2-15]). The most well-known generalization of the # %
inequality is the Hermite-Hadamard-Fejér inequality [16]. In
1906, Fejér [16] established the following weighted general-
ization of the Hermite-Hadamard inequality for symmetric
functions:

h(%)iﬁzg(x)dxs — leg(x)h(x)dx
(2)
) )

K

for all convex functions h : I — R, x;,%, € I with x; < k,
and g : [k;,x,] — R is symmetric with respect to (x; +
;) /2.

It is well known that the convex sets and convex functions
play important roles in the nonlinear programming and
optimization theory. Many generalizations and extensions
have been considered for the classical convexity in the last
few decades. A significant generalization of convex functions
is that of invex functions introduced by Hanson in [17].
The basic properties of the preinvex functions and their
roles in optimization theory can be found in [18]. The Z7Z
inequalities for preinvex and log-preinvex functions were
established by Noor [19, 20].

Now, we recall some notions and definitions in invexity
analysis, which will be used throughout the paper (see [21, 22]
and references therein).

Let A € R be a nonempty set and the functions i : 2 —
Rand ¥ : A x A — R be continuous.

Definition 1. The set 2 € R" is said to be invex with respect
to W(.,.) if

py + S (pyy py) € A (3)
for all y;, u, € Aand s € [0, 1].
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The invex set A is also called a W-connected set. If
Y(uys ) = U, — py> then the invex set is also a convex set,
but some of the invex sets are not convex [21].

Definition 2. The function h is said to be preinvex with
respect to ¥ on the invex set 2 if

h(py +5Y (o)) < (1= 5) B (py) + sh (uy) (4)

for all y;, u, € A and s € [0,1]. The function h is called
preconcave if —h is preinvex.

The following Condition C was introduced by Mohan and
Neogy [23].

Condition C. Suppose 2 is an open invex subset of R” with
respectto ¥ : A x A — R and V satisfies

W (phs phy + Y (ph ) = =Y (phrs pha) »

(5)
W (s phy + Y (s 2)) = (1= 9) Y (o1, 1)
for any y;, 4, € A and s € [0, 1].
From Condition C, we clearly see that
W (py + ¥ (s ) s iy + 5, (11, 142)) ©)

= (5, —51) ¥ (> 1)

for any y;, , € A and s € [0, 1].
The following # # inequality for the preinvex functions
was proved by Noor [20].

Theorem 3. Let h : K = [k,%, + Y(k,, k)] — (0,00) be a
preinvex function on the interval K* (the interior of K) and x,,
K, € K* withx, <k +¥(x,,x,). Then the following inequality
holds:

h(le +xy(K2,xl))

2

(7)
h() + ()

1 K+ (16p,%)
J hx) dx < S

< -
¥ (13, 561) J,
Several important variants of Z’# inequality for preinvex
functions have been provided in the literature [24]. Recently,
the authors in [25] defined a new well-behaved simple frac-
tional derivative called the “conformable fractional deriva-
tive”. Namely, the conformable fractional derivative of order
0 < o < 1ats > 0for the function & : [0,00) — R is defined
by

h (s + esl_“) —h(s)

€

(8)

Dy () (s) = lim

If the conformable fractional derivative of /& of order « exists,
then we say that h is «-fractional differentiable. The fractional
derivative at 0 is defined as h*(0) = lim,__,+h*(s).

Next, we present some basic results related to con-
formable fractional derivative in the following theorem.
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Theorem 4 (see [25]). Let « € (0, 1] and h;, h, be «-differen-
tiable at a point s > 0. Then

(i) (dy/dys)(s") = ns"* foralln € R.

(ii) (d,/d,s)(c) = 0 for any constant ¢ € R.

(iil) (d,/d,s)(xhi(s) + 1,h,(8)) = x,(d,/d,s)(hy(s)) +
1, (dy/dys)(hy(s)) for all ky, x, € R.

(iv) (do/dg3)(hy ()hy(s)) =y (s)(dg/dys) (hy(s)) +hy(s)(d, /
d,s)(hy(s)).

(V) (dy/d8)(hy(s)/ hy(s)) = (hy(s)(d, /dy ) (hy(s))(s)(d,/
ds)(hy(s))/ (y(s))*.

(vi) (dy/dys)((hy o hy)(s)) = hy(hy(s))(dy/dys)(hy(s)) if by
differentiable at h,(s).

If in addition h is differentiable, then
d, o d
s (hy(s) = s' — (). 9)

Definition 5 (see [25] conformable fractional integral). Let
a € (0,1] and 0 < x; < k,. A function by : [k, k] — R
is ae-fractional integrable on [x,, x,] if the integral

[ der = [ G2 ax (10)

exists and is finite. All a-fractional integrable functions on
[x,,%,] are indicated by L, ([x,, x,]).

Remark 6.

. o S h
15 () (s) = 17 (s lhl)zj ;l(_’;)dx, an

Ky

where the integral is the usual Riemann improper integral
and o € (0, 1].

Recently, the conformable integrals and derivatives have
been the subject of intensive research, and many remarkable
properties and inequalities involving the conformable inte-
grals and derivatives can be found in the literature [26-38].

In [39], Anderson provided the conformable integral
version of #Z 7 inequality as follows.

Theorem 7 (see [39]). If « € (0,1] and h; : [k;,k,] —
R is an a-fractional differentiable function such that D h is
increasing, then we have the following inequality:

h(i) + h(’cz).
2

L J h(x)dox < (12)

Ky — Ky iy

Moreover if the function h is decreasing on [k, k,], then we
have

h<'<1;r'<z>s ““Kajzh(x)dax. (13)

Ky =Ky iy

Ifa = 1, then this reduces to the classical ' Z inequality.
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In this paper, we first establish the Hermite-Hadamard-
Fejér inequality for conformable fractional integrals by using
symmetric preinvex functions; then we present 7 7 inequal-
ities as their special cases (see Corollary 9). Secondly, we give
an identity associated with the right side of # % inequality
for preinvex functions using the conformable fractional
integrals; then we establish #Z % inequalities for preinvex
functions by use of Holder inequality, power mean inequality,
and preinvexity of functions.

2. Hermite-Hadamard-Fejér Inequalities for
Conformable Fractional Integrals

The preinvex version of Fejer-Hermite-Hadamard inequality
can be represented in conformable fractional integrals forms
as follows.

Theorem 8. Suppose that k,, k, € K such that ¥(x,,x;) > 0,
h : K = [k,x + ¥(x,x)] — (0,00) is a preinvex
function and symmetric with respect to 2k, + ¥(x,,x,))/2,
and g : [k;,x,] — R is a nonnegative integrable function.
Also assume that \V satisfies Condition C; then the inequality

. ( 2K, + ‘1’2(162, K1) ) rw‘l’(’cz,xl) oo

Ky

<

K+ (ky,5)
j h(x) g (x)dx (14)

Ky

< (k) +h(ie + ¥ (i, 5,)) rw‘l’(’cz,xl) o

2

K
holds for any « € (0, 1].

Proof. Since h : K — R is preinvex function and is
symmetric with respect to (2«; + ¥(x,,,))/2, then for any
x,y € Kand t = 1/2, we have

h(“‘l’(?@) . h(x);h(y)

(15)

ie, with x = x; + (1 — 5)¥(x,,%;) and y = x; + s¥(k,, k),
inequality (15) becomes

h <K1 +(1-9)Y (xy,%,)

. W (k; + sV (ko ;) 56 + (1= S)T(KZ’KI)))
2

= h(;cl +(1-35)Y (xy,%,)

(s=1+9) ¥ (ky 1)
+
2

> (using Condition C)

:h<x1 (1= 9)Y (ko 70,) + L‘ZP(W%))

3
_h 2k, + ¥ (K, ;)
2
B hk, +(1—38)Y (k%)) + h(x; + Y (x5, %))
- 2
=h(k; +sY (k. x;)). (h is symmetric)
(16)
By change of variables, we have
2K, + ¥ (x5, K+ ¥ l.5)
h( 1 2(2 1))L g()d,x
2 Y (x,,
=W(K2,K1)h<'<l+—<'<z'ﬂ))
2
! a—1
[ e ¥ (o) G+ 59 () s
0 (17)
1
<V (K, k) J h(x, + s¥ (k,yk;))
0
a-1
- g (i + Y (K3, ,)) (1) +8Y (10, %)) ds
K+ (15, )
= J h(x) g(x)d,x.
So we can write
h ( 2K + \I"Z(Kz, Kl) ) J’K1+‘1’(K2»K1) 900 dax
: (18)

K+ (16p,%)
< J h(x) g (x)dyx.

K

To prove the second inequality in (14), we know that h is
preinvex and V¥ satisfies Condition C, so we have

h(k, +sY (kK1)
=h(x, + ¥ (xky,50) + (1= 8) ¥ (K, 56, + ¥ (k3,%,))) (19)
<sh(k; + ¥ (ky,61)) + (1= 8) h(xy),
and similarly
hk, +(1-35)Y¥(xy,%,))
=h(k, + ¥ (xy5,) +sY (x5, + ¥ (x,,%,)))  (20)
<sh(x;) +(L=s)h(x, + ¥ (k%))
Now with x = x; + s¥(x,, k), we have

i+ (1y0,)
J h(x) g (x) x* 'dx

Ky

= [ e ¥ ) g o+ )
() + 5Y (i6,,5,)) s < ¥ (k5,5 (21)
: Ll [sh (16, + ¥ (i, 5,)) + (1= ) ()]

x g (K, + s (13, %,)) (1, + s (o1, ))* ' ds (using (19)).



Also

#y +¥ (15,5, ) L
J h(x) g (x)x*"dx
K

= Ll h (i, + sY (15, 5,)) g (1) + sY (x5, %,))

- (x + Y (1, Kl))m1 ds

1

= L Bk, +(1=9) ¥ (ky %)) g (k) + Y (x5, %1)) (22)

< (x; + s (xy, ;cl))ok1 ds (h is symmetric)

<Y (i, 5,)

1

.L [sh (k) + (1= ) B (s + ¥ (k305,))]

x g (i, + ¥ (i55,1,)) (1, + s (13,%,))* " ds (using (20)).
If we add (21) and (22), we obtain

K+ (k%)

ZJ h(x)g(x)dax <Y (ky,%,)

K

(B (k) + R (i) + ¥ (k55%7)))
1

[ e ¥ Gem)) G ¥ () s @3
0

= (h () + B, + ¥ (13,5,)))

1+ (16,0, )

. J g(x) x* 'dx.

So we can write
K+ (10,5 )

J h(x)g(x)dx

K

(24)

< h(xy) +h(xy + ¥ (k9 5,)) JKIW(K”M)

< 5 g(x)d,x.

Ky

From inequalities (18) and (24), we obtain over required
result. ([

Corollary 9. If we put g(x) = 1 in (14), then we get

h(2K1+‘I’(K2,1<1)>

2

h(x)d,x  (25)

o J‘K1+‘I’(K2,K1)

<
(1) + ¥ (x5, Kl))“ - J

< h(i)) + bk, + ¥ (x5,5,))
< 5 .

3. Z # Type Inequalities for Conformable
Fractional Integrals

Lemma 10. Let x;, x, € K with ¥(x,,%,) > 0andh : K =
[1,, %, + (K, k)] — (0, 00) be an a-fractional differentiable
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function on (k,,x, + Y(k,,x,)) for « € (0,1]. If D,(h) €
L ([x,, %, + ¥(x,,x,)]), then the following identity holds:

h(x,) +h(k, + ¥ (k%)) B o
2 (e + W (107,))" = kY
K+ (k%)
. J h(x)d,x
¥ (1, %;)

: ) - K“) “01 ((Kl + 5 (iy, 1))

2 ((Kl + V¥ (k5,5,)

. el (26)
—x; (k) + sY (1, %1)) ) x D, (h) (x; + s¥ (x5, %;))

"% s + Jl ((K1 +s¥ (1(2,161))20‘_1
0
= (1, + ¥ (i, Kl))a (1, + s (rz, Kl))uil) x D, (h) (1,

+sY (k,,%1)) sl_“das] .

Proof. Integrating by parts, we have

I= Ll ((K1 + sV (Kz,;cl))m_1

— & (i + 5 (ky, Kl))a_l) D, (h) (x,
1

+ 5V (ky, %)) ds + J-O ((K1 +s¥ (Kz,;cl))zm_1

= (1 + ¥ (15, Kl))a (11 + ¥ (i3, K1))a_1)

x D, (h) (k, + s¥ (xy,%,)) ds
1
= | (G ¥ G =)

+ 5V (ky, %)) ds + J-Ol ((K1 + s (10, 5,))"
—(k, +V¥ (KZ,KI))“) W (k; + sY (icy, 1)) ds

h(x, +sY (xy,%,)) !
v (KZ’KI)

= ((K1 + sV (Kza Kl))“ - Ki‘)

1
a1
- [l ¥ o) ¥ (k)

' h(x, +sY (x,,%;))
v (KZ’KI)

ds + (i, + s¥ (i, 5,))"

ACERCN) 1
¥ (K, 51

= (1 + ¥ (15, Kl))“)

1
a—1
- [l ) ()

. h(x, +sY¥ (x,,%;))

ds
¥ (15, ;)
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1

- g [ )i

\P(Kz)’ﬁ)

K+ (k5% )

¥ () - |

K1

h(x) d(xxj|

! J«mww@mW—ﬂMwn

+ —
¥ (k,, K,

K+ (16,5, )
-« J h(x) d“x]

K1

a ((Kl + V¥ (x,5,))" - K(lx)
= T (o) (h(xy) +h(x,

20 K+ (Ky,%;)
¥ (k)) - o |

h(x)d,x,
K> Kl)

K1

(27)

where we have used the change of variable x = x; +
W(k,, k,) and then multiplied both sides by W(k,, x;)/(2((x; +
W(k,, 1,))" — k7)) to get the desired result in (26). O

Remark 11. If we set o = 1 in (26), then we obtain the result

which is proved by Barani et al. in [40]

B h(ky) +h(ky + ¥ (ko 5,))
2

1 J‘Kl +¥ (icy1)

+ m h (x) dx (28)

K

1
= M J (1-2s) K (k; + s¥ (x5, %)) ds.

0
Theorem 12. Let k,, k, € K such that ¥(k,,x,) > 0 and h :
K = [k,x + ¥(k,,%,)] — (0,00) be an a-differentiable
function on (x, 1, + (K, k1)) for o« € (0, 1] such that D, (h) €
L ([ry, 5, + W(Ky, 51)]). If|h’| is preinvex, then we have the
following inequality:

h(x,) +h(x; + ¥ (i %))
2

(29)

o i+ (15,0, )
- J h(x)dyx

(1, + ¥ (x5, Kl))a — Ky

Ky

gf%ﬁHmeqw@m.

Proof. From Lemma 10, using the property of the modulus
and preinvexity of |W'|, we have

‘h(K1)+h(K1+\P(K2)K1))_ o
2 (1, +¥ (K2>K1))u — Ky
tey+ ¥ (5,%1)
. J h(x)d,x
¥ (1, 7,)

2 ((Kl +¥ (K2>K1))a - K(lx)

5
.E«mﬁw%mwm
-y (1 + 5 (1, Kl))lx_l) x Dy () (K,
+8Y (i, %)) ds + Ll ((K1 +sY (k,, Kl))m_1
= (10, + ¥ (,,))" (i + 5¥ (1,5))" ) X Dy ()
() + sY (K, ;) ds
\P(K2>K1) ! o
= 200+ ¥ (o) =) “0 () + s¥ (k2.5,))
- K‘lx) |h’ (k, +s¥ (KZ,KI))| ds
[ ()" = G5 ¥ ())
. 'h' (k, +s¥ (KZ,KI))| ds]
< ¥ (k1) 1 Ky +s¥ (iey, ;)"
_2((K1+‘P(K2,K1))W—K?) [L (( |+ 5 (i3, 5,))
- K‘f) [(1 -s) |h’ (K1)| +s |h' (KZ)” dt
[ (¥ )" = G ¥ (i))
) [(1 —s) |h' (Kl)l +s |h’ (KZ)H ds]
= 2 (1 () + 1 ()]
(30)
O

Theorem 13. Let k,, k, € K such that ¥(k,,x,) > 0 and h :
K = [k,x + ¥Y(k,,%,)] — (0,00) be an a-differentiable
function on (x, 1, + (K, k,)) for « € (0, 1] such that D, (h) €
L ([x), %, +¥(x,,x1)]). Iflh'lq is preinvex for q > 1 and q_l +
p! = 1, then we have the following inequality:

‘h(Kl) +h (e + ¥ (K5, %))

2
o JK1+\Y(K2’K1)
- = h(x)d,x
(16, + ¥ (K35 %7)) — &7 Jr
¥ (x5, %) 1/p
< g, (a,
2((ky + ¥ (1207,))" — &%) (1 (e p)) (31)

2

. ( 'h' (Kl)'q + 'h' (xz)|q >l/q}
5 ,

, q+,Kqu/q
-Oh“”'h(”> (o )




where
1

oty (@ p) = [ (06 +5¥ ()" - x)’ s,

0

) (e, p) (32)
= Ll ((K1 + ¥ (i, %, ))" = () + sV (5 Kl))“)p ds.

Proof. From Lemma 10, using the property of the modulus
and preinvexity of ||, we have

Ih(K1)+h(K1+‘P(K2)K1))_ o
2 (1 + ¥ (1, 51))" = 5§
K1+ (15,061)
. J h(x)dyx
\P(KZ’KI) ! o«
= 2l + ¥ ) ) [ srvtmm
- K‘l") ih' (k, +s¥ (Kz,Kl))| ds
1
# [ (0¥ (k) = 5+ ¥ (1))
. |h' (k; +s¥ (Kz,Kl))' ds] .
Now by Holder’s inequality
1
J, (62 )" =)
. |h’ (k; + sY (k,, Kl))' ds
1 1/p
< <L ((xl +5¥ (i, 76))" = K;X)P ds)
1 1/q
. <J 'h' (, + s¥ (k,, Kl))|q ds)
0 (34)

1/p

< (Ll (i + % (130 ) — 5 ds)

([o-opyesp e

oo (11 )"+ [ )\
= (o, (0 )" ( : .

Similarly, we have

[} (0 o))" = G 59 ) G

+s¥ (KZ,KI))|dS < <Ll (CERICENN

Jouenl of Function Spaces
(o i)Y )

([ (Kz,,cl))rds)”q

<([ (v ¥ my
o)) ([0

G sl Gl ) = (et )

. < 'h' (KI)'q + |h' (K2)|q >1/q.

2
(35)

Hence, we have the result in (31). O

Remark 14. If we set o = 1 in (31), then we have the following
inequality:

‘h(Kl) +h (e + ¥ (K5, %1))
2

1 J'Kl""Y(Kz»Kl)

Y ) h(x)dx

(36)

K

< ¥ (13, %,) |: |h’ (K1)|q + |h, (K2)|q } l/q.

S (ep)”? 2

Theorem 15. Let k, k, € K such that ¥Y(x,,%,) > 0 and h :
K = [k, 1 + ¥(k,,%,)] — (0,00) be an a-differentiable
function on (k,, x; + ¥ (ky, k1)) for o € (0, 1] such that D, (h) €
L, (e}, 5, + ¥ (iy, 10))]). If |W' |4 is preinvex for g > 1 and ™' +
p~' = 1, then we have the following inequality:

(k) +h(r + ¥ (k5,5.))
2

h(x)d,x

o K+ (k%)
(k1 + ¥ (15, 1)) " — K& Ll

‘P(Kz”ﬁ)
- 2((’61 + ¥ (i65,5,))" - "(1)‘)

(s @ ()| + 15 ) 1 ()])’

[ (ﬂl (“))l_l/q (37)

/q

+ (B, (00)) 1 (B, (o) |1 (1)

v, @ ()[)",



Journal of Function Spaces 7
1
where < ¥ (211 - U ((;c1 +5¥ (10, 5,))"
arl 2(("1 +¥ (K, %)) _Kllx) 0
(ke + ¥ (K2 %)))" = K?H «
52{1 (06) = — K o ’
(a+ )Y (i) —K1)|]’l () +s¥ (KZ,Kl))|d5
B « (1, + ¥ ("2»"1))0‘+1 - "‘1)‘4rl 1 p o
By (@) = (16, + ¥ (165,,))" = [ @+ DY (%) + L ((;c1 + ¥ (165, 10))" = (1) + sV (5, 5,)) )
a+l
_ Ky (a+2)¥ (i, %) + 5 /
* (a)_i((x+1)‘1’(’<2»’<1) [ (0 +2)¥ (ry,%7) } .'h (ks +S\P(K2)K1))|d5:| ’
() + \II(KZ)Kl))O£+2 B ﬁ (39)
5 ,
@+ D(¥(m)) (@ 42) 2 Now by the power-mean inequality
oy (@) = (K1+\yg’€2 %)) ) ,
K +5¥ (10, 5)))" = &) |0 (1, + s (x5, %)) )| ds
s [ v)-te vt J, (G o9 )" =) A G+ 5% Gy )
(a+1)¥ (ky, %) (o +2) ¥ (ky,5,) 1 3 1-1/q
i 2 (38) < (L ((K1 +5¥ (x,5,))" — Kf) ds)
(o +1) (¥ (o 5,)) (0 +2) . (40)
2@ - +~y(2K2,K1))“ X (L (Cer + 59 (120 51))" = &)
o+l 1/q
K] (0£+2)\P(K2,K1)+K1} , q
" (+ 1) ¥ (k5. 1) [ (o +2) ¥ (ky, 1) ’ ‘h (e, +s¥ (KZ’Kl))l ds) ’
a+2
RO Kl)z and similarly, we have
(o +1) (¥ (k. %1)) (x +2)
* ! o a
B, (@) = (x, +‘P(2K2,K1)) L (CERICE R CER AN 'h' (%,
(1, *'\I’("z”cl))(Hl (a+2)¥ (k1) = (i) +‘II(K2’K1))] ! o
C (a+ )Y (k) (a+2) ¥ (y,5,) +s¥ (KZ’KI))|dS < <J0 ((KI + ¥ (1, %1))
o+2
_ 1 . . 1-1/q
(a+1) (¥ (i %)) (@ +2) — (x, +s¥ (Kz,xl))“) ds) (41)
Proof. From Lemma 10, using the property of the modulus .
. . !
and preinvexity of |7, we have ([ (0w ) = s+ 5 )
0
‘h(K1)+h(K1+\P(K2)K1)) B o /g
2 (kg + ¥ (ko 1))" = 5§ . |h’ (0, + s¥ (KZ,KI))|q ds) .
K+ (16, ) 3 J
. .[cl () dex Now by the preinvexity of |i'|? from above, we have
1 1
L ((KI + ¥ (xy, 1)) — K‘lx) [(1 -s) 'h’ (Kl)'q +s |h’ (K2)|q] ds = |h' (K1)|q L ((KI +8¥ (i, 5,))" = K‘lx) (1-s)ds
! ol (@ +2) ¥ (xy 1) + K
g q J ¥ (ic,,16,))* = k%) sds = |W af Ky 2 K 1
+ ' (KZ)' 0 ((Kl +s (KZ Kl)) KI)S § ' (Kl)' ((X+ 1)\P(K2,K1) ((X+2)\P(K2,K1)
a+2 o « (42)
(1, + ¥ (K3, %)) —K—1>+|h' (x )|q<(K1+‘I’(Kz,K1))
(a+1) (¥ (ko5,)) (@ +2) 2 ? 2
(5 + ¥ (15,)"" [(oc+2)\1’(;<2,;c1)— (ry +\P(K2’K1))] B K >
(e + 1)¥ (x, %) (o +2) ¥ (1, %7) (@+1) (¥ (155,5,)) (@ +2)



and
J-Ol ((Kl + W (15, ,))" = (iey + 5% (Kz»’cl))u)

. [(1 -s) |h' (K1)|q +s 'h’ (K2)|q] ds = |h’ (K1)|q

. Jl ((K1 + ¥ (i, 50))" = (i, +s¥ (KZ,KI))“) (1-s)ds

+ |h' (K2)|q JOI ((K1 + ¥ (icy, 7)) = (i, + s (x5, KI))“) sds
' qf (e + ¥ (1p5,))"
- (e

. «! |:(0(+2)\I’(K2,K1)+K1:| (43)
(+ 1) ¥ (x5, 67) (@ +2) Y (k%)

_ (11 + ¥ (13, 5))) " >+ W (e
(e +1) (\P(Kz”cl))z (e +2) | ( 2)'
) ( (1 + ¥ (165, 5)))"

2

_ (11 + ¥ (5, 50)) " {(0‘ +2) ¥ (K, ) — () + ¥ (051)) ]
(+ 1) ¥ (ky, %) (o +2) ¥ (ky, %)

a+2
(+1) (¥ (KZ,KI))Z (ax+2) ) ’

where we have the following:
1
) (a) = L ((KI + ¥ (r,5,))" — K‘lx) ds

_ (15, + ¥ (x5, Kl))wrl - K?H (x

a (o + 1) ¥ (ky, ;) v

e (44)
44

= Ll ((K1 + ¥ (i, %,))" = (i, + Y (5 Kl))“) ds
= (K + ¥ (x5, Kl))a

. [(Kl W (1)) =

(a+1)¥ (x5, %,)

Hence, we have the result in (37). O

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

The research was supported by the Natural Science Founda-
tion of China (Grants Nos. 61673169, 11601485, and 11701176)

Journal of Function Spaces

and the Natural Science Foundation of the Department of
Education of Zhejiang Province (Grant no. Y201635325).

References

[1] J. Hadamard, “Etude sur les propriétés des fonctions entiéres et
en particulier ‘dune fonction considérée par Riemann,” Journal
de Mathématiques Pures et Appliquées, vol. 58, pp. 171-215, 1893.

[2] M. Adil Khan, Y.-M. Chu, T. U. Khan, and J. Khan, “Some new
inequalities of Hermite-Hadamard type for s-convex functions
with applications,” Open Mathematics, vol. 15, no. 1, pp. 1414-
1430, 2017.

[3] M. Adil Khan, Y. Khurshid, and T. Ali, “Hermite-Hadamard
inequality for fractional integrals via n-convex functions,” Acta
Mathematica Universitatis Comenianae, vol. 86, no. 1, pp. 153—
164, 2017.

[4] M. Adil Khan, Y. Khurshid, T. Ali, and N. Rehman, “Inequalities
for three times differentiable functions,” The Punjab University.
Journal of Mathematics, vol. 48, no. 2, pp. 35-48, 2016.

[5] Y.-M. Chu and M.-K. Wang, “Optimal Lehmer mean bounds
for the Toader mean,” Results in Mathematics, vol. 61, no. 3-4,
pp. 223-229, 2012.

[6] S.S. Dragomir, “Two mappings in connection to Hadamard’s
inequalities,” Journal of Mathematical Analysis and Applications,
vol. 167, no. 1, pp. 49-56, 1992.

[7]1 S. S. Dragomir and R. P. Agarwal, “Two inequalities for
differentiable mappings and applications to special means of
real numbers and to trapezoidal formula,” Applied Mathematics
Letters, vol. 11, no. 5, pp. 91-95, 1998.

[8] S.S. Dragomir and S. Fitzpatrick, “The Hadamard inequalities
for s-convex functions in the second sense,” Demonstratio
Mathematica, vol. 32, no. 4, pp. 687-696, 1999.

[9] S.S.Dragomirand A. McAndrew, “Refinements of the Hermite-
Hadamard inequality for convex functions,” Journal of Inequal-
ities in Pure and Applied Mathematics, vol. 6, no. 5, article no.
140, 6 pages, 2005.

[10] W.-M. Qian and Y.-M. Chu, “Sharp bounds for a special quasi-
arithmetic mean in terms of arithmetic and geometric means
with two parameters,” Journal of Inequalities and Applications,
vol. 2017, article no. 274, 10 pages, 2017.

[11] M.-K. Wang, Y.-M. Chu, and W. Zhang, “The precise estimates
for the solution of Ramanujan’s generalized modular equa-
tion,” The Ramanujan Journal, https://doi.org/10.1007/s11139-
018-0130-8.

[12] Z.-H.Yang, W.-M. Qian, Y.-M. Chu, and W. Zhang, “On rational
bounds for the gamma function,” Journal of Inequalities and
Applications, vol. 2017, Article ID 210, 17 pages, 2017.

[13] Z.-H. Yang, Y.-M. Chu, and W. Zhang, “High accuracy asymp-
totic bounds for the complete elliptic integral of the second
kind,” Applied Mathematics and Computation, vol. 348, pp. 552—-
564, 2019.

[14] Z.-H. Yang, W.-M. Qian, Y.-M. Chu, and W. Zhang, “Mono-
tonicity rule for the quotient of two functions and its applica-
tion,” Journal of Inequalities and Applications, vol. 2017, article
no. 106, 13 pages, 2017.

[15] Z.-H. Yang, W.-M. Qian, and Y.-M. Chu, “Monotonicity prop-
erties and bounds involving the complete elliptic integrals of the
first kind,” Mathematical Inequalities & Applications, vol. 21, no.
4, pp. 1185-1199, 2018.

[16] L.Fejér, “Uberdie Fourierreihen I, Mathematischer und Natur-
wissenschaftlicher Anzeiger der Ungarischen Akademie der Wis-
senschaften, vol. 24, pp. 369-390, 1906.


https://doi.org/10.1007/s11139-018-0130-8
https://doi.org/10.1007/s11139-018-0130-8

Journal of Function Spaces

[17] M. A. Hanson, “On sufficiency of the Kuhn-Tucker conditions,”
Journal of Mathematical Analysis and Applications, vol. 80, no.
2, pp. 545-550, 1981.

[18] T. Weir and B. Mond, “Pre-invex functions in multiple objective
optimization,” Journal of Mathematical Analysis and Applica-
tions, vol. 136, no. 1, pp. 29-38, 1988.

[19] M. A. Noor, “On Hadamard integral inequalities involving
two log-preinvex functions,” Journal of Inequalities in Pure and
Applied Mathematics, vol. 8, no. 3, article no. 75, 6 pages, 2007.

[20] M. A. Noor, “Hermite-Hadamard integral inequalities for log-
preinvex functions,” Journal of Mathematical Analysis and
Approximation Theory, vol. 2, no. 2, pp. 126-131, 2007.

[21] T. Antczak, “Mean value in invexity analysis,” Nonlinear Analy-
sis. Theory: Methods & Applications, vol. 60, no. 8, pp. 14731484,
2005.

[22] X. M. Yang and D. Li, “On properties of preinvex functions,”
Journal of Mathematical Analysis and Applications, vol. 256, no.
1, pp. 229-241, 2001.

[23] S. R. Mohan and S. K. Neogy, “On invex sets and preinvex
functions,” Journal of Mathematical Analysis and Applications,
vol. 189, no. 3, pp. 901-908, 1995.

[24] 1. Iscan, “Hermite-Hadamard’s inequalities for preinvex func-
tion via fractional integrals and related fractional inequalities,”
American Journal of Mathematical Analysis, vol. 1, no. 3, pp. 33—
38, 2013.

[25] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A new
definition of fractional derivative,” Journal of Computational
and Applied Mathematics, vol. 264, pp. 65-70, 2014.

[26] T. Abdeljawad, “On conformable fractional calculus,” Journal of
Computational and Applied Mathematics, vol. 279, pp. 57-66,
2015.

[27] T. Abdeljawad, R. P. Agarwal, J. Alzabut, F. Jarad, and A.
Ozbekler, “Lyapunov-type inequalities for mixed non-linear
forced differential equations within conformable derivatives,”
Journal of Inequalities and Applications, vol. 2018, article no. 143,
17 pages, 2018.

[28] T. Abdeljawad, J. Alzabut, and E. Jarad, “A generalized Lyapun-
ov-type inequality in the frame of conformable derivatives,”
Advances in Difference Equations, vol. 2017, article no. 321, 10
pages, 2017.

[29] M. Adil Khan, S. Begum, Y. Khurshid, and Y.-M. Chu, “Ostrow-
ski type inequalities involving conformable fractional integrals,”
Journal of Inequalities and Applications, vol. 2018, article no. 70,
14 pages, 2018.

[30] M. Adil Khan, Y. Khurshid, T.-S. Du, and Y.-M. Chu, “General-
ization of Hermite-Hadamard type inequalities via conformable
fractional integrals,” Journal of Function Spaces, vol. 2018,
Article ID 5357463, 12 pages, 2018.

[31] M. Adil Khan, Y.-M. Chu, A. Kashuri, R. Liko, and G.
Ali, “Conformable fractional integrals versions of Hermite-
Hadamard inequalities and their generalizations,” Journal of
Function Spaces, vol. 2018, Article ID 6928130, 9 pages, 2018.

[32] A. O. Akdemir, A. Ekinci, and E. Set, “Conformable fractional
integrals and related new integral inequalities,” Journal of
Nonlinear and Convex Analysis, vol. 18, no. 4, pp. 661-674, 2017.

[33] M. Al-Refai and T. Abdeljawad, “Fundamental results of con-
formable Sturm-Liouville eigenvalue problems,” Complexity,
vol. 2017, Article ID 3720471, 7 pages, 2017.

[34] M. U. Awan, M. A. Noor, M. V. Mihai, and K. I. Noor, “Inequal-
ities via harmonic convex functions: Conformable fractional
calculus approach,” Journal of Mathematical Inequalities, vol. 12,
no. 1, pp. 143-153, 2018.

[35] W.S. Chung, “Fractional Newton mechanics with conformable
fractional derivative,” Journal of Computational and Applied
Mathematics, vol. 290, pp. 150-158, 2015.

[36] M. S. Hashemi, “Invariant subspaces admitted by fractional
differential equations with conformable derivatives,” Chaos,
Solitons & Fractals, vol. 107, pp. 161-169, 2018.

[37] M. Z. Sarikaya, H. Yaldiz, and H. Budak, “On weighted Iyengar-
type inequalities for conformable fractional integrals,” Mathe-
matical Sciences, vol. 11, no. 4, pp. 327-331, 2017.

[38] E. Set, I. Mumcu, and M. E. Ozdemir, “On the more general
Hermite-Hadamard type inequalities for convex functions via
conformable fractional integrals,” Topological Algebra and Its
Applications, vol. 5, no. 1, pp. 67-73, 2017.

[39] D. R. Anderson, “Taylor’s formula and integral inequalities for
conformable fractional derivatives,” in Contributions in Mathe-
matics and Engineering, pp. 25-43, Springer, Cham, Switzerland,
2016.

[40] A. Barani, A. G. Ghazanfari, and S. S. Dragomir, “Hermite-
Hadamard inequality for functions whose derivatives absolute
values are preinvex,” Journal of Inequalities and Applications, vol.
2012, article no. 247, 9 pages, 2012.



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

[nternational
Journal of
Mathematics and
Mathematical
Stiences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

& nal Journal of

Analysis

Journal of : Advarices in ) Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journal of Journal of ) Abstract and
Stochastic Analysis Mathematics Applied Analysis



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

