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Abstract In this paper, we establish the Hermite–Hada-

mard-type inequalities for the generalized s-convex func-

tions in the second sense on real linear fractal set

R
að0\a\1Þ:
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Introduction

The convex function plays an important role in the class

mathematical analysis course and other fields. In [1],

Hudzik and Maligranda introduced two kinds of s-convex

functions in the space of European space R. In addition,

many important inequalities are established for the s-con-

vex functions in R. For example, the Hermite–Hadamard’s

inequality is one of the best known results in the literature,

see [2–4] and so on.

In recent years, the fractal theory has received signifi-

cantly remarkable attention [5]. The calculus on fractal set

can lead to better comprehension for the various real-world

models from the engineering and science [6].

On the fractal set, Mo et al. [7, 8] introduced the defi-

nition of the generalized convex function and established

Hermite–Hadamard-type inequality. In [9], the authors

introduced two kinds of generalized s-convex functions on

fractal sets Rað0\a\1Þ:

The definitions of the generalized s-convex functions are

as follows:

Definition 1.1 [9] Suppose that Rþ ¼ ½0;1Þ: If the

function f : Rþ ! R
a satisfies the following inequality:

f ðk1uþ k2vÞ� k
as
1 f ðuÞ þ k

as
2 f ðvÞ; ð1:1Þ

for all u; v 2 Rþ and all k1; k2 � 0 with k
s
1 þ k

s
2 ¼ 1 and

0\s\1; then f is said to be a generalized s-convex func-

tion in the first sense. We denote this by f 2 GK1
s :

Definition 1.2 [9] Suppose that Rþ ¼ ½0;1Þ: If the

function f : Rþ ! R
a satisfies the following inequality:

f ðk1uþ k2vÞ � k
as
1 f ðuÞ þ k

as
2 f ðvÞ; ð1:2Þ

for all u; v 2 Rþ and all k1; k2 � 0 with k1 þ k2 ¼ 1 and

0\s\1; then f is said to be a generalized s-convex func-

tion in the second sense. We denote this by f 2 GK2
s :

Note that the generalized s-convex function in both

sense is generalized convex function [9] for s ¼ 1.

Inspired by [2, 3, 8], in this paper, we will establish the

Hermite–Hadamard-type inequalities for the generalized s-

convex functions.

Preliminaries

Now, let us review the operations with real line number on

fractal space. In addition, we will use the Gao–Yang–

Kang’s idea to describe the definitions of the local frac-

tional derivative and local fractional integral [10–14].

Let aa; ba and ca belong to the set Rað0\a\1Þ of real
line numbers, then
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1. aaba and aa þ ba belong to the set Ra;

2. aa þ ba ¼ ðaþ bÞa ¼ ba þ aa ¼ ðbþ aÞa;

3. aa þ ðba þ caÞ ¼ ðaa þ baÞ þ ca;

4. aaba ¼ ðabÞa ¼ baaa ¼ ðbaÞa;

5. aaðbacaÞ ¼ ðaabaÞca;
6. aaðba þ caÞ ¼ aaba þ aaca;

7. 0a þ aa ¼ aa þ 0a ¼ aa and 1a � aa ¼ aa � 1a ¼ aa.

Definition 2.1 ([10]) If the function f : ½a; b� ! R
a sat-

isfies the inequality

jf ðxÞ � f ðyÞj\cjx� yja; ðx; y 2 ½a; b�Þ;

for c[ 0 and að0\a� 1Þ; then f is called a Hölder con-

tinuous function. In this case, we think that f is in the space

Ca½a; b�:

Definition 2.2 [10] Let M
aðf ðxÞ � f ðx0ÞÞ ffi Cð1þ

aÞðf ðxÞ � f ðx0ÞÞ: Then, the local fractional derivative of f

of order a at x ¼ x0 is defined by

f ðaÞðx0Þ ¼
daf ðxÞ

dxa
jx¼x0

¼ lim
x!x0

M
aðf ðxÞ � f ðx0ÞÞ

ðx� x0Þ
a :

If there exists f ððkþ1ÞaÞðxÞ ¼ Da

x . . .D
a

x

zfflfflfflffl}|fflfflfflffl{
kþ1 times

f ðxÞ for any x 2 I �

R; then we denoted f 2 Dðkþ1ÞaðIÞ, where k ¼ 0; 1; 2. . .:

Definition 2.3 [10] For f 2 Ca½a; b�; the local fractional

integral of the function f is defined by

aI
ðaÞ
b f ðxÞ

¼
1

Cð1þ aÞ

Z b

a

f ðtÞðdtÞa

¼
1

Cð1þ aÞ
lim
Mt!0

XN

j¼0

f ðtjÞð4tjÞ
a;

where Mtj ¼ tjþ1 � tj; Mt ¼ maxfMt1;Mt2;Mtj; . . .g and

½tj; tj þ 1�; j ¼ 0; . . .;N � 1; t0 ¼ a; tN ¼ b; is a partition of

the interval [a, b].

Lemma 2.1 [10] Let f 2 Ca½gðaÞ; gðbÞ� and g 2

C1½a; b�; then

gðaÞI
ðaÞ
gðbÞf ðxÞ ¼a I

ðaÞ
b f ðgÞðsÞ½g0ðsÞ�a:

Lemma 2.2 [10]

1. Let f ðxÞ ¼ gðaÞðxÞ 2 Ca½a; b�, then we have

aI
ðaÞ
b f ðxÞ ¼ gðbÞ � gðaÞ:

2. Let f ðxÞ; gðxÞ 2 Da½a; b� and f ðaÞðxÞ; gðaÞðxÞ 2 Ca½a; b�,

then we have

aI
a

b f ðxÞg
ðaÞðxÞ ¼ f ðxÞgðxÞ

�
�
�
�

b

a

�a I
ðaÞ
b f ðaÞðxÞgðxÞ:

Lemma 2.3 [10]

daxka

dxa
¼

Cð1þ kaÞ

Cð1þ ðk � 1ÞaÞ
xðk�1Þa:

From the above formula and Lemma 2.2, we have

1

Cð1þ aÞ

Z b

a

xkaðdxÞa ¼
Cð1þ kaÞ

Cð1þ ðk þ 1ÞaÞ

ðbðkþ1Þa � aðkþ1ÞaÞ; k 2 R:

Lemma 2.4 [10] (Generalized Hölder’s inequality) Let

f ; g 2 Ca½a; b� and p; q[ 1 with 1=pþ 1=q ¼ 1: Then, it
follows that

1

Cð1þ aÞ

Z b

a

jf ðxÞgðxÞjðdxÞa�
1

Cð1þ aÞ

Z b

a

jf ðxÞjpðdxÞa
� �1=p

	
1

Cð1þ aÞ

Z b

a

jgðxÞjqðdxÞa
� �1=q

:

Main results

Theorem 3.1 Let f : Rþ ! R
a be a generalized s-convex

function in the second sense for 0\s\1 and a; b 2 ½0;1Þ

with a\b: Then, for f 2 Ca½a; b�; the following inequalities

hold:

2ðs�1Þa

Cð1þ aÞ
f

aþ b

2

� �

�
aI

a

b f ðxÞ

ðb� aÞa
�

Cð1þ saÞ

Cð1þðsþ 1ÞaÞ

�
f ðaÞþ f ðbÞ

�
:

ð3:1Þ

Proof Let x ¼ aþ b� t: Then, from Lemma 2.1, we

have aþb
2
I
ðaÞ
b f ðxÞ ¼ aI

ðaÞ
aþb
2

f ðaþ b� tÞ:

Since f is a generalized s-convex function in the second

sense, then

aI
ðaÞ
b f ðxÞ ¼ aI

ðaÞ
aþb
2

�
f ðxÞ þ f ðaþ b� xÞ

	

� 2asaI
ðaÞ
aþb
2

f
aþ b

2

� �

¼
2ðs�1Þa

Cð1þ aÞ
ðb� aÞaf

aþ b

2

� �

:

In the other hand, let x ¼ b� ðb� aÞt, 0� t� 1; then we

get

aI
ðaÞ
b f ðxÞ ¼ ðb� aÞa0I

ðaÞ
1 f
�
taþ ð1� tÞb

	

�ðb� aÞa0I
ðaÞ
1

�
tasf ðaÞ þ ð1� tÞasf ðbÞ

	

¼ ðb� aÞa
�
f ðaÞ0I

ðaÞ
1 tas þ f ðbÞ0I

ðaÞ
1 ð1� tÞas

	
:

From Lemma 2.3, it is easy to see that

0I
ðaÞ
1 tas ¼

Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
;
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and

0I
ðaÞ
1 ð1� tÞas ¼

Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
:

Therefore

aI
ðaÞ
b f ðxÞ� ðb� aÞa

Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ

�
f ðaÞ þ f ðbÞ

�
:

Combining the above estimates, we obtain

2ðs�1Þa

Cð1þ aÞ
f

aþ b

2

� �

�
aI

a

b f ðxÞ

ðb� aÞa

�
Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ

�
f ðaÞ þ f ðbÞ

�
:

h

Theorem 3.2 Let I 
 R be an interval, and I0 be the

interior of I. Suppose that f : I ! R
a is a differentiable

function on I0 such that f ðaÞ 2 Ca½a; b�, where a; b 2 I0

with a\b: If jf ðaÞjq is a generalized s-convex function in

the second sense on [a, b] for some fixed s 2 ð0; 1Þ and

q� 1, then
�
�
�
�

f ðaÞ þ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

�
�
�
�

�
ðb� aÞa

2a

�
Cð1þ aÞ

Cð1þ 2aÞ

�q�1

q



Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� ��1

q

	



�
�f ðaÞðaÞ

�
�q þ

�
�f ðaÞðbÞ

�
�q
�1

q

:

To show Theorem 3.2 is right, we need the following

Lemma.

Lemma 3.1 ([8]) Let f : I ! R
a; I 
 ½0;1Þ: If f 2

DaðI
0Þ and f ðaÞ 2 Ca½a; b� for a; b 2 I0 with a\b; then the

following equality holds:

f ðaÞ þ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

¼
ðb� aÞa

2a
1

Cð1þ aÞ

Z 1

0

ð1� 2tÞaf ðaÞ
�
taþ ð1� tÞb

�
ðdtÞa:

Now, let us give the proof of Theorem 3.2.

Proof From Lemma 3.1, it is obvious that

�
�
�
�

f ðaÞþ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

�
�
�
�

�
ðb� aÞa

2a
1

Cð1þ aÞ

Z 1

0

j1� 2tja
�
�f ðaÞðtaþð1� tÞbÞ

�
�ðdtÞa:

ð3:2Þ

Let us estimate

1

Cð1þ aÞ

Z 1

0

j1� 2tja
�
�f ðaÞðtaþ ð1� tÞbÞ

�
�ðdtÞa;

for q ¼ 1 and q[ 1:
Case I. q ¼ 1:

Since jf ðaÞj is generalized sconvex on [a, b] in the

second sense, we can know that for any t 2 ½0; 1�
�
�f ðaÞðtaþ ð1� tÞbÞ

�
�� tasjf ðaÞðaÞj þ ð1� tÞasjf ðaÞðbÞj:

Then, we have

1

Cð1þ aÞ

Z 1

0

j1� 2tja f ðaÞðtaþ ð1� tÞbÞ
�
�

�
�ðdtÞa

�
1

Cð1þ aÞ

Z 1

0

j1� 2tja tasjf ðaÞðaÞj
h

þ ð1� tÞasjf ðaÞðbÞj�ðdtÞa

¼ jf ðaÞðaÞj
1

Cð1þ aÞ

Z 1

0

tasj1� 2tjaðdtÞa þ jf ðaÞðbÞj




1

Cð1þ aÞ

Z 1

0

ð1� tÞasj1� 2tjaðdtÞa�:

ð3:3Þ

From Lemmas 2.2 and 2.3, it is easy to see that

1

Cð1þ aÞ

Z 1

0

tasj1� 2tjaðdtÞa

¼
1

Cð1þ aÞ

Z 1
2

0

tasð1� 2tÞaðdtÞa þ

Z 1

1
2

tasð2t � 1ÞaðdtÞa
" #

¼
Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� �
 �

:

ð3:4Þ

In addition, let 1� t ¼ x; then by Lemma 2.1 and (3.4), we

have

1

Cð1þ aÞ

Z 1

0

ð1� tÞasj1� 2tjaðdtÞa

¼
1

Cð1þ aÞ

Z 1

0

xasj1� 2xjaðdxÞa

¼
Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� �
 �

:

ð3:5Þ
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Thus, substituting (3.4) and (3.5) into (3.3), we have

1

Cð1þ aÞ

Z 1

0

j1� 2tja
�
�f ðaÞðtaþ ð1� tÞbÞ

�
�ðdtÞa

�
Cð1þ aÞ

Cð1þ 2aÞ



Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

	
1

2

� �as

�2a
� ��

	



�
�f ðaÞðaÞ

�
�q þ

�
�f ðaÞðbÞ

�
�

�

:

ð3:6Þ

Thus, from (3.2), we obtain
�
�
�
�

f ðaÞ þ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

�
�
�
�

�
ðb� aÞa

2a
Cð1þ aÞ

Cð1þ 2aÞ



Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ

þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� ��

	



�
�f ðaÞðaÞ

�
�q þ

�
�f ðaÞðbÞ

�
�

�

:

Case II. q[ 1:
Using the generalized Hölder’s inequality (Lemma 2.4),

we obtain

1

Cð1þ aÞ

Z 1

0

j1� 2tja
�
�f ðaÞðtaþ ð1� tÞbÞ

�
�ðdtÞa

¼
1

Cð1þ aÞ
Z 1

0

j1� 2tja
q�1

q j1� 2tja
1
q

�
�f ðaÞðtaþ ð1� tÞbÞ

�
�ðdtÞa

�
1

Cð1þ aÞ

Z 1

0

j1� 2tjaðdtÞa
� �q�1

q

	
1

Cð1þ aÞ

Z 1

0

j1� 2tjajf ðaÞðtaþ ð1� tÞbÞjqðdtÞa
� �1

q

:

ð3:7Þ

It is obvious that

1

Cð1þ aÞ

Z 1

0

j1� 2tjaðdtÞa

¼
1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞaðdtÞa

þ
1

Cð1þ aÞ

Z 1

1
2

ð2t � 1ÞaðdtÞa ¼
Cð1þ aÞ

Cð1þ 2aÞ
:

ð3:8Þ

Moreover, since jf ðaÞjq is generalized s convex in the sec-

ond sense on [a, b], then

1

Cð1þ aÞ

Z 1

0

j1� 2tja
�
�f ðaÞðtaþ ð1� tÞbÞ

�
�qðdtÞa

�
1

Cð1þ aÞ

Z 1

0

j1� 2tja

�

tasjf ðaÞðaÞjq þ ð1� tÞasjf ðaÞðbÞjq
�

ðdtÞa

¼ jf ðaÞðaÞjq
1

Cð1þ aÞ

Z 1

0

j1� 2tjatasðdtÞa

þ jf ðaÞðbÞjq
1

Cð1þ aÞ

Z 1

0

j1� 2tjað1� tÞasðdtÞa:

From (3.3) and (3.4), it is easy to see that

1

Cð1þ aÞ

Z 1

0

j1� 2tjatasðdtÞa

¼
1

Cð1þ aÞ

Z 1

0

j1� 2tjað1� tÞasðdtÞa

¼



Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� ��

:

Therefore

1

Cð1þ aÞ

Z 1

0

j1� 2tja
�
�f ðaÞðtaþ ð1� tÞbÞ

�
�qðdtÞa

¼



Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� ��1

q



�
�f ðaÞðaÞ

�
�q þ

�
�f ðaÞðbÞ

�
�q
�1

q

:

ð3:9Þ

Thus, substituting (3.8) and (3.9) into (3.7), we have

1

Cð1þ aÞ

Z 1

0

j1� 2tja
�
�f ðaÞðtaþ ð1� tÞbÞ

�
�ðdtÞa

�

�
Cð1þ aÞ

Cð1þ 2aÞ

�q�1

q



Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� ��1

q



�
�f ðaÞðaÞ

�
�q þ

�
�f ðaÞðbÞ

�
�q
�1

q

:

Therefore, from (3.2), it follows that
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�
�
�
�

f ðaÞ þ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

�
�
�
�

�
ðb� aÞa

2a

�
Cð1þ aÞ

Cð1þ 2aÞ

�q�1

q



Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
þ
Cð1þ aÞCð1þ saÞ

Cð1þ ðsþ 2ÞaÞ

1

2

� �as

�2a
� ��1

q

	



�
�f ðaÞðaÞ

�
�q þ

�
�f ðaÞðbÞ

�
�q
�1

q

:

Thus, we complete the proof of Theorem 3.2. h

Theorem 3.3 Suppose that f : I ! R
a; I 
 ½0;1Þ is a

differentiable function on I0, such that f ðaÞ 2 Ca½a; b�,

where a; b 2 I with a\b. If jf ðaÞjq is a generalized s-

convex function in the second sense on [a, b] for some fixed

s 2 ð0; 1Þ and q[ 1, then
�
�
�
�

f ðaÞ þ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

�
�
�
�

�
ðb� aÞa

2a


 Cð1þ
q

q� 1
aÞ

2aCð1þ
2q� 1

q� 1
aÞ

�q�1

q

�
Cð1þ saÞ

2aCð1þ ðsþ 1ÞaÞ

�1
q

	 jf ðaÞðaÞjq þ f ðaÞ
aþ b

2

� ��
�
�
�

�
�
�
�

q� �1
q

"

þ f ðaÞ
aþ b

2

� ��
�
�
�

�
�
�
�

q

þjf ðaÞðbÞjq
� �1

q

�:

Proof From Lemma 3.1, we have

�
�
�
�

f ðaÞþ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

�
�
�
�

�
ðb� aÞa

2a
1

Cð1þ aÞ

Z 1

0

j1� 2tjajf ðaÞðtaþð1� tÞbÞjðdtÞa

�
ðb� aÞa

2a



1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞjf ðaÞðtaþð1� tÞbÞjðdtÞa

þ
1

Cð1þ aÞ

Z 1

1
2

ð2t� 1Þjf ðaÞðtaþð1� tÞbÞjðdtÞa
�

:

ð3:10Þ

Let us estimate

1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞjf ðaÞðtaþ ð1� tÞbÞjðdtÞa

and

1

Cð1þ aÞ

Z 1

1
2

ð2t � 1Þjf ðaÞðtaþ ð1� tÞbÞjðdtÞa;

respectively.

Using the generalized Hölder’s inequality(Lemma 2.4),

we obtain

1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞjf ðaÞðtaþ ð1� tÞbÞjðdtÞa

�
1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞa
q

q�1ðdtÞa
 !q�1

q

�
1

Cð1þ aÞ

Z 1
2

0

jf ðaÞðtaþ ð1� tÞbÞjaqðdtÞa
�1

q

:

ð3:11Þ

It is easy to see that

1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞa
q

q�1ðdtÞa ¼

1

Cð1þ aÞ

Z 1

1
2

ð1� 2tÞa
q

q�1ðdtÞa ¼

Cð1þ
q

q� 1
aÞ

2aCð1þ
2q� 1

q� 1
aÞ

:

ð3:12Þ

Let jf ðaÞðtaþ ð1� tÞbÞjq ¼ UðtÞ: It is easy to see that

U(t) is a generalized sconvex function in the second sense.

Thus, from the right-hand side of (3.1), it follows that

1

Cð1þ aÞ

Z 1
2

0

jf ðaÞðtaþ ð1� tÞbÞjqðdtÞa

¼
1

Cð1þ aÞ

Z 1
2

0

UðtÞðdtÞa

�
1

2
� 0

� �a
Cð1þ saÞ

Cð1þ ðsþ 1ÞaÞ
Uð0Þ þ Uð

1

2
Þ

� �

¼
Cð1þ saÞ

2aCð1þ ðsþ 1ÞaÞ
f ðaÞ

aþ b

2

� ��
�
�
�

�
�
�
�

q

þjf ðaÞðbÞjq
� �

:

ð3:13Þ

Thus, substituting (3.12) and (3.13) into (3.11), we get

1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞjf ðaÞðtaþ ð1� tÞbÞjðdtÞa

�

� Cð1þ
q

q� 1
aÞ

2aCð1þ
2q� 1

q� 1
aÞ

�q�1

q
�

Cð1þ saÞ

2aCð1þ ðsþ 1ÞaÞ

�1
q

jf ðaÞðaÞjq þ f ðaÞ
aþ b

2

� ��
�
�
�

�
�
�
�

q� �1
q

:

ð3:14Þ
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Moreover

1

Cð1þ aÞ

Z 1

1
2

ð2t � 1Þa
q

q�1ðdtÞa

¼
1

Cð1þ aÞ

Z 1

1
2

ð1� 2tÞa
q

q�1ðdtÞa ¼

Cð1þ
q

q� 1
aÞ

2aCð1þ
2q� 1

q� 1
aÞ

:

In addition, similar to the estimate of (3.13), we have

1

Cð1þ aÞ

Z 1

1
2

jf ðaÞðtaþ ð1� tÞbÞjqðdtÞa

�
Cð1þ saÞ

2aCð1þ ðsþ 1ÞaÞ
f ðaÞ

aþ b

2

� ��
�
�
�

�
�
�
�

q

þjf ðaÞðbÞjq
� �

:

Therefore, it is analogues to the estimate of (3.11), we have

1

Cð1þ aÞ

Z 1
2

0

ð1� 2tÞjf ðaÞðtaþ ð1� tÞbÞjðdtÞa

�

�
1

Cð1þ aÞ

Z 1

1
2

ð2t � 1Þa
q

q�1ðdtÞa
�q�1

q

�
1

Cð1þ aÞ

Z 1

1
2

jf ðaÞðtaþ ð1� tÞbÞjqaðdtÞa
�1

q

�

� Cð1þ
q

q� 1
aÞ

2aCð1þ
2q� 1

q� 1
aÞ

�q�1

q
�

Cð1þ saÞ

2aCð1þ ðsþ 1ÞaÞ

�1
q

f ðaÞ
aþ b

2

� ��
�
�
�

�
�
�
�

q

þjf ðaÞðbÞjqÞjq
� �1

q

:

ð3:15Þ

Thus, combining (3.10), (3.14), and (3.15), we obtain
�
�
�
�

f ðaÞþ f ðbÞ

2a
�
Cð1þ aÞ

ðb� aÞa
aI

ðaÞ
b f ðxÞ

�
�
�
�

�
ðb� aÞa

2a


 Cð1þ
q

q� 1
aÞ

2aCð1þ
2q� 1

q� 1
aÞ

�q�1

q
�

Cð1þ saÞ

2aCð1þðsþ 1ÞaÞ

�1
q

	 jf ðaÞðaÞjqþ f ðaÞ
aþ b

2

� ��
�
�
�

�
�
�
�

q� �1
q

"

þ f ðaÞ
aþ b

2

� ��
�
�
�

�
�
�
�

q

þjf ðaÞðbÞjq
� �1

q

�:

h

Therefore, we complete the proof of Theorem 3.3.
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