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Abstract In this paper, we establish the Hermite—Hada-
mard-type inequalities for the generalized s-convex func-
tions in the second sense on real linear fractal set
R*(0<a<1).
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Introduction

The convex function plays an important role in the class
mathematical analysis course and other fields. In [1],
Hudzik and Maligranda introduced two kinds of s-convex
functions in the space of European space R. In addition,
many important inequalities are established for the s-con-
vex functions in R. For example, the Hermite-Hadamard’s
inequality is one of the best known results in the literature,
see [2—4] and so on.

In recent years, the fractal theory has received signifi-
cantly remarkable attention [5]. The calculus on fractal set
can lead to better comprehension for the various real-world
models from the engineering and science [6].

On the fractal set, Mo et al. [7, 8] introduced the defi-
nition of the generalized convex function and established
Hermite-Hadamard-type inequality. In [9], the authors
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introduced two kinds of generalized s-convex functions on
fractal sets R*(0<a<1).

The definitions of the generalized s-convex functions are
as follows:

Definition 1.1 [9] Suppose that R, =[0,00). If the
function f : R, — R” satisfies the following inequality:

St dav) < () + 22F (), (1.1)

for all u,v € Ry and all 4,4, >0 with 2]+ 2, =1 and
0<s<1, then fis said to be a generalized s-convex func-
tion in the first sense. We denote this by f € GK].

Definition 1.2 [9] Suppose that R, =[0,00). If the
function f : R, — R” satisfies the following inequality:

Fau+ Av) < 2P (u) + A3 (v), (1.2)

for all u,v € R, and all 4;,4, >0 with 4; + 4, =1 and
0<s<1, then fis said to be a generalized s-convex func-
tion in the second sense. We denote this by f € GK?.

Note that the generalized s-convex function in both
sense is generalized convex function [9] for s = 1.

Inspired by [2, 3, 8], in this paper, we will establish the
Hermite—Hadamard-type inequalities for the generalized s-
convex functions.

Preliminaries

Now, let us review the operations with real line number on
fractal space. In addition, we will use the Gao—Yang—
Kang’s idea to describe the definitions of the local frac-
tional derivative and local fractional integral [10—14].

Let a*,b* and ¢* belong to the set R*(0 <o < 1) of real
line numbers, then
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1. a*b* and a” + b* belong to the set R*;
2. a4+ b* = (a + b)fx — b4 gt = (b + a)a; Lemma 2.3 [10]
3. a*+ (b* +c*) = (a* + b*) + ¢*; d*x* _ C(1+ka) i),
4. a*b* = (ab)" = b*a* = (ba)%; dx>  T'(1+(k—1)a) '
o oA A0 o0 o
2 Zu EZ%Z_)C;) (Z 2“1)72 Lo From the above formula and Lemma 2.2, we have
7. 0"+a*=a"+0"=qg"and 1*-a* =a* - 1* = a*. 1 (1 + ka)

Definition 2.1 ([10]) If the function f : [a,b] — R* sat-
isfies the inequality

f(x) =f@) <cle =y (x,y € [a,D]),

for ¢ > 0 and a(0 <o <1), then fis called a Holder con-
tinuous function. In this case, we think that fis in the space
Cyla, b].

Definition 2.2 [10] Let A*(f(x) —f(x0)) =T(1+

a)(f(x) — f(x0)). Then, the local fractional derivative of f
of order o at x = xq is defined by

f®(x) = dzx(f)

i 200 —700))

‘x:xo x — Xo)“

X—X0
k+1 times

——
If there exists f(*+1)%) (x) = D*...D* f(x) for any x € I C

R, then we denoted f € Dyy1y,(/), where k = 0,1,2..

Definition 2.3 [10] For f € Cy[a, b], the local fractional
integral of the function f is defined by

JPf(x)

b
:; / £(0)(dr)?

= lim Zf 5)(A),

1 -+ ll AIHO
where At =ty —t;, At = max{At;, A, At;,...} and
[ti,5i+1],j=0,...,N—1,10 = a, ty = b, is a partition of
the interval [a, b].
Lemma 2.1 [10] Let f € Cylg(a),g(b)] and g€
Cla,b], then
oSO () = 1,F (2)(5)[g (5]
Lemma 2.2 [10]
1. Letf(x) = g¥(x) € Cya,b], then we have
o1y f (x) = g(b) — g(a).

2. Let f(x),g(x) € Dy[a,b] and f*)(x), g (x) € C.[a, ],
then we have

JF ()P (X) = F(0)g(x)| —a PP (x)g ().

Y4
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b
kot o
—_— d =
F(l+oc)/ax (@) =0
(b(k+l)o< _ a(kJrl)ac)’k cR.

(k+1)a)

Lemma 2.4 [10] (Generalized Holder’s inequality) Let
f,g € Cyla,b] and p,qg > 1 with 1/p+1/q = 1. Then, it

follows that
’ b 1/p
ﬁ/ If (x)g(x)[( yg(l‘(%—m)/ lf(x)|P(dx)a)
1/q
dx)“) _

(e | sl

Main results

Theorem 3.1 Letf : Ry — R* be a generalized s-convex
function in the second sense for 0<s<1 and a,b € [0, 00)
with a <b. Then, for f € C,la, b, the following inequalities

hold:
20D fa4 b
F(1+oc)f( 2 ) (b—a) ~T(I+(s+ 1)) (@) +1(0)-
(3.1)
Proof Let x=a+b—t. Then, from Lemma 2.1, we
have oyul)f (x) = WL 2lf (a + b —1).

Since fis a generallzed s-convex function in the second
sense, then

B = A D@ +flat b - )]

() T(1+59)

> 29,1y (“ ks b)
a2 2
2(s=1)x w.fa+b
(b—a)’f
(1 +a) 2

In the other hand, let x = b — (b — a)t, 0<¢ <1, then we
get

() = (b= a)* ol f[ta + (1 - 1)b)]
< (b= a)ol{" [f*f(a) + (1 = 1)f (b)]

= (b— a)* [f(@)ol 7 + F(B)ol (1 = 1)*].
From Lemma 2.3, it is easy to see that

I'(1+ sa)

()I(“)tacs —
! C(1+ (s+ 1)a)’
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and

{1+ sa)

(o) os
11— =
ol (1-1) T(1+ (s + Do)

Therefore

(1 + sa)

A0 < 0= T

(f(a) +£(b)).
Combining the above estimates, we obtain

260 a4+ b\ JHf(x)
F(1+oc)f< 2 >§ (b—a)

(1 + sa)
ST+ 5+ 1)) (f(a) +£(b)).

O

Theorem 3.2 Let I C R be an interval, and I° be the
interior of 1. Suppose that f : I — R* is a differentiable
function on I° such that f* € C,[a,b], where a,b € I
with a<b. If |[f|? is a generalized s-convex function in
the second sense on [a, b] for some fixed s € (0,1) and
q>1, then

fla)+f(b) T(+a)
e - G

<o (T )

(1 + so)

Ir'l+o
[F(l + (s +1)a)

r(1+

t ()]

X [W(a)yu W‘)(b)\"} .

— |

To show Theorem 3.2 is right, we need the following
Lemma.

Lemma 3.1 ([8]) Let f: I—R* IC[0,00). If f€

D,(I°) and f*) € C,[a,b] for a,b € I° with a<b, then the
following equality holds:

fla)+/b) T+
2 - (b—a)“ alb f(x)
(b—a)* 1

1
= m/o (1 =20 (ta + (1 — 1)b) (dr)".

Now, let us give the proof of Theorem 3.2.

Proof From Lemma 3.1, it is obvious that

fl)+10)_T(1+2)
e )

<(b—a)°‘ 1
- 22 T(1+a)

1
/ 11— 2"|f" (ta+ (1 — 1)b)| (dt)".
0
(3.2)
Let us estimate

1
g -2 e - sy

forg=1and g > 1.

Casel. g = 1.

Since |[f*| is generalized sconvex on [a, b] in the
second sense, we can know that for any ¢ € [0, 1]

O (ta+ (1= 0)b)| <[ (a)] + (1 — )" [f™ (b)].

Then, we have

1
ﬁ/{) |1 —21*|f* (ta + (1 — 1)b)|(dr)*

1 1 o os o
< Er ) -2

(1= 0P )
— @l [ - )

1
ﬁ/o (1= 0|1 — 26*(de)"].
(3.3)

From Lemmas 2.2 and 2.3, it is easy to see that
1 1

—— [ ™)1 = 2¢%(dt)*

r( +oc)/0 | " (d)

ﬁ /Oilw(l—ZI)d(dt)“‘f‘[ t“5(2t—l)“(dt)a}

e Tare (@) w‘z“ﬂ |
(3.4)

In addition, let 1 — ¢ = x, then by Lemma 2.1 and (3.4), we
have

1 ! os o o
m/o (1= 1|1 = 2¢*(d)

1 1
— ocsl_z 1dx:1
r(1+1)/0x| H(dx)

{r(fil(jfl))a) * r?(ff)(f(j 2+):)a) ((%) _2” '

ﬁ @ Springer



244 Math Sci (2017) 11:241-246

Thus, substituting (3.4) and (3.5) into (3.3), we have Moreover, since |f(*)|7 is generalized s convex in the sec-

/ ond sense on [a, b], then
[T — 21" | (ta + (1 — 1)b)|(dr)” .
F( ) 1 . o | g(o) a . q o
_ T+ { F(14+s2)  T(1+2)0(1+52) F(1+oc)/0 1= 20| (e (1 = b))
TI(1420) [ T(14(s+ Do) (14 (s+2)a) 1 1
1 os S m/ |1 — 2t
(@) )] < prear e
e (wv¢<|q (1= 0 ) ) @
Thus, from (3.2), we obtain = [f / 1— 2[\ *( dt
'f(a) +f(b) _ r(l + OC) O()f( )‘ os o
RS +V<M—H:5/|raﬂ< 0 (@,
<(b—a)“ (1 +a) I'(1+ sa) o
2 T(1+2%) [ TO+ s+ D) From (3.3) and (3.4), it is easy to see that
L) 459 (1Y, ey
e () ) e /
% |:V(a)(a)|q+lf(x)(b)’] +OL / |1—21‘| ‘“ dt)
B (1 + sa) L1+ o)l(1+s2) (1N,
Case II. ¢ > 1. a {F(l + (s + Da) " L1+ (s+2)a) <<2> ? ﬂ
Using the generalized Holder’s inequality (Lemma 2.4),
we obtain Therefore

1 ! o o o
m/o 1= 2| (ta + (1 = 1)b)| (dt)
1
TT(1+a)

# 1 _ o | p(or) a _ q o
F(1+oc)/() |1 = 21*|f) (ta + (1 — 1)b)|"(dr)

- {rurf(?ff)mrﬁ(f )(s$2+)s;x) (G)—zﬂ
=2 = 2 ek (1= )8y {mw@v+v@@|]

g(r(lla/ [1—2¢"(de) ) )

Thus, substituting (3.8) and (3.9) into (3.7), we have

x (F(1+OC)/0 12t|1[f(a>(ta+(lt)b)|‘1(dt)“> , ﬁ/ 11— 2 1 + (1 — 1)) ()"

3.7 -
3.7) T(1+a) \7
It is obvious that = (14 2a)

1+ 2) / 11— 21 (dr)? [ F(1+s0)  T(1+o)l (lﬂa)((])m_z“)r

F(1+(s+1)oc) I'(l1+(s+2)a) 2
m/( — 21)*(de)* (3.8)

1 ‘ wqme _ L1+ )
+m/; (2t —1)*(d)* = L

1

@+ o)

Therefore, from (3.2), it follows that

‘.
Y A
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fla)+f(b) T(+a)
) 20 - (b— a)(x aIl(; )f(x)’

( (1 + o) )—
I'(1+2a)

{ I'(1 + sa) 1+
14+ (+0a) T+

(b—a)”
<%

i (6]
<@+ rewr|

Thus, we complete the proof of Theorem 3.2. O

R

Theorem 3.3 Suppose that f: I — R* I C [0,00) is a
differentiable function on I°, such that f* e Cyla, b),
where a,b € I with a<b. If |f®|? is a generalized s-

convex function in the second sense on [a, b] for some fixed
s€(0,1) and g > 1, then

fla)+f(b) T(l+o)
’ 20( - (b _ a)a LlIb f(‘x)’
q 1
(b—a)“[ F(1+q_lot) ol
S 27 —1
21+ 2L

<2ar<1(+?ssf Do ))é
[l ())
()] o)

Proof From Lemma 3.1, we have

fla+f(b) T+ @
' 2 (b-a) o )f(x)’
< ;f’)a 21| (0 + (1 1)b) | (dr)*

1

= (b;aay [r(11+o<)/02(1

+ﬁ/;(2t— D™ (ta+ (1 —t)b)|(dt)°‘].

(3.10)

—20)|f¥ (ta+ (1 —1)b)|(dr)*

Let us estimate

=

1 o o
m/0 (1 =20 (ta + (1 — 1)b)|(dr)

and

1
ﬁ/ (2t = DI (1a + (1 - 1)b)|(dr)’,

respectively.
Using the generalized Holder’s inequality(Lemma 2.4),
we obtain

1

1 2 ., y
m/o (1 =20)|[f ¥ (ta + (1 — 1)b)|(dr)

g-1

1 : st g
1 3 , v “1'7
(W/o 1 (ta+ (1 — 1)) (ds) )
It is easy to see that
1 l 2l o
R, (-2 =
, r(1+—1 4
b i (dn) — q—1
F(1—|—oc)/% (1= 20)%7(dr) S
qg—1
(3.12)

Let [f*(ta+ (1 —1)b)|? = U(). Tt is easy to see that
U(?) is a generalized sconvex function in the second sense.
Thus, from the right-hand side of (3.1), it follows that

1

1 2 o q o
m/o [/ (ta + (1 - 1)b)|" (dr)

1

1 ; ,
= m/o U(r)(dr)

(1) 2 (0 00)

~srirorm () R ")
(3.13)

Thus, substituting (3.12) and (3.13) into (3.11), we get

1 2 ., )
m/o (1 =20)|f“ (ta + (1 — 1)b)|(dt)

4 q-1 1
<< 1H(I—FL;(——IOC) )T( (1 + sa) )E
- 2“F(1+2q_1loc) 22T(1 + (s + 1)or)

-
32

(3.14)
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Moreover
! /%m 145 (dr)*
F(l-i—oc) 1
| /, q r(1 +qf -2)
=——— | (1-20)%7(dt)" = — .
I(1+a) /s 2&r(1+2q la)

In addition, similar to the estimate of (3.13), we have

el A ROy

2

< s ()

Therefore, it is analogues to the estimate of (3.11), we have

o)

1

1 2 o O(
FUI@A“‘”W”W+“_”MW”

g1

<Gﬂ%alhpnﬁmyy

(ﬁ / O+ (1 - r>b>|’”<dt>“)

1

q

_1 ot L
= (zjr((lliqz;_—l T)a)) q (zwg(izsfna) )

+v(“><b>‘f>|4)5.

((5%)
(3.15)

Thus, combining (3.10), (3.14), and (3.15), we obtain

fla)+f(b) T+a)
' D - (b_a)ot alb f(x)‘
4 q-1 1
S(b—ma)m[ r(l—l_chlO;) }T< : (14 sa) )5
2 22T(1 + qq_—l %) 22T (14 (s+1)a)

[y

(o

)]
Therefore, we complete the proof of Theorem 3.3.
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