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In this work, we introduce the idea and concept of m–polynomial p–harmonic exponential type convex functions. In addition, we
elaborate the newly introduced idea by examples and some interesting algebraic properties. As a result, several new integral
inequalities are established. Finally, we investigate some applications for means. The amazing techniques and wonderful ideas of
this work may excite and motivate for further activities and research in the different areas of science.

1. Introduction

Theory of convexity present an active, fascinating, and
attractive field of research and also played prominence and
amazing act in different fields of science, namely, mathemat-
ical analysis, optimization, economics, finance, engineering,
management science, and game theory. Many researchers
endeavor, attempt, and maintain his work on the concept
of convex functions and extend and generalize its variant
forms in different ways using innovative ideas and fruitful
techniques. Convexity theory provides us with a unified
framework to develop highly efficient, interesting, and pow-
erful numerical techniques to tackle and to solve a wide class
of problems which arise in pure and applied sciences. In
recent years, the concept of convexity has been improved,
generalized, and extended in many directions. The concept
of convex functions also played prominence and meaningful
act in the advancement of the theory of inequalities. A num-
ber of studies have shown that the theory of convex functions
has a close relationship with the theory of inequalities.

The integral inequalities are useful in optimization the-
ory, functional analysis, physics, and statistical theory. In

diverse and opponent research, inequalities have a lot of
applications in statistical problems, probability, and numeri-
cal quadrature formulas [1–3]. So eventually due to many
generalizations, variants, extensions, widespread views, and
applications, convex analysis and inequalities have become
an attractive, interesting, and absorbing field for the
researchers and for attention; the reader can refer to [4–6].
Recently Kadakal and Iscan [7] introduced a generalized
form of convexity, namely, n–polynomial convex functions.

It is well known that the harmonic mean is the special
case of power mean. It is often used for the situations when
the average rates is desired and have a lot of applications in
different field of sciences which are statistics, computer sci-
ence, trigonometry, geometry, probability, finance, and elec-
tric circuit theory. Harmonic mean is the most appropriate
measure for rates and ratios because it equalizes the weights
of each data point. Harmonic mean is used to define the har-
monic convex set. In 2003, first time harmonic convex set
was introduced by Shi [8]. Harmonic and p–harmonic con-
vex function was for the first time introduced and discussed
by Anderson et al. [9] and Noor et al. [10], respectively.
Awan et al. [11] keeping his work on generalizations,
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introduced a new class called n–polynomial harmonically
convex function. Motivated and inspired by the ongoing
activities and research in the convex analysis field, we found
out that there exists a special class of function known as
exponential convex function, and nowadays, a lot of people
working are in this field [12, 13]. Dragomir [14] introduced
the class of exponential type convexity. After Dragomir,
Awan et al. [15] studied and investigated a new class of expo-
nentially convex functions. Kadakal and İşcan introduced a
new definition of exponential type convexity in [16].
Recently, Geo et al. [17] introduced n–polynomial harmonic
exponential type convex functions. The fruitful benefits and
applications of exponential type convexity is used to manip-
ulate for statistical learning, information sciences, data min-
ing, stochastic optimization and sequential prediction [7,
18, 19] and the references therein. Before we start, we need
the following necessary known definitions and literature.

2. Preliminaries

In this section, we recall some known concepts.

Definition 1 (see [5]). Let ψ : I ⟶ℝ be a real valued func-
tion. A function ψ is said to be convex, if

ψ κ℘1 + 1 − κð Þ℘2ð Þ ≤ κψ ℘1ð Þ + 1 − κð Þψ ℘2ð Þ, ð1Þ

holds for all ℘1, ℘2 ∈ I and κ ∈ ½0, 1�:

Definition 2 (see [20]). A function ψ : I ⊆ ð0,∞Þ⟶ℝ is said
to be harmonic convex, if

ψ
℘1℘2

κ℘2 + 1 − κð Þ℘1

� �
≤ κψ ℘1ð Þ + 1 − κð Þψ ℘2ð Þ, ð2Þ

holds for all ℘1, ℘2 ∈ I and κ ∈ ½0, 1�.

For the harmonic convex function, İşcan [20] provided
the Hermite–Hadamard type inequality.

Definition 3 (see [21]). A function ψ : I ⟶ℝ is said to be p –
harmonic convex, if

ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
≤ κψ ℘1ð Þ + 1 − κð Þψ ℘2ð Þ, ð3Þ

holds for all ℘1, ℘2 ∈ I and κ ∈ ½0, 1�.
Note that κ = 1/2 in (3), we get the following inequality:

ψ
2℘p

1℘
p
2

℘p
1 + ℘p

2

" #1/p !
≤
ψ ℘1ð Þ + ψ ℘2ð Þ

2 , ð4Þ

holds for all ℘1, ℘2 ∈ I.

The function ψ is called Jensen p–harmonic convex
function.

If we put p = −1 and p = 1, then p–harmonic convex sets
and p–harmonic convex functions collapse to classical con-
vex sets, harmonic convex sets, and harmonic convex func-
tions, respectively.

Definition 4 (see [17]). A function ψ : I ⊆ ð0,+∞Þ⟶ ½0,+
∞Þ is called m–polynomial harmonic exponential type con-
vex function, if

ψ
℘1℘2

κ℘2 + 1 − κð Þ℘1

� �
≤

1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ,
ð5Þ

holds for every ℘1, ℘2 ∈ I,m ∈ℕ and κ ∈ ½0, 1�.

Motivated by the above results, literature, and ongoing
activities and research, we organise the paper in the following
way. Firstly, we will give the idea and its algebraic properties
ofm–polynomial p–harmonic exponential type convex func-
tions. Secondly, we will derive the new sort of (H–H) and
refinements of (H–H) type inequalities by using the newly
introduced idea. Finally, we will give some applications for
means and conclusion.

3. Generalized Exponential Type Convex
Functions and Its Properties

We are going to introduce a new definition calledm–polyno-
mial p–harmonic exponential type convex function and will
study some of their algebraic properties. Throughout the
paper, one thing gets in mindm represents finite ℤ+,m–poly
p–harmonic exp convex function representsm–polynomial p
–harmonic exponential type convex function and (H–H)
represents Hermite–Hadamard.

Definition 5. A function ψ : I ⊆ ð0,+∞Þ⟶ ½0,+∞Þ is called
m–poly p–harmonic exp convex, if

ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
≤

1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ,

ð6Þ

holds for every ℘1, ℘2 ∈ I,m ∈ℕ and κ ∈ ½0, 1�.

Remark 6.

(i) Taking m = 1 in Definition 5, we obtain the following
new definition about p –harmonically exp convex
function:
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ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
≤ eκ − 1ð Þψ ℘1ð Þ + e1−κ − 1

� �
ψ ℘2ð Þ

ð7Þ

(ii) Takingm = 2 in Definition 5, we obtain the following
new definition about 2–poly p–harmonically exp
convex function:

ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
≤

e2κ − eκ

2

� �
ψ ℘1ð Þ + e2 1−κð Þ − e1−κ

2

� �
ψ ℘2ð Þ

ð8Þ

(iii) Taking p = 1 in Definition 5, then, we get a defini-
tion, namely, m–poly harmonically exp convex
function which is defined by Geo et al. [17]

(iv) Taking p = −1 in Definition 5, we obtain the following
new definition about m–poly exp convex function:

ψ κ℘1 + 1 − κð Þ℘2ð Þ ≤ 1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ

ð9Þ

(v) Takingm = 1 and p = 1 in Definition 5, we obtain the
following new definition about harmonically exp type
convex function:

ψ
℘1℘2

κ℘2 + 1 − κð Þ℘1

� �
≤ eκ − 1ð Þψ ℘1ð Þ + e1−κ − 1

� �
ψ ℘2ð Þ

ð10Þ

(vi) Takingm = 1 and p = −1 in Definition 5, then, we get
a definition, namely, exponential type convex func-
tion which is defined by Kadakal et al. [16]

That is the beauty of this newly introduce definition if we
put the values of m and p, then, we obtain new inequalities
and also found some results which connect with previous
results.

Lemma 7. The following inequalities ð1/mÞ∑m
j=1ðeκ − 1Þj ≥ κ

and ð1/mÞ∑m
j=1ðeð1−κÞ − 1Þj ≥ ð1 − κÞ are hold. If for all κ ∈

½0, 1�.

Proof. The rest of the proof is clearly seen.

Proposition 8. Every p–harmonic convex function is m–poly
p–harmonic exp convex function.

Proof. Using the definition of p–harmonic convex function
and from the Lemma 7, since κ ≤ ð1/mÞ∑m

j=1ðeκ − 1Þj and
ð1 − κÞ ≤ ð1/mÞ∑m

j=1ðe1−κ − 1Þj for all κ ∈ ½0, 1�, we have

ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
≤ κψ ℘1ð Þ + 1 − κð Þψ ℘2ð Þ

≤
1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ:

ð11Þ

Proposition 9. Every m–poly p–harmonic exp convex func-
tion is p–harmonic h–convex function with hðκÞ = 1/m
∑m

j=1ðeκ − 1Þj.

Proof.

ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
≤

1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ

≤ h κð Þψ ℘1ð Þ + h 1 − κð Þψ ℘2ð Þ:
ð12Þ

Remark 10.

(i) If p = 1 in Proposition 9, then as a result, we get
harmonically convex function, which is introduced
by Noor et al. [22]

(ii) If p = −1 in Proposition 9, then as a result, we get h–
convex function, which is defined by Varošanec [6]

Now, we make and investigate some examples by way of
newly introduced definition.

Example 11. If ψðνÞ = νp+1, ∀x ∈ ð0,∞Þ is p–harmonic con-
vex function, then according to Proposition 8, it is anm–poly
p–harmonic exp convex function.

Example 12. If ψðνÞ = 1/ν2p, ∀x ∈ℝ \ f0g is p–harmonic con-
vex function, then according to Proposition 8, it is anm–poly
p–harmonic exp convex function.

Now, we will discuss and investigate some of its algebraic
properties.

Theorem 13. Let ψ, φ : ½℘1, ℘2�⟶ℝ: If ψ and φ are twom–
poly p–harmonic exp convex functions, then

(i) ψ + φ is an m–poly p–harmonic exp convex function
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(ii) For c ∈ℝðc ≥ 0Þ, cψ is an m–poly p–harmonic exp
convex function

Proof.

(i) Let ψ and φ be an m–poly p–harmonic exp convex,
then

ψ + φð Þ ℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !

= ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
+ φ

℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !

≤
1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ

+ 1
m
〠
m

j=1
eκ − 1ð Þjφ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j

φ ℘2ð Þ

= 1
m
〠
m

j=1
eκ − 1ð Þj ψ ℘1ð Þ + φ ℘1ð Þ½ �

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ + φ ℘2ð Þ½ �

= 1
m
〠
m

j=1
eκ − 1ð Þj ψ + φð Þ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� � j

ψ + φð Þ ℘2ð Þ

ð13Þ

(ii) Let ψ be an m–pol p–harmonic exp convex, then

cψð Þ ℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !

≤ c
1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ
" #

= 1
m
〠
m

j=1
eκ − 1ð Þjcψ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j

cψ ℘2ð Þ

= 1
m
〠
m

j=1
eκ − 1ð Þj cψð Þ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j

cψð Þ ℘2ð Þ

ð14Þ

which completes the proof.

Remark 14.

(i) If m = 1 in Theorem 13, then as a result, we get the
ψ + φ and cψ are p–harmonic exp convex functions

(ii) If p = 1 in Theorem 13, then as a result, we get
Theorem 3.2 in [17]

(iii) If m = p = 1 in Theorem 13, then as a result, we get
the ψ + φ and cψ are harmonic exp convex functions

(iv) If p = −1 in Theorem 13, then as a result, we get the
ψ + φ and cψ are m–poly exp convex functions

(v) If m = 1 and p = −1 in Theorem 13, then as a result,
we get Theorem 2.1 in [16]

Theorem 15. Let ψ : I = ½℘1, ℘2�⟶ J be p–harmonic convex
function and φ : J ⟶ℝ is nondecreasing and m–poly exp
convex function. Then, the function φ ∘ ψ : I = ½℘1, ℘2�⟶
ℝ is an m–poly p–harmonic exp convex function.

Proof. ∀℘1, ℘2 ∈ I, and κ ∈ ½0, 1�, we have

φ ∘ ψð Þ ℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
= φ ψ

℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !

≤ φ κψ ℘1ð Þ + 1 − κð Þψ ℘2ð Þð Þ ≤ 1
m
〠
m

j=1
eκ − 1ð Þjφ ψ ℘1ð Þð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

φ ψ ℘2ð Þð Þ = 1
m
〠
m

j=1
eκ − 1ð Þj φ ∘ ψð Þ ℘1ð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

φ ∘ ψð Þ ℘2ð Þ:

ð15Þ

Remark 16.

(i) In case of m = 1, we investigate the following new
inequality:

φ ∘ ψð Þ ℘p
1℘

p
2

t℘p
2 + 1 − tð Þ℘p

1

" #1/p !
≤ eκ − 1ð Þ φ ∘ ψð Þ ℘1ð Þ

+ e1−κ − 1
� �

φ ∘ ψð Þ ℘2ð Þ
ð16Þ

(ii) In case of p = 1, the above Theorem 15 collapses to
Theorem 3.3 in [17]

(iii) In case ofm = p = 1, as a result, we obtain the follow-
ing new inequality:

φ ∘ ψð Þ ℘1℘2
κ℘2 + 1 − κð Þ℘1

� �
≤ eκ − 1ð Þ φ ∘ ψð Þ ℘1ð Þ

+ e1−κ − 1
� �

φ ∘ ψð Þ ℘2ð Þ
ð17Þ

(iv) In case of p = −1, then, the above Theorem 15
collapses to the following new inequality:
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φ ∘ ψð Þ κ℘1 + 1 − κð Þ℘2ð Þ ≤ 1
m
〠
m

j=1
eκ − 1ð Þj φ ∘ ψð Þ ℘1ð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

φ ∘ ψð Þ ℘2ð Þ

ð18Þ

(v) In case of m = 1 and p = −1, as a result, the above
Theorem 15 collapses to the Theorem (2.2) in [16]

Theorem 17. Let 0 < ℘1 < ℘2,ψj : ½℘1, ℘2�⟶ ½0,+∞Þ be a
class of m–poly p–harmonic exp convex functions and ψðuÞ
= sup jψjðuÞ. Then, ψ is an m–poly p–harmonic exp convex
function and U = fu ∈ ½℘1, ℘2�: ψðuÞ<+∞g is an interval.

Proof. Let ℘1, ℘2 ∈U and κ ∈ ½0, 1�, then

ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
= sup

j
ψj

℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !

≤
1
m
〠
m

j=1
eκ − 1ð Þj sup

j
ψj ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j sup

j
ψj ℘2ð Þ

= 1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ + 1

m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ < +∞,

ð19Þ

which completes the proof.

Remark 18.

(i) In case of p = 1, as a result, we get Theorem 3.4 in [17]

(ii) In case of m = 1 and p = −1 in Theorem 17, as a
result, we get Theorem 2.3 in [16]

Theorem 19. If ψ : ½℘1, ℘2�⟶ℝ is an m–poly p–harmonic
exp convex then ψ is bounded on ½℘1, ℘2�:

Proof. Let x ∈ ½℘1, ℘2� and L =max fψð℘1Þ, ψð℘2Þg, then,
there exist ∃κ ∈ ½0, 1� such that x = ½ð℘p

1℘
p
2Þ / ðκ℘p

2 + ð1 − κÞ
℘p
1Þ�1/p: Thus, since eκ ≤ e and e1−κ ≤ e, we have

ψ xð Þ = ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
≤

1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ ≤ 1
m
〠
m

j=1
eκ + e1−κ − 2
� �j ⋅ L

≤
2L
m

〠
m

j=1
e − 1ð Þj� 	

=M:

ð20Þ

The above proof clearly shows that ψ is bounded above
from M: For bounded below, the readers using the identical
concept as in Theorem 2.4 in [16].

Remark 20.

(i) In case of p = 1, we obtain Theorem 3.5 in [17]

(ii) In case ofm = 1 and p = −1, we obtain Theorem 2.4 in
[16]

4. (H–H) Type Inequality via Generalized
Exponential Type Convexity

The main object of this section is to investigate and prove
a new version of (H–H) type inequality using m–poly p–
harmonic exp convexity.

Theorem 21. Let ψ : ½℘1, ℘2�⟶ ½0,+∞Þ be an m–poly p–
harmonic exp convex function. If ψ ∈ L½℘1, ℘2�, then

m

2∑m
j=1

ffiffi
e

p
− 1

� �j ψ 2℘p
1℘

p
2

℘p
1 + ℘p

2

" #1/p !
≤

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ νð Þ
νp+1

dν

≤
ψ ℘1ð Þ + ψ ℘2ð Þ

m

� �
〠
m

j=1
e − 2½ �j:

ð21Þ

Proof. Since ψ is an m–poly p–harmonic exp convex func-
tion, we have

ψ
xpyp

κyp + 1 − κð Þxp
� �1/p !

≤
1
m
〠
m

j=1
eκ − 1ð Þjψ xð Þ + 1

m
〠
m

j=1
e1−κ − 1
� � j

ψ yð Þ,

ð22Þ

which lead to

ψ
2xpyp
xp + yp

� �1/p !
≤

1
m
〠
m

j=1

ffiffi
e

p
− 1

� �j
ψ xð Þ + 1

m
〠
m

j=1

ffiffi
e

p
− 1

� �j
ψ yð Þ:

ð23Þ

Using the change of variables, we get

ψ
2℘p

1℘
p
2

℘p
1 + ℘p

2

" #1/p !
≤

1
m
〠
m

j=1

ffiffi
e

p
− 1

� �j × ψ
℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1
� �
" #1/p !(

+ ψ
℘p
1℘

p
2

κ℘p
1 + 1 − κð Þ℘p

2
� �
" #1/p !)

:

ð24Þ

Integrating the above inequality with respect to κ on
½0, 1�, we obtain
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m

2∑m
j=1

ffiffi
e

p
− 1

� �j ψ 2℘p
1℘

p
2

℘p
1 + ℘p

2

" #1/p !
≤

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ νð Þ
νp+1

dν,

ð25Þ

which completes the left side inequality.
For the right side inequality, first of all, we change the

variable of integration by ν = ½ð℘p
1℘

p
2Þ/ðκ℘p

2 + ð1 − κÞ℘p
1Þ�1/p

and using Definition 5 for the function ψ, we have

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ νð Þ
νp+1

dν =
ð1
0
ψ

℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
dκ

≤
ð1
0

1
m
〠
m

j=1
eκ − 1ð Þjψ ℘1ð Þ

"

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ ℘2ð Þ
#
dκ

= ψ ℘1ð Þ
m

〠
m

j=1

ð1
0
et − 1
� �jdκ

+ ψ ℘2ð Þ
m

〠
m

j=1

ð1
0
e1−κ − 1
� �j

dκ

= ψ ℘1ð Þ + ψ ℘2ð Þ
m

� �
〠
m

j=1
e − 2½ �j,

ð26Þ

which completes the proof.

Corollary 22. In case ofm = 1 in Theorem 21, then, we get the
following new (H–H) type inequality for p–harmonic exp con-
vex functions:

1

2
ffiffi
e

p
− 1

� �ψ 2℘p
1℘

p
2

℘p
1 + ℘p

2

" #1/p !
≤

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ νð Þ
νp+1

dν

≤ e − 2ð Þ ψ ℘1ð Þ + ψ ℘2ð Þ½ �:
ð27Þ

Corollary 23. In case of p = −1 in Theorem 21, then as a
result, we investigate the following new (H–H) type inequality
for m–poly exp convex functions:

m

2∑m
j=1

ffiffi
e

p
− 1

� �j ψ ℘1 + ℘2

2

� �
≤

1
℘2 − ℘1

ð℘2

℘1

ψ νð Þdν

≤
ψ ℘1ð Þ + ψ ℘2ð Þ

m

� �
〠
m

j=1
e − 2½ �j:

ð28Þ

Remark 24.

(i) In case of p = 1, then as a result, we obtain Theorem
4.1 in [17]

(ii) In case of m = 1 and p = −1, then as a result, we
obtain Theorem 3.1 in [16]

(iii) In case ofm = 1 and p = 1, then as a result, we obtain
Corollary 1in [17]

5. Refinements of (H–H) Type Inequality via
Generalized Exponential Type Convexity

In this section, in order to prove our main results regarding
on some Hermite–Hadamard type inequalities for m–poly p
–harmonic exp convex function, we need the following
lemmas:

Lemma 25. Let ψ : I = ½℘1, ℘2� ⊆ℝ \ f0g⟶ℝ be differen-
tiable function on the I∘ of I. If ψ′ ∈ L½℘1, ℘2�, then

ψ ℘1ð Þ + ψ ℘2ð Þ
2

−
p℘p

1℘
p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx

= ℘1℘2 ℘p
2 − ℘p

1

� �
2p

ð1
0

μ κð Þ
Ap+1
κ

ψ′ ℘1℘2

Aκ

� �
dκ,

ð29Þ

where Aκ = ½κ℘p
2 + ð1 − κÞ℘p

1�1/p and μðκÞ = ð1 − 2κÞ:

Proof. Let

I = ℘p
2 − ℘p

1
2p℘p

1℘
p
2

ð1
0
1 − 2κð Þ ℘p

1℘
p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1+1
p

ψ′ ℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
:

ð30Þ

Using integration by parts

I = ℘p
2 − ℘p

1
2p℘p

1℘
p
2

−p℘p
1℘

p
2

℘p
2 − ℘p

1
1 − 2κð Þψ ℘p

1℘
p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !

1

0

8<
:

−
2p℘p

1℘
p
2

℘p
2 − ℘p

1

ð1
0
ψ

℘p
1℘

p
2

κ℘p
2 + 1 − κð Þ℘p

1

" #1/p !
dκ

)

= ψ ℘1ð Þ + ψ ℘2ð Þ
2 −

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx:

ð31Þ

Lemma 26 (see [23]). Let ψ : I = ½℘1, ℘2� ⊆ℝ \ f0g⟶ℝ be
differentiable function on the I∘ of I. If ψ′ ∈ L½℘1, ℘2�, then

1
8

ψ ℘1ð Þ + 3ψ
3℘p

1℘
p
2

℘p
1 + 2℘p

2

" #1/p !
+ 3ψ

3℘p
1℘

p
2

2℘p
1 + ℘p

2

" #1/p !
+ ψ ℘2ð Þ

" #

−
p℘p

1℘
p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx = ℘1℘2 ℘p
2 − ℘p

1

� �
p

ð1
0

μ κð Þ
Ap+1
κ

ψ′ ℘1℘2

Aκ

� �
dκ,

ð32Þ
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where Aκ = ½κ℘p
2 + ð1 − κÞ℘p

1�1/p and

μ κð Þ =

κ −
1
8
, if κ ∈ 0, 1

3

� �
,

κ −
1
2
, if κ ∈

1
3
, 2
3

� �
,

κ −
7
8
, if κ ∈

2
3
, 1

� �
:

8>>>>>>>><
>>>>>>>>:

ð33Þ

Theorem 27. Let ψ : I = ½℘1, ℘2� ⊆ℝ \ f0g⟶ℝ be differen-
tiable function on the I∘ of I. If ψ′ ∈ L½℘1, ℘2� and jψ′jq is an
m-poly p–harmonic exp convex function on I, q ≥ 1, then

ψ ℘1ð Þ + ψ ℘2ð Þ
2

−
p℘p

1℘
p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx


 ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
2p

� G1− 1/qð Þ
1 G2 ψ′ ℘1ð Þ q + G3 ψ′ ℘2ð Þ qh i1/q� �

,

ð34Þ

where

G1 =
ð1
0

∣1 − 2κ ∣
Ap+1
κ

dκ,G2 =
1
m

ð1
0

∣1 − 2κ ∣ ∑m
j=1 eκ − 1ð Þj

A1+p
κ

dκ,

G3 =
1
m

ð1
0

∣1 − 2κ ∣ ∑m
j=1 e1−κ − 1
� �j

A1+p
κ

dκ:

ð35Þ

Proof. Using Lemma 25, properties of modulus, power mean
inequality, and m–poly p–harmonic exp convexity of the
jψ′jq, we have

ψ ℘1ð Þ + ψ ℘2ð Þ
2 −

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx


 ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
2p

ð1
0

1 − 2κj j
Ap+1
κ

� ψ′ ℘1℘2
Aκ

� �
dκ ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
2p

ð1
0

1 − 2κj j
Ap+1
κ

dκ
� �1− 1/qð Þ

�
ð1
0

1 − 2κj j
Ap+1
κ

ψ′ ℘1℘2
Aκ

� �
qdκ

� �1/q
≤
℘1℘2 ℘p

2 − ℘p
1

� �
2p

ð1
0

1 − 2κj j
Ap+1
κ

dκ
� �1− 1/qð Þ

×
ð1
0

1 − 2κj j 1/mð Þ∑m
j=1 eκ − 1ð Þj ψ′ ℘1ð Þ q + 1/mð Þ∑m

j=1 e1−κ − 1
� �j

ψ′ ℘2ð Þ qh i
A1+p
κ

dκ

0
@

1
A

1/q

≤
℘1℘2 ℘p

2 − ℘p
1

� �
2p

ð1
0

1 − 2κj j
Ap+1
κ

dκ
� �1− 1/qð Þ

× 1
m

ð1
0

∣1 − 2κ ∣ ∑m
j=1 eκ − 1ð Þj

A1+p
κ

ψ′ ℘1ð Þ qdκ + 1
m

ð1
0

1 − 2κj j∑m
j=1 e1−κ − 1
� �j

A1+p
κ

ψ′ ℘2ð Þ qdκ
 !1/q

≤
℘1℘2 ℘p

2 − ℘p
1

� �
2p G1− 1/qð Þ

1 G2 ψ′ ℘1ð Þ q + G3 ψ′ ℘2ð Þ qh i1/q� �
,

ð36Þ

which completes the proof.

Corollary 28. Under the assumptions of Theorem 27 with
p = −1, we have the following new result:

ψ ℘1ð Þ + ψ ℘2ð Þ
2

−
1

℘2 − ℘1

ð℘2

℘1

ψ xð Þdx



≤

℘2 − ℘1ð Þ
2

1
2

� �1− 1/qð Þ 1
m
〠
m

j=1

8
ffiffi
e

p
− 2e − 7
2

� �j

� ψ′ ℘1ð Þ q + ψ′ ℘2ð Þ qh i1/q� �
:

ð37Þ

Corollary 29. Under the assumptions of Theorem 27 with
p = 1, we have the following new result:

ψ ℘1ð Þ + ψ ℘2ð Þ
2

−
℘1℘2

℘2 − ℘1

ð℘2

℘1

ψ xð Þ
x2

dx


 ≤ ℘1℘2 ℘2 − ℘1ð Þ

2

� G1′
1− 1/qð Þ

G2′ ψ′ ℘1ð Þ q +G3′ ψ′ ℘2ð Þ qh i1/q� �
,

ð38Þ

where

G1′ =
ð1
0

1 − 2κj j
A2
κ

dκ,G2′ =
1
m

ð1
0

1 − 2κj j∑m
j=1 eκ − 1ð Þj
A2
κ

dκ,

G3′ =
1
m

ð1
0

1 − 2κj j∑m
j=1 e1−κ − 1
� �j

A2
κ

dκ:

ð39Þ

Theorem 30. Let ψ : I = ½℘1, ℘2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable function on the I∘ of I. If ψ′ ∈ L½℘1, ℘2� and
jψ′jq is an m–poly p–harmonic exp convex function on I,
r, q ≥ 1, ð1/rÞ + ð1/qÞ ≥ 1, then,

ψ ℘1ð Þ + ψ ℘2ð Þ
2

−
p℘p

1℘
p
2

℘p
2 − ℘p

1

ð℘2

a

ψ xð Þ
x1+p

dx


 ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
2p

× G1/r
4 G5 ψ′ ℘1ð Þ q +G6 ψ′ ℘2ð Þ qh i1/q� �

,

ð40Þ

where

G4 =
ð1
0
1 − 2κj jrdκ,G5 =

1
m

ð1
0

∑m
j=1 eκ − 1ð Þj

A 1+pð Þq
κ

dκ,

G6 =
1
m

ð1
0

∑m
j=1 e1−κ − 1
� �j
A 1+pð Þq
κ

dκ:

ð41Þ

Proof. Using Lemma 25, properties of modulus, Hölder’s
inequality, and m–poly p–harmonic exp convexity of the
jψ′jq, we have
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ψ ℘1ð Þ + ψ ℘2ð Þ
2 −

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx


 ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
2p

�
ð1
0

1 − 2κj j
Ap+1
κ

ψ′ ℘1℘2
Aκ

� �
dκ ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
2p

�
ð1
0
1 − 2κj jrdκ

� �1/r ð1
0

1
A 1+pð Þq
κ

ψ′ ℘1℘2
Aκ

� �

q

dκ

 !1/q

≤
℘1℘2 ℘p

2 − ℘p
1

� �
2p

ð1
0
1 − 2κj jrdκ

� �1/r

×
ð1
0

1
A 1+pð Þq
κ

1
m
〠
m

j=1
eκ − 1ð Þj ψ′ ℘1ð Þ q + 1

m
〠
m

j=1
e1−κ − 1
� � j

ψ′ ℘2ð Þ q" #
dκ

 !1/q

= ℘1℘2 ℘p
2 − ℘p

1
� �
2p G1/r

4 G5 ψ′ ℘1ð Þ q +G6 ψ′ ℘2ð Þ qh i1/q� �
,

ð42Þ

which completes the proof.

Corollary 31. Under the assumptions of Theorem 30 with
p = −1, we have the following new result:

ψ ℘1ð Þ + ψ ℘2ð Þ
2

−
1

℘2 − ℘1

ð℘2

℘1

ψ xð Þdx



≤

℘2 − ℘1ð Þ
2

ð1
0
1 − 2κj jrdκ

� �1/r 1
m
〠
m

j=1
e − 2ð Þj

� ψ′ ℘1ð Þ q + ψ′ ℘2ð Þ qh i1/q� �
:

ð43Þ

Corollary 32. Under the assumptions of Theorem 30 with
p = 1, we have the following new result:

ψ ℘1ð Þ + ψ ℘2ð Þ
2

−
℘1℘2

℘2 − ℘1

ð℘2

℘1

ψ xð Þ
x2

dx


 ≤ ℘1℘2 ℘2 − ℘1ð Þ

2

� G4′
1/r

G5′ ψ′ ℘1ð Þ q +G6′ ψ′ ℘2ð Þ qh i1/q� �
,

ð44Þ

where

G4′ =
ð1
0
1 − 2κj jrdκ,G5′ =

1
m

ð1
0

∑m
j=1 eκ − 1ð Þj

A2q
κ

dκ,

G6′ =
1
m

ð1
0

∑m
j=1 e1−κ − 1
� �j
A2q
κ

dκ:

ð45Þ

Theorem 33. Let ψ : I = ½℘1, ℘2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable function on the I∘ of I. If ψ′ ∈ L½℘1, ℘2� and
jψ′jq is an m–poly p–harmonic exp convex function on I,
q ≥ , 1 then

1
8

ψ ℘1ð Þ + 3ψ
3℘p

1℘
p
2

℘p
1 + 2℘p

2

" #1/p !
+ 3ψ

3℘p
1℘

p
2

2℘p
1 + ℘p

2

" #1/p !
+ ψ ℘2ð Þ

" #
−

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx

 ≤ ℘1℘2 ℘p
2 − ℘p

1

� �
p

� B1− 1/qð Þ
1 B4 ψ′ ℘1ð Þ q + B5 ψ′ ℘2ð Þ qh i1/q�

+ B1− 1/qð Þ
2 B6 ψ′ ℘1ð Þ q + B7 ψ′ ℘2ð Þ qh i1/q

+ B1− 1/qð Þ
3 B8 ψ′ ℘1ð Þ q + B9 ψ′ ℘2ð Þ qh i1/q�

,

ð46Þ

where

B1 =
ð1/3
0

κ − 1/8ð Þj j
Ap+1
κ

dκ, B2 =
ð2/3
1/3

κ − 1/2ð Þj j
Ap+1
κ

dκ,

B4 =
1
m

ð1/3
0

κ − 1/8ð Þj j∑m
j=1 eκ − 1ð Þj

Ap+1
κ

dκ,

B5 =
1
m

ð1/3
0

κ − 1/8ð Þj j∑m
j=1 e1−κ − 1
� �j

Ap+1
κ

dκ,

B6 =
1
m

ð2/3
1/3

κ − 1/2ð Þj j∑m
j=1 eκ − 1ð Þj

Ap+1
κ

dκ,

B7 =
1
m

ð2/3
1/3

κ − 1/2ð Þj j∑m
j=1 e1−κ − 1
� �j

Ap+1
κ

dκ,

B8 =
1
m

ð1
2/3

κ − 7/8ð Þj j∑m
j=1 eκ − 1ð Þj

Ap+1
κ

dκ,

B9 =
1
m

ð1
2/3

κ − 7/8ð Þj j∑m
j=1 e1−κ − 1
� �j

Ap+1
κ

dκ:

ð47Þ

Proof. Using Lemma 26, properties of modulus, power
mean inequality, and m–poly p-harmonic exp convexity
of the jψ′jq, we have

1
8 ψ ℘1ð Þ + 3ψ 3℘p

1℘
p
2

℘p
1 + 2℘p

2

" #1/p !
+ 3ψ 3℘p

1℘
p
2

2℘p
1 + ℘p

2

" #1/p !
+ ψ ℘2ð Þ

" #
−

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx




≤
℘1℘2 ℘p

2 − ℘p
1

� �
p

×
ð1/3
0

κ − 1/8ð Þj j
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
dκ +

ð2/3
1/3

κ − 1/2ð Þj j
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
dκ

�

+
ð1
2/3

κ − 7/8ð Þj j
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
dκ
#
≤
℘1℘2 ℘p

2 − ℘p
1

� �
p

×
ð1/3
0

κ − 1/8ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ"

�
ð1/3
0

κ − 1/8ð Þj j
A1+p
κ

ψ′ ℘1℘2
Aκ

� �

q

dκ
� �1/q

+
ð2/3
1/3

κ − 1/2ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ

�
ð2/3
1/3

κ − 1/2ð Þj j
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
qdκ

� �1/q
+
ð1
2/3

κ − 7/8ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ

�
ð1
2/3

κ − 7/8ð Þj j
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
qdκ

� �1/q#
≤
℘1℘2 ℘p

2 − ℘p
1

� �
p

×
ð1/3
0

κ − 1/8ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ"

×
ð1/3
0

κ − 1/8ð Þj j 1/mð Þ∑m
j=1 eκ − 1ð Þj ψ′ ℘1ð Þ q + 1/mð Þ∑m

j=1 e1−κ − 1
� �j

ψ′ ℘2ð Þ qh i
A1+p
κ

dκ

0
@

1
A

1/q

+
ð2/3
1/3

κ − 1/2ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ
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×
ð2/3
1/3

κ − 1/2ð Þj j 1/mð Þ∑m
j=1 eκ − 1ð Þj ψ′ ℘1ð Þ q + 1/mð Þ∑m

j=1 e1−κ − 1
� �j ψ′ ℘2ð Þ qh i

A1+p
κ

dκ

0
@

1
A

1/q

+
ð1
2/3

κ − 7/8ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ

×
ð1
2/3

κ − 7/8ð Þj j 1/mð Þ∑m
j=1 eκ − 1ð Þj ψ′ ℘1ð Þ q + 1∕mð Þ∑m

j=1 e1−κ − 1
� �j

ψ′ ℘2ð Þ qh i
A1+p
κ

dκ

0
@

1
A

1/q#

≤
℘1℘2 ℘p

2 − ℘p
1

� �
p

×
ð1/3
0

κ − 1/8ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ

× 1
m

ð1/3
0

∣κ − 1/8ð Þ ∣ ∑m
j=1 eκ − 1ð Þj

A1+p
κ

 "

� ψ′ ℘1ð Þ qdκ + 1
m

ð1/3
0

∣κ − 1/8ð Þ ∣ ∑m
j=1 e1−κ − 1
� � j

A1+p
κ

ψ′ ℘2ð Þ qdκ
!1/q

+
ð2/3
1/3

κ − 1/2ð Þj j
A1+p
κ

dκ
� �1− 1/qð Þ

× 1
m

ð2/3
1/3

∣κ − 1/2ð Þ ∣ ∑m
j=1 eκ − 1ð Þj

A1+p
κ

ψ′ ℘1ð Þ qdκ
 

+ 1
m

ð2/3
1/3

∣κ − 1/2ð Þ ∣ ∑m
j=1 e1−κ − 1
� �j

A1+p
κ

ψ′ ℘2ð Þ qdκ
!1/q

+ 1
m

ð1
2/3

κ − 7/8ð Þj j
A1+p
t

dt

 !1− 1/qð Þ

× 1
m

ð1
2/3

∣κ − 7/8ð Þ ∣ ∑m
j=1 eκ − 1ð Þj

A1+p
κ

ψ′ ℘1ð Þ qdκ + 1
m

ð1
2/3

∣κ − 7/8ð Þ ∣ ∑m
j=1 e1−κ − 1
� �j

A1+p
κ

 

� ψ′ ℘2ð Þ qdκ
!1/q#

= ℘1℘2 ℘p
2 − ℘p

1
� �
p

B1− 1/qð Þ
1 B4 ψ′ ℘1ð Þ q + B5 ψ′ ℘2ð Þ qh i1/q�

+ B1− 1/qð Þ
2 B6 ψ′ ℘1ð Þ q + B7 ψ′ ℘2ð Þ qh i1/q

+ B1− 1/qð Þ
3 B8 ψ′ ℘1ð Þ q + B9 ψ′ ℘2ð Þ qh i1/q�

,

ð48Þ

which completes the proof.

Corollary 34. Under the assumptions of Theorem 33 with
p = −1 and m = 1, we have the following new result:

1
8

ψ ℘1ð Þ + 3ψ
2℘1 + ℘2

3

� �
+ 3ψ

℘1 + 2℘2

3

� �
+ ψ ℘2ð Þ

� �
−

1
℘2 − ℘1

ð℘2

℘1

ψ xð Þdx
 ≤ ℘2 − ℘1ð Þ

� 17
576

� �
0:0069 ψ′ ℘1ð Þ q + 0:036 ψ′ ℘2ð Þ qh i1/q�

+ 0:183
360

� �
ψ′ ℘1ð Þ q + ψ′ ℘2ð Þ qh i1/q

+ 17
576

� �

� 0:036 ψ′ ℘1ð Þ q + 0:0069 ψ′ ℘2ð Þ qh i1/q�
: ð49Þ

Theorem 35. Let ψ : I = ½℘1, ℘2� ⊆ℝ \ f0g⟶ℝ be differ-
entiable function on the I∘ of I. If ψ′ ∈ L½℘1, ℘2� and
jψ′jq is an m–poly p–harmonic exp convex function on I,
r, q ≥ 1 and ð1/rÞ + ð1/qÞ ≥ 1 then

1
8

ψ ℘1ð Þ + 3ψ
3℘p

1℘
p
2

℘p
1 + 2℘p

2

" #1/p !
+ 3ψ

3℘p
1℘

p
2

2℘p
1 + ℘p

2

" #1/p !
+ ψ ℘2ð Þ

" #
−

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx
 ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
p

× 3r+1 + 5r+1

24r+1 r + 1ð Þ
� �1/r(

� B10 ψ′ ℘1ð Þ q + B11 ψ′ ℘2ð Þ q� �1/q
+ 2

6r+1 r + 1ð Þ
� �1/r

� B12 ψ′ ℘1ð Þ q + B13 ψ′ ℘2ð Þ q� �1/q
+ 3r+1 + 5r+1

24r+1 r + 1ð Þ
� �1/r

� B14 f ′ að Þ qdt + B15 ψ′ ℘2ð Þ q� �1/q)
,

ð50Þ

where

B10 =
1
m

ð1/3
0

∑m
j=1 eκ − 1ð Þj

A 1+pð Þq
κ

dκ,

B11 =
1
m

ð1/3
0

∑m
j=1 e1−κ − 1
� �j
A 1+pð Þq
κ

dκ,

B12 =
1
m

ð2/3
1/3

∑m
j=1 eκ − 1ð Þj

A 1+pð Þq
κ

dκ,

B13 =
1
m

ð2/3
1/3

∑m
j=1 e1−κ − 1
� �j
A 1+pð Þq
κ

dκ,

B14 =
1
m

ð1
2/3

∑m
j=1 eκ − 1ð Þj

A 1+pð Þq
κ

dκ,

B15 =
1
m

ð1
2/3

∑m
j=1 e1−κ − 1
� �j
A 1+pð Þq
κ

dκ:

ð51Þ

Proof. Using Lemma 26, properties of modulus, Hölder’s
inequality, and m–poly p–harmonic exp convexity of the
jψ′jq, we have

1
8 ψ ℘1ð Þ + 3ψ 3℘p

1℘
p
2

℘p
1 + 2℘p

2

" #1/p !
+ 3ψ 3℘p

1℘
p
2

2℘p
1 + ℘p

2

" #1/p !
+ ψ ℘2ð Þ

" #
−

p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

ψ xð Þ
x1+p

dx
 ≤ ℘1℘2 ℘p

2 − ℘p
1

� �
p

×
ð1/3
0

κ −
1
8




�

� 1
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
dκ +

ð2/3
1/3

κ −
1
2


 1
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
dκ

+
ð1
2/3

κ −
7
8


 1
A1+p
κ

ψ′ ℘1℘2
Aκ

� �
dκ
�
≤
℘1℘2 ℘p

2 − ℘p
1

� �
p

�
ð1/3
0

κ −
1
8



r

dκ
� �1/r ð1/3

0

1
A 1+pð Þq
κ

ψ′ ℘1℘2
Aκ

� �

q

dκ

 !1/q(

+
ð2/3
1/3

κ −
1
2



r

dκ
� �1/r ð2/3

1/3

1
A 1+pð Þq
κ

ψ′ ℘1℘2
Aκ

� �

q

dκ

 !1/q

+
ð1
2/3

κ −
7
8



r

dκ
� �1/r ð1

2/3

1
A 1+pð Þq
κ

ψ′ ℘1℘2
Aκ

� �

q

dκ

 !1/q)

≤
℘1℘2 ℘p

2 − ℘p
1

� �
p

×
ð1/3
0

κ −
1
8



r

dκ
� �1/r

×
ð1/3
0

1
A 1+pð Þq
κ

 (

� 1
m
〠
m

j=1
eκ − 1ð Þj ψ′ ℘1ð Þ q + 1

m
〠
m

j=1
e1−κ − 1
� �j

ψ′ ℘2ð Þ q" #
dκ

!1/q

+
ð2/3
1/3

κ −
1
2


rdκ

� �1/r
×

ð2/3
1/3

1
A 1+pð Þq
κ

1
m
〠
m

j=1
eκ − 1ð Þj ψ′ ℘1ð Þ q" 

+ 1
m
〠
m

j=1
e1−κ − 1
� �j

ψ′ ℘2ð Þ q#dκ
!1/q

+
ð1
2/3

κ −
7
8



r

dκ
� �1/r

×
ð1
2/3

1
A 1+pð Þq
κ

1
m
〠
m

j=1
eκ − 1ð Þj ψ′ ℘1ð Þ q + 1

m
〠
m

j=1
e1−κ − 1
� �j

ψ′ ℘2ð Þ q" #
dκ

 !1/q)

= ℘1℘2 ℘p
2 − ℘p

1
� �
p

× 3r+1 + 5r+1
24r+1 r + 1ð Þ
� �1/r 1

m

ð1/3
0

∑m
j=1 eκ − 1ð Þj

A 1+pð Þq
κ

ψ′ ℘1ð Þ qdκ
 (

+ 1
m

ð1/3
0

∑m
j=1 e1−κ − 1
� �j
A 1+pð Þq
κ

ψ′ ℘2ð Þ qdκ
!1/q

+ 2
6r+1 r + 1ð Þ
� �1/r

× 1
m

ð2/3
1/3

∑m
j=1 eκ − 1ð Þj

A 1+pð Þq
κ

φ′ ℘1ð Þ qdκ + 1
m

ð2/3
1/3

∑m
j=1 e1−κ − 1
� �j
A 1+pð Þq
κ

ψ′ ℘2ð Þ qdκ
 !1/q
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+ 3r+1 + 5r+1
24r+1 r + 1ð Þ
� �1/r

× 1
m

ð1
2/3

∑m
j=1 eκ − 1ð Þj

A 1+pð Þq
κ

∣ ψ′ ℘1ð Þ qdκ + 1
m

ð1
2/3

∑m
j=1 e1−κ − 1
� �j
A 1+pð Þq
κ

ψ′ ℘2ð Þ 

q

dκ

 !1/q)

= ℘1℘2 ℘p
2 − ℘p

1
� �
p

× 3r+1 + 5r+1
24r+1 r + 1ð Þ
� �1/r

B10 ψ′ ℘1ð Þ q + B11 ψ′ ℘2ð Þ q� �1/q(

+ 2
6r+1 r + 1ð Þ
� �1/r

B12 ψ′ ℘1ð Þ q + B13 ψ′ ℘2ð Þ q� �1/q

+ 3r+1 + 5r+1
24r+1 r + 1ð Þ
� �1/r

B14 ψ′ ℘1ð Þ qdκ + B15 ψ′ ℘2ð Þ q� �1/q)
,

ð52Þ

which completes the proof.

Corollary 36. Under the assumptions of Theorem 35 with
p = −1 and m = 1, we have the following new result:

1
8

ψ ℘1ð Þ + 3ψ
2℘1 + ℘2

3

� �
+ 3ψ

℘1 + 2℘2

3

� �
+ ψ ℘2ð Þ

� �
−

1
℘2 − ℘1

ð℘2

℘1

ψ xð Þdxj ≤ ℘2 − ℘1ð Þ 3r+1 + 5r+1

24r+1 r + 1ð Þ
� �1/r"

� 0:0623 ψ′ ℘1ð Þ q + 0:4372 ψ′ ℘2ð Þ q� �1/q
+ 1

6r+1 r + 1ð Þ
� �1/r

0:2188 ψ′ ℘1ð Þ q + ψ′ ℘2ð Þ q� �1/q

+ 3r+1 + 5r+1

24r+1 r + 1ð Þ
� �1/r

0:4372 ψ′ ℘1ð Þ q + 0:0623 ψ′ ℘2ð Þ q� �1/q#
:

ð53Þ

6. Applications

In this section, we recall the following special means of two
positive number ℘1, ℘2 with ℘1 < ℘2:

(1) The arithmetic mean

A = A ℘1, ℘2ð Þ = ℘1 + ℘2
2 ð54Þ

(2) The geometric mean

G =G ℘1, ℘2ð Þ = ffiffiffiffiffiffiffiffiffiffi℘1℘2
p ð55Þ

(3) The harmonic mean

H =H ℘1, ℘2ð Þ = 2℘1℘2
℘1 + ℘2

ð56Þ

(4) The logarithmic mean

L = L ℘1, ℘2ð Þ = ℘2 − ℘1
ln ℘2 − ln ℘1

ð57Þ

These means have a lot of applications in areas and differ-
ent types of numerical approximations. However, the follow-
ing simple relationship are known in the literature:

H ℘1, ℘2ð Þ ≤G ℘1, ℘2ð Þ ≤ L ℘1, ℘2ð Þ ≤ A ℘1, ℘2ð Þ: ð58Þ

Proposition 37. Let 0 < ℘1 < ℘2 and p ≥ 1. Then we get the
following inequality

m

2∑m
j=1

ffiffi
e

p
− 1

� �j Hp ℘p
1, ℘

p
2

� �
≤

p℘p
1℘

p
2

℘p
2 − ℘p

1

℘1−p
2 − ℘1−p

1

1 − p

 !

≤ A ℘1, ℘2ð Þ 2
m
〠
m

j=1
e − 2½ �j:

ð59Þ

Proof. Taking ψðνÞ = ν for ν > 0 in Theorem 21, then,
inequality (59) is easily captured.

Proposition 38. Let 0 < ℘1 < ℘2 and p ≥ 1. Then, we get the
following inequality:

m

2∑m
j=1

ffiffi
e

p
− 1

� �j H−1
2p ℘p

1, ℘
p
2

� �
≤

p℘p
1℘

p
2

℘p
2 − ℘p

1

℘ 1/2ð Þ−p
2 − ℘ 1/2ð Þ−p

1

1/2ð Þ − p

 !−1

≤ A−1 ffiffiffi℘p
1,

ffiffiffi℘p
2

� � 2
m
〠
m

j=1
e − 2½ �j:

ð60Þ

Proof. Taking ψðνÞ = 1/ ffiffiffi
ν

p
for ν > 0 in Theorem 21, then,

inequality (60) is easily captured.

Proposition 39. Let 0 < ℘1 < ℘2 and p ≥ 1. Then, we get the
following inequality:

m

2∑m
j=1

ffiffi
e

p
− 1

� �j H ℘p
1, ℘

p
2

� �
≤

p℘p
1℘

p
2

℘p
2 − ℘p

1

℘2 − ℘1

L ℘1, ℘2ð Þ
� �

≤ A ℘p
1, ℘

p
2

� � 2
m
〠
m

j=1
e − 2½ �j:

ð61Þ

Proof. Taking ψðνÞ = νp for ν > 0 in Theorem 21, then,
inequality (61) is easily captured.

Proposition 40. Let 0 < ℘1 < ℘2 and p ≥ 1. Then, we get the
following inequality:

m

2∑m
j=1

ffiffi
e

p
− 1

� �j H2
p ℘p

1, ℘
p
2

� �
≤

p℘p
1℘

p
2

℘p
2 − ℘p

1

℘2−p
2 − ℘2−p

1

2 − p

 !

≤ A ℘2
1, ℘2

2

� � 2
m
〠
m

j=1
e − 2½ �j:

ð62Þ

Proof. Taking ψðνÞ = ν2 for ν > 0 in Theorem 21, then,
inequality (62) is easily captured.
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Proposition 41. Let 0 < ℘1 < ℘2 and p ≥ 1. Then, we get the
following inequality:

m

2∑m
j=1

ffiffi
e

p
− 1

� �j ln G ℘1, ℘2ð Þ ≤ p℘p
1℘

p
2

℘p
2 − ℘p

1

ð℘2

℘1

−ln x
xp+1

dx

≤ ln Hp ℘p
1, ℘

p
2

� � 2
m
〠
m

j=1
e − 2½ �j:

ð63Þ

Proof. Taking ψðνÞ = −ln ν for ν > 0 in Theorem 21, then,
inequality (63) is easily captured.

Proposition 42. Let 0 < ℘1 < ℘2. Then, we get the following
inequality:

m

2∑m
j=1

ffiffi
e

p
− 1

� �j eH ℘1 ,℘2ð Þ ≤
p℘p

1℘
p
2

℘p
2 − ℘p

1

ð℘2

℘1

ex

xp+1
dx

≤ A e℘1 , e℘2ð Þ 2
m
〠
m

j=1
e − 2½ �j:

ð64Þ

Proof. Taking ψðνÞ = eν for ν > 0 in Theorem 21, then,
inequality (64) is easily captured.

Proposition 43. Let 0 < ℘1 < ℘2. Then, we get the following
inequality:

A sin ℘1, sin ℘2ð Þ 2
m
〠
m

j=1
e − 2½ �j ≤ p℘p

1℘
p
2

℘p
2 − ℘p

1

ð℘2

℘1

sin x
xp+1

dx

≤
m

2∑m
j=1

ffiffi
e

p
− 1

� �j sin Hp ℘1, ℘2ð Þ:

ð65Þ

Proof. Taking ψðνÞ = sin ð−νÞ for ν ∈ ð0, ðπ/2ÞÞ in Theorem
21, then, inequality (65) is easily captured.

Remark 44. The above discussed means, namely, arithmetic,
geometric, harmonic, and logarithmic are well known in lit-
erature because these means have remarkable applications
in machine learning, probability, statistics, and numerical
approximation [24]. But, in the future, we will try to find
the applications of the He Chengtian mean (also called as
He Chengtian average), which was introduced by the first
time a famous ancient Chinese mathematician He Chengtian
[25]. The He Chengtian average was extended to solve non-
linear oscillators and it is called as He’s max–min approach
(also called as He’s max–min method), which was further
developed into a frequency–amplitude formulation for non-
linear oscillators [26, 27].

7. Conclusion

We have introduced and investigated some algebraic proper-
ties of a new class of functions, namely, m–poly p–harmonic
exp convex. We showed that our new introduced class of

function have some nice properties. We proved that our
new introduced class is very larger with respect to the known
class of functions, likem–polynomial convex andm–polyno-
mial harmonically convex. A new version of Hermite–Hada-
mard type inequality and an integral identity for the
differentiable function are obtained. It is high time to find
the applications of these inequalities along with efficient
numerical methods. We believe that our new class of func-
tions will have a very deep research in this fascinating field
of inequalities and also in pure and applied sciences. The
interesting techniques and wonderful ideas of this paper
can be extended on the coordinates along with fractional cal-
culus. In the future, our goal is that we will continue our
research work in this direction furthermore.
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