HERMITIAN VECTOR BUNDLES AND EXTENSION GROUPS
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THE ARITHMETIC ATIYAH EXTENSION

JEAN-BENOIT BOST AND KLAUS KUNNEMANN

ABSTRACT. In a previous paper [BK07], we have defined arithmetic extension groups in the
context of Arakelov geometry. In the present one, we introduce an arithmetic analogue of
the Atiyah extension, that defines an element — the arithmetic Atiyah class — in a suitable
arithmetic extension group. Namely, if E is a hermitian vector bundle on an arithmetic
scheme X, its arithmetic Atiyah class at(E) lies in the group E/);c; (E,E® Qk/z), and is
an obstruction to the algebraicity of the unitary connection on the vector bundle E¢ over
the complex manifold X (C) that is compatible with its holomorphic structure.

In the first sections of this article, we develop the basic properties of the arithmetic
Atiyah class which can be used to define characteristic classes in arithmetic Hodge coho-
mology.

Then we study the vanishing of the first Chern class ¢} (L) of a hermitian line bundle T

in the first arithmetic Hodge cohomology group Ex\t; (Ox, Qﬁ(/z). This may be translated
into a concrete problem of diophantine geometry, concerning rational points of the universal
vector extension of the Picard variety of X. We investigate this problem, which was already
considered and solved in some cases by Bertrand, by using a classical transcendence result
of Schneider-Lang, and we derive a finiteness result for the kernel of ¢,

In the final section, we consider a geometric analog of our arithmetic situation, namely
a smooth, projective variety X which is fibered on a curve C defined over some field k
of characteristic zero. To any line bundle L over X is attached its relative Atiyah class
atx/cL in H! (X, Qk/c). We describe precisely when atx,;cL vanishes. In particular,
when the fixed part of the relative Picard variety of X over C is trivial, this holds only
when the restriction of L to the generic fiber Xx of X over C is a torsion line bundle.
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0. INTRODUCTION

0.1. This paper is a sequel to [BK07], where we have defined and investigated arithmetic
extensions on arithmetic schemes, and the groups they define.

Recall that if X is a scheme over Spec Z, separated of finite type, whose generic fiber Xg
is smooth, then an arithmetic extension of vector bundles over X is the data (€, s) of a short
exact sequence of vector bundles (that is, of locally free coherent sheaves of Ox-modules)
on the scheme X,

(0.1) £:0—G-E-LF 0,
and of a C*-splitting
s: Fc — Eg,
invariant under complex conjugation, of the extension of holomorphic vector bundles
5@:0—>GCE>ECPLFC—>O
on the complex manifold X (C), that is deduced from & by the base change from Z to C
and analytification.

For any two given vector bundles F' and G over X, the isomorphism classes of the so-

—1
defined arithmetic extensions of F' by G constitute a set Ext y (F, G) that becomes an abelian
group when equipped with the addition law defined by a variant of the classical construction
of the Baer sum of 1-extension of (sheaves of) modules®.

LConsider indeed two arithmetic extensions of F by G, say Ea := (Ea, 5a), @ = 1,2, defined by extensions
of vector bundles £, : 0 — G 2% Eo 23 F — 0 and C°-splittings sq : Fr — Eq,c. We may define a vector

bundle F := Ker(.”lj’?@l@%ﬂm over X. The Baer sum of £; and &, is the arithmetic extension £ defined
Im ((i1,—12):G—E1®E>2)

by the usual Baer sum of & and £& — namely £ : 0 — G %4 E B F — 0 where the morphisms i : G — E

and p : B — F are defined by p([(g1,92)]) = p1(f1) = p2(f2) and i(g) = [(i1(g), 0)] = [(0,42(g))] — equipped
with the C*°-splitting s : Fr — Ec defined by s(e) := [(s1(e), s2(e))].
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Recall that an hermitian vector bundle F over X is a pair (F, ||.||) consisting of a vector
bundle E over X and of a C°°-hermitian metric, invariant under complex conjugation, on
the holomorphic vector bundle E¢ over X (C). Examples of arithmetic extensions in the
above sense are provided by admissible extensions

(0.2) £:0—-G-“EXTF—0

of hermitian vector bundles over X, namely from the data of an extension
£:0—>G-“E-“F—0

of the underlying Ox-modules such that the hermitian metrics ||.||z and ||.||[7 on G¢ and

Fc are induced (by restriction and quotients) by the metric ||.||z on Ec (by means of the

morphisms ic and pc). Indeed, to any such admissible extension is naturally attached its
orthogonal splitting, namely the C*-splitting

Sg:Fc—>E(c

that maps Fc isomorphically onto the orthogonal complement ic(Gc)* of the image of ic
in Ec. This splitting is invariant under complex conjugation, and (&, sg) is an arithmetic
extension of F' by G. For any two hermitian vector bundles F' and G over X, this construc-
tion establishes a bijection from the set of isomorphism classes of admissible extension of

the form (0.2) to the set E}?&(F, G).

In [BKO7] we studied basic properties of the so-defined arithmetic extension groups. In
particular, we introduced the following natural morphisms of abelian groups:

e the “forgetful” morphism
—1
v:Exty(F,G) — ExtéX(F, G),

which maps the class of an arithmetic extension (&, s) to the one of the underlying

extension £ of Ox-modules;
e the morphism

—1
b: Homee (Fg,Ge)'™ — Exty(F,G),

X(C)

defined on the real vector space Homese (Fg, Ge)f> of C>®-morphisms of vector

X(C
bundles over X (C) from F¢ to G, invari;r)lt under complex conjugation; it sends an
element 7T in this space to the class of the arithmetic extension (€, s) where £ is the
trivial algebraic extension, defined by (0.1) with E := G® F and i and p the obvious
injection and projection morphisms, and where s is given by s(f) = (T'(f), f);

e the morphism
¢ : Home, (F,G) — Homex  (Fc, Ge)f=

X(C)
which sends a morphism ¢ : F' — G of vector bundles over X to the morphism of
holomorphic vector bundles ¢¢ : Fr — G¢ deduced from ¢ by base change from Z
to C and analytification;
e the morphism

v : Exty (F,G) — 2% (Xg, F¥ © G),
that takes values in the real vector space
Z9M(Xe, FY © G) := Z3'(X(C), FY ® Ge)™
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of O-closed forms of type (0,1) on X (C) with coefficients in FY ® G¢, invariant
under complex conjugation. It maps the class of an arithmetic extension (€, s) to
its “second fundamental form” ¥ (&, s) defined by

i(C o \I](g’ 8) = 5F([\:/(XJG@(S)'

We also established the following basic exact sequence:

(0.3) Homoy (F,G) - Homes (Fe, Ge)™ — Exty (F,G) —5 Bxth_(F,G) — 0,

X(C)
—1

which displays the arithmetic extension group Ext y (F, G) as an extension of the “classical”

extension group Extéx (F,G) by a group of analytic type.

The sequel of [BK07] was devoted to the study of the groups E/)x\t;(F, G) when the base
scheme is an arithmetic curve, that is, the spectrum Spec O of the ring of integers of
some number field K. In this special case, these extension groups appear as natural tools
in geometry of numbers and reduction theory in their modern guise, namely the study of
hermitian vector bundles over arithmetic curves and their admissible extensions.

In the present paper, we focus on a natural construction of arithmetic extensions attached
to hermitian vector bundles over an arithmetic scheme X as above, their arithmetic Atiyah
extensions. In contrast with the arithmetic extensions over arithmetic curves investigated
in [BKO7], for which the interpretation as admissible extensions was crucial, the arithmetic
Atiyah extensions are genuine examples of arithmetic extensions constructed as pairs (€, s)
— where s is a C*°-gplitting of an extension £ of vector bundles over X — and not de-
rived from an admissible extension. Beside, the vanishing properties of the classes of the
arithmetic Atiyah extensions turn out to be related to transcendence questions on abelian
varieties.

0.2. Atiyah extensions of vector bundles were initially introduced by Atiyah [Ati57] in the
context of complex analytic geometry.

Namely, for any holomorphic vector bundle F over a complex manifold X, Atiyah intro-
duces the holomorphic vector bundle Py (E) of jets of order one of sections of E, whose
fiber P}(E), at a point z of X is by definition the space of sections of E over the first
order thickening z; := Spec Ox ,/m2 of x in X. Here, as usual, Ox denotes the sheaf of
holomorphic functions over X, and m, the maximal ideal of its stalk Oy , at .

The vector bundle Py (E) fits into a short exact sequence of holomorphic vector bundles

(0.4) AtxE: 0 — E® QL - PL(E) -2 B — 0,
where the morphism ¢ and p are defined as follows: for any x in X, the map i, : Ex®Q}(’ .

P&(E)x maps an element v in Q}M ~ Homc(Tx 4, E;) to the section of E over z; that
vanishes at x and admits v as differential, while the map p,, : P)l< (E)y — E is simply the
evaluation at x.

The Atiyah extension of E is precisely the extension Atx E of E by E ® QY so-defined.
According to its very definition, its class atx E in the group Ext%f)x (E,E ® QL) which
classifies the extensions of holomorphic vector bundles of E by E ® Qk is the obstruction
to the existence of a holomorphic connection

V:E— E®Q

on the vector bundle E.
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The point of Atiyah’s article [Ati57] is that the class atx E also leads to a straightforward
construction of characteristic classes of E with values in the so-called Hodge cohomology
groups of X

(0.5) HPP(X) := HP(X,Q%).

For instance, Atiyah defines a first Chern class cf!(E) in HYY(X) = HY(X,Q%) as the
image of atx E by the morphism

Exty (E,E® Q%) ~ Extp, (Ox,EndE @ Q)
l (TrE®idQ§( o
Exty, (Ox, k) ~ HY(X,0L)
deduced from the canonical trace morphism

Trg: EndE~EV®E — Oy,
Av = A(v).

Higher degree characteristic classes are constructed by means of the successive powers
(atx E)? in Ext%x (Ox, (End E)®P @ QF,), where p denotes a positive integer. For instance,
the p-th Segre class, associated to the p-th Newton polynomial X} + --- + X% ., may be
constructed in the Hodge cohomology group HP(X, Q%) as

sy (B) := (Trfy ©idge ) o (atx E)P,

where
Trl, (End E)*? — Oy,
T1®...®Tp — TI‘E(Tl...Tp).

When the manifold X is compact and Ké&hler (e.g., projective), the Hodge cohomology
group HP(X, Q%) may be identified with a subspace of the complex de Rham cohomology

group Hﬁﬁ(X ,C) of X, and Atiyah’s construction of characteristic classes is compatible (up
to normalization) to classical topological constructions.

The definition of the Atiyah class and the construction of the associated characteristic
classes obviously make sense in a purely algebraic context, say over a base field k of char-
acteristic zero. If X is a smooth algebraic scheme over k, for any vector bundle F over
X, its Atiyah class atx/, F is constructed as above, mutatis mutandis, as an element of the
k-vector space Ext}QX (E,E® Qﬁ( /k), and the associated characteristic classes are elements

of the Hodge cohomology groups of X defined similarly to (0.5), but now using the Zariski
topology of X instead of the analytic one, and the sheaf of Kéhler differentials Qg( Ik instead

of the holomorphic differential forms Q.

These constructions are especially suited to smooth algebraic schemes X that are proper
over k. In this case, the “Hodge to de Rham” spectral sequence degenerates, and the Hodge
group HPP(X) gets identified to a subquotient of the Hodge filtration of the algebraic
de Rham cohomology group Hjﬁ(X /k) == H?(X, QO /k). Moreover, when X is proper
over k = C, this algebraic construction is compatible with the previous analytic one, as a
consequence of the GAGA principle.

This algebraic version of Atiyah’s constructions has been considerably extended by Illusie
[[171]. Instead of a smooth algebraic scheme over a field k, he considers a suitable morphism
of ringed topoi f : X — S, and associates Atiyah classes and characteristic classes to perfect
complexes of sheaves of Ox-modules; their definition involve the cotangent complex Ly, g
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of X over S, which in this general setting plays the role of the sheaf Qﬁ( Ik attached to a
smooth scheme X over the field k. Let us also mention the presentation of this “algebraic”

theory and of some of its developments in the monograph of Angéniol and Lejeune-Jalabert
[ALJ89], and the analytic construction of Buchweitz and Flenner [BF00], [BF03]2.

0.3. Let us briefly describe our construction of arithmetic Atiyah classes.

Let E := (E,|.|g) be an hermitian vector bundle over a scheme X which is separated
and of finite type over Z, and which for simplicity will be assumed smooth over Z in this
introduction. The relative version of the exact sequence (0.4) defines the Atiyah extension
of I over Z:

(0.6) At B0 — E®Qk ), — Py (E) 5 B — 0.

Besides, according to a classical result of Chern and Nakano ([Che46, Nak55]), the holo-
morphic vector bundle E¢ over the complex manifold X (C), seen as C*°-vector bundle,
admits a unique connection V4 that is unitary with respect to the hermitian metric .||,
and moreover is compatible with its holomorphic structure in the sense that its component
V%l of type (0,1) coincides with the d-operator dp. with coefficients in the holomorphic

vector bundle E¢. The component V%O of type (1,0) of V4 defines a C*°-splitting s of the
Atiyah extension of the holomorphic vector bundle E¢:

Atxc)Ec : 0 — Qy(¢) ® Ec — Py(c)(Ec) == Ec — 0.

Namely, for any point z in X'(C) and any e in E,, sz(e) is the section of E over z; that
takes the value e at x and is killed by V%O.

Since the above analytic Atiyah extension At x ) Ec is precisely the extension deduced
from Atx/zE by the base change from Z to C and analytification, the pair (Atx/zE, s5)

defines an arithmetic extension, the arithmetic Atiyah extension At X/ZE of the hermitian

— ~ = =1
vector bundle E. Its class aty,zE in Extx (FE, E® Qk/z) — the arithmetic Atiyah class of

E — is mapped by the forgetful morphism v to the “algebraic” Atiyah class at x/zE of E in

Ext%gx (E,E® Qﬁf /Z) (defined by the extension Atx/zE) and by the “second fundamental

form” morphism ¥ to the curvature form of the Chern-Nakano connection Vz (up to a
sign).

0.4. In the first section of this article, we begin by reviewing the constructions of the Atiyah
extension in the classical C-analytic and algebraic frameworks. For the sake of simplicity,
we deal with locally free coherent sheaves only, and follow a naive approach — we work with
relative differentials, and not with their “correct” derived version defined by the cotangent
complex. This naive approach is sufficient when one considers — as we shall in the sequel
— relative situations f : X — S where X is integral, and f is l.c.i. and generically smooth,
in which case Lx/g is quasi-isomorphic to Qﬁ( /s

Then, in Section 2, we construct the arithmetic Atiyah class in the following relative
situation, which extends the one considered in the previous paragraphs. Consider arithmetic
schemes X and S, flat over an arithmetic ring (R, 3, Fx) (in the sense of [GS90a, 3.1.1];
see also [BKO07, 1.1]), and a morphism of R-schemes 7 : X — S, smooth over the fraction

2These authors work in an analytic context as the original article [Ati57], but extend the construction of
Atiyah classes to complex of coherent analytic sheaves over possibly singular complex spaces. Like Illusie’s
construction, this requires to deal with the cotangent complex, now in an analytic context.
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field K of R. Then, to any hermitian vector bundle F over X, we attach a class at X/SF

—1
in Exty(E,E® Qﬁ( / ¢)- Applying a trace morphism to this class, we define the first Chern
H

class e (E) of E in arithmetic Hodge cohomology, that lies in the group

H"(X/S) := Exty (Ox, Q).

The class at X/ sF and its trace ¢ (E) satisfy compatibility properties with pull-back and
tensor operations on hermitian vector bundles that extend well-known properties of the

classical Atiyah and first Chern classes. In particular we construct of functorial morphism
el Pic(X) — HM'(X/S)

from the group of isomorphism classes of hermitian line bundles over X to the arithmetic
Hodge cohomology group.

In the last sections of this article, we investigate the kernel of this morphism. It trivially
vanishes on the image of
7 : Pic(S) — Pic(X),

and we may wonder “how large” this image W*(lgi\c(S ) is in ker éff.

This question becomes a concrete problem of Diophantine geometry when the base arith-
metic ring is a number field K equipped with a non-empty set 3 of embeddings o : K — C
stable under complex conjugation, and when S is Spec K and X is projective over K. In-
deed, in this case, the class of an hermitian line bundle L = (L, |.||z) over X lies in the
kernel of ¢/ precisely when L admits an algebraic connection V : L — L ® Q}( K defined
over K, such that the induced holomorphic connection V¢ : L¢ — L¢ ® Qﬁ(z(c) on the
holomorphic line bundle L¢ over

X5(C) =[] X,(C)
ocEY
is unitary with respect to the hermitian metric ||.||z.

One easily checks that, if L has a torsion class in Pic(X) and if the metric ||.|[z has
vanishing curvature on X5 (C), then their exists such a connection. Moreover the converse
implication, namely
I1x s if an hermitian line bundle L = (L, ||.||1) over X admits an algebraic connection V
defined over K such that the connection V¢ on L over Xx(C) is unitary with respect to
l.ll, then L has a torsion class in Pic(X) and the metric ||.||r has vanishing curvature,

turns out to be equivalent with the following condition, where m denotes the structural
morphism from X to Spec K:

I12x y:: the image of 7" : P%(Spec K)— f)I\C(X) has finite index in the kernel of
¢l Pie(X) — HYN(X/K).
The equivalent assertions Ilx sy, and I2xy may be translated in terms of K-rational

points of the universal vector extension of the Picard variety of X. In this formulation,
their validity has been established by Bertrand [Ber95, Ber98| when 3 has a unique element
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(necessarily a real embedding of K') and when this Picard variety admits “real multiplica-
tion”3, as a consequence of the analytic subgroup theorem of Wiistholz ([W1is89]). Inspired
by [Ber95, Ber98] — which we tried to understand in more geometric terms, avoiding the
explicit use of differential forms and their periods, but working with algebraic groups and
their exponential maps— we establish in section 3 the validity of I1x s and I2x sy, when
3} is arbitrary. Our proof relies on a classical transcendence theorem of Schneider-Lang
characterizing Lie algebras of algebraic subgroups of commutative algebraic groups over
number fields.

The validity of I1 x 5; and I2 x 5; demonstrates that the first Chern class é{{ (f) in the group
HY1(X/K) encodes quite non-trivial Diophantine informations. In a later part of this work,
we plan to study characteristic classes of higher degree, with values in the arithmetic Hodge
cohomology groups

-~ ——p
HPP(X/S) := Extyx(Ox, Q?(/S)
defined as special instances of the higher arithmetic extension groups introduced in [BK07,
0.1], that are deduced from the powers of the arithmetic Atiyah class at x / s E using suitably
defined products on the higher arithmetic extension groups.

Let us also indicate /t\hat, starting from the results in Section 3, one may derive finiteness
results on ker ¢ /7*(Pic(S)) for more general smooth projective morphisms 7 : X — S of
arithmetic schemes over arithmetic rings, by considering the restriction of 7 over points of
S rational over some number field. We leave this to the interested reader.

In the final section of the article, we establish a geometric analogue of the conditions
I1x x and I2xx. We consider a smooth, projective, geometrically connected curve C over
some field k of characteristic zero, its function field K := k(C), and a smooth projective
variety X over k equipped with a dominant k£ morphism f : X — C, with geometrically
connected fibers. To any line bundle L over X is attached its relative Atiyah class atx /¢ L in
HY(X, Qﬁ( /C). We show that, when the fixed part of the abelian variety Picg(K /K 18 trivial,
then atx /oL vanishes iff L is isomorphic to a line bundle of the form f*M ® Lo, where M
is a line bundle over C' and Ly is a line bundle over X whose class in Pic(X) is torsion. The
proof relies on the Hodge index theorem in the Hodge cohomology groups of X.

Considering the classical analogy between number fields and number fields, it may be
interesting to observe that, when investigating the kernel of the relative Atiyah class of line
bundles, a transcendence result — in the guise of a criterion for a subspace of the Lie algebra
of a commutative algebraic group to define an algebraic subgroup — plays a key role in the
“number field case”, while our main tool in the “function field case” is intersection theory
in Hodge cohomology.

In Appendix A, we describe arithmetic extension groups in terms of Cech cocycles. Based
on this description, in the main part of the paper we calculate explicit Cech cocycles which
represent the arithmetic Atiyah class and the first Chern class in arithmetic Hodge coho-
mology. Finally Appendix B summarizes basic facts concerning universal vector extensions
of Picard varieties that are used in Sections 3 and 4.

3namely, if this Picard variety A has dimension g, the Q-algebra End(A/K)®zQ is assumed to be a totally

real field of degree g over Q. Actually, Bertrand establishes a more precise result, concerning g independents
extensions of A by the additive group Gg; see [Ber98], Theorem 3, pages 13-14.
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1. ATIYAH EXTENSIONS IN ALGEBRAIC AND ANALYTIC GEOMETRY

1.1. Definition and basic properties. We consider simultaneously the algebraic and the
analytic situation where 7 : X — S is a morphism of locally ringed spaces which is either

a) a separated morphism of finite presentation of schemes, or
b) a holomorphic morphism of complex analytic spaces.

We denote in both cases by Ox the structure sheaf of regular resp. holomorphic functions
on X. Let I denote the ideal sheaf, and

INDED (OIS 'SV ¢
the first infinitesimal neighborhood of the diagonal A: X — X xg X. Let ¢; : X(I) — X
denote the composition of A with the i-th projection. We identify (Qﬁ(/s,d) with the
Ox-module I/I? and the universal derivation
(1.1) d:Ox — I/, d(\) = ¢3(N) — @i ().

The Ox-modules ¢1.O0ya) and q2:Ox) are canonically isomorphic as sheaves of Og-
modules. We denote this Og-module by P)l( /s and observe that P}( /s carries two natural
Ox-module structures via the left and right projection ¢; and ¢o. The canonical extension

0— 1/12 — OXXS)(/IQ — OXXSX/I —0
yields an exact sequence of Ox-modules
(1.2) 0—>Q§(/S—>P)1(/S—>OX—>O

for both Ox-module structures. The left and right Ox-module structures yield canonical
but different Ox-linear splittings of (1.2) which map 1mod I to 1 mod I?.

1.1.1. Let F denote a vector bundle on X. We obtain from (1.2) an exact sequence of
O x-modules

Tety g(F): 0= F® QY o 5 PLg(F) "5 F — 0
where
(1.3) P)l(/s(F) = qu+q> F.
Indeed we have
1 1
Px,s(F) =F ® Py g
where the tensor product in the middle is taken using the right Ox-module structure, and
then the sequence is viewed as sequence of O x-modules via the left Ox-module structure.

The canonical splitting of (1.2) for the right Ox-module structure induces a canonical Og-
linear splitting of J etk / s(F). We obtain a canonical direct sum decomposition

(1.4) Pys(F) = F @ (F @ Q)
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of Og-modules. We use squared brackets [, ] when we refer to this decomposition. A
straightforward calculation shows that, in terms of this decomposition, the left Ox-module
structure of Py / g(F) is given by
(1.5) A[fiw] =, w— f@d)]
for local sections A of Ox, f of F', and w of F'® Q}( /s It follows that there is a one-to-one
correspondence
Ox-linear splittings algebraic resp. holomorphic

{s: F — P}(/S(F) of jetﬁf/s(F)} <—> { connections V: F — F ® Qﬁ(/s}
Under this correspondence, a connection V corresponds to the splitting sy of J etﬁ( /S(F)
given by the formula

(1.6) sy F— Py g(F)=F&(FeOy;), [~ [f,-V(f)]

1.1.2. The extension jetﬁ(/S(F) is called the extension given by the 1-jets or principal parts
of first order associated with F'. We denote the class of jetﬁ(/s(F) in Ext'(F, F ® Qﬁ(/s)
by jetﬁ(/s(F) and abbreviate jet(F) = jetk/S(F) if X/S is clear from the context. We have
followed in (1.1), (1.3), and (1.6) the conventions fixed in [Gro67, 16.7], [I1171, III. (1.2.6.2)],

and [Del70, (2.3.4)].
1.1.3. We recall from [Ati57, Propositions 6, 7 and 8] that the assignment
{vector bundles on X} — {short exact sequences of Ox-modules}
Fo—J etﬁ(/S(F )

defines an additive, exact functor. Furthermore Jetx/s(F) is a short exact sequence of
vector bundles if 7 is smooth.

The following Lemma is a slight refinement of [Ati57, Propositions 10].
Lemma 1.1.4. Let E and F' denote vector bundles on X.
i) Let
Ker(pg ®idp — idg @ pp P}(/S(E) QFPE® P}(/S(F) —E®F)
Im ((ip ® idp, —idg ®ip) : EQ F @ Vs — P}(/S(E) QFOE® P}(/S(F)) '

denote the Baer sum of the extensions jetk/S(E) ®F and E® Jet}(/S(F). There exists a
canonical isomorphism

(1.7) ¢: Py;s(EQF)— B
which fits into a commutative diagram
0 - EQF®Qy,y — Pys(E®F) - E®F — 0

| le |
0 — E®F®Q§(/S — B — E®F — 0.

Consequently we have
jetx/s(E ® F) = jetk s(E) @ F + E © jetg(F)
in Exty(E® F,E®F @ Qyq).
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it) Let Vi and V denote connections on E and F. We equip the tensor product E ® F
with the product connection
(1.8) VeEgr = VE®idp +idg ® Vp.
The connections Vg, Vi, and Vggr induce sections sg,Sp, and Spgr of jetﬁ(/s(E),
jetﬁ(/s(F), and jetﬁ(/s(E ® F') respectively. We have
YO SEQF = (SE ®idp,idg ® SF)
where the notation on the right hand side refers to the description of the Baer sum given
above.
Proof. i) Let IM =Im(ip ® idp, —idg ® ir). Recall that
Py s(EQF)=(EQF)& (E®F ®Q/g).
There exists a unique Og-linear map (1.7) which satisfies
o(leo® fo,e1® fi®a]) = ([e0,0]® fo+[0,e1®a]® f1) @ (e0 @ [f0,0]) mod IM
= ([e0,0] ® fo) & (€0 ® [f0,0] +e1® [0, f1 ®a]) mod IM

for local sections eg,e1 of E, fy, f1 of F and « of Qﬁ( /s It is straightforward to check that
@ is well defined and makes our diagram commutative. It remains to show that ¢ is also
Ox-linear. This follows from

p(A o ® fo.00)) = (X co® foneo® fo © dN)
= ([A-e0,0]® fo+10,e0 @ dA] ® fo) & (A~ e0 @ [f0,0]) mod IM
= X ¢(leo® fo,0])
as ¢ induces the identity on Qk /s ® EQF.
ii) For local sections e of E and f of F', we get
posper(e® f) = (le,~Ve]l® f) ® (e®[f,—Vf]) mod IM
= (sp®idp,idp @ sp)(e® f)
which proves ii). O

Corollary 1.1.5. Let E be a vector bundle on X and denote by A : Ox — E ® EV the
canonical map. Then the pullback of the Baer sum of jetk/S(E) ®EY and E®jet§(/S(Ev)
along A admits a canonical splitting.

Proof. The Baer sum of Jet}, /s(E)®EY and E® J et /5(£") is canonically isomorphic to
Jeth / s(E®EY). Locally on X we may find a connection Vg on E. There are canonically

associated connections Vgv and Vggpv on EY and E® EV. The composition 5V pomv © A
does not depend on the choice of Vg and induces the desired trivialization.

Lemma 1.1.6. Consider a commutative diagram
f

-

U — Nz
1

X
| =
9. g
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in the category of locally ringed spaces where T and m are morphisms as in situation 1.1 a)

or b). Let E be a vector bundle on X and denote the canonical map f*Qk—/S QX/S by
I

i) There exists a canonical O g -linear map

which makes the diagram

0 — f*FE R0, f*Q_lX/S —  f* X/S( ) - ffE — 0
(1.9) Lidp-por le I
0 — [f'EQo, QX/S — X/S(f* ) — f*E — 0.

commutative. Consequently we have
(idg-r @ ) o oty () = etk 5(f*F)
in Ext}((f*E ®o4 QL /S,f* ).
ii) A connection Vg on E induces a splitting sg of Jet}(/S(E). The splitting
sfrp = ¢o [*(sk)
induces a connection f*Vg on f*E which is uniquely determined by

(1.10) (f*VEe)(f"s) = f"(VEs)

for local sections s of E.

Proof. i) Observe that the upper sequence in (1.9) is exact as E is locally free. Recall that

(1.11) f* Py s(B) = [fTTE@ fTHE @0y Uxys)] @510 O
and
(1.12) X/S(f E)=fEo f'E®o, QX/S
We have f~'Ox-linear canonical maps
f—lE — f*E
and
FTHE ®@oy Qyys) = [ (E®ox Uy/s) = [TE @0y [* QX/S B eo < Ox/5)

The direct sum of these maps induces a g~ Og-linear morphism
[fTE® fTUE ®ox Qyys)] = [FE® fTE@o, O 5

It is straightforward to check that this morphism is f~!Ox-linear for the module structure
given by formula (1.5). Via (1.11) and (1.12), we obtain the desired morphism ¢ which fits
by construction in the diagram (1.9).

ii) is a straightforward consequence of the construction of ¢ in the proof of i). O
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1.2. Cotangent complex and Atiyah class. In situation 1.1 a) or b) the cotangent
complex Ly is constructed in [1171, I1.1.2] resp. [BF03, 2.38] as an object in the derived

category D(Ox—mod) of Ox-modules. Consider Qﬁ( /s asa complex concentrated in degree
zero. The cotangent complex Ly /g comes with a natural morphism

(1.13) Ly,s — Qs

in D(Ox—mod) which is a quasi-isomorphism if X is smooth over S. Given a vector bundle
E over X, the Atiyah class of E is defined in loc. cit. as an element

aty/s(E) € Ext'(E, E ®" Ly/s) = Homp (o, —moa)(E, E Qr Ly/s[1)-

If X 5 S is a morphism of schemes, the Atiyah class of Illusie maps under the morphism
induced by (1.13) to the class (compare [I1171, Cor. 2.3.7.4])

jetx/s(E) € Ext!(E, E ® Qy/g)-

If X = S is a smooth morphism of complex analytic spaces, the Atiyah class of Buchweitz
and Flenner maps under the morphism induced by (1.13) to the opposite class of jet% / S(E)

([BF03, 3.27]).

If the canonical morphism (1.13) is a quasi-isomorphism, we call Jet} /s(E) the Atiyah
extension associated with E and denote it by Aty,g(E) . The associated extension class
atx/g(F) equals the opposite of the Atiyah classes At(F') in [BF03] and b(F) in [Ati57,
Section 4]. It coincides with the Atiyah class defined in [ALJ89]. Compare also [BF03, 2.4
and Rem. 3.17] for a discussion of signs related to the Atiyah class.

The following Lemma implies in particular that (1.13) is a quasi-isomorphism in the
geometric situations considered in Section 2 and Section 4.

Lemma 1.2.1. Let m : X — S be a locally complete intersection (l.c.i.) morphism of
schemes such that X is integer and the smooth locus of m is dense in X. Then (1.13) is a
quasi-isomorphism.

Proof. 1t is sufficient to show our claim locally on X as the formation of (1.13) is compatible
with restrictions to open subsets. Hence we may assume that 7 admits a factorization

XLQLS

where j is a regular immersion defined by some regular ideal sheaf J and ¢ is smooth. We
obtain an exact sequence

0 — J/J2 % 70k s 2 0 g — 0.

This is well known up to the injectivity of ¢ which holds as ¢ is a morphism of locally free
sheaves which is injective over the smooth locus of w. The complex

¢«
J)J? 55 %/S

situated in degrees minus one and zero is a cotangent complex for f by [I1171, Cor. 111.3.2.7].
Furthermore the map (1.13) is induced by % and hence a quasi-isomorphism. O
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1.3. Curvature and second fundamental form. Let F denote a holomorphic vector
bundle on a complex manifold X. Recall that a C*°-connection V: A%(X, E) — AY(X, E)
on E is called compatible with the complex structure if its (0,1)-part coincides with the
Dolbeault operator, i.e. V%! = dp. Consider the Atiyah extension associated with E

Atx(E): 0 — E® Q% & PL o (E) ™5 E — 0.
In the same way as before, we obtain a one-to-one correspondence
V « Sy1,0

between C°°-connections on the vector bundle F which are compatible with the complex
structure and C*-splittings

(1.14) syio i B — Pyc(B), [ [f, V()]

of the extension Aty (F).

Assume that E carries a hermitian metric h. A C*-connection V on E = (E, h) is called
unitary if and only if it satisfies

dh(s,t) = h(ys,t) + h(s,7t) for all s,t € A%(X, E).

Recall that a hermitian holomorphic vector bundle E = (E,h) carries a unique unitary
connection Vz which is compatible with the complex structure ([Che46], [Nak55]; see also
[GHT78, Ch. 0.5] or [Wel80, Sect. I1.2]).

Lemma 1.3.1. Let E = (E,h) be a hermitian holomorphic vector bundle on X. Let
V = V5 denote the unitary C*°-connection on E which is compatible with the complex
structure. The curvature form

V2 e AY(X,End(E))
and the second fundamental form
a € A% (X,End(B) ® Q%)
associated with Atx (E) and its C*-splitting sy1,0 as in [BKO7, A.5.2] satisfy
(1.15) a=-V>
where we read the canonical isomorphism
AM(X,End(E)) 5 A% (X, End(E) ® Q% ), f@ (aAB)— (f®a)AB.
(compare [BKO7, 1.1.5]) as an identification.

Proof. Recall from [BK07, A.5.2] that « is determined by
5P1

L eEeny (sv10) = (in @id401)(a).

It is sufficient to verify (1.15) locally on X. Hence we may assume that E admits a holo-
morphic frame. We describe V and V? with respect to this frame by the connection matrix
0 and the curvature matrix ©. Following the conventions in [Wel80, Ch. III}, we have

O, = db;. + Z Oij AN ij.
J
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The connection matrix 6 has type (1,0) and the curvature matrix © has type (1,1) by loc.
cit. Hence the equality above becomes

(1.16) O = 96.

Let V denote the connection on E whose connection matrix is zero. The associated splitting
sg1.0 of atx(E) is holomorphic. Hence (1.16) gives

5]1

X/C

(E)@EV (Svl,o) = EJ;(/C(E)(@EV (Svl,o — 861,0) = —8(9) = —@ = —VQ.

2. THE ARITHMETIC ATIYAH CLASS OF A VECTOR BUNDLE WITH CONNECTION

In this section we fix an arithmetic ring R = (R, %, Fix) and a flat arithmetic scheme S
over Spec R.

2.1. Definition and basic properties. Let X be an integral arithmetic scheme with a
generically smooth, l.c.i. morphism 7 : X — S. Let E be a vector bundle on X. We
consider the commutative square

(X2(0),08)) + (X, 0x)
| 7 s
(Su(C),08) % (S,0s).
Lemma 1.1.6 implies that the formation of the Atiyah extension of E is compatible with
base change with respect to this diagram. More precisely, we have a canonical isomorphism

Pys(E)E' S Py oyswc) (BE)

where we put Fgo! = j*F for every Ox-module F.

2.1.1. We have seen in 1.3 that there is a one-to-one correspondence between C*°-connections
V: A’(Xx(C), Ec) — A'(Xx(C), Eg)

which are compatible with the complex structure and commute with the action of F, and
sections

sv: Ec — Pys(E)c
such that (Atx,sF, s) is an arithmetic extension. This correspondence allows us to associate
with each vector bundle £ on X equipped with an F-invariant connection V on E¢, that

is compatible with the complex structure, its arithmetic Atiyah extension (Aty,sF, sy) and
its arithmetic Atiyah class

fhx/s(E.V) € Bxt (B,E ® Qlg).

If £is a hermitian vector bundle over X, we obtain the arithmetic Atiyah extension
(Atx/sE, svﬁ) of E and its arithmetic Atiyah class

~ — ~ —1 1
atx/s(E) = atx/s(E, VE) € Ext (E,E & QX/S)7
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where Vz denotes the unitary connection on Ec over Xx(C) that is compatible with the
complex structure. As a direct consequence of this definition and Lemma 1.3.1, we get a
formula for the “second fundamental” form (compare the introduction and [BK07, 2.3.1])

U(at(E)) € A% (Xg, End(E) © Q).
Namely
(2.1) U(atx/s(E)) = —Rg
under the canonical identification
AY (Xg, End(E)) = A% (Xg, End(E) ® Q)
where Ry := V% denotes the curvature of E.

In particular, when E is a hermitian line bundle over X,

(2.2) L W (itns(B) = — - R = c1(E)

271 271
is the first Chern form of E.
We collect basic properties of the arithmetic Atiyah class.
Proposition 2.1.2. i) Let (E,Vg) and (F,VE) be vector bundles on the smooth arith-

metic S-scheme X equipped with Fo-invariant C*°-connections compatible with the complex
structure. We equip the tensor product E® F with the product connection. Then the equality

atys(E ® F,Vegr) = atx/s(E,Vg) @ F + E ® atx/s(F, V)

holds in Exty (E® F,E® F ® QY ).

i) Let E and F be hermitian vector bundles on the smooth arithmetic S-scheme X, and
E ® F their tensor product equipped with the product hermitian metric. Then the equality

atx/s(E® F) = aty/s(E) © F + E @ atxs(F)
holds in Exty (E® F,E® F ® QY ).

iii) Let E be a hermitian vector bundles on the smooth arithmetic S-scheme X, and E’
the dual hermitian vector bundle. Then we have

(EY @ atx/s(E)) oA =—(aty/s(E) @ E)o A

in E/b?c;(OX,End(E) ® Qé{/s) where . o A denotes the pushout along A as in [BKO07, 2.4].

i) Let f : X — Y be a morphism of smooth arithmetic S-schemes. Let (E,Vg) be a
vector bundle on Y with F-invariant C*°-connection which is compatible with the complex
structure. The canonical map f* : f*Q%//S — (2%(/5 induces a homomorphism

—1 —1
Extx(f*E, [*E® [*Qys) — Extx(f"E, ['E © Qy/g)

by pushout along idsg ® f*. We still denote the image of f*éﬁiy/s(E, VE) under this map

by f*é}ﬁy/s(E, VE) and equip f*E(}éO1 with the connection f*Vg described in (1.10). Then
we have the equality

fratys(E, Vi) = atx/s(f*E, f*VE).
in Exty (f*E, f'E © QY /5).
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v)Letf: X —Y bea morphism of smooth arithmetic S-schemes. Let E denote a hermit-
ian vector bundle on'Y, and f*E its pull-back on X.. Then the inverse image f*aty,s(E)

may be defined in E/b?c;(f*E, FE® Q%{/S) as in w) and satisfies
fraty;s(E) = atys(f*E).

Proof. i) follows from 1.1.4 and ii) is a direct consequence of i) as the induced unitary con-
nections which are compatible with the complex structure satisfy (1.8). iii) is a consequence
of Corollary 1.1.5 and of the compatibility of the splitting in loc. cit. with holomorphic and
hermitian structures. iv) and v) follow from 1.1.6. O

Let E be a hermitian line bundle on X. We give a cocycle description of E;\t(E) based on
the description of arithmetic extension groups by Cech cocycles given in Appendix A.

Proposition 2.1.3. Let E = (E,h) be a hermitian vector bundle of rank n on a smooth
arithmetic S-scheme X. Choose a locally finite, affine, open cover U = (U;)ier of X such
that E admits a frame

fi: O&_ = E|y,
over U;. Fori € I, we define
hi = h(fic, fic) = (Mficle), fic(er))) p e, € Mata (C(Uis(C),C) ™),
where €; := (da1)1<a<n, and
dlog h; := fioh; ' o (Ohi)o fi ' € A°(Uig, End(E) © QY /g)-
Fori,j € I, we define
fij == f;7 o fi € Mat,(Ox(Uij))
dlog fij := fio (dfis) o fi' € T(Uij, End(E) ® Q).

Then the isomorphism
ﬁu,E,E®Q§(/S : E}?&(E, E® Qé{/s) — H(U, C(adEnd(E)@;Qg(/S))
maps QEX/S(E) to the class of
((dlog fij)ijer, (—0log hs)ier).

Proof. Let V denote the unitary connection on E¢ which is compatible with the complex
structure. We compute cocycles ((aij)m, (ﬂz)z) which represent the image of the arithmetic
extension (At(E), sv) under py g ZEOT We follow the construction given in Appendix

A. Consider the diagram
(At(E) @ EY)o A: 0 — 5nd(E)®Q§(/S — w —  Ox —0
I l la
A(E)®EY:0— E®Q%, ®E" — Py (E)®@EY — E®E' —0.
There is a unique connection V;: E|y, — E|y, ® Q%J@ /8 such that V;(f;) = 0. It satisfies

Vi(fi) = V(fi - fig) = fi - dfiy,
where the frames f; and f; are seen as “line vectors” with entries sections of E. The
connection V; determines an Op,-linear splitting sy, of At(E) over U; as in (1.6). We write
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A(lx) = fi® f, where f denotes the dual frame of EY — which we may see as a “column
vector” with entries sections of EV — and get

Qij = (—Svj ® idgv +Svi®idEv)OA(lx)
= (_SVJ- +8V1)fl®fzv
= (fi-(dfiy) © £
= dlog fU
We observe that we have
VYO(f) = i bt (0h)
by [Wel80, III.2, eq. (2.1)]. Hence

Bi = (syio®idpv — sy, ®idgv) o A(1lx)
= —fioh; o (dhy)o f!
= —0log h;.
Our claim follows. O

The properties of the arithmetic Atiyah class in Proposition 2.1.2 may be recovered by
straightforward cocycle computations using Proposition 2.1.3. in this way, one may also
establish the following refined variant of Proposition 2.1.2, iii):

Corollary 2.1.4. For any hermitian vector bundle E on a smooth arithmetic S-scheme X,
we have the equality

aty/s(E) = _Z;PDX/S(EV)
in
(2.3) Extx(E,E® Q) ~ Extx(Ox, B © E® QY )
~ Exix (Ox, (EY)" © EY © O 5) ~ Extx (E", EY © QY ).
The first and last isomorphisms in (2.3) are the canonical isomorphism in [BK07, 2.4.6],

and the second one is deduced from the isomorphism EV ® F ~ E® EV exchanging the two
factors and the canonical biduality isomorphism E ~ (EY)V.

2.2. The first Chern class in arithmetic Hodge cohomology.

2.2.1. For a hermitian vector bundle E on a smooth arithmetic S-scheme X, we put
_ _ —~ — —1
&' (E) == ¢{ (X/S,E) := trp o (atx/s(E) @ EY) o ip € Ext (Ox, QY /g)

where trg : E® EY—Ox and ig : Ox—FEnd(E) ~ E® E" are the canonical morphisms.
We call ¢/ (E) the first Chern class of E in arithmetic Hodge cohomology.

When FE is a hermitian line bundle, trg and ig are t he “obvious” isomorphisms, and

¢ (E) is nothing else than at /s(E) in

—1 —1 —1
Exty (B, E® Qy/q) = Exty(Ox, EY @ E® QY /g) =~ Exty(Ox, A /s)-

Using the the description of in terms of Cech cocycles in Proposition 2.1.3, and the
expression of the differential of the detrminant in terms of the trace, we obtain, after a

straightforward computation: o o
¢H(E) = ¢ (det E).
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Proposition 2.1.3 also leads immediately to the following description of the first Chern
class in arithmetic Hodge cohomology for hermitian line bundles:

Lemma 2.2.2. Let L be a hermitian line bundle on an arithmetic scheme X. Choose
a locally finite, affine, open cover U = (U;)icr of X such that L admits a trivialization
l; € T(U;, L) over U;. Put

fij =11l € D(Usj, 0%).
Then
puar, (¢1(L)) = [(dlog fij)ijer, (—Olog ||| *)ict] -

Xx/s

2.2.3. Let P/)I\C(X ) denote the group of isometry classes of hermitian line bundles on X. It
follows immediately from Proposition 2.1.2 that the map

éf! : Pie(X) — Exty(Ox, % /s)
is a group homomorphism which satisfies
AN(X/S, Yo fr=froef(Y/S, )

for every morphism f: X — Y of smooth, arithmetic S-schemes.

2.2.4. We consider the diagrams

O(X)* —  ker 65]AO,O(XR) N ISRZ(X) — PIC(X)
(2.4) | —dlog l-o X la Lot
b — v
DX, 04 ) — A'Xe,Qk ) = BExty(Ox, 0k = BExth(Ox,Q% ).
and
Pic(X) 4 AMY(XR)
Exty(Ox, 9% 5) = A%L(Xg, QL q).

Here APP(XpR) is by definition the space of real (p,p)-forms « on the complex manifold
X5»(C) which satisfy Foo(a) = (—1)Pa (compare [GS90a, 3.2.1]). The monomorphism ¢ is
defined by

APP(Xg) > AP(Xp, ), @ (2mi)Pa

(compare [BK07, 1.1.5]). Furthermore we consider the following morphisms

O(X)* — ker 99| 0(x,), [ log|fl,
dlog: O(X)* — T(X,Q%/s), [ f7df,
I(X, Q%(/S) - AO(XRv Q%(/S) » G ac

9: ker 90| 40.0(xy) A%(Xg,Vx/s), [ 0f,
a: ker 99 poo(xyy — Pic(X), f [(Ox,||]p)] with [[1x[|} = exp f,

l

—1 T
b: A%(Xg,Qyjs) — Ext (Ox,Qyg), T+ [Qﬁf/s — Qs ®0x — Ox, 5= (id)]
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(compare the introduction and [BK07, 2.2])
Pic(X) — Pie(X), [(L, ][]~ [L]
— Ext{(0x, 9% ), (€5) €]
— Extl((’)X,Qk/S) , [L] = [trpoaty g(L)oir]
— AYY(XR), [L = (L,]|. )] — —(2mi) "' V2,

—1
v: Ext ((’)X, X/S
. Pic(X

)
)
Plc(X)
)

U ExtX(OX,QX/S —  AY(Xg,Q/g) is defined in [BK07, 2.3.1].

The horizontal lines in (2.4) are exact by [GS90b, (2.5.2)] and [BKO07, 2.2.1]. Observe the
analogy between (2.4) and [GS90b, (2.5.2)].

Proposition 2.2.5. The diagrams (2.4) and (2.5) are commutative.

Proof. For f in O(X)*, we have

oD _0f _df
Ir for

which shows the commutativity of the left square in (2.4). The unitary connection V; on

(Ox, ||-|l) which is compatible with the complex structure is given according to [Wel80,
I11.2 formula (2.1)] by the formula

V(1) = 0f € A°(Xg, QY q).

Taking into account the correspondence between connections and splittings in 1.3 above (and
notably the sign in (1.14)), it follows that the middle square commutes. The commutativity
of the right square holds by definition. The square (2.5) is commutative by formula (2.2). O

(2.6) dlog |f]? = = dlog f

3. HERMITIAN LINE BUNDLES WITH VANISHING ARITHMETIC ATIYAH CLASS

3.1. A finiteness result for the kernel of ¢/, Let K be a number field, and ¥ a non-
empty set of field embeddings of K in C, stable under complex conjugation.

To these data is naturally attached the arithmetic ring in the sense of Gillet-Soulé
([GS90a], 3.1.1) defined as the triple (KX, F,) where Fy, denotes the conjugate linear
involution of C* defined by Fu(ao)sex := (@7)oex.

3.1.1. Let X be a smooth, projective, geometrically connected scheme over K, and Ex
the universal vector extension of Picgf /K (see Appendix B for basic facts on Picard varieties
and their universal vector extensions).

In the sequel, we shall consider X and Spec K as arithmetic schemes over the arithmetic
ring (K, %, Fy).

In particular, a hermitian line bundle L over X is the data of a line bundle L over X and
of a C* hermitian metric ||.||, invariant under complex conjugation, on the holomorphic

line bundle L¢ over
C):=[] X.(C)
ceY

Observe that, for any line bundle L over X, the following conditions are equivalent:
a) the Atiyah class of L in HY1(X/K) := Extﬁ((OX,Qﬁ(/K) vanishes;
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b) there exists a C*° hermitian metric ||.||, invariant under complex conjugation, on the
holomorphic line bundle Lc over X5 (C), with vanishing curvature.
When these conditions are realized, the metric ||.| is unique, up to some multiplicative
constant, on every component X, (C) of X5 (C). Moreover, they hold if the line bundle L is
algebraically equivalent to zero?.
Consider now a hermitian line bundle L := (L, ||.|z) over X whose underlying line bundle
L is algebraically equivalent to zero, and such that the curvature of ||.||; vanishes. Let V1
denote the unitary connection on L¢ which is compatible with the complex structure.. Then
the (1,0)-part V%O of V1 algebraizes, and the pair (Lc, V%O) determines a point P = P
in the maximal compact subgroup of
Foo
Ex/kR) := [H Ex/x(C)] ™.
€Y
(Details of this construction can be found in the Appendix in B.7 and B.8 .)

It is a straightforward consequence of our definitions that the following conditions are
equivalent:

1) the line bundle L admits a connection V: L — L ® Qﬁ(/K such that V¢ equals V%O;
2) aty/r(L) =0;

— — . —1
3) the class ¢ (L) := ¢l (X/Spec K, L) in H" (X/K) := ExtX((’)X,Q;/K) vanishes;
4) P is the image of a K-rational point of Ex /.

When L defines a torsion point in Pic(X), these conditions are easily seen to be satisfied.
Indeed, if n is a positive integer and o : Ox — L®" is an isomorphism of line bundle over
X, there exists a unique connection Vjy on L, defined over K, such that the connection
Vien on L8 deduced from Vj, by taking its n-th tensor power makes o an isomorphism
of line bundles with connections from (Ox,d) to (L®", Ven). Moreover, for any o in o, o,
is a section with constant norm of LE™ over X,(C) (since the curvature of ||| vanishes),

1,0 . . .
X (C) This shows that V , coincides with

and therefore that condition 1) is satisfied by V = V.

and consequently Vyen , coincides with V

1,0
VZ|Xg cy
It turns out that, conversely, when the above conditions 1-4) hold, then L has a torsion
class in Pic(X). This is indeed the content of the first part of the main result of this Section

3:

Theorem 3.1.2. Let X be a smooth, projective, geometrically connected variety over K,
and let 1 : X — Spec K its structural morphism, that we consider as a morphism of
arithmetic schemes over the arithmetic ring (K,X, Fso). Then we have:

i) If a hermitian line bundle L = (L, ||.|1) over X admits an algebraic connection V
such that V¢ is unitary with respect to ||.||r, then L has a torsion class in Pic(X)
and the metric ||.|| has vanishing curvature.

ii) For any hermitian line bundle L on X, the first Chern class ¢ (L) in HYY(X/K) ==
_—1
Exty(Ox, Qﬁ(/K) vanishes if and only if there exists a positive integer n such that

%" is isometric to the trivial bundle Ox equipped with a metric constant on every

4By definition a line bundle on X is algebraically equivalent to zero if and only if its restriction to the
geometric fiber X7 is algebraically equivalent to zero.
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component X,(C) of Xx(C) — or equivalently, such that the class of L™ in Isiz(X)
belongs to the image of 7 : Pic(Spec K) — Pic(X).
iii) The image of 7 : Pic(Spec K) — Pic(X) has finite index in the kernel of

el Pie(X) — HY(X/K).

iv) Let P € Ex/k(K) be a K -rational point of the universal vector extension Ex i that
belongs to the mazimal compact subgroup of Ex/k(R). Then P is a torsion point

Proof. We prove below that the assertions i)-iv) are equivalent for any given variety X
as above. The isomorphism (B.8) shows that it is sufficient to show iv) (and hence any
of the assertions i)-iv)) for abelian varieties. In order to prove i), we may choose o in 3
and replace the set of embeddings ¥ by {o} (resp. {0,7}) if o is a real (resp. complex)
embedding. In this situation, i) is proved for abelian varieties as Theorem 3.2.1 in Section
3.2 infra.

The equivalence of i) and ii) is a straightforward consequence of the observations before
the statement of Theorem 3.1.2 and of the implication

(L) =0= ¢ (L) =0,
which follows from the commutativity of (2.5).

i) = iii). A hermitian metric with curvature zero on the trivial line bundle on X is
constant on every component X,(C) of Xx(C). Therefore, if we introduce the canonical
map

w : Pic(X) — Pic(X) — Picy,x(K),
then we have:
Ker(¢i) N Ker(w) = Im (7*: Pic(S)—Pic(X)).
Hence the map w induces an injection of
. —1
Ker (e : Pic(X)—Ext (OX,Qk/K))
Im (7*: Pic(Spec K)—>1:/)1\C(X))

(3.1)

into Picy/x (K). Part i) implies that the image of (3.1) is contained in the torsion subgroup
of Picx/x (K). This is a finite group as the Néron Severi group

and Picg( / i (K) are finitely generated abelian groups by [BGI71, Exp. XIII Th. 5.1] and
the theorem of Mordell-Weil.

iii) = iv). Let P € Ex /g (K) be a K-rational point of the universal vector extension who
belongs to the maximal compact subgroup of Ey/x(R). Replacing K by a finite extension,
we may assume that P is represented by a line bundle L algebraically equivalent to zero with
an integrable connection V. If P belongs to the maximal compact subgroup of Ex;, k(R),
we have V¢ = V%O where L carries a hermitian metric with curvature zero. We have

seen above that this implies ¢ (L) = 0. By ii) there exists some m > 0 such that L®m
is isometric to the trivial bundle Ox with a constant metric. It follows that (L, V)®™ is
isomorphic to the trivial bundle Ox with the trivial connection. It follows that P is torsion.
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iv) = i) Let L = (L, |.||z) be an hermitian line bundle over X. Let Vz denote the
unitary connection which is compatible with the complex structure on Lc. We assume that
L admits an algebraic connection V such that V¢ equals V%O. Observe that this implies
in particular that the connection V is integrable. It follows from equation (1.16) that the
curvature V% and hence the first Chern class of L vanish. The vanishing of the first Chern
class of L shows that a power L®™ of L is algebraically equivalent to zero [Kle66, 11.2
Cor. 1 to Th. 2]. Hence we may assume that L is algebraically equivalent zero in order
to prove that its class in Pic(X) is torsion. The pair (L¢, V%O) determines a point P in
the maximal compact subgroup of Ex/k(R) which is K-rational as it comes from the point
P € Ex/i(K) determined by the pair (L, V). The point P is torsion in Ex, g (K) by iv).
Hence the class of L is torsion in Pic(X). O

Corollary 3.1.3. Let Ok denote the ring of integers in a number field K, and let us work
over the arithmetic ring (Ok,X%, Fo). Let S denote a non-empty open subset of Spec O,
and let X be a smooth projective S-scheme with geometrically connected fibers. Then

Ker (é{l : ﬁi\c(X)—ﬂ?X\tﬁ((O% Q%{/S))

(3.2) — —
Im (7*: Pic(S)—Pic(X))

s a finite group.

Proof. Let Xk denote the fiber of X over Spec K. We consider X as an arithmetic scheme
over the arithmetic field K = (K, X, F.,). There is a canonical restriction map

v : Pic(X) — Pie(Xg).

Any element in Ker v N Ker ¢f1(X/S, .) is generically trivial and carries a constant metric.
The sequence

Pic(S) — Pic(X) — Pic(Xk)

is exact as the fibers of X/S are integral. Hence
Ker (v) NKer &l (X/S, .) C Im (x*: Pic(S)—Pic(X))

and v induces an embedding of (3.2) into (3.1). The latter group is finite by Theorem 3.1.2.
Our claim follows. O

3.2. Transcendence and line bundles with connections on abelian varieties. In
this section, we complete the proof of Theorem 3.1.2 by establishing Theorem 3.1.2, i),
when X is an abelian variety. Indeed, we are going to establish the following result, by
using a classical transcendence result of Schneider-Lang:

Theorem 3.2.1. Let A be an abelian variety over a number field K, and (L,V) a line
bundle over A equipped with a connection (defined over K ).

If there exists a field embedding o : K — C and a hermitian metric ||.| on the complex
line bundle L, on As(C) such that the connection V, is unitary with respect to ||.||, then L
has a torsion class in Pic(A), and the metric ||.| has vanishing curvature.
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3.2.2. Commutative algebraic groups and a theorem of Schneider-Lang. If G is a commu-
tative algebraic group over C, its exponential map will be denoted exps. It is the unique
morphism of C-analytic Lie groups

expg : LieG — G(C)
whose differential at 0 € Lie G is Idpeg. Its kernel
I'c := kerexpg

is a discrete additive subgroup of Lie G. When G is connected, exp; is a universal covering
of G(C), and I'¢ may be identified with the fundamental group m (G(C),0¢), or with the
homology group H;(G(C),Z).

In the sequel, we shall use the following classical transcendence result on commutative
algebraic groups:

Theorem 3.2.3. Let K be a number field and o : K — C a field embedding, and let G be
a commutative algebraic group over K, and V a K-vector subspace of LieG.

If there exists a basis (y1,...,7) of the complex vector space Vo such that, for every

i € {1,...,v}, expg, (Vi) belongs to G(Q), then V is the Lie algebra of some algebraic
subgroup H of G.

We have denoted Q the algebraic closure of Q in C. By means of the embedding o, it
may be seen as an algebraic closure of K, and the group G(Q) of Q-rational points of G
becomes a subgroup of the group G,(C) of its complex points.

Observe also that the subgroup H whose existence is asserted in Theorem 3.2.3 may
clearly be chosen connected, and then H is clearly unique, defined over K, and the group
H,(C) of its complex points coincides with expg,_ (Vs ).

Theorem 3.2.3 has been established by Lang ([Lan66], IV.4, Theorem 2), who elaborated
on some earlier work of Schneider on abelian functions and the transcendence of their values
[Sch41]. We refer the reader to [Wal87] (where it appears as Théoréeme 5.2.1) for more details
on Theorem 3.2.3 and its classical applications.

Let us also recall that Theorem 3.2.3 is now subsumed by various celebrated more recent
results — namely, the transcendence criterion of Bombieri and the analytic subgroup the-
orem of Wiistholz. The reader may find a recent survey of these and related transcendence
results on commutative algebraic groups in the monograph [BWO07).

3.2.4. Line bundles with connections on abelian varieties. Let A be an abelian variety over
a field k of characteristic zero, and L a line bundle over A. We may choose a rigidificaction
of L, namely a trivialization ¢ : k ~ L. of its fiber at the zero element e of A(k), or
equivalently the vector ¢ := ¢(1) in L. \ {0}.

In the sequel, we shall assume that the following equivalent conditions are satisfied:
i) the line bundle L is algebraically equivalent to the trivial line bundle;
ii) the Atiyah class at L of L vanishes;

iii) the line bundle L may be equipped with an algebraic connection V.
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Observe that the connection V is necessarily flat® and that the set of connections on A
is a torsor under the k-vector space I'(4, QY e ™ (Lie A)V of regular 1-forms on A, which

acts additively on this set. Moreover, the G,,-torsor L* defined by deleting the zero section
from the total space® V(LY) of L admits a unique structure of commutative algebraic group
over k such that the diagram

(3.3) 0 — G —2 L* 5 A — 0,

— where ¢ denotes the composite morphism Gy, g L} — L* and 7 the restriction of the
“structural morphism” from V(L") to A — becomes a short exact sequence of commutative
algebraic groups. Its zero element is the k-point € € L* (k) defined by ¢. (See for instance
[Ser59], VII.3.16.)

From (3.3), we derive a short exact sequence of k-vector spaces:
(3.4) 0 — Lie Gy -8 Lie L* 2% Lie A — 0.

Recall that a connection over a vector bundle on a smooth algebraic variety may be
described @ la Ehresmann as an equivariant splitting of the differential of the structural
morphism of its frame bundle (see for instance [KN96|, Chapter II, or [Spi70], Chapter 8;
the constructions of loc. cit. in a differentiable setting can be immediately transposed in the
algebraic framework of smooth algebraic varieties). In the present situation, a connection
V on L may thus be seen as a G,-equivariant splitting of the surjective morphism of vector
bundles over L* defined by the differential of :

Dr:Tpx — 7 Ta.
In particular, its value at the unit element € of L* defines a k-linear splitting
Y :LieA — Lie L™
of (3.4).
Conversely, from any k-linear right inverse % of Lie 7, we deduce a G,,-equivariant split-

ting of D7 by constructing its L*-equivariant extension to L*.

By these constructions, connections on L and k-linear splittings of (3.4) correspond bijec-
tively. Indeed, by means of the identification Lie G, = k. X0/0X ~ k, the set of k-linear
splittings of (3.4) becomes naturally a torsor under (Lie A)Y, and the above constructions
are compatible with the (additive) actions of (Lie A)Y on the set of these splittings and on
the set of connections on L.

This correspondence may also be described as follows. A linear splitting 3 as above may
also be seen as a morphism ¢ : A.1 — Lél from the first infinitesimal neighbourhood A, 1

of e in A to the first infinitesimal neighbourhood L of € in L™ which is a right inverse of
the map 7 1 : Lél — A1 deduced from 7. In other words, / is a section of L over Ae,1 such
that £(e) = I. The connection V associated to ¥ is the unique one such that V(e) = 0.

5To check this, we may assume that k is algebraically closed, and observe that the curvature V2 of an
algebraic connection on L depends only on the isomorphism class of L and defines a morphism of algebraic
groups over k from the dual abelian variety A" to the additive group I'(A4, Qi/k)(’: A% (Lie A)Y). Since A is
proper and connected, any such morphism is zero.

6namely, the spectrum of the quasi-coherent O 4-algebra @ Ve,

neN
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When k = C, the diagram
LieL* 2% Lied
l €XPr, x J/ €Xp A
L*(C) S AC).
is commutative. Consequently the morphism of groups
expyx oX : 'y — L*(C)
takes its value in ker m ~ C*. It coincides with the monodromy representation
p:Ta=Hi(A(C),Z) — C*
of the line bundle with flat connection (L, V) — or more properly of the corresponding ob-
jects in the analytic category — over A(C). Indeed, the horizontal G,,-equivariant foliation

on L*(C) defined by V is translation invariant, and its leaves are precisely the translates
in L*(C) of the image of expy x oX.

3.2.5. An application of the Theorem of Schneider-Lang. We keep the notation of paragraph
3.2.4, and we now assume that the base field k is a number field.

Taking into account this relation between the monodromy of connections on L and the
exponential map of the algebraic group L*, we derive from the theorem of Schneider-Lang
(Theorem 3.2.3 above) applied to G = L*:

Corollary 3.2.6. Let A be an abelian variety of dimension g over a number field K, and
(L, V) a line bundle over L equipped with a flat connection (defined over K ).

Let 0 : K — C be a field embedding, and let p, : I'a, — C* denote the monodromy
representation attached to the flat complex line bundle (Ly, V) over Ay(C).

If there exists y1,...,7g in I'a, such that (y1,...,79) is a basis of the C-vector space

Lie A, and such that, for every i € {1,...,g9}, ps(vi) belongs to Q", then L has a torsion
class in Pic(A).

Proof. We consider the K-linear map 3 : Lie A — Lie L™ associated to the connection V
as above, and its image V := ¥ (Lie A). The vectors 7; := X,(7;), 1 < i < g, constitute a
basis of the C-vector space V. Moreover the image exp L (%:) of 4; by the exponential map
of Ly is the point of Ly, ~ C* defined by the monodromy py(;) of ¥;. According to our

assumption, these images belong to L™ (Q).

The theorem of Schneider-Lang now shows that V' is the Lie algebra of a connected alge-
braic subgroup H, defined over K. Since Liemy : Lie H = V — Lie A is an isomorphism of
K-vector spaces, the morphism of algebraic groups m g : H — A is étale, and consequently,
H is an abelian variety over K, and mp is an isogeny.

By the very construction of H as a subscheme of L*, the inverse image 7T|*HL of Lon H

is trivial. If N denotes the degree of 7|y, it follows that L®N — which is isomorphic to the
norm, relative to mz, of 7r‘*HL — is a trivial line bundle. O

3.2.7. Reality I. Let us keep the framework of paragraph 3.2.4, and suppose now that the
base field k is R.

The line bundle with connection (L, V) defines a real analytic line bundle with flat con-
nection (LR, V®) over the compact real analytic Lie group A(R). Its monodromy defines a



THE ARITHMETIC ATIYAH EXTENSION 27

representation pg of the fundamental group 71 (A(R),04), or equivalently of the homology
group Hi(A(R)°,Z) of the connected component of 04, with values in R*.

Actually the inclusion ¢ : A(R)°® < A(C) defines an injective map of free abelian groups,
of respective ranks g and 2g,

Lt Hi(A(R)®, Z) — Hy(A(C),Z),

and the monodromy representation pr coincides with the restriction pc o ¢, of the mon-
odromy representation

pc: Hi(A(C),Z) — C*
defined by the C-analytic line bundle with flat connection (L¢, V) over the compact C-
analytic Lie group A(C).

Lemma 3.2.8. The following conditions are equivalent:

(i) There exists an hermitian metric ||.|| on the complex line bundle Le on A(C) such
that the connection V¢ is unitary with respect to ||.||”.

(ii) The monodromy representation pc takes its values in U(1) :={z € C| |z| = 1}.

(iii) The monodromy representation pr takes its values in {1, —1}.

In the sequel, we shall only use the implications (i) = (ii) = (iii), which are straight-
forward. The implication (ii) = (i) also is immediate. To show (iii) = (i), let Tt :=
t(H1(A(R)°,Z)), and observe that the elements of I'4. which are “purely imaginary” in
Lie Ac ~ (Lie A)®gC constitute a subgroup I'" of rank g such that I'" N T'~ = {0}, that
/Tt @ T~ is a 2-torsion group, and that the image pc(I'™) of by the monodromy repre-
sentation lies in U(1). We leave the details to the reader.

3.2.9. Reality II. In this paragraph, we still keep the framework of the paragraph 3.2.4,
and we now assume that the base field k£ is C. We may apply the considerations of the
last paragraph to the abelian variety over R deduced from A by Weil restriction of scalar
from C to R. This leads to the following results, that we may formulate without explicit
reference to Weil restriction.

Let A_, L_, V_ be respectively the complex abelian variety, the line bundle over A_,
and the connection over L_ deduced from A, L, and V by the base change Spec C — SpecC
defined by the complex conjugation.

Let us consider the complex abelian variety
B:=AxA_,
the two projections
pr:B— A andpr_:B— A_,

and (f), @) the line bundle with connection over B defined as the tensor product of pr*(L, V)
and pr* (L_,V_).
Let j : Lie A — Lie A_ denote the canonical C-antilinear isomorphism. It maps bijectively
I'4 onto I'4_, and we may introduce the diagonal embedding
A: Ty — Tyel'y ~TIp
v o (iO)

Tor, equivalently, such that Ve is the Chern connection associated to |.||.
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Observe that any Z-basis (7v1,...,724) of I'4 is a R-basis of Lie A, and consequently its
image (A(71),...,A(72g)) by A is a C-basis of Lie B.

Let p (resp. p—, p) be the monodromy representation of I'y (resp. I'4_, I'g) defined by
the line bundle with connection (L, V) (resp. (L_,V_), (L, V)).

It is straightforward that, for any v in I" 4, the following relations hold:

p—(i(7) = p(7),
and
PAM)) = p(y)-p-(() = lp(V) .
These observations establish:

Lemma 3.2.10. If there exists an hermitian metric ||.|| on the complex line bundle L on
A(C) such that the connection V is unitary with respect to ||.||, then the image A(T) of
the diagonal embedding A contains a C-basis of Lie B, and is included in the kernel of the
monodromy representation p of (L, V).

3.2.11. Conclusion of the proof of Theorem 3.2.1. The following statement is a straight-
forward consequence of Corollary 3.2.6 to the Theorem of Schneider-Lang, combined with
Lemma 3.2.8 above:

Corollary 3.2.12. Let A be an abelian variety over a number field K, and (L,V) a line
bundle over A equipped with a flat connection defined over K, and let o : K — C be a field
embedding that is real, namely such that its image o(K) lies in R.

If there exists an hermitian metric ||.| on the complex line bundle L, on A,(C) such that
the connection ¥V, is unitary with respect to ||.||, then L has a torsion class in Pic(A).

If we use Lemma 3.2.10 instead of Lemma 3.2.8, we may prove:

Corollary 3.2.13. Let A be an abelian variety over a number field K, and (L,V) a line
bundle over A equipped with a flat connection defined over K.

Let o : K — C be a field embedding, and let T be a (necessarily involutive) automorphism
of the field K such that c oT = 7.

If there exists an hermitian metric ||.| on the complex line bundle L, on A,(C) such that
the connection V, is unitary with respect to ||.||, then L has a torsion class in Pic(A).

Observe that Corollary 3.2.13 contains as a special case Corollary 3.2.12 above. We have
however chosen to present explicitly the statement of Corollary 3.2.12 and its proof above,
since the basic idea behind the proofs of these two theorems — inspired by Bertrand’s proof
in [Ber95] and [Ber98] — appears more clearly in the first one.

Proof of Corollary 3.2.13. We may define A,, L,, and V. to be respectively the abelian
variety over K, the line bundle over A,, and the connection over L, deduced from A, L, and
V by the base change Spec K — Spec K defined by 7. We may also introduce the abelian
variety over K
B:=AxA,,

the two projections

pr:B— A andpr,:B— A,
and (i, @) the line bundle with connection over B defined as the tensor product of pr*(L, V)
and pri(L,, V,).
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Lemma 3.2.10 applied to (As, Ly, V) shows that the hypotheses of Corollary 3.2.6 are
satisfied by the abelian variety B over K, and the line bundle with connection (L, V) over
B. Consequently L has a torsion class in Pic(B), and so L itself — which is isomorphic to
the restriction of L to A x {e} ~ A — has a torsion class in Pic(A).

([l
Finally consider K, A, (L,V), o and ||.|| as in the statement of Theorem 3.2.1.

Let us first show that L has a torsion class in K. To achieve this, let us choose a finite field
extension K’ of K admitting an automorphism 7 and an embedding ¢’ in C that extends o
and satisfies 0’ o1 = o/ — for instance the subfield K’ of C generated by o(K) and its image
by complex conjugation. We may apply Corollary 3.2.13 to the number field K’ equipped
with the complex embedding ¢/, and to the abelian variety A, and the line bundle with
connection (Lg+, V) deduced from A and (L, V) by the base change Spec K’ — Spec K.

Therefore Ly has a torsion class in Pic(Ags). As the base change morphism
is injective, this indeed implies that L has a torsion class in Pic(A).

To complete the proof of Theorem 3.2.1, it is sufficient to observe that the curvature of
||.|| — or equivalently, of the C*°-connexion Vee = V, +3r, on L, — vanishes for reason of
type®: it is a 2-form on A, (C) of type (2,0), since V, is holomorphic, and purely imaginary,
since V¢eo is unitary.

4. A GEOMETRIC ANALOGUE

4.1. Line bundles with vanishing relative Atiyah class on fibered projective va-
rieties.

4.1.1. Notation. In this Section, we consider a smooth projective geometrically connected
curve C' over a field k of characteristic 0, and a smooth projective variety V over k equipped
with a dominant k-morphism 7 : V — C, with geometrically connected fibers.

Observe that the morphism 7 is flat, and smooth over an open dense subscheme of C,
namely over the complement of finite set A of closed points P in C' such that the (scheme
theoretic) fiber 7*(P) is not smooth over k.

Let K := k(C) denote the function field of C. The generic fiber Vi of 7 is a smooth
projective geometrically connected variety over K. Conversely, according to Hironaka’s res-
olution of singularity, any such variety over K may be constructed from the data of a
k-variety V and of a k-morphism 7 : V — C as above.

Recall also that a divisor E in V is called vertical if it belongs to the group of divisors
generated by components of closed fibers of 7, or equivalently, if its restriction Ex to its
generic fiber vanishes.

In the sequel, we assume that the dimension n of V is at least 2. Moreover we choose
an ample line bundle O(1) over V, we denote H its first Chern class in the Chow group
CH'(X), and for any integral subscheme D of positive dimension in V' we let:

degy p L := degy.(ci(L).HY™P=1 [D]).

80ne could also argue that this curvature coincides with the one of the holomorphic connection V,, which
vanishes, as recalled above.
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Actually, we shall use this definition only when D is a vertical divisor in V. Consequently,
we could require O(1) to be ample relatively to 7 only, and when n = 2 the choice of O(1)
is immaterial.

Observe that, if O(1) is very ample and defines a projective embedding ¢ : V < P¥ then,
for any general enough (dim D — 1)-tuple (Hjy, ..., Hqim p—1) of projective hyperplanes in
Piv , the subscheme

C:=Dn Lil(Hl) Nn...N Lil(Hdimpfl)
in P is integral, one-dimensional, and projective over k, and its class [C] in CH;(X)
coincide with H4™ P~ [D]. Consequently degy p L is nothing but the degree degy, 1 (L).[C]
of the restriction of L to the “general linear section” C' of D.

Let us recall that, if M is a smooth projective geometrically connected scheme over
some field ko of characteristic zero, then the Picard functor Picps/, is representable by a
separated group scheme over kg, and that its identity component is an abelian variety over
ko. A line bundle L over M will be said algebraically equivalent to zero when the point in
Picaz/k, (ko) it defines belongs to Pic(])\/[ Jko (ko), or equivalently, if its class in the Néron-Severi

group of M over ko — defined as Picy; /g, (ko)/ Pict, /ko(ko) — vanishes’.

In particular, we may consider the identity component Pic?/K /K of the Picard variety of
the generic fiber Vi of 7; it is an abelian variety over K, and we shall denote (B, 7) its
K /k-trace. By definition, B is an abelian variety over k, and 7 is a morphism of abelian
varieties over K:

7: Bx — Pic}, -
Since the base field k is assumed to be of characteristic zero, this morphism is actually a
closed immersion. We refer the reader to Section 4.6 infra for a discussion and references
concerning the definition of Pic[‘)/K K and (B, T).

4.1.2. The following theorem may be seen as a geometric counterpart, valid over the function
field K := k(C), of the main result, Theorem 3.1.2 of Section 3.

Theorem 4.1.3. With the above notation, for any line bundle L over V', the following three
conditions are equivalent:

VA1 The relative Atiyah class jet%//C(L) vanishes.

VA2 There exists a positive integer N and a line bundle M over C such that the line
bundle L&N @ 7* MV is algebraically equivalent to zero.

VA3 There exists a positive integer N such that the line bundle L}G}N on Vi is alge-
braically equivalent to zero, and the attached K -rational point of the Picard variety Pic[‘)/K/K
is defined by a k-rational point of the K/k-trace of Pic(‘)/K/K. Moreover, for any component
D of a closed fiber of m, the degree degy p L vanishes.

Observe that, for any closed point P of C \ A, its fiber D := 7*(P) is a divisor in
V', smooth and geometrically connected over k(P), and that, according to the projection

9The reader should beware that this definition is weaker than the one occurring in [Ful98]. Namely, if D
is a divisor in M, the line bundle O(D) is algebraically equivalent to zero in the above sense iff the divisor
Dy, on Mg is algebraically equivalent to zero in Fulton’s sense, where ko denotes an algebraic closure of
ko-
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formula,
degy p L = degy(c1 (L).H”_Q.[W*(P)])
= degy (mi(c1(L).H"?).[P))
= [k(P) : k]. degg(c1(Lg).c1(O1) )™ VE=L [Vie]).
In particular, if some positive power L%N of Ly is algebraically equivalent to zero, then
degy p L vanishes. Consequently, in condition VA3, we may require the vanishing of

degpy p L only for components D of the supports of the singular fibers 7*(P), where P
varies in A.

The proof of the equivalence of conditions VA1 and VA2, which uses the Hodge index
theorem and basic properties of Hodge cohomology groups, will be presented in Sections 4.4
and 4.5 below. Then in Section 4.6 and 4.7 we shall recall some classical facts concerning
the Picard variety Pic?/K /K and its K /k-trace, and establish the equivalence of conditions
VA2 and VA3.

4.2. Variants and complements.

4.2.1. Recall that the following conditions are equivalent — when they hold, the Picard
variety Pic(‘)/K K will be said to have no fixed part:

NF1 The K/k-trace of Pic?,K /K vanishes, or in other terms, for any abelian variety A
over k, there is no non-zero morphism of abelian varieties over K from Ag to Pic?,K/K.

NF2 The morphism of k-abelian varieties naturally deduced from w:V — C
— which has a finite kernel — is an isogeny.

NF3 The injective morphism of k-vector spaces
™ HY(C,0c) — HY(V,Oy)
s an isomorphism.

NF4 The injective morphism of k-vector spaces
HO(Q QIC/k) - HI(V7 Q%//k)

s an tsomorphism.

Indeed the equivalence of NF1 and NF2 follows from the description of the K/k-trace
of Pic[‘)/K /K recalled in Proposition 4.6.1 below. The equivalence of NF2 and NF3 follows
from the identification of H!(C, O¢) (resp. H'(V,Oy)) with Lie Pic%/k (resp. Lie Pic(‘)//k).
The equivalence of NF3 and NF4 follows from Hodge theory when k& = C, and therefore,
by a standard base change argument, for any base field k of characteristic zero.

As demonstrated by the theorem of Mordell-Weil-Lang-Néron, it is natural to require a
no fixed part condition when searching for statements valid over function fields that are as
close as possible to their arithmetic counterparts. This is indeed the case with Theorem
4.1.3. Namely, when Pic?/K K has no fixed part, Conditions VA1-3 are also equivalent to
the following ones, which look more closely like the conditions appearing in i) and ii) of the
“arithmetic” Theorem 3.1.2:
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VA2’ There exists a positive integer N and a line bundle M over C such that the line
bundle LN is isomorphic to 7M.

VA3’ The class of Lk in the abelian group Picy, i (K) is torsion. Moreover, for any
component D of a closed fiber of m, the degree degy p L vanishes.

Indeed, the equivalence of VA3 and VA3’ when NF1 holds is straightforward, and the
equivalence of VA2 and VA2’ easily follows from NF2.

4.2.2. Generalizations of Theorem 4.1.3 concerning a smooth projective variety V over k
fibered over a variety C' of dimension > 1 may be deduced from its original version with C
a curve by means of standard techniques, as in the proof of the Mordell-Weil-Lang-Néron
theorem (cf. [LN59]). We leave this to the interested reader.

4.3. Hodge cohomology and first Chern class. Let k be a field of characteristic zero,
and SmPr; the full subcategory of the category of k-schemes whose objects are smooth
projective schemes V' over k.

In this Section, we review some basic properties of the Hodge cohomology groups of
objects in SmPr;. These properties are consequence of the duality theory for coherent
sheaves on projective varieties, as explained in [Gro62], exposé 149.

4.3.1. Hodge cohomology groups. To any object V in SmPr; are attached his Hodge coho-

mology groups:

HPY(V/k) := HYV, Qz"//k).
These are finite dimensional k-vector spaces, and vanish if min(p, ¢) > d := dim V. Moreover,
the cup products

HPUV/k) x HP 9 (V/k) — HP ot (V/E)
(a,d) — a.d,
— defined as the compositions of the products

HY(V, Q) x HY (V9 ) — H(V,0), 0 Q)

and of the mappings

HO (V.08 @ OF, ) — HOT (V000

deduced from the exterior product A : Qi’//k ® Q{"///k — QI‘)/J/FISI — make the direct sum
H**(V/k) :== @, genz HP1(V/k) a bigraded commutative!? k-algebra.

The cohomology group is a one dimensional k-vector space, with basis 1y, if V is a
geometrically connected k-scheme.

Moreover, the “top-dimensional” Hodge cohomology group H%4(V/k) is equipped with
a canonical k-linear form:

/ HYYV/E) — k,
V/k

and the attached k-bilinear map
<..> H"(V/k)x H"*(V/k) — k
(Oz, ﬁ) — fV/k a.

ONamely, for any a (resp. ') in H(V, Q) (resp. in HY(V, Qf///k)), we have a.a’ = (—=1)P"' 199 o/ .
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is a perfect pairing.
In particular, when V is a geometrically connected k-scheme — equivalently if the linear
map
k. — T(V,0y)=H%(V/k)
A — Aly
is an isomorphism, then the “residue map” also is:

/ CHM(VR) 2 R
V/k

-1
= /V e

These constructions are compatible in an obvious sense with extensions of the base field
k. Let us also indicate that, when k = C, the trace map

/ L HM(V/C) — C
v/C

Then we let:

satisfies the following compatibility relation with the Dolbeault isomorphism
DOlet‘i,/c : HA(V, Q(xi//c) — Hpo(V, Ql{i//(C)

(we follow the notation of [BK07], A.5.1) and the integration of top degree forms:

/ . AY(V(C)) — C.
V(C)

For any a in A%4(V(C)), of class [a] in HE . (V, Q“i//(c, we have:

1
Dolb_} al) =¢ / a,
/ Dot (o) =i |

where €; denotes a sign, function of d only, depending on the sign conventions followed in
duality theory.

4.3.2. The first Chern class in Hodge cohomology. Any line bundle L over some V in SmPry,
admits a first Chern class ¢1 (L) in H%!(V/k). It may be defined as the class of the extension
given by the principal parts of first order associated with L

jetX/kL 0 — Q%(/k QXL — P)l(/k(L) — L —0

in
(4.1) Exty, (L, Oy, ® L) ~ Exty (O, Qy,)
(4.2) ~ H'(V, Q1)

(The isomorphism (4.1) is the (inverse of the) one defined by applying the functor . ® L to
complexes of Oy-modules, without intervention of signs. The isomorphism (4.2) is the one
discussed in [BKO07], A.2 and A.4.)

The so-defined first Chern class defines a morphism of abelian groups:
Pic(X) — HY(V,Qy,,) = H"(V/k)
[L] — al(l).
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Moreover, this morphism factorizes through the Néron-Severi group
NSyi (k) = Picx/k(k)/Pick . (k),

vanishes precisely on its torsion subgroup NSV/k(kz)tor (compare for example [Kle66, I1.2
Cor. 1 to Th. 2]), and consequently defines an injective morphism of groups

c1 : NSy (k) /NSy i (k)ior — H"'(V/E).

In other words, for any line bundle L on V, the following two conditions are equivalent:
(i) the first Chern class ¢1(L) in HY(V/k) vanishes;
(ii) for some positive integer N, the line bundle L®Y over V is algebraically equivalent
to zero.

Let us also recall that the construction of the first Chern class in Hodge cohomology is
compatible with pull-back by k-morphisms. It is also compatible with intersection theory.
In particular, we have:

Proposition 4.3.3. For any d-tuple D1,..., Dy of divisors in V, the following formula
holds:

(4.3) /V/k c1(O(Dy)). -+ .c1(O(Da)) = degy([D1]. - - .[Dal),

where [D;] denotes the class of D; in the Chow group CHY(V), [D1].--- .[Dy4] their product
in CHY (V) = CHy(V) and

degy, : CHo(V) = CHy(Speck) ~ 7Z

the degree map, attached to the structural morphism m:V — Speck of V.

In particular, if d =1 and V is geometrically irreducible, then
c1(O(D)) = degy D.py -

Indeed the equality (4.3) follows from [Gro62], exposé 149 (Théoréme 1, Théoreme 2,
and its proof) when the divisors Di,..., D, and their successive intersections Dy N Dy,
DiNDyNDs,....DiNDyN---N D, are smooth. Together with the invariance of both
sides of (4.3) by linear equivalence of Dy, ..., D,, and Bertini theorem, this shows that (4.3)
holds when Dy, ..., D, are very ample. The general case of (4.3) follows by multilinearity.

4.4. An application of the Hodge Index Theorem. Our proof of Theorem 4.1.3 will
rely on the an application of Hodge Index Theorem to projective varieties fibered over curves
that we discuss in the present Section.

4.4.1. The Hodge Index Theorem in Hodge cohomology. Let V be smooth projective, geo-
metrically connected, scheme over k, and let h be the first Chern class c¢1 (O(1)) in HMY(V/k)
of some ample line bundle O(1) on V. (When k£ = C, we could more generally define h as the
class in H11(V/C) — identified with the Dolbeault cohomology group Hp ;, (V(C), Q%/((C))
— of any Kéhler form on V(C).)

We shall use the Hodge Index Theorem in the following form, which follows from its usual
version (see for instance [BGI71], XII1.7) combined with Proposition 4.3.3 above:



THE ARITHMETIC ATIYAH EXTENSION 35

Proposition 4.4.2. When d := dimV > 2, for any class o of H*'(V/k) in the image of
c1 : Pic(V) — HYY(V/k), the following conditions are equivalent:

(i) a =0;

(ii) a®.h¥2 = a.h?¥ 1 =0 in H*(V/k) ~ k.

4.4.3. An application to projective varieties fibered over curves. We keep the notation of
the previous paragraph, and assume that d := dim V is at least 2. Moreover, we consider a
smooth, geometrically connected, projective curve C over k, and a dominant k-morphism
m: V — (. We shall denote K the function field k£ of C, Vi := V X Spec K the generic
fiber of 7, and O(1)k the pull-back of O(1) to Vik.

Let us introduce the class
F:=7"uc
in HY(V/k). The “intersection number” fV/k F.h%=1, which a priori belongs to k, is a
positive integer — namely the degree degp ), Vi of Vi with respect to O(1)k. Indeed, if

E is a divisor on C' with positive degree, and if H is the divisor of some non-zero rational
section of O(1), we have

(4.4) degk([ﬂ*(E)]-[H]d_l) = degk([E]-W*([H]d_l)) = degy, E. degp 1), Vi,

by basic intersection theory. Besides, the naturality of ¢; and Proposition 4.3.3 show that
the left-hand side of (4.4) is also equal to

/ e (O(E)).cr (0(1))! = / o (deg, i) b0 = deg, . [ Fod-L.
V/k V/k V/k

Together with (4.4), this establishes the announced relation
/ F.h%" = dego), Vi
V/k

In particular, the class F is not zero, and the image of 7* : HVY(V/k) — HYY(V/k) is
precisely the k-line k.F.
Observe also that u% = 0 for dimension reasons, and that consequently F? = 0.

Proposition 4.4.4. With the above notation, for any class 3 of H“*(V/k) in the image of
c1, the following conditions are equivalent:

(i) B belongs to Q.F;

(ii) B belongs to k.F;

(iii) 8.8 = B.F =0 in H>*(V/k);
(

iv) B2.ht"2 = B.F.h?"2 =0 in HY(V/k) ~ k.

Proof. The implications (i)=-(ii)=-(iii)=(iv) are straightforward. To establish the converse
implications, consider the class

B Jop BRET
Jogi Ehd=

in H'Y(V/k). Tt satisfies a.h®! = 0 by its very definition (recall that fV/k' c HY(V/E) ~

k). Moreover, when condition (iv) holds, then « also satisfies a?.h9~2 = 0. Then Hodge

a:=pj F
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Index Theorem (Proposition 4.4) shows that « vanishes, or equivalently that

5= Jyp B P
N fv/kF.hdfl' '
This establishes (i), since fV/k ,B.hdfl/fv/lC F.h% 1 belongs to Q. Indeed, like fv/k F.hd-1,

I Ik B.h41 is an integer, since it coincide with the intersection number degy([D].[H]%"!)

where D denotes a divisor on V such that § = ¢;(O(D)) and H the divisor of some non-zero
rational section of O(1). O

4.5. The equivalence of VA1 and VA2. We keep the notation of the previous paragraph
4.4.3. In other words, the same hypotheses as in Theorem 4.1.3 are supposed to hold, except
the connexity of the geometric fibers of .

The following result contains the equivalence of Conditions VA1 and VA2 in Theorem
4.1.3:

Theorem 4.5.1. For any line bundle L over V, the following conditions are equivalent:
(i) The relative Atiyah class jetycL vanishes in HYY(V, Q%//C).
(ii)” e1(L) belongs to Q.F.

(ii)” There exists a positive integer N and a line bundle M over C such that c1(LEN ®
M) vanishes.

Proof. The equivalence (ii)’ < (ii)” is straightforward.

To establish the implication (i) < (ii)’, consider the canonical exact sequence of sheaves
of Kéhler differentials on V,

and the associated exact sequence of cohomology groups
1(; 1
H' (V.r0k,) =0 1 (v.0),) T8 5 (v.b.).

As a special case of Lemma 1.1.6, i), the relative class jety,c L is the image of ¢1(L) =
jety/L by H'(p). Since F belongs to the image of H'(i), hence to the kernel of H'(p), this
establishes the implication (ii)” = (i).

The implication (i)=-(ii)” will follow from the implication (iii)=-(i) in Proposition 4.4.3
combined with the following:

Lemma 4.5.2. For any line bundle L over V, if the relative Atiyah class jety oL vanishes
in HY(V, Q%//C), then c1(L).F and c1(L)? vanish in H?(V, Q%//k)

To establish this lemma, Observe that the cup product
(4.5) H"(V/k) @ H" (V/k) — H**(V/k)

vanishes on im H'(i) ® im H'(7). Indeed the map of sheaves of Oy -modules defined as the
composition

Qb ® T Qg T gy @ Qg =5 B
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vanishes by functoriality of the exterior product, since Q%, k= 0. This entails the vanishing
of the cup product (4.5) on ker H!(p)®ker H!(p) and on ker H! (p)®im 7*, where 7* denotes
the pull-back map in Hodge cohomology 7* : H“Y(C/k) — HYY(V/k).

The relative Atiyah class jety, oL in H'(V, €, /) of aline bundle L on V' is the image by
H'(p) of its Atiyah class jety L in H'(V,Qy, /k). Consequently, jety L vanishes precisely
when ¢;(L) = jety,, L belongs to ker H'(p), in which case ¢;(L)* and ¢i(L).F vanish in
H2(V, Q%/ /k) by the observation above. This completes the proof of Lemma 4.5.2, hence of
Theorem 4.5.1. g

4.6. The Picard variety of a variety over a function field. In this paragraph, we
recall some classical facts concerning the relations between the Picard varieties of C and V,
and the K/k-trace of the Picard variety of generic fiber Vi of V. (For modern presentations
of Chow’s classical theory of the K/k-trace of abelian varieties over K, we refer to [Con06|
and Hindry’s Appendix A in [Kah06].)

Let (B, 7) be the K/k-trace of Pic?/K /- By construction, B is an abelian variety over k,
and 7 is a morphism of abelian varieties over K

. - 0
T7:Bg — PICVK/K‘
Actually, since our base field k has characteristic zero, 7 is an embedding.
The inclusion Vg — V induces a morphism of abelian varieties over K
. Pin0 . 0
¢ : PlCV/k,K — PICVK/K'
According to the universal property of (B, 7), there exists a unique morphism of abelian
varieties over k
Q: Pic(‘]/ e B
such that
¢ =Touak.
Beside we may consider the morphism
T Pic%/k — Pic?//k
defined by functoriality from 7 : V — C.

The following Proposition is established as Proposition 3.3 in [HPWO05], where references
are made to similar earlier results due to Tate, Shioda, and Raynaud.

Proposition 4.6.1. The morphism « is surjective, and the morphism ©* is an isogeny from
Picoc/k onto the abelian variety (ker «)° defined as the identity component of the k-group
scheme ker a.

In brief, the following diagram of abelian varieties over k
0 — Pic,, ™ Pic), % B — 0

is “exact up to some finite group schemes”. Together with Poincaré’s reducibility theorem,
this implies that the diagram of abelian groups

(4.6) 0 — Pic% ;. (k) " Pic), ;. (k) = B(k) — 0

is “exact up to some finite groups.”
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Corollary 4.6.2. For any line bundle L over V', the following conditions are equivalent:
(i) There exists a positive integer N such that the class of LYY in Pic?/K/K(K) belongs
to T(B(k)).
(ii) There exist a positive integer N and a line bundle L' over V', algebraically equivalent
to zero, such that, over Vi,

QN o 1/
LN ~ L.

(11i) There exist a positive integer N, a line bundle L' over V, algebraically equivalent to
zero, and a vertical divisor E over V' such that, over V,

LN ~ I/ ® O(E).

Proof. The equivalence of (ii) and (iii) is straightforward. The one of (i) and (ii) follows from
the “almost exactness” of (4.6) and the fact that any element of the group Pic(‘)//k(k) has
a positive multiple that may be represented by an actual line bundle over V', algebraically
equivalent to zero. O

4.7. The equivalence of VA2 and VA3. In this section, we complete the proof of The-
orem 4.1.3 by establishing the equivalence of conditions VA2 and VA3.

The implication VA2=-VA3 follows from the implication (ii)=-(i) in Corollary 4.6.2 and
from the invariance of degy p L under algebraic equivalence of line bundles.

Conversely let us consider a line bundle L over V' that satisfies VA3.

According to the implication (i)=-(iii) in Corollary 4.6.2, we may find a positive integer
N, a line bundle L’ over V, algebraically equivalent to zero, and a vertical divisor F in V
such that L&V ~ L' ® O(E).

Moreover, for every vertical integral divisor D in V', we have
degy p L®N = N, deggpL =0
by VA3, and
degy p L'=0
since L' is algebraically equivalent to zero. Therefore,
degy p O(E) = 0.

Lemma 4.7.1 below shows that, after possibly replacing L and L’ by some positive power,
the divisor F is of the form 7*(E’) for some divisor E’ on C. Consequently,

LN @ m*O(~E) ~ I/
is algebraically equivalent to zero, and L satisfies VA 2.

Lemma 4.7.1. For any vertical divisor E on V', the following conditions are equivalent:

(i) For every vertical divisor D on 'V,
(i1) There exist a divisor E' on C and a positive integer N such that

N.E =1*F'.
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This is well known, at least when n = 2 and k is algebraically closed, in which case it
is traditionally attributed to Zariski. We refer to [Del73] for a discussion of related results
concerning intersection theory on surfaces, and to [HPWO05], Lemme 2.1 for a similar result.
We sketch a proof below for the sake of completeness.

Proof. The implication (ii)=(i) is a straightforward consequence of the projection formula.
Indeed, for any integral vertical divisor D on V', the following equality holds in the Chow
group CH(C)
m.(H"2.D) =0,
since 7(D) is zero-dimensional. Consequently, if E’ is a divisor in C, we have
degy p O(m*E') = degy(H" 2.D.7*E')
= degy(m«(H"2.D).E")
=0.
To establish the implication (i)=-(ii), we may assume that E is supported by the fiber

7 (P) of some closed point P of C. Let Dy,..., D, be the components of |7*(P)|, and let
ni,..., N, be the positive integers defined by the equality of divisors in V:

r
=1

We want to prove that if some divisor supported by 7#*(P), E := >"._, m;.D;, satisfies
degH,Dj O(E) =0,

for every j € {1,...,r}, then E is a rational multiple of 7*(P), or, in other words, there
exists m in Q such that

(my,...,my) =m(niy,...,n.).
This property is equivalent to the fact that the kernel of the symmetric quadratic form
attached to the matrix (¢;j)1<s,j<, defined by

Qij = degk(H"_Q.Di.Dj)
is generated by the vector (nq,...,n,).

To establish this, observe that the converse implication (ii)=-(i), applied to D = D; and
E = n*P, shows that
T
> gin; =0
j=1

for every i € {1,...,r}. This yields the following expression for the quadratic form defined

by the g;;’s:
i (mz mj>2
QijmiMmy; = — QijMTij \ — — — | .
”Z:I Y 1<§<r BN
The required property now follows from the following two observations:

(i) For any two distinct elements i and j in {1,...,r}, the cycle theoretic intersection
D;.D; of the Cartier divisors D; and D; is the cycle attached to the intersection scheme
D; N Dj, which is either empty or purely (n — 2)-dimensional, and consequently, by the
ampleness of H, the degree ¢;; := deg,(H" 2.[D; N D;]) is non-negative, and positive if
D; N Dj is not empty.
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(ii) The scheme 7*(P) is connected, and consequently there is no partition of {1,...,r}
in two non-empty subsets I and J such that (i,j) € I x J = ¢;; = 0.

0

APPENDIX A. A COMPUTATION IN CECH COHOMOLOGY

Let X be an arithmetic scheme over an arithmetic ring, £ a quasi-coherent Ox-module
on X and U = (U;)er a locally finite, affine, open covering of X. We fix a well ordering on
I and consider the (alternating) Cech complex (C (U, E), d) where

cu.e)= [ EU.i)
10<...<ip
with usual notation
Uio...ip = Uio n...N Uip
and differential § : CP(U, E) — CP*Y(U, E) given by the formula
p+1

_ k R
(00)i,... ipi1 = Z(_l) Qi ireip

k=0
Recall from [BKO07, 2.5] that there is a natural morphism of Ox-modules

adp: E — (p.Ec)f>
given by adjunction with respect to the natural morphism of locally ringed spaces
p: (X5(C),C%,) — (Xx(C),0%)) — (X, 0x).
It induces a morphism of Cech complexes
CU,adp): CU,E) — CU, (pEc)™).

We use the conventions fixed in [BK07, A.1]. The Cech hypercohomology H° (Z/{ ,C (adE)))
of the cone C'(adg) of adp with respect to the covering U is the cohomology of the complex
C(C(U,adp)) in degree zero. This complex starts as

0 - e, ) ) 1, By & O (0B 5 2, By 0 At (o))
where CO(U, E) sits in degree —1. Hence H(U, C(adp)) is the quotient
{(a, B) € CY(U, E) ® CO(U, (p. Ec) ™) | da = 0 A adg(ar) = —5(5)}
{(=50),adp() |7 € oW, B) }

This group fits by the cone construction into a natural exact sequence
H'(U,E)) — H(U, (pEc)"™) — H°(U,C(adp))) — H' (U, E)) — H' (U, (p+Ec)"™>)).

(A1)

Lemma A.0.2. Let E be quasi-coherent Ox-module. There exists a canonical commutative
diagram
—1
NX,E) — A°(Xg, E) —  Ext (Ox,E) — Ext'(Ox,E) —0

5 ! 3 ! 5 | pup leb{,E
H°(U,E)) — H°(U,(p+Ec)'>) — H°(U,C(adg)) — H'(U,E)) —0.

with exact horizontal lines where all vertical maps are isomorphisms.
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Proof. The upper exact sequence is established in [BK07, 2.2]. We have
H' (U, (p-Bc)™)) = H' (p~'U, (Ec)"™))

and the latter group is zero as Cech cohomology of a fine sheaf (use [Wel80, II 3.2 ¢)]) with
respect to a locally finite, open covering vanishes [Hir66, 2.11]. We obtain the lower exact
sequence. The two left vertical maps are given by the natural isomorphisms induced by the
restriction maps of the sheaves E and (p.Ec)">. We define py . Let

E0—-E—-FL50x—0

be an extension of Ox-modules. The map 7 admits a section ; over each affine scheme U;.
The difference a;; = ¢;|u,; — wilv,; determines an element in T'(Uyj, E). The family (a;;)i;
defines a 1-cocycle in C' (U, E) whose class in H'(U, E) does not depend on the choices of
the ¢;. One obtains a canonical isomorphism (compare for example [Ati57, Prop. 2|)

PUE : EXt%{(O)QE) - HI(U,E), [5] = [(aU)U]

Finally we define py g. Let (€, s) be an arithmetic extension with € as above. Choose the
@; as before and define

ﬁi = S|Ui — adE((pi) S AO’O(UZ'R,E).
We have adg(aij) = Bilv,; — Bjlu,;- Hence the pair ((aij)ij, (ﬁz)l) determines an element
pu,e(€,s) in (A1), ie. in HO(U, C(adg)). This class does not depend on the choices of the
;. Given different sections ; which led to cocyles ((d,-j),-j, (Bz)l) as above, we consider

Y E Co(qu)v Yi = ¥ _952
and get

) () = (@ B) - (e, ).
()

adE
It is straightforward to check that

pu: Bxt (Ox, B) — HO(U,Cadp)) , [(€,5)] — [(u), (8:)]

is a group homomorphism which fits into the above commutative diagram. The five lemma,
implies that the map py, g is an isomorphism. O

Corollary A.0.3. Let F, G be quasi-coherent Ox-modules such that F' is a vector bundle
on X. There exists a canonical isomorphism

. —1 .
purc  Ext (F,G) — H*(U, C(adpom(r.c)))
—1
which identifies Ext (F,G) with the quotient (A.1) for E = Hom(F,G).
Proof. 1t is proved in [BK07, 2.4.6] that there is a canonical isomorphism

(A.2) Ext (F,G) = Ext (Ox, Hom(F,G))

which maps the class of an arithmetic extension (£, s) to the pushout of (£,s) ® F" along
the canonical map A : Ox — F ® FV. Let E = Hom(F,G). We define py p¢ as the
composition of the isomorphisms (A.2) and gy g in A.0.2. O
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APPENDIX B. THE UNIVERSAL VECTOR EXTENSION OF A PICARD VARIETY

In this Appendix, we recall basic facts about universal vector extensions from [Mes73]
and [MM74] and describe the maximal compact subgroup of the Lie group given by their
real and complex valued points.

Let S be a locally noetherian scheme. We consider a morphism f : X — S of schemes
which satisfies:

i) The morphism f is projective, smooth with geometrically connected fibers.
ii) The Hodge to de Rham spectral sequence

Bt = RIfO5 o = R £.Qy g

degenerates at F; and the sheaves R? f*Qg( /s

iii) The identity component Picg( /8 of the Picard scheme Picy/g is an abelian scheme.

are locally free.

B.1. We observe that i) implies that Pic x/s 1s representable by a S-group scheme [Gro62,
n.232, Thm. 3.1] and that f.Ox = Og holds universally [Gro63, 7.8.6]. Furthermore
i) implies ii) if S is of characteristic zero [Del68, Th. 5.5] and i) implies iii) if S is the
spectrum of a field of characteristic zero [BLR90, 8.4]. It is shown in [Kat70, 8.3] that the
formation of the coherent sheaves R? f*Qé’( /s and R" f, Q' /g commutes with arbitrary base
change if they are locally free.

B.2. We consider the complex

Q%0 0% Tk ¢ S 0% oS

where O% sits in degree zero. The group

Pic#(X/S) := Hl(Xfppf’ Q)X(/S)
classifies isomorphism classes of pairs (L, V) where L is a line bundle on X and V is an
integrable connection

V:iL— Loy
relative to S [Mes73, (2.5.3)]. We denote by
Picf{/s = le*vfppr;;/S
the fppf-sheaf on S associated to the presheaf
T +— Pic# (X x5 T/T).
If X7 = X xg T admits a section over T', we have [Mes73, (2.6.4)]

(B.1) Pic 5(T) = Coker(Pic(T) 5> Pic* (X x5 T/T)).
B.3. If T'/S is a fpqc-morphism, we have
(B.2) Pick g xs T = Pick .

This is obvious if 7'/S is fppf. Hence we may assume without loss of generality that X /S
admits a section. Then one can see as in [BLR90, 8.1, p.204] using rigidifications and

fpge-descent that Picﬁ /s defines via (B.1) an fpgc-sheaf on S. This implies (B.2).
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B.4. The exact sequence of complexes
(Bg) O—>T21QX/S—>Q;<(/S—>O;(—>O
induces an exact sequence
0 — H' (Xippt, 7212y /5) — Pic# (X/S) — H' (Xippr, O%) = H*(Xtppr, 71 /5)-

Observe that exactness on the left follows from the long exact sequence associated with
(B.3) as the map

dlog: T'(X,0%) — T'(X, Q% )
is zero by Assumption B ii). Using descent and again Assumption B ii), one gets
H' (Xippt, O%) = Pic(X) , H*(Xippt; 72190 /5) = H (Xzar, 7212y /5)
and
Hl(Xfppf, 7'219')(/5) = ker(HO(Xfppf, Q%(/S) — HO(Xfppf, Q%(/S)) = F(S, f*Qﬁ(/S)
Sheafification of the exact sequence yields the exact sequence
0 — .04 — Pick g — Picx/s = R*furs1Qy g
As there are no non-trivial homomorphisms from the abelian scheme Picg( /g to the coherent

sheaf R?f, 751 /s by [MM74, Lemma p.9], we have Pic% /s € ker(c). Hence we obtain an
extension of fppf-sheaves over S of abelian groups

(B.4) 0 — fuldk /s — Pxys — Pick/g — 0
where
Px/s = Pick g XPicy)s Pic%s-
B.5. The universal vector extension of the abelian scheme Picg( /s is a group scheme Ex/g
which fits into an exact sequence of fppf-sheaves
(B.5) 0—=Eys— Ex/s — Picg(/s —0
where E, /g denotes the Hodge bundle of the dual abelian scheme A = (Picg(/s)v. The
universal vector extension can be characterized by its universal property: Given an abelian

fppf-sheaf E’ and a vector group scheme M which fit into an extension of fppf-sheaves of
abelian groups

(B.6) 0—>M—>E’—>Picg(/s—>0,

there exits a unique Og-linear morphism ¢ : E4,g — M such that (B.6) is isomorphic to
the pushout of (B.5) along ¢.

By the universal property there exist unique morphisms f and g such that

0 — Eus — Exis — Pic())(/s — 0

(B.7) Lt lg |

0 — f*Qk/S — PX/S — PlC())(/S — 0
is a pushout diagram. The biduality of abelian schemes yields a canonical isomorphism

(B.8) Ex/s = Eays.
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It is furthermore shown in [MM74] and [Mes73] that (B.7) with X replaced by A induces a
canonical isomorphism

Es/s = Pays.

Assume that X/S admits a section e. There exits a canonical morphism ¢ : X — A
which pulls a Poincaré bundle for A rigidified along zero back to a Poincaré bundle for X
rigidified along e. Pullback along ¢ induces morphisms

o* Ea/s — f*Q}(/S,a — '
and (using description (B.1))
¢": Pyys — Pxys, [L, V] [p"L,¢"V]

such that

0 — Eug — Pays — Picgg — 0
(B.9) L Le I

0 — flye — Pxis — Pickg — 0
is commutative. The uniqueness assertion in the universal property implies that the maps
f and g in (B.7) are given under the canonical identifications

Ex;s = Eass = Payg

by pullback along ¢.

B.6. Let S be the spectrum of a field k& of characteristic zero. For a projective, smooth, geo-
metrically connected S-scheme, our assumptions B i)- iii) are satisfied by B.1. Furthermore
the morphism

(B.10) Eass — f«Q2x/s
given by pullback along ¢ is an isomorphism. In fact (B.10) is injective as X generates A
as an abelian variety and bijective for dimension reasons (compare for example [BLR90, 8.4
Th. 1 b))).

. It follows that Ey, = Py is the universal vector extension of Picg(/k. Hence (B.1)
gives

(B.11) Ex (k) = {(L,V) ’ L line bundle on X with integrable connection V}/ ~

if X (k) # 0. In general, we choose a Galois extension k’/k with Galois group I' such that
X (k') # 0 and get

(B.12) Exi(k) = Ex,, jw (K')".
B.7. If k = C, the extension
(B.13) 0 — T'(X, Q% c) = Exyc(C) — Pickc(C) — 0

admits a canonical splitting
(B.14) o Picg(/(c(@) — Ex/c(C)

given as follows. Given an algebraic line bundle L on X with ¢;(L) = 0, we choose a
hermitian metric A on the holomorphic line bundle L¢ on X (C) with curvature zero. Let
V£ denote the unitary connection on L¢ = (L¢, h) which is compatible with the complex
structure. Observe that V7 does not depend on the choice of h. The (1,0)-part V%O of V¢
defines a C*-section of the Atiyah extension aty(Lc). This C*°-section is a holomorphic
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section by (1.16). Hence it algebraizes uniquely by GAGA [Ser56] and defines an integrable,
algebraic connection V on L. The assignment

L] — [(L, V)]

defines the group homomorphism (B.14). The image of ¢ is the unique maximal compact
subgroup of Ex /¢ (C) as the linear space I'(X, Qﬁ( /C) has no non-trivial compact subgroups.

B.8. If £ = R, the extension
(B.15) 0= T(X,Q%/r) = Ex/r(R) — Pick/p(R) — 0

is obtained from the extension (B.13) by taking invariants under complex conjugation. We
obtain again a canonical splitting

or: Pick p(R) — Ex/z(R)

as the splitting (B.14) is invariant under complex conjugation. The image of o describes as
before the unique maximal compact subgroup of Ex /g (R).
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