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1 Intr oduction

Retrialqueueingsystems( or queueingsystemswith repeatedattempts,returningcustomers,
calls or orders) have wide practicalusein designinglocal areanetworks andtelecommuni-
cationsystems.Thesequeuesarecharacterizedby the following feature:a primary request
finding all serversandwaiting positionsbusy uponarrival leavesthe servicearea,but after
somerandomtime he repeatshis demand.Betweenretrialshe is said to be in ’orbit ’. So
the repeatedattempsfor servicefrom the groupof blocked customersaresuperimposedon
thenormalstreamof arrivalsof primaryrequests,thustheretrial queuescanbeconsideredas
alternative to queueswith lossesthatdo not take repeatedattempsinto account.

In recentyears,therehasbeenconsiderableinterestin retrial queues.For a systematic
accountof thefundamentalmethodsandresults,furthermoreanaccessibleclassifiedbibliog-
raphyon this topic the interestedreaderis referredto, for example[2], [5], andreferences
therein.

In many practicalsituationsit is importantto take into accountthe fact that the rateof
generationof new primarycallsdecreasesasthenumberof customersin thesystemincreases.
This can be donewith the help of finite-source,or quasi-randominput models. Queueing
systemswithout retrials,thatis systemswith classicalwaiting linesandfinite populationhave
beenreview in detailby Takagi[15]. SinceKornyisev [12], which wasthefirst paperdevoted
to finite-sourceretrial queues,therehasbeena rapidgrowth in the literatureon this topic. A
completesurvey onrelatedresultscanbefoundin Artalejo[2] for systemsof type �������
	�����
and �������������� in Kendall’s notation. In addition, in the papersFalin, Artalejo [6], Falin
[7] not only the outsideobserver’s distributionsof the systemsin steadystate,but also the
stationaryperformancecharacteristicsareconsideredon moredetail. In particular, all main
measureswereexpressedin termsof the server utilization. Arriving customer’s distribution
of thesystemstate,busyperiodandwaiting time processes( which is especiallycomplex for
retrialqueuesdueto theovertaking) wereinvestigated,too.
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Retrial queueswith quasi-randominput are recentinterestin modelling magneticdisk
memorysystems[13], cellular mobile networks [16], computernetworks [8], andlocal-area
networkswith nonpersistentCSMA/CD protocolswith startopology[9], with randomaccess
protocols[10], andwith multiple-accessprotocols[11].

An examinationof thesepapersshows no investigationson modelswith heterogenous
sources.Thus the aim of the presentpaperis to analysea finite-sourceretrial queueswith
the following assumptions.Thereare  differentsourcesof primary callseachconsistinga
singlerequest.Whensource� is free at time � (i.e. is not beingserved andnot waiting for
service)it maygenerateaprimarycall duringinterval ��������������� with probability � �!�����#"
�$����� .
If theserver is idle at time of its arrival thentheservicestarts.Theserviceis finishedduring
theinterval �������%������� with probability &'�!���(�)"
�$����� . During theservicetime thesourcecan-
not generatea new primary request.After servicethesourcemovesinto a freestateandcan
generatea new call. If theserver is busyat time of thearrival of requestfrom the �$��* source,
thenthesourcestartsgeneratinga Poissonflow of repeatedcallswith rate +,� until it findsthe
server free. As before,afterservicethesourcebecomesfreeandcangeneratea new primary
call. All thetimesinvolvedin themodelareassumedto bemutuallyindependentof eachother.

Ourobjective is to givethemainusualstationaryperformancemeasuresof thesystemand
to show theeffect of differentparameterson them. To achive this goala tool calledMOSEL
( Modeling,SpecificationandEvaluationLanguage) developedat theUniversityof Erlangen,
Germany, see[4], is usedto formulateandsolve theproblem.We show how this systemcan
bemodelled,andhow easilyperformancemeasurescangraphicallyberepresentedusingIGL
( IntermediateGraphicalLanguage). Thismodelis anotherextentionof investigationsfor het-
erogeneousfinite-sourcequeueingsystemsthatin thecaseof theclassicalservicedisciplines(
first-come-first-served,polling, processor-shared,priority processor-shared) weretreated,for
examplein Sztrik [14] andTakagi[15].

2 The -. / -. /10(/2/43
retrial queueingmodel

2.1 The underlying Mark ov chain

Becauseof theexponentialityof the involvedrandomvariablesthefollowing processwill be
a Markov chain. The stateof the systemat time � canbe describedby the process56�!���87
���$9(:<;>=@?BADC'EF�HGIG@G@�DCKJL;>=@?M�����ONQPR� where ST�!���U7VP if the server is idle, SW�����U7X	 if the server is
busy, and 9 : �!��� is the index of the requestunderserviceat time � . YZ����� is the numberof
sourcesof repeatedcallsat time � , andbecauseof theheterogeneityof thesourcesweneedto
identify their indicesthataredenotedby C\[ , ]87^	��HG@GIG@�FY_����� if thereis a customerin theorbit,
otherwisethesecondcomponentis P . Sinceits statespaceis finite theprocess�!56���������`NaPR�
is ergodic for all valuesof the rateof generationof new primary calls,andfrom now on we
assumethatthesystemis in thesteadystate.

Wedefinethestationaryprobabilities

b �$P�ADPR�c7edIfhg=@ikj b �lST�!���m7nP��FY_�����L7oPR�
b �I]pAFPR�q7edhfIg=@ikj b �$9cEc7r]��FYZ�!���L7oPR�s� ]t7u	��HGIG@G@�F
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b �$P�AD�vE��HG@GIG@�D�$wH�L7edIfhg=@ikj b �lST�!���m7nP��DC'Em7x�vEs�HG@GIG@�DCpwy7n�$w,�s� z87u	��HG@GIG@�FQ{�	

b �I]pAD�BEF�HGIG@G@�D�|wH�m7edhfIg=@ikj b �$9cEL76]��DC'E}7~�BEs�HG@G@GI�DCpwy7~�|wH�s� zO7u	���GIG@GI�DQ{)	�G

Thetraditionalway is to derive therelatedKolmogorov equationsfor theseprobabilitiesand
usingthenormingconditionsomehow wehave to solve thesetof equations.In our casethese
two stepsareperformedby thehelpof thetool treatedin thenext subsection.

Oncewe have obtainedtheselimiting probabilitiesthe main systemperformancemea-
sures canbederivedin thefollowing way.

1. The server utilization with respect to source ]
� [27 P( theserver is busywith source] )

thatis, wehave to summarizeall theprobabilitieswherethefirsr componentis ] . Formaly

� [k7n���
E�

wD� �
�

�h����������� ���s��R[
b �I]pAD�vEF�HG@GIG@�D�$w,�

Hencetheserver utilization
� 7n�T��SW�����L7u	���7 ��[��<E

� [�G

Let usdenoteby
b ; � ?� thesteadystateprobabilitythatrequest� is waiting ( stayingin theorbit

). It is easyto seethat

b ; � ?� 7 ��[�� ��� [����� ���
E�

wD�<E
�

��� ; � � ��������� ��� ?
b �I]pAD�vEF�HG@GIG@�D�$w,�sG

Similarly, it caneasilybe seen,that the steadystateprobability
b ; � ? that request� is in the

servicefacility (it is underserviceor waiting in theorbit) is givenby

b ; � ? 7 b ; � ?� � � �MG
2. Mean response time of source �

Thederivationof thefollowing formulaearebasedon [15]. Let usdenoteby ��� �<��� themean
responsetimeof customer� , andby �\� thethroughput of request� , thatis, themeannumberof
timesthatrequest� is servedperunit time. Thesearerelatedby

�\�<7 	
�T�����h���~	���� � 7o� �v�B	k{ b ; � ? �L7~&'� � ��� �q7�	��HG@GIG@�F�G (1)

For
b ; � ? wehave

b ; � ? 7 ��� �<���
��� �<�h���x	����p� 7x�\�h��� �<�h�<7a	k{ �\�

�p� �%7u	��HG@G@GI�F�G (2)
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which representsLittle’ s theorem for request� in theservicefacility. It is easyto seethatas
aconcequenceof (1) wehave b ; � ? 7a	k{ &'�

�p�
� �

and b ; � ?� 7 b ; � ? { � ��7�	k{ &'�
�r� �
� �

� �MG
Alternatively, by thehelpof (2) we canexpressthemeanresponsetime �T������� for request� in
termsof

� � as

�T��������7
b ; � ?

� �v�v	k{ b ; � ? � 7
	k{��� ¡  

� �
&'� � � 7 � �K{¢&'� � �

�p�h&'� � � G

3. Mean waiting time of source �
Themeanwaiting timeof request� is givenby

����£¤�I�<7n�T�������p{)	��¥&'�<7 	
�\� {

	
� � {)	��¦&'�<7 �p�K{x��&'�
�r� ��� � �

� ��&'� � � G
At thesametimewe haveanotherLittle’ s theorem for request� waiting for service.Namely

b ; � ?� 7 ����£¤�I�
��� �<�I�
�x	���� � 7x�\�h����£¤��� �%7u	���GIG@GI�D�G

4. Mean number of calls staying in the orbit or in service

� 7o���§ST�!���¨�©Y_�����v�<7 �� ���<E
b ; � ? 7 �����<E �v	y{

&'�
� �
� �l�m7oQ{ª�����<E

&'�
�p�
� ��G

5. Mean number of sources of repeated calls

Ye7x���§YZ�!���v�'7 �����<E
b ; � ?� 7 �����<E �B	2{

&'�
�©�p�
� �

� �!�L7oV{ �����<E
&'�
�©�p�
� �

� ��G

6. Mean rate of generation of primary calls

�«7 �����<E �\�'7 �� ���<E �p���B	k{
b ; � ? �m7 �����<E &'�

� �MG

7. Blocking probability of primary call �

¬ �<7 �p�¦ �[��<E�� [�����  ���
EwD� �  �l���� � ��������� � � b �I]pAD�vE��HG@GIG@�D�|wH�

� G
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Henceblocking probability of primary calls

¬ 7 �� ���<E
¬ �

which is thefractionof primarycallswhich wereblocked( i.e. mettheserverbusy).

In particular, in the caseof homogeneouscalls, that is, when � �y7Q�¨� &'�27®&q� +��k7
+
� �O7¯	��HG@GIG@�F the correspondingmain performancemeasurestreatedin [6, 5] are the
following

� �'7n���§SW�����v������ �q7a	��HG@GIG@�F�� YV7xe{ �$�t�6&°� �
� �

��7o���T��Q{±ST�!���q{±YZ�!���v�<7n& � �

����£o�<7nY8� �«7nV{x��& � � �
E {6� �

E {¢& �
E �

¬ 7 �K���§V{±SW�����q{ZYZ������AFSW�����L7u	��
�K���§V{¢SW�����c{¢Y_�������

asit canbeseenin [6] with theappropriatechangingof notations.
It shouldalso be mentionedthat all the performancemeasurescan be expressedin the

termsof thecorrespondingutilizations
� � , asit wasstatedin [6]. However, wemustadmitthe

distribution functionandmomentsof thewaiting timescouldnot besolved.

2.2 MOSEL program

Thecrutialpartof thewholemodelingis theformulationof problemandderivationof themain
performancemeasures.This canbe donequite easilyby the help of a tool calledMOSEL .
It automaticallygeneratesthe stateprobabilitiesandusing thesea result file containingthe
performancemeasuresspecifiedin the modeldescriptionfile. It alsogeneratesa graphical
representationof theresultsif theinput file containsapicturepart.

Sincein our paperwe concentrateon the effect of differentparametersof the systemon
themainperformancemeasuresthetechnicaldetailsof programmingarenot treated.

3 Numerical examples

In this sectionseveral samplenumericalresultsillustratethe power of the tool showing the
influenceof differentparameterson themeanresponsetime ��� �<�I� . In homogeneouscasethe
resultswerevalidatedby the Pascalprogramgiven in [5] in pages272-274. For the easier
representationof graphicswe dealswith 3 sources,but in the different setupsthe request
generation,retrial and serviceratesplay different roles. All the time we display the mean
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responsetime ��� �<�h� of call � asthe functionof theabove mentionedrates.First we consider
totally homogenoussystemsthensystemswith mixedgroupof ratesareinvestigated.Finally
rathercomplex situationis analyzedshowing the unpredictableoperationalbehaviour of the
finite-sourceretrial system.

Figure1: ��� �y� versusretrial rate

3.1 Comments

In Figure1 we canseehow the meanreponsetime �T���k� for the retrial systemapproaches
themeantime for theclassicalsystemwithout retrial astheretrial rateincreases.This is not
suprisingsincein this casetheretrial systembecomesa FCFSfinite-sourcequeue.In Figure
2 we present3 curveswith thesamedifferentretrial ratesasit wasconsideredin [6] showing
asuprisingphenomenonof retrialqueueshaving amaximumof ��� �k� . In Figures3,4different
systemswith mixedgroupof ratesareinvestigated.Finally in Figure5 arathercomplex situa-
tion is consideredasthefunctionof primaryrequestgenerationratewith fixedheterogeneous
serviceandheterogeneousretrials.
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Figure2: ��� �k� versusprimaryrequestgenerationrate

Figure3: ��� �k� versusprimaryrequestgenerationratewith homogeneousserviceandhetero-
geneousretrial

7



Figure4: ��� �y� versusretrial ratewith homogeneousprimaryrequestgenerationandheteroge-
neousservice

Figure5: ��� �k� versusprimaryrequestgenerationratewith heterogeneousserviceandhetero-
geneousretrial

8



References

[1] AlmásiB., Bolch G., Sztrik J. PerformabilityModelingof Non-homogeneousTerminal
SystemsUsing MOSEL, 5th International Workshop on Performnability Modeling of
Computer and Communication Systems, Erlangen, Germany, 2001 37-41.

[2] Artalejo J.R. Retrial queueswith a finite numberof sources,J. Korean Math. Soc.
35(1998)503-525.

[3] Artalejo J.R. Accessiblebibliography on retrial queues,Math. Comput. Modeling
30(1999)1-6.

[4] Begain K., Bolch G., Herold H. Practical performance modeling, application of the
MOSEL language, Kluwer AcademicPublisher, Boston,2001.

[5] Falin G.I. and TempletonJ.G.C. Retrial queues, ChapmanandHall, London,1997.

[6] Falin G.I. and Artalejo J.R. A finite sourceretrial queue,European Journal of Opera-
tional Research 108(1998)409-424.

[7] Falin G.I. A multiserver retrial queuewith a finite numberof sourcesof primarycalls,
Mathematical and Computer Modelling 30(1999)33-49.

[8] Houck D.J., Lai W.S.Traffic modellingandanalysisof hybridfibercoaxsystems,Com-
puter Networks and ISDN Systems 30(1998)821-834.

[9] JanssensG.K. The quasi-randominput queueingsystemwith repeatedattemptsas a
modelfor collision-avoidancestarlocal areanetwork, IEEE Transactions on Communi-
cations 45(1997)360-364.

[10] Kalmychkov A.I. and Medvedev G.A. Probability characteristicsof Markov local-
areanetworkswith random-accessprotocols,Automatic Control and Computer Science
24(1990)38-45.

[11] Khomichkov I.I. Studyof modelsof localnetworkswith multiple-accessprotocols,Au-
tomation and Remote Control 54(1993)1801-1811.

[12] Kornyshev Y.N. Design of a fully accessibleswitching systemwith repeatedcalls,
Telecommunications 23(1969)46-52.

[13] Ohmura H. and TakahashiY. An analysisof repeatedcall modelwith a finite number
of sources,Electronics and Communications in Japan 68(1985)112-121.

[14] Sztrik J. A probabilitymodelfor priority processor-sharedmultiprogrammedcomputer
systems,Acta Cybernetica 7(1986)329-340.

[15] Takagi H. Queueing Analysis, A Foundation of Performance Evaluation, Vol. 2., Finite
Systems, North-Holland,Amsterdam,1993.

[16] Tran-Gia P. and MangjesM. Modelingof customerretrialphenomenonin celluralmo-
bile networks,IEEE Journal of Selected Areas in Communications 15(1997)1406-1414.

9


