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Introduction

Let E be an elliptic curve over Q of conductor N = Mp, having a prime
plIN of multiplicative reduction. Because E is modular, it corresponds
to a normalised weight two eigenform on I'y(N), whose g-expansion is
denoted f =), a,q".

Let X := hom(Z*, Z;) >~ Z/(p—1)Zx Z,, which contains Z as a dense
subset by associating to k € Z the character x > x*~2. Denote by A (U)
the ring of C,-valued p-adic analytic functions on a compact open subset U
of X. Hida’s theory associates to f a neighborhood U of 2 € X (which
can be assumed, for simplicity, to be contained in the residue class of 2
modulo p — 1) and a formal g-expansion

fo=Y ab)g". a =1, a,eAU).
n=1



M. Bertolini, H. Darmon

which is characterised by the following properties of its specialisations

foi=> ay(k)q", (forfixed k € U):

n=1

(1) For all k € U N Z=2, the series f; is the g-expansion of a normalised
ordinary eigenform of weight k on I'y(N). (For this reason, f} is some-
times referred to as the “weight k specialisation of f,”.)

(2) The weight 2 specialisation f; is equal to f.

In [M-Sw-D] and [MTT], a p-adic L-function L,(g,s) is associated
to any ordinary eigenform g of even weight £ > 2, and to a choice of
complex period €2, attached to g. The article [GS ] explains how the functions
L ,(fx, s) can be packaged into a single two-variable p-adic L-function:
the so-called Mazur—Kitagawa p-adic L-function, denoted L,(fx;k, s),
whose definition is recalled in Sect. 1. Section 1 also describes the more
general twisted p-adic L-functions L ,( f~, X, k, s) attached to a (quadratic)
Dirichlet character x, which similarly interpolate the functions L ,( fx, x, ).

The C,-valued function L ,(f, k, s) is p-adic analytic in a neighbor-
hood of (k, s) = (2, 1). For each k € Z=*> N U, it satisfies

(D Ly (foos ky8) = A(K)L p(fis 5),

for a suitable scalar A(k) € C, attached to f; satisfying A(2) = 1. In
particular,

2) Lp(foor2,8) = Lp(f,8) = Ly(E,s).

Among the general properties of L ,( fi, s) studied in [MTT] is a functional
equation relating L ,( foo, k, 5) t0 L (foo, k, k — 5). The sign that appears in
this functional equation does not depend on k, and will for that reason be
denoted sign( foo). If E has split multiplicative reduction at p, then

3) sign(foo) = —sign(E, Q),

where sign(E, Q) denotes the sign in the functional equation of the classical
Hasse—-Weil L-function L(E, s). The discrepancy between the p-adic and
classical signs reflects the fact that L,(f, s) has a so-called “exceptional
zero” in the sense of [MTT] at the central critical point s = 1, arising from
the fact that p is a prime of split multiplicative reduction for E.

The present article is primarily interested in the behaviour of L , ( fo, k, )
in the presence of such an exceptional zero. One is naturally led to distin-
guish two cases.

Case 1. sign(E, Q) = 1. Equation (3) then shows that L,(f; k, s) van-
ishes identically on the critical line s = k/2, so that

ad ad
L,(fxo:2,1)==-2_L,(fo;2,1).
9 »(f ) % »(f )
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In [GS], Greenberg and Stevens exploit this identity, together with a fac-
torisation of L ,( foo, k, s) when restricted to the line s = 1, to study the first
derivative of L ,(f, s) at s = 1, obtaining:

L(f. 1)
Qf ’

2 s being the same real period that enters in the definition of L,(f, s). By
exploiting the ordinary A-adic representation attached to f.,, and certain
properties of its restriction to a decomposition group at p established by
Mazur and Wiles, the article [GS] also shows that

@) Ly(f. 1) = —2d,(2)

log(g)
ord,(q) ,

where g € pZ, is Tate’s p-adic period attached to E, which generates the
kernel of the Tate uniformisation

Prye 1 CF—> E(C)).

5) —2d,(2) =

Note that formulas (4) and (5) imply that

log(q) L(f, 1)

(6) L,(f. D)= ord () Q

a statement that was discovered empirically and formulated as the “excep-
tional zero conjecture” in [MTT].

Case 2. sign(E,Q) = —1. In that case L(E, 1) = 0, and the Birch and
Swinnerton—Dyer conjecture predicts that E(Q) is infinite. The analysis
of L ,(foo, k, s) at (k, s) = (2, 1) carried out by Greenberg and Stevens (and
recalled in Sect. 5.2) shows that

a a
L OO? 27 1 = L OOa 2a 1 = Oa
g5 L2 (S )= o Lol )

so that L ,(fo: k, s) vanishes to order at least 2 at (k, s) = (2,1). On the
other hand, because sign(fo) = 1, the restriction of L ,(f;k,s) to the
critical line s = k/2 need not vanish identically, and one is led to consider
its second derivative.

Let

logp : E(Q,)—Ga(Q))

be the formal group logarithm on E, defined by letting log, : C;—>C,, be
the branch of the p-adic logarithm which satisfies log,(¢) = 0, and setting

(7 log;(P) = log, (P (P)).

The main result of this paper, which follows by specialising Theorem 5.4
of Sect. 5.2 to the trivial character, is:
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Theorem 1. Suppose that E has at least two primes of semistable reduction.

(1) There is a global point P € E(Q) ® Q and a scalar £ € Q™ such that

2

d
g2 Lr(foci b k/ Dy = € log;(P)°.

(2) The point P is of infinite order if and only if L'(E, 1) # Q.

Remark 2. As will be explained shortly, the proof of Theorem 1 exhibits P as
a Heegner point arising from an appropriate Shimura curve parametrisation;
Part 2 of Theorem 1 then follows from a result of Zhang [Zh1] extending
the Gross—Zagier formula to these points.

Remark 3. Theorem 1 (or rather, the somewhat more general Theorem 5.4)
is the main ingredient used in [BD3] to prove the rationality of Stark—
Heegner points over genus fields of real quadratic fields. Independently of
this application, Theorem 1 suggests a general mechanism for producing
rational points on elliptic curves from values of L-series, encompassing
situations where the Heegner point construction used in its proof may be
unavailable. (In this connection, it is worth comparing Theorem 1 with the
main theorem of [Ru] concerning elliptic curves with complex multipli-
cation, and with the conjecture of Perrin—Riou described in [PR].) The-
orem 1 also yields as a corollary the first non-trivial case of a conjecture of
Greenberg [Gre]:

Corollary 4. Assume the hypotheses of Theorem 1. If L'(E, 1) # 0, then
there exist infinitely many k € 7.>% for which L( fi, k/2) # 0.

Remark 5. There would be no difficulty in generalising the statement or the
proof of Theorem 1 to the case where f is a normalised eigenform with not
necessarily rational Fourier coefficients. In this case the second derivative of
L,(f; k, k/2) atk = 2 isrelated to the formal group logarithm of a rational
point on the modular abelian variety attached to f.

Remark 6. The hypothesis of an extra prime of semistable reduction made
in Theorem 1 is automatically satisfied if E is semistable everywhere, since
a semistable elliptic curve with sign(E, Q) = —1 must have an even number
of primes of split multiplicative reduction. We expect Theorem 1 to be true
without this assumption, but the proof that we offer relies on it in a crucial
way. It would be of interest to dispense with it. This might be possible using
Hida families attached to Hilbert modular forms over real quadratic fields.

We now give a brief overview of the proof of Theorem 1. This proof
rests on the study of an auxiliary two-variable p-adic L-function attached
to a suitable choice of imaginary quadratic field K in which p is inert. This
L-function, introduced in Definition 3.5 and Remark 3.6 of Sect. 3 and
denoted L ,(f~/K:;k,s), interpolates the anticyclotomic p-adic L-func-
tions attached to f;/K defined in [BD1] and in [BDIS]. Of special interest
is its restriction to the central critical line s = k/2, denoted L ,(foo/K, k).
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In Sect. 4 a global point Px € E(Q) ® Q is constructed as the trace to Q
of a Heegner point attached to K arising from an appropriate Shimura curve
parametrisation. Corollary 4.10 of Sect. 4 establishes a direct relationship
between Pk and the p-adic L-function L ,(fs/K, k), namely,

Theorem 7.

d2
(8) dksz(foo/Ka k)i = 2logg(P)’.
This result is analogous to Part 1 of Theorem 1, with the crucial difference
that the point Pk is independently defined via a Heegner-type construction,
so that the proof of an identity like (8) can be approached by building on
the techniques introduced in [BD2].

Remark 8. It would be worthwhile to understand Theorem 7 in the frame-
work of the p-adic Birch and Swinnerton—Dyer conjectures for the anti-
cyclotomic setting, in the same way that the conjectures of [BD1] inspired
the main results of [BD2].

Section 3.3 uses work of Gross, Hatcher, Zhang and Hui Xue to describe
a precise interpolation property relating L ,( f/ K, k) to the algebraic parts
of the corresponding classical central critical values L( f;/K, k/2) for even
integers k > 2. This leads to the following factorisation formula which is
proved in Sect. 5.1:

Theorem 9. Let €k be the quadratic Dirichlet character associated to K.
There exists a p-adic analytic function n of k € U satisfying n(2) € Q*, for
which

9) Ly(foo/ K. k) = n(K)Lp(foos k, k/2)Lp(foo, €k, K, k/2),
forallk € U.

The proof of Theorem 1, which is described in Sect. 5, proceeds by invoking
non-vanishing results for quadratic twists of L-series (such as those that are
explained in [MM]) to choose an imaginary quadratic field K in such a way
that L(f, ex, 1) # 0. Since pisinertin K, we have ex (p) = —a,,. Therefore
the p-adic L-function L,(f, €k, s) does not have an exceptional zero. In
particular, L ,(f, ek, 1) belongs to Q.

Taking second derivatives at k = 2 in the formula (9) of Theorem 9 and
applying Theorem 7 yields

d2

2
n2) gk
Theorem 1 now follows by setting £ = 2n(2)~'L »(fs €k, 1)~! (a non-zero
rational number by the choice of K) and P = Pg. Note that both P := Pg
and ¢ depend on the choice of K that was made, but the product £ log ; (P)?
is independent of this choice.

Lp(foo; kv k/z)k=2 : Lp(fv €K, 1) = ZIOgE(PK)Z‘
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Part 2 of Theorem 1 follows from a result of Zhang generalising the
original Gross—Zagier formula, which expresses the height of Py as a mul-
tiple of L'(E/K, 1) by a non-zero scalar. In particular, because of the
non-vanishing of L(E, €k, 1), the point Px is of infinite order precisely
when L'(E, 1) # 0.

1. Modular forms and Hida families

1.1. Modular symbols. Let

g=_ a(@)q" € SiTo(N))

n=1

be a normalised cusp form of even weight k > 2 on I'g(N). The Fourier
coefficients a,(g) generate a finite algebraic extension of Q, denoted K,.
Fix embeddings of K, into both C and C,,.

Let Br = P« (C,,) denote the space of homogeneous polynomials in two
variables of degree k — 2 with coefficients in C,,. It is equipped with a right
action of GL,(Q)) given by the rule

10)  (PIV)(x.y) := Plax + by, cx +dy), fory = (Ccl Z)

Let Vi = Vi(C,) denote the C,-linear dual of 9;, which inherits a left
action of GL,(Q)) by the usual rule

(11) (YR)(P) = R(Ply).
A modular symbol with values in an abelian group G is a function
I :P(Q) xP;(Q—G, denoted (r,s) — I{r — s},
satisfying
I{r > s}+I{s >t} =I{r —>t}, forallr,s,teP(Q).

The space of all such modular symbols is denoted MS(G). The group
GL,(Q) acts on P;(Q) on the left by Mobius transformations in the usual
way. Hence if G is equipped with a left action of GL,(Q), then MS(G)
inherits such an action by the rule

(yD{r — s} := yl{y”r — yfls}.

To the form g is associated the basic V;(C)-valued modular symbol I ¢ de-
fined by

I {r — s}(P) :=2mi / g(2) P(z, 1)dz.

The invariance property of g under the group I'o(N) implies that 7, ¢ 18 fixed
by the action of this group, i.e.,

L{y~'r — y7's}(Ply) = L{r — s}(P), forall y € To(N).
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0 _()1 induces an involution on MSr ) (Vi(C)), the
space of Vi(C)-valued modular symbols which are fixed by I'g(N). Let I; [+
and I denote the plus and minus elgencomponents of I for this 1nvolut10n

The modular symbols I o 1 ; and I encode certain complex line inte-

grals of g. The following result of Shlmura asserts that these functions can
be rescaled so as to belong to MS(Vi(Ky)).

The matrix ¢ = (1

Proposition 1.1. There exist complex periods Q; and 2, with the property
that the modular symbols

15 _ N1
+:(Qg) I;’ I, ::(Qg) I,

belong to MS(Vi(K,)). These periods can be chosen to satisfy
O —
where (g, g) is the Petersson scalar product of g with itself.

In Proposition 1.1, the Petersson scalar product is normalised so that, if g
and & are cusp forms of weight k on I'g(M), then

(g, h) =4n’ / / g@h(2)y dxdy, z=x+iy,
Co(M)\F

where the integral is taken over any fundamental region for the action
of 'g(M) on F.
Choose a “sign at infinity” wo, € {41, —1}, and set

Q, = {Q; ?fw<>Q =+1; I {I; ?fw<>Q =+1;
Q; if wee = —1; & Ig* if wee = —1.
Note that the modular symbol /, can be viewed as an element of MS(V; (C,))
thanks to the chosen embedding of K, into C,,. This will be frequently done
in the sequel.

It is useful to record, for future reference, the explicit formula describing
the action of the Hecke operator U, on the element I, € MSr ) (Vi(C)p)).

Foreach 0 <a < p — 1, denote by y, the matrix <(1) Z

Lemma 1.2. Forallr,s € P1(Q) and all P € P, (C,),

p—1
Lyu, {r = s}(P) = Y I{yar = vas}(Plpy, ).
a=0

Proof. This follows (after a direct calculation) from the proposition in §4,
Chap. I of [MTT].
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The modular symbol 7, can be used to define a function of j, a, m € Z and
P € B (C,) by the rule

a a j—1 )
Ig[j’ a, m] = Ig{OO—> }<(x_ y) yk—./—l)‘
m m

The invariance properties of /, under the matrix <(1) %) imply that the value

of I,[j, a, m] depends only on the value of a in Z/mZ.
Let x : (Z/mZ)*—{£1} be a primitive quadratic Dirichlet character,
and let

w0 = ) x(@e "

a=l1

denote the usual Gauss sum. The following proposition relates I, to special
values of L-functions, and in particular asserts the algebraicity of these
special values.

Proposition 1.3. Let 1 < j < k — 1 be an integer; and suppose that the
character x satisfies x(—1) = (—1)/~'wq,. Then the expression

(=Dl

L8 x. ) = .
(& X 1) (—2mi)i1Q,

L(g, %, J)

belongs to K, and

L*g % ) = Y x@Ilj, a,m].
a=1

Proof. This well known formula of Birch and Manin expressing special
values of L-series in terms of modular symbols can be found, for example,
in formula (8.6) of [MTT]. |

The expression L*(g, x, j) will sometimes be referred to as the algebraic
part of the special value L(g, x, j). Note that this expression is a multiple
of L(g, x, j) by a simple non-zero factor, and that it can be viewed as an
element of C, thanks to the chosen embedding of K, into C,,.

1.2. Hida theory. Let
A=z,[[Z;]] = imZ, @/ D). A =Z,[[( +pz,)"]]

denote the usual Iwasawa algebras. It is often useful to view A as functions
on the space of continuous Z,-algebra homomorphisms

X = home (A, Z,) = homy, (Z%, Z%) ~ Z/(p — 1)Z X Zj.
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Given A € j\, and x € X, we therefore occasionally write A(x) for x(}).
(Elements of A are then referred to as Iwasawa functions on X.)
The set Z of integers embeds naturally in X by the rule

k> xe,  withx(n) = 17> fort € Z7.

Note that with these conventions, the element 2 corresponds to the augmen-
tation map on A and A.

For each integer n > 0, let Y(N, p"*) denote the open modular curve
whose complex points are identified with #/(I'o(N) N Ty (p™)), and let

H, = HI(Y(N, ", Zl’) = (FO(N) N Fl(pn))ab ® Lp.

The H, are finitely generated Z,-modules, and are equipped with a natural
action of the Hecke operators T, (for £ % p) as well as of the operator
T, = U,. We may decompose H, as a direct sum of two spaces

Hn — H:]‘d @ H:il,

on which the Hecke operator U, acts invertibly and topologically nilpo-
tently, respectively. More precisely,

ord .__
Hn = eordHna

where eyq = lim,__, o, U ;” is Hida’s projector to the ordinary part in the
Hecke algebra.
The natural homomorphisms H, ,;—> H,, induced by the inclusions

To(N) N Ty (p" ™) —To(N) N T (p")

respect the ordinary parts, and hence the modules H°™ are part of a project-
ive system of modules over the Hecke algebra. Note also that the diamond
operators give rise to an inclusion of the group ring Z,[(Z/p"Z)*] in the
ring of Hecke operators acting on H,. The inverse limit

ord .__ 1: ord
H" = 11(£an

therefore inherits a structure of a A-module on which the Hecke operators
act A-linearly. Let T denote the A-algebra generated by the images of
the Hecke operators acting on HJ™.

Crucial to the constructions of this paper is the following structure the-
orem due to Hida.

Theorem 1.4 (Hida). The algebra TV is a free A-module of finite rank,
and is unramified over the augmentation ideal of A.
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The normalised eigenform f of the introduction gives rise to an algebra
homomorphism

. mord
ne:Tog —7Zp

sending the Hecke operator T, to a,(f), and U, to a,(f). The restriction

of ny to A is the augmentation map, corresponding to 2 € X. Let AT DA
denote the ring of power series with coefficients in C, which converge in

some neighborhood of 2 € X. Since AT is Henselian and since the aug-
mentation ideal is unramified in T, the homomorphism 7 lifts uniquely
to a A-algebra homomorphism

N ’]I‘ggd—>AT.

Following the notations of the introduction, let a, (k) := ny_(T,). The for-
mal g-expansion with coefficients in AT

foo = Z ay (k)qn
n=1

is the Hida family alluded to in the introduction. Fix a neighborhood U
of 2 € X on which the elements a, converge, and suppose for simplicity
that U is contained in the residue class of 2 modulo p — 1.

If k belongs to U N Z=2, the weight k specialisation

(12) fo=>_ank)q"

is a normalised eigenform of weight k on ['g(N). It is new at the primes
dividing M = N/p (see for example Theorem (2.6) of [GS]), but it is
not new at p when k > 2. More precisely, if k belongs to U N Z>2, the
modular form f arises from a normalised eigenform on I'g(M), denoted

fF=3 a(fHg" If (p,n) = 1, then a,(f) = a,(f). Letting
L —a,(f)p + P17 = (1 —a,(0p~*) (1 = B,(k)p™°)

denote the Euler factor at p that appears in the L-series of f,f , we may order
the roots «, (k) and B, (k) in such a way that

ap(k) = a,(f),  Bpk) = pla,(f .
With this convention, we have
(13) fi(2) = fi(2) — B, (k) 7 (pz).

The field K, generated by the Fourier coefficients of f is an extension
of Q of finite degree, which we view as being embedded into both C and C,,.
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For each k, we choose the Shimura periods Q" := Q and Q; := Q; as
in Proposition 1.1, requiring that

(14) QI =(f ). Qe =(f f)k>2.

Thanks to these periods we may talk about the V;(C,,)-valued modular sym-
bols If:“ and [, associated to each fj. Since the Fourier coefficients of fi
vary p-adically analytically with £, it is natural to ask whether the functions
I, which encode the Shimura periods of fi, can be likewise viewed as
part of an analytically varying family (as a function of k). This question is
considered in the next section.

1.3. Measure-valued modular symbols. Let L, := Zf, denote the stand-
ard Z,-lattice in Q%, and let L) denote its set of primitive vectors, i.e., the

vectors in L, which are not divisible by p.
The space of continuous C,-valued functions on L, is equipped with the
right action of GL,(Z,) defined by the rule which is compatible with (10)

(15) (Flg)(x,y) := F(ax + by, cx +dy), forg= (i Z)’

and with a topology given by the sup norm. Its continuous dual is called
the space of measures on L. Denote by D, this latter space. The action
of the group Z; on L) given by A(x, y) = (Ax, Ay) gives rise to a natural

A-module structure on I, by setting
f Fx, y)d(a - p)(x, y) == / Flax, ay)dp(x, y),
L L

foralla € Z7.1f X is any compact open subset of L, we adopt the common

notation
/Fd,u ::/ 1y Fdpu,
X L

’
*

where 1y is the characteristic function of X. Note that the group GL,(Z,)
also acts on D, on the left by translation, so that

f Fd(yu) = f (Flydu.
X y-lx

Denote by I'g(pZ,) the group of matrices in GL,(Z,) which are upper
triangular modulo p. Our interest in the space D, lies in the fact that it is
equipped, for all k € Z=2, with a I'y(pZ,)-equivariant homomorphism

Pk De—> Vi
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defined by

(16) k() (P) = f P(x, y)du(x, y).

ZpxLy

(Note that p; does notrespect the full action of GL,(Z ), because the domain
of integration that appears in its definition is only preserved by I'g(pZ)).)
The homomorphism py gives rise to a homomorphism, denoted by the same
letter by abuse of notation:

(17) Pk = MSroary (D) —> MSryvy (Vi)

Recall the ring AT D A of power series which converge in some neigh-
borhood of 2 € X, and set

D! :=D, @, Al
If
pwo=rpy o+ A, witha; e AT, u; eD,

is any element of Dl, then there exists a neigbourhood U, of 2 € X on
which all the coefficients A ; converge. Call such aregion U, aneighborhood
of regularity for .

Given k € Uy, a continuous function F on L, is said to be homogeneous
of degree k — 2 if F(,x, Ly) = M2 F(x, y), forall A € Z,.Forany k € U,
and any homogenous function F(x, y) of degree k — 2, the function F can
be integrated against y by the rule

deu - A1<k>dem+---+At<k>/ Fdu,,
X X X

for any compact open X C L.

The space MSr,m)(ID,) is equipped with a natural action of the Hecke
operators, including an operator U, which is defined so as to be compatible
with the specialisation maps p; of (17). More precisely, in the notations of
Lemma 1.2, it is given by the formula

p—1

(18) / Fd(Up){r — s} = Z/ (Flpy, dulyar = vas).
X P vaX

a=0

Let MSI‘ZB‘} ) (Dy) denote the ordinary subspace of MSr) (D). Propo-

sition (6.1) of [GS] asserts that this module is free and of finite rank over A.
Therefore the same is true of the A-module

MS?;CEM)(D*)T = MSIQZCEM)(D*) @r AT C MSF"(M)(DD.

Givenr,s € P;(Q), and pu € MSI‘EB‘%M)(D*)T, denote by pu{r — s} the cor-
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responding element of ]D)i. It is possible to choose a common neighborhood
of regularity U,, for the measures u{r — s}, and this makes it possible to
define pi(p) for all k € U, N Z=2.

Recall the Hida family f,, that was introduced in the previous section.
The following result of Greenberg and Stevens plays a key role in the con-
structions of this section.

Theorem 1.5. There exists a neighborhood U of 2 € X and a measure-
valued symbol |, € MSl‘iﬁ M)(]D)*)Jr which is regular on U, and satisfies

(D) pa(py) = 1y;
(2) Forall k € U N Z>?, there exists a scalar M(k) € C p such that

() = Ak) I, .

Proof. See Theorem (5.13) of [GS], whose proof is explained in Sect. 6 of
that paper. O

Remark 1.6. Note that w, depends on the choice of sign wy,, and that there
are therefore two Dl-valued modular symbols, ,uj and p,, which inter-
polate the modular symbols Ifj and I, respectively. Likewise, there are

two families of scalars, At (k) and A~ (k), which depend on the choices of
Shimura periods 2] and ©; that had to be made for each f; in order to de-
fine I;” and I; respectively. There has been no attempt at making a coherent
choice of these Shimura periods as k varies (and it is not even clear that such
a choice can be made in a natural way) so that the function A (k) cannot be
expected to be continuous as a function of k (with respect to the topology
on Z=2 induced by its inclusion into X). It would be interesting to know
whether it is possible to choose the periods €2, a priori in such a way that
A(k) extends to a continuous, or even analytic, function in a neighborhood
of 2 € X. An understanding of this issue is not germane to the proofs of
the theorems in this article.

We note the following non-vanishing property of the scalars A(k) of
Theorem 1.5.

Proposition 1.7. There is a neighborhood U of 2 € X with L(k) # 0, for
allk € UNZ=

Proof. The set of k for which p; (i) = 0 is a finite subset of Z which does
not contain 2. O

By shrinking U if necessary, we may therefore assume that the scalars A (k)
are non-zero, for all k € U N Z>2. Note that, even when the periods €2 have
been chosen, the measure-valued modular symbol u, is only defined up to
multiplication by an element « € A' satisfying a(2) = 1.

Let D denote the module of compactly supported measures on

W= Q} — {(0,0)}.
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The space D, is contained in D by viewing elements of D as measures with
support contained in L. Write DT := D® AT. It is convenient to attach to i,
a family p; of Df-valued modular symbols, indexed by the Z p-lattices L
in Q?,. This is done by exploiting the action of the group

M= {y _ (? Z) € GL,(Z[1/p]) with M|c, det(y) > 0.}.

Proposition 1.8. There exists a unique collection {11} of DY -valued modu-
lar symbols, indexed by the Z,-lattices L C Qi, and satisfying:

(D) pr, = p
(2) Forally €T, and all compact open X C ‘W,
a9 [y it ) = [ Fduatr = ).
rX X

Proof. The group I' acts transitively on the collection of Z,-lattices in Qi.
The stabiliser of L, in I" for this action is the group I'o(M). Since the
modular symbol ., is fixed under the action of I'g(M), the rule of (19) is
well-defined and determines w; uniquely, for each lattice L. O

For future reference, some of the salient properties of the system u; are
recorded in a sequence of lemmas.

Lemma 1.9. Let L be a lattice. The distributions {r — s} are supported
on L, forallr,s € P1(Q).

Proof. The distributions py {r — s} = p.{r — s} are supported on L/,
for all r, s € P;(Q). The lemma follows from the I'-equivariance property
defining the distributions u; {r — s} at other lattices L. |

Lemma 1.10. Suppose that L, C L, is a sublattice of index p in L. Then
for all k € U NZ2, for all homogeneous functions F on L} N L} of de-
gree k — 2, and for all r, s € P1(Q), we have

/ Fdup,{r — s} = a,k) Fdup {r — s}.
LinL, LiNLy

Proof. Since the group I' acts transitively on the pairs (L, L;) of lattices
satisfying [L : L,] = p, it is enough to prove the lemma in the case where

1
L, = pr +Zp, L= Zf,,

so that

LiNLy =17, x L.
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Foreacha =0, ..., p — 1, let L, denote the Z ,-lattice
L = {(x,y) € Z such that p|x +a y}.
The reader will note that
LyNLi, = {x.y) €Z, x Z; such that x/y = —a  (mod »}.

and hence L N L/, can be written as a disjoint union
p
/ / / /
LinLy=JrynLy,.
In particular,

(20) / Fdu,,{r — s} = Z / Fdup,{r — s}.
LinL) ;

’
QL(Q)

Recall the matrices y, = <(1) Z) that were introduced earlier in describing
the Hecke operator U, and observe that
YaLa = pLi,  YaL@ = pLa, sothat y,(L50 L, ) = p(L; NL)).

Using the invariance under y, of the a-th term in (20), this expression can
be rewritten as:

(21)
p—1
Fd = Fly Yd ’ ’
/Lm& Wi ir — s} az:;/p(v.m;)( 1ve dwpr, {var = Vas}
(22)
= Z / (Flpy; Vi, ar — vas)
LnL)
(23) = f FA(Uppup )r — s}
L'NL!

(24) =a,(k) Fdpyp {r — s}.

LynL,

where the penultimate equality follows from (18). The result follows. O
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1.4. The Mazur-Kitagawa p-adic L-functions. We use the ]D)i-valued
modular symbol u, to define the Mazur—Kitagawa two-variable p-adic
L-function attached to f and a Dirichlet character x, as follows:

Definition 1.11. Let x be a primitive quadratic Dirichlet character of con-
ductor m satisfying x(—1) = ws. The Mazur—Kitagawa two-variable
p-adic L-function attached to yx is the function of (k, s) € U x X defined
by the rule

m s—1
pa . pa
Ly(foor x: ks 8) = x(ap) (x — y) s ]d,u*{oo - }
a=1 Z; XZ; m m

The function L ,(fx, x, k, s) satisfies the following interpolation property
with respect to special values of the classical L-functions L( f, X, §).

Theorem 1.12. Suppose that k belongs to U N 772 and that 1 < j < k—1
satisfies x(—1) = (—=1)'wy.. Then

Ly(foos X ks ) = 2R (1 = x(a, ()~ P/~ )L (fis X, )+

Proof. Let Ly and L, denote the Z), lattices that are defined in the proof of
Lemma 1.10. The integral that appears in the definition of L ,( fx, X, k, j)
can be expressed as a difference of two contributions

j—1
(25) / r pay Yy dp, oo — pay =V =V,
ZyxZy m m

where

j—1
26 W =/ (x— ”“y) ykf‘dum{oo—> pa}
ZpxZ} m m
j-1
pa pa i
:)L(k)lfk{oo—> - }((x_ i y> i 1)
(27) = )"(k)lfk[.]v pa’m]a
pa "' k—j—1 pa
V2=/ <x— y) yT dmz{oo—> }
pLpxTy m m
a J

i—1
) : . a

= p’”/ < - y) y"‘-"ldml{oo - }
ZpxZ} m m

where this last equality follows from (19) with y = (1(/)‘0 0). Hence by

and

1
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Lemma 1.10,

(28)
. a j-1 . a
Va=a,()~'p/! / ( - )’> ykjldMLz{OO - }
ZpxL} m m

i—1
:)‘(k)ap(k)lpjllfk{oo o }((X‘ ay>] y"”)
m m

29 =xr®a,0 p! T 1) a,m).
Combining (25), (27), and (29) with Definition 1.11 yields

Ly (foor o ks ) = 1K) Y x(pa) I Lj, pa, m]

a=l1

—2(0)a, ()~ 7Y " x(ap) L), a,m]

a=1
= 1) (1 — x(p)a,( ™" p " L*(fi, x, J),

where the last equation follows from Proposition 1.3. O

Remark 1.13. Setting j =1 in (26) and (28) and summing over the a €
7Z./mZ shows that

(30) Ly(foos Xo ks 1) = (1= x()a, ()" ) Ly (foor X K,

where

The expression for L7 (fx. X, k) extends to a p-adic analytic function
of k € U, called the improved p-adic L-function in [GS]. The factorisa-
tion (30) plays an important role in the proof by Greenberg and Stevens of
the exceptional zero conjecture of Mazur, Tate and Teitelbaum.

X
p*Zp

Theorem 1.12 can also be written in terms of the form fku of (13), so that
L,(fso, X, k, ) is equal to

10 (1= x(P)ay )~ p’ ) (1= x(p)a, ()~ P (f 1 ).
Note in particular that, after specialising at j = k/2, one finds

B Ly(foor X ks k/2) = 20 (1 = x(Pa, ()" p> V' L*(fF, %, k/2).

It will be important for our later study that the Euler factor appearing in this
formula is a square.
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2. Modular forms on quaternion algebras

2.1. Basic definitions. Let N be a postive integer admitting a factorisation
as a product of three relatively prime integers

(32) N = pN*tN™,

where p is a prime and N~ is the square-free product of an odd number of
primes. Let B be the definite quaternion algebra over Q ramified exactly at
the primes dividing N~. That is to say, the algebra B ® R is isomorphic to
Hamilton’s real quaternions, and for each prime ¢ the ring B, := B ®q Q;
is isomorphic to the matrix algebra M;(Qy) if £ does not divide N, and to
the quaternion division algebra over QQ; otherwise. The assumption on N~
ensures the existence of this quaternion algebra.

Let Z be the profinite completion of Z, and for any ring Z write
7Z:=2Z ® A
Thus, for example, @ is the ring of finite adeles of QQ and

=B @c[]B
£

is the group of adelic points of B* viewed as an algebraic group over Q.
Given b € B*, denote by b, € B} its component at p.
Since p does not divide N, we may fix an isomorphism of Q ,-algebras

tp: By, =B®qgQ,— M (Q),)

and denote by the same letter the corresponding identification of B, with

GL,(Q,). Let ¥ =[], ¥, be a compact open subgroup of B, and let A be
any Q,-vector space (or sometimes, Z,-module) equipped w1th a linear left
action of the semigroup M»(Z,) of matrices with entries in Z, and non-zero
determinant.

Definition 2.1. An A-valued automorphic form on B* of level X is
a function

¢ B*—A
satisfying
¢(gho) = 1,(0,") - ¢(b),

forallg € B*,b e éx,ando € 2.

Denote by S(X; A) the space of such forms.
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Remark 2.2. Definition 2.1 differs from the one that is encountered
in [BD1]-[BDIS], where an automorphic form on B* “of level X is defined

to be a functiong : BX—> A satisfying
¢ (gbo) = 1,(g)p(b), forallge B*,be B*,0 € =.
One passes from one definition to the other by setting

G (b) = 1,(b,)p(b).

Remark 2.3. Anelement of S(X; A) is completely determined by its values
on a set of representatives for the double coset space

Xy 1= B*\B*/%,

which is finite (since it is both compact, and discrete). Hence if A is finite
dimensional, the same is true for S(X; A).

We will primarily be interested in three situations:

(1) The case where A = Z, with trivial action. In that case the A-valued
automorphic forms of level X are said to be of weight 2 and the Z ,-mod-
ule of such forms is denoted S,(X).

(2) Let Bx(Qp) and Vi(Q,) denote the spaces introduced in Sect. 1.1 with
the left and right actions by GL,(Q,) described in (10) and (11) respec-
tively. The V;(Q,)-valued automorphic forms of level X are said to be
of weight k and the Q,-vector space of such forms is denoted Si(X).
(The reason for this terminology will become apparent in Sect. 2.3.)

(3) If ¥, = GL,(Z),), and A is the module D, or ]D)l defined in Sect. 1.3,
an A-valued modular form of level X is referred to as a p-adic family of
modular forms, and the space of such modular forms is denoted So. (%)
or SIO(Z), depending on whether A = D, or Dl. The spaces Sy (%)

and SlO(E) are equipped with a natural action of A and AT respec-
tively, which commute with the Hecke operators. Let X’ be the level
structure obtained from X by replacing ¥, = GL,(Z,) by the sub-
group I'g(pZ,) of matrices which are upper triangular modulo p. Re-
call the I'yg(pZ,)-equivariant “weight k specialisation” homomorphism
ok : Dy,—> Vi defined in (16) of Sect. 1.3. In this chapter, it is convenient
to adopt a slightly different definition, by setting

(33) pr(p)(P) = / P(x, y)dpu(x, y).

Ly xpZy

Thus we are now integrating on the region which is complementary
to the region Z, x Z,; that appears in (16). Since this region is also
preserved by I'g(pZ),), the specialisation map oy is I'g(pZ,)-equivari-
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ant and gives rise to homomorphisms, denoted p; as well by abuse of
notation:

Pk * Soo(X)—> Sp(X).
Asin Sect. 1.3, these specialisation maps allow us to think of So(X) as
a space of families of modular forms of level ¥’ and “varying weights”.

The level structures X that interest us will be of the form £ = Zo(NT, N7),
where NT is any integer that is relatively prime to N~. To describe this
compact open subgroup precisely, choose a maximal order R in B satisfying

LR QL) = My(Z,).

(Note that such an order is not unique, even up to conjugation by elements
of B* in general, since B is a definite quaternion algebra and therefore does
not satisfy the Eichler condition.) For each place ¢ of Q not dividing N,
the ring R ® Z, is isomorphic to the 2 x 2 matrix ring M,(Z,). For each ¢
not dividing N, fix an isomorphism

L B®Qr—>M(Qp)

sending R ® Z; to M,(Z). The compact open subgroup So(N*T, N7) =
[1, X is then defined by letting [o(N"Zy) be the subgroup of GL,(Zy)
consisting of matrices that are upper triangular modulo N*, and setting

34 5, — {(JR@ZU if £|N,

L;](FO(NJFZ@)) otherwise.
Denote by
Xo(NT, N7) = B*\B*/Zo(N*, N")

the corresponding double coset space.
The strong approximation theorem for B ([Vi], p. 61) asserts that, for

any compact open subgroup ¥ of B>,

A

B* = BXB;Z.
Hence the double coset space Xo(pN™, N™) can be rewritten as
(35) Xo(pN*,N7) = R*\B} /i, (To(pZp)) = T\GL,(Q,)/To(pZy),
where
R := {x € R[1/p] such that ¢,(x) € Z[To(NZ)], forall ¢|N"},
I:=1(,(R").

The ring R is a so-called “Eichler Z[1/p]-order of level N*” in B. Such
Z[1/ p]-orders are unique, up to conjugation by elements of B*. Thanks
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to (35), a modular form in S;(Zo(pN™, N7)) can be viewed as a function
¢ : GL,(Q,)— V satisfying

p(ybo) = o' ¢(b), forally e T',b e GL,(Q,), and & € Ty(pZ,).

It is this point of view that will be taken from now on.

The spaces S(Zo(pN™; N7); A) are equipped with an action of Hecke
operators 7, indexed by the rational primes which do not divide N, defined
as in [Gr] for example. If £ is a prime that does not divide pN™ N, then the
Hecke operator T, on Sy(N*, N7) is defined in terms of the double coset
decomposition

l
(36) GL,(Z) (ﬁ (1’) GL(Z) = | J 0u(0)GLy (Z:)
a=0
by the rule
14
37) (T BIP) = 3 $lbou(0) (Ploy(©)).
a=0

The Hecke operator U, plays a particularly important role in our discus-
sion. It is defined in terms of the decomposition

p—1
(38) Lo(pZ,) ((1) 2) Lo(pZy) = | 0ul'o(pZ,)
a=0

of the double coset attached to the matrix diag (1, p) € GL,(Q,) as adisjoint
union of left cosets. Since I'g(pZ,) is the stabiliser in GL,(Q)) of the

lattices Zf, and Z, ® pZ,, the double coset appearing in (38) consists of
matrices in GL,(Q,,) which send the lattice Z; to Z,@® pZ,.Let L(0), L(1),
..., L(p — 1) denote the p sublattices of index p of Z, & pZ, which are

different from p(Zf,). The matrices o, appearing in (38) can be arranged so
that

(39) 0u(Z2) =2, ® pLy.  0u(Z,y ® pTy) = L(a).

Note, for example, that (39) determines o, uniquely up to multiplica-
tion by elements of I'g(pZ,) on the right. The Hecke operator U, acting
on S(Zo(pN*, N7); A) is defined by

p—1
(40) Upp)(b) =Y 0up(boy).

a=0
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In particular, if ¢ belongs to Sy (Xo(pNt, N7)), then

p—1
(4D) U,9) (D) (P) = Z(ﬁ(baa)(PIOa),

a=0

for any b € GL,(Q)), and all P € ‘By, while if ¢ belongs to the space
Sso(Zo(N*t, N7), and has U as a neighborhood of regularity, then

p—1
(42) /XFd(quﬁ)(b) = Z/IX(FI%)dd)(b%),
a=0 Y%

for all compact open X C L/ and all homogeneous F of degree k — 2
withk e U.
For future reference we note the following relation

p—1
43) Z; X pl, = Uo’a(Z; % pZ,,).
a=0
This relation can be rewritten as
p—1
(22) Nz, ® pZ,) = | @ ® pZ,) N L)
a=0

which can be checked by specialising to any specific collection of lattices
satisfying the same inclusion relations as 72,7 »®pZ,, L(0),...,L(p—1),
using the fact that GL,(Q,) acts transitively on such collections.

2.2. The Bruhat-Tits tree. A modular formn € S(Zo(N*t, N7); A) gives
rise to a I'-equivariant A-valued function on the set of Z -lattices in Q2, by
setting

(44) cy(L) = grn(gr),

where g; is any element of GL,(Q,) satisfying gL(Z;) = L. Likewise, if n
belongs to S(Zo(pN*t, N7); A), it gives rise to a f‘—equivariant A-valued
function on the set of pairs (L, L,) of Z,-lattices in (@i for which L,
contains L, with index p, by setting

(45) CH(LD L2) = ng,LG(ng,Lz)’

where g1, 1, is any element of GL,(Q,,) satisfying

(46) 80,.0,(Z2) =L, 81,.1,(Z, ® pZy) = Lo.
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The Hecke operators 7, and U, acting on S(Xo(N*, N7); A) and on
S(Zo(pNTt, N7); A) respectively admit a particularly simple expression in
terms of the associated function on lattices, namely:

(47) (L) =Y ey(L),
LcL

(48) cu(Li, L) = ) ¢y(La, L),
LcL,

where the first sum is taken over the p + 1 sublattices of L of index p,
and the second sum is taken over the p sublattices of index p of L, which
are different from pL,. These formulae are direct consequences of the
definitions; for example, (48) follows from (40) and (45).

There are two natural “degeneracy maps”

di,dy : S(Eo(NT, N7); A)—>S(Zo(pN ", N7); A)

which are described as follows in terms of the associated functions on
lattices:

caop(Li1, Lo) :=c¢,(L1), Cayp(L1, L2) :=cy(Lo).

These degeneracy maps are compatible with the actions of the Hecke op-
erators 7, with p /fn, but do not intertwine the actions of the operators 7T},
and U, on each side.

An eigenvector ¢* € S (Zo(N*t, N7)) for the Hecke operator T), is said
to be ordinary if the associated eigenvalue a,(¢") is a p-adic unit. In that
case we can define a p-adic unit a, by the rule

x> — ap(qﬁﬁ)x + pk_1 =(x— ap)(x — a;lpk_l).

The form ¢ € S (Zo(pNT, N7)) defined by

(49) co(L1, L) = cge(Ly) — a,' cyr(pLy)

is an eigenvector for U, satisfying U,¢ = a,¢. This can be checked by
a direct calculation using (47) and (48) and the fact that ¢y and cy: are
homogenous of degree k — 2 in the sense that

cpt(pL) = p*2cy(L), and  c4(pLy, pLa) = p*2ey(Ly, L).

A U,-eigenform ¢ of level Xo(pN*+, N™) which is obtained from an eigen-
form ¢* of level £o(N*, N7) as in (49) is said to be old at p.

When k = 2 the functions cg and c: are defined on homothety classes
of lattices. It is then convenient to view c,: and ¢y as functions on the
vertices and ordered edges respectively of the Bruhat-Tits tree of GL,(Q),).
This tree is the graph, denoted 7, whose set 7 of vertices is in bijection
with the homothety classes of Z,-lattices in Qf,, two such vertices being
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joined by an unordered edge if the corresponding homothety classes admit
representatives which are contained in each other with index p. Write 73
for the set of unordered edges of 7.

The group GL,(Q,), which acts naturally on Qi via left multiplication
on column vectors, also acts on 7, and this action preserves the adjacency
relations between vertices of 7.

A vertex in 7y is said to be even if its distance from the standard vertex
Vy 1= [Z;] is even, and is said to be odd otherwise. Denoting by &(J7) the
set of ordered edges of 7 (i.e., the set of ordered pairs of adjacent vertices
in ), we say that such an edge is even if its origin is even, and is odd
otherwise. Thus we have decompositions

To=TUTy . E(T)=E(T)TUET)”

of the sets 7y and &(77) respectively into a disjoint union of the subsets
of even and odd elements. The group GL,(Q,,) acts transitively on 7 and
on 77, while the group SL,(Q),) preserves the subsets 'J'OJr and (7).

The Petersson scalar product on S;(Zo(N*, N7)). Let U := ad’(B)
be the representation of B> consisting of the elements of B of reduced trace
zero, equipped with the right action of B* given by

u-b:=b"ub.
There is a Q-valued perfect symmetric pairing
(,): UxU—Q,

defined by (u, v) := (1/2)tr(uv), where tr denotes the reduced trace on B
and v is the image of v by the canonical involution on B. This pairing is
B*-invariant, in the sense that

(u-b,v-b) = {u,v)
for all b € B*. The map sending u € U to

2

—Xxy X
50 P,(x,y) :=Trace | ¢,(u €
(50) (x, ¥) (p( )(_yz xy)) Pa
defines a surjective homomorphism from U ® C,, to B4, which intertwines
the right actions of By, the group of elements of B* of reduced norm
one, and SL,(Q,) on the first and second space, respectively. This yields
a surjection from Sym*?>~1(U)®C p» t0 B The pairing ( , ) induces a perfect

symmetric pairing ( , ); on Sym*>~1(U) by setting
S ((ur, ..oy uga—1), (V1,0 V2 1) )k
= Z (ur, Ua(l)) T (Mk/z—l, Ua(k/z—l)),

0ESk/2-1

Sk/2—1 being the symmetric group on k/2 — 1 letters.
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By dualizing this map, and using (, )¢ to identify Sym*?>~'(U) ® C,
with its C,-dual, we obtain an inclusion of Vj into Sym/?>"1(U) ® C »- By
an abuse of notation, we denote by (, ); also the perfect symmetric pairing
on V; obtained by restriction. _

Given 1 € Si(Zo(NT, N7)), let ¢y be the I'-equivariant function on
lattices defined earlier in this section. Write |L| for the generalised index
of the lattice L in Zf,, defined as the power of p which exactly divides the
determinant of any element of GL,(Q,) sending Zf, to L. Since c), is homo-
genous of degree k — 2, the quantity |L|'~*/c, (L) depends only on the
homothety class v € 7 of the lattice L, and will be denoted ¢, (v). Define
the Petersson norm of 1 to be

(52) ()= > wy (8 (), &)k,

vel\ %)

where w, denotes the order of the stabiliser of v in I'. Note that (n, n) does
not depend on the choice of representatives for the finite set I'\ 7.

For ¢ € Si(Zo(NTp, N7), it is possible to define its Petersson norm
(n, n) in a similar way, with the set I'\&(7") replacing the role of I'\ 7. In
particular, given ¢ € S>(Zo(NT p, N7), one has

(9. 9) = Y we-cyle), cple))a,

ec\&(T)

where w, denotes the order of the stabiliser of ¢ in I".

2.3. The Jacquet-Langlands correspondence. Recall the Hecke congru-
ence group ['o(N) of SL,(Z), and let S;(I'o(N)) denote the vector space
of classical cusp forms of weight k for I'y(N) with rational Fourier expan-
sion, tensored with Q,,. Recall the factorisation N = pM = pNT N~ of N
that was introduced earlier. A modular form in S;(I'g(N)) is said to be old
at N~ if it can be expressed as a linear combination of modular forms of
the form g(dz) where g(z) is of level not divisible by N~. The orthogonal
complement of this space of N~ -old forms is called the space of N~ -new
forms on T'y(N), and is denoted by Sp N (I'p(N)).

The following theorem, a special case of the Jacquet-Langlands cor-
respondence, explains the interest of modular forms on definite quaternion
algebras in our study.

Theorem 2.4. There exist Hecke-equivariant isomorphisms
Si(Zo(NT, N7))—> S (To(M))
Si(Zo(pN*. N7))— S (To(N)).

The assumption that the elliptic curve E of the Introduction has at least
one prime # p of multiplicative reduction allows us to write its conductor
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as N = pNTN~, whose factors satisfy the hypotheses of (32). Hence, the
normalised eigenform f; € S™" N (I'y(M)) of weight k € U N Z>? as-
sociated to f via Hida’s theory in (12) and (13) corresponds to a modular
form ¢>,E € Si(Zo(NT, N7)) which is an eigenvector for the Hecke operators

with the same associated eigenvalues. The form ¢,§ is only determined up to
multiplication by a non-zero scalar. We normalise it in such a way that

(53) (b ¢) =1,

so that q’)g is now determined up to sign. Let ¢, € Si(Zo(pN™, N7)) be

the eigenvector for U, which is obtained from qb,f via (49), and let ¢; and ci
denote the corresponding functions on lattices.

When k = 2, let ¢p» € SH(Zo(pN*t, N7)) be a modular form associated
to f via Theorem 2.4. Since ¢, is new at p, we set ¢g := 0. We do not im-
pose a normalising condition on ¢, , but assume instead that it takes its values
in Z. Note then that the quantity (¢», ¢») is well-defined up to multiplication
by elements of (Q*)2. Occasionally we will write ¢ instead of ¢,.

The following result plays the role of Theorem 1.5 in the context of
automorphic forms on definite quaternion algebras.

Theorem 2.5. There exists a family ¢, € Slo( So(NT, N7)) such that

(1) p2(poc) = ¢2;
(2) Let U be a neighborhood of regularity for the measures ¢o.(g) € ]D)l.
For all k € U N ZZ?, there exists a scalar »g(k) € C p such that

Pi(Poc) = Ap(k)Py.
In other words, for all P € By and for all b € GL,(Q)),

(54) / P(x, y)dpos (D) = Lp (k)i (D) (P).
Zj xpLy

Proof. The proof of Theorem (5.13) of [GS] adapts to the present context

mutatis mutandis, after replacing “modular symbols” by “functions on B*.
See Sect. 6 of [GS] for more details. Further details on the case of definite
quaternion algebras are given in some (as yet unpublished) notes of Glenn
Stevens. O

Remark 2.6. Theorem 2.5 is a consequence of the more general “Jacquet—
Langlands correspondence for families™ established in [Ch] which applies
also to non-ordinary eigenforms. The methods developed in Sect. 6 of [GS]
is sufficient to handle the case of interest in this paper, which is only
concerned with Hida families of ordinary eigenforms, and this allows us
to work with measures (elements of D) rather than the locally analytic
functions and distributions that appear in [Bu] and [Ch].
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2.4. Measure-valued forms. Recall the space D of compactly supported
measures on ‘W, which contains D, in a natural way and is also equipped
with a natural left action of the group GL,(Q,) extending the action
of M>(Z,) on D.

Guided by the constructions of Sect. 1.3, (cf. in particular Proposi-
tion 1.8), we associate to the form ¢, of the previous section a collection
of measures 1, € D' indexed by the Z -lattices in Q2, by setting

(55) ML = 8Lb(8L),

where g, € GL,(Q,) is any matrix satisfying g, (Z>) = L. The meas-
ures (g, satisfy the basic property

(56) / Fdyuy, = /
X g

for all compact open X C ‘W and for all homogeneous F of degree k
with k € U N Z=2.
We note the following properties of the pu:

IX(FlgL)d¢m (&r),

L

Lemma 2.7. The measures .y are supported on L', for all L.

Proof. Property (56) implies that p; is supported on gL((Zf,)’) = L' since
the measures ¢, (g) are supported on (Zi)’. O

Lemma 2.8. For all y € T, and all homogeneous functions F(x,y) of
degree k — 2 with k € U,

[ s = [ Fde
yX X

In particular, if P is a homogeneous polynomial of degree k — 2 with

ke UNZ>
/ Pdp,, = p*? / Pdpy.
pL/ /

Proof. This follows from the invariance property of ¢ under left multipli-
cation by TI'. O

The following is an analogue of Lemma 1.10 of Sect. 1.3.

Lemma 2.9. Suppose that L, C L, is a sublattice of index p in L. Then
forall k € U, and for all homogenous functions F(x, y) of degree k — 2, we
have

/ Fduy, = a,(k) Fdur,.
LiNL)

’ /
L\nL)
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Proof. Let D' be the A-module of measures on Z; X pZp, and, as a nat-
ural extension of the notations adopted previously, write (D) =D’ @ Af.
The restriction map from D, to D" is I'g(pZ,)-equivariant and induces an
isomorphism

Seo(Zo(NT, N7))—>S(Zo(pNT, N7); ).

The same holds, of course, for the corresponding modules tensored with AT
Let

¢ € S(Zo(pNT,N7); D) @ AT

be the image of ¢, under this isomorphism. Note that the matrices o, that
appear in formula (40) defining the action of U, satisfy

o, ' (Z} x pZy) DL} x pZ,.

By formula (42) and the fact that ¢ is an eigenvector for U, with eigenvalue
ap(k), we have

p—1
> Flodds o) = a0 Fagl,(b),
VA

a—0 » XpZLp Ly X pLyp

for all b € GL,(Q,), for all k € U and all homogenous F of degree k — 2.
The same relation holds with ¢/ replaced by ¢. By the definition of the
action of GL,(Q),) on D, this equation can be rewritten as

p—1
> (FIb™)d(bobne (b))
a0 Vboa(Zy xpLp)
— 4,® (FIb™ (o b)),
b(Zp*xpZLp)

Now let b be any matrix in GL,(Q,) such that b(Zf’) = Lyand b(Z, ® pZ,)
= Ly, sothatb(Z; x pZ,) = L1NL}. Then the previous displayed equation
becomes:

p—1
3 f (FIb""dpr, = ap®) | (FIb™dpr,.

i Jrou(zi <o) 1,

Multiplying (43) by b on the left gives the following expression for L} N L)
as a disjoint union:

p—1
LynLy=|Jbou(z) x pZ,).
a=0
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Hence it follows that

f FIbYdps, = a0 [ (Flbdus,.
L,

LynL,

Since this is true for any homogenous F of degree k — 2, the result follows.
O

Lemma 2.10. For any L1 D L, with index p, and for any polynomial P of
degree k — 2 with k € U N 7=,

[ P = ratoae 1P,
LinLy
Proof. The defining property of ¢, states that
/ Pdpoo(8) = Ap (k)P (8)(P).
Zy xpLy
This implies that
[ Pl o) = asie Pl
8(ZpxpLp)
Taking g to be the element g;, 1, of (46), this gives
/ (Plg™)dur, = rgk)ck(L1, L2)(PIg™).
LinL)

The result follows. O

Proposition 2.11. For any lattice L, for any k € U N Z=2, and any poly-
nomial P € Py, the equality

/L/ P(x, y)dpr (x, y) = ApR)a, (k) (1 — ap ()2 p*2) - (L)(P)

holds.

Proof. Write L, for L, and let L, be any lattice which is contained in L
withindex p. Then since L/ can be expressed as the disjoint union of L1 N L)

and ;L N L), we have

[ =[P [ P,
L LinL), SLHNLY

:f Pduy, + ap,(k) Pd Ly
L\nL), r

1y /
P LZQLI
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where the last equality follows from Lemma 2.9. By Lemma 2.10,

1
(57) / Pdpy, = rp(k) (Ck(Ll, L>)(P) + ap(k)ck<pL27 Ll)(P))-
L/

1

Equation (49) allows us to rewrite ¢ in terms of ci, on any pair (L1, L;) of
lattices with L; D L, with index p:

(58) ce(L1, Ly) = ci(Ly) — a,(k) "' ch(pLy).

Proposition 2.11 now follows from (57) and (58), by a direct calculation.
O

2.5. Forms of weight two and p-adic boundary measures. In this section,
let ¢y : €(T)—>Q, denote the I'-invariant function on &(J") associated
top = ¢y € SH(Zo(pNT, N7)). Recall that the form ¢ has been normalised
so that ¢ (and therefore also cy) take values in Z.

Let

(59) w:W—P1(Q))

denote the natural projection which sends the vector (x, y) to the element
x/y € Pi(Q,). If L is any Z,-lattice in Qi, the restriction of 7 to L’ has
compact fibers and therefore the pushforward of the measure p; by 7 is
defined, by the usual rule

/X B (1) = / B/ y)ds (x, ),

7=1(X)

for any compact open X C P(Q,) and any continuous function h

on P1(Q)).
Choose any lattice L whose homothety class corresponds to an even
vertex of 7, and consider the pushforward

Ko = (L)

Lemma 2.12. The measure |14 is independent of the choice of (even) L that
was made to define it.

Proof. Suppose that L contains L, with index p, and that L, corresponds

to an even vertex of 7, so that L, corresponds to an odd vertex. The re-
gion IP;(Q,,) can be written as a disjoint union

/ / 1 / /
Py(Q)) = 7 (L} N L}) U n(pLz n L1>.
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Hence by Lemma 2.9, we have
m(pr,) = ap(Qm(ur,) on m(LyNLY);

1, ’
ﬂ*(ﬂLz) = ap(z)_l”*(:uLl) on n(pLz N Ll)-

Since ¢, corresponds to a form which is new at p, we have a,(2) = %1,
ie,a,(2) = a,,(2)*1. Hence m,(u1,) = a,(2)m(r,). The result follows
after noting that m,(uu;) depends only on the homothety class of L, and
that 7 is connected. O

Remark 2.13. The parity restriction in the definition of 4 is only needed
when a,(2) = —1, which occurs when the modular forms f and ¢ cor-
respond to an elliptic curve over Q with non-split multiplicative reduction

at p.
LetI" C SL,(Q)) denote the subgroup of I" of elements of determinant 1.

Corollary 2.14. The measure 14 is invariant under the action of T, and
satisfies

re(P1(Qp)) = 0.

Proof. Any y € I' sends the even lattice L to another even lattice yL. The
first part of the corollary is therefore a direct consequence of Lemmas 2.8
and 2.12. The second follows from Proposition 2.11 in the case k = 2
and P = 1. O

Let #, :=P1(C,)—P:(Q,) denote the p-adic upper half-plane equipped
with its rigid analytic structure. Following [Te], we associate to 14 the rigid
analytic function on #, defined by

ds (1)
60 = .
(60) f@ /P oD

The fact that j4 is invariant under the action of I' implies that the rigid
analytic differential form wy := f4(z)dz is also invariant under this group,
i.e., that f, is a modular form of weight two on #¢,/T" in the sense of [Da],
Sect. 5.2.

As in Sect. 5.3. of [Da], we define the Coleman line integral attached
to wy by the rule

123 t —
61) / wy = / log ( Tz)dw,(z),
7 P1(Qp) I—10

where log : C;—>C,, is Iwasawa’s branch of the p-adic logarithm, satis-
fying log(p) = 0. (Note that one could equally well have chosen any other
branch of the p-adic logarithm, and in Sect. 2.7 we will see that another
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choice is in fact more appropriate.) This integral satisfies the following

properties:
(%) 3 3
/ a)¢ + / (,()¢ = / a)¢,
T [9) T

Yo 2
/ Wy = / wg, forally eT.
Yt 71

Since ¢, takes values in Z, Coleman’s line integral (61) admits a mul-
tiplicative refinement which is more precise and has the virtue of not de-
pending on the choice of a p-adic logarithm. It is defined by formally
exponentiating the expression for the Coleman line integral given in (61),

n r—n
) foo=f ( )m .
7 PI@Qp) \I— T

where the expression on the right is a “multiplicative integral”, defined as
a limit of Riemann products rather than sums:

as well as

— Ti n(Uq)
63) ﬁ o, 80 = %bgg[g(ra> .

In this formula, the limit is taken over increasingly fine coverings of P{(Q,)
by mutually disjoint compact open subsets U,, and the 7, are sample points
in U,. We emphasize that (63) only makes sense if u is a Z-valued meas-
ure on P (Q)).

Let Q2 denote the quadratic unramified extension of Q,, and let @ 2 be
its ring of integers. Any 7 in Q2 — Q,, gives rise to a Z-lattice

L.:={(xy € Qf, such that x — y belongs to O 2 }.

A direct calculation shows that, for all y = (Ccl Z) e SL,(Q,),

(64) Ly, = p" ety

so that in particular L, and yL, are homothetic lattices. In other words,
if v, € T, denotes the vertex of 7 associated to L., we have

(65) Vyr = yv;, forall y € GL,(Q)).

The set of T € Q,2 — Q, for which v, is an even vertex of 7 is called the
quadratic unramified upper half-plane, and is denoted Jf,’, Equation (65)
shows that PSL,(Q),) acts on }fl’, by Mobius transformations.

We now record a useful formula for the p-adic valuation of the multipli-
cative Coleman line integral. We do this in the case where the endpoints 1,
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and 7, belong to #¢). Given an ordered edge e € €(7), define the parity
function |e| by the rule

le| = 0 if eiseven;
|1 ifeis odd,

and recall that a,, := a,(2) = £1.

Proposition 2.15. Forall 7|, 1, € J(’[’,,
(5]
ord, (][ a)¢) = Z a‘[f‘cq;(e),
g ey =,
where the sum is taken over the ordered edges in the path joining vy, to vo,.

Proof. See Proposition 2.5 of [BDG]. O

2.6. Indefinite integrals. Given x € Q:Z, write (x) for the principal unit
attached to x, defined as the unique element of 1 + p@ . satistying

x = pre (x),

where ¢, is a root of unity.
Let 7 be any element of # 1/7‘ We make the following key definition.

Definition 2.16. The indefinite integral attached to T and ¢ is defined to be

T d B
/w¢ :=/ log(x — ty)dur, (x,y) := / (x — ) Pduy, :
L. dk L k=2

We now collect some properties of this indefinite integral. The first of
these is a basic ['-invariance property.

Proposition 2.17. Forally € T, and all T € ¥/,

YT T
/ w¢:/w¢.

Proof. Write t = ord,(ct + d), where y := (Ccl Z) By definition,

yT
(66) / w0y = / log(x — yey)dus, . (x, y)
L

/
Vi

(67) = / —log(ct +d) + log(x — tyly duppr, (x, y).
pyL;
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Note that the first function in this integral is a constant, while the second is
periodic under the substitution (x, y) — (px, py). Hence

yT
(68) fc%=/l%u—wwbwmum
yL

(69) = /
L

where the last line follows from Lemma 2.8 (which, although it is stated only
for integrands which are homogeneous of weight k — 2 with k € U, extends
to the logarithmic integrand appearing in (68) thanks to Definition 2.16).

0

log(x — ty)dur, (x,y) = / Wy,

/
T

Recall the Hecke operator 7; (for € a prime, say, not dividing N) of (37),
which gives rise to a correspondence of degree £+1 on the group Div (#,/I")
of divisors on #,/I". We extend the indefinite integral by additivity to
Div(#,/T).

Proposition 2.18. For all primes £ which do not divide pN*™N—,

Tet T
/ Wy = Clg/ We-

Proof. By replacing U by a smaller neighborhood, we may assume that its
elements are = 2 (mod p? — 1), so that (x — ty)*2 = (x — 7y)* 2 on L_.
Hence, by definition of the indefinite integral

T d
(70) f%zﬁ( W%WMMMM)
L

On the other hand, the definition of the Hecke operator 7, combined with
the Hecke-equivariance of the specialisation map p;, shows that

Tt d
(71) / W= . (s () (Toch) (L) ((x — T9)*72).

Since ci is an eigenvector for 7, with eigenvalue a, (k),

T[{ d
f %=dgmww®£@ma—mww
d
(72) =&@® u—m“wumﬂ.
L

The result follows from (70) and (72) by applying the product rule, after
noting that the integral appearing in (72) vanishes at k = 2. O

The next proposition justifies the notation of the indefinite integral by
relating it to the Coleman line integral of @, introduced earlier.
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Proposition 2.19. Forall 71, 1, € J(’;,, withv; := Ur;, we have
(%) T1 (%)
/ Wy — / wy = / wy+2d,(2) Y alley(e).
u e — 1)

Remark 2.20. Since c, takes values in Z, this formula can be restated in
terms of the multiplicative integral attached to ¢, in light of Proposition 2.15,
as

(73) ftzqu - /nw(,, = (log+2d/,(2) ord,, ) (][tzw(,,).

Before giving the proof of Proposition 2.19 it will be useful to record the
following two lemmas.

Lemma 2.21. For all « € AT, forall v € Jt,, and for all compact open
XclL,

/ log(x — ty)d(apr) = ' Q)pr(X) + a(Z)/ log(x — Ty)dur.
X X

Proof. By definition

d
/ log(x — ty)d(ap,) = <a(k> / (x — ry)k—zdm) :
X dk x )

The result follows from the product formula for the derivative appearing in
this expression. O

Corollary 2.22. If L, is an index p sublattice of L, and e = ([L1], [L2])
denotes the corresponding ordered edge of T, then

/ log(x — ty)d(pup, — pr,) = a’p(2)c¢(e)

LinL)

if ¢ is split multiplicative, and

f log(x — ty)d(pp, — pr,) = a;,(2)c¢(e) - 2f log(x — ty)duy,
LnL Lnt

if ¢ is non-split multiplicative.

Proof. By Lemma 2.9,
/ log(x — wy)d(pr, — pr,) = / log(x — zy)d((ap(k) — Dpir,).
LinL) LinL)

The result now follows from Lemma 2.21. O
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Lemma 2.23. Let L and L, be even lattices in Qf, and let vi and v, denote
the corresponding vertices of T. Then

f log(x — T)d(ir, — pr,)(x, ) =2d,(2) Y allcy(e).
w e —>v

Proof. We treat the case where ¢ is split multiplicative so that a,(2) = 1.
Assume first that L contains L, with index p, and that v; is even (so that
the adjacent vertex v, is odd.) Let e be the ordered edge of 7 having v; as
source and v, as target. The measure j1;, — pr, is supported on L} U L),
which can be expressed as a disjoint union

1
LiUL,=(LyNLy)U (pL’2 N LQ) U (LN pLY).
By Corollary 2.22,

(74) / log(x — ty)d(pr, — ) (x, y) = a,(2)cy(e).
LynL,

Furthermore, we note that the sets 117 L, N L} and (L}, N pL)) are disjoint
from the supports of the measures p;, and 1, respectively. Therefore

75) f log(x — t)d(ir, — pr,) = — f log(x — Ty)dpus,
['7 LynL! ['7 LynL!

(76) = —/ log(x — Ty)dupr,,
LyNpL)

[ ot = e, — ) = [ gt = tda,
LiNpL)

LiNpL)

The result now follows by adding together the expressions for each of the
three contributions given in (74), (76), and (77), invoking Corollary 2.22 to
further simplify the sum of (76) and (77). |

We are now ready to prove Proposition 2.19.
Proof. Set L; := L, for j = 1, 2. Observe that

2 u X—T
(78) /%—/ w¢=/ 10g< 2y)aULL](x,y)
W X —T1)y

+/ log(x — oy)d(pr, — ) (X, y).
w

The first integral appearing in the right hand side of (78) involves a func-
tion which is constant along the fibers of 7. This integral is therefore equal

to
r—n 2
log dpe( = | wy.
P1(Qp) I—17 7
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As for the second integral appearing in the right hand side of (78),
Lemma 2.23 shows that

/W log(x — 1)) d(ir, — ur)(x.y) = 2d,2) Y dley(e).

e —> v

The proof of Proposition 2.19 follows. O

2.7. Elliptic curves and the .L-invariant. This section presents an expo-
sition of the material developed in [BDI] in the more general setting of
modular forms of arbitrary even weight, specialised to the setting of weight
two. This is done for completeness, and for the convenience of the reader,
because the weight two setting can be treated with less machinery. Notably
the “locally analytic distributions” required in [BDI] are avoided in the more
elementary treatment of the weight two situation given here.

The assumption that the elliptic curve E of the Introduction has at least
one prime # p of multiplicative reduction allows us to write its conductor
as N = pNtN~, whose factors satisfy the hypotheses of (32).

We now give a formula for the J£L-invariant of E in terms of the multi-
plicative line integrals attached to wy, arising from the p-adic uniformisa-
tion theory of Cerednik and Drinfeld. Let Q be an infinite discrete subgroup
of Q. The slope of Q is defined by choosing an element ¢ € Q with
ord,(gq) # 0, and setting

_ log(q)
¢ ord,(q)

Note that

(1) The slope of Q does not depend on the choice of element g that was
made to define it, and in fact depends only on the commensurability
class of the lattice Q.

(2) If E is an elliptic curve having multiplicative reduction at p, and Qp is
its lattice of Tate periods, then by definition

Lg=Ly,
is the L-invariant attached to E.

Theorem 2.24. Let Q4 be the multiplicative subgroup of periods of the rigid
analytic differential wg, defined by

yT
Qy = {][ wg such that T € ¥, and y € F}.
T

Then Qg is a lattice in Q; which is commensurable with Q g. In particular,

£Q¢ == OCE.
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Proof. This follows from the Cerednik—Drinfeld theory of p-adic uniformi-
sation of Shimura curves, as it is explained for example in [GvdP]. Some
more details are also given in Sect. 4.2. O

We use the notions that have been developed so far to give a new proof of (5)
of the introduction. This equation was originally proved by Greenberg and
Stevens, by a different approach.

Theorem 2.25. Ly = —2d,(2).

Proof. Choose an element y € I' in such a way that the associated multi-

plicative period
yT
4y ‘= f Wy
T

generates a lattice in Q;. By Theorem 2.24,

_ log(gy)

79 .
7 ord,(g,)

Now we observe that
(1) By Proposition 2.17,

YT T
/ Wy — f Wy = 0.
(2) On the other hand, by (73),

yT T
(80) / wy — / wy = log(g,) + 2a2,(2) ord, (g, ).

By combining these two facts it follows that

1
81) 8 _ oy (2.

ord,(q,)
Theorem 2.25 now follows from (79) and (81). |
Corollary 2.26. Iflog, denotes the branch of the p-adic logarithm which
vanished on q, where Q = (q) modulo torsion. Then

/ a)¢—/ a)¢—logq(f a)¢).

Proof. This follows from (73) and (81). |

3. Hida p-adic L-functions attached to imaginary quadratic fields

This chapter attaches a p-adic L-function to the Hida family ¢, and to an
imaginary quadratic field K, using the system of measures {¢; } constructed
in Sect. 2.
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3.1. Optimal embeddings and special values. Let N = pNTN~ be the
factorization introduced in (32). Recall that the factors p, N* and N~ are
pairwise relatively prime, and that N~ is a square-free product of an odd
number of prime factors. We maintain the notations of Sect. 2. Thus B
denotes the definite quaternion algebra of discriminant N~ oo, and R is
a fixed Eichler Z[1/p]-order of level N* in B. We also fix an Eichler
Z-order R of B of level N, choosing it in such a way that

R[1/p] = R.

As usual let R := R ® 7, denote the adelisation of R.

Definition 3.1. An imaginary quadratic field K is said to be admissible
relative to the factorisation (32) if it satisfies

(1) All primes dividing N, resp. N~ are split, resp. inert in K.
(2) The prime p is unramified in K.

Fix an admissible imaginary quadratic field K, of discriminant D < O say.
Let Ok and O := Ok[1/p] denote its ring of integers and p-integers
respectively. Denote by hom(K, B) the set of Q-algebra homomorphisms
from K to B.

Definition 3.2. An optimal embedding of K into B of level N* is a pair
(U, b) € hom(K, B) x (B*/R*) satisfying

(82) W(K) N (BRP™) = W(Og).

The assumption that K is admissible implies the existence of such opti-
mal embeddings. More precisely, the condition in Definition 3.1 that all
the primes dividing N~ are inert in K implies that the set hom(K, B) is
non-empty. Given W € hom(K, B), the possibility of producing b € B>
satisfying (82) is then guaranteed by the theory of local embeddings, in
light of the assumption that the primes dividing N* are split in K. See
Sect. 3 of [Gr] for more details.

Occasionally we commit an abuse of notation and use the symbol W to
denote the optimal embedding (W, b), omitting the extra datum of b € B>
when this results in no ambiguity. It should be kept in mind that such a b
is always part of the data associated to an optimal embedding, even if it is
suppressed from the notation in order to lighten it.

Any optimal embedding ¥ = (W, b) givesrise to a pair (¥, R,) where R,
is the Eichler order of level N* in B determined from b by the rule

R, = (bRb~') N B,

so that W is an embedding of Ok into R,,.
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_The group B* acts on hom(K, B) on the left by conjugation, and on
(B*/R*) by left multiplication. The resulting diagonal action of B* on the
cartesian product hom(K, B) x (}§X / I@") defined by

g (V,b) = (gVg ', gh)
preserves the collection of optimal embeddings of level N*. Let
Emb(Ok, N*, N7) € B*\(hom(K, B) x (B*/R*))

be the set of orbits for this action. Given an optimal embedding (W, b), the
notation [W, b], or sometimes just [\W], will be used to denote the associated
element of Emb(OQg, N*, N7).

The class group G p of K, which is described adelically as the quotient

Gp:=K*/K*O%,
acts naturally on Emb(Ok, N, N7) by the rule
(83) o[V, 0] = [V, ¥(0)b],

where U denotes the map from K to B induced from W by tensoring with Z.
Associated to any ¥ € hom(K, B) is the binary quadratic form Qy(x, y)
of discriminant 4D with coefficients in Q, defined by

(34)
Ouyx,y) = cx? +(d — a)xy — byz, where (? Z) = LP\I/(\/D).

Note that Qy coincides with the polynomial Py, attached to the trace
zero element W(+/D), defined in (50). This quadratic form is determined,
up to sign, by its discriminant and the fact that

Qu(ty, 1) = Qy(tg. 1) =0,

where 7y and 7y, are the fixed points for the action of ¢, W (K ;) onP(C,) by
Mbobius transformations. Thus, Q¢ (x, y) = 0 if and only if (x, y) is either
the zero vector or an eigenvector for this torus action. This remark makes it
apparent that for any g € B>, we have

Qg\llg*I = det(g)(Q\I/|g7]),

where det(g) := det(¢,(g)) is the reduced norm on B.

The fixed points 7y and 7y, of ¢, W(K*) acting on P;(C,) play an im-
portant role, and it is convenient to make a consistent ordering of these by
fixing an embedding of K into C, and requiring that

(85) t,,xp(a)(’fp) :a(’fp).
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The assignment (84) makes it possible to associate to the weight k new-
form ([),E € Sy(N*,N7) and to each optimal embedding W = (¥, b) of
level N* a numerical invariant (/),E[\IJ] by the rule

k=2
(86) $ilW] = det(b,)' ¢ (B)(Qy 1by),
where b, € B, denotes the component at p of the idele b. A direct verifica-

tion shows that ¢,§[\IJ] depends only on the class of W in Emb(@g, N*, N7)
and hence is a well-defined function on this quotient set.

Likewise, if p is split in K, then the set Emb(OQg, pN*t, N7) is non-
empty and we can thus associate to [\, b] and ¢, the well-defined numerical
invariant

87) $2[W] := ha(D).

We now introduce further notations that are better adapted to the p-adic
calculations developed in the next two sections.

The Z[1/pl-order R in B satisfies the Eichler condition, and hence, by
strong approximation, any optimal embedding of K of level N* can be trans-
lated on the left by an element of B* sothatitliesinhom (@, R) x (R*/R*).
This makes it possible to identify Emb(Og, N*, N~) with a subset of

(88) R*\(hom(0, R) x (GLy(Q,)/GLy(Z)p))).

Given [W] € Emb(Ok, N*, N7), denote by [W, ¢g] with g € GL,(Q,) any
representative of [W] lying in (88). The resulting pair (W, g) is entirely
determined by the embedding W together with the lattice Ly := g(Zi) SO
that it is convenient to label [ W] by such data and write [V, Ly] for [W]. The
optimality condition satisfied by W implies that the lattice Ly is preserved
under the action of ¢, W(Og). Note also that, since the scalar p belongs
to R*, we have [V, Ly] = [V, pLy].

A similar discussion applies for Emb(O@g, pN*, N7), which can be
identified with a subset of

(89) R*\(hom(O, R) x GLy(Qp)/To(pZp)).

An element [V] = [V, g] of this space can thus be labelled by a triple
[W, Ly, L,], where the Z,-lattices L; and L,, defined by L, := g(Zf,) and
L, := g(Z, ® pZ,), are both preserved under the action ¢, W(Ig(pZ,)).
It shall sometimes be convenient to describe optimal embeddings of
level pN™ in this way.

The invariants (/),E[\IJ] and ¢,[W] can be expressed in terms of the lattice
functions ci(L) and ¢, (L1, L) of Sects. 2.2 and 2.3 by the formulae

(90) GV, Lyl = [Ly|' ™2 (Le) (04 ),
91) ¢2[V, Ly, Ly] = c2(Ly, Ly),

where |L| is the generalised index of the lattice L in Zf,.
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Let / denote the class number of K and let
GD = {le 7Gh}

be a complete list of elements of Gp, with oy = 1. Choose any element
(V] := [V, b] € Emb(Ok, NT, N7) and write

(92) (W] = [V, b%] :=0; - [W, b].

The importance of the optimal embeddings and the invariants ¢,E[\Il]
lies in their relation with the central critical values of L-series attached
to f,f and to abelian characters of Gal(K/K). We restrict our attention
to the quadratic characters of the class group G p. These are called genus
characters. If x is a non-trivial genus character, it cuts out a quadratic

extension of K = Q(+/D) which is a biquadratic extension of the form
= Q(v/Di,v/D,), with D= D,D,.

In fact, the genus characters of K are in bijection with the factorisations
of D into a product of two fundamental discriminants D; and D,, with the
trivial character corresponding to the factorisation Dy = 1, D, = D. Let
X1, X2 and €x denote the Dirichlet characters attached to the dlscrlmlnants
D1, D, and D respectively. Then yx; x» = €x. The L-series L( fk /K, x,s)
is defined by the usual Euler product expansion whose Euler factors at the
good primes are of degree 4. This definition makes it apparent that

L(f/K. x.5) = LU x0 9)L(f xaes)-

Assume from now on in the paper that D # —3, —4, so that Oy = {£1}.
This condition can always be ensured in the arguments of the next sections.

The algebraic part of L( f,f /K, x, k/2) is defined as follows:

(k/2 — 12D

L(f{/K, x, k/2),
Gy, g2y UK 2 k12)

93)  L*(f{/K. x.k/2) =

where ( f,f, f,f ) denotes as before the Petersson scalar product of f,f with
itself. Likewise for k = 2 we write

VD
94 * 1) = 1
(94) L*(f/K, x; 1) (f. f)L(f/K x D,

Proposition 3.3 (Hatcher, Hui Xue). For all k € U N 72,
2

L*(f{/K, x k/2) = Zx(o,)«pk [¥7]

j=1
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Proof. This result follows from the one that is given in [Hal] and [Ha2] in
the special case where N~ is prime and N* = 1. For the convenience of
the reader, we briefly explain how to translate the current formalism into
the one used in [Hal]; see also [BDIS], pp. 435-436. Hatcher considers the
finite dimensional Hecke-module

V={v: R\B*— Py : v(bg) = v(b) - tp(g), forall g € BX}.

To any optimal embedding (¥, b) of level one, we attach the natural image
of the pair (b, Qy(x, y)?>~1) in 'V, say vy. Set

h
vy = ZX(UJ)V\I/;’ ev.

j=1

Then, Hatcher’s result states the equality
L (fi /K k/2) = v, 2.0, i

where Vst denotes the f,f -isotypic projection of v,, and (, ); denotes the
Ji

natural perfect pairing on 'V induced by the scalar product of (51). In view

of (90), and of the normalisation condition ( fk, fk =1v 4. /7 can be writ-

ten as (Z] 1)((aj)<z>k[\llaf]) Vs where Vs is a normahsed elgenvector
for the action of the Hecke algebra on 'V via the character attached to fk

This explains our special value formula in the setting of Hatcher’s paper.
Work of Hui Xue provides an extension of Hatcher’s formula to the level
of generality that is required. Cf. Theorem 3 of [HX1] (and also [HX2]),
generalizing the results of [Gr] and [Hal], [Ha2]. |

When k = 2, it is necessary to work with the newforms f, and ¢, of level
pNTN~. The set Emb(Qg, pNT, N7) is non-empty if and only if p is split
in K. In this case, choose the elements [W°/] as in (92), but starting this
time with [V, b] € Emb(Ok, pNt, N7).

Proposition 3.4. If p is inert in K, then L*(f/K, x, 1) = 0. If p is split
in K,

2

L*(f/K. % 1) = (2. §2)” <ZX(UJ)¢2 ) .

Proof. The first statement follows from the fact that the sign in the func-
tional equation for L(f/K, x, s) is —1 when p is inert in K. The formula
for p split follows from Proposition 3.3 by replacing N* by pN™* and spe-
cialising to k = 2, noting that the form ¢, , unlike ¢2, has not been normalised
to be of length 1. O
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3.2. Two-variable p-adic L-functions. Let [W] be a class of optimal em-
beddings of level NT, represented by an element [W, Ly] of the space (88).

If p is inert in K, then the lattice Ly is determined up to homothety
by the requirement that it be preserved under the action of the non-split
torus tp\I/(K;;).

If p is split in K, then the lattice Ly is stable under the action of the
split quadratic algebra ¢, W(Ok ® Z,), and hence admits a Z ,-basis (vy, v)
consisting of eigenvectors for the action of this algebra.

Define a region Ly, in L{, by the rule

L Ly if p isinertin K;
Y| Zgvr x Zxvy if pis splitin K.

Definition 3.5. (1) The partial p-adic L-function associated to f., and [W]
is the analytic function of the variable k € U defined by

k—2
°Cp(fOO/K7 \II’ k) ::/ <Qll’(x’ y)) 2 d/-’LLq:(xv )’)
Ly
(2) The p-adic L-function attached to f., and the quadratic character x of

G p is the analytic function of k € U defined by

Lp(foo/Kv X5 k) = (on(foo/Kv X5 k))Z,

where

h
Ly(fool K, 1,0 1= Y X (@)L y(foo/ K, W, K).

j=1

Remark 3.6. In this remark, assume for simplicity that z = 1. Motivated by
Definition 1.11, it is tempting to associate to f, and K a two-variable p-adic
L-function of the variables (k, s) € U x Z, by introducing the factorisation

Qulx,y) = A(x — tgy) (x — 14y)

of Oy into a product of two linear forms, and setting

k—2 o— ; \k—s—1
LK ks) = A" / (e — vy e — o) i (e )
L

Lp(fOO/Kv k’ S) = °Cp(fOO/K’ k’ s)°Cp(fOO/K’ k’k - S)

This two-variable L-function specialises to the function L ,( foo/ K, Xiriv, k)
when restricted to the central critical line s = k/2. Its restriction to the
“weight two” line k = 2 is the anticyclotomic p-adic L-function explored
in [BD1] and [BD2], which interpolates the special values of the L-function
of E over K ats = 1, twisted by ring class characters of K of p-power con-
ductor. It is only the function L ,(fw/K, x, k) that plays a role in the con-
structions of the present paper, although it is clear that a systematic study of
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the leading term of L ,(f»/K, k, 5) at (k, s) = (2, 1) would be worthwhile.
For instance, in the case where p is inert, the methods of [BD2] are exploited
in Sect. 3.4 to relate this leading term to Heegner points. This strengthens
the main result of [BD2] concerning the anticyclotomic p-adic L-function
L,(fx/K,2,s),and places this result in a broader and more natural setting.

We close this section by recording an elementary property of the sub-
sets Ly,.

Lemma 3.7. The function ord,(Qu(x, y)) is constant on Ly,. More pre-
cisely,

(95) ord,(Qu(x, y)) = ord,(|Ly|) on L},

Proof. If p is split in K, then the quadratic form Qy can be factored as
a product of two linear forms ¢, (x, y) and g (x, y) satisfying

q1(v1) = q2(v2) = 0.

Forany v =a v, + bv, € Ly, witha, b € Z;, we have

Qy(avy + bvy) = abq, (v2)qa(vy).

The independence of ord, (Qy) follows. The more precise formula (95) can
be checked by noting that it is invariant under conjugating the embedding ¢,
and then verifying it in the case where ¢, W gives rise to the diagonal embed-
ding of K, = Q, x Q, into M,(Q,) and Ly = Z2, so that Qy = 2+/Dxy,
and (vy, v2) can be chosen to be the standard basis (1, 0), (0, 1). The proof
when p is inert in K proceeds along similar, but simpler, lines, and is left
to the reader. O

3.3. The interpolation formula. This section further justifies the desig-
nation of p-adic L-function that is given to L ,(fw/K, x, k) by giving an
interpolation formula relating this p-adic L-function to classical L-values.

Recall (93) defining the algebraic part of the special value of the L-series

L(f{/K, X, k/2).

Theorem 3.8. Assume that p is inertin K. Then L ,(fs/K, x,2) =0, and
forallk e UNZ>?,

Ly(fxo/ K. x.K) = h5(0)?a,(0)*(1 — a, () 2 p*2) L*(f /K. 3. k/2).

Proof. The statement for k = 2 follows from the fact that

96) L/ K02 = [ Adur, (e =0

Ly
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Suppose now that k belongs to U N Z>2. By eventually translating (¥, Ly)
by an appropriate element of R*, we may assume that |[Ly| = 1. Once this
normalisation is made, Lemma 3.7 implies that

(Qu(x,y)) = Qu(x,y) on Ly,
Definition 3.5 then implies that, for all k € U N Z=2,

£yl K 00 = [ 0ux )T diryx. )

w

Proposition 2.11 then yields

k=2
Ly (Fool K. W7, K) = 2pR)ap(0(1 = (079 72) - (L) (43 )
The result now follows from Proposition 3.3, in light of equation (90). O

We need a similar interpolation formula in the case where p is split
in K. Assume for this rest of this section that p satisfies this condition.

Fix an optimal embedding (W, L) and assume that |L| = 1, after
eventually translating (W, L) by an appropriate element of R*. Write
L = Zyv; @ Zpv,, where (v, v2) is a Zp-basis of L consisting of eigen-
vectors for the action of ¢, W(K ;). For each j € Z, define the lattice L;
by

97) Lj:=p'Z,v; ® Z,vs.
Note that
[W,L;] € Emb (O, N*,N7), [W.L; Ljs]€Emb(Ok, pN*,N7),
since the L ; are preserved under the action of ¢, ¥(Ok).
Lemma 3.9. The value of £,(fs/K, V¥, k) at k = 2 is given by

Lp(foo/ K, W, 2) = a,¢o[V, L_y, Lol — ¢2[V, Lo, L1],
while for k € U N 772,

Ly (foo/ K, W, k) = ap(k)((a, (k) + a, ()~ pF=2) {1, L]
— P (G{1W. L]+ 1. L1))).
Proof. Since
L' NLy=Zyv X Z,vy, and LoyN Ly = pZ,v; x Z, v,

we have

Lj= (L, L)~ (LN L)),
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k/2—1

Therefore, since (Qy)¥*~! = Oy~ on L{, we have

k=2 k=2
£tk w0 = [ 0Ty~ [0 du,

L' \NL, LynL]
By Lemma 2.9, this expression can be rewritten as
kEZ kEZ
Ly(foo/ K, VY, k) = a,(k) Oy dur —/ 0y dur,.
LNt LynL,

By Lemma 2.10,
93)
Ly(foo/ K, W, k) = hp(k)(ap(k)ci(L_y, Lo)(Qy’ ) — cx(Lo, LN(Qy ))-

This implies Lemma 3.9 for k = 2, using (91). The case k£ > 2 follows
from (98), (90) and (58) by a direct calculation. |

Choose a prime p of K above p, and let o, € Gp be its associated
Frobenius element. Let Hy be the subfield of H which is fixed by oy, i.e.,
the maximal subfield of H in which p splits completely. Its Galois group
over K is identified with

A= K*/O*K* = Gp/(op).

We set t =: #(0p), and n := #A, so that h = .

Let j, : K— K, = Q, denote the natural map of K into its completion
at p. The eigenbasis (v, v2) of L for the action of ¢, W (K ,) can be ordered
in such a way that ¢, W(c) acts on v; by multiplication by j,(«). With this
convention, we have

Lemma 3.10.
op [V, L;]=[V,Lj1l, op-[W,L;,Lj1]l=[¥, Lj1, Ljia]
Proof. By (83),
op - [W, L] = [, ,¥(y,)L;],
where y, € K> is any idele which is 1 at all places except p, where it is

auniformiser 7, of pr = Q;‘ satisfying ord, (7r,,) = 1. The matrix Lp\il(y,,)
sends v; to 7,v;, and multiplies v, by a scalar in Z;. Hence

Lp\ij(yp)(pjzpvl ) vaz) = (ijrlval S vaz).

The result follows. O
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Write [W;] = [¥, L;]. Recall that the genus character x corresponds
to a pair of Dirichlet characters x; and x,, one of which is even and the
other odd, and which are determined by the condition that for all rational

primes £ = A which split in K,

X)) = x() = x1(0) = x2(0).
In particular, we have x(op) = x1(p) = x2(p).
Lemma 3.11. Forall [V, L] € Emb(Ok, NT, N7),

t—1 t—1

Y x(09)Lp(foo/ K, W5, 2) = ap(1 — ' x1(p)) D ol W, Ly, L],

j=0 j=0
and for all k € U N 772,
13

x(03) Ly (foo/ K, W, K)

t—1
= a0 (1 —a, 0 xi(pp' ) 1)1,
j=0

—1
j=0

Proof. Suppose that k > 2. Lemma 3.10 implies that [¥;] = [W;4,], so

that the function on Z which sends j to ¢2[\I/ ;1 1s periodic with period ¢.
Lemma 3.11 is therefore a consequence of Lemma 3.9 by summing over
the [W;] with 0 < j < ¢ — 1. The proof for k = 2 is similar. O

We now come to the analogue of Theorem 3.8 in the case where p is
splitin K.

Theorem 3.12. Assume that p is split in K. Then
Ly(fx/K. %.2) = (1 = xi()a, ) (2. ) L*(f/K. x. D).
and for any k € U N 772,
Ly(fro/K. x.K)
= 3502, (0*(1 — 1 (Pa,® ' p'2 ) L (F{/K. x.k/2)
= h5(0a, (0> (1 = x1(Pa, (' p 2 ) L* (fi/ K. 1. k/2).

Proof. We only give the details in the case k > 2 since the case where k = 2
is treated by a similar method but is a bit simpler. Let

h
99) Lyp(fool Ko 1 k) =Y X(0)Lp(foo) K, W, K)

j=1
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denote the square root of the quantity to be evaluated in Theorem 3.12. It is
convenient to rewrite the sum appearing in (99) by choosing lifts 4, ... , §,
of the n distinct elements of A to the group G p, and setting

(WO, LOT =6 - [W, L].

After normalising these elements so that |[L| = 1, we define [\115.")] =
(W, Ly)], with L;i) described as in (97) with L replaced by L. By
Lemma 3.10,
@ 7@ j
(W), LY ] = 8ioy - ¥, L],

and hence we may rewrite &£ ,(f»/K, x, k) as a double sum:

n t—1
L (foo/ K. 3. ) = Zx(&)(Zx(oﬁ)ocp(foo/K, o, k)).
i=1

Jj=0

The inner sum can be evaluated using Lemma 3.11. This gives, after setting

© 1= Ap(k)a, () (1 — a, ()~ 31 (p)p' 7 )

n t—1
£yl K 1o = 05 (32700 L (o))
i=1 j=0

h
-0 x <Zx(aj)¢,§[w]).
Jj=1

The result follows from this last identity after invoking Proposition 3.3. O

3.4. Calculation of derivatives. Assume throughout this section that p is
inert in K.

For any [V] € Emb(Ok, N*,N7), we have £L,(f-/K,¥;2)=0
by (96). One is therefore led to consider the first derivative of this function
atk = 2. Given ¥ = [W, Ly] € Emb(Ok, N, N7), use the indefinite in-
tegral of Definition 2.16 to write

/

Ty _ Ty
J\y ::/ We, J\y ::/ We-

The reader may check that the periods Jy and Jy are well-defined and rep-
resent genuine invariants attached to elements of Emb(Ok, N*, N7). Note
that Jy belongs to Q2 and that Jy is its conjugate under the action of

Gal(Q,2/Q)).
Proposition 3.13. For all ¥ € Emb(Og, Nt, N7),

d 1 _
dk°Cp(foo/Kv W k)= = 2(.]\1; + le).
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Proof. By definition of the p-adic L-function,

d 1
£Ly(foo/ K, V3 k) = ) /L log (A(x — rq,y)(x — r\’l,y))d,uL\y(x, y)

dk
1
= ( f log(x — Tyy)dur,
2 L

v

g

The claim follows from the definition of the indefinite integral and of Jy.
O

s =)

/
v

The interest of Proposition 3.13 is revealed in Sect. 4, where the period Jy
is equated with the formal group logarithm of certain Heegner points
on E(H), which are defined in Sect. 4.3.

Remark 3.14. Assume, as in Remark 3.6, that # = 1 and consider the two-
variable p-adic L-function &£ ,(fw/K, k, s) defined in that remark. Given
k € U N Z=?, the arguments of the classical L-function L( fi, s) that are
critical in the sense of Deligne are the integers in the interval [1, kK — 1]. The
restriction of &£ ,(f/K, k, s) to the boundary lines of this critical region
admit particularly simple first derivatives:

- d
Jll’ on(foo/K,k,l)k:Z,

= dk
J —d£(f/Kkk 1)
\I/_dk p\Joo s Ky k=2-
In the same vein, we note that
d B _
A00) 4 LK 2= [ o=
Ty

This last result, expressing the leading term at s = 1 of the “square root”
of the anticyclotomic p-adic L-function of £/K in terms of certain periods
of wy attached to CM points, was the main result of [BD2].

We conclude with a formula for the first derivative of £ ,(foo/K, X, k)
atk = 2. Set

Jy = Z x(0) Jyo,

UEG[)

and let J, denote its conjugate over Q 2
Corollary 3.15. For all genus characters x of K,

d 1 -
dk"cp(fOO/K’ X> k)k:Z = 2('])( + JX)

Proof. This follows from Proposition 3.13. O
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4. Heegner points on Shimura curves

The goal of this section is to prove that the period Jy appearing in Propo-
sition 3.13 is the formal group logarithm of a Heegner point on E, arising
from a parametrization of E by a Shimura curve.

This is done in a sequence of steps. The first one reviews the theory
of p-adic uniformisation of Shimura curves. Then, an explicit description
of the modular parametrisation of £ by a Shimura curve is given in terms
of the theory of p-adic integration. Using this theory, the periods Jy are
interpreted as the formal logarithm of certain local points on E. Finally,
the theory of complex multiplication is used to show that these local points
are global points corresponding to moduli of certain abelian surfaces with
complex multiplication.

4.1. Shimura curves. The weight two rigid analytic modular form f(z)
attached to E in Sect. 2 defines a I'-invariant differential wy on the p-adic
upper half plane or, equivalently, a differential on the rigid analytic space
Xr := #,/I". Mumford’s theory of p-adic uniformisation of nodal curves
implies that Xr is the rigid analytic space attached to the C,-points of
a projective curve X, defined over Q,,: see for example [GvdP].

The Cerednik-Drinfeld theorem states that X, has a model over Q.
More precisely, let B be the indefinite quaternion algebra of discrimi-
nant N~ p obtained from the quaternion algebra B of Sect. 2 by interchang-
ing the invariants co and p. Write 4 for a fixed Eichler orderin B of level N*.
Fix an embedding

loo : B—>M>(R),
and set
Iy = too(&x) C SL,(R),

where 4/ denotes the group of units in 4§ of reduced norm one. Let
denote the Poincaré upper half plane, and define the compact Riemann
surface

Xroo = oo/Foo

Shimura’s work shows that X is the complex analytic space attached to
a projective curve X defined over Q. This is done by identifying X with
the complex points of the coarse moduli space for triples (A, j, C), where:

(1) A is an abelian scheme of relative dimension 2 over a Q-scheme U,

(2) j : 8—>Endy(A) is the action on A of a fixed maximal order § of B
containing 4;

(3) C is a subgroup scheme of A, which is locally isomorphic to Z/N*1Z
and which is stable and locally cyclic for the action of 4 on A induced

by j.
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Using a variant of the above definition, it is possible to extend X to a scheme
over Z.

Theorem 4.1 (Cerednik—Drinfeld). The space Xr is the rigid analytic
space attached to the C,-points of X. More precisely, there is an isomorph-
ism defined over Q> between the curves X and Xq,, where Q> denotes the
quadratic unramified extension of Q.

Proof. See [BC]. O

Remark 4.2. The paper [BC] contains a detailed exposition of Drinfeld’s
proof of Theorem 4.1. This proof relies on an interpretation of the p-adic
upper half plane #, as the classifying space of certain formal groups of
dimension 2 and height 4, equipped with an action of the local quaternionic
order 4, := 8 ® Z,. The identification of these formal groups with the
formal groups at p of the abelian surfaces parametrised by the Shimura
curve X yields a uniformisation of X by #¢,,.

The arithmetic structure carried by the groups I', resp. I, gives rise to a fam-
ily of Hecke correspondences 7", resp. T on Xr, resp. Xr_, indexed by

the positive integers. The correspondences T,” and T induce the same
correspondence on X, denoted by 7,,. The operator 7, is defined over Q.

4.2. Modular parametrizations. Let
J :=Div’(X)/P(X)

denote the Jacobian of the Shimura curve X introduced in the previous
section, whose points over an extension F of Q correspond to F-rational
classes of degree zero divisors on X modulo the subgroup P(X) of principal
divisors. The Jacquet-Langlands correspondence combined with a version
of the Eichler—Shimura theory for the Shimura curve X shows that J has
a simple factor A, satisfying

L(Ay,s) = L(E,s).

By the isogeny theorem, the elliptic curves Ay and E are isogenous over Q.
Hence there exists a non-constant morphism

g J—FE

defined over Q, which is called a modular parametrisation attached to X
and E. (One might want to normalise ¢g by requiring, for example, that it
not factor through any non-trivial endomorphism of E, but this is not really
necessary.)

Let Div’(Xr) denote the groups of degree zero divisors supported on
Xr = #,/T', and let

Jr == Div’(X1)/ P(Xy).
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Theorem 4.1 identifies J(C,) with Jr. We wish to give an explicit p-adic
analytic description of ¢g in terms of this identification.

Let wg be a Néron differential on E, and let ¢} (wg) denote its pullback
to J. This differential is proportional to wgy. After possible replacing wg by
a non-zero rational multiple, we may assume that

wy = ¢ (0p).

The p-adic lattice Q4 defined in Theorem 2.24 is then contained in the Tate
lattice of E, so that the function from DiVO(J(’p /") to E(C,) defined by

d— (I)Tate ( f a)¢>
d

is well-defined. The next result is proved in [GvdP].

Theorem 4.3. The modular parametrisation @5 : Div’(X)— E can be
described over Q > by the formula

os(d) = <I>M< 7{1 %).

4.3. Heegner points. Recall that H denotes the Hilbert class field of K,
whose Galois group over K is identified by class field theory with the
class group Gp of K. Since p is inert in K, it splits completely in the
extension H/ K. Fix a prime p of H above p; this determines an embedding
of H into Q> and we can thus view H as a subfield of this p-adic field.

Let [W] = [¥,b] = [W, L] € Emb(Ok, N*, N7) be a class of optl—
mal embeddmgs normalised so that b belongs to R* and so that L is an
even lattice in Q2 Let ty € Jt” denote the fixed point of ¢, W(K ) on
#, normalised as in (85). Since the embedding W is determined by [V]
up to conjugation by I', the image of 7y in #,/I" depends only on [V].
Let Py € Xr(Q »2) = X(Q pz) be the point on X associated to ty.

The next result is the main theorem of complex multiplication.

Proposition 4.4. For all [¥] € Emb(Og, N, N7), the point Py belongs
to X(H), and for all o € Gp,

ﬁq;a = O'(ﬁ\y).

Sketch. The proof of this result rests on Drinfeld’s theory of p-adic uni-
formisation of Shimura curves alluded to in Remark 4.2. This theory shows
that the image of 7y in #,,/I" corresponds to an abelian surface with quater-
nionic multiplication, having complex multiplication by the ring of integers
of K. Such a surface is isogenous to a product of elliptic curves with complex
multiplication by Ok. The claim then follows from the theory of complex
multiplication for abelian varieties. See Theorem 5.3 of [BD2] for more
details. O
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Given a quadratic character x of Gp, let H, = Q(v/D1, v/D5) denote as
before the biquadratic field cut out by x (or the quadratic field K, if y is
the trivial character). Define a Heegner divisor of degree O attached to x by
choosing an auxiliary prime £ [N if x = 1 and setting

C+1—a) ' @+1- Tw( Y IS\W) ify =1,
— oeGp
X ~ .
E X(O’)Plyrr le ;é ]

oeGp

By Proposition 4.4, the element Px belongs to Div’ (X Y(H )X if x # 1, and
to Div?(X)(K) ® Q if x is the trivial character. Furthermore, the Galois

group of H, over K acts on P, via the character x.
We define

o [E(H)* ifx £
PX'_¢E(PX)€{E(K§®Q if = 1.

The global point P, is called the Heegner point attached to W and .

Recall the formal group logarithm log  defined in (7) in the Introduction,
and let frob,, denote the Frobenius element attached to the rational prime p
in the abelian extension H, /Q.

Proposition 4.5. For all genus characters x of Gp,

Jy =logg(Py), J, =a,logg(frob, P,).

Proof. If x # 1, then Px is a degree zero divisor on X and therefore by

Theorem 4.3,
PX = @Tate<f: a)¢) .
PX

Applying log to both sides gives

logz(Py) :/~ W
P, X
But this last expression is equal to J,, by Corollary 2.26 and the definition
of the period J, in terms of the indefinite integral. The proof for x =1
follows in a similar way, using the compatibility of the indefinite integral
with Hecke operators asserted in Proposition 2.18. The formula for J_x is
obtained by applying the generator s, of Gal(Q,2/Q,) to both sides, and
noting that ®r,. and log, do not commute with this element when E
has non-split multiplicative reduction at p, and that, more precisely, for

any P € E(Q,2),
sp(logp(P)) = a, logg(frob, P). 0O
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We note the following facts about the Heegner point P, .

Theorem 4.6. The point P, is of infinite order if and only if L'(E/K, x, 1)
# 0. In that case, the rank of E(H,)* is equal to one.

Proof. The first statement follows from the work of Zhang [Zh2] extending
the formula of Gross and Zagier to Shimura curve parametrisations (attached
to a quaternion algebra over a totally real field F, although only the case
F = Qs needed here.) The second statement follows from the methods of
Kolyvagin and Logachev [KL] (cf. Theorem A of [Zh1]). O

For each integer m|N satisfying gcd(m, N/m) = 1, let w,, € {—1, 1}
denote the eigenvalue of the Fricke involution W, acting on f. The key
facts about w,, that will be used are:

(1) The sign in the functional equation for L(f, s) is equal to —wy. More
generally, if x; is a quadratic Dirichlet character of conductor prime
to N, the sign in the functional equation for L(f, x1, s) is —wy x1 (—N).

(2) The element w), is equal to —a,. In particular, L,(f, xi,s) has an
exceptional zero ats = 1if and only if x,(p) = —w,, i.e., x1(p) = a,.

Let x; and x, denote the quadratic Dirichlet characters associated to x.
Since

X1(=N)x2(=N) = éxg(=N) = —1,
we may order ()i, x2) in such a way that
Xi(=N) =wy, x2(=N) = —wy.

With this fixed ordering, we have the following result which gives a more
precise information about the location of the Heegner point P, .

Theorem 4.7. The image of Py, in E(H,) ® Q belongs to (E(Q(/Dy))
Q)X

Proof. 1f P, is of finite order, its image in E(H,) ® Q is trivial and there is
nothing to prove. Otherwise, Theorem 4.6 asserts that

(101) L(E/K’ X S) :L(E’ Xl’s)L(E’ XZ’S)

vanishes to order 1 at s = 1. By the chosen ordering of the characters y;
and x», the function L(E, x;, s) vanishes to odd order when j = 1, and to
even order when j = 2. Hence the factors on the right in (101) vanish to
order 1 and O respectively. Kolyvagin’s theorem implies that

dimg (E@(/D) @) = 1: dimg (E(Q(y/D) ) =0,

The result follows. O
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Corollary 4.8. frob,(P,) = x1(p)Py.

Proof. This follows directly from Theorem 4.7. O
4.4. Heegner points and derivatives of Hida L-functions. Assume as
in the previous section that the pair (x;, x2) of Dirichlet characters as-

sociated to the genus character x of K has been ordered in such a way
that x;(—N) = wy.

Theorem 4.9.

d 1
gi LrtSoe/ Ko Bz = (1L + x1(p)ap) logp(Py).

Proof. Applying Corollary 3.15 followed by Proposition 4.5,

d 1 i}
dklip(fOO/K’ Xs k)k=2 = 2(JX =+ JX)

1
= 2(logE(PX) + a,log(frob, P,)).

The theorem now follows from Corollary 4.8. O
Corollary 4.10.
d? 2logg(P)” if xi(p) =a
L K, ,k = E\" X p
dk2 p(fOO/ X )k_2 {0 lf‘Xl (p) — _ap'

5. The main result

5.1. A factorisation of p-adic L-functions. Define the function

(102) n(k) = {<¢2, ®2) ifk=2;

-1 k)3
ap(k)?D¥>= J L fork e UNZ2,

Note that the scalar n(k) € C, depends only on k, and on the factorisa-
tion (32), not on K.

Proposition 5.1. Forallk e UN 722 and all genus characters ¥,

Ly(foo/ K, x5 k) = n(K)Lp(foos X1: ks k/2)L p( foos X25 ks k/2).

Proof. Assume first that k > 2. The following formula follows from com-
paring the Euler products on both sides:

L(fI/K, x.k/2) = L(ff, xi, k/2)L(f7 x2, k/2).
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By definition (cf. Proposition 1.3)

. _ k2= D)
L ki) = ) g

_ (k/2=Dlr(x2)
C(=2mikRIQF

L(fE x1,k/2)

L*(ff, x2, k/2) : L(fL, x2, k/2).

The choice of complex periods that was made in (14) implies that

QEQf = (£, f).

Hence by referring to (93), we get

(103)  L*(f{/K, x, k/2) = D> VL5 (fE, xau k/2)L*(fF, X, k/2).

By comparing the Euler factors that appear in (31) following Theorem 1.12
(with x = x; and x = x,) with the Euler factor that occurs in Theorem 3.12
(if p is split in K) and Theorem 3.8 (if p is inert in K), we find

Ly(foo/ K, x5 k) = n(K) L p(foos X1: ks k/2)L p( foos X25 ks k/2),

as was to be shown. The proof for k = 2 is identical, and is therefore
omitted. O

Although Hida theory gives little control on the variation with k of the
quantities A" (k), A~ (k), and Ap(k) taken individually, it is still possible to
prove the following result.

Proposition 5.2. The function n(k) extends to a p-adic analytic function
ofk e U.

Proof. Consider the set of primitive quadratic Dirichlet characters y; of
conductor prime to N, satisfying

(104) xXi(=N) = —wy;  xi1(p) = —a,.

The condition on x;(—N) implies that L(f, x1, s) vanishes to even order
at s = 1. By the main result of [MM], there are infinitely many such y;
satisfying

(105) L(f, x1, D #0.

The second condition in (104) imposed on y; implies that L ,(f, xi, s) does
not have an exceptional zero, so that

L,(f, x1,1) belongsto Q™.

Fix one character x; satisfying (104) as well as the non-vanishing condi-
tion (105). Consider now the set of Dirichlet characters x, of conductor
prime to NV and to the conductor of i, satisfying
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(1) x2(€) = x1(£), for all £|pN™;
(2) x2(&) = —x1(£), forall /N~ and £ = —1;

Note that, since N~ has an odd number of prime factors, y,(—N) =
x1(—N), so that the L-series L(f, x2,s) also vanishes to even order at
s = 1. Invoking the non-vanishing result of [MM] one more time, and not-
ing that the restriction placed on x»(p) prevents L ,(f, x2, s) from acquiring
an extra zero at s = 1, one obtains a character y, such that

(106) L(f x2, 1) #0, Ly(f, x2,1) #0.

It follows from these choices of x; and y, that the functions

Lp(fOO/K’ X’ k)v Lp(foo» Xlakv k/2)’ and Lp(foonZ’kv k/2)

are analytic functions on U that do not vanish at k = 2. The result now
follows from Proposition 5.1. O

In particular, we have proved:

Corollary 5.3. Forallk € U,

Lp(fOO/K’ X’ k) = n(k)Lp(foov Xl ’ kv k/2)Lp(fOO’ XZ’ kv k/2)a

where n(k) is a p-adic analytic function of k satisfying n(2) = (¢, ¢2).

5.2. Proof of the main result. We can now state and prove the main result
of this paper, which implies Theorem 1 of the Introduction when specialised
to the trivial character.

Theorem 5.4. Suppose that E has at least two distinct primes of semi-
stable reduction. Let x| be a Dirichlet character of conductor prime to N,
satisfying x1(—N) = wy, and x,(p) = a,. Then

(1) The p-adic L-function L ,(fx, X1, k, k/2) vanishes to order at least 2
atk = 2.

(2) There exists a global point P,, € (E(QQ(W/Dy) @ Q)1 and £ € Q%,
such that

2
dk?

(3) The point Py, is of infinite order if and only if L'(E/Q, x;, 1) # 0.
(4) The image of £ in Q* /(Q*)? is equal to that of L*(f, ¥, 1), where Vs is
any quadratic Dirichlet character satisfying
(a) ¥(€) = x1(£) for all primes € dividing M = N/ p;
(b) ¥(p) = —x1(p);
(c) L(f, ¥, 1) #0.

Lp(foo, X1 k, k/z)k:2 =/ lOgZ(PXI).
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Proof. 1. Since x1(—N) = wy, the classical L-function L(f, x1,s) has
sign —1 in its functional equation, and in particular vanishes at s = 1.
Furthermore, the condition x;(p) = a, implies that L,(f, x1,s) has an
exceptional zero at s = 1, so that the sign in the functional equation in this
p-adic L-function is 1. In particular, the order of vanishing of L,(f, x1, s)
ats = 1 is at least 2:

(107) ords=1 Lp(foov le 27 S) 2 2

On the other hand, formula (30) expresses L ,( foo, X1, k, 1) as a product of
two analytic functions of k which both vanish at k = 2:

Ly(fs xis ko 1) = (1= a, (0~ 1 () Ly (foos X1, K.
It follows that
(108) ord—y L p( foor x1. k. 1) = 2.

Equations (107) and (108) together imply that L ,( fo, X1, k, s) vanishes to
order at least 2 at (k, s) = (2, 1), and Part 1 of Theorem 5.4 follows.

2. Choose an auxiliary quadratic Dirichlet character x, of conductor
prime to the conductor of x;, and satisfying the following conditions,
by invoking the non-vanishing result of [MM], much as in the proof of
Proposition 5.2.

() x2(€) = x1(£), for all £|[N*;

2) x2(8) = —x1(&), forall | pN~ or £ = —1;

() L(f, x2, ) #0.

The conditions placed on x, imply that the quadratic field K attached to the
character eg := x| x» is admissible relative to N = pNTN~, and that p is
inert in K. In particular, the p-adic L-function L ,(f, x2,s) does not have
an exceptional zero at s = 1, so that L ,(fo, X2, 2, 1) belongs to Q*.

Let x be the genus character of K associated to the pair of quadratic
characters x; and x,. By Corollary 5.3, we have

Lp(fOO/K7 X’ k) = r}(k)Lp(foov Xl ’ kv k/2)Lp(fooa X27 kv k/2)
Taking second derivatives at k = 2, and applying Corollary 4.10, we find

2

d
2logg(P)? = n(2)

dksz(fOO’ X1, k, k/z)kIZLp(f’ X2 1)

It follows that
2

d
dksz(fOO’ X1 k, k/z)kIZ =/ logE,p(PX)z‘

where

(109) e =nQ)L (S, x2, 1) = {d2, d2) L ([, X2, D).
This proves Part 2, setting P, := P, .
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3. To show Part 3, recall that Theorem 4.6 states that the Heegner
point P, is of infinite order if and only if the derivative of the classical
L-series

L/(E/K’ X5 1) = L/(E’ X1 l)L(E’ X2 1)

is non-zero. Since the second factor in the expression on the right is non-
vanishing by the choice of x,, the result follows.
4. Finally, (109) shows that

(110) €= ($2,2)L*(f, x2, 1) (mod (Q")).

Choose a character y satisfying the three conditions of Part 4 of Theorem 1,
and having conductor prime to that of x». Then the quadratic field K cut
out by the character ¢ = ¥y, is admissible relative to the factorisa-
tion pNTN~, and p is split in K. Let ¥ be the genus character attached
to (¥, x2). Then it follows from Proposition 3.4 that

(111)
& 2
(P2, 92) = L*(f/K, X, ) = L*(f, ¥, DL*(f, x2, 1) (mod (Q)").
The result follows by combining (110) and (111). O
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