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1 Introduction

Higgs boson pair production is a promising process which can provide experimental in-
formation about the Higgs boson self coupling (see, e.g., ref. [1]). It is thus important
to provide precise theoretical predictions of this process. The dominant contribution to
Higgs boson pair production comes from gluon fusion, mediated by a top quark loop.
There are a number of works in the literature in which QCD corrections to g9 — HH
have been considered. The NLO QCD corrections are known exactly [2-4], however, the
numerical approach is quite computationally demanding. In practice it is therefore advan-
tageous to construct approximations based on several expansions, valid in different regions
of phase space [5-13]. A subsequent combination of the numerical approach with these
expansions leads to fast and precise results which cover the whole phase space [14, 15]. At
NNLO [16-21] and N3LO [22-26] only the large-m; expansion has been considered. The to
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Figure 1. Sample Feynman diagram with a Higgs boson exchange in the top quark loop. Straight,
dashed and curly lines represent top quarks, Higgs bosons and gluons, respectively.

date most precise predictions have been obtained in ref. [27] where a NNLO approximation
has been constructed, based partly on exact and partly on large-m; results.

Electroweak corrections are expected to be of the order of a few percent and thus they
should be included in the theoretical description. In the Standard Model there are several
couplings (gauge, Yukawa, Higgs boson self coupling) which are of different nature and can
be treated separately. In this paper we take a first step towards the electroweak corrections
and compute top quark Yukawa corrections originating from Higgs boson exchange in the
top quark loop. More precisely, we consider diagrams like the one shown in figure 1. For
this subclass only planar diagrams contribute and thus only planar integral families have
to be considered. Electroweak corrections proportional to the Higgs self-couplings (cf.
figure 2(b—d)) have been considered in ref. [28] using a numerical approach.

Note that in the R¢ gauge there are also other Yukawa corrections from the exchange
of neutral and charged Goldstone bosons. They are not considered in this paper. Rather
we concentrate on corrections with a virtual Higgs boson.

In the case of QCD corrections the top quark is the only massive particle in the loop.
As additional scales, one has the Mandelstam variables s and ¢ and the Higgs boson mass
from the final-state particles. Electroweak corrections introduce additional masses in the
propagators of the loop integrals, which increases the complexity significantly.

There are further classes of diagrams with a Higgs boson exchange. In contrast to the
diagram in figure 1 they either involve Higgs boson self couplings (see figure 2(a)—(d)) or
are one-particle reducible (see figure 2(e)—(h)). The results for the triangle diagrams in
figure 2(a) can be obtained from the integral families discussed in this paper. Note that the
diagram classes (b), (c¢) and (d) also involve non-planar contributions. Diagrams (e)-(h)
are one-particle reducible and factorize into a product of one-loop integrals.

The master integrals which are computed in this paper are sufficient to compute the
contributions from figures 2(a), (e), (), (g) and (h). However, in this paper we concentrate
on the two-loop box contribution of figure 1 and pursue the following goals:

e Develop a method to obtain high-energy approximations of two-loop four-point inte-
grals where two different masses are present inside the loops.

e Provide details of the analytic computation of the master integrals which appear in
the subclass of diagrams considered in this paper.

e Provide explicit analytic results for the master integrals in the high-energy limit.
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Figure 2. Diagrams with Higgs boson self coupling and one-particle reducible diagrams. These
classes of diagrams are not considered in this paper.

The remainder of the paper is organized as follows: in the next section we introduce
our notation and in section 3 we outline the expansions which we apply to the Feynman
diagrams. In section 4 details of the computation of the amplitudes in terms of master
integrals are provided. In section 5 we provide a detailed description of the computation
of the master integrals and numerical results of the form factors are given in section 6.
We conclude in section 7. In the appendix we present results for three-dimensional Mellin-
Barnes integrals which enter our result.

2 Notation

The Mandelstam variables for the amplitude g(q1)g(q2) — H(q3)H (q4), with all momenta
(g;) defined to be incoming, are given by

s=(a+@)?,  t=(@+a)?,  u=(@p+a), (2.1)
with
q%:qS:O, quqi:m%, s—i—t—i—u:Qm%{. (2.2)

It is convenient to introduce the scattering angle 6 and the transverse momentum of the
Higgs bosons in the center-of-mass frame, which are given by

4
9 ut — mp

br=—17")

4 2
t:m%—g 1—(3050\/1—& . (2.3)
s

Due to Lorentz and gauge invariance it is possible to define two scalar matrix elements

My and Mj as

M® =gy g0 MM = ¢ 29,5 (MAY + MaALY) (2.4)



where a and b are adjoint colour indices and the two Lorentz structures are given by

1
AP = g" — —qidy
q12

1
Ay = g" + I (g3397dh — 242307 d — 2q130545 + 2q124505) (2.5)
T

with ¢;; = ¢; - ¢;. The Feynman diagrams involving the Higgs boson self coupling only
contribute to A}" and thus, it is convenient to decompose M; and My into “triangle” and
“box” form factors

3m?
Ml = XOS ( H2 Ftri+Fbox1> )
S—mH

My = Xo s Foox2 (2.6)
with
Gr as(p)
Xo=— , 2.7
07 2 or (2.7)
where T' = 1/2, p1 is the renormalization scale and G is the Fermi constant.
We define the perturbative expansion of the form factors as
F=r0_4 MF(LO) 4+ Y pOy) 4 . 7 (2.8)
T 7r
where oy is given by
2
am;
= —a. 2.9
A 2 SIQ/sz (2.9)

« is the fine structure constant and S%V = sin? 6y is the square of the sine of the weak
mixing angle. Throughout this paper the strong coupling constant is defined with six active
quark flavours. Note that the form factors are defined such that the one-loop colour factor
T is contained in the prefactor Xj.

In this paper we only consider the contribution of the diagram class shown in figure 1
to Fpox1 and Fpoxo-

3 Asymptotic expansion

For the computation of the two-loop integrals we follow two approaches, which we describe
in the following. For this purpose it is convenient to distinguish the mass of the final-state
Higgs bosons (m$t) from that of the Higgs boson which propagates in the loops (miit).
This means that for the process gg — HH we have the following dimensionful quantities:
the Mandelstam variables s and ¢, and the masses my, miﬁt and m$*. In our two approaches

we assume the following hierarchies:
(A) s, 3> mi > (mi')?, (mg*)?,

(B) s, > mi = (mif')* > (m§F*)>.



In approach (A) we treat the inequality m? > (mij*)? at the level of the integrand by
applying the hard-mass expansion procedure as implemented in the program exp [29, 30].
For each Feynman diagram this leads to two subgraphs: the two-loop diagram itself and
the one-loop diagram which contains all top quark lines. In the latter case the co-subgraph
consists only of the Higgs boson propagator.

The two-loop subgraph is Taylor-expanded in ml' whereas the one-loop subgraph is
expanded in the loop momentum of the co-subgraph, which is a one-loop vacuum integral
with mass scale miit. In addition, each subgraph is then expanded in m$y®, which is
performed at the level of scalar integrals with the help of LiteRed [31, 32].

At this point one has to deal with one- and two-loop four-point integrals which only
depend on the variables s, t and m;. These integrals belong to the same set of topologies
used in the calculation of the QCD corrections presented in refs. [8, 9]; we are able to re-use
those results here.

Approach (B) has the advantage that all expansions for the hierarchy m? ~ (mii*)? >
ext)z

(m$')* are simple Taylor expansions; no expansion by exp is necessary. To implement the

approximation m? = (miﬁ}t)Q, we write the Higgs boson propagator in the form
iDrp) ™t = (mf)? —p°
= m2(1—4¢") —p?, (3.1)

where & = 1 — (mii*)2/m?2, and expand Dj(p) in the limit & — 0 at the level of the
integrand. The expansion in m$}' is then performed in the same way as for approach (A),
described above. The remaining integrals are two-loop four-point integrals with massless
legs, where all internal propagators have the mass my; this is a different set of integral
topologies to those of the QCD corrections and approach (A).

In the final result, it is advantageous to introduce § = 1 — mi%*/m;. By making the

replacement
&' = 6(1+miit/my) = 8(2 - 6), (3.2)

we obtain an expansion in § which often has better convergence properties than the ex-
pansion in ¢’ (see also discussion at the end of section 2 in ref. [33]).

4 gg — HH amplitude and form factors

In this section we provide some details regarding how the two expansion approaches dis-
cussed in section 3 are implemented. We generate the amplitude with qgraf [34] and
process the output with q2e and exp [29, 30] in order to generate FORM [35] code for the
amplitudes. This yields 6 one-loop diagrams and 60 two-loop diagrams.

As mentioned above, in approach (A) exp identifies a one- and a two-loop sub-graph
for each of the two-loop diagrams. The corresponding four-point integrals are expanded
in m$"* using LiteRed [31, 32] and then integration-by-parts (IBP) reduced to a set of
master integrals using FIRE [36]. These master integrals, which depend on s, ¢ and my, are

well-studied in the literature and the results of refs. [8, 9] can be re-used here.
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Figure 3. The two-loop integral families which appear in expansion approach (B). The solid
lines have mass m; and the dotted external legs are massless. Variations of these families with
permutations of the external legs also appear.

In approach (B), exp does not perform any expansion but simply maps each diagram
to a predefined integral family with massive final-state Higgs bosons and an internal Higgs
boson propagator with mass miit. These integrals are expanded in ¢’ at the level of the
integrand by FORM, and the resulting scalar integrals are expanded in m$' by LiteRed
and IBP reduced using FIRE. The number of master integrals is minimized using the FIRE
command FindRules, which equates identical integrals which belong to different integral
families; this procedure yields a basis of 167 master integrals. We also apply FindRules to
the entire list of unreduced integrals, as discussed in ref. [9]. Applying the IBP reduction
tables to the equalities found here yields an additional 27 non-trivial relations between
master integrals, thus we finally obtain a basis of 140 two-loop master integrals. We
additionally perform the IBP reduction of a set of test integrals using Kira [37, 38]; here
we also find a basis of 140 two-loop master integrals after minimizing between the different
families.

These master integrals are four-point integrals with massless external legs, and all
propagators have the mass m;. Up to permutations of the external momenta, they belong
to one of two integral families, shown in figure 3. The computation of these master integrals
in the limit s, > m? is described in section 5.

The amplitudes for the two form factors are linear combinations of the master integrals,
and we expand their coefficients to order (m$*)* and (¢§')3. This expansion depth requires
the IBP reduction of around 350,000 scalar integrals. We also pre-expand the coefficients
in m; and €, and the final expansions of the form factors are obtained after inserting the
my- and e-expanded master integrals.

The freedom in the choice of basis for the master integrals can lead to some undesirable
properties; the first is that the denominators of the coeflicients of the master integrals in the
reduction rules do not factorize in the dimensional regulator € and the kinematic invariants
and masses, s, t and m;. The second is that the coefficients contain poles in €, which imply
that the master integrals need to be computed to higher orders in €, to produce the finite
contribution of the amplitude. The first point complicates the reduction and subsequent
expansions of the amplitude, leading to poor computational performance. The second leads
to unnecessarily difficult master integral computations involving functions and constants of
higher transcendental weight which, ultimately, will cancel in the physical amplitude. We
use an improved version of the program ImproveMasters.m [39] to find, for each family, a
basis of master integrals for which both of these issues are avoided.



5 Fully massive two-loop box master integrals

The main purpose of this section is to provide details on the computation of the master
integrals, which is based on differential equations [40-43]. The technically most challenging
part is the computation of the boundary conditions which is described in subsection 5.2.

5.1 Differential equations

The master integrals have a non-trivial dependence on two scaleless parameters ¢ = t/s
and m? = m?/s. We use LiteRed in combination with FIRE to derive linear systems of
coupled differential equations with respect to each of the variables. In principle one can
try to solve these sets of differential equations analytically, however the results are not
expressible in terms of iterated integrals but rather involve more complicated structures
like elliptic integrals. To obtain, nevertheless, precise and easy-to-evaluate results we follow
the ideas of refs. [8, 9] and evaluate the master integrals analytically in the high-energy
expansion, i.e., for m? < s, t.

To construct the asymptotic expansion we insert a power-log ansatz for each master
integral

imax jmax 1+4

L= Y Y Y dWeml 10g"(m?) (5.1)

i=—2 j=—4 k=0

into the differential equation in the variable /7 and re-expand in € and ;. Since there are
no spurious poles in € either in the physical amplitudes or the differential equations we can
choose i,,x = 0 for all master integrals. We have produced the expansion up to jmax = 120
for each of the master integrals, however the amplitudes contain spurious negative powers
in m; in the coefficients of the master integrals and additionally, one factor of m? is moved
to the prefactor ay. Thus the final expansion depth of the form factors for approaches (A)

4 respectively.

and (B) are m;'? and

After inserting the ansatz given in eq. (5.1) for each master integral into the differential
equation we can compare the coefficients of €, 1, and log(m?) between the right- and
left-hand side of the differential equation to obtain a system of linear equations for the
expansion coefficients cg’,z We use Kira together with FireFly [44, 45] to solve this
system of equations in terms of a minimal set of boundary conditions, making sure to
favour coefficients which belong to simpler master integrals and low e expansion depth in
the reduction. The main challenge is then to compute the remaining undetermined set of
boundary conditions, which still depend on the second kinematic variable . We note that
the set of boundary conditions required is independent of the value of jax, thus the final
expansion depth of the master integrals is limited only by the ability of Kira and FireFly
to solve the large system of equations generated by high values of j.x. Deeper expansions
than we have presented here are certainly possible, if required.

For the calculation of the £ dependence of the boundary conditions in the limit 7; — 0
we use the methods developed in refs. [8, 9, 46]. In particular, we use the method of

expansion-by-regions [47, 48] to obtain integral representations for the required boundary



coeflicients. These are subsequently solved with the help of Mellin-Barnes integrals, either
by analytically solving summations over residues or by high-precision numerical evaluations
together with the PSLQ algorithm [49, 50]. In the following section we will describe in detail
how to obtain the integral representations of the asymptotic expansion in general and show
details of the calculation of a few examples explicitly.

We have performed numerical cross checks for all 140 master integrals with the help
of FIESTA [51]. Using Euclidean kinematics, where both s and ¢ are negative, we typically
obtain six digits of agreement for the real-valued master integrals belonging to the integral
families in figure 3. For these checks we use m; = 173GeV and set s = ¢/2 with /s >
1200 GeV. In the physical region, where s > 0 and t < —s/2 < 0, we find agreement
for all 140 master integrals within the numerical uncertainty of FIESTA which provides
between two and six significant digits. The lowest precision is obtained for the seven-line
master integrals with dots, which are numerically very challenging. We have also performed
consistency checks by inserting our analytic high-energy expansions into the system of ¢-
differential equations and found that they are satisfied, order-by-order in m;.

5.2 Boundary conditions: Mellin-Barnes approach

In this subsection, we demonstrate the Mellin-Barnes (MB) approach for the calculation
of the boundary conditions for the m-differential equations for the master integrals. We
only consider the subset of master integrals for which the Euclidean region is defined by
S, T >0and U <0, where S = —s,T = —t and U = —u. The remaining master integrals
can then be found by crossing relations. The analytic continuation to the physical region
is done at the end of the calculation.

5.2.1 Basics of Mellin-Barnes representations and template integrals

We start with a short review of the basics of MB representations and the usage of so-called
“template integrals” in the asymptotic m; expansion.! For a two-loop master integral with
n lines we employ the following « representation,

2 n d;
1 o0 o'
2y _ , — T A2 T U
Zn(S, T, U,m}) _/]H1 di; DI DL _/0 (iHld%F(Héi))u e M

(5.2)

where U and F are Symanzik polynomials, §; are additional regulators associated with the
denominators D;, and the integration measure is chosen as

/dl d/2 /ddzj with d =4 — 2. (5.3)

For later convenience, we further adopt the notation for the a-parameter measure as

/d” 0 7/ Hdaz 50. (5.4)

'For a more detailed discussion of the MB method, we refer to [46].




We realize the asymptotic expansion in the high-energy region with the help of ver-
sion 2.1 of the program asy [52]. Using as input

m2e~x, S~1, T~1,U~1 with y <1, (5.5)

asy provides the possible scalings of the a parameters in the asymptotic expansion; it
provides a list of replacements «; — x"«; which describe the different regions contributing
to the asymptotic expansion.
In the “hard region” we have m? ~ x, while all o parameters scale as 1. Therefore, it
corresponds to a simple Taylor expansion in m; which can be realized via
0 m2 k k
IT(Lhard) _ Z (X k't) 8(82)kzn . (56)

k=0 my m2=0

The integrals on the r.h.s. can be reduced to known massless master integrals (see, e.g.,
refs. [53, 54]) using IBP methods.
For the “soft regions”, i.e. the regions in which at least one of the o parameters scales

~ X, we can expand the « representation of eq. (5.2) according to the region’s a-parameter
2

(soft) _ SR dmad (X)k O ¢ —ap
" Zz/‘lmwﬁ%>m%ﬁﬁ%% : (5.7)

r=1k=0 x=0

scaling as

Uy and F(,y are the Symanzik polynomials where x has been introduced by applying the
scaling of region r. Note that contrary to the hard region, which always starts at O(mY),
the soft regions can have different leading powers.

Taking the derivatives w.r.t. x in eq. (5.7) essentially produces the content of the curly
brackets multiplied by polynomials in «;, dimensionful quantities, the dimension d, and
negative powers of U(,y. This allows us to define “shift operators” S’ff which reproduce the
k*™® derivative in the region 7 without computing the derivative explicitly. Schematically,
these shift operators can be written as

Sﬁ ({Uj}y {az}) _ Z [{Uj} monomial]o « [{az} Polyrlomlal](, :
= (Uy)Pe

(5.8)

where o runs over the various combinations of at most k™' order monomials constructed
from v; € {m?,d,S,T,U}, py > 0 is an integer, and we have introduced the notation:

Ur = U,

coefficient of the leading term in y’

Fr=F

(5.9)

coefficient of the leading term in y

The y-expansion of a region r can now be interpreted, not in terms of derivatives, but as
the shifting of the indices of the single template integral of the region, 7. This template
integral represents the leading integral in the region’s y-expansion and is given by

7%{&}¢ﬂ::t/dﬁa5U;W26‘Eﬂ”. (5.10)

2Note that in general other scalings are possible for which eq. (5.7) is not valid, however in the problem
at hand we only encounter regions in which the o parameters scale as x or as 1.



We provide Mathematica expressions for all template integrals in the ancillary files [55].
The action of one possible term of the shift operators on the template integrals is given by:

n B

S’f ({’Uj}, {041-}> o T-({d:},€) D {v;} monomial x Z;i;;ii T ({6i}.€)

= {v;} monomial x (ﬁpfj_éi> 7}({51- + 5i}, e — p) , (5.11)

=1

where 5; > 0 and p > 0 are integers and Plﬁiéi =T'(146;+pi)/T'(1+6;) is the Pochhammer
function.

In this way, the higher-order y-expansion terms for the master integrals without nu-
merators® can be obtained from a single template integral per region. The full expansion
of a master integral in the soft regions can therefore be written as

o0

L+ x’“éf({vj},{ai})] o Tr({0:},¢) - (5.12)
k=1

R
17(180&) — Z
r=1

The MB representation of the template integrals can be obtained by means of direct
integration over the a parameters and the application of Mellin-Barnes representations,

(@ +y) = /*: ;Tfi F(—AP+(_z)A)F(—Z) Pt (5.13)

where the integration path has to be chosen in such a way as to separate the poles of
the I'(-+- + z) and I'(- - - — 2) factors. Note that the individual template integrals contain
spurious poles in the regulators d;, which cancel in the sum of all soft regions.

5.2.2 Mellin-Barnes representations for master integrals with numerators

In the following we introduce a parametric method to directly obtain the MB representa-
tions for the boundary conditions of master integrals with numerators. Another method
would be to reduce master integrals with numerators to a basis of master integrals with
only dots via IBP reductions. However in such a basis, deeper expansions in € and m; are
often required due to the presence of spurious poles in the IBP relations.?

The numerators in the a representation can be introduced on the same footing as

propagator denominators [32, 57] via

1 oo
) F()\)/ daaM e Pi® forA>0,
0
= 5.14
D) NN (19
(-1) Sl € o, for A<O0.

3The shifting rule for master integrals with dotted propagators can be obtained directly from eq. (5.11)
by changing the § indices.
4We notice a similar approach in [56] for numerical evaluations of quasi-finite master integrals.

~10 -



The « representation of the n-line master integral with m additional numerators can then
be obtained as

2 A A
NN N
In7m = /Hdl] D1+51 DT+5n
1 n

j=1
m A -
0 L. 9ol
t=1 n—+t Qpt1==0nt+m=0
= [ @t ur e IO () o)) (5.15)

where in our case we have m = 1,2. In the second line, If and F are Symanzik polynomials
in terms of (n + m) a parameters, while in the last line &/ and F are those of eq. (5.2) in
terms of only n a parameters. The function O™ comes from the derivatives in the second
line; it has a similar form as the shift operators of eq. (5.8). Note that in eq. (5.15) no
expansion in x has been performed.

At this stage, having derived the n-dimensional « representation, we are ready to apply
all the techniques developed for the n-line master integrals to eq. (5.15). By performing the
asymptotic expansions as described in eq. (5.5), the resulting hard-region integral L(Ih;f )
can be solved in the same way as eq. (5.6), and the integrals in the soft regions can be
expressed as

R 9]
L(;gﬁt) -y / dmad Y42 ¢~ Fr It
r=1 0

S kS (fuy, {az-})]
k=0

XS (s}, {ai})] o T ({8i}€) (5.16)
0

r=1

k=

where the action of the expanded shift operator S’ffJ“m follows the same rule as in eq. (5.11),
and the template integrals 7, are the same n-line integrals defined in eq. (5.10). We
emphasize that the shifts from operators Srm yield the leading-order terms in the asymptotic
my expansions of these master integrals with numerators.

Eq. (5.16) provides an algorithmic way to obtain the MB representations of master
integrals with arbitrary numerators. Compared with using IBP reduction to change to a
basis of master integrals without numerators, our method has the advantage of avoiding
spurious higher-order poles in € and m,;. Hence, one obtains a much more compact expres-
sion in terms of MB integrals, and the cancellation of d;-poles among different regions can
be obtained more easily.’

5.2.3 Solving Mellin-Barnes integrals

In order to solve the MB representations derived in egs. (5.12) and (5.16), the first step
is to fix the integration contour and perform analytic continuation and series expansions
in the §; and e regulators accordingly.® This step can be performed with the help of the

Note that the complexity of eq. (5.16) at O(x*) is similar to the O(x™*) expansions in eq. (5.12).
5For details on the analytic continuation of multiple regulators, we refer to [46].

- 11 -



Figure 4. Three-line sunrise diagram with massless external lines. Solid internal lines represent
massive scalar propagators. The dotted external lines indicate that the lines are massless.

package MB.m [58]. We now obtain a large number of multi-dimensional MB representations
for complicated integrals, which requires a systematic approach for their calculation.

In general our method aims to find infinite sums of residues of the MB integrals,
that are suitable for summation procedures. Such residue sum representations are
passed to EvaluateMultiSums.m [59-61] and HarmonicSums.m [62-74] which internally
use Sigma.m [75, 76] for the analytic summation. This step is non-trivial, especially for
multi-dimensional MB integrals, and it involves various supplementary techniques such as
adding auxiliary scales, the T-expansion of MB integrals and ansatz fitting procedures, as
well as numerical evaluation and the PSLQ algorithm. We will describe these methods by
providing three examples in the following subsections.

In the following, we adopt the abbreviations

n n n
Clzy,..an) = [[T@),  iein == D 0in s Qigein = Y G, (5.17)
=1 m=1 m=1

and denote the Harmonic PolyLogarithms (HPLs) as H(mi,...,my,x) (see ref. [77] for
their definition). We use log(z) and H(0,x) interchangeably.

5.2.4 Example 1: three-line integral

We start by considering the three-line massive sunrise integral with massless external lines.
The diagram is shown in figure 4, where solid and dotted lines denote massive and massless
propagators, respectively. The Symanzik polynomials are given by

U = ajas + aras + asas
F = m% (o +az+a3)U, (5.18)

and involve only one scale, m?; hence there is no need to perform asymptotic expansion.
We obtain a one-dimensional MB integral representation:

T3 = . (5.19)

d= ( 2)72e+1 D—z1,z1—€e+2,—z1+e—1,21+ 1,21+ 1,21 + ¢

o\ T[2—¢ 22 + 2]

Since no expansion in m; has to be performed the regulators J; are not required and
have been dropped. We first fix the integration contour and the value of € such that the
left- and right-poles of the Gamma functions are separated by a straight line. In this case
Re(z1) = —1/7 and € = 1 satisfy this condition. We then perform the analytic continuation
€ — 0 such that we can expand the integrand in e. These manipulations can be performed
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using MB.m [58], which yields

21 2
I3 = (m?)'" %28 ( 3 9 2 om 4+ TMB) 4 0(@) , (5.20)

where the remaining MB integral

— . 5.21
Lojoo 27i I'(2z + 2) (5:21)

By _ /_%HOO dz1 I'[—21 — 1, —z1, 21,21+ L, 21 + 1, 21 + 2]

In order to solve the integral I™® we can close the integration contour to the right and
then sum the residues. We obtain:

"B 2k +1\  (4k* + 8k + 3) [S1(k) — S1(2k)] — 4 (k + 1)
= 4+* 22( ) (2% + 1)(2k + 2)(2k + 3)2 :

(5.22)

where S;(n) denote harmonic sums, i.e., S;(n) = S.7_; sign(i)*/kl!l . As can be seen from
the sum representation, the solution will be given by inverse binomial sums at infinity which
have, for example, been studied in refs. [78-81]. However, their associated constants are
not as well studied as those associated to the usual harmonic sums and thus a simplification
of the final result is difficult; for this reason we proceed with a different method. The first
step is to introduce a parameter into the sum and define

2k + 1) (4K + 8k + 3) [S1(k) — S1(2k)] —4 (k + 1)

6

1™ () =44+ +2€ Z£k< k (2k 4 1)(2k + 2)(2k + 3)?

(5.23)

This allows us to find a generating function of the sum in eq. (5.23) with the help of the
command ComputeGeneratingFunction implemented in HarmonicSums.m. The result is
expressed in terms of iterated integrals over the letters {1/x,v/4 — x\/z}. Afterwards we
rationalize the square-root valued letters with the command SpecialGLToH and take the
limit & — 1 to reconstruct I™® in eq. (5.20). The result is given by

2 o7 1 ? T
lim TP (¢) = (/ - d ) —9 // drod
gl—% (€) 6 Ty 2 \Jo 1—1—7‘1—1—7'1 n T 1—1—7‘24—7‘2) T24m

(5.24)

We see that the solution can be written in terms of iterated integrals with cyclotomic
letters [82]. They can be further reduced to known constants that are represented by
multiple polylogarithms evaluated at the sixth roots of unity [83] which yields, for the
e-finite part of the massive sunrise diagram, the result

I, = (m?)l_gee_%w( _______ e + o) ( ) + O(e )) (5.25)

Here ¢! (%) is the PolyGamma function that is related to the Clausen function by

T 1/}(1) (l) 71'2
Cl, (3) = 2\/; v (5.26)
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Figure 5. Five-line box diagram.

When reconstructing analytic expressions from numerical evaluations using the PSLQ
algorithm we therefore have to use the following basis of constants as well as all possible
products up to transcendental weight 4:

{1, V3. 10g(2), log(3), m, vV (§), <(3),
fm Lig (J)] , Tm [Lig (32 + )], Lia (3) - (5.27)
5.2.5 Example 2: five-line integral

The second example is the five-line integral shown in figure 5. To fix the boundary con-
ditions for the m; differential equation for this integral we need to evaluate it including
O(e°,m?); thus asymptotic expansion beyond the leading order in the m? expansion is
required. The Symanzik polynomials for this master integral are given by

U= (o +a3z) (a1 +og) + (a1 + oo + a3 + o) as

F = Sasagas + T ajazas +m? (a) + as + g+ ag + as) U, (5.28)
which involve three scales: S,T and m?. By applying asymptotic expansions with asy
according to the scaling in eq. (5.5), we obtain 9 regions with the following a-parameter
scalings:

(a1, g, 03, g, a5) A (0,0,0,0,0), (0,0,0,0,1), (0,0,1,1,0), (0,1,1,0,0), (0,1,1,0,1),
0 (1) 2) 3) (4)
(1,0,0,1,0), (1,0,0,1,1), (1,1,0,0,0), (1,1,1,1,0). (5.29)
() (6) (M) (8)

The scaling (0,0,0,0,0) corresponds to the hard region, in which only m? ~ yx and all «
parameters scale as a; ~ x". In the remaining eight regions a subset of the a parameters
scale as a; ~ x.

Hard region. For the hard region, we proceed in the same way as eq. (5.6). The leading
term at O(mY) can be obtained by setting m; = 0, which corresponds to one of the known
massless master integrals given in refs. [84, 85]. For the sub-leading term at O(m?), we
first perform a Taylor expansion at the integrand level, and then perform an IBP reduction
with LiteRed [31, 32] to reduce again to the set of known massless master integrals to
obtain the final result.
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Soft regions. For the soft regions, we apply the eight scalings from eq. (5.29) to the
Symanzik polynomials in eq. (5.28), and expand the « representation to the sub-leading
order in y as described in eq. (5.7). For region (1) we find, for example,

: _ _ d 1234 a5 g g 1934 (5)?
I(soft),(l) _ /d5a5u d/2€ Fi /Uy 1 — m2a + = o
5 1 X t 5 9 U (ul)Q
_p .0z () } +0(x°) (5.30)
(Uh)?
with the expanded Symanzik polynomials
Uy = (ao +a3) (oq + a4)
F1 = Sasayas + Tojazas + ’th (041 + o + a3 + 044) U . (5.31)

Note that U is the coefficient of x° and F is the coefficient of y!. The eight template
integrals, which correspond to the leading contributions, can be extracted according to
eq. (5.10). They are represented by, at most, one-dimensional MB integrals.
The template integral for region 1 is given by
T _ dzy (771152)751234726 (T)Zl I [023 + €,014 + €,02 — 5 — 21, —21]
LA0L02 05 00051 T g T G0+ S U6y + 1,02+ 1,035 + 1,04 + 1]
['[04— 05— 21,01+ 21+ 1,03+ 21 + 1,05 + 21 + 1]
F[523—55+1,51+54—55+1,(55+1] ’

which is obtained from eq. (5.10) through straightforward integration. The expansion in

(5.32)

eq. (5.30) can also be reinterpreted in terms of shift operators acting on this template
integral:

< f A
Iéso £),(1) = [1 + X Z Sll (U, {al})] % 7-1,{51,52,53,54,65},5
ve{m?,d,S,T}

2l
= 73,{51752753754755}76 +X { -y 731+(55 71,{51752753754755+1},6

d 1 1 1
— 5 Piiss (P1+51 T1,{6141,62,63,64,654 1 .e—1 T Piisy T1,{61,6041,63,64,654+1},e—1

1 1
+ 7Dl-i—(53 7-17{51752753-5-1,54,55-1-1}76—1 + 731-5-54 7-1,{51,52,53754-5-17554-1},6—1)

2 1 1 1
+ SPiyss (7’1+517’1+527’1+54 T1{61+1,02+1,63,04+1,5+2},e—2

2 1
+ Piis,Piys, TL{%752+2,53,54+1755+2},€—2

1 1 1
+ Prssy Piaos Pitoy T1{61,6041,6341,6141,6542},e—2

1 2
+ Piys, Piys, 717{51752+1753,54+2755+2}76—2)

2 2 1
+ TP1+55 (P1+61P1+53 7-17{51+2,52753+1754755+2}76*2

1 1 1
+ P1+51 P1+52P1+53 71,{51+1,52+1,53+1,54,65+2},6—2

1 2
+ Pirs Pigss T1{614+1,60,6512,64,65+2} 2

1 1 1
+ Pris, Pitos Pisss 7'1,{51+1,52,53+1,54+1,55+2},e—2)} : (5.33)
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At this point we use the MB representations derived for this region and perform the analytic
continuation and expansion of the regulators d1,...,d5 and ¢, with the integration contour
chosen at Re(z1) = —1/7. As before, this is performed by MB.m and the left- and right-
poles are separated by the straight contour line. The series expansion for the individual
regions yield both d;- and e-poles. While the §;-poles have to cancel in the sum of all the
soft regions for each master integral, the e-poles cancel in the final sum of hard and soft
regions for this diagram, since it is finite. The resulting one-dimensional MB integrals are
solved by closing the integration contours either to the left or right and the subsequent
summation of the residue sums using Sigma.m and HarmonicSums.m as described in the
previous example.

Results. Solving the MB integrals in the soft regions and combining them with the hard
region, we obtain the solution of the five-line integral of figure 5:

Ty = 60(51+T) {201{(-1,75“) {3 (H(o zy’ +7r2> H(0, %) +6(H(0,0,-1,%)
+¢) - 20(0,5)" 3 (200, -1, %) + =) 1 (0, f;)] +20H(0, %)
x <6 (H(o,o, ~1 %) +¢(3 )) 2H(0, §)3 ~3 (2H(0,—1,§) +772> H(o, g))
+30 (H(o,§)2+w2> H(0, % ©120¢(3) a(0.%) + 15m(0,2)"
+ 3072 H(0, %)2 +60H(0, -1, %) H(0, %) +120H(0,~1,-1,%) H(0, %)
+30H(~1 %) ( H(o, ) 2> - 120H(o 0,-1,-1,%)
— 1208(0,0,0,-1,%) +4 } + S—T {QH(O )‘3 +(2-30(0, %))
x (0, %?)2 + (~20(0.%) - 372 - 8) (0, %f) + H(o, %)3

+(6H(0,~1,%) +37* +4) H(0,5) + H(-1,%) <—3H(0, Ty - 3#2)

— 6H(0,0, -1, %) —14¢(3) — 772} + O(e,m}), (5.34)
which is free from d;- and e-poles.

5.2.6 Example 3: seven-line integral with two numerators
As a final example we consider the seven-line double box integral (see figure 6) with two ad-

ditional numerators, which needs to be evaluated to O(e?, m?) for the boundary conditions.”

Alpha representation. We first derive the « representation of this “74+2”-line integral
by the method presented in egs. (5.14)—(5.15) by treating the numerators on the same

"It corresponds to the integral G[4,{1,1,1,1,1,1,1, —1, —1}] in the ancillary file to this paper [55].

~16 —



Figure 6. Seven-line double box diagram.

footing as the propagator denominators. The resulting Symanzik polynomials are given by

U=ag(as+ag+as+ar)+ (a3 + ag + as) as + a7 (as + ag + as + ag)
+(a6+a7+ag)a9+ (a1+a2)(a3+a4+a5+a7+ag),

F=2S5 (ag(ag, (ag + a7 + ag) + ar (g + 2as) ) + (aras — aq (a6 + a7 + ag) )ag
+ as(ar7 (ap + 2ag) + as (ag + a7 + 2ag) + ag (a5 + ag + 2ag)
+ a4 (a6 + 2as — ag) + (a6 + 2a8) ag) + a1 (azas — (o + az) ozg)>
+T(a1(a4(a7—ag—a9) — ag (a3 +as+ar+ag)) — (g (a2 + ag + ar)
+ (g — a?)as)ag)
+m?(a1+a2+a3+a4+a5+a6+a7)ﬂ, (5.35)

and the seven-line Symanzik polynomials can be obtained from them:

U=U|, oo F=F|pcaeo- (5.36)
The « representation can be computed as
I79 = /OO d’ad (66?;{_‘1/2 e_]}/l’?>
’ 0 dag Oag as=ao=0
= / d'a’ Z’{_d/z e_]:/u <@2 (dv {al}) + 0’ (‘97 {al}) + o? (T7 {al})
0
+0? (d2, {ai}) + 02 (52, {ai}> + 02 (T2, {ai}) +02(dS, {ai})
+O(AT, {as}) + OX(ST, {as}) ) (5.37)

Note that no expansion is x has yet been performed. The shift operators 02 originate from
the numerators of the integral, as explained in eq. (5.15), and read:

N d
0% (d. {ai}) = 7
(d,{ci}) > U)? agz
A S
0% (S, {y}) = W {2061267 (03457 + asar) ((2a12 + a) azas + ar (ase + 2a1234))

—U ag7 ((2a12 + ) azas + a7 (ase + 2a1234))

—U (2a12 + a67) (aoaza57 + 013047)} ;
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o? (T7 {al}) =

O (& {ai}) =

02 (8% {ai})

0 (1% {au}) =

O?(dS, {o}) = —

O?(dT, {}) =—

O* (ST, {a;}) =

T
W [ — 2001126703457 (U + auar) + cilhdooe703457
+ (011 — 047)2/[ (u + oz4a7)] s

d2
W Q3457 (Y1267

52
'
X (@345 (20012 + o) + (21234 + as6) a7) (a7 + ag azas?)

T2
W gzt aroer (U + o) (U + asar)

ds
2U)?

+ (a2 (s + agase + arass) + as (asaer + apar) + a1as0s) Q126703457

(o34 126 + 1234 7) (50126 + 1456 O07)

{( (107 + agaer + ag (g — ag)) U asasy)

—((20112 + ) azas + a7 (201234 + as6) ) 1267 (23457 + a3047)} ,
dT
2u)’
ST
"
+a1 (azasons + arazase + o (20345 + a3as)) a12e7a3a57 (s +U)

as457 1267 (2010407 + s U)

(alu (a1a47 + agag7 + o (a4 — 046)) Q3457 (a4a7 + U)

+ajagaranser (easast + agar) (arase + agasas — 2U)

—ayan267 U (a3as7 + azar) (—arase — agazas + 2“)) ; (5.38)

with U = aq5 196 + 123456 7. The absence of the remaining five possible shift opera-
tors {O%(m?),0%(m}), O*(dm?), O%(Sm?), O*(T m?)} is expected as the numerators are

irreducible scalar products, which are free from m? terms.

Asymptotic expansions. With the representation in terms of seven a parameters for

this “742”-line integral in hand, we can again apply the asymptotic expansions for the
scaling of eq. (5.5) to the seven-line Symanzik polynomials &/ and F (see eq. (5.36)) as well
as the shift operators in eq. (5.38). The asymptotic expansion from asy yields the hard

region and 13 soft regions with the following scalings:

(o1,...,07) A (0,0,0,0,0,0,0), (0,0,0,0,1,1,1), (0,0,0,1,1,1,0), (0,0,1,0,0,1,1),
0 1 2 3

(0,0,1,1,1,1,1), (0,1,0,0,1,0,1), (0,1,1,0,0,0,1), (0,1,1,1,0,0,0), (0,1,1,1,1,0,1),
4 5 6 7 8

(1,0,0,0,1,1,0), (1,1,0,0,1,1,1), (1,1,1,0,0,0,0), (1,1,1,0,0,1,1), (1,1,1,1,1,1,0).
9 10 11 12 13

(5.39)

For the hard region, we proceed in the standard way, i.e. we take the massless limit and

perform IBP reductions to the known massless master integrals. For the 13 soft regions,
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we expand the « representation in eq. (5.37) according to eq. (5.16),

13 00 . N N

703 = Y [T At e (82 (d o) + S (S ) + 8 (T o)
r=1
+ 8?2 (d2, {ai}) + 87 (52, {ai}) +82 (Tz, {ai}) +8%(d S, {ay})

+&2(dT, {oi)) + &2 (ST, {eu}) + O(X)) . (5.40)

The expanded shift operator S’f is the leading term of the operator O? in eq. (5.38) where
the r** region scales according to eq. (5.39). The 13 template integrals can be identified
by U, and F, according to eq. (5.10). By performing parametric integrations and Mellin
transformations, we obtain up to three-dimensional MB representations for the template
integrals. By applying the shift operators in eq. (5.11) to eq. (5.40), we obtain the MB
representations of the soft regions.®

The next step is to perform an analytic continuation w.r.t. the eight regulators d1, ..., d7
and e. After introducing the Mellin-Barnes representations the integration contours must
be chosen such that the left poles and the right poles are separated (as stated below
eq. (5.13)). For all template integrals, which we consider in our paper, it is possible to
choose straight lines parallel to the imaginary axis and real parts which are given by
{Re(z1) = —1/7,Re(z2) = —1/11,Re(z3) = —1/17}. Then we perform the continua-
tion with the MB.m package and expand the expression to order O(6?) and O(e”). This
yields a large number of one-, two- and three-dimensional MB integrals; 2003, 515 and 14
respectively. In the following paragraphs, we will demonstrate our method to solve multi-
dimensional MB integrals, focussing in particular on non-trivial examples which have a
non-zero contribution from the contour-closing arc at infinity which must be taken into
account.

Arc and residue sums. Here we start with a simple but non-trivial example which
appears in our calculations, which demonstrates the importance of the arc contribution.
The example is a one-dimensional scaleless MB integral with the integrand

A5 (=22)?T'(22)°

?2) = ) 5.41

f(z2) 2t 1) (a1 2 (5.41)

where the integration contour is fixed at Re(z2) = —1/11. Cauchy’s residue theorem
states that

— L4 d 00 d
11 22 22
—f(22) = — Res,,— 22)| — — f(22), 5.42
/ e 23l = = L Resan il - [ SR (5.42)

where the (—) sign comes from the fact that we close the contour clockwise. One usually
assumes that the arc contribution vanishes. However, this is not the case for eq. (5.41).

8 An explicit example of applying the shift operators is shown in eq. (5.33).
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Closing the integration contour to the right and summing the residues we obtain

N S 3kP(4+3k)
_ %Resw:k [f(z2)] = — l;) (14+ k)4 2+ k)4

372 217t
= —18¢(3) 5 10

On the other hand, regularizing the integrand by multiplying with £*> and summing the

(5.43)

residues we obtain

B k 3k:5(4 + 3k) kS

—kZ%Resz2 k£ f(22)] = —Zf ( B2+ k)t + TEECEE 10g(f)>
€1 3r? 217t
= —18¢(3) — 5 T 10 4241 . (5.44)

The same result can be found by precise numerical integration and employing the PSLQ
algorithm. The difference between the two results in egs. (5.43) and (5.44) is the missing
contribution from the arc in eq. (5.42):

de

arc 271

o f(z2) = —1. (5.45)

Therefore, in order to systematically take the arc contribution into account, we always
rely on numerical integration of the MB integrals accompanied by the PSLQ algorithm
to cross-check results obtained from the residue summations for scaleless MB integrals.
However, the problem becomes more complicated when a non-vanishing arc contribution
like eq. (5.45) is nested in two-dimensional MB integrals involving the kinematic invariants
T/S. In the following we will introduce a method which can deal with such situations.

Nested arc contribution. For two-dimensional MB integrals, we always first try to re-
duce their dimensionality using Barnes’ lemmas as implemented in barnesroutines.m [86]
and other simplification tricks. For the remaining two-dimensional MB integrals involving
kinematic invariants and a nested arc contribution, we need a more careful analysis. Let
us now consider two-dimensional MB integrals of the form

%% (g) - f‘(zl) f‘(ZQ) f(21, 22) s (5'46)

27l 27

where I' denotes the product of Gamma functions with common integration variables. In
our case we have two types of z; residues from the Gamma functions, which are given by

type 1: 21 =0,1, 2, ...

(5.47)

type 2: z1 = g(22), 9(22) + 1, g(22) + 2, ...

From the type 1 residues with integer z; we obtain
dZQ s T\ o N “
I = ot Z Res,, —k, <S) [(21) T'(22) T'(21, 22)
dZQ A
. /7F(k1,22) (22) P(k1, 22), (5.48)
P S 2
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where F(kl,zg) denotes the resulting residue function. From the type 2 residues in
eq. (5.47), we have

dzp T\ . R A
12 = — 2771 klz_: Reszl =g(z2)+k1 (S) F(ZI)F(Z2)F(21,22)
dzo g(z2)+k1 ) .
T Z / 27l ( > F(g(22) + k1, 22) T'(22) I'(g(22) + k1, 22) . (5.49)

We can then take the nested 29 residues in egs. (5.48) and (5.49), which introduces a second
infinite sum over ks, and then perform the residue summations over both ki and ks with
the help of Sigma.m and EvaluateMultiSums.m. However, this two-dimensional (ki k2)
residue summation will miss the arc contributions in the first type, given in eq. (5.48),
from scaleless one-dimensional MB integrals in z2. The residue summation for the second
type, given in eq. (5.49), is correct, since the kinematic scale choice 0 < T'/S < 1 will sup-
press the asymptotic behaviour of the integrands and ensure that the arc contributions in
eq. (5.49) are vanishing. Instead of introducing another regulator into the two-dimensional
MB integrals, which would increase the computational complexity significantly, we use pre-
cise numerical integration together with the PSLQ algorithm in order to find the correct
results at fixed values of k3. Clearly we can not compute the infinite sum in this way, so we
introduce the method of T-expansion and ansatz fitting procedures to obtain the correct
result for eq. (5.46).

Ansatz fitting and T-expansions. The basic idea of this method is to start with an
ansatz for the sum of MB integrals of the type given in eq. (5.46) which contains rational
functions and HPLs up to weight 4, and perform a series expansion in 7" to a finite power
n. Then we expand egs. (5.48) and (5.49) up to O(T™) by taking residues, and compute
the remaining one-dimensional MB integrals. The result can then be fitted to the series
expansion of the ansatz; the fitting procedure consists of solving a system of linear equations
to determine the unknown coefficients of the ansatz.

An ansatz which includes weight 4 functions is rather large, requiring a series expansion
to a high power n to completely fix its coefficients. In practice, our experience shows that
the arc does not contribute to the higher-transcendental-weight contributions, allowing us
to limit the size of the ansatz and thus the required depth of the series expansions.

In the following, we demonstrate this idea with an explicit example that is present
in our calculation. We have a two-dimensional MB expression I and perform the residue
summation as described above. This leads to

Lo (_ 4 12 122*  42®  6H(-l,x) 4H(-1,z)
s (z+1)?% (x+1)? (x+1)? (z+41) (x +1)2 x(z +1)2
2¢H(-1,x ;
-2 tog(o) + 1080, (550
where
J(high) _ <_ 200°H(0,—1,x) 562°H(0,—1,x) 38zH(0,—1,2) 4H(0,-1,x)
fsum (z+1) (z+1) (z+1)? (z+1)
H(0,-1
W + weight 3 transcendental functlons) log(z), (5.51)
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and z = T/S. IS(EEEh) contains functions of transcendental weight 3 and 4 which, in our
calculation, are correctly computed by the residue sums. This suggests an ansatz which
contains undetermined coefficients in front of functions only up to transcendental weight

2. Here we choose
c Cox c3x? cax? csH(—1,x cgH(—1,x
Iansatz:< 12+ 2 2+ 2 2‘|‘ e 2+5 ( 2> 6 ( 2>
(x+1) (x+1) (x+1) (x+1) x(z+1) (x+1)
creH(—1,2)  cgx?H(—1,2) coxH(—1,x)
(x+1)2 (x+41)2 (x+1)2

) log(x) + 1M (5.52)

with the nine free parameters cy, ..., cg.
Using numerical integration and the PSLQ algorithm we can construct a series expansion
of I which is given by

11222 11232°  148453z*  2409487x° 8278790925
Toxp = (4 — 402 — — + - +
9 108 5400 54000 1323000
301722232127 N 224921952592% 4870635612972 N 17308756054972:10
37044000 222264000 4000752000 12102274800
+(9(x11)) log(x). (5.53)

Note that here the arc contributions are included correctly. By performing a series ex-
pansion of eq. (5.52) and comparing to eq. (5.53) we obtain an over-determined system of
linear equations with the solution

{Cl = —4, Cy = —12, Cc3 = —12, Cy = —4, C5 = 0, Ce = 0, Cr = 0, cg = 0, Cg = 0} .(5.54)

After inserting the coefficients into eq. (5.52) we finally obtain the true result for I which
replaces eq. (5.50).

Results. After solving all MB integrals and adding the result from the hard region, we
derive the final solution of this “7+2”-line master integral

e g(0.5) 4 1 {40 ) 05"+ (0.5 - 5 ) 02

+ [H(O %)3 n (GH(O, 1, %) + 7T2) H(o, %) - 6H(0, 0,—1, g)

+H(—1,§)
+ <8H(0,—1,§) + 5 H(0,%) —8H<0,0,—1,§)] - iH(O, %2)4

+¢3) (8-8H(-1,%)) - EH(O’ §)4 + (—3H(0, -1.5) - ”j) H(0, %>2
2
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0, %)3 + <8H(O, -1,%) + 1037TQ> H(0,%) - 8H(0,0,-1,%

a0 9)' - (0.2)' - (a(o.1.8) 4 ) (0 3)

52 2 *
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+8H(0,0, 1,1, %) T 12H(0,0,0, ~1, %) + 517;2 - ; - 27;4 + CS} +O(e,m2),

(5.55)

where the constants Cr and Cyg originate from three-dimensional MB integrals which are
discussed in appendix A.

5.2.7 Crossing and analytic continuation

As stated above, we only calculate the boundary conditions for the subset of master in-
tegrals for which the Euclidean region is defined for S, T > 0 and U < 0. The boundary
conditions for all other master integrals can be obtained by applying one of the five crossing
relations:

T—-U; S—=U; ST, T—-U,S—»T; T—=S,S—=U. (556)

While the rational dependence can be easily obtained via these replacements, the HPLs
need analytic continuation.

Due to our choice of the Euclidean region we start with HPLs of the argument = = T'/S,
which are real in this region. To analytically continue to the physical region, we have to
arrive at the argument o/ = —T/S = T/s = —x. The transformation of HPLs to the
negative argument is implemented in HarmonicSums and HPL. However, we have to take
care to use the correct sign for the analytic continuation. We have s = s+i¢, sox = x+ie
and therefore have to use the ‘4’ sign for the analytic continuation which leads to

H(0,z) = H(0,2) +ir. (5.57)

Using HarmonicSums or HPL we can transform the argument of all occurring HPLs to the

physical region. For example, we have
H(0,-1,7) = —H(0,1,2"),
H(0,-1,-1,2) = H(0,1,1,2") . (5.58)

The analytic continuation of the HPLs after the application of the different crossings
can be obtained in a similar manner, but require more involved transformations. For
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example, after the crossing T'— U we end up with HPLs of the argument y = —(1+7/S5 +
ie). We can map these HPLs back to argument 2’ by first applying the transformation
y — —y = v and afterwards y' — 1 — 3y’ = 2/. The sign for the analytic continuation has
to be chosen as ‘—’ for the first and ‘+’ for the second transformation. This results, for
example, in

H(0,—1,y) = H(0,1,2") — H(0,2")H(1,2") — {(2),
H(0,—-1,-1,y) = —H(0,0,1,2") + H(0,2")H(0,1,2") (5.59)
S HO ) HL ) +((3)
As a final example, let us look at the crossing S <+ T'. Here, we find HPLs of argument

w = S/T —ie. We can map these HPLs back to argument 2’ by first applying the
transformation w — 1/w = x and afterwards continue as for the first example. We find

1 2
H(0,~1,w) = H(0,1,2) + ;H(0,2') - % +imH(0,2),
1
H(0,~1,~1w) = —H(0,1,1,2') + H(0,0, 1,2) = H(0,2)H(0,1,2') — ZH(0,2')"
2 2

+%H(O,x’) +¢(3) — iw(H(O, 1,2") + %H(O,x')Q - 7;) . (5.60)

The analytic continuation for the other crossings can be derived analogously. In total
we can express all 140 master integrals through the following set of HPLs:

s
H(1,T) = —log (1- 1),
D)~ 1a ().
H(0,0,1,§) = Lis (I)
H(o, 1,1, I) — _Lis (1 - —) 1 Liy ( -~ 2) log (1 -~ 1)

H(0.0,0,1,7) = Lis (%),
H(0,0,1,1,T) = 855 (%),
H(0,1,1,1,7) = ~Lig (1-T) - jLi (1 - T ) 1og” (1 - 1) + 55
+Lis (1~ T)log (1~ 7) — glog (T)log® (1~ 7). (5.61)

While the expression in terms of HPLs is more convenient for analytic manipulations,
the expressions in terms of polylogarithms (Li,(2)) and Nielsen polylogarithms (Sy, mn(x))
might be more convenient for numerical evaluations, since many standard math libraries
already contain implementations.

In the supplementary material to this paper [55] we provide the analytic results for all
140 master integrals.
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6 Form factors for gg - HH

The contribution to the form factors of g¢9 — HH from diagrams of figure 1 is infrared
finite and has only ultraviolet divergences. They are removed by renormalizing the top
quark mass and Yukawa coupling in the leading order contributions. The counterterms are
well known in the on-shell scheme, see, e.g., ref. [87]. In this work it is sufficient to perform
the renormalization in the MS scheme. The corresponding mass counterterm is given by
(see, e.g., eq. (31) of ref. [88])

2
mg:mt<1+a3 mt):mt(lqtatg), (6.1)

WS%VESEm%V e 16

where « is the fine structure constant, sy = sin Ay is the sine of the weak mixing angle
and N¢o = 3.
The finite form factors Fox; and Fioxo are expanded up to (m?)®” and m‘}l in ap-

proach (A) and up to (m?)%8, (m%")* and 63 in approach (B). Note that one factor m? is

collected in a; (see eq. (2.9)) such that the expansion up to (m?)% and (m?)>7 are avail-
able for the Padé method. We follow ref. [89] and construct the so-called “pole distance
re-weighted” Padé approximants and the corresponding uncertainties (see section 4 of [89]

for a detailed discussion), in which Padé approximants [n/m] are included which satisfy
Niow <n+m < Npjgh and = Nigw <n+m —|n—m)|. (6.2)

For approach (A) we choose { Niow, Nhigh } = {50, 56} and for approach (B) {Niow, Nhigh} =
{51,57}. Note that in [14] only terms up to (m?)'6 are available. We observe that including
more m; expansion terms in the construction of the Padé approximations leads to a sig-
nificant stabilization of the results, in particular for lower values of pr. For the numerical
analyses we choose m; = 173 GeV, my = 125 GeV and set p? = s.

Before discussing the results for the physical form factors we apply our approximation
method to the seven-line double box integral (see figure 6) where all internal lines are
massive. This is one of our master integrals, which we have expanded up to (m?)%°. For
this integral it is possible to obtain precise numerical results using FIESTA. In figure 7(b)
we compare, for pr = 120 GeV, the real and imaginary parts of the Padé method to the
numerical results. For the Padé method we use { Niow, Nnigh} = {50, 60}, the same choice as
we make for the form factors. For values of /s & 500 GeV and higher the Padé uncertainties
are very small and we find perfect agreement between the Padé and FIESTA results. For
lower /s the Padé uncertainties in the real part grow. It is nevertheless interesting to
see that the central values are close to the numerical results. On the contrary, for the
imaginary part the Padé uncertainties remain small but there is a clear deviation from the
exact result. This can be explained as follows: The integral we consider admits two- and
three-particle cuts. For the latter /s = 3m; = 519 GeV which is about the starting point
for the deviations; the Padé method is not expected to be able to approximate the exact
function below the cut, which we clearly see in the imaginary part in figure 7(b).

In figure 7(a) we show the analogous result for the seven-line master integral of ap-
proach (A) where middle line is massless. This integral only has cuts through two massive

— 95—



0.3
1.2
0.2
< 4
< 017 g 1.0
< o
g 0.7 5 0.8]
e o
8 -0.19 °
© % 0.6
£ —0.24 o
3 2 0.4
z -0.31 g0
o
S —0.4] g 0.2
-0.5
0.09
-0.6 ; ; ; ; : : . :
350 400 450 500 550 600 350 400 450 500 550 600
Vs(GeV) Vs(GeV)
(a)
0.6
o 057
<
@ 8 041"
S o 1
© Q
o Q
S ® 0.3
& £
> ©
£ S 0.2
© >
o ©
3 5 o1
= ©
£
0.0]
: ; : ; -0.1 : ; : ;
400 450 500 550 600 350 400 450 500 550 600
Vs(GeV) Vs(GeV)

(b)

Figure 7. Real and imaginary parts of the seven-line master integral (see figure 6) for pr =
120 GeV. Top: the line in the middle is massless; bottom: all lines are massive. Numerical results
from FIESTA are shown in red; Padé results together with the corresponding uncertainty band are
shown in blue.

lines (and possibly also a massless line) and indeed, we observe good agreement of the Padé
and FIESTA results, even close to the top quark pair threshold at 2m; = 346 GeV.

Let us now move to the form factors Fpox1 and Fhoxe and discuss the quality of the
expansions in my and 4. For this purpose we fix pr and plot various different depths.
We normalize all curves to the highest-available depth of approach (B), which includes
mf; and §3.

In figure 8(a) the result is shown for the real part of Fiox1 for pr = 500 GeV. The
colours correspond to approach (B) and the results from approach (A) are shown in gray
and black. The y axis spans a range below 1% and all approximations which include at
least m?; terms in approach (A) and m?% and &' terms in approach (B) are visible in the
plot and thus show a deviation well below the percent level.

In figure 8(b) we show results for pr = 200GeV and +/s values between 480 GeV
and 580 GeV. For larger values of /s the form factor crosses zero and the ratios inflate.
Beyond the zero crossing the ratios are a similar size to those of figure 8(a). The result
from approach (A) show a deviation of about 10% in case the Higgs mass is neglected. It
reduced to below 5% after including the m?% terms and is of order 1% after including also
the quartic terms. The situation is similar for approach (B): Once quadratic terms in mg
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Figure 8. Real part of Fj,oy1 for different values of pr and various expansion terms in my and 9.

and 0 are include the deviation from 1 is below 5%. Including more expansion terms in
my and ¢ further stabilizes the approximations.

We conclude that the inclusion of the quartic terms in m g and cubic terms in ¢ provides
an approximation to the (unknown) exact result below the percent level (see also figure 2
or ref. [90] which shows a comparison for gg — ZH).

Next we discuss the results for Fox1 and Fioxo for a range of values for the transverse
momentum pp. In figure 9 we show the real and imaginary parts of Fyox1 and Fiexo for pr
between 120 GeV and 800 GeV. The colours correspond to the results from approach (B);
here we also show the uncertainty band from the Padé method. The results from ap-
proach (A) are shown as faint uncertainty bands. They are only visible for small values of
pr, where one observes deviations between the two approaches.

Above pr = 200 GeV the uncertainty from the Padé method is negligible. For pr =
150 GeV differences between the approaches are only visible for the real part of Fpoxs. The
situation is similar for pr = 120 GeV for /s > 400 GeV where the uncertainty bands are
still small. Up to this value the results for Fjox1 and the imaginary parts of Fyoxo agree
quite well. The real part of Fjoxo shows larger uncertainties for large values of /s in
approach (B); for approach (A), however, the uncertainties remain small. Note, that Fj,oxo
is numerically less important than Fj oy .

Figure 9 shows that both ways to treat the internal boson mass leads (within uncer-
tainties) to equivalent physical results. In view of the discussion above we expect that
approach (B) only approximates the unknown exact result down to /s ~ 520 GeV. How-
ever, approaches (A) and (B) agree for even smaller values of \/s. It seems that the master
integrals of approach (B) with non-analytic behaviour at the three-particle threshold are
numerically suppressed.

In figure 10 we show the real and imaginary parts of Fyox1 and Fpoxo for fixed scat-
tering angle 6 = 7/2 for /s between the top quark threshold and 1200 GeV. The solid
curves represent Padé results and the dashed curves the expansions. We observe that the
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Figure 9. Real and imaginary parts of Fpox1 and Fioxe for fixed pp. Note that an offset is applied
such that the curves for the different pr values are clearly separated. No offset is used for the
lowest pr value. For F| (Fy) we shift the subsequent pr curves by 1.5 (0.1) in the positive y axis
direction. The coloured curves and the corresponding bands correspond to approach (B). Results
for approach (A) are only shown as faint uncertainty bands. For pr > 150 GeV the central values
of approach (A) and (B) agree.

expansions start to diverge? for the real parts for /s ~ 800 GeV for approach (A) and for
Vs &= 1000 GeV for approach (B). For the imaginary parts the numbers are 700 GeV and
600 GeV, respectively. Note, however, that the Padé results of approaches (A) and (B) are
stable to fairly small values of v/s. For /s > 500 GeV the uncertainty bands are small and
the two curves are on top of each other. For smaller values of /s the uncertainty band of
approach (B) becomes bigger whereas the ones of approach (A) remain small in accordance
with the discussion of the three-particle threshold at the beginning of this section.

Let us finally perform a rough estimate of the numerical relevance of the contributions
computed in this paper. For this purpose we only compare the real part of Fég;ff) t
the corresponding contribution from the QCD corrections, Fé(l)fl). From ref. [9] (see also
section 3.3 of ref. [91]) we find that Fé});?l) is about O(1) if the scattering angle is fixed to
0 = /2 and for /s a few hundred GeV. This is also the case for Fégif) as can be seen
from figure 10. For the pre-factors in eq. (2.8) we have a;/as ~ 0.6 and thus it might very

%In order to not overload the plots we only show the highest expansion terms in figure 10. The lower-order
expansions show a similar behaviour.
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Figure 10. Real and imaginary parts of Fyox1 and Fyoxe for fixed scattering angle 6 = /2.

well be that the electroweak corrections provide sizeable contributions to the Higgs pair
cross section. Of course, we should emphasize that in this paper only a certain diagram
class has been considered; in particular, no triangle diagrams are included. Furthermore
for this estimate no interference contributions are taken into account.

7 Conclusions

In this paper we take the first step towards the electroweak corrections to Higgs boson pair
production. We consider the subset of diagrams where a Higgs boson is exchanged between
the top quarks. Effects from Higgs self couplings are neglected.

We are interested in analytic calculations of the form factors in the high-energy limit;
we perform expansions in m? /s, m?/t and m? /u taking into account up to about 60 expan-
sion terms. We study two methods for the treatment of the internal massive Higgs boson,
which is a new feature as compared to the QCD corrections. In our first approach we as-
sume that it is small as compared to the top quark mass, whereas in the second approach
it is assumed that the internal Higgs boson is of the same order of magnitude as the top
quark mass. In both cases we perform expansions in the respective small parameters. For
physical values of the mass parameters both expansion methods agree at the percent level
for smaller values of pr and at the permille level for larger values.

The approach with a small internal Higgs boson leads to master integrals which have
been computed in the context of QCD corrections. The other approach leads to 140 new
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master integrals. We describe in detail our approach to compute them analytically using
differential equations and the Mellin Barnes method.

We supplement the expansion for small m; by combinations of Padé approximations
and the associated uncertainty estimates, which significantly increases the region of phase
space where the analytic expansions can be used. We show that Padé approximants based
on up to about 60 m? expansion terms provide excellent result down to pr = 150 GeV and
even for pp = 120 GeV results with moderate uncertainties are obtained. On the basis of a
scalar (master) integral we validate that the uncertainty estimate covers the exact result.

The methods discussed in this paper are not restricted to internal Higgs bosons. They
can also be applied to internal gauge bosons and to other 2 — 2 processes mediated by a
top quark loop and small external masses. For the subset of Feynman diagrams considered
here only planar integrals contribute. The generalization to non-planar diagrams will be a
challenge, however, we are optimistic that they can be treated using the methods developed
in this paper.
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A Constants from three-dimensional MB integrals

The three-dimensional MB representations and the analytic expressions for the constants
Cr and Cg present in the “742”-line integral are given by

Cre / oor [212 4+ 2,212 + 2, —23,23 + 1,23 — 21, 223 + 2, —21, 21 + 1, —22, —223 — 2, 2123 + 3]
rzazs 21+ 2,210 + 3,20 + 223 + 3]
AT [z12+ 2, —293 — 1, —23,23 + 1,23 — 21,203 + 2, —21,21 + 1, —22, 212 + 1, 2123 + 3]
B T[z1 + 2,212 + 3, 22 + 223 + 3]
AT [z12 + 2, —293 — 1, —23,23 + 2,23 — 21,203 + 1, —21,21 + 1, —29, 212 + 1, 2123 + 3]
T'[z1 + 2,212 + 3, 22 + 223 + 3]
N [z12+ 2,210+ 2,—23,23+ 1,—21 + 23+ 1,205 + 3, —21,21 + 1, —22, —223 — 3, 2123 + 3]
a T [z1 + 2, 212 + 3, 22 + 223 + 4]
20 [z12+2,— 293 — 2, —23,23 + 1, —21 + 23 + 1,203 + 3, —21,21 + 1, —29, 212 + 1, 2123 + 3]
T[z1 + 2,212 + 3, 22 + 223 + 4]
6 [z12 + 2, —293 — 2,—23,23 +2,—21 + 25 + 1,203 + 2, —21,21 + 1, —29, 212 + 1, 2123 + 3]
B T'[z1 + 2,212 + 3, 22 + 223 + 4]
2T [z12 +2,—2923 — 3, —23,23 + 2, —21 + 23 + 2,203 + 3, —21,21 + 1, —29, 212 + 1, 2123 + 3]
B T [z1 +2, 212 + 3, 20 + 223 + 5]
+—+
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and

Cs :/ 2T [z12 42,212 +2,— 23,23 +1, —21 + 23 — 1,203 + 1, — 21,21 + 1, —29, —203 — 1, 2123 +3]
. T[z1 + 2,212 + 3, 22 + 223 + 2]
2T (212 +2,—203 — 1, —23,23 + 1,23 — 21, 223 + 2, —21,21 + 1, —22, 212 + 1, 2123 + 3]
; Tlz1 42,212 + 3, 22 + 223 + 3]
2T [212 +2,—293 — 1, —23,23 4+ 2,23 — 21,203+ 1,—21,21 + 1, —22,212 + 1, 2123 + 3]
F[21+27212+3,22+223+3]
A [z12+ 2,212+ 2,—23,23+ 1, —21 + 23+ 1,223 + 3, —21,21 + 1, —29, —223 — 3, 2123 + 3]
Tlz1 42,212 + 3,29 + 225 + 4]
T (212 + 2, —203 — 2, —23,23 + 1, —21 + 23 + 1,203 + 3, —21,21 + 1, —22, 212 + 1, 2123 + 3]
B T z1 4 2,212 + 3, 22 + 223 + 4]
41 [212 +2,—293 —2,—23,23+2,—21 + 23+ 1,203+ 2, —21,21 + 1, —22,212+ 1, 2193 + 3]
- T[z1 4 2,212 + 3, 22 + 223 + 4]
T [z12+2,—203 — 3, —23,23 + 2, —21 + 235 + 2,203 + 3, —21,21 + 1, —22, 212 + 1, 2123 + 3]
Tlz1 42,212 + 3,29 + 225 + 5]

12223

2 572 6497t 207> 5 2
=-_ —19¢, — M (1 M (1
3718 e 12 o v W+ 00 ()]
~ 5.339941546 . .. , (A.2)
where the integration contours are fixed at {Re(z1) = —1/7,Re(22) = —1/11,Re(z3) =
—1/17}.

The analytic result for Cr is obtained from a consistency condition obtained from the
system of m;-expanded t-differential equations for the 140 master integrals. On the other
hand, for Cg we first perform various shifts of integration contours and analytic continua-
tions to bring the three-dimensional MB integrals into a better form, which can be reduced
to, at most, two-dimensional integrals in terms of only Gamma functions by the Barnes
lemmas. The resulting MB integrals are the solved by the analytical summations and PSLQ
algorithm. Note that it is straightforward to directly compute Cs and Cr numerically and
obtain a precision of about ten digits, which is sufficient for practical applications.
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