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1.Introduction

TheHiggsboson [1]isa fundam entalingredientoftheStandard M odel(SM ),butit

hasnotyetbeen observed.

Direct searches atLEP im ply a lower lim it ofM H > 112:3 GeV (at95% CL)

[2]on them assM H oftheSM Higgsboson.GlobalSM �tsto electroweak precision

m easurem ents favour a light Higgs (M H �< 200 GeV) [3]. The com bination ofthe

prelim inary Higgsboson search resultsofthefourLEP experim ents[4,5]showsan

excessofcandidates,which m ay indicate the production ofa SM Higgsboson with

a m assnear115 GeV.The�nalanalysisoftheLEP data isexpected soon,butitis

unlikely thatitcan substantially changetheseresults.

After the end ofthe LEP physics program m e,the search for the Higgs boson

willbecarried outathadron colliders.Depending on thelum inosity delivered to the

CDF and D0detectorsduringtheforthcom ingRun II,theTevatron experim entscan

yield evidence fora Higgsboson with M H < 180 GeV and m ay be able to discover

(atthe5� level)a Higgsboson with M H �< 130 GeV [6].AttheLHC,theSM Higgs

boson can be discovered over the fullm ass range up to M H � 1 TeV after a few

yearsofrunning [7].

Thedom inantm echanism forSM Higgsboson production athadron collidersis

gluon{gluon fusion through aheavy-quark(top-quark)loop[8].AttheTevatron,this

production m echanism leadsto about65% ofthetotalcrosssection forproducing a

Higgsboson in the m assrange M H = 100-200 GeV [6]. Atthe LHC [9],gg fusion

exceeds allthe otherproduction channels by a factordecreasing from 8 to 5 when

M H increases from 100 to 200 GeV.W hen M H approaches 1 TeV,gg fusion still

providesabout50% ofthetotalproduction crosssection.

QCD radiative corrections at next-to-leading order (NLO) to gg-fusion were

com puted and found to be large [10,11,12]. Since approxim ate evaluations[13]of

higher-orderterm ssuggestthattheire�ectcan stillbesizeable,theevaluation ofthe

next-to-next-to-leading order(NNLO)correctionsishighly desirable.

In thispaper,we perform a �rststep towardsthe com plete NNLO calculation.

W eusetherecentlyevaluated[14]two-loopam plitudefortheprocessgg! H andthe

soft-gluon factorization form ulae[15,16,17,18]forthebrem sstrahlung subprocesses

gg ! H g and gg ! H gg;H q�q,and wecom putethesoftand virtualcontributionsto

theNNLO partoniccrosssection.W ealsodiscussall-orderresum m ation ofsoft-gluon

contributionsto next-to-next-to-leading logarithm ic(NNLL)accuracy.

W e use the approxim ation M t � M H ,where M t isthe m assofthe top quark.

The resultsofthe NLO calculation in Ref.[12]show thatthisisa good num erical

approxim ation [13]ofthe fullNLO correction,provided the exact dependence on

M H =M t isincluded in the leading-order(LO)term . W e can thus assum e thatthe

lim itM t� M H continuesto bea good num ericalapproxim ation atNNLO.

Thehadroniccrosssection forHiggsboson production isobtained byconvoluting
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theperturbativepartoniccrosssectionswith theparton distributionsofthecolliding

hadrons.Besidesthepartoniccrosssections,theotherkey ingredientsoftheNNLO

calculation aretheNNLO parton distributions.Even though theirNNLO evolution

kernels are notfully available,som e oftheir M ellin m om ents have been com puted

[19]and,from these,approxim ated kernelshavebeen constructed [20].Recently,the

new M RST [21]setsofdistributionsbecam eavailabley,includingthe(approxim ated)

NNLO densities,which allowsan evaluation ofthehadroniccrosssection to (alm ost

full)NNLO accuracy.

W e use ourNNLO resultforthe partonic crosssectionsand the M RST parton

distributionsatNNLO to com pute the Higgsboson production crosssection atthe

LHC.In thispaper,wedo notpresentnum ericalresultsforRun IIattheTevatron.

Inclusive production ofHiggsboson through gluon{gluon fusion isphenom enologi-

cally lessrelevantatthe Tevatron: itisnotregarded asa m ain discovery channel,

becauseofthelargeQCD background [6].

The paperisorganized asfollows. In Sect.2 we de�ne the soft-virtualapprox-

im ation for the cross section and present our result for the corresponding NNLO

coe�cient. In Sect.3 we discuss soft-gluon resum m ation for Higgs production at

NNLL accuracy,and wealso considerthedom inantcontributionsofcollinearorigin.

In Sect.4 we presentthequantitative e�ectofthe com puted NNLO correctionsfor

SM Higgsboson production attheLHC.Finally,in Sect.5wepresentourconclusions

and wecom m enton Higgsboson production beyond theSM .

2.Q C D cross section at N N LO

W e considerthe collision oftwo hadronsh1 and h2 with centre-of-m assenergy
p
s.

Theinclusivecrosssection fortheproduction oftheSM Higgsboson can bewritten

as

�(s;M 2
H )=

X

a;b

Z 1

0

dx1 dx1 fa=h1(x1;�
2
F )fb=h2(x2;�

2
F )

Z 1

0

dz�

�

z�
�

x1x2

�

� �0zG ab(z;�S(�
2
R);M

2
H =�

2
R ;M

2
H =�

2
F ); (2.1)

where� = M 2
H =s,and�F and�R arefactorizationandrenorm alization scales,respec-

tively.Theparton densitiesofthecolliding hadronsaredenoted by fa=h(x;�
2
F )and

the subscripta labelsthe type ofm asslesspartons(a = g;qf;�qf,with N f di�erent

avoursoflightquarks).W euseparton densitiesasde�ned in theM S factorization

schem e.

yW e thank J.Stirling forproviding uswith the new setofdistributions.
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From Eq.(2.1)thecrosssection �̂ab forthepartonicsubprocessab! H + X at

thecentre-of-m assenergy ŝ= x1x2s= M 2
H =z is

�̂ab(̂s;M
2
H )=

1

ŝ
�0M

2
H G ab(z)= �0 z G ab(z); (2.2)

where the term 1=ŝ correspondsto the ux factorand leadsto an overallz factor.

The Born-levelcrosssection �0 and the hard coe�cientfunction G ab arisefrom the

phase-space integralofthem atrix elem entssquared.

Theincom ing partonsa;bcoupleto theHiggsboson through heavy-quark loops

and,therefore,�0 and G ab also depend on them assesM Q oftheheavy quarks.The

Born-levelcontribution �0 is[8]

�0 =
G F

288�
p
2
j
X

Q

A Q

�
4M 2

Q

M 2
H

�

j2 ; (2.3)

where G F = 1:16639� 10� 5 GeV � 2 istheFerm iconstant,and the am plitude A Q is

given by

A Q (x)=
3

2
x

h

1+ (1� x)f(x)

i

;

f(x)=

8

>><

>>:

arcsin2
1
p
x
; x � 1

�
1

4

�

ln
1+

p
1� x

1�
p
1� x

� i�

�2

;x < 1

: (2.4)

In the following we lim itourselves to considering the case ofa single heavy quark,

thetop quark,and N f = 5 light-quark avours.W ealwaysuseM t (M t= 176 GeV)

to denotetheon-shellpolem assofthetop quark.

The coe�cient function G ab in Eq.(2.1) is com putable in QCD perturbation

theory according to theexpansion

G ab(z;�S(�
2
R);M

2
H =�

2
R;M

2
H =�

2
F )= �

2
S(�

2
R)

+ 1X

n= 0

�
�S(�

2
R)

�

� n

G
(n)

ab (z;M
2
H =�

2
R;M

2
H =�

2
F )

= �
2
S(�

2
R)G

(0)

ab(z)+
�3S(�

2
R)

�
G
(1)

ab

�

z;
M 2

H

�2
R

;
M 2

H

�2
F

�

+
�4S(�

2
R)

�2
G
(2)

ab

�

z;
M 2

H

�2
R

;
M 2

H

�2
F

�

+ O (�5S); (2.5)

wherethe(scale-independent)LO contribution is

G
(0)

ab
(z)= �ag �bg �(1� z): (2.6)

The NLO coe�cientsG
(1)

ab
are known. Theircalculation with the exactdepen-

dence on M t was perform ed in Ref.[12]. In the large-M t lim it (i.e. neglecting
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correctionsthatvanish when M H =M t! 0)theresultis[10,11]

G
(1)
gg (z;M

2
H =�

2
R;M

2
H =�

2
F )= �(1� z)

�
11

2
+ 6�(2)+

33� 2Nf

6
ln
�2R

�2F

�

+ 12D 1

+ 6D 0 ln
M 2

H

�2
F

+ P
reg
gg (z)ln

(1� z)2M 2
H

z�2
F

� 6
lnz

1� z
�
11

2

(1� z)3

z
;

(2.7)

G
(1)
gq (z;M

2
H =�

2
R;M

2
H =�

2
F )=

1

2
Pgq(z)ln

(1� z)2M 2
H

z�2F
+
2

3
z�

(1� z)2

z
; (2.8)

G
(1)

q�q (z;M
2
H =�

2
R;M

2
H =�

2
F )=

32

27

(1� z)3

z
; G

(1)
qq (z;M

2
H =�

2
R;M

2
H =�

2
F )= 0; (2.9)

where�(n)istheRiem ann zeta-function (�(2)= �2=6= 1:645:::,�(3)= 1:202:::),

and wehavede�ned

D i(z)�

�
ln

i
(1� z)

1� z

�

+

: (2.10)

ThekernelsPab(z)aretheLO Altarelli{Parisisplitting functionsforrealem ission,

P
reg
gg (z)= 6

�
1

z
� 2+ z(1� z)

�

; Pgq(z)=
4

3

1+ (1� z)2

z
; (2.11)

and,m ore precisely,P reg
gg (z)isthe regularpart(i.e. aftersubtracting the 1=(1� z)

softsingularity)ofPgg(z).

In Eqs.(2.7){(2.9)wecan identify threekindsofcontributions:

� Softand virtualcorrections,which involve only the gg channeland give rise

to the �(1� z)and Di term sin Eq.(2.7).These are the m ostsingularterm s

when z ! 1.

� Purely-collinearlogarithm iccontributions,which arecontrolled by theregular

partofthe Altarelli{Parisisplitting kernels(see Eqs.(2.7),(2.8)). The argu-

m entofthe collinearlogarithm correspondsto the m axim um value (q2T m ax �

(1 � z)2M 2
H =z) ofthe transverse m om entum qT ofthe Higgs boson. These

contributionsgivethenext-to-dom inantsingularterm swhen z ! 1.

� Hard contributions,which arepresentin allpartonicchannelsand lead to�nite

correctionsin thelim itz! 1 .
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The term sproportionalto the distributionsD i(z)and �(1� z)can be used to

de�newhatwecallthesoft-virtual(SV)approxim ation.In thisapproxim ation only

thegg channelcontributesand wehave

G
(1)SV

ab
(z;M 2

H =�
2
R;M

2
H =�

2
F )= �ag�bg

�

�(1� z)

�
11

2
+ 6�(2)+

33� 2Nf

6
ln
�2R

�2
F

�

+ 6D 0 ln
M 2

H

�2
F

+ 12D 1

�

: (2.12)

TheSV term sarecertainlythedom inantcontributionstothecrosssection in the

kinem aticregion nearthreshold (� = M 2
H =s� 1).At�xed s,thism eansthattheSV

term scertainly dom inate in the case ofheavy Higgsbosons. However,these term s

can give the dom inante�ecteven long before the threshold region in the hadronic

cross section is actually approached. This is a consequence ofthe fact that the

partoniccrosssection �̂(̂s;M 2
H )hasto beconvoluted with theparton densities,and

the QCD evolution ofthe lattersizeably reducesthe energy thatisavailable in the

partonic hard-scattering subprocess. Thus,the partonic crosssection �̂(̂s;M 2
H )(or

thecoe�cientfunction G(z))in thefactorization form ula(2.1)istypically evaluated

m uch closerto threshold than thehadroniccrosssection.In otherwords,theparton

densitiesarelargeatsm allx and arestrongly suppressed atlargex (typically,when

x ! 1,f(x;�2)� (1� x)� with ��> 3 and ��> 6 forvalencequarksand sea-quarksor

gluons,respectively);afterintegration overthem ,the dom inantvalue ofthe square

ofthepartoniccentre-of-m assenergy ĥsi= hx1x2isisthereforesubstantially sm aller

than thecorresponding hadronicvalues.Note,also,thatthise�ectisenhanced,in

gluon-dom inated processes,by thestrongersuppression ofthegluon density atlarge

x.In thecaseofHiggsboson production attheLHC,thesefeatureswereem phasized

in Ref.[13],wheretheauthorspointed outthattheSV approxim ation givesa good

num ericalapproxim ation (seealso Sect.4)ofthecom pleteNLO correctionsdown to

low values(M H � 100 GeV)oftheHiggsboson m ass.

The NNLO coe�cients G
(2)

ab
are notyet known. Their com putation,including

theirexactdependence on M t,iscertainly very di�cult,since itrequirestheevalu-

ation ofthree-loop Feynm an diagram s.

Thecom putation iscertainly m orefeasiblein thelarge-M t lim it,whereonecan

exploit the e�ective-lagrangian approach introduced in Ref.[22]and developed up

to O (�4S)in Refs.[23,13].Using thisapproach,thecontribution oftheheavy-quark

loop is em bodied by an e�ective vertex,thus reducing by one the num ber ofloop

integralsto beexplicitly carried out.

W ithin the e�ective-lagrangian form alism ,an im portantstep hasrecently been

perform ed by Harlander[14],who hasevaluated thetwo-loop am plitudeforthepro-

cessgg! H byusingdim ensionalregularization in d = 4� 2� space-tim edim ensions.

Thetwo-loop am plitudehaspolesofthetype1=�n with n = 4;3;2;1.Thecoe�cients
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ofthepolesofordern = 4;3;2 had been predicted in Ref.[24].Theagreem ent[25]

with thisprediction isa non-trivialcheck ofHarlander’sresult.

To com pute the NNLO cross section,the two-loop am plitude for the process

gg ! H hastobecom bined with thephase-spaceintegralsofthesquaresoftheone-

loopm atrixelem entfortheprocessgg! H gand ofthetree-levelm atrixelem entsfor

the processesgg ! H gg and gg ! H q�q.W e have com puted these m atrix elem ents

in thelim itwherethe�nal-statepartonsaresoft,byusingtheone-loop and tree-level

factorization form ulaederived in Refs.[15,16]and Refs.[17,18],respectively.Then,

wehavecarried outthephase-spaceintegralsbyusingthetechniqueofRef.[26].The

resultcontains�-polesand �nite term s. The �-poles(including the single pole 1=�)

exactlycancelthoseinthetwo-loopam plitude[14],thusprovidinganon-trivialcross-

check ofourand Harlander’sresults. The rem aining �nite term sgive the com plete

softand virtualcontributionsto theNNLO crosssection.

Detailsofourcalculation willbepresented elsewhere[27].In thispaperwelim it

ourselves to presenting the �nalresult. W e obtain the following soft and virtual

contributionsto theNNLO coe�cientfunction G
(2)
gg :

G gg
(2)SV (z;M 2

H =�
2
R;M

2
H =�

2
F )= �(1� z)

"

11399

144
+
133

2
�(2)�

9

20
�(2)2 �

165

4
�(3)

+

�
19

8
+
2

3
N f

�

ln
M 2

H

M 2
t

+ N f

�

�
1189

144
�
5

3
�(2)+

5

6
�(3)

�

+
(33� 2Nf)

2

48
ln2

�2F

�2
R

� 18�(2)ln2
M 2

H

�2
F

+

�
169

4
+
171

2
�(3)�

19

6
N f + (33� 2Nf)�(2)

�

ln
M 2

H

�2
F

+

�

�
465

8
+
13

3
N f �

3

2
(33� 2Nf)�(2)

�

ln
M 2

H

�2R

#

+ D 0

"

�
101

3
+ 33�(2)+

351

2
�(3)+ Nf

�
14

9
� 2�(2)

�

+

�
165

4
�
5

2
N f

�

ln
2 M

2
H

�2
F

�
3

2
(33� 2Nf)ln

M 2
H

�2F
ln
M 2

H

�2R
+

�
133

2
� 45�(2)�

5

3
N f

�

ln
M 2

H

�2F

#

+ D 1

"

133� 90�(2)�
10

3
N f + 36ln

2 M
2
H

�2F
+ (33� 2Nf)

�

2ln
M 2

H

�2F
� 3ln

M 2
H

�2R

� #

+ D 2

�

� 33+ 2Nf + 108ln
M 2

H

�2F

�

+ 72D 3 : (2.13)

Notethatourresultin Eq.(2.13)givesthecom plete softcontributions(allthe

term s proportionalto the distributions D i(z)) to the NNLO coe�cient functions
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G
(2)

ab
(z). It also gives the com plete virtualcontribution (the term proportionalto

�(1� z))to thegg channel.Theexpression in Eq.(2.13)isan approxim ation ofthe

exactNNLO calculation in the sense thatitdi�ersfrom G
(2)

ab
(z)by term sthatare

lesssingularwhen z ! 1.M oreprecisely,in thelarge-z lim itwehave(seeSect.(3))

G
(2)
gg (z)� G

(2)SV
gg (z)= O (ln

3
(1� z)) ; (2.14)

G
(2)
gq (z)= O (ln3(1� z)) ; (2.15)

G
(2)

q�q (z)/ �(1� z)+ O ((1� z)ln
2
(1� z)) ; G

(2)
qq (z)= O ((1� z)ln

2
(1� z)) :

(2.16)

Note also that,unlike the NLO term G
(1)

ab
(z),the NNLO coe�cient function

G
(2)

ab
(z) is not independent ofM t in the large-M t lim it. The virtualcontribution

in Eq.(2.13) contains a term , proportionalto lnM 2
H =M

2
t, that derives from the

integration oftheheavy-quark degreesoffreedom in thee�ectivelagrangian [23,13].

Ourresultin Eq.(2.13)can beusefulasa non-trivialcheck ofa futurecom plete

calculation atNNLO.Itcan also be used to extend the accuracy ofthe soft-gluon

resum m ation form alism to NNLL order(seeSect.3).

Aspreviously discussed,the SV approxim ation turnsoutto be a good num er-

icalapproxim ation ofthe fullNLO correction for Higgs boson production at the

LHC.Thus,the NNLO-SV result in Eq.(2.13)can also be exploited to obtain an

approxim atenum ericalestim ateofthecom pleteNNLO correction (seeSect.4).

3.Soft-gluon resum m ation at N N LL accuracy

Thesoft(and virtual)contributions�2S�
n
SD m (z)(with m � 2n� 1)to thecoe�cient

function G gg(z) can be sum m ed to allorders in QCD perturbation theory. Using

the soft-gluon resum m ation form ulae thatare known atpresent,we can check the

coe�cientsofsom eofthesoftcontributionspresented in Eq.(2.13).Therem aining

coe�cientscan then beused to extend theaccuracy oftheresum m ation form ulaeto

NNLL order.Both pointsarediscussed in thissection.

The form alism to system atically perform soft-gluon resum m ation forprocesses

initiated by q�q annihilation and gg fusion wassetup in Refs.[28,29,30,31].Soft-

gluon resum m ation hasto be carried outin the M ellin (orN -m om ent)space. The

N -m om entsG N ofthecoe�cientfunction G(z)arede�ned by

G N �

Z 1

0

dzz
N � 1

G(z) : (3.1)

In N -m om ent space the soft(or threshold) region z ! 1 corresponds to the lim it

N ! 1 ,and the distributions D m (z)lead to logarithm ic contributions,D m (z)!

ln
m + 1

N . The singular contributions in the large-N lim it can be organized in the

7



following all-orderresum m ation form ula:

G gg;N = C gg(�S(�
2
R);M

2
H =�

2
R;M

2
H =�

2
F )�

H
N (�S(�

2
R );M

2
H =�

2
R;M

2
H =�

2
F ) + O (1=N ) :

(3.2)

The radiative factor� H
N em bodiesallthe large contributionslnN due to softradi-

ation.Thefunction C gg(�S)containsalltheterm sthatareconstantin thelarge-N

lim itand hasa perturbativeexpansion analogousto Eq.(2.5):

C gg(�S(�
2
R );M

2
H =�

2
R;M

2
H =�

2
F )=

= �
2
S(�

2
R )

"

1+

+ 1X

n= 1

�
�S(�

2
R)

�

� n

C
(n)

gg (M
2
H =�

2
R;M

2
H =�

2
F )

#

: (3.3)

These constantterm sare due to virtualcontributions,and the perturbative coe�-

cients C
(n)

gg are thus directly related to the coe�cients ofthe contribution propor-

tionalto �(1� z)in G
(n)
gg (z). The term O (1=N )on the right-hand side ofEq.(3.2)

denotes allthe contributions that are suppressed by som e power of1=N (m odulo

lnN enhancem ent)when N ! 1 .

The radiative factor � H
N forHiggs boson production has the following general

expression [28,29,32]:

� H
N (�S(�

2
R);M

2
H =�

2
R;M

2
H =�

2
F )=

�
�

g

N
(�S(�

2
R);M

2
H =�

2
R ;M

2
H =�

2
F )
�2

� �
(int)H

N (�S(�
2
R );M

2
H =�

2
R) : (3.4)

Each term �
g

N
em bodiesthee�ectofsoft-gluon radiation em itted collinearly to the

initial-state partonsand depends on both the factorization schem e and the factor-

ization scale�F .In theM S factorization schem e wehavetheexponentiated result

� a
N (�S(�

2
R );M

2
H =�

2
R;M

2
H =�

2
F )= exp

n Z 1

0

dz
zN � 1 � 1

1� z

Z (1� z)2M 2
H

�2
F

dq2

q2
A a(�S(q

2))

o

;

(3.5)

whereA a(�S)isa perturbativefunction

A a(�S)=
�s

�
A
(1)
a +

�
�s

�

�2
A
(2)
a +

�
�s

�

�3
A
(3)
a + O (�4S) : (3.6)

The factor�
(int)

N isindependentofthe factorization scale and schem e and contains

the contribution ofsoft-gluon em ission atlargeangleswith respectto the direction

ofthecolliding gluons.Itcan also bewritten in exponentiated form as

�
(int)H

N
(�S(�

2
R);M

2
H =�

2
R)= exp

n Z 1

0

dz
zN � 1 � 1

1� z
D H (�S((1� z)2M 2

H ))

o

; (3.7)
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where the function D H (�S)forHiggsproduction hasthe following perturbative ex-

pansion:

D H (�S)=

�
�S

�

�2
D

(2)

H
+ O (�3S): (3.8)

The coe�cientsA (1) and A (2) fully controlsoft-gluon resum m ation up to next-

to-leading logarithm ic(NLL)accuracy [28,29,32].In thecaseofa genericincom ing

parton a,they aregiven by

A
(1)
a = Ca ; A

(2)
a =

1

2
CaK ; (3.9)

where Ca = CF = 4=3 ifa = q;�q and Ca = CA = 3 ifa = g,while thecoe�cientK

isthesam eboth forquarksand forgluons[33,30,34]and itisgiven by

K = CA

�
67

18
�
�2

6

�

�
5

9
N f : (3.10)

Expanding theresum m ation form ula (3.2)up to O (�3S)and transform ing theresult

back to z-space, it is straightforward to check that we correctly obtain the soft

contributions,D 0(z)and D 1(z),to G
(1)SV

ab
(z)in Eq.(2.12).By com parison with the

virtualterm in Eq.(2.12),wecan also extractthecoe�cientC
(1)

gg in Eq.(3.3):

C
(1)

gg (M
2
H =�

2
R ;M

2
H =�

2
F )=

11

2
+ 6�(2)+

33� 2Nf

6
ln
�2R

�2F
: (3.11)

Then,wecan expand theresum m ation form ula (3.2)up to O (�4S),and wecan com -

pare the resultwith ourNNLO soft-virtualcalculation in Eq.(2.13).Itisstraight-

forward to check thatthe knowledge ofA
(1)
g ;A

(2)
g and C

(1)

gg predictsthe coe�cients

ofD 3(z);D 2(z)and D 1(z)in G
(2)SV
gg (z),and thattheprediction fully agreeswith our

resultin Eq.(2.13).

Thecom parisonz atO (�4S)and ourcalculation oftheD 0-term in Eq.(2.13)also

allows us to extract the (so far unknown) coe�cient D
(2)

H that controls soft-gluon

resum m ation atNNLL order.W eobtain

D
(2)

H = C
2
A

�

�
101

27
+
11

3
�(2)+

7

2
�(3)

�

+ CAN f

�
14

27
�
2

3
�(2)

�

: (3.12)

Note thatthe corresponding NNLL coe�cientforthe Drell{Yan process[35]di�ers

from D
(2)

H by the sim ple replacem ent ofcolourfactorsCF ! CA. This could have

straightforwardly been predicted from thegeneralstructureofthesoft-factorization

form ulae at O (�2S) (see Sect.5 ofRef.[16]and the Appendix ofRef.[18]). The

exact expression ofthe rem aining NNLL coe�cient A
(3)
g is stillunknown,but an

approxim atenum ericalestim atecan befound in Ref.[35].

zW e can also extractthevirtualcoe�cientC
(2)

gg in Eq.(3.3).
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The integrals over z and q2 in Eqs.(3.5) and (3.7) can be carried out to any

required logarithm ic accuracy (see Refs.[32,35]) and used for phenom enological

analyses. Quantitative studies ofsoft-gluon resum m ation e�ects for Higgs boson

production areleftto futureinvestigations.

3.1 C ollinear-im proved resum m ation

InRef.[13]Kr�am er,LaenenandSpira(KLS)exploited theresum m ationform alism to

obtain approxim ateexpressionsfortheNNLO correctionstoHiggsboson production.

Theirresum m ation form ula isa sim pli�ed version ofEq.(3.2)thatincludesonly the

�rst-ordercoe�cients(the coe�cientsA (1);C
(1)

and the �rst-ordercoe�cient� 0 in

the expression ofthe running coupling �S(q
2)). Therefore,the NNLO expressions

obtained in Ref.[13]correctly predict only the coe�cients ofthe contributions D 3

and D 2 to thesoftand virtualcoe�cientfunction G
(2)SV
gg in Eq.(2.13).

KLS also pointed out[13]thatthe resum m ation form alism can be extended to

include subdom inantcontributionsin thelarge-z lim it.These contributionsarethe

term sproportionalto powersofln(1� z)thatappearin Ggg(z)(see,e.g.,Eq.(2.7)).

In N -m om entspace,theylead tocontributionsofthetype 1

N
lnk N ,which areusually

(and consistently) neglected within the softand virtualapproxim ation (i.e. in the

lim itN ! 1 ).

W e agree with KLS thatthe highestpowerx ofln(1� z)atthe n-th perturba-

tive order,nam ely,ln
2n� 1

(1� z) in G
(n)
gg (z) (or,equivalently,the term

1

N
ln

2n� 1
N

in G
(n)

gg;N ),can correctly and consistently beim plem ented in theall-orderresum m a-

tion form ula (3.2). The key observation [13]is that these term s have a collinear

origin.They arisefrom thetransverse-m om entum evolution ofinitial-statecollinear

radiation up to the m axim um value ofqT perm itted by kinem atics. In the large-

z lim it,the m axim um value is q2T m ax � (1� z)2M 2
H ,which is very di�erent from

the typicalhard scale M 2
H ofthe process. The large transverse-m om entum region

(1� z)2M 2
H < q2T < M 2

H isthusresponsible forthe leading ln(1� z)-enhancem ent.

Theresum m ation form alism correctly em bodiesthetransverse-m om entum evolution

ofsoftradiation up to the kinem aticallim it(1� z)2M 2
H (see Eq.(3.5)).Therefore,

the leading collinearenhancem entcan be taken into accountby supplem enting the

integrand in Eq.(3.5) with the regular (i.e. non-soft) part ofthe Altarelli{Parisi

splitting function (seeEq.(2.11)).Both fortheq�q annihilation (Drell{Yan process)

and gg fusion (Higgs production) channels, we can sim ply perform the following

replacem enton theright-hand sideofEq.(3.5):

zN � 1 � 1

1� z
A
(1)
a !

zN � 1 � 1

1� z
A
(1)
a + z

N � 1 1

2
P
reg
aa (z)=

=

�
zN � 1 � 1

1� z
� z

N � 1

�

A
(1)
a + O (1=N 2) : (3.13)

xAsforlowerpowers,K LS acknowledge[13]thattheirresultisnotcom plete.
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Having perform ed thereplacem entofEq.(3.13)in � a
N ,wecan insertitsensuing

collinear-im proved expression in Eq.(3.2). The resum m ed expression for the N

m om entsofthe coe�cientfunction G gg;N can then be expanded in powersof�S in

the large-N lim itby consistently com puting and keeping allthe term softhe type

�2S�
n
S
1

N
ln

2n� 1
N . Transform ing the resultback to z-space,thisprocedure givesthe

softand virtualcontributionstoG
(n)
gg (z)plusitsleadingsubdom inantcorrection (the

contribution proportionalto ln
2n� 1

(1� z))when z ! 1.

W enam esoft-virtual-collinear(SVC)approxim ation thisim proved version ofthe

SV expressionsin Eqs.(2.12)and (2.13).W e�nd

G
(1)SVC
gg (z;M 2

H =�
2
R;M

2
H =�

2
F )= G

(1)SV
gg (z;M 2

H =�
2
R;M

2
H =�

2
F )� 12 ln(1� z) ; (3.14)

G
(2)SVC
gg (z;M 2

H =�
2
R;M

2
H =�

2
F )= G

(2)SV
gg (z;M 2

H =�
2
R;M

2
H =�

2
F )� 72 ln

3
(1� z) : (3.15)

The coe�cientofln(1� z)in Eq.(3.14)correctly reproducesthatobtained by the

exactNLO expression in Eq.(2.7).Thecoe�cientofln
3
(1� z)in Eq.(3.15)agrees

with thatcom puted in Ref.[13].

Thenum ericalstudyofRef.[13]showsthatthee�ectofthecontribution ln(1� z)

atNLO isnotsm all(seealso Sect.4),in particularatlow valuesoftheHiggsboson

m ass. Therefore,in ourestim ate (Sect.4)ofthe NNLO correctionsto Higgsboson

production atthe LHC,we considerboth the SV approxim ation in Eq.(2.13)and

the SVC approxim ation in Eq.(3.15). In the gg partonic channelwe thus neglect

NNLO ofthetype

G
(2)
gg (z)� G

(2)SVC
gg (z)= O (ln

2
(1� z)) ; (3.16)

Note,however,thatthecoe�cientfunction ofthegq channelstillcontainscon-

tributionsproportionaltoln(1� z)atNLO (seeEq.(2.8))and toln
3
(1� z)atNNLO

(see Eq.(2.15)). W e do notconsiderthe latter. Atlow values ofthe Higgsboson

m ass theire�ectissm all,because the parton density lum inosity ofthe gq channel

issm allerthan thatofthe gg channel. The e�ectincreasesby increasing the Higgs

boson m ass.

4.N um ericalresults at the LH C

In thissection westudy thephenom enologicalim pactofthehigher-orderQCD cor-

rectionson the production ofthe SM Higgsboson atthe LHC,i.e. proton{proton

collisionsat
p
s= 14 TeV.W erecallthatweincludetheexactdependenceon M t in

the Born-levelcrosssection �0 (see Eq.(2.3)),while the coe�cientfunction G ab(z)

is evaluated in the large-M t approxim ation. At NLO [12,13]this is a very good

num ericalapproxim ation when M H � 2Mt,and it is stillaccurate to better than

10% when M H �< 1 TeV.
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Unlessotherwise stated,crosssectionsarecom puted using thenew M RST2000

[21]setsofparton distributions,with densities and coupling constantevaluated at

each corresponding order, i.e. using LO distributions and 1-loop �S for the LO

crosssection,and so forth. The corresponding valuesof�
(5)

Q C D
(�S(M Z))are 0:132

(0.1253),0:22 (0.1175)and 0:187 GeV (0.1161),at1-loop,2-loop and 3-loop order,

respectively. In the NNLO case we use the ‘central’set ofM RST2000,obtained

from a global�t ofdata (deep inelastic scattering,Drell{Yan production and jet

E T distribution) by using the approxim ate NNLO evolution kernels presented in

Ref.[20]. The result we refer to as NNLO-SV (SVC) corresponds to the sum of

the LO and exact NLO (including the qg and q�q channels) contributions plus the

SV (SVC) corrections at NNLO,given in Eq.(2.13) (Eq.(3.15)). The LO and

NLO results obtained by using the CTEQ5 distributions [36]are very sim ilar to

the ones com puted with the M RST2000 sets (the di�erences are sm aller than the

uncertainties arising,for instance,from scale dependence). Therefore,we willnot

show thoseresults {.

The com parison between di�erentsetsofparton distributions,however,cannot

beregarded asaway toquantitatively estim atetheuncertainty on theparton distri-

butions.Thetheoreticaland experim entalerrorsthata�ectpresentdeterm inations

oftheparton distributionsaretypically larger[38]than thedi�erencesbetween the

parton distribution setsprovided by di�erentgroups[21,36,37].In thecaseofHiggs

boson productionattheLHC,thestudyoftheCTEQ Collaboration[39]recom m ends

an uncertainty ofabout� 10% on the corresponding gluon{gluon and quark{gluon

parton lum inosities.

W ebeginthepresentation ofourresultsbyshowinginFig.1thescaledependence

ofthe crosssection forthe production ofa Higgsboson with M H = 115 GeV.The

scaledependenceisanalysed by varying thefactorization and renorm alization scales

by a factor of4 up and down from the default value M H . The plot on the left

correspondsto thesim ultaneousvariation ofboth scales,�F = �R = � M H ,whereas

the plots in the centre and on the right correspond,respectively,to the results of

the independentvariation ofthe factorization orrenorm alization scale,keeping the

otherscale�xed atthedefaultvalue.

Asexpected from the QCD running of�S,the crosssectionstypically decrease

when �R increasesaround thecharacteristichard scaleM H .In thecaseofvariations

of�F ,we observe the opposite behaviour. In fact,the cross sections are m ainly

sensitive to partonswith m om entum fraction x � 10� 2,and in thisx-range scaling

violation ofthe parton densities is (m oderately) positive. As a result, the scale

dependence ism ostly driven by the renorm alization scale,because the lowest-order

contribution to theprocessisproportionalto �2S,a (relatively)high powerof�S.

{Largerdeviations(forinstance,theNLO crosssection increasesby � 10% forM H = 100� 200

G eV)appearwhen com paring to the G RV98 distributions[37],where both the gluon distribution

and the valueof�S(M Z )aredi�erentfrom thoseofM RST2000 and CTEQ 5.
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Figure 1: Scale dependence ofthe Higgs production cross section for M H = 115 GeV at

LO,NLO,NNLO-SV and NNLO-SVC.

Figure 1 showsthatthescaledependence isreduced when higher-ordercorrec-

tionsareincluded and,in thecaseofthefactorization-scaledependence,am axim um

appearsatNNLO-SV and NNLO-SVC,showing theim proved stability oftheresult.

Also notethatthereisan increasein thescaledependencewhen going from NNLO-

SV toNNLO-SVC.Thisisduetothefactthatthedom inantcollinearterm sincluded

in theSVC approxim ation giveasizeablecontribution and arescale-independent(see

Eqs.(3.14)and (3.15)),so theire�ect cannot be com pensated by scale variations.

Sim ilarresultsare obtained forhigherm asses,with a reduction in the scale depen-

dencewhen approaching high m assvalues.

The im pact of higher-order corrections is usually studied by com puting K -

factors,de�ned as the ratio ofthe cross section evaluated at each corresponding

order over the LO result. The K -factorsare shown in Fig.2 where the bandsac-

count for the ‘theoreticaluncertainty’due to the scale dependence,quanti�ed by

using the m inim um and m axim um values ofthe cross sections when the scales �R

and �F are varied (sim ultaneously and independently, as in Fig.1) in the range

0:5 � �;�R ;�F � 2. The LO resultthatnorm alizesthe K -factorsiscom puted at

thedefaultscaleM H in allcases.

Theplotontheleft-handsideofFig.2showstheuncertaintyatLO andcom pares

theexactNLO resultwith theNLO-SV and NLO-SVC approxim ations.In thecase

oflight Higgs production,the NLO-SV approxim ation tends to underestim ate the

exactresultby about15 to 20% ,whereastheNLO-SVC approxim ation only slightly

overestim ates it,showing the num ericalim portance ofthe term ln(1� z)added in

the SVC approxim ation. Nevertheless,allthe results agree within the theoretical

bands: this con�rm s the validity ofthe large-z approxim ation to estim ate higher-
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Figure 2:K-factorsforHiggsproduction forthe fullNLO resultand the NLO-SV,NLO-

SVC,NNLO-SV and NNLO-SVC approxim ations.

order corrections,and,in particular,allows us to assum e that a sim ilar situation

occursatNNLO.Asexpected,theagreem entbetween thethreeresultsim provesfor

largerm asses.

The right-hand side ofFig.2 showsthe SV and SVC resultsatNNLO.Again,

the SVC band sits higher than the SV one,the ratio ofthe corresponding cross

sectionsbeing alm ostthe sam e astheoneatNLO,asshown in the insetplot.The

contribution from non-leading term s ln
k
(1� z),with k < 3 (which are not under

controlwithin the SVC approxim ation),is not included,but it is expected to be

num erically lessim portantk.

Asiswellknown,thecustom aryprocedure(thatwealsoareusing)ofvaryingthe

scalestoestim atethetheoreticaluncertainty can only givealowerlim iton the‘true’

uncertainty. Thisiswelldem onstrated by Fig.2,which shows no overlap between

the LO and NLO bands. However,the NLO and NNLO bands do overlap,thus

suggesting that the perturbative expansion begins to converge from NNLO.Note

also thatthe size ofthe NNLO bandsissm allerthan thatofthe NLO bands: the

scaledependence atNNLO issm allerthan atNLO.

ConsideringtheresultsobtainedatNLO,itisreasonabletoexpectthefullNNLO

K -factorto lieinsidetheSV and SVC bands,and m ostprobably,closerto theSVC

one.In particular,fora lightHiggsboson (M H �< 200 GeV),thisexpectation would

correspond to an increase of15 to 25% with respect to the fullNLO result,i.e. a

kW ehavetried to add a term ln
2
(1� z)with a coe�cientaslargeasthatoftheterm ln

3
(1� z),

�nding only a sm all(about5% )m odi�cation.

14



factorofabout2.2 to 2.4 with respectto the LO result. Taking into accountthat

theNLO resultincreasestheLO crosssection by about90% ourresultanticipatesa

good convergence oftheperturbativeseries.

Figure 3: Cross section for Higgs boson production at the LHC in the NNLO-SV and

NNLO-SVC approxim ations.

In Fig.3 we present the NNLO-SV and SVC cross sections as a function of

the Higgs m ass and including the corresponding uncertainty bands com puted as

de�ned above.To facilitatethecom parison with othercalculationsand m orere�ned

predictions,we reportthe valuesofthecrosssectionsforthe production ofa Higgs

bosonwithM H = 115GeV.TheNNLO-SVC bandcorrespondsto� = 43:51-58.56pb

(50.13 pb atthe defaultscales),the NNLO-SV to � = 37:73-45.69 pb (41.66 pb at

the defaultscales),whereasforthe fullNLO itis� = 34:14-48.48 pb (40.37 pb at

thedefaultscales).

Finally wewantto quantify thee�ectofthe(approxim ated)NNLO parton dis-

tributionsin the gluonic channel. In Fig.4 we study thise�ectforthe NNLO-SV

result at M H = 115 GeV,by plotting the cross section as a function ofthe scale.

W eusedi�erentcom binationsofNNLO and NLO parton distributionsand coupling

constantexpressions. The insetplotshowsthe ratio R ofthe di�erentresultswith

respect to the one obtained by using NNLO distributions and 3-loop �S. The use

ofNNLO distributionsand 3-loop �S reducestheNNLO crosssection by 10% with

respecttotheresultthatwould beobtained ifNLO distributionsand 2loop �S were

used.Sincethevaluesof�S(M Z)from M RST2000 arevery sim ilarat2 and 3 loops

and thetypicalscaleoftheprocessisnotfarfrom M Z,thee�ectofgoing from 2 to

3 loops�S am ountsto only 1=3 ofthe 10% change. The biggeste�ectcom esfrom

the di�erence in the distributions,m ostly due to the decrease ofthe NNLO gluon
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Figure 4:Crosssection forHiggsproduction with M H = 115GeV com puted usingdi�erent

NLO and NNLO parton distributions and coupling constant.

density atsm allx [21].Sim ilarresultsareobtained in the SVC approxim ation and

fordi�erentm asses.

5.C onclusions

Inthispaperwehavestudied theQCD correctionstoHiggsbosonproductionthrough

gluon{gluon fusion in hadronic collisions,within the fram ework ofthe large-M t ap-

proxim ation. Using a recent result for the two-loop correction to the gg ! H

am plitude [14]and the soft-factorization form ulae forsoft-gluon em ission atO (�2S)

[15,16,17,18]wehaveevaluated thesoftand virtualQCD correction tothisprocess

atNNLO (SV approxim ation). W e have also considered [13]the leading ln
3
(1� z)

contribution from the collinearregion (SVC approxim ation). Ourresultforthe co-

e�cientG
(2)SV
gg in Eq.(2.13)isconsistentwith the presentknowledge ofsoft-gluon

resum m ation atNLL accuracy;italso allowsusto �x the NNLL coe�cientD
(2)

H
in

Eq.(3.8).

W ehavethen studied thephenom enologicalim pactofourresultsattheLHC by

using the(approxim ate)NNLO setM RST2000ofparton distributions[21].W ehave

shown thatthe exact NLO result lies in between the NLO-SV approxim ation and

theNLO-SVC approxim ation,thelatterbeing a betternum ericalapproxim ation in

thecaseoflow valuesoftheHiggsboson m ass.Com paring theresultsin theSV and

SVC approxim ationsatNNLO fora lightHiggs(M H �< 200 GeV),weestim atethat

theNNLO correction willincreasetheNLO resultbetween 15 and 25% .
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The resultspresented herearea �rstconsistent(though approxim ate)estim ate

ofQCD correctionsto Higgsboson production through gg fusion atNNLO and will

eventually bea stringentcheck ofa futurefullNNLO calculation.

In this paperwe have only considered the production ofthe SM Higgs boson.

The M inim alSupersym m etric extension ofthe Standard M odel(M SSM ) leads to

two CP-even neutralHiggs bosons [1]. They are produced by gg fusion through

loopsofheavy quarks(top,bottom )and squarks.Forsm allvalues(tan��< 5)ofthe

M SSM param etertan�,theNLO QCD correctionstothisproduction m echanism are

com parable(tobetterthan 10% )[12,40,9]tothoseforSM Higgsboson production.

Therefore,theNNLO K -factorscom puted in thispapercould also be applicableto

M SSM Higgsboson production.

N ote added:Thecalculation ofthesoftand virtualNNLO correctionstoHiggs

boson production hasindependently been perform ed in Ref.[41]. The m ethod used

in Ref.[41]isdi�erentfrom ours.Theanalyticalresultsfully agree.
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