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Abstract

An accurate and compact narrow-band k-distribution database has been constructed for water vapor and carbon
dioxide from the HITEMP and CDSD-1000 spectroscopic databases. The systematic approach of k-distribution
data generation and compaction, storage optimization and interpolation is discussed in this paper. The new
database enables the user to obtain narrow-band, part-spectrum and full-spectrum k-distributions for inhomo-
geneous gas mixtures.
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1 Introduction

Radiative heat transfer in gaseous media can be evaluated most accurately by the line-by-line (LBL)
approach, but LBL calculations are extremely time intensive and require large computer resources,
considering that the radiative transfer equation (RTE) needs to be solved at up to a million wavenum-
bers. Since radiation calculations tend to be only a small part of the overall task in most combustion
problems, the LBL approach is impractical for such applications. An inspection of the spectral dis-
tribution of gaseous absorption coefficients shows that the oscillatory absorption coefficient has the
same value k at many different wavenumbers even across a very small portion of spectrum (narrow
band), across which blackbody intensity and other radiative properties remain essentially constant.
Recognition of this fact has led to the reordering of the absorption coefficient across such small
wavenumber intervals into a monotonic absorption coefficient distribution against normalized artifi-
cial wavenumber, which is much more efficiently integrated across the spectrum. This is known as
the narrow-band k-distribution approach, and is essentially exact for homogeneous media1, 2.

Like all traditional narrow-band approaches, the k-distribution model also has difficulties dealing
with inhomogeneous media. Two methods have been devised to address the nonhomogeneity prob-
lem: the scaling approximation and the correlated-k assumption3. The former demands that spectral
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and spatial dependence of absorption coefficient can be separated, which is somewhat more restrictive
than the latter one, which only assumes that all wavenumbers that have the same absorption coeffi-
cient value k at one state also have always the same–but different–absorption coefficient value k∗ at
another state. This implies that, for a correlated absorption coefficient, the ratio k∗/k is an arbitrary
function of k (but not wavenumber η) and space while, for a scaled absorption coefficient, the ratio
k∗/k is a function of spatial location only. The correlated-k method has achieved great success in the
field of meteorology, in which temperatures are low and change only slightly, while pressure changes
can be very substantial1, 4, 5. In contrast, significant variations of temperature and concentration are
common in combustion problems. Rivieŕe et al. have reported that the correlation of absorption co-
efficients breaks down in the presence of significant temperature gradients6−8, since different spectral
lines dominate radiative transfer at different temperatures. Similarly, in gas mixtures with strong
changes in concentration, which also makes different spectral lines dominant in different locations,
the correlatedness breakes down, as recognized by Modest and Zhang9.

The reordering concept was first, in a coarse way, applied to the full spectrum by Denison and
Webb10, 11. They utilized the HITRAN spectroscopic database to calculate the weight factors for
the popular Weighted-Sum-of-Gray-Gases (WSGG) method12, 13, calling it the Spectral-Line-Based
WSGG (SLW) model; for nonhomogeneous gases they assumed a correlated absorption coefficient.
Similarly, the related absorption distribution function (ADF) approach was developed by Riviére
et al.14, 15. Recently, Modest and Zhang16 demonstrated that continuous k-distribution can also be
obtained for the full spectrum, and revealed that the SLW/ADF/WSGG models are crude step im-
plementations of their full-spectrum k-distribution (FSK) method. Also, Modest9 provided a precise
mathematical development of the correlated-k and scaled-k methods for narrow bands as well as for
the full spectrum. For homogeneous media, FSK methods can achieve LBL accuracy at a tiny fraction
of the computational cost, although substantial errors may occur when dealing with inhomogeneous
media, since neither the scaled-k nor the correlated-k assumptions are ever truly accurate3.

While FSK calculations are generally very accurate as well as efficient, they require knowledge of
full-spectrum k-distributions, which are rather tedious to assemble from spectroscopic databases,
such as HITRAN17, HITEMP18, and CDSD-100019. Thus, to make FSK calculations feasible for
general engineering use preassembled FSK distributions must be available from databases. Several
approximate correlations have been generated by Denison and Webb10, 11, 20, 21 and by Modest et al.
3, 9, 22−25. However, such correlations are of limited accuracy, and assembling mixture distributions
from those for individual species has proven problematical (Solovjov and Webb26). Furthermore,
adding nongray particle absorption backgrounds (such as soot) to FSK distributions is not possible.
Very recently, Riazzi and Modest27 developed a systematic approach to overcome these limitations
by constructing full- and part-spectrum k-distributions for arbitrary mixtures from narrow-band k-
distribution data. This makes it possible to obtain high-accuracy radiative transfer calculations of
inhomogeneous gas-particulate mixtures at a reasonable computational cost, using precalculated sets
of k-distributions.

It is the purpose of the present article to compile a highly accurate and compact database of narrow-
band k-distributions for the most important combustion gases, from which high-accuracy full-spectrum
k-distributions can be obtained efficiently for arbitrary mixtures of combustion gases, including non-
gray absorbing and/or scattering particles. Currently, water vapor and carbon dioxide, the two major
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products of hydrocarbon–air combustion, are included in the database. The spectral absorption co-
efficients for water vapor were calculated from HITEMP 200018, while for carbon dioxide CDSD-
100019 was employed, which is considered more reliable than HITEMP for temperatures higher than
1000K28, 29.

2 k-Distribution Generation

As stated earlier, it is the purpose of this work to collect an accurate and compact database of narrow-
band k-distributions, from which full-spectrum k-distributions can be assembled for any total pres-
sure (p), temperature (T ) and mole fraction (x) of water vapor and carbon dioxide. Narrow-band
k-distributions can be formulated mathematically as30,

f (k) =
1
∆η

∫

∆η

δ(k − κη)dη, (1)

and

g(k) =
∫ k

0
f (k′)dk′, (2)

where η is the wavenumber, κη is the absorption coefficient calculated from a spectroscopic database,
∆η is the narrow-band width, δ(k) is the Dirac-delta function, f (k) is the probability density function
of the absorption coefficient value k (k-distribution), and g(k) is the normalized artificial wavenumber
(cumulative k-distribution). Through this reordering process, the absorption coefficient variable k
becomes a monotonically increasing function of g.

Since k-distributions are generated from absorption coefficients, the underlying absorption coeffi-
cient data must be accurate, i.e., κη must be evaluated from spectroscopic databases at close enough
spectral intervals to describe the irregularity of the absorption coefficient across the spectrum. At low
pressures, line-broadening is relatively weak, causing little overlap between lines; at high pressures,
on the other hand, line-broadening is strong, resulting in a smoother absorption coefficient. There-
fore, the wavenumber resolution for low pressure calculations must be higher than for high pressures.
In our work, a constant spacing across the entire spectrum was used; the resolution was considered
sufficient if, when doubling the resolution, the error of narrow-band mean absorption coefficients
stayed below 0.5 percent in major absorption bands of the entire spectrum. For instance, the required
resolution for p = 0.1 bar was found to be 0.005 cm−1, while 0.01 cm−1 was needed for p = 1.0
bar; both at T = 1000 K and x = 1.0. Similarly, high temperatures cause more line overlap than
low temperatures, which would make the absorption coefficient distribution smoother. However, as
temperature rises,“hot” lines become important, making the absorption coefficient distribution even
more irregular. The combined effects lead to a need for high resolution at high temperatures. For
example, for p = 0.1 bar and x = 0.25, the required resolution for 300 K was found to be 0.01 cm−1,
while 0.002 cm−1 was needed for 1000 K and 0.001 cm−1 for 2000 K.

In common industrial boilers and combustors as well as gas turbines, working conditions range from
ambient to fairly high pressures, say 20–30 bar, while in rocket nozzles and closed-cycle gas turbines
subatmospheric pressures may be encountered. Therefore, in the present database a large range of
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Table 1
Precalculated gas states and narrow bands

Parameter Sampling Number of Samples

Species CO2, H2O 2

Pressure (bar)

0.1 – 0.5: every 0.1

0.7:

1.0 – 14.0: every 1.0

15.0 – 30.0: every 5.0

5

1

14

4

total: 24

Temperature (K) 300 – 2500: every 100 23

Mole Fraction 0.0 – 1.0 : every 0.25 5

Narrow Band (cm−1)

200 – 300: every 10

300 – 4000: every 25

4000 – 5000: every 50

5000 – 10000: every 100

10000 – 15000: every 250

10

148

20

50

20

total: 248

pressures ranging from as low as 0.1 bar to as high as 30 bar was considered, and a temperature
range from 300 K to 2500 K. Higher temperatures appear meaningless because of the limitations of
available spectroscopic databases. The mole fraction affects the (pressure-based) absorption coeffi-
cient only slightly through molecular size on collision broadening. Thus, only 5 mole fractions were
considered here. The narrow-band division here is slightly different from that of Riazzi and Modest27

in order to satisfy our accuracy requirements. Table 1 summarizes the pressures, temperatures, mole
fractions and narrow bands stored in the present database.

When employing Eqs. (1) and (2) to calculate narrow-band cumulative k-distributions, a set of nom-
inal k-values between the local maximum and minimum k-values must be chosen for each narrow
band at the local gas state. Here we have used the distribution,

∆(kβ)=
[

(kmax)β − (kmin)β
]

/(Npt − 1), (3)

ki =
[

(kmin)β + i∆(kβ)
]1/β

, i = 1, 2, ...,Npt. (4)

This power distribution of k-values employs an exponential factor β to generate a skewed distribution
that places more points at smaller k-values than a linear distribution, but fewer than a logarithmic dis-
tribution. In the present work with β = 0.1 and a number of points Npt = 5000, the recovered narrow
band mean absorption coefficients compare to better than 0.01% with those from LBL calculations.
Therefore, our k-distributions obtained from LBL data can be regarded as essentially error-free.
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3 Data Compaction

While the 5000-point k-distributions have extremely high accuracy, for a database including 24 total
pressures, 23 temperatures and 5 mole fractions for each of the two species, with the entire spec-
trum divided into 248 narrow bands, the resulting data would require 50 GB of storage. Obviously,
such a huge database is not acceptable for practical calculations. Therefore, an efficient way needs
to be found to compact these data into much smaller size while, at the same time, maintaining high
accuracy. In the present database, during data compression, the accuracy of a k-distribution was de-
termined (a) by comparing narrow-band averaged absorption coefficients with those obtained from
LBL calculations, and (b) by comparing narrow-band gas column emissivities with LBL calcula-
tions (at a nominal optical thickness resulting in an emissivity of approximately 0.6). Accuracy was
deemed acceptable if the errors stayed below 0.5%.

3.1 Fixed-g Concept

Each of the original cumulative k-distributions has a series of k-values (5,000 chosen values) and
a corresponding series of 5000 g-values. If one series is fixed to be the same for all narrow bands,
only the other series needs to be stored in the database. Since g always varies between 0 and 1, while
the k-range varies dramatically from narrow band to narrow band, fixing the g-values is a logical
choice. Since k-distributions are calculated for a chosen set of k-values, this requires inversion of the
distribution through high-order interpolation, to obtain the corresponding set of k-values for a fixed
set of g-values.

3.2 Quadrature Scheme

The set of g values needs to be chosen carefully, since it will directly affect the compression rate
for the prescribed accuracy. Since n-node Gaussian quadrature has an (2n − 1)-th order of accuracy,
the highest among present integration schemes, we chose the fixed-g series to be the abscissas of a
certain Gaussian quadrature. In addition, we imposed two requirements for the desired quadrature
scheme: (a) more points toward large g-values (corresponding to large k-values), since it is the larger
k-values that tend to dominate radiative heat transfer rates, and (b) scalability, so that a lower rank
quadrature is a subset of the next higher rank quadrature. With this feature one can use fewer points
to perform a rough calculation, or use all the points in the database to obtain the highest accuracy.

The abscissas of a Gaussian quadrature between the limits of −1 and +1 are zeroes of a certain
orthogonal polynomial. For the n-th rank Chebyshev polynomial of the second kind Un(x), the zeroes
are31,

xk
n = cos θk, k = 1, 2, ..., n, (5)

and the corresponding Gaussian weight functions are

wk
n =

4 sin θk

n + 1

[(n+1)/2]
∑

l=1

sin(2l − 1)θk

2l − 1
, (6)
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where
θk =

kπ
n + 1

.

Rearranging, it is observed that

xk
n = cos

[

2kπ
(2n + 1) + 1

]

= x2k
2n+1 ≡ x2k

m . (7)

This implies that, for any given Un, one can always find another Um whose zeroes include all the
zeroes of Un, namely m = 2n + 1. The zeroes for every quadrature are distributed between [−1, 1],
and are symmetric around 0. In the present work, we are interested in quadrature over the range of
g-values, i.e., between the limits of 0 and +1. Thus, for an arbitrary Um, eliminating negative zeroes
(k > bm/2c), one obtains two possible quadrature schemes, viz.,

(I): Even-rank Um, i.e., m = 2n. (n = 1, 2, 3, . . .)
The non-negative zeroes (quadrature points) can be rewritten as

xk
n = cos θk, k = 1, 2, ..., n, (8)

where
θk =

kπ
2n + 1

. (9)

For the half-range quadrature, the weights are doubled, or

wk
n =

8 sin θk

2n + 1

n
∑

l=1

sin(2l − 1)θk

2l − 1
. (10)

(II): Odd-rank Um, i.e., m = 2n − 1. (n = 1, 2, 3, . . .)
The non-negative zeroes (quadrature points) can be rewritten as

xk
n = cos θk, k = 1, 2, ..., n, (11)

where
θk =

kπ
2n

(12)

Again, the weights are doubled, except for k = n, or

wk
n =

2(2 − δkn) sin θk

n

n
∑

l=1

sin(2l − 1)θk

2l − 1
, (13)

where δkn is Kronecker’s delta.

The advantage of quadrature (I) is that it has two open ends (i.e., excludes x = 0, 1), while quadrature
(II) is open at one end (x = 1) but closed at the other (x = 0). The quadrature point at x = 0
(corresponding to g = 0 with the minimum k-value) is not very useful in k-distribution calculations.
Because of this advantage, quadrature (I) will be used to present the final results of assembling full-
spectrum k-distributions. On the other hand, quadrature (II) has better scalability which makes it
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Fig. 1. Abscissa distributions of nested quadratures of scheme (II).

more ideal for data compaction than quadrature (I). The nesting relations of quadratures (I) and (II)
are as follows.

(I): xk
n = x3k

3n+1, (14)
(II): xk

n = x2k
2n. (15)

In quadrature (II), the number of points (Npt) grows much more slowly, allowing more nested ranks
within a certain Npt limit. If Npt starts at Npt = 2, then a series of 2n is generated. Figure 1 shows this
series of nested quadratures.

It is apparent that this quadrature puts more points toward the higher end, with roughly 25% of all
points above x = 0.9. In some situations, one may need even more quadrature points near x = 1. In
that case, a transformation may be employed, viz.,

x′n = 1 − (1 − xn)α,
w′

n =αwn(1 − xn)α−1. (16)

For example, with α = 3/2, about 50% of all quadrature points are above x = 0.9. With quadra-
ture (II) or its transformation, for each narrow-band cumulative k-distribution, using cubic spline
interpolation at the quadrature abscissas, one can obtain a very compact substitute for the original
distribution, subject to the 0.5% error limit mentioned earlier.

3.3 Database Structure

Using data compaction the original database was shrunk from 50 GB to 110 MB. This is still large
enough to cause a bottleneck during calculations, unless fast data access methods are employed.
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There are two kinds of data access methods for computer files, i.e., the sequential-access method and
the direct-access method. In sequential format, the computer reads data in sequential manner, i.e.,
all data before the target data must be read also. The advantage of this method is that records can
be of different lengths. On the other hand, it is apparent that it is not suitable in cases where small
amounts of data, such as a compact k-series, are accessed frequently and randomly. The direct-access
approach can avoid the above drawback. When performing I/O on a direct-access file, records can be
read or written in any order. Its drawback is that the records must all be of the same length, while the
lengths of compact k-series vary with total pressure, temperature, mole fraction, narrow band number
and species. If each compact k-series was stored in one record, most records would contain lots of
blanks and, thus, the method would be inefficient in terms of storage space.

A better approach, the approach taken in the present database, is to utilize the direct-access method
while combining short k-series to fill the blanks in the records. If quadrature (II) is employed in
data compaction, this combination is more efficient and easy to implement, since all compact k-
distributions contain Npt = 2n values. The combined lengths of two 16-point k-series are equal to the
length of one 32-point k-series, etc. In this approach, an additional index file is required to record the
locations of the k-series in the database file.

4 Interpolation on the Database

To obtain a narrow-band cumulative k-distribution for an arbitrary state, one needs to interpolate be-
tween precalculated states stored in the database. For a single specie, a narrow-band k-distribution is
specified by its total pressure (p), temperature (T ), mole fraction (x) and narrow band number. Thus,
for a given narrow band, a three-dimensional interpolation in (p,T, x) is required, with precalculated
(p,T ,x) groups forming a grid in 3-D p-T -x space. Interpolation of cumulative k-distributions con-
sists of interpolating the corresponding k-values for each fixed-g value. Therefore, all k-distributions
involved must have the same fixed-g series. Since, as the result of data compaction, different k-
distributions may have different Npt, this may require an additional interpolation within individual
k-distributions using, for instance, cubic spline interpolation.

The simplest and fastest 3-D interpolation scheme is trilinear interpolation, which employs a 2 ×
2 × 2 interpolation domain, although its accuracy may not always be satisfactory. Tricubic spline
interpolation is a high-order scheme using polynomials with continuous 2nd-order derivatives. It can
be shown that such polynomials exist and are unique32. To construct them, the smallest interpolation
domain is 4×4×4. To achieve small computational cost combined with acceptable accuracy, a hybrid
scheme may be employed such as a 1-D spline interpolation in T and a 2-D bilinear interpolation in
(p, x). Usually, one applies spline interpolation in those dimensions that are the major cause for error.

Figures 2 and 3 compare the narrow-band mean absorption coefficient and emissivity results obtained
from the databased k-distributions with those from LBL calculations, at p = 2.5 bar, T = 1550 K
and x = 0.1. The k-distributions were obtained by hybrid interpolation (cubic spline interpolation
in T , bilinear interpolation in p and x) from the database. For H2O, the mean absorption coefficient
curve varies more smoothly and the errors are around or less than 1 percent for all narrow bands.
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Fig. 2. Narrow-band mean absorption coefficient and emissivity obtained from interpolated k-distributions
compared with LBL calculations; species: H2O, p = 2.5 bar, T = 1550 K, x = 0.1; interpolation: hybrid.
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Fig. 3. Narrow-band mean absorption coefficient and emissivity obtained from interpolated k-distributions
compared with LBL calculations; species: CO2, p = 2.5 bar, T = 1550 K, x = 0.1; interpolation: hybrid.
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The absorption coefficient of CO2 has more sharply pronounced bands, resulting in steep gradients,
which may cause large errors. However, large errors are found to occur only for several unimportant
narrow bands.

5 Full-Spectrum k-Distribution for Mixture

According to Modest3, the Planck-function-weighted full-spectrum k-distributions are defined as

f (T, φ
0
, k) =

1
Ib

∫ ∞

0
Ibηδ

(

k − κη(φ0
, η)

)

dη, (17)

and

g(T, φ
0
, k) =

∫ k

0
f (T, φ

0
, k)dk =

∫ k∗

0
f (T, φ, k∗)dk∗ = g(T, φ, k∗), (18)

where Ibη is the Planck function, φ is the local state variable vector, i.e., φ = (p,T, x), and κη(φ0
, η) is

the spectral absorption coefficient evaluated at a reference state φ
0
. Eq. (18) implies a correlation of

k and k∗ between states φ
0

and φ. The reordered radiative transfer equation (RTE) becomes3, 9

dIg
ds
= k∗(T0, φ, g)

[

a(T,T0, g)Ib(T ) − Ig
]

− σs(φs
)
[

Ig −
1

4π

∫

4π
Ig(ŝ′)Φ(φ

s
, ŝ, ŝ′)dΩ′

]

, (19)

where

Ig =
∫ ∞

0
Iηδ

(

k − κη(φ0
, η)

)

dη
/

f (T0, φ0
, k), (20)

a(T,T0, g) = f (T, φ, k)
/

f (T0, φ0
, k), (21)

and k∗(T0, φ, g) is the k–g distribution, as given by Eq. (18), with the absorption coefficient evaluated
at the local conditions φ and the Planck function at the reference temperature T0. Once the RTE is
solved, the spectrally integrated intensity follows as3

I =
∫ 1

0
Igdg. (22)

The full-spectrum k-distributions given by Eq. (17) and Eq. (18) can be calculated directly from spec-
troscopic databases. However, Riazzi and Modest27 demonstrated that the full-spectrum distributions
can be more efficiently assembled from narrow-band distributions as

f (T, φ
0
, k) =

∑

j∈[all NB’s]

Ib j

Ib
f j(φ0

, k), (23)

and

g(T, φ
0
, k) =

∑

j∈[all NB’s]

Ib j

Ib
g j(φ0

, k), (24)
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where

Ib j =

∫

∆η j

Ibη(T )dη (25)

is the Planck function integrated over narrow band ∆η j. Furthermore, they found that, for gas mix-
tures, the FSK may be obtained accurately from narrow-band k-distributions of the individual species.
According to Riazzi and Modest27, for a gas mixture of I species with uncorrelated absorption lines,
the narrow band mixture k-distribution can be assembled from the individual species as,

gmix(kmix) =
∫ 1

g1=0
...

∫ 1

gI=0
H [kmix − (k1 + ... + kI)] dgI ...dg1, (26)

where H is the Heaviside step function. For a mixture of two species (I = 2), one may derive a more
efficient relation as27,

gmix(kmix) =
∫ 1

0
g2(kmix − k1)dg1. (27)

While Eqs. (26) and (27) can be applied equally to full-spectrum distributions, Riazzi and Mod-
est27 found that mixing H2O and CO2 on a narrow-band basis resulted in virtually no error, whereas
full-spectrum mixing generally produced small errors (of a few percent). Furthermore, using narrow-
band k-distributions allows for easy mixing with nongray absorbing particles: after obtaining the
narrow-band k-distributions for the gas mixture, the (for each narrow band constant) particle absorp-
tion coefficient is simply added before assembling the full-spectrum k-distribution. Figure 4 shows
a comparison between full-spectrum k-distributions assembled from the narrow-band database and
those calculated directly from the spectroscopic databases for a 10% CO2-20% H2O-70% N2 gas
mixture at p = 2.5 bar and T = 1550 K . Also shown is the FSK for the same gas mixture also
containing a volume fraction fv = 10−7 of nongray soot. The soot’s complex index of refraction,
m = n − ik, was modelled using the correlations developed by Chang and Charalampopoulos30, 33,

n = 1.811 + .1263 ln λ + .0270 ln2 λ + .0417 ln3 λ, (28)

k = .5821 + .1213 ln λ + .2309 ln2 λ − .0100 ln3 λ, (29)

where λ is the wavelength in µm, valid over the wavelength range [0.4µm, 30µm]. The soot’s absorp-
tion coefficient was determined using the small particle limit of Rayleigh scattering for a cloud of
non-uniform particles given by30

κλ =
36πnk

(n2 − k2 + 2)2 + 4n2k2

fv
λ
. (30)

As shown in Figure 4, there is no distinguishable difference between the full-spectrum k-distribution
compiled from the narrow-band database and the one calculated directly from the spectroscopic
databases, for both the gas mixture as well as the one containing soot, except that the FSK’s assem-
bled from the narrow-band database, employing quadrature (I) which is open at both ends (does not
include g = 0 and g = 1), cannot include the minimum and maximum k-values .
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Fig. 4. Full-spectrum k-distributions assembled from the narrow band database.

6 Sample Calculations

To test the accuracy of the new database, a large number of heat transfer calculations were carried
out for one-dimensional slabs of homogeneous gas mixtures bounded by cold black walls. Such
problems produce “exact” results if “exact” k-distributions are employed; any error, therefore, is due
to inaccuracies in the assembly of the k-distribution. In all cases, a 20% H2O–10% CO2–70% N2

(in volume) mixture with or without soot was considered, for which the local radiative heat source,
dq/dx, was calculated in non-dimensional fashion as

(

dq
dx

)

normalized
=

dq/dx
σT 4/L

, (31)

where T is the temperature and L is the thickness of the slab. Effects of varying total pressure,
temperature, thickness and amount of soot were investigated as summarized in Table 2. All FSK
calculations employed a 10-point quadrature of type (I) and, in most cases, the maximum error across
the slab stayed around or below 2%. Exceptions occurred only at fairly small optical thicknesses,
which will be discussed in more detail later in this section.

Figures 5 through 8 show the representative curves of normalized dq/dx across the slab. For better
readibility, only LBL results and errors made by database-assembled k-distribution calculations were
plotted. Figure 5 shows the effects of total pressure on overall accuracy, keeping all other parameters
fixed. For low pressures such as 0.25 bar, dq/dx is essentially constant across the slab, since the gas
is so optically thin that all emission escapes from the medium without self-absorption. As pressure
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Table 2
Investigated gas/particulate mixture states

p (bar) 0.25, 0.85, 2.5, 7.5, 17.5, 22.5

T (K) 450, 750, 1250, 1750, 2250

L (cm) 0.1, 1.0, 10.0, 50.0, 100.0

fv 0.0, 10−8, 10−7, 10−6
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Fig. 5. Normalized radiative source for a 20% H2O–10% CO2–70% N2 mixture at varying pressures; T = 2250
K, fv = 0.0, L = 50 cm; 10-point quadrature (I).

rises, the gas becomes optically thicker and, therefore, energy emitted near the center cannot escape,
leading to strong gradients toward the boundaries. The same phenomenon can be seen in Figure 6, in
which the soot volume fraction fv is increased, and in Figure 8, in which the slab width L is increased,
both causing the mixture to become more opaque. In Figure 7 only temperature T is varied, causing
the Planck function peak to shift from one absorption band to another. Therefore, in Figure 7, there
is a specific temperature at which the gas is the most opaque.

In Figure 8, one can observe a large error at the smallest thickness of L = 0.1 cm. At this thickness, the
gas is optically extremely thin, putting all importance on the large k-values. The large error implies
that an insufficient number of quadrature points has been placed on high g-values, which correspond
to large k-values. In order to decrease the error, one may use the quadrature transformation discussed
earlier, to put enough quadrature points on high g-values (increasing the transformation factor α).
As shown in Figure 9, without increasing the number of the quadrature points, using the quadrature
transformation, the error was reduced to almost 0 with a value of α = 2.5.

In conclusion, we may state that the present narrow-band k-distribution database can be used to as-
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Fig. 6. Normalized radiative source for a 20% H2O–10% CO2–70% N2 mixture with varying soot concentra-
tions; p = 2.5 bar, T = 1250 K, L = 50 cm; 10-point quadrature (I).
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semble small and accurate full-spectrum k-distributions, which, in turn, can produce high accuracy
radiation calculations of gas/particulate mixtures, provided that an appropriate quadrature set is em-
ployed.

7 Summary

In this paper, an accurate and compact narrow-band k-distribution database has been constructed for
water vapor and carbon dioxide. Using the same methods for narrow-band k-distribution generation,
data compaction and storage optimization, the database can readily be extended to include other
gases.

In order to obtain high-accuracy k-distributions, care was taken to first evaluate spectral absorp-
tion coefficients of high accuracy from spectroscopic databases. To compact a large amount of raw
k-distribution data into a small, but accurate database and to achieve high accuracy in radiation cal-
culations, a fixed-g concept was introduced. In addition, two requirements were imposed for the
quadrature scheme employed in data compaction: (a) more quadrature points for large g-values (cor-
responding to large k-values, which tend to be more important), and (b) scalability, so that a lower
rank quadrature is nested in the next higher rank quadrature, allowing users to choose the number
of data points according to their own accuracy requirement. Two quadrature schemes (I) and (II)
were developed to meet these two requirements. Quadrature (I) is open at its two boundaries (i.e.,
excludes g = 0 and g = 1), making it superior for radiation calculations, and was employed for the
final full-spectrum k-distribution assembly. Quadrature (II) is open at one boundary (g = 1) and has
better scalability than quadrature (I), making it ideal for data compression and database construc-
tion. Using quadrature (II) and its transformation, a large quantity of k-distribution data calculated
from spectral data was successfully compacted into a database of small size while, at the same time,
maintaining high accuracy.

It was demonstrated that single specie narrow-band k-distributions at arbitrary thermal states can
be obtained accurately from the new database by an interpolation scheme presented in this paper.
Furthermore, with the models developed by Riazzi and Modest27, full-spectrum (or part-spectrum) k-
distributions for inhomogeneous nongray gas/particulate mixtures can also be assembled accurately.
Sample calculations investigating the effects of total pressure, temperature, optical thickness and soot
concentration on the overall error of radiation calculations showed that, employing an appropriate
quadrature set, full-spectrum k-distributions obtained from the new database provide highly accurate
radiation results with very few quadrature points.
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