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Abst r act

Hi gh- ener gy f act or i zat i on and smal l - x deep

i nel ast i c scat t er i ng beyond l eadi ng or der

a I NFN, Sezi one di Fi r enze, Lar go E. Fer mi 2, I - 50125 Fl or ence, I t al y
n Cavendi sh Labor at or y, Depar t ment of Physi cs, Uni ver si t y of Cambr i dge, Madi ngl ey Road,

Cambr i dge CB3 OHE, UK

Hi gh- ener gy f act or i zat i on i n QCD i s i nvest i gat ed beyond l eadi ng or der and i t s r el at i onshi p t o
t he f act or i zat i on t heor em of mass si ngul ar i t i es i s est abl i shed t o any col l i near accur acy. Fl avour
non- si ngl et obser vabl es ar e shown t o be r egul ar at smal l x or der by or der i n per t ur bat i on t heor y.
I n t he si ngl et sect or , we der i ve t he r el evant mast er equat i ons f or t he space- l i ke evol ut i on of gl uons
and quar ks . Thei r sol ut i on enabl es us t o sumnext - t o- l eadi ng cor r ect i ons t o t he smal l - x behavi our
of quar k anomal ous di mensi ons and deep i nel ast i c scat t er i ng coef f i ci ent f unct i ons . We pr esent
r esul t s i n bot h MS and DI S f act or i zat i on schemes .

1 . I nt r oduct i on
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Hadr oni c pr ocesses at l ar ge t r ansf er r ed moment um pt ar e accur at el y i nvest i gat ed by

usi ng per t ur bat i ve QCD. The compar i son bet ween t heor et i cal pr edi ct i ons and j et physi cs
dat a f r om hi gh- ener gy col l i der s has enhanced our conf i dence i n per t ur bat i ve QCD up
t o t he 10% accur acy l evel [ 1] . The r eason f or t hi s success i s t hat not onl y t he non-
per t ur bat i ve ( hi gher - t wi st ) cont r i but i ons vani sh as power s of Ap t i n t he har d- scat t er i ng
r egi me pr » A ( A bei ng t he QCD scal e) , but mai nl y t he f act t hat l ogar i t hmi c cor r ec-

t i ons t o t he naï ve par t on model ( i . e . l owest - or der per t ur bat i ve QCD) ar e syst emat i cal l y
comput abl e and, i n most cases, known as a power ser i es expansi on i n t he ` smal l ' ( due
t o asympt ot i c f r eedom) r unni ng coupl i ng as ( p2) t i ( ßo I n pi / A2) - 1

.

* Resear ch suppor t ed i n par t by t he EC Pr ogr amme " Human Capi t al and Mobi l i t y" , Net wor k " Physi cs at
Hi gh Ener gy Col l i der s" , cont r act CHRX- CT93- 0537 ( DG 12 COMA) .
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Pr eci se quant i t at i ve t est s of QCD and sear ches f or new physi cs at pr esent and f ut ur e
hadr on col l i der s ar e nonet hel ess car r i ed out at an i ncr easi ngl y l ar ge cent r e- of - mass
ener gy v' rS- , t hus openi ng up a new ki nemat i c r egi on char act er i zed by smal l val ues of
t he r at i o x = pâ / S ( S» pi ) . I n t hi s smal l - x r egi me, our capabi l i t y t o make per t ur bat i ve
QCD pr edi ct i ons decr eases . The r eason i s t wof ol d. Fi r st , t he par t on densi t i es f ( X, Pt2)

of t he i ncomi ng hadr ons ( whi ch ar e necessar y as i nput s i n any per t ur bat i ve cal cul at i on)
ar e poor l y known at ver y smal l val ues of x . Second, t he per t ur bat i ve expansi on i s sl owl y
( or badl y) conver gent because of t he pr esence of l ogar i t hmi c cor r ect i ons of t he t ype

as ( pi ) I n' x : hi gher power s of as( pi ) associ at ed wi t h mul t i pl e har dj et pr oduct i on can
i ndeed be compensat ed by l ar ge enhanci ng f act or s l n( S/ p; ) . Not e t hat t hi s second poi nt
al so af f ect s t he f i r st one . I n t he case t hat a r el i abl e set of smal l - x par t on densi t i es can
be ext r act ed f r om a si ngl e exper i ment , we shoul d be abl e t o pr edi ct accur at el y t hei r
per t ur bat i ve evol ut i on wi t h pt .

The di scussi on above makes cl ear t hat our under st andi ng of QCD i n t he smal l -

x r egi me has st i l l t o be i mpr oved. I n par t i cul ar , on t he t heor et i cal si de, i t i s hi ghl y

desi r abl e t o keep under cont r ol and t o eval uat e r el i abl y t he QCD component whi ch can

be comput ed per t ur bat i vel y . Thi s can be done by combi ni ng t he cust omar y per t ur bat i ve

appr oach t o har d- scat t er i ng pr ocesses wi t h an i mpr oved per t ur bat i ve expansi on whi ch
syst emat i cal l y sums cl asses ( l eadi ng, next - t o- l eadi ng, and so on) of smal l - x l ogar i t hmi c
cont r i but i ons t o al l or der s i n as .

At pr esent , t he QCD mul t i par t on mat r i x el ement s have been comput ed t o doubl e l oga-
r i t hmi c accur acy i n t he smal l - x r egi on [ 2] - [ 6] . They can be used t o st udy t he st r uct ur e
of hadr oni c f i nal st at es i n smal l - x pr ocesses, t hus pr edi ct i ng some new di st i nct i ve f ea-

t ur es [ 31- [ 51 such as t he i ncr ease of par t i cl e ( j et ) mul t i pl i ci t y and t he suppr essi on of
l ar ge r api di t y gaps . Onl y some phenomenol ogi cal i nvest i gat i ons have been car r i ed out

[ 7] , and mor e det ai l ed anal yses ar e needed . I n t hi s paper we do not consi der t he i ssue

of t he st r uct ur e of t he f i nal st at es but r at her concent r at e on t he eval uat i on of hi gher - or der
cor r ect i ons f or t ot al cr oss sect i ons .

The l eadi ng hi gh- ener gy cont r i but i ons t o t ot al cr oss sect i ons ar e si ngl e- l ogar i t hmi c

t er ms ( asl nx) " ( hi gher power s of l nx cancel i n t hi s case) due t o mul t i pl e gl uon

exchanges i n t he t - channel . I n t he case of har d pr ocesses whi ch ar e di r ect l y coupl ed

t o gl uons i n t he naï ve par t on model , t hese l eadi ng l ogar i t hmi c cont r i but i ons can be r e-

summed t o al l or der s i n per t ur bat i on t heor y by usi ng t he hi gh- ener gy or k 1- f act or i zat i on
t heor em [ 8] - [ 10] . The basi c i dea [ 8] i s t o r epl ace t he col l i near ( or par t on pol e) f ac-
t or i zat i on by gl uon Regge pol e f act or i zat i on .

Consi der i ng, f or i nst ance, t he si mpl est smal l - x pr ocess i ni t i at ed by har d- gl uon i nt er -

act i ons at t he Bor n l evel , namel y t he heavy- f l avour phot opr oduct i on pr ocess

Y( pt ) +h( p) - - Q( P3) +Q( p4) +X ,	 ( 1 . 1)

one can wr i t e t he t ot al cr oss sect i on i n t he f ol l owi ng f act or i zed f or m [ 8]

4M2 0, ( x, M2 ) =

	

d 2k

	

dz &( x/ z, k2/ M2, as ( M2)
) Y( z, k)f ~

	

.z
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Her e t he heavy f l avour mass M( M>> A) def i nes t he har d scal e of t he pr ocess and
x - 4M2 / S ( S - 2pl . p » M2) .

I n Eq . ( 1 . 2) v i s t he basi c hi gh- ener gy har d cr oss sect i on f or t he subpr ocess y +
g( k) - > QQ, comput ed t o t he l owest or der i n as as a f unct i on of t he t r ansver se
moment umk of t he i ncomi ng of f - shel l ( essent i al l y t r ansver se k - zp + k1, k2 - - k 2 )
gl uon g( k) . On t he ot her hand, . F( z, k) i s t he uni nt egr at ed gl uon densi t y of t he i ncomi ng
hadr on h( p) and i s r el at ed t o t he cust omar y gl uon densi t y f g( x, M2 ) vi a k1- i nt egr at i on

M2

xf g( x, M2) t i J d2k . F( x, k) .

	

( 1 . 3)

0

Ther ef or e t he k1- dependent f act or i zat i on i n Eq . ( 1 . 2) r educes t o t he l eadi ng- or der
col l i near f act or i zat i on [ 11 ] f or S » M2 » k21 . However i t hol ds al so f or S » k1 t i

M2 , t hus cont r ol l i ng al l t he l ogar i t hmi cal l y- enhanced t er ms ( as I n x) " associ at ed wi t h
har d- gl uon r adi at i on i n t he f i nal st at e .

The r esummat i on of t he l eadi ng I n x cont r i but i ons f ol l ows f r omnot i ci ng t hat t he har d
cr oss sect i on ô i s wel l - behaved at hi gh ener gy ( i . e . î 7( x, k2 / M2 , as) t i x modul o I n x-
t er ms, f or x - > 0) . Ther ef or e t he l ar ge per t ur bat i ve cor r ect i ons ( as I n x) " i n t he cr oss
sect i on ( 1 . 2) ar e gener at ed pr eci sel y by t he k1- i nt egr at i on f r om t he ones i n t he gl uon
densi t y F( x, k) , as gi ven by t he Bal i t ski i - Fadi n- Kur aev- Li pat ov ( BFKL) equat i on [ 12]

f ( x k) -
2, 7r

e- A l nx ( k2) - 2

	

( 1 . 4)

À=4CA as l n2 .

	

( 1 . 5)

I nser t i ng Eq . ( 1 . 4) i nt o Eq . ( 1 . 2) , one obt ai ns t he f ol l owi ng per t ur bat i ve r esul t f or t he
t ot al cr oss sect i on at ver y hi gh ener gy [ 8]

4M20, ( X, M2 ) _ x - A ( M2 ) 2

	

h( 1/ 2) ,

h( 1/ 2)
_

2 J

	

k2_

	

( M2)
Z / ' dx

&( x, k2
/ M

2
, as) .

The mai n f eat ur es of Eqs . ( 1 . 6) , ( 1 . 7) , der i ved f r om t he k1- f act or i zat i on f or mul a
( 1 . 2) , ar e t he f ol l owi ng . The t ot al cr oss sect i on i ncr eases at hi gh ener gy wi t h a uni ver sal
( pr ocess- i ndependent ) power behavi our S' , . l bei ng t he i nt er cept of t he per t ur bat i ve
QCD pomer on i n Eq . ( 1 . 5) . Thi s r esul t i s t he consequence of t he ver y st eep behavi our
( 1 . 4) of t he gl uon densi t y' at smal l x and l ar ge k1 . The nor mal i zat i on of t he t ot al
cr oss sect i on i nst ead depends on t he pr ocess and t he pr ocess- dependent f act or h( 1/ 2)
der i ves f r om t he det ai l ed and cal cul abl e t r ansver se- moment um dynami cs of t he har d
subpr ocess .

1 Not e, however , t hat i f t he gl uon densi t y has a non- per t ur bat i ve component st eeper t han t he per t ur bat i ve

one, t he f or mer domi nat es over t he l at t er at hi gh ener gy .
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The r esummat i on of t he l eadi ng- or der cont r i but i ons at hi gh ener gy i s a cr ude ( al -
t hough mandat or y) appr oxi mat i on . Thi s i s t r ue f r ombot h t he t heor et i cal ( t he per t ur ba-
t i ve QCD pomer on vi ol at es uni t ar i t y t o l eadi ng or der ) and phenomenol ogi cal ( t er ms of
r el at i ve or der as ar e syst emat i cal l y negl ect ed) si des . The eval uat i on of subl eadi ng con-
t r i but i ons i s t her ef or e r el evant ( i ) t o i ncl ude cor r ect i ons necessar y t o r est or e uni t ar i t y at
asympt ot i c ener gi es and ( i i ) t o est i mat e t he accur acy and set t he l i mi t s of appl i cabi l i t y
of t he l eadi ng- or der f or mal i sm.

Uni t ar i zat i on ef f ect s have been ext ensi vel y st udi ed i n Ref s. [ 13] - [ 16] . Al t hough a
syst emat i c cal cul at i onal appr oach based on f i r st pr i nci pl es i s st i l l mi ssi ng, t he l i kel y
concl usi on emer gi ng f r om t hese st udi es i s t hat t he f ul l r est or at i on of uni t ar i t y can be
achi eved onl y af t er t he i ncl usi on of hi gher - t wi st cor r ect i ons .

As r egar ds t he l eadi ng- t wi st cont r i but i ons t o har d- scat t er i ng pr ocesses, a cal cul at i onal
pr ogr amof hi gh- ener gy l ogar i t hms based on Regge behavi our i s bei ng pur sued by Fadi n
and Li pat ov [ 17] , and t he eval uat i on of t he t wo- l oop cor r ect i on t o t he BFKL ker nel
now seems f easi bl e.

I n t hi s paper we f ol l ow a di f f er ent appr oach t owar ds t he comput at i on of subl eadi ng
cor r ect i ons at hi gh ener gy . We show how t he kl - f act or i zat i on t heor em can be ext ended
beyond l eadi ng or der i n a consi st ent way wi t h al l - or der ( l eadi ng- t wi st ) col l i near f ac-
t or i zat i on . Thi s al l ows us t o set up a syst emat i c l ogar i t hmi c expansi on bot h f or har d
coef f i ci ent f unct i ons and par t on anomal ous di mensi ons . Mor eover , once t hese quant i t i es
have been comput ed t o a cer t ai n l ogar i t hmi c accur acy, t hey can unambi guousl y be sup-
pl ement ed wi t h non- l ogar i t hmi c ( f i ni t e- x) cont r i but i ons exact l y cal cul abl e t o any f i xed
or der i n per t ur bat i on t heor y . Not e, al so, t hat a f ur t her advant age of t hi s appr oach i s t hat
t he ef f ect s of t he r unni ng coupl i ng can be i ncl uded exact l y ( at l east i n pr i nci pl e) , t hus
avoi di ng t he i nf r ar ed i nst abi l i t i es encount er ed i n phenomenol ogi cal at t empt s [ 13, 18, 19]

t o ext end t he BFKL equat i on beyond l eadi ng or der . Obvi ousl y, wi t h t he pr esent at t i t ude,

we abandon any demand t o pr edi ct t he absol ut e behavi our of t he cr oss sect i ons at ver y
hi gh ener gi es ( ver y smal l x) because hi gher - t wi st cor r ect i ons ar e syst emat i cal l y ne-
gl ect ed . However , si nce l ogar i t hmi c scal i ng vi ol at i ons ar e syst emat i cal l y under cont r ol ,
we t hi nk t hat such an appr oach can be usef ul i n maki ng quant i t at i ve phenomenol ogi cal
pr edi ct i ons at hi gh ( but f i ni t e) ener gi es and l ar ge t r ansf er r ed moment a [ 20] .

The out l i ne of t he paper i s as f ol l ows . I n Sect i on 2 we f i r st r ecal l t he gener al f r ame-

wor k of l eadi ng- t wi st col l i near f act or i zat i on . Then, on t he basi s of power count i ng

ar gument s, we show how t he hi gh- ener gy f act or i zat i on of Ref . [ 8] can be ext ended
beyond l eadi ng or der and consi st ent l y mat ched wi t h al l - or der col l i near f act or i zat i on,
i n t er ms of r esummed anomal ous di mensi ons and coef f i ci ent f unct i ons . I n Sect i on 3

we st ar t our cal cul at i onal pr ogr ami n di mensi onal r egul ar i zat i on by der i vi ng t he mast er
equat i on f or t he hi gh- ener gy behavi our of t he gl uon f or war d scat t er i ng ampl i t udes and
comput i ng t he ensui ng anomal ous di mensi ons and nor mal i zat i on f act or i n t he ( modi -
f i ed) mi ni mal subt r act i on scheme . The anal ogous cal cul at i on f or t he quar k channel i s
per f or med i n Sect i on 4 . Her e, we obt ai n an al gebr ai c equat i on f or t he quar k anomal ous
di mensi ons t o next - t o- l eadi ng l ogar i t hmi c accur acy as ( as I n x) " , and pr esent i t s expl i ci t
sol ut i on up t o t he si x- l oop or der . I n Sect i on 5 we t ur n our at t ent i on t o t he cal cul a-

t i on of t he coef f i ci ent f unct i ons f or deep i nel ast i c l ept on- hadr on scat t er i ng . We comput e
bot h t he l ongi t udi nal and t r ansver se coef f i ci ent f unct i ons by r esummi ng t he l ogar i t hmi c
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cont r i but i ons as ( as I n x) " . We al so consi der t he al l - or der gener al i zat i on of t he DI S f ac-
t or i zat i on scheme and obt ai n expl i ci t r esummed expr essi ons f or t he cor r espondi ng quar k
anomal ous di mensi ons wi t h next - t o- l eadi ng l ogar i t hmi c accur acy. Sect i on 6 i s devot ed
t o summar i zi ng our mai n r esul t s, and may al so ser ve as a gui de f or t he r eader most l y
i nt er est ed i n ext r act i ng per t ur bat i ve QCD r esul t s f or phenomenol ogi cal appl i cat i ons . The
def i ni t i on of si ngl et and non- si ngl et par t on densi t i es and a f ew mat hemat i cal det ai l s ar e
l ef t t o Appendi ces A t o C.

Some of t he r esul t s der i ved i n t hi s paper have al r eady been pr esent ed i n Ref s . [ 21, 22] .

2 . QCD f act or i zat i ons

Thi s sect i on i s devot ed t o set t i ng up t he f or mal basi s of t he hi gh- ener gy f act or i zat i on .
We st ar t i n Subsect i on 2 . 1 by i nt r oduci ng t he f act or i zat i on t heor emof col l i near si ngul ar -
i t i es and def i ni ng t he par t on densi t i es and coef f i ci ent f unct i ons . Then i n Subsect i on 2 . 2
we r ecal l t he pr oof of t hi s f act or i zat i on t heor em t o l eadi ng- t wi st or der i n t he cont ext of
di mensi onal r egul ar i zat i on . Thi s f or mal appar at us i s used i n Subsect i on 2 . 3 t o devel op
a si mpl e power count i ng at hi gh ener gy and t o show how hi gh- ener gy f act or i zat i on
can be car r i ed out consi st ent l y wi t h al l - or der col l i near f act or i zat i on . The hi gh- ener gy
f act or i zat i on f or mul ae ar e ki - dependent and can be consi der ed as t he gener al i zat i on of
col l i near f act or i zat i on i n t er ms of uni nt egr at ed par t on densi t i es and of f - shel l coef f i ci ent
f unct i ons . Al t er nat i vel y, hi gh- ener gy f act or i zat i on can be compar ed wi t h Regge f act or -
i zat i on [ 23] . The gl uon Gr een f unct i ons and t he t wo- gl uon i r r educi bl e ker nel s ent er i ng
as bui l di ng bl ocks i n t he hi gh- ener gy f act or i zat i on di scussed i n Subsect i on 2 . 3 ar e t he
anal ogue of t he r eggeon t r aj ect or y and i t s r esi due. However , t hi s anal ogy has t o be t aken
wi t h caut i on si nce i t does not pr oper l y account f or t he i ssue of f act or i zat i on of col l i near
si ngul ar i t i es . Fi nal l y, i n Subsect i on 2 . 4, we show how t he hi gh- ener gy f act or i zat i on l eads
t o r esummed anomal ous di mensi ons and coef f i ci ent f unct i ons .

2. 1 . Har d pr ocesses and par t on densi t i es

The f act or i zat i on t heor emof col l i near ( mass) si ngul ar i t i es [ 24, 25, 11] st at es t hat , i n a
gener al har d col l i si on ( i . e . a scat t er i ng pr ocess i nvol vi ng a l ar ge t r ansf er r ed moment um
< pt >= QZ » A Z ) of i ncomi ng hadr ons, al l l ong- di st ance ( non- per t ur bat i ve) ef f ect s
can be f act or i zed i nt o uni ver sal ( pr ocess- i ndependent ) par t on densi t i es t hus l eadi ng t o
a per t ur bat i vel y cal cul abl e dependence on t he har d scat t er i ng scal e Q2 .

Consi der i ng, f or t he sake of si mpl i ci t y, t he case of a si ngl e i ncomi ng hadr on ( l i ke t he
heavy- f l avour phot opr oduct i on pr ocess ( 1 . 1) or deep i nel ast i c l ept on- hadr on scat t er i ng) ,
one can wr i t e t he di mensi onl ess cr oss sect i on F( x, Q2) _ Q20- ( x, Q2) as f ol l ows ( x

Q2 1 S)

F( x, Q2 ) _ Ef dz CQ( x/ z ; as(
~t

F) , QZ l l -
t

F) . f a( z, / . cF) .
a s
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Her e Ca ar e t he pr ocess- dependent coef f i ci ent f unct i ons, f a ar e t he par t on densi t i es
( a = qi , qi , g, i = 1, . . . , Nf , Nf bei ng t he number of f l avour s) of t he i ncomi ng hadr on
and E. cF i s an ar bi t r ar y f act or i zat i on scal e such t hat ct , F » A2 . The obser vabl e F i s

i ndependent of / . Z2 . Cor r espondi ngl y t he i ~F- dependence of Ca on t he r . h. s. of Eq . ( 2. 1)
i s exact l y cancel l ed by t hat of f a . Mor eover , bot h t he as- dependence of t he coef f i ci ent
f unct i ons and t he scal e dependence of t he par t on densi t i es ar e comput abl e as a power
ser i es expansi on i n as . I n par t i cul ar , t he par t on densi t i es f ul f i l t he r enor mal i zat i on gr oup
evol ut i on equat i ons

1
2d

da( n, N~

) =
Ei

dz
Pab( aS( , L2 ) , Z) f b( x/ Z, / - ~2) ,- 2

	

Z»
x

wher e Pa b( as, z) ar e gener al i zed Al t ar el l i - Par i si spl i t t i ng f unct i ons whi ch ar e com-

put abl e i n QCD per t ur bat i on t heor y :

( as
l nPab- 1) ( x)

	

( 2 . 3)Fab( as, x) =

	

\ 21r 1
n=1

The cor r espondi ng expansi on f or t he coef f i ci ent f unct i on i s

( 2 . 2)

Ca( x ; aS, Q2
/ 11 2 )

= ( aS) p
1Ca 0) ( X) +

	

-
C29r l nCan) ( X

; Q2/ f £2) J ,

	

( 2 . 4)
n=1

wher e t he i nt eger power p depends on t he pr ocess .
The x- dependence of t he f act or i zat i on f or mul a ( 2 . 1) and of t he evol ut i on equat i ons

( 2 . 2) can be di agonal i zed by i nt r oduci ng t he N- moment s of t he cr oss sect i on

1

FN
( Q2)

=
J

dx xN- 1 F( x, Q2 )

	

( 2 . 5)

0

and t he anal ogous moment s of any ot her f unct i on of x . I t i s al so conveni ent t o def i ne

t he r escal ed par t on densi t i es f a

a

I Our def i ni t i on di f f er s f r om t he st andar d one i n whi ch yN = PN.

f a( x, / u2 ) =xf a( x, / - L2) , ( 2 . 6)

and t he anomal ous di mensi on mat r i x Yab, N 1

t

Yab, N( as) = f dx xN Pab( aS, x) = Pab, N+l ( as) - ( 2 . 7)

0

I n t he N- moment space, Eqs . ( 2 . 1) , ( 2. 2) r espect i vel y r ead as f ol l ows

FN( Q2)
_ ~7 Ca, N( aS( l -

t
F) , QZI I

U
F) f a, N( l

U
F) , ( 2 . 8)



Eq . ( 2 . 1) i s cor r ect apar t f r omt er ms vani shi ng as i nver se power s of Q2 at hi gh Q2

( hi gher - t wi st cor r ect i ons) . I n t hi s r egi me, a consi st ent per t ur bat i ve use of t he col l i near
f act or i zat i on f or mul a ( 2 . 1) r equi r es t he knowl edge of { Pa0) , Câ° ) } ( l eadi ng or der ) ,

{ Pab) , C( ' ) } ( next - t o- l eadi ng or der ) and so on . Ther ef or e, QCD pr edi ct i ons f or t he
cr oss sect i on ar e usual l y obt ai ned by comput i ng i n f i xed- or der per t ur bat i on t heor y bot h
t he spl i t t i ng f unct i ons and t he coef f i ci ent f unct i ons . The spl i t t i ng f unct i ons up t o t wo-
l oop accur acy have been known f or a l ong t i me [ 25] - [ 28] . Next - t o- l eadi ng or der
coef f i ci ent f unct i ons have been comput ed f or most pr ocesses [ 29] , and, i n t he cases
of deep i nel ast i c l ept on- hadr on scat t er i ng ( DI S) [ 30] and Dr el l - Yan pr ocess [ 31] , t he
next - t o- next - t o- l eadi ng t er ms Câ

2 ) ar e al so known .
As di scussed i n Sect i on 1, hi gher - or der cont r i but i ons t o t he cr oss sect i on and, hence,

t o spl i t t i ng and coef f i ci ent f unct i ons ar e l ogar i t hmi cal l y enhanced at smal l x . Mor e
pr eci sel y, i n t he smal l - x l i mi t we have 2

Pan- 1) ( x) -
x

[ I n" - ' x + O( l n" - 2 x) ] ,

Câ " ) ( x) t i I n" - 1 x + O( l n" - 2 x) .

l k

Ca, N( aS, QZ l f 22 ) =asCan%- I 1
+ = CaSNl

Dak) ( QZl M
2)

L k=1

+ as ( N

) k
Eâk) ( QZ

/ f ~2 ) + . . . , .

( 2 . 10)

Thi s smal l - x behavi our cor r esponds, i n N- moment space, t o si ngul ar i t i es f or N- > 0 i n
t he f or m

( 2 . 12)

( 2 . 13)

These si ngul ar i t i es may spoi l t he conver gence of t he per t ur bat i ve expansi ons ( 2 . 3)
and ( 2 . 4) at smal l x ( hi gh ener gy) . Nonet hel ess one can consi der an i mpr oved per -
t ur bat i ve expansi on obt ai ned by r esummi ng t he l eadi ng ( A( k) , DÂk) ) , next - t o- l eadi ng

( Bââ) , Eâ k ) ) , et c . , coef f i ci ent s i n t he hi gh- ener gy r egi me . Once t hese coef f i ci ent s ar e
known, t hey can be combi ned [ 32] wi t h Eqs . ( 2 . 3) and ( 2 . 4) ( af t er subt r act i ng t he
r esummed l ogar i t hmi c t er ms i n or der t o avoi d doubl e count i ng) , t o obt ai n a pr edi ct i on
t hr oughout t he r egi on of x wher e as l n( 1/ x) < 1 ( or as/ N; _< 1) , whi ch i s much l ar ger
t han t he domai n as I n( 1/ x) « 1 wher e t he as- per t ur bat i ve expansi ons ( 2 . 3) , ( 2 . 4) ar e
appl i cabl e .

2 Accor di ng t o our def i ni t i on, t he l owest - or der coef f i ci ent f unct i on 0 0) i s nor mal i zed i n such a way t hat
C( 0 ) ( x) t i x, modul o I n x cor r ect i ons, at smal l x .
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2
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b
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As out l i ned i n Sect i on 1 and di scussed i n det ai l i n Ref . [ 8 ] ( see al so Sect i on 5) , t he
k1- f act or i zat i on f or mul a ( 1 . 2) al l ows one t o r esum t he l eadi ng hi gh- ener gy cont r i bu-
t i ons ( as I n x) " ( ( as/ N) " ) bot h f or t he anomal ous di mensi ons and f or t he coef f i ci ent
f unct i on . By compar i ng Eqs . ( 1 . 2) and ( 2. 1) and consi der i ng t he r el at i on ( 1 . 3) be-
t ween uni nt egr at ed and f ul l par t on densi t i es, we see t hat t he k1- f act or i zat i on i s, i n a
sense, mor e gener al t han t he col l i near f act or i zat i on i n Eq. ( 2 . 1) . The l at t er i s r ecover ed
af t er t he t r ansver se moment um i nt egr at i on i n t he f or mer . Thi s r el at i onshi p can be made
expl i ci t i n a si mpl e way t o l eadi ng or der [ 8] . However , beyond l eadi ng or der , a car ef ul
anal ysi s of t he l ow- k1 i nt egr at i on r egi on i n ( 1 . 2) i s needed i n or der t o di sent angl e
non- per t ur bat i ve and hi gher - t wi st ef f ect s f r om t he per t ur bat i ve ones .

Thi s i ssue can be i nvest i gat ed f r oma f or mal vi ewpoi nt by consi der i ng cr oss sect i ons
at par t on l evel i nst ead of hadr oni c cr oss sect i ons. I n t he par t oni c cr oss sect i on, t he
non- per t ur bat i ve cont r i but i ons show up i n t er ms of col l i near di ver gences . Once t hese
di ver gences ar e pr oper l y r egul ar i zed, t hey can be f act or i zed and subt r act ed by a pr o-
cedur e of r enor mal i zat i on of t he bar e par t on densi t i es . Thi s pr ocedur e can be car r i ed
out t o any col l i near accur acy, al t hough t he ensui ng anomal ous di mensi ons and coef f i -
ci ent f unct i ons ar e no l onger separ at el y r egul ar i zat i on/ f act or i zat i on scheme i ndependent
beyond one- l oop l evel .

The poi nt we want t o addr ess i n t he f ol l owi ng i s t hat t he k1- f act or i zat i on can be con-
si st ent l y i mpl ement ed beyond l eadi ng or der wi t hout spoi l i ng t he al l - or der f act or i zat i on
of col l i near si ngul ar i t i es . I n par t i cul ar , t he r esummat i on of next - t o- l eadi ng cont r i but i ons
at hi gh ener gy can be per f or med by pr oper l y t aki ng car e of t he f act or i zat i on scheme
dependence of t he spl i t t i ng and coef f i ci ent f unct i ons . To t hi s end, l et us f i r st r ecal l t he

f or mal basi s of col l i near f act or i zat i on .

2 . 2. Col l i near f act or i zat i on

I n or der t o pr esent a f or mal der i vat i on of t he f act or i zat i on t heor em of col l i near

si ngul ar i t i es, we f ol l ow t he t echni que devel oped by Cur ci , Fur manski and Pet r onzi o

[ 25] . The di mensi onl ess cr oss sect i on F( x, Q2 ) i n Eq . ( 2 . 1) i s f i r st expr essed i n t er ms
of par t oni c cr oss sect i ons and par t on di st r i but i ons i n t he f or m3 ( Fi g . I )

F=F( ° ) ( . . . , P) / ( 0) ( P, . . . ) + [ F4° ) ( . . . ; Pt , P2) . Î â~) ( Pl , P2 ; . . . ) + . . . ] ,

( 2 . 14)

wher e, i n t he l i mi t i ng case of on- shel l par t ons ( p? = 0) , t he f i r st t er mon t he r . h. s . pi cks

out t he l eadi ng- t wi st cont r i but i on we ar e i nt er est ed i n . Nonet hel ess, t he par t oni c cr oss
sect i on F( O) i s col l i near di ver gent i n t he on- shel l l i mi t , so t hat bot h F( ° ) and . Î ( ° ) have
t o be r egar ded as pr oper l y r egul ar i zed ` bar e' quant i t i es .

We use t he st andar d pr ocedur e of di mensi onal r egul ar i zat i on, i n whi ch t he bar e cr oss
sect i on F( ° ) i s eval uat ed i n n = 4 + 2 s space- t i me di mensi ons, consi der i ng ( n - 2) he-
l i ci t y st at es f or gl uons and 2 hel i ci t y st at es f or quar ks . The cor r espondi ng di mensi onal -

3 Her e and i n t he f ol l owi ng we use a symbol i c not at i on i n whi ch t he pr oduct C = AB of t wo ker nel s A and

B under st ands t he i nt egr at i on over t he i nt er medi at e moment a ( or t he cor r espondi ng pr oduct i n N- moment

space) and t he sum over t he i nt er medi at e par t on speci es and t hei r spi n and col our i ndi ces .



Fi g. 1 . Fact or i zat i on of t he physi cal cr oss sect i on F i n t er ms of par t oni c cr oss sect i ons ( F( o) , Fa( o) ,

	

and

par t on di st r i but i ons ( f ( o) , f 4o) , . . . ) . I n t he case of on- shel l par t ons ( p? = 0) , t he f i r st t er m on t he r . h. s . and

t hose i n par ent hesi s r epr esent r espect i vel y t he l eadi ng- and hi gher - t wi st cont r i but i ons .
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Fi g . 2 . Expansi on of t he par t oni c cr oss sect i on F( O) i n t wo- par t i cl e i r r educi bl e ( 2PI ) ker nel s.

r egul ar i zat i on scal e i s denot ed by , t a . Once Fl o l has been r enor mal i zed ( usi ng, f or
i nst ance, t he MS r enor mal i zat i on scheme) , col l i near si ngul ar i t i es ar e aut omat i cal l y r eg-
ul ar i zed and show up as si ngl e pol es i n 11s . The f act or i zat i on t heor em al l ows one t o
subt r act t hese pol es f r om F( O) and f act or i ze t hem ( t o al l or der s i n as) i nt o pr ocess-
i ndependent t r ansi t i on f unct i ons I ' , accor di ng t o

F«» = CI ' ,	 ( 2 . l 5)

wher e t he coef f i ci ent f unct i on C i s f i ni t e f or e - > 0 . Usi ng t he t r ansi t i on f unct i ons I ' t o
def i ne t he ` physi cal ' par t on densi t i es f

( 2 . 16)

one t hen r ecover s t he f act or i zat i on f or mul a ( 2 . 8) by per f or mi ng t he l i mi t s - - > 0.
The f act or i zat i on pr ocedur e l eadi ng t o Eq . ( 2 . 15) i s si mpl i f i ed i f we eval uat e t he

gauge- i nvar i ant par t oni c cr oss sect i on F( o) i n a physi cal gauge. Denot i ng by p
~ =

P( 1, 0, 1) t he i ncomi ng par t on moment um( Fi g. 2) , we i nt r oduce t he f ol l owi ng Sudakov
par amet r i zat i on f or any ot her moment umk

kl ' =zp~' ' +k1+
k2+k2 p

g

	

,

	

ki =( O, k, O) ,	 p~=P( 1, 0, - 1) ,

	

( 2 . l 7)
z 2p- p
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and we choose t he axi al gauge P - A = 0, wher e t he sum over t he gl uon hel i ci t i es i s
gi ven by t he pol ar i zat i on t ensor

dF` v( k) - _ - gwv +
Op" + j V' k"

.
p - k

	

( 2 . 18)

Then we consi der t he expansi on of F( ° ) i n t er ms of ker nel s C( ° ) and K( ° ) whi ch ar e
t wo- par t i cl e i r r educi bl e ( 2PI ) i n t he t - channel :

F( o) = C( o) ( 1 + K( ° ) + K( o) K( o) + . . . ) - C( ° ) 9( ° ) ,

9( o) = 1 + K( o ) + K( o ) K( o ) + . . . =

	

1
1 - K( o)

( 2 . 19)

( 2 . 20)

I n t he axi al gauge i n whi ch we ar e wor ki ng, t he 2PI ampl i t udes ar e f r ee f r om mass
si ngul ar i t i es [ 331 . Ther ef or e al l t he col l i near di ver gences or i gi nat e f r om t he i nt egr at i ons
over t he moment a comi ng out f r om t he ker nel s K( o) and connect i ng t hem t o each ot her
i n t he ( pr ocess- i ndependent ) bar e Gr een f unct i on 9, ( o) . The f act or i zat i on f or mul a ( 2 . 15)

can now be r eal i zed by i nt r oduci ng a sui t abl e pr oj ect i on oper at or PC whi ch decoupl es
C( o ) and 9( o) i n t he spi n i ndi ces and ext r act s t he si ngul ar par t of t he d" k i nt egr al s ( i . e .
pol es i n s) t hus decoupl i ng C( o) and g( o) al so i n moment um space .

For each ker nel , one can wr i t e t he decomposi t i on K( o ) = ( 1 - PC) K( o) + PCK( o) ,

wher e al l t he si ngul ar i t i es ar e due t o t he second t er mon t he r . h. s. Appl yi ng t hi s pr ocedur e

i n an i t er at i ve way, one obt ai ns

( 2 . 21)

wher e al l t he s- pol es have been subt r act ed f r omt he ` r enor mal i zed' Gr een f unct i on g :

I n or der t o show t he consi st ency of col l i near and k1- f act or i zat i on ( see Sect i on 2. 3) ,

we have t o r ecal l t he f or mof t he pr oj ect i on oper at or ' PC [ 25] . Let us denot e i t s act i on
on hel i ci t y and moment um space r espect i vel y by P( ' ) and P( ' ) , so t hat Pc = P( ' ) ®P( ' ) .

I f A and B ar e t wo ker nel s connect ed by a par t on of moment um k ( Fi g . 3) , t he act i on

=1 l +( I - Pc) K( o) +( 1- Pc) [ K( o) ( 1- Pc) K( o) l- ( 1
1Pc) K( o)

+ . . . ,

( 2 . 22)

and associ at ed wi t h t he t r ansi t i on f unct i on I '

I ' = (
PcK)

= 1 + ( PcK) + ( PcK) ( PcK) + . . . > ( 2 . 23)1 -

K- K( o ) 9 . ( 2 . 24)

The coef f i ci ent f unct i on C i n Eq . ( 2 . 15) i s t hus i dent i f i ed wi t h

C=C( o
) g . ( 2 . 25)



Fi g. 3 . Act i on of t he col l i near pr oj ect or PC on t he spi n i ndi ces of t wo ker nel s A and B i n t he cases of an

i nt er medi at e ( a) quar k and ( b) gl uon st at e.

on t he hel i ci t y space i s
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when t he connect i ng par t on i s a quar k and

AP( ' ) B=A( . .
. , C2 l «~p~ ( 2p k)

	

B«ß . . . ( k, . . . ) ,	 ( 2 . 26)
«p

AP( '
s) B=A( . . . . k) . . . nv_( 2)

	

( - g" ) Bev . . . ( k_ . . ) ,

	

( 2 . 27)

when t he connect i ng par t on i s a gl uon . The oper at or P( ' ) set s k1` = zpA on t he l ef t - hand
si de ( A) , per f or ms t he dk 2 d" - 2k i nt egr at i on up t o t he f act or i zat i on scal e P, F on t he
r i ght - hand si de ( B) , and ext r act s t he ensui ng pol es i n s .

Not e f r om Eqs . ( 2 . 26) , ( 2 . 27) t hat P( s) act s on t he l ef t by per f or mi ng t he aver -

age over t he par t on hel i ci t i es i n n- di mensi ons. Not e al so t hat P( ' ) i s not ( at l east i n
pr i nci pl e) unambi guousl y def i ned . The f act or i zat i on of Eqs . ( 2 . 15) , ( 2 . 21) i n t er ms of
col l i near - f i ni t e and di ver gent ( f or s , 0) cont r i but i ons can st i l l be achi eved i f P( ' )

ext r act s not onl y t he se- pol es but al so any f i ni t e cont r i but i on f or s - j 0 . Thi s l eads
t o t he f act or i zat i on- scheme dependence of bot h anomal ous di mensi ons and coef f i ci ent
f unct i ons . The f act or i zat i on scheme i s compl et el y speci f i ed once P( £) has been uni quel y
def i ned . Equi val ent l y, one can speci f y t he expl i ci t ( and f i ni t e) s- dependence of t he
t r ansi t i on f unct i ons I ' . One of t he most commonl y used scheme i s t he modi f i ed mi ni mal
subt r act i on ( MS) scheme, i n whi ch t he t r ansi t i on f unct i ons have t he f or m [ 25]

as( MFl w2 ) ` sE

r ab, N( as( AF
/

l
,

2) E, s) =

	

Pa, exp ( 1

	

~

	

da
yN( a)

	

( 2 . 28)
s

	

a
0

) 1 ab

I n t hi s equat i on we have r ei nt r oduced t he expl i ci t dependence on t he par t on l abel s and
N- moment i ndi ces . The symbol P« denot es, as usual , t he pat h- or der ed i nt egr at i on of
t he anomal ous di mensi on mat r i x yab, N. Not e t he pr esence of t he se- f i ni t e f act or SE =
exp{ - s[ +( 1) + l n 47r ] } ( O( z) i s t he Eul er qf - f unct i on) , whi ch char act er i zes t he MS-

scheme . The onl y f or mal si mpl i f i cat i on we have used i n Eq . ( 2 . 28) i s t hat we have
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b=q, q

P

b=q. q

P

2. 3. Power count i ng and f act or i zat i on at hi gh ener gy

Fi g . 4. Expansi on i n t wo- gl uon i r r educi bl e ( 2GI ) ker nel s at hi gh ener gy f or ( a) t he par t oni c cr oss sect i on

F( ° ) and ( b) t he ( si ngl et ) quar k Gr een f unct i ons Cj ga, gqa,

consi der ed t he case of a f i xed coupl i ng const ant as . As shown i n t he f ol l owi ng, t hi s
si mpl i f i cat i on i s suf f i ci ent f or t he pur poses of t he pr esent paper .

The expansi on i n 2PI ker nel s i nt r oduced i n t he pr evi ous subsect i on i s par t i cul ar l y
usef ul t o di scuss t he hi gh- ener gy behavi our . Hi gh- ener gy ( or smal l - z) l ogar i t hmi c con-
t r i but i ons ar e i ndeed gener at ed by mul t i pl e gl uon exchanges i n t he t - channel . Ther ef or e
we ar e l ed t o consi der ker nel s whi ch ar e t wo- gl uon i r r educi bl e ( 2GI ) .

For t he par t on cr oss sect i on F, , ( ° 1 ( a = qt , qt , g) , we si ngl e out t he par t whi ch i s
2GI by sel ect i ng t he f i r st ( st ar t i ng f r om above i n Fi g . 4a) t wo- gl uon i nt er medi at e
st at e . Consi der i ng t he smal l - N l i mi t i n N- moment space, t he 2GI ker nel behaves as
as ( 1 + as + . . . ) , wher e t he f i r st t er m cor r esponds t o t he t r ee- appr oxi mat i on and t he
r emai ni ng t er ms st and f or cor r ect i ons whi ch ar e subl eadi ng at hi gh ener gy. The l ar ge
per t ur bat i ve cont r i but i ons ( as/ N) k ar e t hus gener at ed pr eci sel y by k- i nt egr at i on f r om
t he ones i n t he gl uon Gr een f unct i ons 9â0) ( a = qi , qi , g) . I n par t i cul ar , si nce f l avour
non- si ngl et par t on cr oss sect i ons ( Appendi x A) get no cont r i but i on f r om pur e- gl uon
i nt er medi at e st at es, we can i mmedi at el y concl ude t hat non- si ngl et anomal ous di mensi ons
and coef f i ci ent f unct i ons ar e r egul ar f or N - - > 0 or der by or der i n as .

A decomposi t i on si mi l ar t o t hat f or Fâ° ) can be per f or med al so f or t he ( f l avour
si ngl et ) quar k Gr een f unct i on ( Fi g . 4b) . Si nce t he 2GI ker nel behaves i n t hi s case as
as ( 1 + as + . . . ) , we see t hat t he quar k anomal ous di mensi ons cont r i but e t o next - t o-
l eadi ng t er ms as ( asI N) k i n t he hi gh- ener gy l i mi t .
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Not e t hat t he expansi on i n 2GI ker nel s i s mor e gener al t han t hat i n 2PI ker nel s .
The 2GI ker nel s i n Fi g . 4a and Fi g . 4b can st i l l be expanded r espect i vel y as ( CM+

Y
: b* gCb( 0) Kb0) + . . . ) and ( Kba) + ~C gK( O) K( O) + . . . ) . However , onl y t he t r ee-

l evel appr oxi mat i ons f or Câ ° ) and K( 0 ) ( b 4- g) cont r i but e t o l eadi ng or der i n as/ N. A

si mi l ar si mpl i f i cat i on does not occur f or t he gl uon Gr een f unct i on 9gâ) because t he gl uon

ker nel s Kgâ) cont ai n t er ms of t he t ype ( as/ N) k t o any or der k ( modul o dynami cal
cancel l at i ons) i n as .

The expansi on i n 2GI ker nel s descr i bed so f ar al l ows one a si mpl e power count i ng
at hi gh ener gy. The next st ep t owar ds hi gh- ener gy f act or i zat i on consi st s of decoupl i ng
t he 2GI ker nel s and t he gl uon Gr een f unct i ons wi t h as/ N f i xed . Thi s f act or i zat i on i s
concept ual l y di f f er ent f r omt he col l i near one, wher e, r oughl y speaki ng, one expands i n
as ( or s) wi t h as/ s f i xed . I n par t i cul ar , we cannot per f or m t he col l i near l i mi t k2 - > 0 t o
any f i xed or der i n as, because smal l - x cont r i but i ons ( as/ N) k ar e associ at ed wi t h any
val ue of k [ 8] . On t he ot her si de, we do not want t o spoi l t he col l i near f act or i zat i on,
so t hat t he hi gh- ener gy f act or i zat i on has t o be val i d f or any val ue of s ( i . e . , i n any
number of space- t i me di mensi ons) . We ar e goi ng t o show t hat t he kl - f act or i zat i on
pr ocedur e i nt r oduced i n Ref . [ 8] can be car r i ed out consi st ent l y wi t h al l - or der col l i near
f act or i zat i on .

The hi gh- ener gy l i mi t of t he pr oduct Aggg o) , Ag bei ng t he 2GI ker nel i nvol ved i n t he
decomposi t i on of Fi g . 4, was di scussed i n det ai l i n [ 8] . Consi der i ng t he decomposi t i on
of Ag i n Lor ent z- i nvar i ant ampl i t udes, i t was shown t hat t he l eadi ng hi gh- ener gy behavi or
can be ext r act ed vi a kl - f act or i zat i on, i . e . by i nser t i ng i nt o t he t wo- gl uon i nt er medi at e
st at e a k1- dependent pr oj ect i on oper at or PH as f ol l ows

Ag 9go ) = Ag PH 9gâ
) + . . . .

As i n t he case of t he col l i near pr oj ect or PC i n Sect i on 2 . 2, we i nt r oduce t he not at i on
PH = PH) ®PH

S
) , wher e

PHS)
and PH) denot e r espect i vel y t he act i on of t he hi gh- ener gy

pr oj ect or PH on hel i ci t y and moment um space . PHS ) act s as f ol l ows

( s)

	

( 0) =

	

1 '
, k l , , , ki zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� ,

	

( 0) t 1vAg PH

	

~ga

	

A ( . . . , k)
g

.

	

k2

	

( - gt 4Y) ~ga

	

( k, p )

( 2 . 29)

( 2 . 30)

whi l st PH) set s k 1' = zpA + ki on t he l ef t - hand si de ( Ag ) and i nt egr at es t he r i ght - hand
si de ( - gâ) ) over t he i nvar i ant mass k2 at f i xed k l . Not e t hat t he kl - dependence i s
l ef t unaf f ect ed by PH and, i n par t i cul ar , t he 2GI ker nel Ag has t o be eval uat ed wi t h an
i ncomi ng of f - shel l ( essent i al l y t r ansver se k2 = - k 2 ) gl uon .

Equat i on ( 2 . 29) gener al i zes t he k1- f act or i zat i on f or mul a ( 1 . 2) t o n = 4 + 2 s space-
t i me di mensi ons . The key poi nt , however , i s not j ust t he f or mal r esembl ance bet ween
Eqs . ( 2 . 29) , ( 2 . 30) and ( 1 . 2) , but r at her t he f act t hat PH sel ect s t he cor r ect hi gh- ener gy
behavi our i n any number of di mensi ons . We mean t hat , f or i nst ance, i n per f or mi ng t he
appr oxi mat i on ( 2. 29) , we ar e not negl ect i ng any cont r i but i on of or der ( as/ N) k - e wi t h
r espect t o t he f our - di mensi onal case . Thi s st at ement i s a consequence of t he f act t hat

PH i s a ` t r ue' pr oj ect i on oper at or :

PH = PH ,

	

( 2 . 31)
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and f ul f i l s t he pr oper t y

2. 4 . Resummat i on at hi gh ener gy

Y

Fi g. 5 . Quar k- ant i quar k cont r i but i on t o t he l owest - or der absor pt i ve par t A' , , , , of t he scat t er i ng ampl i t ude

Y9~YS.

PH P PC

	

( PH = Pc i f f k1 = 0) .	 ( 2 . 32)

Eqs . ( 2 . 31) and ( 2 . 32) ar e sel f - evi dent f or t he moment um space component s PH~ , P ( ' )

and f ol l ows f r om t he si mpl e r el at i ons ( <>0 denot es t he aver age over t he n- 3 azi mut hal
angl es i n t he t r ansver se moment um space)

k1- o dt " ( k=zp)
- _

	

>

n- 2
( 2 . 33)

f or t he spi n component s PHS) , PC( ' ) .
Eq . ( 2 . 32) guar ant ees t he consi st ency bet ween hi gh- ener gy f act or i zat i on and col l i near

f act or i zat i on . Due t o Eq . ( 2 . 32) we can f i r st per f or m t he hi gh- ener gy appr oxi mat i on i n
Eq . ( 2 . 29) and t hen pr oceed t o t he al l - or der f act or i zat i on of col l i near si ngul ar i t i es by
appl yi ng i t er at i vel y t he col l i near pr oj ect or Pc, as descr i bed i n Sect i on 2 . 2 .

I n or der t o descr i be how i n pr act i ce t hi s pr ocedur e wor ks and l eads t o t he hi gh-
ener gy r esummat i on, l et us consi der t he case i nvol vi ng a 2GI ker nel whi ch i s col l i near
saf e . I n par t i cul ar , we r ef er t o t he heavy- f l avour phot opr oduct i on pr ocess ( 1 . 1) al r eady
i nt r oduced i n Sect i on 1 . The cor r espondi ng 2GI ker nel Ag t o l owest or der i n as i s
gi ven i n Fi g . 5 : t he dashed l i ne denot es t he i ncomi ng on- shel l phot on and t he f ul l l i nes
cor r espond t o t he heavy- f l avour pai r pr oduced i n t he f i nal st at e . Consi der i ng t he case of

an i ncomi ng- gl uon par t oni c st at e and usi ng t he hi gh- ener gy appr oxi mat i on i n Eq . ( 2 . 29) ,

we i mmedi at el y obt ai n t he f act or i zed f or mul a ( 1 . 2) ( i n n=4+2s di mensi ons) , whi ch
we can r ewr i t e i n t he N- moment space as f ol l ows

4M2 ON( M2 ) =Jd 2+2ek &N( k2/ M2,
aS( M2/ U2 ) e; 8)

Her e v

	

A/ , , ( k) kl kL/ k2, f 91_( O) i s t he bar e gl uon di st r i but i on and, accor di ng t o t he

act i on of t he hi gh- ener gy pr oj ect or PH, we have i nt r oduced t he kl - dependent gl uon
Gr een f unct i on
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2
' F( O) ( z, k ; as>N, , E) = f

2( 2i r ) 4+2e
( - gevcâs) ` " ( k, p) ) .

	

( 2 . 35)

Eq . ( 2. 34) has t o be r egar ded as t he bar e ( and col l i near r egul ar i zed) ver si on of t he
f act or i zat i on f or mul a ( 1 . 2) , i n t he sense t hat i t st i l l cont ai ns col l i near pol es i n E whi ch,
accor di ng t o Eq . ( 2 . 21) , can be f act or i zed i n t he f or m

' FN) ( k ; as, », E) = Y88 ~aS)
j ' t N( k, I - ~F, aS; / - ~, E) r gB, N( aS( N' Fl N' 2 ) E, E) ,

( 2 . 36)

wher e t he MS- scheme gl uon t r ansi t i on f unct i on i s gi ven by 4

as s.
1 da

r gg, N( aS, E) =exp

	

~ f a Ygg, N( a) ( 2 . 37)

0

The f unct i on RN i n Eq . ( 2 . 36) has no E- pol es or der by or der i n as, and cannot depend
on t he di mensi onal r egul ar i zat i on scal e , u, i n t he l i mi t E - - > 0 . Mor eover , si nce t he l . h . s .
of Eq . ( 2 . 36) i s i ndependent of t he f act or i zat i on scal e uF, t he onl y k- dependence of
RN al l owed by di mensi onal ar gument s, f or E = 0, i s t he f ol l owi ng

RN( k>f 2F, as ; / - ~, E=0) =RN( as) ( k2I N- F) r BB. N( ~s) .

	

( 2 . 38)

The r educed cr oss sect i on v i n Eq . ( 2 . 34) i s col l i near saf e because i t cor r esponds
t o a 2PI ker nel of t he t ype C( ° ) i n Eq . ( 2 . 19) . Ther ef or e, af t er usi ng t he t r ansi t i on
f unct i on I ' aB, N i n ( 2 . 36) t o ` r enor mal i ze' t he bar e gl uon densi t y f ( ° > as i n Eq . ( 2 . 16) ,
we can saf el y per f or m t he E - - > 0 l i mi t i n Eq . ( 2. 34) and obt ai n

4M2 Ò N( M
z

) = CN( as> M2
/

/ -
t
F) f B, N( l -

t
F) ,

CN( as, M2
/

l -
t
F) =hN( Ygs, N( as) ) RN( as) ( M2

/
N- F) y88 . N( «s)

	

( 2 . 40)

wher e t he pr ocess- dependent par t hN of t he coef f i ci ent f unct i on CN i s gi ven by t he
f ol l owi ng k1- t r ansf or m of t he har d cr oss sect i on &

hN( Y) =YJ

k22 ( M2) y
&N( k 2

/
M2 ~as>E=0) ~

	

( 2 . 41)

0

00

( 2 . 39)

The r esul t i n Eq . ( 2 . 40) gi ves t he r esummed expr essi on ( i ncl udi ng t he dependence on
t he f act or i zat i on scal e , ccF) f or t he coef f i ci ent f unct i on CN t o t he l eadi ng or der ( aSI N) k ,
pr ovi ded t he gl uon anomal ous di mensi ons yBg, N and t he pr ocess- i ndependent f unct i on
RN ar e known t o t he same accur acy . A si mi l ar r esul t was f i r st der i ved i n Ref . [ 8] . The
onl y di f f er ence wi t h r espect t o [ 8] i s t hat Eq . ( 2 . 40) t akes i nt o account t he expl i ci t
dependence on t he pr ocess- i ndependent but f act or i zat i on- scheme dependent f unct i on RN-

4 We l i mi t our sel ves t o t he case of a f i xed coupl i ng const ant as . I n f act , t he r unni ng coupl i ng ef f ect s l ead t o
subl eadi ng cont r i but i ons as( asl N) k and can t hus be negl ect ed i n t he pr esent l eadi ng- l ogar i t hmi c anal ysi s .
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Thi s poi nt i s essent i al f or pr eci se phenomenol ogi cal pr edi ct i ons at f i ni t e ener gi es, when

one has t o combi ne t he r esummed coef f i ci ent f unct i on ( 2 . 40) wi t h f i xed- or der non-

l ogar i t hmi c cont r i but i ons comput ed i n a wel l def i ned f act or i zat i on scheme of col l i near
si ngul ar i t i es . Mor eover t hi s i ssue i s r el evant t o ext endi ng t he hi gh- ener gy r esummat i on
t o subl eadi ng or der s, wher e a cor r espondi ng scheme dependence of t he anomal ous

di mensi ons comes i nt o pl ay ( see, f or i nst ance, Sect i on 5) .
Not e, however , t hat t he pr esence of t he pr ocess i ndependent f act or RN i n Eq . ( 2 . 40)

i s no l onger r el evant ( at l east , t o l eadi ng or der ) i f one l i mi t s onesel f t o consi der i ng onl y

r at i os of cr oss sect i ons . I n t hi s case RN and t he f act or i zat i on scal e dependence cancel

i n t he r at i o, t hus l eadi ng t o an absol ut e pr edi ct i on i n t er ms of har d scal es and hN( Y)

f unct i ons of t he t ype i n Eq . ( 2 . 41) [ 8] .

The hi gh- ener gy cont r i but i ons ( asI N) k ar e embodi ed i n Eqs . ( 2 . 29) , ( 2 . 34) t hr ough
t he k - i nt egr at i on of t he gl uon Gr een f unct i on 9ga ) . As di scussed i n [ 81 and r ecal l ed

i n Sect i on 1, i n t he case of f our space- t i me di mensi ons t he r esummat i on of t he l eadi ng

t er ms ( asl N) k i n t he gl uon densi t y ( anomal ous di mensi ons) i s accompl i shed by t he

BFKL equat i on [ 12 ] . The anal ogous mast er equat i on i n n = 4 + 2 s di mensi ons, whi ch

i s necessar y t o comput e bot h t he anomal ous di mensi ons and t he f unct i on RN, i s der i ved

and di scussed i n t he f ol l owi ng sect i on .

3 . The gl uon Gr een f unct i ons

The l eadi ng hi gh- ener gy behavi our of t he gl uon Gr een f unct i ons ggg) ( k, p)

	

and

g( O) ( k, p) can be easi l y der i ved by gener al i zi ng t he sof t - gl uon i nser t i on t echni que i n

Ref s . [ 3, 5, 34] t o t he case of n di mensi ons . I n t he pr esent paper we do not r epeat al l

t he det ai l ed cal cul at i ons descr i bed i n [ 3, 34] , but we si mpl y sket ch t he mai n st eps and

pr oper t i es whi ch ar e necessar y f or t he n- di mensi onal gener al i zat i on .

The st ar t i ng obser vat i on i s t hat t he hi gh- ener gy cont r i but i ons ( asI N) k t o t he gl uon

Gr een f unct i on ar e pr oduced by r adi at i on of sof t gl uons, t hat i s r eal and vi r t ual gl uons

car r yi ng a ver y smal l f r act i on x of t he l ongi t udi nal moment um p of t he i ncomi ng

par t on. Ther ef or e, i n t he sof t - gl uon appr oach, t he mat r i x el ement M( k+l ) ( k, p) , con-

t r i but i ng t o 9( ° ) t o t he ( k+ 1) - l oop or der , i s obt ai ned f r om M( k ) by t he i nser t i on of

an addi t i onal ( r eal or vi r t ual ) sof t gl uon wi t h moment um q. Usi ng t he sof t appr oxi ma-

t i on f or ver t i ces and pr opagat or s, t hi s i nser t i on can i n t ur n be f act or i zed, l eadi ng t o t he

r ecur r ence r el at i on

I M( k+l ) ( k, p) I 2=gs

	

[ M( k)
( k+q, p) ] t [ Jsoi ( q) ]

2
M( k) ( k+q , p)

-
[ M( k)

( k, p) ]
t

[
J( V) ( q) ]

2
M( k) ( k, p) } .

The expl i ci t expr essi ons f or t he r eal and vi r t ual sof t - gl uon cur r ent s Jf t ) and J( v)so sof t

can be f ound i n Ref s . [ 3, 34] . The poi nt we want t o emphasi ze her e i s t hat t hey do not

expl i ci t l y depend on t he number n of space- t i me di mensi ons i n whi ch t he sof t - gl uon

f act or i zat i on i s car r i ed out . As a mat t er of f act , t he n- dependence of t he mat r i x el ement
M( k+l ) can onl y be due t o t he spi n st r uct ur e of t he ver t i ces ( t he scal ar pr opagat or s

i l ( q2 + i e)

	

ar e t he same i n any number of di mensi ons) . I t t ur ns out t hat a si ngl e
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( essent i al l y ei konal ) hel i ci t y f l ow domi nat es t o l eadi ng- l ogar i t hmi c accur acy i n t he
hi gh- ener gy l i mi t . Thus, t he r el evant QCD mat r i x el ement s ar e t he same as f or n = 4
and t he onl y di f f er ence comes f r omt he n- di mensi onal phase space over whi ch Eq . ( 3 . 1)
has t o be i nt egr at ed .

Usi ng t he r ecur r ence r el at i on ( 3 . 1) , per f or mi ng t he sum over t he number k of l oops
and f ol l owi ng exact l y t he same st eps as i n Ref s . [ 3, 34] , one obt ai ns an i nt egr al equat i on
f or t he gl uon Gr een f unct i on 9( ° ) . Mor e pr eci sel y, consi der i ng t he gl uon densi t y i n
Eq . ( 2 . 35) , one f i nds ( âs - CA ast i r , CA = N, bei ng t he number of col our s)

( o)

	

( 2+2e) i l s d2+2e q 1 ( o)~N

	

( k; as, f ~, s) = S

	

( k ) + N

	

( 2~N- ) 2E ~r q 2

	

~^'

	

( k - q ; aszyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA�g, s)

Some comment s ar e i n or der . I n t he case of n = 4 di mensi ons ( s = 0) , af t er
azi mut hal aver age over q, Eq. ( 3 . 2) r epr oduces t he BFKL equat i on [ 12, 35 ] . Mor eover ,
t he i nt egr and ( not t he phase space) of t he homogeneous t er m i n Eq . ( 3 . 2) i s exact l y
t he same as f or t he BFKL equat i on . As di scussed above, t hi s i s a st r ai ght f or war d
consequence of t he dynami cal domi nance of a si ngl e gl uon pol ar i zat i on t o t he pr esent
accur acy . Not e, however , an essent i al di f f er ence wi t h r espect t o t he BFKL equat i on : t he
f ul l ker nel of Eq . ( 3 . 2) i s not scal e i nvar i ant . I ndeed, scal e i nvar i ance i s br oken by
t he di mensi onal r egul ar i zat i on pr ocedur e and t he ei genf unct i ons of t he ker nel ar e no
l onger si mpl e power s ( k2 ) r . Fr om a physi cal vi ewpoi nt t hi s means t hat whi l st smal l
and l ar ge t r ansver se moment um r egi ons cont r i but e equal l y t o t he BFKL equat i on, t hey
ar e now wei ght ed asymmet r i cal l y . The br eaki ng of scal e i nvar i ance i n Eq . ( 3 . 2) al l ows
one t o r egul ar i ze t he col l i near si ngul ar i t i es i n t er ms of s- pol es . Once t hese pol es have
been f act or i zed and subt r act ed, as i n Eqs. ( 2 . 36) , ( 2 . 38) , one can per f or m t he s - > 0
l i mi t and r ecover scal e i nvar i ance at t he expenses of an addi t i onal dependence on t he
f act or i zat i on scal e as di ct at ed by t he l eadi ng- t wi st behavi our of t he par t on densi t i es
( cr oss sect i ons) .

A f ur t her consequence of t he l ack of scal e i nvar i ance i n t he ker nel of t he gl uon Gr een
f unct i on i s t hat no si mpl e t echni que i s avai l abl e t o di agonal i ze t he i nt egr al equat i on
( 3 . 2) . However , i t i s possi bl e ( see Appendi x B) t o sol ve i t as a f or mal power ser i es i n
as wi t h s- dependent coef f i ci ent s . The r esul t r eads as f ol l ows

. FN) ( k ; l i , as, s)
=S( 2+2E) ( k)

- k . ( k

	

q)
. ~N) ( k; as, l . 2, 8) J

.

	

( 3 . 2)
( k - q)

+ ( , r k)

s)

	

1

âs
N

SE
I ' (

eeO( ' )

	

( k2

1 +6)

	

JU2) E] k
ek( s) ,

	

( 3 . 3)

wher e we have expl i ci t l y i nt r oduced t he MS- scheme f act or SE = exp [ - s ( V( 1) +
I n 41r ) ] , and t he coef f i ci ent s Ck ar e def i ned by t he r ecur r ence r el at i on

C1 ( s) = I ,

	

Ck+1 ( s) = Ck( E) I k( E)

	

( k i 1) ,	 ( 3 . 4)

wi t h ( F( z) i s t he Eul er I ' - f unct i on)
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I k( s) _
1 F2 ( l +s)

	

r o1+2s) I ' ( ks) I ' 1- ks)
- I ' ( 1+s) I ' ( 1- s) ] .

s I ' ( I +2s) I ' ( ( I +k) s) I ' ( I +( 1- k) s)

( 3 . 5)

The gl uon Gr een f unct i on ( 3 . 3) i s f or mal l y a di st r i but i on act i ng on t he t r ansver se-

moment umspace i n n- 2 = 2+2 s di mensi ons . Fol l owi ng t he pr ocedur e of f act or i zat i on

of col l i near si ngul ar i t i es descr i bed i n Sect i on 2 . 2, one can ext r act f r om FN) t he t r an-

si t i on f unct i on I , gg, N as i n Eq . ( 2 . 36) , t hus l eadi ng t o a ` r enor mal i zed' gl uon densi t y

whi ch, f or f i ni t e s, i s a ver y cumber some kl - di st r i but i on . Ther ef or e, i t i s mor e con-

veni ent t o i nt r oduce t he gl uon Gr een f unct i on G( ° ) i nt egr at ed up t o t he f act or i zat i on

scal e , uF = Q2

Ggg) N( as ( QZ
1

N- 2 ) ` , s) - ~d2+2ek Jr N
) ( k, as, I L, 8)

E) ( Q2
- k2 ) . ( 3 . 6)

Not e t hat G( ° ) does not depend on as e Q2 1142 i ndependent l y, but onl y on t he pr oduct

as ( Q21, u2)
e

. Per f or mi ng t he kl - i nt egr at i on of Eq . ( 3 . 3) we f i nd

Ggg, N( as( Q211- 42) E, s) =1+~

00

[ NSel ( I

0

+ s ) ( ~2) e] k ks ck( s) . ( 3 . 7)

k- - 1

I nt r oduci ng expl i ci t l y t he par t on i ndi ces, t he col l i near f act or i zat i on i n Eq . ( 2 . 21) r eads

Ggg) N
=

Ea Gga, NFag, N. However , f r om t he power count i ng i n Sect i on 2 . 3, we know

t hat t he quar k anomal ous di mensi ons Yga, N ( and hence t he cor r espondi ng t r ansi t i on

f unct i ons Fqa, N) ar e subl eadi ng at hi gh ener gy . Ther ef or e, t o l eadi ng or der i n ( as1N) k ,

we can wr i t e

Ggg) N( as( Q2 1a 2 ) e, s) =Ggg , N( as( Q2 1112 ) e , 8) Fgg , N ( CI S( Q2 1112 ) e , s) ,

	

( 3 . 8)

wher e r gg, N i s gi ven by Eq . ( 2 . 37) , i n t er ms of t he gl uon anomal ous di mensi on Ygg, N .

By compar i ng Eqs . ( 3 . 7) and ( 3 . 8) , one can comput e Ygg, N and t he ` r enor mal i zed'

Gr een f unct i on Ggg , N f or any val ue of s . Mor eover , f r omEqs . ( 3 . 6) e ( 2 . 36) i t f ol l ows

t hat t he f unct i on RN i n Eq . ( 2 . 38) i s r el at ed t o t he s - > 0 l i mi t of Ggg, N

RN( as) = Ggg, N( as( Q2 11g 2 ) e , s) l s
=0

.

The r ecur r ence f act or 1zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� ( s) behaves l i ke 11s f or s ~ 0 . Ther ef or e, i n agr eement

wi t h Eqs . ( 2 . 37) and ( 3 . 8) , t he power ser i es expansi on ( 3 . 7) has at most a si ngl e

s- pol e f or any power of as . Mor e pr eci sel y, f or s - - - > 0 we have

I k( s)

	

ks

( 1 + 0( 83»
_

	

( s - - , 0) ,	 ( 3 . l 0)

and cor r espondi ngl y

( 3 . 9)
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° °

	

1
t xS

	

e' 0( 1)

	

2
e k 1

Ggg~N( as( QZ l f ~2 ) E
>E) = 1 +~ [ - - NSE r ( 1 +e) CQ2)

]

	

k1
( 1 +C) ( e 3 ) ~

Ygg, N =YN( as) + 0( as( asI N) k)

1 às

	

e" P( 1)

	

Q2 e

- exp [ e NSE
r ( 1 +6) ( / , 2)

i s obt ai ned by sol vi ng t he i mpl i ci t equat i on ( Fi g . 6)

C1+(
9 ( ( &SN) 3)

+d( s\ N/ 4) )

	

( 3 . 11)

Compar i ng Eqs . ( 3 . 8) and ( 3 . 11) , we see t hat t he sl ow depar t ur e of I k ( s) f r om i t s
l eadi ng- pol e appr oxi mat i on I k( - - ) - 1/ ke gi ves r i se t o subl eadi ng col l i near cor r ect i ons,
f or bot h Y99, N and RN, whi ch ar e of r el at i ve or der as i n t he hi gh- ener gy r egi me :

Ygg, N= N [ 1+0
( ( N)

3

) ] ,

	

RN=1+0( ( N) 3) .

	

( 3 . l 2)

Ter ms of r el at i ve or der as and as ar e pr esent i n t he var i ous Feynman di agr ams
cont r i but i ng t o t he gl uon Gr een f unct i on but t hey cancel i n t he sum. Thi s cancel l at i on,
whi ch i s aut omat i cal l y embodi ed i n t he mast er equat i on ( 3 . 2) , does no l onger occur i n
hi gher per t ur bat i ve or der s . The r esummed expr essi ons f or Ygg, N and RN t o t he l eadi ng
accur acy ( as/ N) " ar e der i ved i n Appendi x B. The r esul t s ar e t he f ol l owi ng.

The domi nant cont r i but i on yN( as) t o t he gl uon anomal ous di mensi ons

I The expl i ci t val ues of t he coef f i ci ent s gn, up t o n = 14, can be f ound i n Ref . [ 51 .

( 3 . 13)

1 = NX( YN( as) ) ,

	

( 3 . l 4)

wher e t he char act er i st i c f unct i on X( y) i s expr essed i n t er ms of t he Eul er i p- f unct i on

X( Y) = 2 1f f l ) - ~<( Y) - ~i ( 1 - Y) = 1 [ 1 +E2 ~( 2k+1)
y2k+1 I

	

( 3 . 15)

y k=1

and ~( n) i s t he Ri emann ~- f unct i on . The sol ut i on of Eq . ( 3 . 14) i n power ser i es of t he
coupl i ng const ant gi ves 1

	

( ~( 3) - 1 . 202, ~( 5) - 1 . 037) :

YN( as) = 1:
%n ( N) "

	

N
+2~( 3)

( N )
4+2Y( 5)

( N

)

6+
0

( ( N) ' )
n=1

( 3 . 16)
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Y

Fi g. 6. The BFKL char act er i st i c f unct i on X( y) f or 0 < y < 1 . yv i s t he BFKL anomal ous di mensi on .

The f unct i on RN( as) i s gi ven by

I ' ( 1 - YN) X( YN)
RN( as) - t F( 1 +YN) [ - YN X' ( YN) 1

yN

exp

	

YN 0( 1) + J
dy 0' ( 1)

- V' ( 1 - Y)

0
X( Y)

( 3 . 17)

wher e X and X' ar e t he char act er i st i c f unct i on i n Eq . ( 3 . 15) and i t s f i r st der i vat i ve,

r espect i vel y . The as- dependence of t he r . h . s . i n Eq . ( 3 . 17) i s i mpl i ci t i n t hat of t he

gl uon anomal ous di mensi on YN = YN( as) . The f i r st per t ur bat i ve t er ms ar e ( ~( 4) _

2~ z ( 2) / 5 - 1 . 082) :

3

	

4

	

5

	

6

RN( as) = 1 + 3~( 3) ( N

	

4~( 4)

	

éés

N

	

+

22

5
~( 5)

	

N~

	

+

	

«N~)
.

( 3 . 18)

Some comment s ar e i n or der .
The r esul t i n Eqs . ( 3 . 13) , ( 3 . 14) f or t he gl uon anomal ous di mensi on i s exact l y

t he cel ebr at ed BFKL anomal ous di mensi on [ 121 . I n t he pr esent paper t hi s r esul t has

been der i ved by consi st ent l y car r yi ng out t he pr ocedur e of f act or i zat i on of t he col l i near

si ngul ar i t i es i n di mensi onal r egul ar i zat i on . However i t i s wor t h not i ng t hat t he same ex-

pr essi on f or t he anomal ous di mensi on can be obt ai ned by usi ng al t er nat i ve and l ess
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sophi st i cat ed

r egul ar i zat i on pr escr i pt i ons of t he col l i near si ngul ar i t i es ( f or i nst ance,

consi der i ng

Eq

.

( 3

. 2)

di r ect l y i n n = 4 di mensi ons and r egul ar i zi ng i t by keepi ng

t he

i ncomi ng gl uon sl i ght l y of f - shel l , vi a t he r epl acement 5( 2) ( k) - > S( k2 - , u2) / or

i n

t he i nhomogeneous t er m [ 34, 35 ] )

.

The r eason f or t hi s has t o be t r aced back t o

t he

pr oper t y of t he ker nel i n t he mast er equat i on ( 3

. 2)

of bei ng col l i near r egul ar f or

s

- + 0

:

t he col l i near di ver gences i n t he sol ut i on of Eq

.

( 3

. 2)

or i gi nat e onl y f r om t he

f act

t hat t he i nhomogeneous t er m i s not suf f i ci ent l y smoot h f or k - - > 0

.

As a r esul t ,

i n

t he smal l - N l i mi t , t he gl uon anomal ous di mensi ons t o l eadi ng accur acy ( as/ N) k

ar e

r egul ar i zat i onl f act or i zat i on scheme i ndependent ( and r el at ed vi a Eq

.

( 3

. 14)

t o t he

ei genval ues

X( y) of t he BFKL ker nel ) wi t hi n a wi de cl ass of schemes

.

Thi s cl ass i n-

cl udes

al l t he schemes whi ch do not i nt r oduce pat hol ogi cal l y si ngul ar t er ms of t he t ype

ask

I Nk+p ( p > 1) i n t he per t ur bat i ve cal cul at i on at hi gh ener gy 2, or , mor e pr eci sel y,

whi ch

do not vi ol at e t he hi gh- ener gy power count i ng di scussed i n Sect i on 2

. 3 .
The

BFKL anomal ous di mensi on i n Eqs

.

( 3

. 14) ,

( 3

. 16)

depar t s r at her sl owl y f r om

i t s

one- l oop cont r i but i on

.

However f or ver y smal l val ues of x, cor r espondi ng t o si zeabl e

val ues

of &s/ N - 0( 1) , YN i ncr eases qui t e f ast and f or i t s/ N = ( 4 I n 2) - 1 r eaches

t he

sat ur at i on val ue y = 1/ 2 at whi ch X( y) has a mi ni mum ( Fi g

.

6)

.

For st i l l l ar ger

val ues

of &S/ N t her e ar e t wo compl ex conj ugat e br anches of YN, comi ng f r om t he

pi nchi ng

wi t h t he symmet r i cal sol ut i on of Eq

.

( 3

. 14)

at y = 1 - YN

.

Ther ef or e t he

r esummat i on

of t he si ngul ar t er ms ( as/ N) k bui l ds up a st r onger si ngul ar i t y at N =

. l

- 4 ds I n 2 - 2

. 65

as [ 12]

.

As di scussed i n Sect i on 1, t hi s br anch poi nt si ngul ar i t y

( known

as t he per t ur bat i ve QCDpomer on) i s r esponsi bl e f or t he st eep behavi our x- k

of

t he gl uon densi t y I g( x, M2) , gener at ed by t he per t ur bat i ve QCD evol ut i on at hi gh

scal e

p, 2

.
The

f unct i on RN( as) i n Eq

.

( 3

. 17) ,

on t he ot her hand, depends on t he f act or i zat i on

scheme

mor e t han t he gl uon anomal ous di mensi ons

.

For i nst ance, goi ng f r om t he MS-

scheme

r esul t ( 3

. 17)

t o t he MS scheme ( i n t hi s scheme t he t r ansi t i on f unct i on Fgg i s

obt ai ned

by set t i ng SE = 1 on t he r

. h . s .

of Eq

.

( 2

. 37) ) ,

RN( as) has t o be mul t i pl i ed

by

t he f act or exp [ - YN( as) ( q ( 1) + I n 41r ) ]

.

Thi s scheme dependence of RN( as)

has

t o be compensat ed i n physi cal obser vabl es by subl eadi ng cont r i but i ons of or der

as( as/ N) k

i n t he anomal ous di mensi ons

.
Si nce

RN( as) i s r el at ed t o t he e - > 0 l i mi t of t he r enor mal i zed gl uon Gr een f unct i on

Ggg, N

( see Eq

.

( 3

. 9)

) , i t can be r egar ded as t he nor mal i zat i on f act or of t he per t ur bat i ve

QCD

pomer on

.

Not e, i n par t i cul ar , t hat RN( as) i s si ngul ar at t he sat ur at i on val ue

y

= 1/ 2 of t he BFKL anomal ous di mensi on YN( as )

1

	

' z
RN

( as) - const

.
1

- 2YN( as)

( YN

- - ~' 1/ 2)

.

Thi s

behavi our i s r el at ed t o t he br anch poi nt si ngul ar i t y of t he BFKL anomal ous di men-

si on

at N= 4 &S I n 2 and si gnal s t he ul t i mat e f ai l ur e of t he l eadi ng- t wi st appr oach t o t he

mass

si ngul ar i t y f act or i zat i on and t he onset of t he mul t i - Regge f act or i zat i on at ext r eme

ener gi es

( see Ref

.

[ 8] f or a mor e det ai l ed di scussi on of t hi s i ssue)

.

2

Thi s f eat ur e of t he gl uon anomal ous di mensi ons was f i r st poi nt ed out by T

.

Jar oszewi cz [ 361

.

( 3 . 19)
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We have so f ar consi der ed t he l eadi ng hi gh- ener gy behavi our of t he gl uon Gr een

f unct i on Cgg) . I n or der t o compl et e our di scussi on on t he gl uon channel , we concl ude

t hi s sect i on by exami ni ng t he Gr een f unct i on 9( 9) wi t h an i ncomi ng quar k or ant i quar k .

Let us denot e by F( O) t he kl - dependent Gr een f unct i on def i ned by r epl aci ng Cgs° )
by Cg,O) on t he r . h . s. of Eq . ( 2 . 35) . The cor r espondi ng mast er equat i on t o l eadi ng

accur acy ( as/ N) k i s t he f ol l owi ng

( o)

	

)
~4, N( k, as , ~, E

_ CF âs

	

1

	

1

	

âS

	

d2 +2Eq

	

1

CA N ( 21r u) 2 c
; r k i + N 1 ( 2, 7r ») 2E i r g2

_

Fq, N - as s)

k . ( k - q)

	

( o)

	

( 3 . 20)( k- q) 2 . ~y, N( k, aS, ~, E) } .

Compar i ng Eqs . ( 3 . 20) and ( 3 . 2) , we see t hat T( O) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� and . ENO) f ul f i l t he same i nt egr al

equat i on, apar t f r om a di f f er ent i nhomogeneous t er m. I n par t i cul ar , i t i s st r ai ght f or war d

t o check t hat t he sol ut i on of Eq. ( 3 . 20) can be expr essed i n t er ms of t he pur e- gl uon

Ggy , N( aS( Q2
1

l - ~2 ) E , E) = Ggg, N( aS( Q2
I

l - ~2 ) E, E) r g9, N( aS( Q2
1

l A2 ) E, E)

+Ggq, N( as( Q2/ / 22) E>E) .

I nser t i ng Eqs . ( 3 . 23) and ( 3 . 8) i nt o Eq . ( 3 . 22) we get t he i dent i t y

The r esul t ( 3 . 22) al l ows us t o comput e t he anomal ous di mensi ons Yg9, N by per -

f or mi ng si mpl e al gebr ai c mani pul at i ons . We have f i r st t o f act or i ze f r om G( O) N t he

col l i near si ngul ar i t i es accor di ng t o Eq . ( 2 . 21) . I nt r oduci ng expl i ci t l y t he par t on i ndi ces,

G( O) N = Ea Gga, Nr aq, N, and usi ng t he f act t hat t he quar k t r ansi t i on f unct i ons r qb ar e

subl eadi ng at hi gh ener gy, we obt ai n :

( 3 . 23)

CA [ Ggg, N( aS, 8) ] F ge, N( aS, 6) +Ggq, N( as, 8) 1

=CF [ Ggg, N( as, E) r gg, N( as, 8) - 1I ,

	

( 3 . 24)

whi ch we can r ewr i t e i n t he f ol l owi ng f or m

Gr een f unct i on . EN
O)

as f ol l ows

F( O) ( k; as, / i , s) = CF
[ . ~; o) ( k ; as, l i , a)

- S( 2+2e) ( k) 1
. ( 3 . 2l )

The kl - i nt egr at ed Gr een f unct i on Ggq) i s t hus gi ven by

G( O) N( as( Q2/ 1- ~2) E, s) - j d2+2Ek . F( ON( k ; as , N- , E) ~( QZ- k2 )

= CF [ G( o)
( aS( Q21/ 12 ) E, E) - 11

( 3 . 22)

CA
gg, N



[ CA Ggq, N( a S , 8 ) - CF ( Ggg, N( a s , E) - 1) l

	

1

Ggg, N( as, c )

= CF [ Fgg, N( as, E) - 11 - CAr gq, N( as , E) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA"

	

( 3 . 25)

We now not i ce t hat , or der by or der i n per t ur bat i on t heor y, t he r enor mal i zed Gr een

f unct i ons Ga b ar e r egul ar f or s - > 0 whi l st t he t r ansi t i on f unct i ons Fab ar e ser i es of
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YN( as) bei ng t he BFKL anomal ous di mensi on . We see t hat t he coef f i ci ent s of t he

l eadi ng t er ms ( asI N) k i n Yga , N ( a = q, g) ar e equal , apar t f r om an over al l f act or

gi ven by t he r at i o of t he col our char ges of t he i ni t i al - st at e par t on a .

4 . The quar k Gr een f unct i ons

Fr om t he hi gh ener gy power count i ng di scussed i n Sect i on 2. 3, we know t hat t he

gl uon channel domi nat es t o l eadi ng l ogar i t hmi c accur acy i n t he smal l - x r egi me . Beyond

l eadi ng or der , however , t he quar k sect or has t o be consi der ed on an equal f oot i ng wi t h

t he gl uon sect or . Act ual l y, f r om a phenomenol ogi cal vi ewpoi nt , t he knowl edge of t he

next - t o- l eadi ng quar k anomal ous di mensi ons may be mor e r el evant t han t hat of t he

cor r espondi ng cor r ect i ons t o t he gl uon anomal ous di mensi ons . The r eason f or t hi s i s

t hat t he most accur at e i nf or mat i on on smal l - x par t on densi t i es i s comi ng out f r om

HERA dat a [ 37] on deep i nel ast i c st r uct ur e f unct i ons, whi ch coupl e di r ect l y t o quar ks

( and not gl uons) .

pol es . Ther ef or e t he onl y sol ut i on t o Eq . ( 3 . 25) i s

Ggq, N( aS, E)
CF

=
CA

[ Ggg, N( as , E) - 11 , ( 3 . 26)

r gq, N( as, E)
CF

=
CA

I Fgg, N( as , -, ) - 1l . ( 3 . 27)

I n par t i cul ar , si nce t o l eadi ng accur acy ( asI N) k we have

as Se

da
r gq, N( as , E) _ 1Ygq, N( a) +Ygg, N( a) r gq, N( a, 8) 1 , ( 3 . 28)

0

as
1 da

r gg, N( as, E) = 1 + Ygg, N( a) r gg, N( a, E) , ( 3 . 29)
s a

0

f r omEq . ( 3 . 27) we obt ai n :

Ygq, N( as) =
CF

Ygg, N( as) + 0( as( asI N) k)

= CF
YN( as) + 0( as( asI N) k ) , ( 3 . 30)
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b

a

g
qa ) _

	

Kqb) 9ba) ,

z

Fi g. 7 . ( a) Hi gh- ener gy f act or i zat i on of t he gl uon ~ quar k Gr een f unct i on gqg and ( b) t he cor r espondi ng

of f - shel l ker nel k g .

I n or der t o comput e t he ( f l avour - si ngl et ) quar k anomal ous di mensi ons we consi der

t he Gr een f unct i on 9q. 0)

or , mor e pr eci sel y, i t s expansi on i n 2GI ker nel s ( Fi g . 4b) , and we appl y t he hi gh- ener gy

f act or i zat i on f or mul a ( 2 . 29) . We t hus ar r i ve at t he anal ogue of t he kl - f act or i zat i on

f or mul a ( 2 . 34)

~, 98) aß( q, P)
=~d2+2Ek~ dy Ck( O) af l ( q, k)

ki

k1/
N. v

	

k2
o

	

y

	

I k=yn+r t - L

. F( ° ) ( y, k ; aszyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� a. , £)

	

,

	

( 4 . 2)

wher e K( ° ) ( Fi g . 7) i s t he 2GI ker nel K( g) t o t he l owest or der i n as ( , u, v and

a, / 3 ar e r espect i vel y t he spi n i ndi ces of t he i ncomi ng gl uon and out goi ng quar k) .

Mor eover , si nce we ar e i nt er est ed i n t he anomal ous di mensi ons r at her t han t he coef f i ci ent

f unct i on, i t i s al so conveni ent t o appl y t he col l i near pr oj ect or PC and consi der ( as i n

t he gl uon sect or ) t he Gr een f unct i on G9g) i nt egr at ed over q1 and t he i nvar i ant mass

q2 up t o t he f act or i zat i on scal e / ZF = Q2 ( we use t he Sudakov par amet r i zat i on q1' =

xp h
+ql +( q2 +g2 ) P~` ~2 xP P )
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Pc G9g
) =- Gyg ) ( x, as( Q2 / g2 ) e, 8)

-	 d q2 d2+2Eq

a2( 2i r ) 4 +2e

	

2p , q

	

a
g98 ) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

� ß
( 9, P) O"

( QZ
-

1R21)
( .

I nser t i ng Eq . ( 4 . 2) i nt o Eq . ( 4 . 3) and t aki ng t he N- moment s we get

Ggg) N( as( Q2 / l U2 ) e +s)

= f d2+2Ek keg, N( k2/ Q
2
, as( Q2/ U2 ) E ; s) TN( O) ( k ; as, A, E) .

	

( 4 . 4)

The f act or i zat i on f or mul a ( 4 . 4) r el at es t he quar k Gr een f unct i on t o t he kL- di st r i but i on
. P( ° ) i n t he same way as Eq . ( 2 . 34) r el at es t he heavy- f l avour cr oss sect i on t o t he gl uon
densi t y . The of f - shel l ker nel Kqg, N, obt ai ned f r om K( ° ) ( q, k) af t er i nt egr at i on over
q and expl i ci t l y cal cul at ed i n Appendi x C, i s i ndeed r egul ar f or N - * 0 so t hat t he
r esummat i on of t he si ngul ar t er ms ( as/ N) k i n Ggg) N i s achi eved by kl - i nt egr at i on of

t he cor r espondi ng t er ms i n . P( ° ) . Not e, however , an essent i al physi cal di f f er ence wi t h
r espect t o Eq . ( 2 . 34) . Unl i ke t he har d cr oss sect i on &N, t he of f - shel l ker nel Kgg. N i s
not col l i near saf e. The col l i near si ngul ar i t y ar i ses f r om t he i nt egr at i on of t he spl i t t i ng
pr ocess g - - > q q i n Fi g . 7b and shows up as an s- pol e i n t he n- di mensi onal on- shel l
case k2 =0 :

~

	

e+G( 1)

	

2\ e
Li gg( z, k2=O, as( QZ/ N- 2) e>s) =z2

s

SEF( I +6) _

	

( 1

	

z2 ) Q

(

1
TR

( I - z) 2 +z 2 +s

	

,
s 1+s

or , al t er nat i vel y, as a l ogar i t hmi c di ver gence i n t he on- shel l l i mi t k2 - - - > 0 f or t he
di mensi onal case:

KvB ( z, k
2 / Q2

, as, s=0~=z 27r
~0

( Q2 - zk 2 ) ' TR
[ (

( I - z)
2

+z 2
) I n Q2

zk

- ( 1- 6z( 1- z) ) CI -
Q2 ~~

( 4 . 3)

( 4 . 5)

f our

( 4 . 6)

Not e t hat t he coef f i ci ent s of bot h t he s- pol e and l n( Q2 / k2 ) - t er m ar e cor r ect l y pr opor -
t i onal t o t he n- di mensi onal Al t ar el l i - Par i si spl i t t i ng f unct i on P4g ) i n one- l oop or der :

Pg8 ) ( z, s)

	

TR

	

z) 2 + z 2 + s

1 +s

	

( 4 . 7)

Act ual l y, t he f ul l of f - shel l ker nel Kgg, N i n Eq . ( 4 . 4) can consi st ent l y be i nt er pr et ed as
t he i nt egr al of a gener al i zed of f shel l ( and posi t i ve def i ni t e! ) spl i t t i ng f unct i on Pqg) .

The expl i ci t cal cul at i on i n Appendi x C gi ves



500

	

S. Cat ani , F. Haut mann/ Nucl ear Physi cs B 427 ( 1994) 475- 524

( 1 - z) ( QZ- zkZ )

	

2

Kgg( Z, k2/ Q2, aS( QZ/ 1Z2) e .
s) =z O( Qz - Z k2 )~

	

f

	

dq ( 42Y

q2 W
0

wher e t he spl i t t i ng f unct i on i s

z

	

2
j 5

gg ) ( Z, k
z

/ 4Z; 8) =TR z
4

z
( 4 +Z( I - Z) k

Gg0) N( aS( QZ I f 4Z ) e, E)Gq( g -

. r ( 1- Z) Z+ZZ+s
+4Z2( 1

L I +E

as

se

e60 ( 1 )

k~

	

r ( 1 + s) Pqg) ( z,
kz

/ 4Z ; s) ,	 ( 4 . 8)

_ 1 4+( 1- 3k) - -

k+
dk( s)

	

1

	

4 +s

. I ' ( 1 +ks) I ' ( 1 - ks) I ' ( 1 +s) I ' ( 4+- - )
Ck( s)

.

I ' ( 1+( 1+k) s) I ' ( 4+( 1- k) s)

Z) Z
k

	

( 4 . 9)
4zJ

,

and 4 = q - z k denot es t he boost - i nvar i ant ( al ong t he k- di r ect i on) t r ansver se momen-

t um t r ansf er r ed i n t he spl i t t i ng pr ocess g - > qq of Fi g. 7b .

The f act t hat t he ker nel k gg i s not col l i near saf e pr event s us f r omt aki ng t he s - 0

l i mi t i n Eq . ( 4 . 4) even af t er havi ng f act or i zed t he t r ansi t i on f unct i on Fgg, N as i n

Eqs . ( 2. 34) , ( 2 . 36) . The non- pol ynomi al se- dependence of K9g ( due t o bot h Pqg)

and t he phase space i nt egr at i on i n Eq . ( 4 . 8) ) , as much as t he of f - shel l dependence of

Pqg) , ar e t hus r esponsi bl e f or non- t r i vi al ( and f act or i zat i on scheme dependent ) quar k

anomal ous di mensi ons yqg, N i n hi gher per t ur bat i ve or der s .

Usi ng t he power ser i es sol ut i on ( 3 . 3) f or t he gl uon di st r i but i on . F, ° ) and per f or mi ng

t he k1- i nt egr at i on i n Eq . ( 4 . 4) , we can det er mi ne t he cor r espondi ng power ser i es

expansi on f or t he quar k Gr een f unct i on Ggg, ) N. Consi der i ng t he N- > 0 l i mi t f or k qg, N

( i . e . , negl ect i ng subdomi nant cor r ect i ons at hi gh ener gy) we f i nd ( see Appendi x C)

aee+G( ' )

	

z e 1

	

4+s

27r TR
Se

h( 1 +s) ( JU2 /

	

s ( 3+s) ( 2

as ee+G( 1) Q2 e

J

k
1

1+

° °

~
[ N SE r ( 1+s) ( NUZ~

	

ksdk( s)

+0( a2 ( as/ N) k ) ,

	

( 4 . l 0)

wher e t he coef f i ci ent s dk( s) ar e expr essed i n t er ms of Ck( s) i n Eq . ( 3 . 4) as f ol l ows

On t he ot her si de, t he pr ocedur e of f act or i zat i on of t he col l i near si ngul ar i t i es i n

Eq . ( 2 . 21) gi ves G( qg, ) N= Ea Gqa, Nr ag, N, whi ch, negl ect i ng t er ms of or der as( as/ N) k ,

can be wr i t t en as



Ggg, ) N( as( Q2 1l - , 2 ) £ , s) = Ggg, N( as( Q2 11=L2 ) e , s) r gg, N( CI S ( Q2 1t t 2) E . E)

+r gg, N( aS( Q2
/

f U2 ) E, E) ,

	

( 4 . l 2)

r gg, N ( as, s)

S. Cat ani , F. Haut mann/ Nucl ear Physi cs B 427 ( 1994) 475- 524

	

501

as Se
1 da

a
Ygg, N( a) r gg, N( a, s)

0

Remember t hat Gqg, N i s f i ni t e f or s - + 0 or der by or der i n as . The st r uct ur e of t he
s- pol es on t he r . h . s . of Eq . ( 4 . 12) t hus def i nes Gqg, N and t he t r ansi t i on f unct i on r qg, N

uni quel y . I t f ol l ows t hat , compar i ng t he expansi on ( 4 . 10) wi t h Eqs . ( 4 . 12) , ( 4 . 13) and
usi ng t he known r esul t f or r gg, N ( i . e . t he l eadi ng- or der gl uon anomal ous di mensi on
( 3 . 13) ) , we can comput e t he anomal ous di mensi on yqg, N ( and t he r enor mal i zed Gr een
f unct i on Gqg, N) or der by or der i n per t ur bat i on t heor y .

We have expl i ci t l y per f or med t hi s cal cul at i on up t o t he si xt h or der and t he r esul t f or
t he quar k anomal ous di mensi ons i n t he MS scheme r eads

aS

	

_ _2 5_

	

as 14 ( &S) 2 r 82

	

( &S) 3 r 122
Ygg, N( as) = 2a TR 3 { 1 + 3 N+ 9

	

N

	

+ L81
+2~( 3) ~

	

N

	

+ 1243

25 as 146 14

	

( &S

+ 6 ~( 3) 1
( N ) 4 + [ 729 + 3 ~( 3)

+ 2
~( 5) ]

	 N ) 5

(

- 27r TR 3 ( 1+1 . 67N +1. 56( N)
2

+3. 42( N) 3

( 4 . 13)

+5. 51( N) 4+7. 88( N) 5+
( 9 ( ( asN)

6

)

~

	

( 4 . l 4)

The cal cul at i on i s st r ai ght f or war d but al r eady ver y cumber some t o t hi s or der i n per t ur -
bat i on t heor y t , and we ar e not abl e t o pr ovi de an expl i ci t r esummed f or mul a f or yqg
t o al l or der s ( some al l - or der f eat ur es of yqg ar e pr esent ed i n Appendi x C) . However

RS-
we emphasi ze t hat t hi s i s j ust an ( open) al gebr ai c pr obl em r el at ed t o t he use of t he

f act or i zat i on scheme, t hat i s t he hi ghl y non- t r i vi al se- dependence of t he coef f i ci ent s
dk( E) i n Eq . ( 4 . 11) and t he non- l ocal st r uct ur e of t he e- pol es i n Eq . ( 4 . 13) . The ser i es
( 4 . 10) f or t he quar k Gr een f unct i on i ndeed cont ai ns al l t he necessar y i nf or mat i on on t he
anomal ous di mensi ons Yqg, N t o any per t ur bat i oe or der as ( asI N) k . I n t he next sect i on
we show t hat , choosi ng a di f f er ent f act or i zat i on scheme of mass si ngul ar i t i es, we can
expl i ci t l y r esum al l t he next - t o- l eadi ng t er ms as ( as/ N) k i n yqg , N.

The coef f i ci ent s of t he f i r st t wo t er ms i n t he cur l y br acket _of Eq . ( 4 . 14) agr ee
wi t h t he known one- and t wo- l oop anomal ous di mensi ons i n t he MS scheme [ 27, 28] .
The hi gher - or der cont r i but i ons can be used t o est i mat e t he ef f ect of t hese smal l - x

t Not e t hat , because of t he cancel l at i ons i nvol ved i n t he gl uon sect or ( see Eqs . ( 3 . 10) , ( 3 . 12) ) , t he f i r st
t hr ee coef f i ci ent s i n t he per t ur bat i ve expansi on ( 4 . 14) ar e ent i r el y r el at ed t o t he e- dependence of t he of f - shel l
ker nel Kqs, , v .
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cor r ect i ons at i nt er medi at e val ues of x . I n par t i cul ar , t he 0( as) t er m i n Eq . ( 4 . 14)

can be combi ned wi t h t he exi st i ng 0( as) cal cul at i ons of t he coef f i ci ent f unct i ons

f or t he DI S [ 30] and Dr el l - Yan [ 31] pr ocesses i n or der t o check t he st abi l i t y of t he

f i xed- or der per t ur bat i ve expansi on i n t he x- r ange accessi bl e at pr esent . Not e al so t hat ,

unl i ke t he case of t he gl uon anomal ous di mensi ons ( 3 . 13) , ( 3 . 16) , al l t he per t ur bat i ve

coef f i ci ent s i n Eq . ( 4 . 14) ar e non- vani shi ng ( and posi t i ve) . Ther ef or e i n t he quar k

sect or one may expect [ 22] ( and f i nds [ 20] ) an ear l i er depar t ur e f r om t he f i xed- or der

per t ur bat i ve behavi our .
The f l avour - si ngl et anomal ous di mensi on

Yéq, N
( Appendi x A) st ar t s i n or der as and

i t s r esummed expr essi on at hi gh ener gy i s r el at ed i n a si mpl e way t o t hat f or Ygg, N,

namel y

CF

	

as 2l

	

1
Ygq, N( aS) =

CA
[ Ygg, N( aS) - 2~ TR

3J
+ 0( as ( asI N) kl

	

( 4 . 15)

The der i vat i on of Eq . ( 4 . 15) i s si mi l ar t o t hat of t he anal ogous Eq . ( 3 . 30) f or t he

gl uon sect or . One has t o appl y t he hi gh- ener gy f act or i zat i on pr ocedur e of Sect i on 2 . 3 t o

t he Gr een f unct i on Gqq 0 ) ( her e, t he super scr i pt S denot es t he f act t hat t he i ncomi ng and

out goi ng quar ks car r y a di f f er ent f l avour ) , t hus obt ai ni ng t he f ol l owi ng ki - f act or i zat i on

f or mul a

GggN( as( Q2 1e2 ) e, e)

_ / d2+2ek
kgg, N( k2 1Q2, as( Q2 1l -, 2 ) e ; 8 ) FgN( k; as, », e) .

Thi s equat i on di f f er s f r om Eq . ( 4 . 4) onl y by t he r epl acement of t he pur e- gl uon kl -

di st r i but i on . ~N) by Fg0N ( see Eq . ( 3 . 20) ) . Ther ef or e, usi ng Eq . ( 3 . 21) , one can

r el at e t he t wo Gr een f unct i ons Gsq( 0 ) and G( O)

Gqq( N ( aS
(

Q2

	

e

,
EJ

CF

CA

Kqg,

[ G( o)
qg, N ( as ( Q2

	

e

A

N

( k

=0, as
CQ2/

( 4 . 16)

( 4 . 17)

The f act or i zat i on of col l i near si ngul ar i t i es i n Gs ( 0)N i s achi eved by t he f ol l owi ng hi gh-

ener gy r el at i ons

Gqq N( aS, E) = r gq, N( a S , E) +Ggq, N( as, e) +Ggg, N( as, E) r gq, N( aS , E) ,

( 4 . 18)

as SE

r gq, N( as , e) = B

	

da
[ YSq, N( a) +Ygg, N( a) r gq, N( a, E) ] .

	

( 4 . 19)

0

Usi ng Eqs. ( 4 . 18) , ( 4 . 19) , ( 3 . 27) one can expr ess
Gvq

( 0 ) as a f unct i on of G9q,
yéq,

Gqg , yqg, r gg . Anal ogousl y, by means of Eqs . ( 4. 12) , ( 4 . 13) one can expr ess G9g)
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as a f unct i on of Gqg , yqg, I ' gg . I nser t i ng t he expr essi ons obt ai ned i n t hi s way i nt o
Eq . ( 4 . 17) , one ends up wi t h t he equat i on

as se
s

	

1

	

da sGs

	

+ B

	

a ygq, N( ce)

0

as se
CF

	

1

=CA
CF

	

+ 1 1 da
~ygg, N( a) - Kgg, N( k=O, as ; e)

J
,

	

( 4 . 20)

0

f r om whi ch t he r esul t ( 4 . 15) f ol l ows .
I t i s wor t h not i ng t hat t he al l - or der r el at i on ( 4 . 15) bet ween yqg, N and y qg, N, as wel l

as i t s l eadi ng- or der anal ogue ( 3 . 30) , have been der i ved usi ng onl y al gebr ai c i dent i t i es at
hi gh ener gy, wi t h no r ef er ence t o t he det ai l s of t he di mensi onal - r egul ar i zat i on pr escr i p-
t i on . I n par t i cul ar t hey r emai n t r ue usi ng di mensi onal r educt i on [ 38] , a di mensi onal
r egul ar i zat i on scheme whi ch expl i ci t l y r espect s super symmet r i c War d i dent i t i es . I n t hi s
sense, Eqs . ( 3 . 30) and ( 4 . 15) can be consi der ed as hi gh- ener gy l i mi t s of t he super sym-
met r y i dent i t y yqq +ygq = yqg +ygg val i d i n N= 1 super symmet r i c Yang- Mi l l s t heor y,
i . e . f or CF = TR = CA . I t f ol l ows t hat i n t he super symmet r i c case t he gl uon anomal ous
di mensi ons ygg and ygq coi nci de al so at t he next - t o- l eadi ng l evel as( asI N) k . Thi s
pr oper t y may be usef ul as a t echni cal t ool t o check and si mpl i f y t he cal cul at i on of t he
( st i l l unknown) next - t o- l eadi ng cor r ect i ons i n t he gl uon sect or .

5 . Deep i nel ast i c scat t er i ng at smal l x

5. 1 . St r uct ur e f unct i ons and par t on densi t i es

The cr oss sect i on f or deep i nel ast i c l ept on- hadr on scat t er i ng i s gi ven i n t er ms of t he
cust omar y st r uct ur e f unct i ons F; ( x, Q2) ( i = 1, 2, 3) . Her e Q2 denot es t he squar e of
t he moment um t r ansf er r ed by t he scat t er ed l ept on and x i s t he Bj or ken var i abl e. I n
t he f ol l owi ng we onl y consi der t he scat t er i ng pr ocess occur r i ng t hr ough t he exchange
of a si ngl e phot on . As f ar as t he hadr oni c component i s concer ned, t hi s appr oxi mat i on
si mpl y amount s t o negl ect i ng F3, whi ch i s a non- si ngl et st r uct ur e f unct i on and, hence,
non- si ngul ar at smal l x ( see Sect i on 2 . 3) . We al so pr esent our r esul t s i n t er ms of
t he st r uct ur e f unct i ons F2 and FL , FL ( x, Q2 ) = FZ( x, Q2 ) - 2xF, ( x, Q2 ) bei ng t he
l ongi t udi nal st r uct ur e f unct i on .

I n t he naï ve par t on model t he DI S st r uct ur e f unct i ons ar e r el at ed t o t he par t on densi t i es
of t he i ncomi ng hadr on as f ol l ows ( ei ar e t he quar k char ges)

FL( x, Q2 ) =0 .	 ( 5 . 2)
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Taki ng i nt o account per t ur bat i ve QCD cor r ect i ons i n l eadi ng- t wi st or der and usi ng t he

f act or i zat i on t heor emof mass si ngul ar i t i es, Eqs. ( 5 . 1) , ( 5 . 2) become

Nf

Fi ( x, Q
2

) = N

_1f

( ~e3)

Fi s
( X, Q2 ) + FNS ( X, Q2 )

	

( i =2, L) ,
1

wher e t he si ngl et and non- si ngl et component s Fs and FNs ar e gi ven by

t

Fi s ( x, Q2 )
=J

dz
[ Cs( z ; as( N- F) , Q2

/
1-

1
F) . f s( x

I
z, l ~F)

z
X

FNS ( x Q2) _ %dz CNS
( Z ; aS( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

�
F) , QZ

I
f ~F) Le3 f +) ( xl z , luF) .

	

( 5 . 5)
Z

j =1
X

Her e I s and 1, ( +) ar e r espect i vel y t he si ngl et and non- si ngl et quar k densi t i es def i ned

i n Appendi x A, and Ci A ( A = S, g, NS) ar e t he coef f i ci ent f unct i ons' comput abl e as

power ser i es i n as ( uF) . Not e t hat , because of t he naï ve par t on model r el at i on ( 5 . 1) ,

we have CA( Z)
( z) = 8( I - z) + 0 ( as ) f or A = S, NS, and CZ( z ) = C7 ( as ) . Ther ef or e

al so t he gl uon densi t y f g cont r i but es t o F2 beyond t he l owest or der . Mor eover , si nce

CiA, = C7( as) i s not vani shi ng, t he Cal l an- Gr oss r el at i on ( 5 . 2) i s vi ol at ed .

At pr esent , t he coef f i ci ent f unct i ons Ci A ar e compl et el y known up t o 0 ( as) [ 30, 391 .

The non- si ngl et coef f i ci ent s C, NS ar e not enhanced by I n x t er ms i n hi gher or der s . The

al l - or der r esummat i on of t he l ogar i t hmi c cont r i but i ons as
+2 I n n x ( or as( asI N) " +' i n

t he N- moment space) t o Cg and CS i s per f or med i n t he next subsect i on .

5. 2. Coef f i ci ent f unct i ons

Nf

FP)
_ 1

Nf ( j =1

+Cg( Z ; as( f
1
F) , QZ

1
N- F) . f g( xl z , F

U
F) ] ,

	

( 5 . 4)

The coef f i ci ent s f unct i ons CA ar e eval uat ed st ar t i ng f r om t he expr essi on Fi =

Ea
F. ( 0) 1( O)

of t he hadr oni c st r uct ur e f unct i ons Fi i n t er ms of t he par t oni c st r uc-

t ur e f unct i ons F, - ( a) , and t hen per f or mi ng t he col l i near f act or i zat i on as i n Eq . ( 2 . 15) .

Consi der i ng f i r st t he gl uon st r uct ur e f unct i ons Fi ( g) , we have

[ CgFgg+Cs 2 Nf I ' gg]

( 5 . 3)

( 5 . 6)

On t he ot her si de, f r om t he hi gh- ener gy f act or i zat i on i n Sect i on 2 . 3 ( see Fi g . 4a) , we

obt ai n

t The coef f i ci ent f unct i ons i n Eqs . ( 5 . 4) , ( 5 . 5) ar e nor mal i zed accor di ng t o our not at i on i n Sect i on 2 . 1 ( see,

i n par t i cul ar , Eq. ( 2 . 11) ) . Thi s nor mal i zat i on di f f er s f r om t hat of t en used i n t he l i t er at ur e [ 30] .
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1
^ ' r

= f ~E
e2/

	

d2+Zek
N f t

t

dz
Z &i ' ( z , k2 / Q2 , as( QZl F

J
2 ) e ; e) , F(N0) ( X/ z>k ; as, l - t , E) ,

	

( 5 . 7)

x

wher e . F( O) i s t he kl - dependent gl uon Gr een f unct i on i n Eq . ( 2 . 35) , and & ar e
obt ai ned by appl yi ng t he hi gh- ener gy pr oj ect or PH t o t he l owest - or der qq cont r i but i on
t o t he y* g - > y* g absor pt i ve par t AN, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� ( Fi g . 5) , as i n Eq . ( 2 . 30) . The of f - shel l cr oss
sect i ons ô$ have been expl i ci t l y eval uat ed i n Ref s . [ 8] ( i = 2) and [ 32] ( i = L) f or
t he case of massi ve quar ks and n = 4 di mensi ons . The gener al i zat i on t o t he massl ess
case and n = 4 + 2 s di mensi ons i s st r ai ght f or war d .

Eq . ( 5 . 7) i s t he di mensi onal l y- r egul ar i zed ver si on of t he k1- f act or i zat i on f or mul a
( 1 . 2) . We can t hus pr oper l y addr ess t he i ssue of col l i near - si ngul ar i t y f act or i zat i on . The
mai n poi nt t o be not i ced i s t hat t he of f - shel l cr oss sect i ons &'L and &21 have a di f f er ent
col l i near behavi our . As a consequence of t he Cal l an- Gr oss r el at i on ( 5 . 2) ( i . e. , t he f act
t hat on- shel l par t ons do not coupl e di r ect l y t o a l ongi t udi nal l y pol ar i zed phot on) , &1L
i s col l i near saf e . I t s on- shel l and s = 0 l i mi t i s i ndeed f i ni t e :

( z, k= 0, as( Q2/ U2 ) e ; s)
z e

-
as

se
CQ2~

	

Nf TR [ 8z2( 1- z) +( ) ( e) ] .

	

( 5 . 8)
2 7r

On t he cont r ar y, &12 i s not col l i near saf e and i t s on- shel l l i mi t has an s- pol e pr opor t i onal
t o t he l owest - or der Al t ar el l i - Par i si spl i t t i ng f unct i on PQg ) i n Eq . ( 4 . 7) :

( z, k = 0, as ( Q21112)
e ;

s)

as

	

Q
2

	

e

=
-

Se

	

2

	

Nf - [ zP9g> ( z ; a) + 0( e) ] .
2 i r

	

( /1 )	 B
( 5 . 9)

Ther ef or e, t he f act or i zat i on st r uct ur es ( 5 . 7) f or Fi g) and F2g) ar e r espect i vel y anal -
ogous t o Eq . ( 2 . 34) f or t he heavy- f l avour case and Eq . ( 4 . 4) f or t he quar k Gr een
f unct i on . The f act or i zat i on of col l i near si ngul ar i t i es has t o be car r i ed out accor di ngl y .

We st ar t consi der i ng t he l ongi t udi nal st r uct ur e f unct i on . I n t he hi gh- ener gy l i mi t , bot h
t he coef f i ci ent f unct i on Cs and t he t r ansi t i on f unct i on r qg ar e of or der as ( as/ N) k
( k > 0) . Ther ef or e f r om Eq. ( 5 . 6) we have

1 Nf

FL( 0)
_ ~t

	

C~ej l

	

[ Cgr gg +C) ( as ( asI N) k
) ]

,

	

( 5 . 10)
f j

and we see t hat , i n or der t o comput e CL9 , we have t o f act or i ze r gg on t he r . h . s . of
Eq. ( 5 . 7) . Usi ng t he f act or i zat i on f or mul a ( 2 . 36) and pr oceedi ng as i n Sect i on 2. 4,
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we ar r i ve at t he f ol l owi ng expr essi on f or t he N- moment s of t he l ongi t udi nal coef f i ci ent

f unct i on

CL, N( aS, Q2 1f 1F) = hL, N( YN( a s) ) RN( aS) ( Q2
/

JUF)
YN( Ï s) +0( as( asI N) k ) ,

( 5 . l 1)

wher e t he f unct i on hL, N( Y) i s gi ven i n t er ms of t he of f - shel l cr oss sect i on

hL, N( Y) =Yf
k00 k2

z
( Q2

2
)

y

&I , N( k2
1

Q2, as ; s=0) .

	

( 5 . 12)

0

The expl i ci t eval uat i on of t he f unct i on hL, N( y) r equi r es t he knowl edge of t he of f -

shel l cr oss sect i on &9L i n n = 4 di mensi ons . The anal ogous cal cul at i on f or massi ve

quar ks has been per f or med i n gr eat det ai l i n Ref s . [ 8, 32] . Ther ef or e i n t hi s paper we

l i mi t our sel ves t o pr esent i ng onl y t he f i nal r esul t . I n par t i cul ar , si nce t he of f - shel l cr oss

sect i on &'I i n Eq . ( 5 . 7) vani shes uni f or ml y i n kl i n t he hi gh- ener gy l i mi t z - - + 0

( as di scussed i n Sect i on 2 . 3, t hi s pr oper t y f ol l ows f r om t he f act t hat onl y 2GI ker nel s

cont r i but e t o &L) , t he f unct i on hL, N( Y) i s weakl y N- dependent :

hL, N( Y) = hL( Y) ( I +O( N) )

	

( N- * 0) .

	

( 5 . l 3)

I n or der t o eval uat e t he domi nant t er ms as ( asI N) k i n Eq . ( 5 . 11) , we can t hus set

N= 0 i n Eqs. ( 5 . 12) , ( 5 . 13) . Comput i ng expl i ci t l y t he cor r espondi ng f unct i on hL ( y) ,

we f i nd

hL( Y) = as Nf TR
4( 1- Y) r 3( 1- Y) r 3( 1+Y)

2i r

	

3- 2y I ' ( 2- 2y) r ( 2+2y)

The r esul t s i n Eqs. ( 5 . 11) , ( 5 . 14) gi ve t he r esummed expr essi on f or t he coef f i ci ent

f unct i on CL' , N i n t he MS scheme t o t he l ogar i t hmi c accur acy as ( as/ N) k , i ncl udi ng

t he cor r espondi ng dependence on t he f act or i zat i on scal e / AF. The r esummat i on ef f ect

i s i ncor por at ed i n ( 5 . 11) t hr ough t he ( as/ N) - dependence of t he BFKL anomal ous

di mensi on ( 3 . 14) and t he y- dependence of RN and hL, N as gi ven by Eqs. ( 3 . 17) and

( 5 . 12) .
Let us now consi der t he st r uct ur e f unct i on F2 . As not ed above, t he pat t er n of col l i near

si ngul ar i t i es i n Eq . ( 5 . 7) i s si mi l ar t o t hat i n t he cor r espondi ng Eq . ( 4 . 4) f or t he quar k

Gr een f unct i on . Eq . ( 5 . 7) t hus cont ai ns al l t he r el evant i nf or mat i on on bot h t he DI S

coef f i ci ent f unct i on Cz and t he quar k anomal ous di mensi ons ygg. As a mat t er of f act ,

si nce i n t he smal l - N l i mi t C2 N = 1 + O( as ( asI N) k) , f r om Eq . ( 5 . 6) we obt ai n t he

anal ogue of Eq. ( 4 . 12) :

Fzg, N( as( Q2 1j L2 ) e , s)
1
- ~ej

)
[ Cg N( as( N- F

/
l -
4

2 ) E, QZ
1

N~F>s)

( 5 . 14)

Nf

r 88, N( aS( l -
L
F

/
l
1
2) E, s) +2Nf r gg, N( aS( f

£
FI

JU
2

	

8)

+ O( as( aSI N) k )
]

.

	

( 5 . 15)
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St ar t i ng f r om Eq . ( 5 . 7) and f act or i zi ng t he col l i near si ngul ar i t i es accor di ng t o Eq .
( 5- 15) , one can comput e C2, N and Yqg, N or der by or der i n per t ur bat i on t heor y .

Obvi ousl y, t hi s al gebr ai c pr obl em i s by no means si mpl er t han t hat encount er ed i n
Sect i on 4 f or t he eval uat i on of Yqg, N and we ar e not abl e t o pr ovi de an expl i ci t r esummed
f or mul a f or C2, N. Nonet hel ess, Eq . ( 5 . 7) can be used i n a ver y si mpl e way f or der i vi ng
an al l - or der r el at i on bet ween C2, N and Yqg, N .

The mai n obser vat i on i s t hat , set t i ng , UF = Q2 on t he r . h. s . of Eq . ( 5 . 15) and
per f or mi ng t he der i vat i ve wi t h r espect t o Q2 , we obt ai n a f act or i zed st r uct ur e si mi l ar t o
Eq . ( 5 . 10) :

a

a 1n Q2 F2 g) N( as ( Q2/ f ~2 ) e, E)

1 NI

Nf CEei l
[ Ygx, N( as( Q2 / N- 2 ) e ) CZ, N( as( Q2 / ~2 ) e)

1

_a
+2Nf Yeg, N( as( Q2 / ~2 ) E, s) +Eas

aa C2, N( aS( Q2 / l -
4

z ) E, 1
;

E) Is

' Fgg, N( as( Q2 / t t 2 ) E, s) +C( a 2 ( asI N) k )

Her e, al l t he col l i near si ngul ar i t i es ar e f act or i zed i nt o t he gl uon t r ansi t i on f unct i on I 99
wher eas t he t er m i n t he squar e br acket , much l i ke CLg i n Eq . ( 5 . 10) , i s f i ni t e as s - - > 0 .
St at ed di f f er ent l y, t he of f - shel l ker nel a5 - g2 / a I n Q2 i n Eq . ( 5 . 7) ( al t hough not ' i t sel f )
i s col l i near saf e, and i t s s = 0 l i mi t i s r el at ed t o t he l i near combi nat i on ygg C2 +2Nf y9g .
Ther ef or e, pr oceedi ng as i n t he case of t he l ongi t udi nal st r uct ur e f unct i on, we obt ai n

YN( aS) Cg N( aS, Q2 /
, 4

F = 1) + 2Nf Y9g, N( as) = h2, N ( YN( as) ) RN( as)

( 5 . 16)

+C( as( asI N) k ) ,

	

( 5 . 17)

wher e RN i s gi ven i n Eq . ( 3, 17) , YN( as ) i s t he BFKL anomal ous di mensi on and t he
f unct i on h2, N( y) i s

dk 2
h2, N( Y) - Y

	

kz ( Qz )	 a1nQ2~, N( k2/ Q2, as ; E=0) .

k2 y
a

0

( 5 . 18)

The of f - shel l ker nel ab' g2, N/ a] nQ2 i n n = 4 di mensi ons has been comput ed i n
Ref . [ 8] f or t he case of massi ve quar ks. Per f or mi ng t he massl ess l i mi t , we f i nd

h2, N( Y) = h2( Y) ( 1+O( N) )

	

( N- >0) ,	 ( 5 . l 9)

hz ( Y)

	

as

	

2 ( 2+3y - 3Y2 ) r 3 ( 1 -
Y) r 3 ( 1+y)

- 2Tr Nf Tn

	

3 - 2y

	

I ' ( 2 - 2y) I ' ( 2 + 2y) '
	 ( 5 . 20)

The r esul t s i n Eqs. ( 5 . 17) , ( 5 . 19) , ( 5 . 20) pr ovi de t he expl i ci t r esummat i on of t he
cont r i but i ons as ( as/ N) k t o t he coef f i ci ent f unct i on C2, N i n t er ms of h2 ( yN) and t he
quar k anomal ous di mensi ons y4g, N. I n par t i cul ar , usi ng t he si x- l oop expr essi on ( 4 . 14)



508

	

S. Cat ani , F. Haut mann/ Nucl ear Physi cs B 427 ( 1994) 475- 524

f or yqg, N, one can comput e C2, N up t o t he f i ve- l oop or der . The dependence of C2, N

on t he f act or i zat i on scal e aF i s gi ven by

C2. N( aS , Q2
/

f
t
F) =C2, N( as, Q2

/
f
Z
F- 1)

Q

AF)

2 YN( 2s)

i ~48, N( aS)

	

_
Q2 YN( as)

+2Nf
yN( as)

	

( f ~Fl

	

- 1J

+C( as( asI N) k ) .

	

( 5 . 21)

The si ngl et coef f i ci ent f unct i ons CL , C2 i n Eq . ( 5 . 4) can be eval uat ed st ar t i ng f r om

par t on st r uct ur e f unct i ons
. ( q)

wi t h an i ncomi ng quar k. These st r uct ur e f unct i ons f ul f i l

a kl - f act or i zat i on f or mul a si mi l ar t o Eq . ( 5 . 7) wi t h t he r epl acement F( 0) - >
Tq0) ,

. FQ° ) bei ng t he k1- di st r i but i on wi t h an i ncomi ng quar k i n Eq . ( 3 . 20) . One can appl y

t he al gebr ai c mani pul at i ons anal ogous t o t hose used i n Sect i ons 3 and 4 f or eval uat i ng

ygq and ysg, t hus obt ai ni ng t he f ol l owi ng col our char ge r el at i ons

\
Q

as 4
s ) k

)
CpN

	

as, Q2 1 = CF [ Ci N ( a s'

	

2 ) -	 N1 TR - ] + 0 ( a( asI N

	

,
AF CA

	

' f . c F	 2Tr

	

3

CzN ( as, Qz ) =
Cn L

C2. N

	

as,
Q

F

	

2Tr Nf TR 3 ( 1 + 2 l n_

	

QF ) ~f kF

+0
( as( as I N) k)

	

( 5 . 23)

Her e, f or t he sake of conveni ence, we have i nt r oduced t he pur e- si ngl et coef f i ci ent f unc-

t i ons Ci ps = CS - CNs . They have t he same si ngul ar smal l - x behavi our as t he si ngl et

f unct i ons CS and st ar t i n 0( a2 ) i n per t ur bat i on t heor y .

The per t ur bat i oe expansi ons of t he r esummed r esul t s der i ved i n t hi s sect i on r ead :

1 as

3 N

3
~( 2) +

8
~( 3) ]

	

N

, 3

as

l

	

J

_I Xsl l
6 ~( 4) ]

( N l a
+ 0

( ( N

- Z~TRNf 3{ 1- 0
. 33N+2 . 13( Nj j

VS

) 2 +2 . 27( N N) 3 +0. 43( ) a

( 5 . 22)

( 5 . 24)

CL, N( aS+Q2
1

f 2F
_

- 1) -
s 4

zTRNf 3

~
1

+ [
9

- ~( 2) ] ( N
)

2

400+ [ +

+ [

1216

81

34

9
~( 2)

14
-9 ~( 3)
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C2N( aS, i ~ 2
1

1-
1

F = 1) = 2~TaNf 3~1 + [ 93 - 2~( 2) 1 N+ [ 1814

_ 13
3 ~( 2 )

4

	

~j as
2

7412 71

	

89

	

as 3

+ 3 ~( 3) J
( N)

	

+ 1 243

	

9
~( 2) +

9
~( 3) - 12 ~( 4) 1

( N

50012 466

	

910

	

28

+ 729

	

27
~( 2) +

27
~( 3) -

3
~( 2) ~( 3) - 26~( 4)

+
25

~( 5) ] C N) 4
+ 0

( ( N) 5) I
-

2~TRNf 3{ 1+1
. 49N +9 . 71

( N) 2
+16 . 43

( N) 3
+39 . 11

( N) 4

( 5 . 25)

The f i r st t wo coef f i ci ent s i n Eqs . ( 5 . 24) , ( 5 . 25) agr ee wi t h t hose r ecent l y comput ed i n
Ref s . [ 30, 40] . We r egar d t hi s agr eement as a non- t r i vi al check of our r esul t s . Not e al so
t hat t he t hr ee- and f our - l oop coef f i ci ent s ( and t he f i ve- l oop coef f i ci ent i n Eq . ( 5 . 25) ! )
ar e subst ant i al l y l ar ger t han t he t wo- l oop ones . We t hus ar gue t hat t he hi gher - or der
cont r i but i ons comput ed i n t hi s paper may have a phenomenol ogi cal r el evance al r eady at
t he val ues of x accessi bl e at t he HERA ep- col l i der [ 37] .

Concl udi ng t hi s subsect i on, we poi nt out t hat kl - f act or i zat i on f or mul ae si mi l ar t o
Eq . ( 5 . 7) have r ecent l y been used [ 19] wi t h t he phenomenol ogi cal ai m of r el at i ng t he
or i gi nal BFKL equat i on [ 12] t o t he DI S st r uct ur e f unct i ons .

I n t he pr evi ous sect i ons we have r epeat edl y not ed t hat t he par t on densi t i es ar e not
physi cal obser vabl es . I ndeed t hey depend on t he r egul ar i zat i on/ f act or i zat i on scheme
used f or r emovi ng t he par t on l evel col l i near si gul ar i t i es . Thi s f r eedom i n def i ni ng t he
par t on densi t i es means t hat , st ar t i ng f r om t he MS- densi t i es f a, one can i nt r oduce a
new set f â of par t on densi t i es vi a an i nver t i bl e t r ansf or mat i on

. f a, N( l 12) = EUab, N( aS( M2 ) ) f b, N( l U2 )

	

( 5 . 26)
b

Obvi ousl y a si mi l ar t r ansf or mat i on appl i es t o t he coef f i ci ent f unct i ons, i n or der t o l eave
t he physi cal cr oss sect i on unchanged . The evol ut i on of t he new par t on densi t i es wi t h
A2 i s cont r ol l ed by t he new anomal ous di mensi on mat r i x

d

	

l
Yab, N = 116 ( as) ( as - U) U- 1 + UY

U- 1J

	

( 5 . 27)
ôas

	

ab, N

The t r ansf or mat i on mat r i x Uab has a power ser i es expansi on i n as such t hat

Uab, N( as) = Sab + 0( as) , and has t o f ul f i l t he f ol l owi ng physi cal const r ai nt s :



510

	

S. Cat ani , F. Haut mann/ Nucl ear Physi cs B 427 ( 1994) 475- 524

i ) f l avour and char ge conj ugat i on i nvar i ance

Ugi g = Uqi g = Uqg ,

	

Uggi = Uggi = Ugq

Uq; q] = U4, 4J = ( Si . i - Nf ) U
ge

s
+ 2 Nf

_

	

) U9sUgi qj
=

Ugi qj

	

( 8ü

	

Nf

	

2 Nf

i i ) f er mi on number conser vat i on

Ugi qi , N=O - Ugi qi , N- 0
= Si l

	

( 5 . 29)

or , equi val ent l y, UgqSN~ = Uggs N-0 = UN~/ 2 ;
i i i ) l ongi t udi nal moment umconser vat i on

E Uab, N=l = 1 .
a

( U( V ) + USS) ,

Eq . ( 5 . 28) i s t he anal ogue of Eq . ( A. 5) i n Appendi x A f or t he anomal ous di men-
si ons Yab. I n par t i cul ar , i t guar ant ees t hat t he f l avour si ngl et and non- si ngl et sec-
t or s ar e decoupl ed i n any r egul ar i zat i on/ f act or i zat i on scheme . The mat r i x component s

Ug4s , Uggs , UM i nt r oduced i n Eq . ( 5 . 28) act on t he f l avour non- si ngl et par t on densi t i es,
whi l st Uss, Uqg , Ugq , Ugg cont r ol t he t r ansf or mat i on on t he si ngl et sect or .

Hi gher - or der QCD cal cul at i ons f or hadr on col l i si ons ar e usual l y per f or med i n t wo
di f f er ent f act or i zat i on schemes of col l i near si ngul ar i t i es, t he MS scheme, used so f ar i n
t hi s paper , and t he DI S scheme [ 41 ] . Af t er havi ng r egul ar i zed t he col l i near si ngul ar i t i es
i n t he par t on mat r i x el ement s, t he DI S- scheme par t on densi t i es f aDl s) ar e def i ned
by enf or ci ng t he const r ai nt t hat t he DI S st r uct ur e f unct i on F2( x, Q2 ) has t he same
expr essi on as i n t he naï ve par t on model . I n par t i cul ar , i n t he one- phot on appr oxi mat i on
t o deep i nel ast i c l ept on- hadr on scat t er i ng, t he r el at i on ( 5 . 1) i s t r ue t o al l or der s i n
per t ur bat i on t heor y :

Nf

F2( X, Q2 ) = ' C~ [ f gDI S) ( x, Q2) + f- ( DI S)
( x, Q2) ~

i =I

( U( v) - Uss) >

	

( 5 . 28)

Equi val ent l y, one can say t hat i n t he DI S scheme t he DI S coef f i ci ent f unct i ons ar e 2

( 5 . 30)

( 5 . 31)

NS ( DI S)

	

2

	

2

	

2

	

S ( DI S)

	

2

	

2

	

2
C2

	

( Z ; as( Q ) , Q
/ , U2

	

1) =S

	

( Z ; aS( Q ) , Q 1f ' F=1) =S( 1- Z) ,

Cg ( DI S)
( Z ; as( Q2 ) , Q2

1
l ~F = 1) =~

	

( 5 . 32)

I n or der t o eval uat e hi gher - or der cont r i but i ons i n t he smal l - x r egi me, t he DI S scheme
of f er s some comput at i onal and phenomenol ogi cal advant ages [ 22] . The f or mer amount s
t o t he f act t hat i n t he DI S scheme one can expl i ci t l y r esumt he cor r ect i ons as ( as/ N) k

2 Not e t hat Eqs . ( 5. 32) hol d t r ue onl y f or a f act or i zat i on scal e 1, 2 =Q2 .
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f or t he quar k anomal ous di mensi ons t o al l or der s i n as, as we shal l i l l ust r at e bel ow.
As t o t he l at t er , we not i ce t hat t he next - t o- l eadi ng cont r i but i ons as ( asI N) k t o t he
gl uon anomal ous di mensi ons ar e st i l l unknown . Ther ef or e, t he knowl edge of t he quar k
anomal ous di mensi ons i n t he DI S scheme may f aci l i t at e phenomenol ogi cal i nvest i gat i ons
of t he smal l - x behavi our of t he st r uct ur e f unct i on F2 ( x, Q2 ) .

The comment above appl i es once t he DI S scheme has been def i ned t o al l or der s i n
per t ur bat i on t heor y . The poi nt i s t hat Eq . ( 5 . 31) ( or , equi val ent l y, ( 5 . 32) ) f i xes onl y
t he quar k densi t i es unambi guousl y . The r el at i on bet ween t he si ngl et quar k densi t y i n t he
DI S scheme and t he MS- scheme par t on densi t i es i s

f S, N ) ( ,
Z
2 ) =C2, N( as( l

U
2) , 1) f s, N( l - c 2 ) + CZ, N( as( l - ~Z) , 1) f g, N( l - ~ z )

or , i n t er ms of t he mat r i x Ua b i n Eq . ( 5 . 26) ,

( 5 . 33)

Uss, N( as) = C2 N( as, 1) ,	 2Nf Ugg, N( as) =Cg, N( as, 1)

	

( 5 . 34)

The DI S- scheme gl uon densi t y, i nst ead, st i l l r emai ns ambi guous_and i s gi ven by an
ar bi t r ar y combi nat i on of gl uon and si ngl et quar k densi t i es i n t he MS scheme

f g, N
) ( A2

	

2

	

-
) = Ugy, N( as( A ) ) AN( A

2
) +Ugg, N( as( / L 2 ) ) f g, N( l 1 2 ) ,

	

( 5 . 35)

wi t h t he onl y const r ai nt ( 5 . 30) , whi ch r eads

Ugg, N- I ( as) = 1- Cz, N= I ( as, 1) , Ugq, N=I ( as) =1 - C2N( as, 1) - ( 5 . 36)

The convent i on i nt r oduced i n Ref . [ 41] f or def i ni ng f ( 9DI S)
up t o O( as) amount s

t o ext endi ng Eq . ( 5 . 36) t o any val ue of N i n or der as . A nat ur al gener al i zat i on of
t hi s convent i on i s t o r equi r e Eq . ( 5. 36) t o be val i d f or any N and t o al l or der s i n as .

Doi ng t hat , t he DI S- scheme gl uon densi t y i s compl et el y def i ned .
Not e, however , t hat f or t he pur poses of our al l - or der cal cul at i on, i t i s not necessar y

t o speci f y t he act ual f or m of t he t wo mat r i x el ement s Ug9 , N and Ugg , N i n Eq . ( 5 . 35) .
We j ust assume t hat t hey ar e chosen not t o be ext r emel y si ngul ar at hi gh ener gi es, i . e .
t hey shoul d not cont ai n l eadi ng- or der cont r i but i ons of t he t ype ( asI N) k f or N - > 0 .
Thi s i s suf f i ci ent t o ensur e t hat most of t he MS- scheme r esul t s obt ai ned i n t he pr evi ous
sect i ons r emai n val i d i n t he DI S scheme . I n par t i cul ar t he gl uon anomal ous di mensi ons
YgDI S) and t he l ongi t udi nal coef f i ci ent f unct i ons CLDI S) ar e

( DI S)
Yga, N ( as) =Yga, N( as) +O( as( aSI N) k )

	

( a= g, 9) ,	 ( 5 . 37)

Ci N
I S)

~as( l - ~F)
,

~F~

	

Cc, N ( as( N-F ) ~ 2

	

+O

(

as( N ) k

)

~

	

( A=g, S)
,

wher e t he r esummed expr essi ons f or t he MS- scheme anomal ous di mensi ons yga and
coef f i ci ent f unct i ons Ci ar e gi ven i n Eqs . ( 3 . 14) , ( 3 . 30) , ( 5 . 11) , ( 5 . 22) .

The quar k anomal ous di mensi ons, i nst ead, do not coi nci de any l onger _( t o t hi s l og-
ar i t hmi c accur acy) wi t h t he cor r espondi ng anomal ous di mensi ons i n t he MS scheme .
Usi ng Eqs . ( 5 . 27) and ( 5 . 33) we obt ai n



512

	

S. Cat ani , F. Haut mann/ Nucl ear Physi cs B 427 ( 1994) 475- 524

The

Y( DI S)
( «s) =Ygg, N( «s) +

2N C2 N( as, 1 ) Ygg, n+( «s) +C~( as( asI N) k )

( 5 . 38)

On t he ot her hand, t he expr essi on on t he r . h . s . has been comput ed wi t h l ogar i t hmi c
accur acy as ( as/ N) k i n Sect i on 5. 2. I nser t i ng Eqs . ( 5 . 17) , ( 5 . 20) i nt o ( 5 . 38) , we
f i nd t he f ol l owi ng r esummed expr essi on f or t he quar k anomal ous di mensi on i n t he DI S
scheme :

( Di s)

	

as

	

2 + 3yN - 3yN 1- 3( j
- YN) r

3
( 1 + Yr i )

Yae. N ( as) = - TR

	

RN( as)
2, 7r

	

3 - 2yN

	

I ' ( 2 + 2yN) I ' ( 2 - 2YN)

+( ) ( a2( asI N) k) .

	

( 5 . 39)

col our char ge r el at i on ( 4 . 15) i s st i l l t r ue i n t he DI S scheme:

Yq9
Ns) ( as )

= CF
YygI N( as) -

as TR 2

	

+O( as ( asI N) k ~

	

( 5 . 40)
CA 1

	

2, i r

	

3

Some comment s ar e i n or der . The DI S- scheme r esul t ( 5 . 39) f or t he quar k anomal ous
di mensi ons has t o be cont r ast ed wi t h t he r esul t s di scussed i n Sect i on 4 f or t he MS
scheme . The al gebr ai c compl i cat i ons of t he MS scheme pr event ed us f r om obt ai ni ng
r esummed expr essi ons i n cl osed f or m f or Yqg and Cz separ at el y . We wer e abl e t o
expl i ci t l y r esum onl y t he combi nat i on i n Eq . ( 5 . 17) , whi ch t ur ns out t o be equi val ent t o
t he anomal ous di mensi ons i n t he DI S scheme . Thi s comput at i onal si mpl i f i cat i on has a
mor e physi cal or i gi n . The si ngl et sect or of t he deep i nel ast i c l ept on- hadr on scat t er i ng i s
char act er i zed by f our physi cal obser vabl es, whi ch can be st udi ed i n QCD per t ur bat i on
t heor y : t he st r uct ur e f unct i ons F2 , FL and t hei r f i r st der i vat i ves wi t h r espect t o QZ .
The MS scheme descr i bes t hese obser vabl es i n t er ms of ei ght di f f er ent quant i t i es : f our
coef f i ci ent f unct i ons CiA ( i = 2, L, A = g, S) and t he f our mat r i x el ement s of t he
si ngl et anomal ous di mensi ons . Obvi ousl y, onl y some l i near combi nat i ons of t hem have
t o be r egar ded as physi cal obser vabl es . The DI S scheme, r educi ng t o t wo t he non- t r i vi al
coef f i ci ent f unct i ons ( CZ = 1, C2 = 0) , l i mi t s t he number of ar bi t r ar y unphysi cal quan-
t i t i es necessar y t o descr i be t he scat t er i ng pr ocess . The ensui ng anomal ous di mensi ons

ar e mor e easi l y comput abl e t o al l or der s i n as because t hey ar e mor e di r ect l y r el at ed

t o obser vabl e scal i ng vi ol at i ons .
Usi ng t he expansi on ( 3 . 16) f or t he BFKL anomal ous di mensi on YN and t he expr es-

si on ( 3 . 17) f or RN( as ) , t he f i r st per t ur bat i ve t er ms of t he quar k anomal ous di mensi on
( 5 . 39) can be r eadi l y comput ed :
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( 5 . 41)

The coef f i ci ent s of t he f i r st t wo t er ms i n t he cur l y br acket agr ee wi t h t he one- and
t wo- l oop cal cul at i ons i n t he DI S scheme [ 27, 28, 30] . Mor eover , al l t he coef f i ci ent s i n
Eq . ( 5 . 41) ar e syst emat i cal l y l ar ger t han t he cor r espondi ng MS- scheme coef f i ci ent s
i n Eq . ( 4 . 14) . Thi s behavi our i s due t o t he addi t i onal cont r i but i on of t he coef f i ci ent
f unct i on CZ i n Eq . ( 5 . 38) , and i t i s l i kel y t o per si st i n hi gher or der s .

Not e al so t hat t he al l - or der expr essi on ( 5 . 39) i s anal yt i c f or 0 < yN < 1/ 2 . Thus,
i ndependenl y of t he val ue of as , t he l eadi ng t r aj ect or y i n N- moment space i s st i l l
gi ven by t he BFKL pomer on . As t he BFKL anomal ous di mensi on yN i ncr eases t o-
war ds i t s sat ur at i on val ue at yN = 1/ 2, t he quar k anomal ous di mensi on qui ckl y i n-
cr eases, appr oachi ng a si ngul ar i t y due t o t he pomer on nor mal i zat i on f act or RN( as)
( see Eq . ( 3 . 19) ) . Thi s i ncr ease of yggI S) l eads t o st r ong scal i ng vi ol at i ons, al t hough t he
si ngul ar i t y at yN = 1/ 2 i s cancel l ed i n physi cal obser vabl es by anal ogous cont r i but i ons
t o t he r esummed coef f i ci ent f unct i ons i n Eq . ( 5 . 37) .

I n t he pr esent paper we have shown how t he hi gh- ener gy f act or i zat i on t heor em [ 8]
can be ext ended beyond t he l eadi ng l ogar i t hmi c accur acy i n a manner whi ch i s consi st ent
wi t h t he al l - or der f act or i zat i on of col l i near si ngul ar i t i es . Much ef f or t has been devot ed t o
i nvest i gat i ng t he i ssue of t he dependence on t he f act or i zat i on scheme of par t on densi t i es
and coef f i ci ent f unct i ons . Thi s anal ysi s has l ed t o t he ( of f - shel l ) kl - f act or i zat i on i n
di mensi onal r egul ar i zat i on r epr esent ed schemat i cal l y by Eq . ( 2 . 29) ( see al so Eqs . ( 4 . 2)
and ( 5 . 7) ) . Eq . ( 2 . 29) has t hen been used t o st udy t he hi gh- ener gy ( or smal l - x)
behavi our of deep i nel ast i c scat t er i ng pr ocesses .

A f i r st gener al consequence of Eq . ( 2 . 29) i s t hat f l avour non- si ngl et obser vabl es ar e
r egul ar at smal l x or der by or der i n per t ur bat i on t heor y .

As r egar ds t he si ngl et sect or , k1- f act or i zat i on al l ows one t o sumcl asses of l ogar i t hmi c
cor r ect i ons t o al l or der s i n as . To t hi s end, one has t o eval uat e 2GI ker nel s ( see
Eq . ( 2 . 29) ) i n f i xed- or der per t ur bat i on t heor y and use t he mast er equat i ons ( 3 . 2) ,
( 3 . 20) f or t he gl uon Gr een f unct i ons .

Eqs . ( 3 . 2) and ( 3 . 20) ar e t he gener al i zat i on of t he BFKL equat i on [ 12] t o t he case
of n = 4 + 2- - space- t i me di mensi ons . Thei r sol ut i on i s di scussed i n Sect i on 3 . I n
par t i cul ar , t he cal cul at i on of t he gl uon anomal ous di mensi ons ygg, N( as) , yge, N( aS)
( see Eqs . ( 3 . 13) , ( 3 . 14) , ( 3 . 30) ) has been car r i ed out t o t he l eadi ng l ogar i t hmi c
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accur acy ( as/ N) k i n t he cont ext of di mensi onal r egul ar i zat i on and t he BFKL r esul t s
on t he pomer on t r aj ect or y have been r e- der i ved . Besi des t hi s, we have been abl e t o
comput e ( t o t he same accur acy) t he nor mal i zat i on f act or RN( as) ( see Eq . ( 3 . 17) ) of
t he per t ur bat i ve QCD pomer on i n t he MS f act or i zat i on scheme.

The quar k sect or ent er s t he QCD evol ut i on equat i ons t o next - t o- l eadi ng l ogar i t hmi c
or der as ( as I n x) k . Usi ng hi gh- ener gy f act or i zat i on, i n Sect i on 4 we have eval uat ed
t he cor r espondi ng quar k Gr een f unct i ons . We have shown t hat t he r esul t i n Eq. ( 4 . 10)
or i gi nat es f r om an i nt egr al equat i on whose ker nel i s r el at ed t o a gener al i zed ( of f -
shel l ) Al t ar el l i - Par i si spl i t t i ng f unct i on ( see Eq . ( 4 . 9) ) . We have al so di scussed how
Eq . ( 4 . 10) can be used f or eval uat i ng t he smal l - N l i mi t of t he quar k anomal ous di men-
si ons yqg, N( as) and

yqq,
N( as) . The r esul t of our expl i ci t cal cul at i on up t o si x- l oop

or der i s gi ven i n Eq . ( 4 . 14) .
As an exampl e of appl i cat i on of hi gh- ener gy f act or i zat i on t o a speci f i c har d pr ocess,

i n Sect i on 5 we have consi der ed deep i nel ast i c l ept on- hadr on scat t er i ng ( f or t he case of
heavy- f l avour pr oduct i on see Ref s . [ 8] - [ 10] and Sect i on 2 . 4) . Resummed expr essi ons
t o next - t o- l eadi ng accur acy as ( asI N) k f or t he DI S coef f i ci ent f unct i ons Cz and CL
ar e pr esent ed i n Eqs . ( 5 . 11) , ( 5 . 17) , ( 5 . 21) , ( 5 . 22) , ( 5 . 23) . These r esul t s ar e gi ven
i n t he MS f act or i zat i on scheme. I n Sect i on 5 . 3, we have al so i nt r oduced an al l - or der
gener al i zat i on of t he DI S f act or i zat i on scheme f i r st pr oposed i n Ref . [ 411 . Wi t hi n t hi s
scheme, wher e most of t he DI S coef f i ci ent f unct i ons ar e t r i vi al ( see Eqs . ( 5 . 32) and
( 5 . 37) ) , we have obt ai ned t he next - t o- l eadi ng r esummed expr essi ons ( 5 . 39) , ( 5 . 40) f or
t he quar k anomal ous di mensi ons .

Quant i f yi ng pr eci sel y t he phenomenol ogi cal consequences of t he r esul t s pr esent ed
her e i s a mat t er of det ai l ed numer i cal i nvest i gat i ons . However , t he si ze of t he next -
t o- l eadi ng- or der coef f i ci ent s i n t he per t ur bat i ve expansi ons ( 4 . 14) , ( 5 . 24) , ( 5 . 25) and
( 5 . 41) suggest s t hat t hese cont r i but i ons may have phenomenol ogi cal r el evance i n ac-
cur at e anal yses of scal i ng vi ol at i ons, al r eady at t he val ues of x ( x _ 10 - 3 = 10- 4)
accessi bl e at pr esent hadr on col l i der s . I n par t i cul ar , si nce t he f i r st l eadi ng- or der co-
ef f i ci ent s of t he gl uon anomal ous di mensi ons ar e vani shi ng ( see Eqs . ( 3 . 16) ) , t he
next - t o- l eadi ng cor r ect i ons i n t he quar k sect or comput ed i n t hi s paper may be qui t e
i mpor t ant f or t he st udy of t he pr ot on st r uct ur e f unct i ons bei ng measur ed at HERA. A
f ul l y consi st ent anal ysi s t o next - t o- l eadi ng l ogar i t hmi c or der obvi ousl y r equi r es al so t he
comput at i on of t he st i l l unknown ( t o t hi s accur acy) gl uon anomal ous di mensi ons . We
hope t o r epor t pr ogr ess on t hi s subj ect i n t he near f ut ur e .
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Appendi x A

The r escal ed par t on densi t i es f a ( x, M2 )
=xf a( x, , U2 ) i nt r oduced i n Eq. ( 2 . 6) f ul f i l

t he evol ut i on equat i ons

d f a( x, l i 2)
=~~dz Pab( aS( l - t 2 ) , z) 1b( xl z, l ~i 2 ) ,

	

( A. 1)
d l n p,

	

L2
b 0

wher e Pab ( as, z) ar e t he gener al i zed Al t ar el l i - Par i si spl i t t i ng f unct i ons i n Eq . ( 2 . 3) .
Accor di ng t o our nor mal i zat i on, t he spl i t t i ng f unct i ons have t he f ol l owi ng one- l oop
expr essi ons
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The l eadi ng- or der spl i t t i ng f unct i ons P, , ( ° ) ( z) ( whi ch have been known f or a l ong
t i me [ 26] ) ar e f act or i zat i on t heor em i nvar i ant s, i . e . t hey do not depend on t he expl i ci t
pr ocedur e t o f act or i ze col l i near si ngul ar i t i es . The physi cal r eason f or t hi s i s t hat t hey ar e
di r ect l y r el at ed t o obser vabl e scal i ng vi ol at i ons i n deep i nel ast i c scat t er i ng pr ocesses .
On t he cont r ar y, spl i t t i ng f unct i ons and anomal ous di mensi ons beyond one- l oop or der
do depend on t he r egul ar i zat i on and f act or i zat i on schemes of col l i near si ngul ar i t i es .
Nonet hel ess, due t o char ge conj ugat i on i nvar i ance and SU( Nf ) f l avour symmet r y of
QCD, t hey sat i sf y t he f ol l owi ng scheme- i ndependent pr oper t i es

y9i g - y4i g - y4g ,	 Ygqi - yggi - yg9

y4i gi = y4i 4i - Y99
S16 i j + y49 '

	

Ygi 4J = Y4i q, - ' 44 Sl i + y44 -

	

( A. 5)

The symmet r y pr oper t i es ( A. 5) i mpl y t hat t he anomal ous di mensi ons mat r i x yab has
onl y seven i ndependent component s . Cor r espondi ngl y, t hr ee f l avour non- si ngl et ( I ( v) ,

. f â- ~, . Î é±~) and t wo f l avour si ngl et f s, f g ) par t on densi t i es can be i nt r oduced so t hat
t he evol ut i on equat i ons ( A. 1) ) ( or ( 2 . 9) ) ar e compl et el y di agonal i zed ( i n t he par t oni c

-
gâc) ( z) =2CA

r
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1 l 1 z
1- zl - 1+

+ z
+z( 1- z) ]
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3TRNf

l
S( 1- z) ,
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1
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+ ( 1 z) 2
,

z

P4g) ( z) =Pgg ) ( z) = TR [ z2+( 1- z) 2] , ( A. 2)

P( 0) ( Z ) = P44~
(
z) =CF 1- z(

1+z2 1
8i . , Pgi 4, ( z) =Pg41( z) = 0 , ( A. 3)

i n t er ms of t he SU( N, ) col our f act or s ( Nc = 3 i s t he number of col our s)

2
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N2

Tr t a
N

, ( t b ) Sab TR Sab
c 2

( A. 4)
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space) f or t he non- si ngl et sect or . One expl i ci t l y f i nds ( we dr op t he over al l dependence

Appendi x B

wher e t he quar k si ngl et densi t y i s def i ned by . Î S =
I

: Ni ( f q; + f q; ) .

Fr omEq . ( A. 2) we see t hat al l t he t hr ee non- si ngl et anomal ous di mensi ons ar e de-
gener at e i n one- l oop or der . The anomal ous di mensi ons i n t wo- l oop or der wer e comput ed

i n Ref s . [ 25, 27, 28) . I n t hi s or der t he degener acy ment i oned above i s par t i al l y r emoved
because

y4gs
¢0 . However we st i l l have y( v ) ( as) = y( - ) ( as) +O( as) si nce

Yqq
and

yqq
coi nci de i n O( as) . The equal i t y bet ween yqq and yqq i s expect ed t o be vi ol at ed

st ar t i ng f r om O( as) .

The hi gh- ener gy power count i ng i n Sect i on 2. 3 i mpl i es t hat t he non- si ngl et anoma-

l ous di mensi ons i n Eq . ( A. 8 ) ( and hence yqq, N, Yqq, N, Yqq , N - Yqq, N) ar e r egul ar f or
N- > 0 or der by or der i n as . I n ot her wor ds, t he cor r espondi ng n- l oop spl i t t i ng f unct i ons
p( n- 1 ) i n Eq . ( 2 . 3) ar e l ess si ngul ar t han 1/ x f or x - - ~ 0. Al l t he hi gh- ener gy cont r i -
but i ons as/ Nk

( n >_ k >_ 1) ar e t hus associ at ed wi t h t he gl uon anomal ous di mensi ons

Ygg, N, Ygq, N and wi t h t he quar k anomal ous di mensi ons Ygg, N, YQq, N - Ygq, N.

I n or der t o obt ai n t he sol ut i on of t he mast er equat i on ( 3 . 2) f or t he k1- di st r i but i on
. F( ° ) , i t i s conveni ent t o i nt r oduce t he di mensi onl ess di st r i but i on Y' , as f ol l ows

. FN) ( k ; as, N- , s) =
S( 2+2e) ( k)

+

17( 1 + 8)

( gr k ) +e
j ~N( as( k2 / A2 ) E , s) .	 ( B . 1)

Not e t hat Pdoes not depend on s, as and k i ndependent l y . I n f act , r ewr i t i ng Eq . ( 3 . 2)

i n t er ms of

	

4 , we see t hat i t onl y depends on s and t he combi nat i on as ( k2 / U2 ) `

on N, a and as )

dI nI ( v) d I n ) d I n-

- Y

M f 4 .
=Y( _)

1, , ( , +)
, ( A. 6)

d1nA2 dI nN, 2 d I n , a,

wher e

' ( f q;
)

- f 4, ) -,
f q ± - . Î q: ±f 4, NY, ( f gj + f q, ) , ( A. 7)

j - i f j _I

and t he non- si ngl et anomal ous di mensi ons ar e gi ven by

y ( v) = y NS _
99

yNS
q4

+N
. f

( yS
49

ys_)
94 ,

y ( t ) =YNS
qq

yNS
94

( A. 8)

The evol ut i on equat i ons ar e i nst ead st i l l coupl ed i n t he si ngl et sect or :

-d 1n, cc2
[ Ygqs + ygqs + Nf ( Ygq +Ygq) l . f s + 2Nf y qg f g ,

d f g

dI n/ A2 =Ygg f S+Y99 f g , ( A. 9)
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( k2) , :

Then, we per f or m t he shi f t q - - - > q' = q - k of t he i nt egr at i on var i abl e i n Eq . ( B. 2) ,
and i nt r oduce t he r at i o T = I q' I / I kI and t he angl e B bet ween q' and k . The i nt egr al
equat i on ( B . 2) now r eads

i e_

	

ea~( 1) k2 e
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	 ( B . 3)
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The angul ar i nt egr at i on i n Eq . ( B . 3) can be per f or med i n t er ms of associ at ed Legendr e
f unct i ons . However we di d not f i nd t he ensui ng r epr esent at i on of any conveni ence.

The per t ur bat i ve sol ut i on of Eq . ( B. 3) has t he f ol l owi ng expr essi on

00

	

2
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t
2 ) e , E) _~ [ N Se

r ( l +E) Cg2) e~k
ck( E) .

	

( B . 4)

I nser t i ng equat i on ( B. 4) i nt o Eq . ( B . 3) , we obt ai n t he r ecur r ence r el at i on ( 3 . 4) f or t he
per t ur bat i ve coef f i ci ent s Ck( E) . The r ecur r ence f act or I k( E) i s gi ven by

I k( E) = 1( y = ks ; E) ,

	

( B . 5)

wher e I ( y ; E) i s t he f ol l owi ng i nt egr al
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Usi ng Eqs . ( B. 5) and ( B . 6) we obt ai n Eq . ( 3 . 5) .
The i nt egr al I ( y ; s) i n Eq . ( B . 6) r epr esent s t he act i on of t he ker nel of t he mast er

equat i on ( B . 2) ( or , equi val ent l y, ( 3 . 2) ) on a t est f unct i on F( k) behavi ng l i ke ( k2)
Y.

Ther ef or e t he f act t hat I ( y ; s) i s f i ni t e f or s - * 0 and y f i xed i s a consequence of t he

col l i near r egul ar i t y of t he ker nel of t he BFKL equat i on i n f our di mensi ons . Not e al so

t hat t hi s r egul ar i t y i s achi eved t hr ough t he cancel l at i on of col l i near si ngul ar i t i es whi ch

ar e pr esent separ at el y i n t he r eal and vi r t ual cont r i but i ons, i . e . i n t he f i r st and second

t er ms i n t he squar e br acket of Eq . ( B. 2) or ( B. 6) .

As di scussed i n Sect i on 3, t he l ack of scal e i nvar i ance i n t he mast er equat i on ( B. 2)

does not al l ow us t o f i nd a gener al sol ut i on f or . -5 f or any val ue of s . Thi s means t hat

we ar e not abl e t o r esumt he f or mal power ser i es expansi on i n Eq . ( B. 4) . Never t hel ess,

we can obt ai n an expl i ci t al l - or der sol ut i on i n t he r el evant l i mi t of smal l s val ues .

Thi s l i mi t i s suf f i ci ent t o comput e t he t r ansi t i on f unct i on r gg ( i . e . t he gl uon anomal ous

di mensi ons) and t he associ at ed nor mal i zat i on f act or RN i n Eqs . ( 3 . 8) , ( 3 . 9) .

To do t hi s, l et us per f or m t he der i vat i ve of Eq . ( B. 3) wi t h r espect t o I n as and t hen

di vi de bot h si des by

	

P. We t hus obt ai n
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d

	

10* N( as, s) ] .
a I n as

Unl i ke Eq . ( B. 3) , Eq . ( B. 7) i s homogenous wi t h r espect t o . P. Ther ef or e we can easi l y

f act or i ze t he si ngul ar t r ansi t i on f unct i on Fgg, N ( as, s) .

Mor e pr eci sel y, l et us not i ce t hat t he di st r i but i on Y' i nt r oduced i n Eq . ( B. 1) i s r el at ed

t o t he i nt egr at ed gl uon Gr een f unct i on ( 3 . 6) as f ol l ows

. PN( a S ( Q2/
, 4

2) E, E) = Q2dQ2Ggg) N( «s( Q2/ ~2) e, s)

Usi ng t he f act or i zat i on f or mul a ( 3 . 8) ,

we t hus have

=s

	

0

	

G( O) N( aS( Q2/ l 12) E, s) .
d I n as

( B. 7)

( B. 8)

Ggg) N ( aS, E) - Ggg, N( aS, s) Fgg, N( as, s )

C, Se
1 da

=Ggg, N( «s, s) exp

	

1
s

	

a YN( «)

	

( B. 9)

0
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- FN( as, s) _ [ YN( aSSe) +s

	

a
- I nGgg, N( as, - , ) ] Ggg, N( as, s) r gg, N( as, s)d I n as

Si nce t he anomal ous di mensi ons YN( as SE)

	

and t he r enor mal i zed Gr een f unct i on
Ggg, N( as, s) ar e r egul ar f or s - 0, i t f ol l ows f r om Eq . ( B. 10) t hat t he r el evant
f unct i ons i nvol ved i n Eq . ( B. 7) and Eq . ( B . 7) i t sel f can be expanded i n s

	

ar ound
s = 0. A st r ai ght f or war d cal cul at i on gi ves

2 e

	

~ dI n

al n

YN(

a

( as) dI nRN( as)

) ]Ea I n-asl n as
I n . ~N( asT

	

, s) = yN( asSe) +s

	

+

	

al nas

	

s

[ 1 +2e l nT d
I n YN( as)

+C~( s 2) ]

	

,

al nas
J2' N( aST2e

s)

	

/ dI nYN( as)

	

19I nRN( as) )
= 1 +2s I nT l

	

(

	

)
- eN( as, s)

	

a I n as

	

+

	

d I n as

	

B. 11

+ 2el n27 dYN( as) +
0( s2)

	

exp 12YN( as Se) I n 7- }
ôl nas

,]

wher e RN( as) = Ggg , N( as, s = 0) . Cor r espondi ngl y, Eq . ( B. 7) r eads as f ol l ows ( we
dr op t he over al l expl i ci t dependence on as )

YN +

	

( aI nyN	 al nRN

	

r

	

al nyN

	

dI nRN
s

\ al nas + al nas)
+

0( 62) =s+ LYN+s
Cal nas + al nas) ]

wher e we have i nt r oduced t he ( second- or der ) di f f er ent i al oper at or f

a l n yNaI n RN

	

a

	

1_

	

aYN

	

_a
~( YN; s) =1+s ~ ( 2

al nas + dI nas) dYN + 2 . 9 I nas COYN

) 21
+0( 82)

act i ng on t he i nt egr al I ( YN; s) i n Eq . ( B . 6) . Equat i ng t he 0( s° ) and 0( s) t er ms i n
Eq . ( B. 12) we t hus f i nd an i mpl i ci t equat i on f or YN( as) and a di f f er ent i al equat i on
f or RN( as ) .

To or der so , we obt ai n

1 = NX( YN( as) ) ,

	

( B. 14)

i . e . t he r esul t ( 3 . 14) f or t he BFKL anomal ous di mensi on, X( y) bei ng t he char act er i st i c
f unct i on i n Eq . ( 3 . 15) . To or der s, we have

\
2 ( 9

1nYN + dI nRN)
X1 ( YN) + 1

	

aYN

	

X' ( YN)a I n as

	

a I n as

	

2 a I n as

1V
n( YN; s) I ( YN; s) ,	 ( B . 12)

+- L2~
,

( 1)

	

( YN) - i G~( 1- YN) +X2( YN) ] _-

	

,
2

	

5SYN

( B. 10)

( B. 13)

( B . 15)
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wher e X' ( y) , X" ( y) ar e t he f i r st and second der i vat i ves of X( y) wi t h r espect t o y . I n
or der t o sol ve Eq . ( B . 15) , i t i s conveni ent t o consi der YN as t he i ndependent var i abl e

a l n RN __ a I nYN a I n RN

a l n as

	

a 1n as

	

a l n YN '

and use Eq . ( B . 14) :

( B. 16)

N

	

a I n yN - _

	

X( YN)
=

	

( B. 17)
«s

	

X( YN) >

	

a I n a s

	

YN XI ( YN)

I nser t i ng Eqs . ( B. 16) , ( B. 17) i nt o Eq . ( B. 15) we get t he di f f er ent i al equat i on

al nRN _ 1

	

2

	

X" ( YN)
dI nyN

_
2 YN [ YN

	

X' ( YN)
+X( YN)

+ 2gi ' ( 1) - q~( YN) - #P' ( 1 - YN) 1

	

( B. 18)
X( YN)

whose sol ut i on i s gi ven by Eq . ( 3 . 17) .

Appendi x C

The eval uat i on of t he quar k anomal ous di mensi ons st ar t i ng f r om t he kl - f act or i zat i on
f or mul a ( 4 . 4) r equi r es t he expl i ci t comput at i on of t he of f - shel l ker nel Î Cgg . I nser t i ng
Eq . ( 4 . 2) i nt o Eq . ( 4. 3) and compar i ng t he l at t er wi t h Eq . ( 4 . 4) we f i nd

1

Kgg, N( k2 / Q2 , as( Q2 1t t 2 ) s ; S) _ f dz
ZN- 1

Kgg ( z, k2 1Q2 , as( Q2 1t t 2 ) e ; E) ,

0

wher e kgg ( z) i s obt ai ned f r om k( O) ( q, k) ( see Fi g . 7b) , af t er i nt egr at i on over q, as

f ol l ows

Kgg
( Z' Q2, aS

( Q2

»

2 ) e

; E/

) 4+2s

	

- I q

	

- )
	 k l( ,O, ) ' , 6 ( q, k)

	

L 22 ß

	

k( t

I n Eq . ( C. 2) t he f ol l owi ng Sudakov par amet r i zat i on f or t he moment a k and q i s
under st ood :

2 2

k~` = ypr L +ki , q~=xp~` +~+
q

+
q

PAL , z=
x

.

	

( C. 3)
2xp- P y

( C. 2)

I t i s al so conveni ent t o i nt r oduce t he boost - i nvar i ant ( al ong t he k- di r ect i on) t r ansver se

moment um q

4=q - zk . ( C. 4)
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Per f or mi ng t he Di r ac and col our al gebr a we get

C2P ' 9) a

	

' ai
~ R ( 9, k)

k
k21

-
gs

( e2) - E

1V2

b

I Tr ~t at b~

ß

2 , 7r S+( ( k- 9) 2)
2 P' 9 ( 92) 2 i f Tr [ 0" 1( 4- k) kl ]

=16or 2as ( t , 2)
- ETR

1
z

2z
O( l - z) ( 92) 2892+I g2z+zk2)

. 1 Z04- z)

	

k2
( k .

9)
2
+4( 1- 2z) k q+4z( I - z) k

2

J
,

	

( C. 5)

and, i nser t i ng Eq . ( C. 5) i nt o Eq . ( C. 2) , t he azi mut hal aver age over q and t he i nt egr at i on
over q2 can easi l y be per f or med, t hus l eadi ng t o

K9g ( z, Q2, as
(

Q2~s ; s)

Eq . ( C. 6) i s pr eci sel y t he r esul t i n Eq . ( 4 . 8) , expr essed i n t er ms of t he of f - shel l spl i t t i ng
f unct i on ( 4 . 9) .

The
q2

- i nt egr at i on i n Eq . ( C. 6) i s not el ement ar y and pr ovi des a r epr esent at i on of t he
of f - shel l ker nel Kqg i n t er ms of hyper geomet r i c f unct i ons . However , i n or der t o obt ai n
t he power ser i es expansi on ( 4 . 10) f or t he Gr een f unct i on G9g) , i t i s mor e conveni ent
t o car r y out f i r st t he k- i nt egr at i on i n Eq . ( 4 . 4) . I nser t i ng t he expansi on ( 3 . 3) i nt o
Eq . ( 4 . 4) , we get

Ggg) N( aS( Q2
1

f ?) E>E) _

as ge+G( 1)

	

2 e

2i r sEI ' ( 1+e) TRZO( 1- z)

f dg2
( A2)

0

O ( Q2
-

	

9
2

	

- A2)

	

4
2

I - z

	

[ q2+z( 1- z) k2]
2

I

	

2z1+Ez)
+4z2( I - z) 2k2J

	

( C. 6)
q

as

	

eE~L( 1)

	

Q
2 E

h
27r TRS

E r ( I +E)

	

Ct , 2)

	

9g, N( y =0; - 6)

11+LasSEeE

" ( 1) ( Q2) 8] k

E N ' ( I +6) f 12k- - 1

1 Ck( E)
hgg, N( Y = k s ; s)

	

'

k E

	

heg, N( Y =0, k

( C. 7)

wher e t he f unct i on hqg, N( y ; E) i s def i ned by t he f ol l owi ng k1- t r ansf or m of t he of f - shel l
ker nel keg
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as
TRSe

	

Ce+h( 1)

	

(
QZ

)

e

00

- Y 1 kk2 ( Qi
)

y
Kgg, N

(

Q
i

k
~aS

( q~) e

Z
0

The eval uat i on of hgg i s st r ai ght f or war d . We i nser t Eq . ( C. 6) i nt o Eq. ( C. 8) and

per f or m f i r st t he t r i vi al i nt egr at i on over k2 wi t h 42/ ( z ( 1 - z) k2 ) = T f i xed . Then,

t he i nt egr at i ons over T and z decoupl e and can be car r i ed out i n t er ms of Eul er gamma

f unct i ons . Not e al so t hat t he N- - > 0 l i mi t of hgg , N i s r egul ar ( i . e . , Kgg ( z) - z, modul o
I n z - t er ms, f or z - 0 and any val ue of k2 / Q2) . Ther ef or e, t o t he l ogar i t hmi c accur acy

we ar e i nt er est ed i n, we can l i mi t our sel ves t o comput i ng hgg , N- - O . The f i nal r esul t i s :

As di scussed i n Sect i on 4, we have not been abl e t o use t he power ser i es expansi on
( 4 . 10) f or expl i ci t l y r esummi ng al l t he next - t o- l eadi ng l ogar i t hmi c cor r ect i ons i n t he

quar k anomal ous di mensi ons Ygg, N. I n gener al , t o t hi s accur acy we can wr i t e

as

	

_2

	

1

	

~

	

(

as

) k J

	

,Y9g, N( as) = 21T TR 3

	

1 + 1 ak

	

N
k- I

( C. 8)

and t he val ues of t he coef f i ci ent s ak f or k < 5 ar e gi ven i n Eq. ( 4 . 14) . The cal cul at i on

of t he hi gher - or der coef f i ci ent s i s much mor e cumber some. Her e, we pr esent onl y t he

r esul t f or t he r at i onal par t of ak . I n ot her wor ds, l et us spl i t ak as f ol l ows

ak = r k + bk ,

	

( C. 12)

wher e bk i s an i r r at i onal number gi ven i n t er ms of power s of Ri emann zet a f unct i ons

~( n) ( n >_ 3) and r k i s_t he r esi dual r at i onal cont r i but i on t o ak . We f i nd t he f ol l owi ng

expr essi on f or r k i n t he MS scheme :

r k =

2k_2

	

1 k
[ 3 +

k!

	

3

or , equi val ent l y,

( C. 13)

1

00

+1: r k
( as) k

=
3

[ exp ( 2
as)

+ 1 exp ( ? « ) J '
	 ( C . 14)

ki
N

	

4

	

N

	

3

	

3
N- -

One can easi l y check t hat Eq . ( C. 13) r epr oduces t he val ues of r k i n Eq . ( 4 . 14) , i . e .

r l = 5/ 3, r 2 = 14/ 9, r 3 = 82/ 81, r 4 = 122/ 243, r s = 146/ 729 . The der i vat i on of t he

r esul t ( C. 13) i s l ef t as an exer ci se f or t he r eader .

h98, N=O( Y; 8) =
4+s- 3yI ' ( l +y) I ' ( 1- y) l ' ( 1+c) F( 2+e)

( C. 9)y+s I ' ( 1+a+y) I 7( 4+e- y)

Usi ng Eq . ( C. 9) , we r ecover Eqs . ( 4 . 10) and ( 4 . 11) by t he i dent i f i cat i on

dk( E) h98, N=0( Y = kS; E)__ ( C. 10)
Ck( E) hqg, N- - - O ( Y 0, 8)
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