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Mode-locking refers to the generation of ultrashort optical pulses in laser systems. A comprehensive study of achieving high-energy
pulses in a ring cavity fiber laser that is passively mode-locked by a series of waveplates and a polarizer is presented in this paper.
Specifically, it is shown that the multipulsing instability can be circumvented in favor of bifurcating to higher-energy single pulses
by appropriately adjusting the group velocity dispersion in the fiber and the waveplate/polarizer settings in the saturable absorber.
The findings may be used as practical guidelines for designing high-power lasers since the theoretical model relates directly to the
experimental settings.

1. Introduction

The invention of the laser by Maiman in 1960 is a historical
landmark of advanced scientific innovation. Lasers serve
as lightwave sources for pulsed electromagnetic energy and
have a large variety of applications, ranging from small-scale
problems such as ocular surgeries and biological imaging to
large-scale problems such as optical communication systems
and nuclear fusion. In the context of telecommunications
and broadband sources, the laser is required to robustly pro-
duce optical pulses on the scale of picoseconds or even femto-
seconds. The generation of such short pulses is often referred
to as mode-locking. Depending on the design of the laser
cavity, mode-locking can be classified as either active or pas-
sive. The active mode-locking mechanism uses an external
signal to induce a modulation on the propagating electro-
magnetic field inside the laser cavity, whereas the passive
mode-locking mechanism relies on placing some discrete
element(s) into the laser cavity which causes self-amplitude
modulation of the field. This paper discusses some of the
latest theoretical developments in high-power passive mode-
locked lasers.

A common feature to all mode-locked lasers is the inten-
sity discrimination that is achieved by the mode-locking

mechanism [1–3]. Such intensity discrimination, also known
as saturable absorption, is the underlying mechanism res-
ponsible for passive mode-locking [4]. Figure 1 shows a typ-
ical passively mode-locked fiber laser that utilizes a ring con-
figuration [1, 5, 6]. The laser cavity consists a piece of single-
mode fiber (SMF), an output coupler that extracts the signal
out of the cavity after each round trip, and a bandwidth-limi-
ted energy pump that compensates the energy lost during
propagation. The saturable absorber considered here consists
of a linear polarizer and a series of waveplates. When com-
bined with the laser cavity polarization rotation, bandwidth-
limited saturating gain, chromatic dispersion, and self-phase
modulation, a uniform train of stable mode-locked pulses
may be formed from white noise after a certain number of
round trips. Saturable absorption can also be achieved by
a variety of other physical mechanisms including nonlinear
polarization rotation [7–10], nonlinear interferometry [11–
14], graphene-based lattices [15, 16], and nonlinear mode-
coupling [17–20], but the primary focus in this paper is the
saturable absorption achieved by the polarizer and wave-
plates.

Since its first proposed use in the early 90s, the fiber ring
cavity laser mode-locked by a passive polarizer and a series of
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Figure 1: Experimental configuration of a ring laser cavity that in-
cludes quarter-waveplates (QWP), passive polarizer, half-waveplate
(HWP), ytterbium-doped amplification, and output coupler. The
Yb-doped section of the fiber is fused with standard single-mode
fiber and treated in a distributed fashion. The angles α1, α2, α3, and
αp of the discrete mode-locking elements can all be measured with
reasonable accuracy. The dotted lines denote free space (from [6]).

quarter- and half-waveplates (see Figure 1) has become one
of the most reliable and compact sources for robust ultra-
short optical pulses [1, 3, 7–9]. Such fiber lasers offer major
practical advantages over solid-state configurations. For exa-
mple, they are relatively cheap and compact and do not
require careful alignment of the optical cavity since the light
is contained in a waveguide. The possibility of using fibers
in short-pulse laser devices has motivated research for nearly
two decades. However, limitations in the energy output have
limited their impact in comparison to their solid-state coun-
terparts. Indeed, fiber lasers have lagged well behind solid-
state lasers in the key performance parameters—pulse energy
and duration. Recently, new insights into pulse-propaga-
tion physics [21–23] have provided glimpses of order-of-
magnitude increases in the pulse energy and peak power
in femtosecond fiber lasers. However, the design and opti-
mization of high-performance fiber devices is impeded by
the so-called multipulsing instability (MPI), which ultimately
imposes a fundamental limitation on a single mode-locked
pulse energy [5, 24].

To compete directly with solid-state technologies, it is cri-
tical to understand the limiting effects of the MPI. A number
of theoretical and computational models have been intro-
duced over the past two decades in an attempt to quantify
the mode-locking dynamics in a laser cavity with a passive
polarizer. The master mode-locking equation first proposed
by Haus [1] is the most well-known and recognized model to
date. This model, later augmented by a quintic nonlinearity
to account for the experimentally observed robust nature of
the mode-locked pulses [3, 6, 25], is also known as the cubic-
quintic Ginzburg-Landau equation (CQGLE). In this model,
the discrete laser dynamics are averaged out and replaced
by a truncated Taylor expansion addressing the Kerr non-
linearity and saturable absorption. Although the CQGLE
gives good qualitative descriptions of the averaged mode-
locking dynamics that are consistent with experiments [5, 6]
and allows for extensive theoretical and numerical analysis
[26–28], it is shown that the model fails to capture the poten-

tial high-energy pulses that are practically important to the
community [29].

This paper gives an overview of the theoretical models
that are used to describe the pulse propagation in the laser
cavity [1, 3]. The primary focus is to exploit the system
parameters with the aim of circumventing the MPI in
favor of bifurcating to high-energy single-pulse solutions
of the mode-locking models. The analysis and numerical
simulations presented here provide mathematical insights
into the underlying mode-locking dynamics and, more
importantly, guidelines for experimentalists to optimize the
performance in the mode-locked laser.

2. Governing Equations

As with all other electromagnetic phenomena, the propaga-
tion of the electric field in the laser cavity shown in Figure 1
is governed by Maxwell’s equations. A multiscale asymptotic
expansion of the solution to Maxwell’s equation can be
performed to separate the slowly varying envelope from the
transverse dependence of the electric field [30, 31]. To descri-
be the propagation of the electric field envelope, the dom-
inant physical effects must be accounted for. These include
chromatic dispersion, fiber birefringence, Kerr nonlinearity,
cavity attenuation, bandwidth-limited saturable gain, and
the discrete effects of the waveplates and polarizer. Under cer-
tain choice of the angles α1, α2, α3, and αp, the waveplates and
the polarizer provide an effective intensity discrimination
(saturable absorption) to shape the electric field circulating
in the cavity [6, 25].

2.1. Full Governing Equations. The full governing equations
for modeling the pulse evolution in the laser shown in
Figure 1 can be divided into two parts: (i) the intra-cavity
dynamics induced by the interactions of chromatic disper-
sion, Kerr nonlinearity gain saturation, and so forth and (ii)
the discrete application of the waveplates and polarizer after
each cavity round trip. It has been shown that the intracavity
evolution is described by a pair of dimensionless coupled
nonlinear Schrödinger equations (CNLS) [30–33]:

i
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∂z
+
D

2

∂2u
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− Ku +

(
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)

u + Bv2u∗ = iRu,
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+
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)

v + Bu2v∗ = iRv .

(1)

In the above system, u(z, t) and v(z, t) represent the two orth-
ogonally polarized electric field envelopes in an optical fiber
with birefringence K and are usually referred to as the fast
and slow components of the electric field, respectively. The
z coordinate denotes the propagating distance normalized
by the length of the cavity, and t denotes the retarded time
normalized by the full width at half-maximum of the pulse.
D is the averaged group velocity dispersion of the cavity and
is positive for anomalous dispersion and negative for normal
dispersion. The material properties of the optical fiber
determine the values of the nonlinear coupling parameters A
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(cross-phase modulations) and B (four-wave mixing). These
parameters satisfy A + B = 1 by axisymmetry and, for the
silica fiber considered, take on the specific values A = 2/3 and
B = 1/3 [32, 33]. The dissipative terms Ru and Rv, account-
ing for the saturable, bandwidth-limited gain (from the Yb-
doped amplification) and attenuation, take the form

Rσ = G(z)
(

1 + τ∂2
t

)

σ − Γσ , (2)

with

G(z) =
2g0

1 + (1/e0)
∫∞

−∞

(

|u|2 + |v|2
)

dt
. (3)

Here, g0 and e0 are the nondimensional pumping strength
and the saturating energy of the gain medium, respectively.
The parameter τ characterizes the bandwidth of the pump,
and Γ measures the distributed losses caused by the output
coupling and the fiber attenuation.

The discrete effect of the waveplates and passive polarizer
after each cavity round trip can be modeled by the corre-
sponding Jones matrices [5, 6]. The standard Jones matrices
for the quarter-waveplate, half-waveplate, and polarizer are
given, respectively, by

Wλ/4 =

⎛

⎝

e−iπ/4 0

0 eiπ/4

⎞

⎠,

Wλ/2 =

⎛

⎝
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⎞
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⎛

⎝

1 0

0 0

⎞

⎠.

(4)

These matrices are valid only when the principal axes of the
devices are aligned with the fast field of the cavity. For arbi-
trary orientation α j ( j = 1, 2, 3, p) shown in Figure 1, the
matrices are modified according to

J j = R
(

α j

)

WR
(

−α j

)

, (5)

where W is the Jones matrix of the device given in (4) and R
is the rotation matrix

R
(

α j

)

=

⎛

⎝
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sinα j cosα j

⎞

⎠. (6)

The field (u, v)+ immediately after any mode-locking ele-
ment J j can be related back to the field (u, v)− immediately
before the element by

⎛
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⎞
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−

. (7)

To help make clear the modeling of the laser cavity
dynamics subject to (1)–(6), consider a single round trip
passage through the cavity. The propagation of the field starts
immediately after the polarizer with orientation αp for which
the pulse is linearly polarized. The quarter-waveplate (with
angle α1) to the left of the polarizer converts the polariza-
tion state from linear to elliptical, thus creating a polarization

ellipse. The two polarization components u and v then pro-
pagate through the fiber as governed by (1). At the end of
the fiber, the half-waveplate (with angle α3) further rotates
the polarization ellipse through a certain angle. The quarter-
waveplate (with angle α2) converts the polarization state
from elliptical back to linear, and the polarizer finally aligns
the field with its own principal axis.

The CNLS (1) together with Jones matrices (5) gives a
full description of pulse propagation in the laser system. We
first apply a fast Fourier transform to convert the temporal
domain of the CNLS to the spectral domain. An adaptive
step-size fourth-order Runge-Kutta algorithm is then used to
propagate the initial data (in the spectral domain) over one
cavity round trip. The Jones matrices of the waveplates and
polarizer are then applied to the end data sequentially, and
the entire procedure is repeated. The discrete application of
Jones matrices after each cavity round trip acts like a filter
that can be tuned to control the mode-locking behavior.
Depending on their orientations, the waveplates and the pol-
arizer can either destabilize the field propagating in the cavity
or provide an effective intensity discriminating mechanism
to lock it into a robust pulse. Figure 2 shows how stable,
self-starting mode-locking can be achieved in the laser cavity
shown in Figure 1. At a pumping strength g0 = 1 (Figures
2(a) and 2(b)), the initial white noise is mode-locked into
a stable pulse after about two hundred cavity round trips.
When the pumping strength is increased to g0 = 2.7 (Figures
2(c) and 2(d)), stable single-pulse mode-locking cannot
be achieved. Specifically, the increased pumping strength
broadens the frequency spectrum of the pulse, which even-
tually exceeds the bandwidth of the pump. In this case the
initial white noise quickly evolves into the next energetically
favorable state of two identical pulses. The bifurcation of
a single pulse into multiple pulses (multipulsing instability
(MPI)) is the main focus of this paper.

2.2. The Master Mode-Locking Equation. Although it is not
difficult to simulate the full governing system (1)–(5) [21, 23,
26, 34–38], extracting analytic results remains a mathemati-
cal challenge due to the discrete nature of the implementa-
tion of the waveplates and polarizer. This has led to the
consideration of averaged evolution models that distribute
all the lumped effects over the entire cavity while retaining
the key mode-locking dynamics [39, 40]. The master mode-
locking equation proposed by Haus [1, 7–9] was the first
theoretical model used to describe the mode-locking dyna-
mics in the ring cavity laser shown in Figure 1. This model is
essentially the complex Ginzburg-Landau equation (CGLE)
where a cubic nonlinearity is used to describe the action of
the saturable absorber. A quintic term is usually added to the
master mode-locking equation to account for the robustness
of the pulses observed in experiments, and the resulting
equation, generally known as the cubic-quintic Ginzburg-
Landau equation (CQGLE), takes the form
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∣
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Figure 2: Self-starting mode-locking from white noise. (a) and (b) Stable single-pulse mode-locking when g0 = 1. (c) and (d) Stable double-
pulse mode-locking when g0 = 2.7. The rest of the parameters are D = 0.4, K = 0.1, e0 = 1, τ = 0.1, Γ = 0.1, α1 = 0, α2 = 0.82π, α3 = 0.1π,
and αp = 0.45π.

Here, ψ represents the overall envelope of the electric field
and the saturating gain is

g(z) =
2g0

1 + (1/e0)
∫∞

−∞

∣

∣ψ
∣

∣

2
dt
. (9)

The derivation of the CQGLE that relates the coefficients to
the experimental setup in Figure 1 was first given by Koma-
rov et al. [5, 25]. In the derivation they assumed that the ori-
entations of the two quarter-waveplates add up to zero (α1 +
α2 = 0) and that the field is polarized along the fast com-
ponent, that is, αp = 0. Here, we will use a more general
approach that can be found in [6, 29].

The key idea in deriving the CQGLE is to separate the
linear and nonlinear effects in the CNLS (1), assuming that
these effects occur on a length scale much longer than the
fiber length [5, 6, 25, 29]. We follow the circulating electric
field in the laser cavity coming out from the polarizer. Ignor-
ing the birefringence K (which will be treated separately), the
linear terms in (1) alone yield the evolution equation

iψz +
D

2
ψtt = ig(z)

(

1 + τ∂2
t

)

ψ − iΓψ. (10)

The field envelope ψ is related to the two orthogonally polar-
ized components in the CNLS through the transformation
u = ψ cosαp and v = ψ sinαp, where αp is the orientation of
the polarizer. On the other hand, the nonlinear evolution

i
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+
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)

u + Bv2u∗ = 0,

i
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)
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(11)

can be solved analytically to get
⎛
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⎞

⎠ = eiIn JNL
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⎝

un
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where In = |un|
2 + |vn|

2 is the total power of the field at
the beginning of the fiber section during the nth round-trip
and w = BIn sin 2(α1 − αp). The above map shows that the
field undergoes an intensity-dependent polarization rotation
(governed by JNL) as it propagates along the fiber. The effect
of the fiber birefringence K alone is

i
∂u

∂z
− Ku = 0, i

∂v

∂z
+ Kv = 0, (13)
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which leads to u(z, t) = u(0, t) exp(−iKz) and v(z, t) =

v(0, t) exp(iKz), respectively. In other words, the birefrin-
gence induces a 2K-phase shift between the two polariza-
tion components at the end of the fiber segment, that is, at
z = 1. Therefore, we approximate the birefringence using
the matrix

JK =

⎛

⎝

e−iK 0

0 eiK

⎞

⎠. (14)

Applying this birefringent matrix and the Jones matrices
given in (5) to (12) results in the scalar map

ψn+1 = ei|ψn|
2

Q(In)ψn,

= ei|ψn|
2+logQψn,

(15)

where the complex function Q is given by
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(
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(

αp −w
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+ eiK
[
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(
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)

− i sin
(

2α3 − αp

)]

×
[
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(

αp −w
)

− i sin
(

2α1 − αp −w
)]}

.

(16)

This complex quantity is explicitly related to the birefrin-
gence as well as the settings of the waveplates and polarizer.
Equations (10) and (15) are the leading order approxima-
tion to the pulse propagation in the laser cavity shown in
Figure 1. The initial data is first evolved forward over one
round trip according to the linear equation (10). The discre-
te, nonlinear map (15) is then applied to the resulting field
and the process is repeated.

The effect of the nonlinear transfer function Q can be
averaged into the evolution by taking a continuous limit of
(15), yielding the differential equation [6]

ψz =
(

i
∣

∣ψ
∣

∣

2
+ logQ

(

∣

∣ψ
∣

∣

2
))

ψ. (17)

The leading order approximation to the overall evolution is
obtained by combining (10) and (17), that is,

iψz +
D

2
ψtt +

∣

∣ψ
∣

∣

2
ψ = ig(z)

(

1 + τ∂2
t

)

ψ − iΓψ + i log(Q)ψ.

(18)

We refer to this equation as the sinusoidal Ginzburg-Landau
equation (SGLE) [29]. The coefficients in the CQGLE (8)
can be related to the experimental settings by expanding
the logarithmic term in the SGLE as power series in |ψ|2

(assuming it is small) and truncating at the term |ψ|4.
Specifically, the CQGLE coefficients are calculated as

δ = Γ− log|Q(0)|,

γ = 1 + Im (Q′(0)/Q(0)),

β = Re (Q′(0)/Q(0)),

ν = Im
[(

Q(0)Q′′(0)−Q
′2(0)

)

/Q2(0)
]

/2,

µ = Re
[(

Q(0)Q′′(0)−Q
′2(0)

)

/Q2(0)
]

/2,

(19)

where the derivatives are taken with respect to |ψ|2. In the
case of the master mode-locking model (CGLE), the quintic
coefficients ν and µ are set to zero. When the parameters are
appropriately chosen, the CQGLE model supports solitary
wave solutions that are known as dissipative solitons in the
optics community [17]. It should be noted that in what
follows the term soliton is used in a much broader sense than
the strict mathematical definition of the localized solution of
a completely integrable nonlinear evolution equation [41].
The form of the dissipative soliton is solely determined by
the system parameters rather than by the initial condition as
in the classical soliton theory.

In the CGLE, one has to adjust the orientations of the
waveplates and polarizer in order that the cubic dissipation
β is always positive so that self-amplitude modulation
(intensity discrimination) is possible. There is, however,
only a small range of β values that allows stable mode-
locking to occur [42, 43]. Outside this range, the cubic
gain is either too low for pulse formation or too large so
that the pulse amplitude blows up to infinity after several
cavity round trips. In reality, the pulse governed by the full
equations (1) and (5) can never blow up since it always
experiences a net loss upon passing through the mode-
locking elements (waveplates and polarizer). The CQGLE
prevents the pulse from blowing up by saturating the cubic
gain with a quintic loss (µ < 0). This is a better description of
the saturable absorption process, which makes the CQGLE
a physically more relevant model than the master mode-
locking equation. In the regime where both the cubic and
quintic dissipations are positive, there is no higher-order
saturation in the model to prevent the blow-up of pulses, and
thus the CQGLE becomes suspect as it admits a large number
of unphysical behaviors. Therefore, the condition

β > 0 > µ (20)

is considered for the CQGLE to be a physically relevant
model that does not exhibit blow-up. With an appropriate
choice of parameters, the real part of the transfer function
Q provides an effective intensity discriminating mechanism
(saturable absorption) to shape the circulating field. In
this process the saturable absorber sifts out those inten-
sities whose polarization state is commensurate with the
orientation of the waveplates and polarizer, thus forming
a stable mode-locked pulse. Figure 3 shows the experimen-
tally (Figure 3(a)) and numerically predicted (Figure 3(b))
operating regimes of the laser depicted in Figure 1. In
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Figure 3: (a) Experimental operating regimes (red) of the laser shown in Figure 1. (b) Predicted operating regimes (red) of the CQGLE (8).
The green region satisfies condition (20) but no stable pulses are found. Here B = 1/3, K = 0.1, g0 = δ, D = −0.3, τ = 0.2, and αp = 0.45π
(from [6]).

the numerical result, mode-locking is only achievable in the
red region. The green region satisfies condition (20), but
stable mode-locked pulses cannot be found. This suggests
that condition (20) alone is not sufficient to guarantee mode-
locking. A quantitative comparison between experiment and
theory is difficult as the birefringence K and the orientation
of the fast axis of the fiber are hard to measure in practice.
However, the theory reproduces the islands of stable regions,
which are a key feature that is also observed in experiments.

3. Dissipative Soliton Resonance

When more energy is injected into the laser cavity, the mode-
locked pulse splits into multiple pulses (see Figure 2) instead
of becoming a more intense single pulse. When the full set
of cavity parameters that includes chromatic dispersion is
taken into account, it is possible to find a certain region in
the laser cavity vast parameter space for which the mode-
locked pulse becomes wider instead of splitting into multiple
pulses as the cavity energy is increased. This specific method
of using the cavity dispersion to circumvent MPI is referred
to as dissipative soliton resonance (DSR) [44–46].

The CQGLE (8) is the standard theoretical model des-
cribing the averaged pulse dynamics in a ring cavity laser [1,
3, 5, 6, 37]. Previous studies on DSR were phenomenological
while the parameters in the CQGLE were chosen randomly.
Comparing to the previous works on DSR [45, 46], the
results here present two important additional features that
pave the way for experimental investigations [44]. First, the
parameters in the governing model are explicitly related to
the waveplate/polarizer angles through expressions (19), al-
lowing for a connection between theory and experiment.
Second, a saturable, instead of a constant, gain is studied.
This provides a more physically realistic picture that takes
into account the finite pumping power budget [1, 3].

Without loss of generality, the self-phase modulation γ in
the CQGLE (8) can be normalized to one. Figure 4 shows the
normalized cubic-quintic nonlinearities as functions of the
quarter-waveplate angle α1 while the other parameters are
fixed. Mode-locking dynamics, and in particular DSR, will

be explored in regions where β > 0 > µ (see condition (20)).
Other regions are considered as physically irrelevant since
either the pulse will experience a blow-up in amplitude, or
there is a lack of intensity discrimination [6]. The saturating
gain is considered here, namely,

g =
2g0

1 +
∥

∥ψ
∥

∥

2
/e0

. (21)

This is a more physically realizable model than the constant
gain model since the pump cannot maintain a fixed gain
at arbitrary high cavity energy. In fact, it has been shown
that the pulse solution of the master mode-locking equation
(CQGLE with ν = µ = 0) with constant gain is always
unstable [27, 28, 42, 43].

In order to investigate the energy limiting effects of the
saturable gain dynamics on the DSR, we use both D and
the saturating energy e0 as control parameters with the
results summarized in Figure 5. Usually for a fixed disper-
sion, the mode-locked pulse will become unstable when e0

is too large. Such an instability is usually characterized by
a Hopf bifurcation and marks the onset of MPI [24]. The
cavity dispersion D is the crucial factor in determining the
dominant effect in the competition between DSR and MPI.
Specifically, there is a critical limit D = Dc such that the sys-
tem favors DSR when D < Dc, and MPI when D > Dc. For the
parameters considered in Figure 5, we found (numerically)
that Dc ≈ −1.2. Consider, for instance, the case where D =

−1.6 < Dc. The Gaussian-looking pulse (blue solid curve)
at low e0 values first grows in amplitude until a saturating
amplitude is reached (red dashed curve) and then in width
to form a high-energy, flat-top structure (green dash-dot
curve) at high e0 values. The observed transformations in
pulse shape and the chirp profile are signatures of the DSR
although now infinite pulse energy cannot be achieved due
to the finite saturation energy e0. However, the physically
unrealistic infinite pulse energy solutions of the constant gain
DSR [45, 46] were key for motivating the present work with
saturating, finite energy behavior. Remarkably, the onset of
MPI is not observed even when the saturating energy is
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as large as e0 = 200. On the other hand, the Gaussian-
looking mode-locked pulse becomes unstable long before
the formation of the high-energy, flat-top pulse when D =

−0.8 > Dc. The simulations here show that DSR can be used
as an effective mechanism to circumvent MPI, provided the
dispersion D is appropriately chosen.

4. Periodic Transmission: The Sinusoidal
Ginzburg-Landau Equation

It was shown in Section 2.2 that the CQGLE (8) can be
obtained from the sinusoidal Ginzburg-Landau equation
(18) by Taylor expanding the logarithmic term with Q(|ψ|2)
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being the periodic transmission produced by the saturable
absorber (waveplates and polarizer). One has to choose
the waveplate/polarizer settings such that the cubic-quintic
coefficients satisfy condition (20) in order for the model to
be physically relevant. Specifically, β > 0 provides an effective
pulse shaping mechanism in the laser cavity and µ < 0 satu-
rates the cubic growth when the pulse amplitude becomes
too large [3, 6]. Condition (20) is an artificial constraint
that arises solely from mathematical considerations and is
the byproduct of using a truncated Taylor series. However, a
series representation of the transmission function can lead to
the elimination of important high-energy solution branches
since the fundamental periodic transmission function is
destroyed by the finite truncation. This fact has motivated
the incorporation of the full logarithmic term rather than
using its Taylor series in the averaged model, that is, using
the SGLE (18) as the governing equation in the laser cavity.
We will show that this model is able to support high-energy
pulses that are not captured by the CQGLE [29].

4.1. Principle of Operation. To illustrate the key idea of
the SGLE model, consider the generic transmission curves
shown in Figure 6, which summarizes the main findings in
the recent work of Li et al. [24]. The red dash-dot line and the
blue dashed line represent the typical transmission function
of the SGLE and the CQGLE, respectively. The black solid
lines, on the other hand, denote the saturating gain curves
in the cavity [1, 24, 29, 47]. The intersection of the gain
curve and the transmission curve describes a mode-locked
solution where the cavity energy is in equilibrium. The points
A and B along the gain curves represent the single mode-
locked solution of the CQGLE and SGLE, respectively. When
the saturation energy is increased, the power of the mode-
locked pulse acquires a larger value which in turn shifts gain
curve 1 towards gain curve 2 [24]. Eventually the power of the

mode-locked solution exceeds the maximum value allowed
(the green circles) in the laser system as computed from
numerical simulations. In the case of CQGLE, the solution
jumps to the next most energetically favorable configuration
of a multipulse solution (not shown). For the SGLE, however,
the solution is expressed as a stable single high-energy
pulse at the point C, which is not captured by the CQGLE
transmission.

The advantage of incorporating the full sinusoidal trans-
mission in the mode-locking model is twofold. First, since
the transmission is not approximated by series expressions,
the SGLE is able to give a more accurate description of
the underlying mode-locking dynamics. Second, as shown
above, high-energy pulses are possible only when a full
analysis of the sinusoidal transmission curve is used [24,
29]. Thus, the SGLE model can serve as a design tool to
maximize the energy output by adjusting the orientations of
the waveplates and polarizer. Although analytical results are
nontrivial due to the complexity of the equation, the SGLE is
relatively easy to analyze with efficient numerical algorithms
and reduction techniques [48–50].

4.2. Comparison of the SGLE with Different Mode-Locking
Models. In this section, we will first establish that the SGLE is
a valid mode-locking model that exhibits the essential dyna-
mics in the nonlinear polarization rotation laser. Then, we
will show that it is able to reproduce the high-energy pulses
of the full governing system, solutions which are precluded
from the master mode-locking theory and the CQGLE
model.

4.2.1. Stable Mode-Locking and Multipulsing. We first com-
pare the mode-locking performance governed by the full
lumped mode-locking system (1)–(6) (CNLS in conjunction
with the Jones matrices) and the SGLE (18). Figure 7
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Figure 7: Numerical simulations of the full discrete governing system ((a) and (b), recall that |ψ|2 = |u|2 + |v|2) and the SGLE ((c) and (d))
at different gain values g0 in the anomalous dispersion regime. (a) and (c) Stable single-pulse evolution starting from white noise at g0 = 1.
(b) and (d) The initial white noise quickly evolves into two identical pulses per cavity round trip at g0 = 2.7. The rest of the parameters in
the simulations are D = 0.4, α1 = 0, α2 = 0.82π, α3 = 0.1π, αp = 0.45π, K = 0.1, Γ = 0.1, e0 = 1, and τ = 0.1(from [29], 2011, IEEE).

demonstrates the self-starting behavior of the laser from a
white noise initial condition in the anomalous dispersion
regime (D > 0) with a particular waveplate/polarizer setting.
In Figures 7(a) and 7(c), the pumping strength is set at
g0 = 1, and the initial white noise is dynamically locked into
a stable stationary pulse after several hundred cavity round
trips in both the full system (Figures 7(a) and 7(b)) and
the SGLE (Figures 7(c) and 7(d)). The temporal location at
which the pulse forms is completely arbitrary since random
initial data is used. When the energy injected into the system
is increased by increasing the gain g0, the laser undergoes the
commonly observed MPI [24]. In this situation, the initial
condition quickly evolves into two or more pulses with iden-
tical energies, depending on the strength of the gain. It can be
seen that the SGLE is capable of capturing qualitatively the
MPI that occurs in the full system (Figures 7(b) and 7(d)) at
a high gain level (e.g., g0 = 2.7).

Qualitative matching between the SGLE model and full
evolution is also achieved in the normal dispersion regime
(D < 0), as shown in Figure 8. For the parameters considered,
a single mode-locked pulse can be formed in both the full
governing equations and the SGLE at g0 = 1 (Figures 8(a)
and 8(c)). When the gain is increased to g0 = 3, the laser
cavity no longer supports a stable single-pulse solution and
a double-pulse configuration is observed (Figures 8(b) and
8(d)). From Figures 7 and 8, one can see that the two main
differences between the full dynamics and the SGLE dynam-
ics are (i) the duration of the transient evolution and (ii) the
mode-locked amplitude. In the case of anomalous disper-
sion, for instance, it takes approximately 300 and 350 cavity
round trips for the full system and the SGLE to mode-
lock into a stable pulse, respectively. The mode-locked peak
amplitude is 0.52 for the full model and 0.81 for the
SGLE. The discrepancy is intrinsic for the averaged evolution
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Figure 8: Numerical simulations of the full governing system ((a) and (b)) and the SGLE ((c) and (d)) at different gain values g0 in the
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α2 = 0.554π, α3 = 0.23π, αp = 0.43π, K = 0.1, Γ = 0.1, e0 = 1, and τ = 0.2 (from [29], 2011, IEEE).

equations (including the CGLE and CQGLE). Nevertheless,
this does not impact the usefulness of the SGLE model as it
captures the self-starting nature of the laser and is easier to
analyze than the full governing equations, that is, it is one
scalar equation versus two coupled equations with discrete
application of four Jones matrices.

4.2.2. Transition Dynamics. When the waveplate/polarizer
angles α1, α2, α3, and αp are chosen appropriately such
that mode-locking is achievable, the initial data can evolve
into an arbitrary number of stable pulses depending on the
pumping strength g0. In general, the transition from an n-
pulse solution to an (n + 1)-pulse solution is not a dis-
crete process. Various types of transition dynamics can be
obtained by modifying the waveplate/polarizer settings as
well as other system parameters, as confirmed by theory and
experiments [24, 51, 52]. Usually these transitional states are

difficult to capture as they often happen in a small para-
meter regime, and fine tuning of the parameters is required
to visualize them. Figure 9 shows a typical transition state
of the laser cavity in the anomalous dispersion regime
(D > 0). The pumping strength g0 is chosen to be between
the stable single- and double-pulse operations shown in
Figure 7. Note that the g0 values used in the full and SGLE
models are different as one cannot expect an averaged or
approximated model to match the original model at the exact
same parameter values. The transitional state contains a tall
pulse at the origin and one short pulse on each side of it.
These side pulses are developed from the background. The
entire structure undergoes small amplitude oscillations (at
the order of 10−4). A remarkable agreement between the full
governing equations (Figures 9(a) and 9(b)) and the SGLE
mode (Figures 9(c) and 9(d)) is observed. This periodic state
is stable and persists over long propagating distances. When
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Figure 9: Transition dynamics observed in the anomalous dispersion regime. (a) and (b) Simulations of the full governing equations at
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αp = 0.45π, K = 0.1, Γ = 0.1, e0 = 1, and τ = 0.1. The initial conditions in all the simulations are ψ(0, t) = sech 0.5t (from [29], 2011,
IEEE).

g0 exceeds a critical value, the tall central pulse experiences
a slight decrease in amplitude. At the same time, one of the
side pulses is attenuated while the other one is amplified to
the height of the central pulse, thus forming a double-pulse
solution. The results found here match with those in a recent
study on the CQGLE [49].

The transition dynamics are more subtle in the normal
dispersion regime as depicted in Figure 10. Similar to the
case of anomalous dispersion, a periodic structure with a tall
central pulse and two flat side pulses is quickly developed (see
Figures 10(a) and 10(b)). However, this periodic structure
is unstable and eventually loses its stability after several
thousand cavity round trips. A transient chaotic evolution
is then observed followed by a stable copropagation of two

well-separated pulses with different amplitudes. While the
CQGLE (Figures 10(c) and 10(d)) is able to give a general
qualitative approximation to the transitional state observed
in the full simulation (Figures 10(a) and 10(b)), the SGLE
model (Figures 10(e) and 10(f)) additionally gives a precise
description of the transient chaotic behavior. This feature
of the SGLE dynamics clearly demonstrates the improved
description of the true discrete cavity dynamics.

4.2.3. Unphysical Blow-Up of Pulses. As mentioned in the
beginning of the section, the field ψ governed by the CQGLE
may experience a blow-up with certain waveplate/polarizer
settings when condition (20) is not satisfied. This blow-up is
unphysical since energy is always lost when the electric field
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passes through the mode-locking elements and is a result of
the finite truncation of the periodic transmission function
logQ. It is our intent to show that the artificial restriction
(20) is unnecessary for modeling the laser cavity.

To show that the SGLE does not have the above limita-
tions, we study the transmission function T(|ψ|2) which can
be defined as the sum of the linear loss and the nonlinear
dissipation. The transmission function of the CQGLE (Tcq)
and the SGLE (Ts) are given by

Tcq

(

∣

∣ψ
∣

∣

2
)

= −δ + β
∣

∣ψ
∣

∣

2
+ µ
∣

∣ψ
∣

∣

4
,

Ts

(

∣

∣ψ
∣

∣

2
)

= −Γ + Re
(

logQ
(

∣

∣ψ
∣

∣

2
) )

.
(22)

In the last equation, the imaginary part of the logarithmic
term is neglected since it is not responsible for intensity
discrimination and energy transfer. The imaginary terms
only act to shift the intensity-dependent index of refraction
response due to the field intensity. Shown in Figure 11 are
the transmission curves for the CQGLE (blue dotted line)
and SGLE (red solid line) at two different quarter-waveplate
angles (Figure 11(a): α2 = 0.554π, Figure 11(b): α2 = 0.4π).
The transmission function Tcq of the CQGLE is quadratic in
the field power |ψ|2. It curves downward at α2 = 0.554π and
upward at α2 = 0.4π. Figure 12 illustrates the pulse evolu-
tions for the full governing equations (Figures 12(a) and
12(b)), CQGLE (Figures 12(c) and 12(d)), and the SGLE
(Figures 12(e) and 12(f)) corresponding to the two α2 values
considered in Figure 11. At α2 = 0.554π (Figures 12(a),
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Figure 11: The transmission curve for the CQGLE (blue dashed line) and SGLE (red solid line) for α2 = 0.554π (a) and α2 = 0.4π (b). The
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12(c), and 12(e)), the evolutions governed by all three
models are always of finite amplitude. Blowing up of pulses
is observed in the CQGLE at α2 = 0.4π since self-satura-
tion is impossible when both the nonlinear coefficients β
and µ are positive (Figures 12(b), 12(d) and 12(f)). For
both α2 values considered, the SGLE does not have the pro-
blem of unphysical blow-up since it incorporates the full
transmission logQ induced by the waveplates and polarizer.
This allows for a drastically broader and more realistic range
of waveplate/polarizer settings for which stable solutions can
be achieved.

4.2.4. High-Energy Mode-Locking. As illustrated in Figure 6,
the CQGLE uses a quadratic polynomial in the field power
|ψ|2 (see (22)) to approximate the full sinusoidal trans-
mission. This can severely restrict the maximum amplitude
a single pulse can reach before it splits. Figure 13 shows the
tallest possible stable pulse generated by the full governing
equations (black dash-dot line), CQGLE (red dashed line),
and SGLE (green solid line) at two different half-waveplate
angles α3. These pulses are recorded right before the MPI
occurs when the pumping strength g0 exceeds the multipuls-
ing threshold. At α3 = 0.2π (Figure 13(a)), the full and the
SGLE models produce pulses with amplitudes of about 3.1.
The total cavity energy, which is given by the L2-norm

E =

∫∞

−∞

∣

∣ψ
∣

∣

2
dt, (23)

is calculated for each model. For the SGLE, the limiting
pumping strength g0 = 3.58 gives a pulse energy of E = 4.52.
For the full model, the tallest pulse has an energy of E = 3
with pumping strength of g0 = 3.38. One can see that the
limiting g0 value for a stable single-pulse operation in the
present case is higher than that for a double-pulse opera-
tion (g0 = 2.7) shown in Figure 7. The energy confined in
each individual pulse of the double-pulse solution shown

in Figure 7 is E = 2.37 for the SGLE and E = 1.11 for
the full governing equations, which is significantly less than
the energy output in the present case. The limiting pumping
strength for the CQGLE model is only g0 = 2.51, and the
resulting pulse does not match well with the full simulation
and the SGLE since it is much shorter and wider. With the
same set of parameters, the maximum energy in the single-
pulse solution of the CQGLE is E = 2.87, which is only
approximately 60% of the SGLE model.

At α3 = 0.25π (Figure 13(b)), the maximum pulse
amplitudes allowed in both the full and the SGLE models
increase to about 4. The corresponding pulse energies are
E = 6.58 (g0 = 11.7) and E = 8.516 (g0 = 15.4), respectively,
which are about twice the total energy of the double-pulse
solutions shown in Figure 7. This is a remarkable achieve-
ment in terms of maximizing the energy output of the laser
without going through multi pulsing. On the other hand,
such a high-intensity pulse is not supported by the CQGLE
with the parameters considered. In particular, expressions
(19) reveal that the transmission Tcq of the CQGLE (c.f.
(22)) is characterized by β = −0.63 and µ = 5.74. At
high intensities, the quintic gain always dominates the cubic
loss and consequently leads to an unphysical blow-up of the
solution, as happens in this case.

The above simulations show that, indeed, the SGLE can
support high-intensity pulses with enormous energies ob-
served in the full governing system, including those that are
unpredicted by the CQGLE model. Although these simula-
tions are done with anomalous dispersion, similar trends are
also observed in the normal dispersion regime. Given the vast
parameter space of the SGLE, it is possible to obtain other
types of interesting mode-locking dynamics such as soliton
shaking and period doubling bifurcation [24, 53]. The ability
to support, model, and characterize high-intensity and high-
energy mode-locked solutions is the key reason for our
development of the proposed SGLE theory. In the work
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Figure 12: Pulse evolution predicted by the full governing equations ((a) and (b)), CQGLE ((c) and (d)), and SGLE ((e) and (f)). The
plots on the left ((b), (d), and (f)) column correspond to the left (b) in Figure 11. The initial conditions for the plots on the left are ψ(0, t) =
2 sech 0.5t , while those for the right plots are ψ(0, t) = 6 sech 0.5t. The dispersion and pumping strength in all the simulations are D = −0.4
and g0 = 2 (from [29], 2011, IEEE).

by Renninger et al. [37], it was found that a number of
high-energy pulsed solutions existed in the CQGLE with
both positive cubic (β) and quintic (µ) nonlinearities. The
SGLE discussed here may provide for an effective way to
stabilize such high-energy solutions. Ultimately, it is critical
in modern mode-locked lasers to understand how to achieve
pulses with maximal energy. The SGLE theory provides a
basis for exploring such pulses.

5. Summary

We have studied the phenomenon of dissipative soliton reso-
nance (DSR) in the context of the CQGLE and have extended
previous findings to coefficients that can be explicitly related
to the settings of the ring cavity laser depicted in Figure 1.
In addition to the constant gain model, which was studied
previously [45, 46], DSR is also achievable in the physically

relevant case of saturating gain, but it is subjected to the onset
of MPI if the cavity is not carefully engineered. Specifically,
we found that there is a critical normal cavity dispersion Dc

above which the DSR phenomenon is favored over MPI. Due
to its linear chirp profile, the wide pulse created by DSR may
be compressed effectively by linear dispersive delay lines, thus
forming a short, intense pulse with enormous amount of
energy.

In addition to varying the cavity dispersion D, high-ener-
gy mode-locked pulses can also be achieved by carefully
adjusting the waveplate/polarizer settings, which in turn
alters the characteristics of the sinusoidal transmission.
The SGLE (sinusoidal Ginzburg-Landau equation) theory
predicts that one can significantly increase the maximum
pumping strength g0 allowed before pulse splitting occurs.
The resulting high-intensity single pulses can deliver signifi-
cantly more energy than previous theoretical predictions by
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the conventional CQGLE and are thus practically important
to high-power applications. These pulses can exist in the
parameter regime that is not allowed by the existing theories
[6]. Thus, the SGLE can be used as an excellent design tool
for enhancing the energy output of the laser. The current
theoretical treatment of DSR and periodic transmission illu-
strate how the orders of magnitude increase in pulse energy
can be achieved in order to make fiber lasers directly com-
petitive with leading solid state mode-locking configurations.
The tremendous benefits of fiber lasers in terms of cost,
readily available technology, and ease of use lend importance
to the theoretical developments proposed in this dissertation.
DSR in the context of the SGLE will be investigated in the

future in order to bring the pulse energy to an even higher
level.
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