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Weyl semimetals are promising quantum materials that offer unique topological properties.
Lately, it has been shown that laser-driven electron dynamics have characteristic signatures in two-
dimensional and three-dimensional Dirac semimetals. The transition from Dirac to Weyl semimetal
requires the breaking of either inversion or time-reversal symmetry. The present work shows that
the laser-driven electron dynamics in a Weyl semimetal with broken time-reversal symmetry has
intriguing features in its high-harmonic spectrum. It is found that the parity and magnitude of
the non-zero Berry curvature’s components control the direction and strength of the anomalous
current, which leads to the generation of the anomalous odd harmonics. We demonstrate that
the non-trivial topology of the Berry curvature in time-reversal symmetry broken quantum mate-
rials can be probed by measuring the polarisation of the emitted anomalous odd harmonics. Our
findings unequivocally illustrate that laser-driven electron dynamics leads to the generation of non-
linear anisotropic anomalous Hall effect in time-reversal symmetry broken quantum materials on an
ultrafast timescale.

Discoveries of topological materials, such as topolog-
ical insulators, Dirac and Weyl semimetals, have revo-
lutionised contemporary physics [1, 2]. Moreover, these
materials hold promises for upcoming technologies based
on quantum science and electronics [3–5]. One of the
remarkable properties of these materials is the robust-
ness of the electronic states against perturbations, which
has catalysed a plethora of interesting phenomena [6–8].
Methods based on light-matter interaction play a pivotal
role in probing and understanding various exotic proper-
ties of these topological materials [9–11].

If one increases the intensity of the light significantly,
various interesting perturbative and non-perturbative
nonlinear processes occur in the matter. High-harmonic
generation (HHG) is one such nonlinear process in which
radiation of integer multiples of the incident light’s fre-
quency is emitted [12, 13]. Numerous static and dynamic
properties of solids have been probed by analysing the
emitted radiation during HHG [14–25]. In recent years,
topological materials have turned out to be the centre
of attention for HHG [26–29]. It is experimentally found
that the bulk and the topological surface play different
roles during HHG from a topological insulator [30]. The
interplay of the time-reversal symmetry protection and
the spin-orbit coupling in a topological insulator leads to
anomalous dependence of harmonic yield on the polar-
isation of the driving laser [31]. Berry curvature plays
an important role in determining the behaviour of high-
harmonic spectra in both cases. In a three-dimensional
Dirac semimetal, coherent dynamics of the Dirac elec-
trons plays the central role in HHG [32, 33]. Moreover,
it has been reported that the nonlinear responses of the
three- and two-dimensional Dirac semimetals are signifi-
cantly different [34]. In all cases, time-reversal symmetry
(TRS) is inherently preserved in topological insulators
and Dirac semimetals. Therefore, it is natural to envi-

sion exploring how the breaking of the TRS affects HHG
from topological materials and is the main emphasis of
the present work.

A Weyl semimetal (WSM) can be formed either
by breaking time-reversal or inversion symmetry of
the corresponding Dirac semimetal phase, and either
case results in non-zero Berry curvature [8]. A Weyl
semimetal consists of the topologically protected degen-
erate points, known as Weyl points, which can be seen
as the monopoles of the Berry curvatures in momen-
tum space [2]. This makes WSM as one of the most
exotic gapless systems. In 2015, the first WSM was re-
alised experimentally in transition-metal monopnictides,
which form the class of nonmagnetic WSM with broken
inversion-symmetry [35–37]. Later, three groups have
shown the evidence of magnetic WSM in ferromagnetic
materials with broken TRS experimentally [38–40].

Present work focuses on addressing some crucial ques-
tions such as how TRS breaking and resultant modifica-
tions in Berry curvature affect HHG, the role of the form
of the Berry curvature’s components, and how the sep-
arations of the Weyl points influence HHG in WSM. In
the following, we will demonstrate that non-zero Berry
curvature in TRS-broken WSM leads to anomalous cur-
rent in a direction perpendicular to the electric field and
anomalous odd harmonics – analogous to the anoma-
lous Hall effect. Moreover, we will show that the di-
rections of the emitted anomalous odd harmonics are
related to the nature of the Berry curvature’s compo-
nents. The appearance of the anomalous odd harmon-
ics allows us to probe non-trivial topology of the TRS-
broken WSM by measuring the polarisation of the emit-
ted anomalous odd harmonics. Recently, HHG from an
inversion-symmetry broken WSM was explored experi-
mentally in which a linearly polarised pulse leads to the
generation of even harmonics, related to non-zero Berry
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curvature [41]. Our findings are in contrast to previously
reported works where Berry curvature mediated anoma-
lous electron’s velocity leads to the generation of even
harmonics [16, 19, 42, 43].

The Hamiltonian corresponding to WSM with broken
TRS can be written as [44]

H(k) = d(k) · σ = d1(k)σx + d2(k)σy + d3(k)σz. (1)

Here, σ is the Pauli vector and [d1 = tx{cos(kxa) −
cos(k0a)} + ty{cos(kyb) − 1} + tz{cos(kzc) − 1}, d2 =
ty sin(kyb) and d3 = tz sin(kzc)] with (±k0, 0, 0) as the
positions of the Weyl points, tx,y,z as hopping parameters
and a, b, c are lattice parameters. Here, we assume fer-
romagnetic WSM with tetragonal crystal structure, i.e.,
a = b 6= c [45]. a = b = 3.437 Å, c = 11.646 Å and
tx = 1.88 eV, ty = 0.49 eV, tz = 0.16 eV are considered.
The parameters used here are in accordance with the ones
used in Ref. [46]. It is easy to see that the above Hamil-
tonian exhibits TRS breaking, i.e., T̂ †H(−k)T̂ 6= H(k).
However, P̂†H(−k)P̂ = H(k) ensures that inversion
symmetry is preserved. Here, P̂ = σx and T̂ = K̂ such
that K̂†iK̂ = −i are the inversion symmetry and time-
reversal symmetry operators, respectively. After diago-
nalizing the above Hamiltonian, energy dispersion can be
obtained as E± = ±|d(k)| = ±

√
d2

1 + d2
2 + d2

3. We have
considered k0 = 0.2 rad/au. The corresponding band-
structure on kz = 0 plane is presented in Fig. S1 [47].

Interaction of the laser with the WSM is modelled us-
ing semiconductor-Bloch equations in the Houston basis
as discussed in Refs. [17, 48]. Within this formalism,
current at any time can be written as

J(k, t) =
∑
m,n

ρkmn(t)pkt
mn, (2)

where kt = k + A(t) with A(t) as the vector poten-
tial of the laser, and ρkmn(t) is the density matrix at
time t. Here, A(t) is related to its electric field E(t)
as E(t) = −∂A(t)/∂t. pkt

nm is group velocity matrix el-
ement and calculated as pkt

nm = 〈n,kt|∇ktHkt |m,kt〉.
By performing the integral over entire Brillouin zone and
taking Fourier transform (FT ), high-harmonic spectrum
is simulated as

I(ω) =

∣∣∣∣FT ( d

dt

[∫
BZ

J(k, t) dk

])∣∣∣∣2 . (3)

Figure 1 presents high-harmonic spectra corresponding
to linearly polarised pulse. When the pulse is polarised
along the x direction, odd harmonics are generated along
the laser polarisation as evident from Fig. 1(a). However,
results become intriguing when the pulse is polarised
along the y or z direction. In both cases, odd harmon-
ics are generated along the laser polarisation. Moreover,
anomalous odd harmonics along perpendicular directions
are also generated. As reflected from Figs. 1(b) and (c),

when laser is polarised along the y or z direction, anoma-
lous odd harmonics along the z or y direction, respec-
tively, are generated. However, the yield of the anoma-
lous harmonics is relatively weaker in comparison to the
parallel harmonics. On the other hand, odd and even
harmonics are generated in an inversion-symmetry bro-
ken WSM [41]. Furthermore, it has been concluded that
the appearance of the even harmonics is related to the
spike-like Berry curvatures in inversion-symmetry broken
WSM [41].
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FIG. 1. High-harmonic spectra corresponding to a linearly
polarised pulse. The pulse is polarised along (a) x, (b) y, and
(c) z directions. The driving pulse is ' 100 fs long with inten-
sity 1 × 1011 W/cm2, and wavelength 3.2 µm. Decoherence
time of 1.5 fs is added phenomenologically in semiconductor
Bloch equations.

To understand why a linearly polarised driving pulse
leads to parallel and anomalous odd harmonics, and how
these findings are related to TRS breaking in WSM, we
employ the semiclassical equation of Bloch electrons in
an external electric field E(t). Within this approach, ex-
pression of the anomalous current is written as JΩ(t) =
−E(t) ×

∫
Ωµ(k) ρµ(k, t) dk with Ωµ and ρµ(k, t) as

the Berry curvature and band-population of the µth en-
ergy band, respectively [42]. We can assume that the
initial band population is symmetric under inversion as
ρ(k, 0) = ρ(−k, 0). In the presence of a laser, momentum
of an electron changes from k to kt, which leads to the
change in the band population as ρ(k, t) = ρ(kt, 0). Un-
der time-translation of the laser t→ t+T/2, the anoma-
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lous current can be expressed as

JΩ(t+ T/2) = −E(t+ T/2)×
∫

Ωµ(k) ρµ
(
kt+T/2, 0

)
dk

= E(t)×
∫

Ωµ(k) ρµ(k−A(t), 0
)
dk

= E(t)×
∫

Ωµ(k) ρµ
(
kt, 0

)
dk

= −JΩ(t). (4)

In the above equations, we have used E(t+T/2) = −E(t),
A(t + T/2) = −A(t), and ρ(k, 0) = ρ(−k, 0); and
changed the dummy variable k → −k in the integral.
Also, Berry curvature for an inversion-symmetric system
with broken TRS obeys Ω(k) = Ω(−k).

The contribution of JΩ(t) to the nth harmonic is given
by JnΩ(ω) ∝

∫∞
−∞ JΩ(t)einωt dt. By changing t →

t + T/2 in the integral, we obtain JnΩ(ω) ∝
∫∞
−∞ JΩ(t +

T/2)einω(t+T/2) dt = −einπ
∫∞
−∞ JΩ(t)einωt dt, which im-

plies that only odd harmonics are allowed as exp(inπ) =
−1. Thus, TRS-broken systems lead to anomalous odd
harmonics, which is in contrast to the case of TRS-
preserving systems with broken-inversion symmetry in
which the anomalous current leads to the generation of
even harmonics [16, 19, 42, 43].

In order to discern the directions of the anomalous cur-
rent, we need to understand the distinct role of the Berry
curvature’s components, which is written as Ω(k) =
Ωkx(k)êkx + Ωky (k)êky + Ωkz (k)êkz . The expressions of
the Berry curvature’s components corresponding to the
Hamiltonian in Eq. (1) are given in the supplementary
material (see Eqs. S2-S4 [47]). The direction of the
anomalous current is given by E × Ω and the integral
is perform over the entire Brillouin zone. Moreover, E is
a function of time and Ω is function of k, so their product
does not changes the parity.
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FIG. 2. Third harmonic (H3) in the time domain. Driving
laser pulse is linearly polarised along (a) y and (b) z direc-
tions. The driving pulse has the same parameters as in Fig. 1.

If the laser is polarised along the x direction, then it is
straightforward to see that the anomalous current along
the y and z directions turn out to be zero as Ωky and
Ωkz are odd functions in the two directions. On the other

hand, Ωkx is an even function in all directions, contribut-
ing to the anomalous current when the laser is polarised
along y or z direction. Thus, present theoretical analy-
sis is consistent with numerical results shown in Fig. 1,
which unequivocally establishes that non-trivial topology
of the Berry curvature leads to nonlinear anomalous odd
harmonics – the light-driven nonlinear anomalous Hall
effect.

At this point it is natural to investigate what deter-
mines the phase between the parallel and the anomalous
harmonics. To address this issue, we focus on the third
harmonic (H3) in the time domain. When the laser is
polarised along y direction, H3 along the y and z direc-
tions is in phase as evident from Fig. 2(a). However, it
becomes out of phase in the case of the z polarised pulse.
The reason behind the in phase or out-of-phase of H3 can
be attributed to the sign of JΩ(t) ∝

∫
E(t) × Ω(k)dk,

which yields positive (negative) sign when laser is along
the y(z) direction.
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FIG. 3. High-harmonic spectra generated by the right-handed
circularly polarised pulse in (a) x− y, (b) x− z, and (c) y− z
planes. The parameters of the laser and decoherence time are
the same as given in Fig. 1.

To corroborate our findings about the generation of
the anomalous odd harmonics and its relation with non-
trivial topology of the Berry curvature’s component,
high-harmonic spectra generated by circularly polarised
pulse are presented in Fig. 3. In agreement with the two-
fold rotation symmetry of the Hamiltonian, only odd har-
monics are generated. When the pulse is on x− y plane,
odd harmonics along the x and y directions are gener-
ated as x and y components of the driving electric field
are non-zero. Moreover, due to the non-zero y compo-
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nent of the driving field, anomalous odd harmonics are
generated along the z direction [see Fig. 2(a)]. In this
case, the mechanism is same as it was in the case of the
linearly polarised pulse along the y direction. The same
is applicable in the case of the circularly polarised pulse
on x − z plane. In this case, parallel odd harmonics are
generated along the x and z directions, whereas anoma-
lous odd harmonics are generated along the y direction
[see Fig. 2(b)]. However, when the pulse is polarised
on y − z plane, only parallel harmonics along the y and
z directions are generated, and no anomalous harmonics
along the x direction are generated. This is expected due
to even and odd natures of Ωkx and Ωky/kz , respectively
(see Eqs. S2-S4 [47]).
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FIG. 4. Comparison of the anomalous high-harmonic yield
for different values of k0 = 0.2 and 0.3 rad/au. Odd anoma-
lous harmonics along (a) the z direction when polarisation
of the pulse is on x − y plane, and (b) the y direction when
polarisation of the pulse is on x− z plane. k0 is proportional
to the distance between the two Weyl points.

After establishing the non-trivial role of the Berry cur-
vature’s components and their parity, let us explore how
their strengths affect the yield of the anomalous odd har-
monics. We know that the magnitude of the anomalous
current depends on E ×Ω. Moreover, the magnitude of
the Berry curvature’s components depend on k0 (see Fig.
S2 [47]). Therefore, as we change the value of k0 from 0.2
to 0.3, the strength of the Berry curvature’s components
reduces, which lead to the reduction in the strength of
the anomalous current. Fig. 4 presents a comparison of
the yield of the anomalous harmonics for two different
values of k0. In the case of circularly polarised pulse on
x− y plane, the anomalous harmonics along the z direc-

tion reduces drastically as we change k0 from 0.2 to 0.3
rad/au [see Fig. 4(a)]. The same is true for the pulse
on the x − z plane and anomalous harmonics along the
y direction [see Fig. 4(b)]. Therefore, the yield of the
anomalous harmonics reduces drastically as the value of
k0 increased from 0.2 to 0.3 rad/au. Similar conclusions
can be drawn in the case of HHG from the linearly po-
larised pulse (see Fig. S3 [47]). However, the yield of
the parallel harmonics is insensitive to the change in the
value of k0 (see Figs. S4 and S5 [47]). Our findings are
similar to the anisotropic anomalous Hall effect in which
the magnitude of the current depends on the integral of
the Berry curvature [49].

Not only the anomalous current and harmonics encode
the non-trivial symmetry and the magnitude of the Berry
curvature’s components but also the anomalous current
and harmonics tailor the polarisation of the emitted har-
monics, which offer an elegant way to probe non-trivial
topological properties of the Berry curvature by an all-
optical way. As evident from Fig. 2, y and z components
of H3 are in-phase and out-of-phase when the driving
laser is polarised along the y and z directions, respec-
tively, which gives two different polarisation of H3 (see
Fig. S6(a) [47]). Thus, by measuring the polarisation of
H3, the non-trivial topology of the Berry curvature can
be probed as it controls the strength and the phase be-
tween y and z components of H3. The same observations
are true for other higher-order harmonics corresponding
to linearly polarised driver (see Figs. 1 and S6 [47]). Sim-
ilar conclusions can be made when circularly polarised
laser is used for HHG (see Figs. 3 and S7 [47]).

In summary, we have investigated the role of TRS
breaking in the strong-field driven nonlinear process in
topological materials. For this purpose, the inversion-
symmetric Weyl semimetal with broken TRS is consid-
ered. It is found that the non-trivial topology of the
TRS-broken Weyl semimetal leads to the generation of
the anomalous odd harmonics, which are anisotropic and
appear only when the driving laser has non-zero compo-
nents along the y or z direction. Non-trivial symmetry
of the Berry curvature’s components of the TRS-broken
Weyl semimetal is responsible for the anisotropic nature
of the anomalous harmonics (current). Moreover, the
strength of the Berry curvature dictates the strength
of the anomalous odd harmonics. Furthermore, non-
trivial topology properties of the Berry curvature and its
strength can be probed by measuring the the polarisation
of the emitted anomalous odd harmonics. Present work
opens a new avenue for studying strong-field driven elec-
tron dynamics and high-harmonic generation in systems
with broken TRS, such as exotic magnetic and topologi-
cal materials; and tailoring the polarisation of the emit-
ted harmonics.
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